ON THE HASSE PRINCIPLE FOR QUARTIC HYPERSURFACES

O. MARMON AND P. VISHE

ABSTRACT. We establish the Hasse principle for smooth projective quartic hypersurfaces of
dimension greater than or equal to 28 defined over Q.

1. INTRODUCTION

Let X C ]P’&f1 be a quartic hypersurface corresponding to the zero locus of a homogeneous
quartic polynomial F' € Z[zq,...,x,]. Determining whether X contains a rational point is a
fundamental question in Diophantine geometry. The variety X is said to satisfy the Hasse
principle if X contains a rational point provided that it contains an adelic point. In other
words, X (Ag) # 0 = X(Q) # 0, where X(Ag) = X(R) x J[, X(Qp) is the set of adelic points
of X. The aim of this paper is to establish conditions on n under which X satisfies the Hasse
principle.

A counterexample due to Swinnerton-Dyer [24]: F(x) = Tz} + 823 — 924 — 142}, implies
that the Hasse principle cannot be expected to be true for all quartic hypersurfaces. However,
this and other known counterexamples are explained by the Brauer-Manin obstruction. By
a result of Colliot-Thélene [21, Appendix], the Brauer-Manin obstruction is void for non-
singular hypersurfaces in ]P’&_1 provided that n > 5. As a result, it is conjectured that the
Hasse principle holds for a non-singular quartic hypersurface X defined over Q as long as
n > 5.

A long-standing result by Birch [1] shows that X(Q) # () provided that X possesses a
non-singular adelic point and

n — dim Sing(X) > 50,

where Sing(X) denotes the singular locus of the projective variety X. In particular, this
establishes the Hasse principle for non-singular quartic hypersurfaces as soon as n > 49 (recall
that the empty set is declared to have dimension —1). Birch in fact provides an admissible
range of n for a hypersurface of arbitrary degree d, with a bound depending on d. While Birch’s
result has been improved significantly in the cubic case over the years, improving upon it when
d > 4 has turned out to be a much more formidable task. A breakthrough was achieved by
Browning and Heath-Brown [2], when they reduced the lower bound for n in the quartic case
from 49 to 41. Hanselmann [9] then established the case n = 40. The methodology in [2] has
since been generalised by Browning and Prendiville [3], thus improving upon Birch’s bounds
for every degree d > 5. In the special case of diagonal forms F' = a;x] + ... + a,r} with all
a; # 0, Vaughan [25] shows that 12 variables suffice.

The main theorem of the present paper records a major improvement in the range of n for
which the Hasse principle holds. Let X,s = X \ Sing(X) denote the non-singular locus of X.
As in [2], our result takes the quantitative form of a lower bound for the counting function

N(X,P) = #{z € X(Q) | H(z) < P},

where H(-) is the usual height on P"~1(Q) defined by H(zy : ... : x,) = max;{|x;|}, where
X1, ..., Tp € Z such that ged(xq,...,x2,) = 1.
1
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Theorem 1.1. Let X C P&_l be a quartic hypersurface satisfying n — dim Sing(X) > 31.
Assume that Xns(Ag) # 0. Then there exist constants Py > 1 and ¢ > 0 such that

N(X,P) > cP™ ™
as soon as P > P.

In particular, this establishes the Hasse principle for non-singular quartic hypersurfaces
as soon as n > 30, saving 10 variables over the previously best known result. We expect
that a more elaborate version of our approach will allow us to save one further variable. We
shall devote a follow-up paper dedicated to achieving this improvement. Adapting an idea
of Hooley [14], the result can possibly be improved even further under the assumption of a
generalised Riemann hypothesis for a class of Hasse-Weil L-functions. It is likely that in the
vein of [4] and [5], the methods here can be generalised to obtain the Hasse principle and weak
approximation in the number field and function field setting. Moreover, it is likely that the
techniques will be able to generalise to the setting of homogeneous polynomials of degree d.

1.1. Key ideas. Let us briefly discuss the key ideas in the proof of Theorem 1.1. To begin
with, we replace the counting function N (X, P) by the smoothed version

Nw(F,P)= ) W(x/P)
xEZ"
F(x)=0
for a suitably chosen smooth weight function W : R"™ — R, with compact support. One
clearly has N (X, P) > Ny (F,P) if W is chosen appropriately. The estimation of Ny (F, P)
proceeds via a variant of the Hardy-Littlewood circle method. In its classical form, this begins
by writing

1
(1.1) N (F, P) = / S(a)do,
0
where S(«) is the generating function

(1.2) S(@) = 3 W(x/Ple(aF(x)).
XEZ"

and splitting the unit interval into major and minor arcs as usual. Most modern versions of
the circle method start with an application of the Poisson summation formula to estimate
S(«). However, in the present setting, if F' is a polynomial of degree 4 or more, the bounds for
the exponential integral which emerge out of this process turn out to be too large to obtain
an admissible bound for the minor arc contribution. This fundamental issue was overcome
by Browning and Heath-Brown [2]. They used a point-wise van der Corput differencing to
bound the exponential sum S(«) in the minor arcs. Hanselmann [9] further incorporated the
averaging trick introduced by Heath-Brown [12] along with the van der Corput differencing
to save an extra variable.

Our main improvement over previous results comes from achieving non-trivial cancellation

in the averages
q

*
Y Sla/g+2)
a=1
in the minor arcs, as pioneered by Kloosterman [17]. Here the * over the sum indicates that

a and g are co-prime. Let
1, ifn=0,
do(n) = {

0, otherwise,
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denote the delta function detecting when an integer n = 0. We begin by rewriting the delta
symbol method of Duke, Friedlander and Iwaniec [7] in the following, possibly a little bit more
familiar form.

Proposition 1.2. Let Q > 1 and let n be an integer. Then, given any 0 > 0, one has
Z Z / (Jel(afa-+ 2n) d= + Ono(@ ),
|2[<(a@Q) 1*"

where pq(z) is a smooth function satisfying

(1.3) pe(2) <n 1,
and
(1.4) p(2) =1+ On ((q/Q)N)  for |2 <Q7%,

for any N > 0.

The proof of Proposition 1.2 will be carried out in Section 2. The functions p,(z) can
be viewed as smooth symmetrically placed arcs around points {a/q : ged(a,q) = 1} of an
approximate length O((¢Q)~'*?). Thus, the proposition can be viewed as an exact smooth
version of Kloosterman’s circle method. This reinterpretation of the delta symbol method was
already implicitly a key idea in [11], [20] and [4] etc. The version stated here suppresses the
dependence on the mysterious h(z,y) function appearing in the previous works completely.
This is achieved by providing a finer analysis of the functions p,(z) for “small” values of ¢ as
well. Moreover, it also allows us to choose () independent of the degree d of the polynomial
F. This is crucial in our work as we choose Q = P8/5%¢ which is significantly less than the
natural choice P? permitted by the term h(q/Q, F(x)/Q?) arising from the earlier versions.
It should be noted that one may also analogously obtain bounds for the derivatives of p,(z)
with respect to y, which is often necessary to obtain extra cancellations in the g-sum. Given
how versatile the delta symbol method has been in its applications, it is likely that our version
in Proposition 1.2 will be of independent interest to the readers.

Applying Proposition 1.2 to the expression

Nw(F,P) =Y W(x/P)&(F(x)),
xeZ™

we obtain the following corollary, which takes the place of the identity (1.1).

Proposition 1.3. For any Q,P > 1
Q
(1.5) Nu(r.P) =3 [ Pa(2)S(q, ) dz + O (@O P™),
|2[<(q@)~1+0

where
q *

(1.6) Z S(a/q+ z),
a=1

and py(z) is a smooth function satisfying (1.3) and (1.4).

The success of our method relies on combining this Kloosterman type circle method with
van der Corput differencing process from [2] as well as the averaging procedure in [9]. We
apply van der Corput differencing process to the exponential sum S(g, z) defined in (1.6) rather
than to S(«). This approach still allows us to maintain the key feature of the method in [2]
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with regard to the exponential integral arising from the Poisson summation. The resulting
exponential sums, however, are of a different nature. In the case where ¢ is squarefree, they
may be interpreted as exponential sums on varieties over finite fields which are intersections of
a quartic and a cubic hypersurface. To estimate these, Deligne type bounds due to Katz [16]
come into play. For squarefull ¢ we are able to recycle the bounds in [2] for the averages of
cubic exponential sums. We also need to consider sums of such exponential sums over sparser
sets, corresponding to certain dual varieties, as in [10]. The fact that these dual varieties
now vary with the parameter h in van der Corput differencing process, provides an additional
difficulty over the situation in [10].

1.2. Acknowledgements. While working on this paper, the first author was supported by
the Knut and Alice Wallenberg Foundation. In the course of this work, we have benefited from
discussions with Tim Browning, Chris Hall, Nick Katz, Fabien Pazuki, Dan Petersen and Will
Sawin. Their help is greatly appreciated. We also thank the anonymous referees for their
comments. Their comments/suggestions have improved the overall exposition significantly.

2. SETUP OF THE CIRCLE METHOD

We will begin by establishing the proof of Proposition 1.2 which provides a stepping stone
in proving the results in this paper. We start by recalling Heath-Brown’s version [11, Thm 1]
of the delta symbol method:

Lemma 2.1. For any @ > 1 there is a positive constant cg, and a smooth function h(x,y)
defined on (0,00) X R, such that

(2.1) So(n) = % S Y Teglan)h (gg 52>

g=1 a=1

for n € Z. Here ey(x) = > /9. The constant cq satisfies cqg = 1+ On(Q™N) for any
N > 0. Furthermore, we have &jh(z,y) <y z~ ' min {1, (|ly|/z) N} for ally and j >0 and
h(z,y) # 0 only if v < max{1,2y|}.

The following lemma provides the key in proving Proposition 1.2. The main ingredient in
the proof here is a very simple yet effective trick which has appeared in a work of Munshi [20],
applied to the Lemma 2.1.

Lemma 2.2. Let Q > 1 and let n be an integer. Then

Q
) =Y 3 [ mleta/a+ ) dz+0n@ ™),

q=1 a=1

where py(2) is a smooth function satisfying

Pq(z) < (qQ2)™", and py(z) = 1+ On (1 + Q%[> (¢/Q)Y) -
for any N > 0.
Proof. Let U : (=1/2,1/2) — R be a non-negative compactly supported function satisfying

JU(z)dz = 1 and U(0) = 1. The starting point of this method is the following simple
observation

do(n) = do(n)U (n/Q?).
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Upon substituting (2.1) for dg(n) on the right hand side of the above equation, we get

(2.2) So(n) = 253" S ey (an) b (32 52> U <") +ON(Q™N).

2
qg=1 a=1 Q

The truncated sum over q is due to the fact that U(n/Q?) is non-zero only when |n| < Q?, and
that h(z,y) is non-zero only if z < max{1,2|y|}. Next, we use the Fourier inversion formula
to write

haa)U ) = | FOet)ar
where
f(t):/Rh(x,z)U(z)e(—tz) dz.

Upon using repeated integration by parts, we get
£0] = [ (~2mity T8l (e, DU (2)e(t2) ]
R

<G N |t:c|_j/ z! min{l,(\z|/x)_N} dz
|z|<1

< |tz

for any 0 < x < 1. Moreover, using Lemma 4.1 of Browning and Vishe [4], which is essentially
proved by repeated integration by parts together with the bounds on the derivatives of the
function h(z, z), we have

ft) = /Rh(x, 2)U(z)e(—tz) =14 Op ((1 + |t|)2N+2|x|N>.

Substituting this back to (2.2), we get
Qg

1 * _
o) = 7 > D ey an /t F(B)e(tn/QY)dt + On(QN).
g=1 a=1
The theorem now ensues upon the change of variable z = ¢/Q? and defining p,(2) = f(Q%z2).

O

By using the decay properties of functions p,(z), one may easily derive Proposition 1.2 from
Lemma 2.2.

To begin the circle method analysis, we consider a smooth weight function w with a support
in a very small region around a non-singular point xg € X (R), a standard choice necessary to
gain control over minor arc contribution. The existence of such a point is guaranteed by the
assumption that X possesses a non-singular adelic point.

To this end, let xg € R™ be a point satisfying F'(xg) = 0 and VF(x¢) # 0, which we will
fix from now on. Without loss of generality, we can assume that 0, F'(xg) # 0. Let

1) = {“j MO, i ] < 1,

0 otherwise .

We will use the weight function

(23) w(x) = [~ (x = x0)),
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where p € (0,1] is a parameter to be chosen at a later stage. With this choice of the smooth
weight function, our main goal will be to establish the following asymptotic formula:

Theorem 2.3. Let F' be a quartic form defined over Q satisfying n —o > 31. Then
N, (F,P) = cpP""* 4 O(P"479),
for a positive constant cp, provided P > 1 and Xys(Ag) # 0.

Here,
o = dim Sing(X),

where Sing(X) denotes the singular locus of the projective variety X  P"~!. As a consequence
of Theorem 2.3, we have

N(F,P) > N,(F,P) > cpP" .

This would conclude the proof of Theorem 1.1. In the remaining section, we devise a strategy
to establish Theorem 2.3, via key Proposition 2.7, stated later.
To establish Theorem 2.3, we begin by using Proposition 1.3 with

(2.4) Q = P¥/5te,

where 0 < ¢ < 1 is a small parameter to be chosen at a later stage. This choice of @ is
concurrent with the one in [2]. It arises from balancing various terms in the bounds coming
from van der Corput differencing which are useful for “large” ¢’s. This choice is much less than
that of Birch Q = P2, since our bounds are significantly better than those of Birch for minor
arcs corresponding to large ¢’s. They are supplemented by bounds from Weyl differencing
which are necessary for minor arcs around small ¢’s.

2.1. Major arcs considerations. The dominating contribution to the main term in (1.5) is
expected to occur from small values of ¢ and z. More explicitly, given A > 0, let Sgpy denote
the contribution from the major arcs regime;

(2.5) Son = Z /|<P_4+qu(z)5(q,z)dz.

1<q<PA
If we take the major arcs to be narrow enough, then we may replace the function py(z) inside
the integral by 1, with an admissible error. For this, it will be enough to assume that
A2

2.6 — <=
(2.6) pto <g

Indeed, then |z| < P4+ implies |2| < Q72 so that p,(2) = 1 + On((¢/Q)~") for any N by
(1.4). Thus we get
(2.7) S = Sy + O(P"~N/?) = Siy + O(P" ),
say, where
Shp = / S(q, z) dz.

Here and throughout the paper, we adopt the convention that when the quantity P~V appears
in an estimate, that estimate is asserted for arbitrary positive integers IV, and the implied
constant is allowed to depend on N without mention. We may use the results from [2] to
control this contribution.
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To this end, we recall the standard definition of the sz’ngular series

(2.8) G = nggo S(R), where Z Z Z

q<R a=1 x(modq)

and the singular integral

(2.9) 3= lim J(R), where 3 / / ) (x)) dx dz.

R—o0

The contribution from the main term in (2.7) has been studied in [2, Lemma 23], which we
restate here.

Lemma 2.4. Letn—o > 26. Suppose that & is absolutely convergent, and satifies the estimate
(2.10) S(R) =6+ Ow(R_ )

for some p > 0. Then J is absolutely convergent, and for any choice of A € (0,1/5) there
exists § > 0 such that

Shy = GIP"™ + Oy (P"470).
Furthermore, we have J > 0 provided that p is chosen small enough.

The absolute convergence and positivity of & for n — o > 26 is also established in [2].
Unfortunately, the power saving asymptotic formula (2.10), which is essential in employing
Lemma 2.4, is established there only for n in the range n — o > 42. We shall improve upon
this range by refining arguments used there and proving Lemma 2.6 stated below.

Before proceeding with a statement and proof of Lemma 2.6, we need a standard counting
result, which is established in Lemma 2.5 below. To state this, we introduce the following
notation, which will be adopted in the rest of the paper. For any ¢ € N, and for any i € N, let

(2.11) bi=[]r a=]]r"

pillq r°llg
ezt
Thus we have for example
q = b1bags,
where the factor g3 is the cube-full part and b; the square-free part of q.
Lemma 2.5. For any positive real numbers Ry, ..., Ry we have the bound
¢
3 1< [[ R
bi~R1,.be_1~Re_1 i=1
au~Ry

The proof is standard and similar to that of [2, Lemma 20], and we omit it here. Equipped
with this result, we are now ready to state and prove Lemma 2.6.

Lemma 2.6. If n — o > 26, then the estimate
S(R) =6+ 0y(R™Y)
holds for any ¢ € (0,1/24).

Proof. The proof will follow along similar lines to that of [2, Theorem 2]. The key idea here is
a more refined treatment of the exponential sums arising in (2.8), when ¢ is free of any 24-th
power, as established by bounds in [2, Lemmas 7 and 25]. Fix a natural number ¢ > 3 and
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write ¢ = biba -+ -by_1qe. Using [2, Lemmas 7 and 25] along with bound [2, (6.12)], one then
has

q
Z* Z eq(aF(x)) < q1+5(b1b2)(n+g+1)/2bg2n+a+l)/3 o b§(_€1_2)n+0+1)/(€_1)q§23n+0+1)/24

a=1 x(modgq)

qn+1+€

(blbg)m/%gﬂ/i’) » 'bzl(z_l)qzn/ﬂ,

with m :=n — o — 1. It follows that
|6 _ 6(R)’ < Z q7n|Sq’ < Z (ble)f(m/Qflfs)bg(m/S—l—a) . qe—(m/24—1—a).
>R b1bp_1q2R
We put ¢ = 24 and note that for any 3 < k < 24 one has
~(F -1 <—¢
as soon as m > 25. This gives
|6 _ G(R)’ < R—1/24+2€ Z (b1b2)_1_6b3_1/3_6 L b2—31/23—6q2—41/24—6

b1-+-b23qaa =R
0o

_ —1—g;—1/3— —1/23—e —1/24—
< R 1/244-2¢ Z (ble) 1 6b3 /3= . b23 / €q24 / €
b1, ,b23,q24=1

Using a dyadic decomposition along with Lemma 2.5, one now concludes that the sum on the
right hand side is convergent, so that the right hand side is OE(R_I/ 24+€) " as required. This
proves Lemma 2.6. O

Combining Lemma 2.4 with (2.7), we thus have
(2.12) Sop = cp P4 4 O(P"479),

where cp depends on the parameter p, and cp > 0 if p is chosen to be small enough, assuming
that X,s(Ag) # 0. This settles our analysis of the contribution from the major arcs.

2.2. Minor arcs contribution. The main part of the paper will be devoted to showing that
the remaining ranges for ¢, z give a negligible contribution to (1.5). More specifically, we
consider the minor arcs contribution to Proposition 1.3:

Su= Y /P 1pg(2)S(q, 2)|d=

A< (q@)

+ 2)S(q, z)|dz.
D RN CE e

PA<q<Q

(2.13)

It should be noted that the choice of minor arcs depend on the parameter 8 > 0, which arises
in (1.5), as well as the choice of A > 0. We will sometimes write Sy = Sy to emphasize
this dependence. Our main bound for the minor arc contribution will take the following form.

Proposition 2.7. Let I be a quartic form satisfying n — o > 31. Then there is a choice of
p € (0,1] and, for any 0 < A < 1/5, there exists po > 0, such that for any 0 < ¢ < g, one
has

Smo,a = Opa g r)(P"70).

for some § = 6(A,n,¢) > 0, provided that 6 <, A 1. Here
(2.14) |E|| = the mazimum modulus of the coefficients of F.



ON THE HASSE PRINCIPLE FOR QUARTIC HYPERSURFACES 9

Here and in the following propositions, p is as in (2.3), and ¢ is as in (2.4) and (2.6). Fixing
A and taking 6 small enough that the conclusion of Proposition 2.7 is valid, we put together
the bounds in (1.5), (2.12) and Proposition 2.7 to obtain Theorem 2.3. Thus, from now on, it
is enough to concentrate on proving Proposition 2.7.

2.3. A more general minor arcs bound. The arguments used to bound the minor arcs con-
tribution will not depend on the fact that F' is homogeneous. We shall thus deduce the bound
in Proposition 2.7 in a less restrictive setting. For a general polynomial f € Z[zy,...,z,], not
necessarily homogeneous, we introduce the alternative “height function”

Ifllp = 1P~ 9D f(Pay,... Pay).

Suppose now that F' € Z[zy,...,zy,] is a quartic polynomial, not necessarily homogeneous.
Let Fy be its leading form, defining a quartic hypersurface Xy C P&*l. Rather than fixing the
weight function in (2.3), we shall obtain a uniform estimate for an entire class W, of weight
functions. Given a positive real number ¢ and a sequence (cj)JO-’;O of positive real numbers, we
let Wy, = Wy (c), where ¢ = (¢, (¢;);) for short, be the set of infinitely differentiable functions
W : R"™ — R with support inside [—¢, ] that satisfy

Gt +in

maxy |————

ozt -+ Oy

for all j > 0. In the sequel, we shall often suppress the dependence on ¢ in our estimates.
We shall assume that there is a constant M > 0 such that the following properties hold:

W(x)

\XER",j1+-~+jn—j}<c]'

2.15 i D, F(x)| > MP3.
(2.15) epin (W)\ F(x)|
(2.16) ma ma |0y, F(x2) — 0z, F(x1)] < M p3
. X X T; — Ug; B .
i x1,x2€Psupp(W) 2 ! 8”\/7?

Proposition 2.8. Let F' be a quartic polynomial and suppose that n — dim Sing(Xy) > 31,
where Xy C P&fl is the hypersurface defined by the leading quartic form Fy. Let W € W, and
assume further that (2.15)—(2.16) hold. Then, for any 0 < A < 1/5, there exists poy > 0 such
that for any 0 < ¢ < o,

Sm = OnagFlreP" ")
for some ¥ =(n, A, @) > 0, provided that § <, A, 1.

Let us verify that Proposition 2.7 follows from Proposition 2.8. In the former, F' is assumed
to be homogeneous, which implies that ||F||p = ||F||. Thus it only remains to verify the
conditions (2.15)—(2.16). By assumption, we have My = |0, F(x0)| > 0. By choosing p
sufficiently small, we may ensure that none of the 9,,F vary more than My/(2 - 8"v/n!) on
supp(w). Since F' is now a homogenenous polynomial by assumption, so are its derivatives
Oy, F'. Therefore, for arbitrary y1,y2 € supp(w) we have

M,
_ _ p3 _ 0 3
|02, F(Py1) = 02, F(Py2)| = P?|02, F(y1) — 02, F (y2)| < 2-8%/5]3 -
Furthermore, we have
‘arlF(PYI)‘ = ‘(%HF(PXON - P3‘8I1F(X0) - 8I1F(YI)’
Mo s Mo
2-87/n! 2
so we have verified (2.15)—(2.16) with M = Mj/2, as required.

> MyP? — P3,
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We shall prove Proposition 2.8 by induction on dim Sing(Xj), the base step being the
following result for the non-singular case.

Proposition 2.9. Suppose that n > 30 and that the leading quartic form Fy is non-singular.
Let W € W,, and assume that (2.15)~(2.16) hold. Then, for any 0 < A < 1/5, there exists
wo > 0 such that for any 0 < ¢ < o,

S = O a g Fllpe(P"7Y)

for some i = (n, A, p) > 0, provided that 0 <, A, 1.

Our efforts in the Sections 3 through 8 will culminate in the verification of Proposition 2.9
in Section 10. The inductive argument leading to Proposition 2.8 will be postponed to Section
11, as it is similar to another slicing argument that we shall need to apply in the non-singular
case as well.

In studying the minor arcs contribution, it will be convenient to split the integrals in (2.13)
into suitable dyadic intervals. This allows us to consider the integrals

(2.17) I(q,t) = / 15(q, 2)|dz,
t<zl<2t

where 1 < ¢ < Q, 0 <t < (¢Q)~'*?. Note that we can trivially establish |Z(¢,t)| < qtP™.
However, with some more work akin to Proposition 7.3, using cancellations due to an average
over a in the definition (1.6) of S(g, z), for a large enough value of P, it is also possible to

establish the bound b}/ 2qth”, where ¢ = b1g9, with b; being the square-free part of ¢q. For
any fixed choice of t, R appearing in the minor arcs (2.13), our final goal is to establish the
bound

(2.18) > I(g,t) < P
R<q<2R

which will be finally achieved in Section 10 using various estimates we derive in the following
sections.

3. VAN DER CORPUT DIFFERENCING

Van der Corput differencing provides a key tool in our analysis of bounding (2.17). We will
use both pointwise van der Corput differencing method in the spirit of [2] and averaged van
der Corput differencing employed by Heath-Brown [12] and Hanselmann [9], the latter being
more advantageous when % is not too small. A key advantage in using averaged van der Corput
differencing is in the introduction of smoothed Gaussian averages in (3.7), which readily helps
us establish Lemma 3.2.

We begin with a brief survey of van der Corput differencing. Let f be a function on R"
supported in the set |x| < P and let H be a subset of Z" N {|x| < P}. The starting point of
van der Corput differencing is the following identity:

#H Y fx)=) Y fx+h)y=) > flx+h).
XEL™ heH xeZ» xXEZ™ heH
A quick application of the Cauchy-Schwarz inequality implies

2
Y f®)| <P NMh) > fly+h)f(y).
xXcLm

h yEL™

(3.1) H{>

where
]V(}Q = %ﬁ{lll,hg eEH:h=h; — hg},
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and the sum over h is over h € Z" such that N(h) # 0. (3.1) will denote a starting point
for van der Corput differencing process for us. We shall apply it with f(x) being replaced by
suitable exponential sums at various places in this section.

Our main goal is to utilise this process to estimate the sum

q
S(g,2) =Y D> W(x/P)e((a/q+ 2)F(x))
a=1 xezZn
introduced above, where W € W, and where F is a quartic polynomial, not necessarily
homogeneous.

3.1. Pointwise van der Corput differencing. In the notation of (2.11), we put ¢ = b1qo,
where by is square-free and g2 square-full. We plan to benefit from an extra averaging over the
sum over a (mod g) occurring in S(q, z), achieved for a fixed value of z. However, this saving
is essential only from the square-free part of ¢q. To this end, we shall sum trivially over the
square-full part of g2 of g:

q2
*

(3.2) 15(¢.2)1 < Y 1Sala, 2)],

a=1

where

b1
(3.3) Sala,2) = N W(x/P)e((s/b + a/gz + 2)F(x)).

s=1 xeZ™
We now apply van der Corput differencing (3.1) to the function
b1

Fx) = S W(x/P)e((s/by + a/az + 2)F(x)),

s=1

to bound |S,(q, )| for any fixed a:
(34)  |Salg,2)* < #HPP"> N(h) > f(y+h)f(y) = #H >P" > _ N(h)Ton(q, 2),
h

h yEZ"
where
b1
(35) Tan(@2) = > Walx/P) S ey, (s1Fn(x) + (51— 52) F(%)) gy (aFn(x))e(2Fn(x)),
xXEL™ s1,82=1
with

Wa(y) =W(y + P')W(y) and Fy(x) = F(x+h) - F(x).
Note that we may trivially bound |7, (g, 2)| < P"?. We now let H = H(q, z) be an integer
with 1 < H < P and put

(3.6) H:={heN"|1<hy,...hy < H}.

Then the bounds (3.2) and (3.4), along with the trivial bound N (h) < #H, imply the following
result, which we refer to as the pointwise van der Corput bound with respect to z.

Lemma 3.1. We have the bound
1/2

q2
[S(q.2)] < P"PHT2Y 1Y [ Tan(a, 2)]

a=1 |h|<H
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Remark. A key advantage of step (3.2) is that after an application of Poisson summation, an

overall factor of size O(b}/ 2) can be saved via considerations of the resulting quartic exponential
sums modulo the square-free part by of ¢q. In the square-full case however, our sums coincide
with the cubic sums in [2], allowing us to reuse those bounds. See Lemmas 4.2 and 4.4 in
the following section for a more explicit version. This comment also applies to our bounds in
Section 3.2 below. This significantly simplifies our work. Unfortunately, this treatment will
not be enough to achieve n = 29 variables, and some early calculations show that a small
extra saving in the sum over a in (3.2) will be vital to save one more variable.

3.2. Averaged van der Corput differencing. We next incorporate an averaging over z to
estimate the integrals Z(g,t) defined in (2.17). At this stage, we shall impose the conditions
(2.15)—(2.16) occuring in Proposition 2.8. Choose an arbitrary point x € Psupp(W). By
(2.15),
|0z, F(x)| > M P3.
By (3.2), we have
*
I(g,t) < Z t<|z\<zt’5a(q’ z)|dz.

=1
Let H = H(q,t) be an integer with 1 < H < P. We may choose a set T of cardinality
O(1 + tH P?) such that

2t u[—2t,—t] C |J [r = (HP?) ', 7+ (HP?)™'].
TeT

q2
I(g,t) < Z /|r et Sa(q, 2)|dz.

a=1 7€T
An application of the Cauchy-Schwarz inequality next implies

1/2
/’ SA%@W2<(HP51”</‘ |&mbwﬁw> |
r—z|<(HP3)~1 |r—z|<(HP3)~1

Inserting this into the above bounds, we may write

q2
I(g.t) < (HPY) V23N Ma(g,m)"2,

Then we can write

a=1 1€T
where
(3.7)  Malq,7) = / Sa(g, 2)Pdz < / exp(—H?P( — 2)*)[Sa(q, 2)|* dz.
|T—z|<(HP3)~1 —00

We now employ van der Corput differencing (3.4) with a modified differencing set. Let
1> c¢; > 0 be a constant to be determined later, and put

(3.8) My = The N [1<h <cP1< ha,o,hy < HY.

to obtain

(3.9) M@K#WWZ/emeww%mww
heH,

with 7, 1n as in (3.5). We have again used the trivial bound N(h) < #%H; here. We now set
L :=log P and use the lower bound |9, (F(x))| = M P? for all x € Psupp(W), to obtain that
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the contribution in the above sum from the terms corresponding to h satisfying |hi| > HL is
negligible, as derived in the following lemma.

Lemma 3.2. Suppose that (2.15) holds. Then there is a constant ¢ > 0 such that for any
h € H; such that |hi| > cHL, we have

/ exp(—HQPG(T — 2)2)7;7h(q, z)dz <N PN,

Proof. We follow the strategy in [12, Section 4] and [9, Section 5]. The parameter a is consid-
ered fixed for now. Using (3.5) we have

(3.10) /OO exp(—H?P%(1 — 2)*)Ton(q,2) dz = Y Wh(x/P)I(h,x),
> XEZ™
where
b1 .
I(h,x) = Z e, (s1Fn(x) + (s1 — 52) F(x)) eq, (aFn(x))
s1,52=1

X /OO exp(—H?P%(1 — 2)?)e(2Fp(x)) dz.

—0o0

Calculating the inner integral explicitly, we may write

T 7T2
1h,3) = 27 exp (= s PG ) (77 0)

b1
x 3 ep(s1Fn(x) + (51— 52)F(x))eq (aFn ().

s1,52=1
We now claim that ¢ can be chosen in such a way that if h € #H; satisfies |h1| > cHL, then
we have
(3.11) |Fu(x)| > HP3L

for any x occurring in (3.10) with Wy(x/P) # 0. If this is true, then for such values of h and

X we have )

[1(h, )| < 5 exp(~¢/(log P)?)

for some constant ¢ > 0, so the quantity in (3.10) is
< P""lexp(—d(log P)?) <« PV,

as required.
It remains to verify the above claim. For this we write

OF
" omy
where the implied constants depend on ||F|/p only (but not on ||F||). By (2.15), we have
|0z, F(x)| > MP3, yielding

|Fa(x)] = [h1|P? (MP — O(|ha])) — O(HP?).

We may thus choose ¢; in the definition (3.8) so that
|hy|M P3
e

Fy(x) (x) - h1 + O(HP?) + O(h2P?),

[F(x)] > O(HP?),
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say, for relevant values of x. This clearly gives the desired bound (3.11) as soon as |h1| >
HL. O

Using Lemma 3.2, and noting that the contribution from the range |7 — z| > L(HP3)~! is
also O(P~N), we get the following bound for (3.7):

})n—l
Mg, 1) K PN 4 / g Tan(q,2) | dz
|T—2|<L(HP3)~1 ’

}Jnfl
Ih|<HL
L prt
-N
<P T HPSHT ey 2 [Tenla )l
lh|<HL

Thus we have proved the following result.

Lemma 3.3. For any 1 < H < P, we have

1 P (n—1)/2 42 . 1/2
I(q,t) < PN 4 p* (t+ HP3) (H) Y omaxV e > [ Tan(@,2)p
a=1 |h|<H P*
where max(t) is taken over t < |z| < max {Qt,t + ﬁ}

We note here that as a standard feature in applications of van der Corput differencing,
H will eventually be chosen in order to obtain the bound (2.18). A minimum value of H is
necessary to make the contribution from h = 0 work. However, choosing larger values of H
increases the contribution from generic values of h’s. Lemma 3.3 will be crucial in dealing
with the case when ¢, are both large.

We shall also state a corresponding result that is derived in the vein of the “classical” circle
method used in [2]. Here, a typical minor arcs contribution takes the shape

q
Z(q,t </ *Saq—l—z dz.
(g:7) K‘ZK%Z 1S(a/q + 2)|

a=1

An easy modification of the arguments above give us the following estimate, which in essence
is contained in Hanselmann’s treatment [9, (5.11)]:

Lemma 3.4. For any 1 < H < P, we have

1/2

1 p\(-D/2 9,
I(q,t) <« PN + P¢ <t + HP3> <H) Z mfx(l) Z Sn(a/q + 2)| ’
a=1 |h|<H P*

where max™) is defined as above and

(3.12) Su(@) =Y w(x/P)e(aFy(x)).

XEL™

A main difference here from Lemma 3.3 is that the sum (3.12) is a purely cubic exponential
sum only containing the form Fj},, as opposed to a mixture of cubic and quartic exponential
sums (3.5), appearing in Lemma 3.3. In Section 9, we will apply Weyl bound directly to
estimate Sp(«), via [3, Lemma 3.3]. This bound will turn out to be important for us. It will
be used to supplement bounds from Lemma 3.3 and those from pure Weyl differencing.
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4. EVALUATION OF QUARTIC EXPONENTIAL SUMS; INITIAL CONSIDERATIONS

Our calculations above led us to the consideration of the exponential sums 7, n(q, z). Here,

we shall investigate a more general version of that sum. Let f,g € Z[z1, ..., z,] be polynomials
and suppose that

(4.1) deg(f) =di, deg(g) =da, where dy >ds > 2,

and that

max{||f||p,[lglp} < H

for some H > 1. Given a weight function w € W, and a fixed integer a relatively prime to g,
we define

(4.2) T(q,2) =Tala,q, 2 f,g,w, P)

b1
=Y wix/P) S en, (519(%) + (51— 52) F (%)) ey (ag(x)) e(2g(x)).
XEL™ 81,82=1

For the result in this paper, we would only need to this result with dy = 4, ds = 3. However,
we consider general degrees d; and do since these bounds will be useful in bounding the
contribution from the square-free part of ¢ in subsequent applications to higher degree forms.
We can also obtain them here without too much extra work. From Section 6 onwards however,
we will specialise to the case di = 4,ds = 3.

4.1. Hyperplane intersection: main lemma. Here, we will deviate slightly from our need
for bounding (4.2), to consider a question of handling singularities of an arbitrary finite set of
varieties, via hyperplane intersections. This is achieved by Lemma 4.1 below. In this paper,
it will only be necessary to simultaneously bound singular locus of a system of a cubic and
a quartic form and of their complete intersection. However, a general result can be obtained
with not much more extra work. This lemma will be instrumental in establishing an important
bound obtained in Proposition 8.1. Moreover, the extra condition that e; can be chosen in a
certain way, mentioned at the end of Lemma 4.1 will be useful in Section 11.

To this end, we introduce some notation, which will be used throughout this paper. We use
the symbol v to denote a place of QQ, that is, v = oo or v = p for a prime p. Given the forms
Fi,...,F, € Z[z1,...,xy,], we then denote by V,(F1,..., Fy,,) the closed subvariety of IP’{F‘U_I
defined by the image of the ideal (F1,..., Fy,) in F,[z1,...,zy], and let

So(F1, ..., Fy) = dim(Sing(V, (Fi1, ..., Fn))),
Ov(Fi,..., Fp) = dim(V,(F1, ..., Fy)).

We will consider the aim of simultaneously reducing the dimension of the singular locus
of a system of forms F, ..., Fy,, their complete intersection, and the complete intersection of
any sub-collection {F; : i € I} for any subset I C {1,...,m}. Given a collection of primes
II, Lemma 4.1 presents us with a nice lattice basis, which in turn give us an entire chain of
subspaces which successively achieve this aim.

Lemma 4.1. Let Fy,...,F, be forms of degree dy,...,dn, defining a complete intersection

X =V(F,...,F,) C ]P’"_1 of dimension n — 1 —m. Let II be a collection of primes, with

# =7 >0, and wmte I, == {p € T | p > a} for each a € N. There is a constant
=c(n,dy,...,dy) and a collectz’on of primitive linearly independent integer vectors

el,...,e, € Z"
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satisfying the following property for any integer 0 < n < n—1, any subset @ # 1 C {1,...,m}

and any v € {oco} Ul -

(%) 1m0 Provided that the closed subscheme X C ]P’%fl defined by F; = 0 for all i € I satisfies
dim(Xy), = n—1—|I|, the subspace A, C }P’I’Flv_l spanned by the images of ey, ..., e,y
1s such that

dim(X; N Ay)y = max{—1,dim(X;), — n}
and
dim Sing ((X; N Ay)y) = max{—1,dim Sing ((X),) — n}.
Moreover, the basis vectors e; may be chosen so that

(4.3) L/2< |ei| <L
foralli=1,... ,n and
(4.4) L" < det(eq,...,e,) < L"

for a constant L = Oy, q,....a,,(r +1).
In addition, given any vector £ € R™, vector ey in the basis above can be chosen such that
it makes an angle of at most w/3 with f.

Proof. First we give a short outline of the proof. We shall represent the collection of vectors e;
by the matrix E having the e; as columns. There are now two main points to our argument.
First we argue that each condition (x)z,,,, is implied by the non-vanishing of some polynomial,
over IF,, in the entries e; ;. On the other hand, a positive proportion of all matrices F
correspond to bases with the desired properties (4.3)—(4.4).

We begin by noting that the case r = 0 follows from the case r = 1, so we may assume that
r 2= 1, so that II is non-empty. For fixed I, n and v, it is a consequence of Bertini’s theorem, as
observed by Ghorpade and Lachaud [8, Prop. 1.3], that the set U, ; of subspaces A satisfying
the condition (%), contains a Zariski-open subset of the Grassmannian G,_, := G(n —1 —
n,n—1). (Note that for those places v where the forms F;, i € I, do not intersect completely,
the condition is void.) Recall that G, is a closed subvariety of IP’{F\ZJ for a certain N = N(n,n)
by virtue of the Pliicker embedding. By an argument very similar to the proof of [18, Lemma
2.8], one sees that one may in fact find a hypersurface Z,; C PV of degree On.d,....d. (1)
independent of v, such that U, ; contains the complement of Z, ; in G,_,. Consequently, the
complement of the hypersurface Z, = |J; 2,1 is contained in U, = (); Uy 1. The hypersurface
Z, embeds as a hypersurface in G,_, x G, under the natural map G,,_,, = G,,—, x Gy,

Define M(B), for any B > 0, to be the set of matrices £ = (e; ;) € M, xn(R) such that each
column vector e; = (e1,5,...,¢en ) satisfies B/2 < ||e;|| < B. (Here, we use || - || to denote the
usual Euclidean norm on R™.) For any v € (0,7/2], let M,(B) be the set of E' € M(B) such
that each column vector e; makes an angle of at least ) with the hyperplane spanned by the
remaining vectors ey, k # j. It is clear that the set M (B) has a well-defined and positive
volume, that

vol(M(B)) = B™ vol(M) and vol(My(B)) = B vol(My),
where M := M(1) and My, := My(1), and that
vol(My) = vol(M) — nvol(Ny),

say, where Ny, is the set of E € M where the vector e, is either the zero vector or makes an
angle of less than 1 with the hyperplane spanned by the first n — 1 column vectors. Now one
has

vol(Ny) <p ¢ vol(M),
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so choosing v small enough, we may conclude that there exists a constant ¢; = ¢1(n) such
that

vol(My) > ¢1 vol(M).

If we now put M(B) = My(B) N Myxn(Z), then it follows from the Lipschitz principle [6]
that

(4.5) #M(B) = B" vol(My) + On(B™ V).
Letting M, (B) denote the set of matrices E € M(B) for which ged(e1j,...,en,) = 1 for
j=1,...,n, one may deduce from (4.5), using standard M&bius inversion arguments, that
2 VOl(Mw) 2_1
#M,(B)=B" ————= 4+ O, (B" .
(B) Fag OB

We conclude that there is a constant Cy = C(n) such that
#M,(B) > C,B™.

Moreover, it is evident that each matrix in M, (B) satisfies (4.3) and (4.4).

Let W be the set of matrices E € My, x,(Z) with entries in [—B, B] for which the column
vectors fail the condition (x)r,,,, for some choice of I,  and v € {oo} UIl,, where a is yet to
be chosen. Our aim will be to show that W has cardinality strictly less than CIB”Q, implying
the existence of a basis with the desired property.

Fix a place v, and let us identify n x n-matrices with points in A™. Let S be the closed
subset of A" defined by det(E) = 0. For each 7, an appropriate Pliicker map ®,, : A \ S —
G-y X Gy, maps A \ 'S onto an affine open subset of G,,—, x G, and we may define W = W,
to be the union of the closures in A" of the inverse images o, 1(Z,) of the subvarieties Z,
introduced above. Then a matrix E lies in W only if either £ € W or [E], € W,(F,) for
some p € II,, where [E], denotes the matrix where each entry is the reduction (mod p) of the
corresponding entry of E. By [2, Lemma 4], the number of matrices E such that |e; ;| < B
for all 4, j, and such that either E € Wy, or [E], € W,(F,) for a prime p is

< 02(Bn2p—1 —|—Bn2_1)

for some constant Co = Co(n,dy, ..., dy). The number of matrices E satisfying this condition
for at least one prime p € II, is thus

C.
<Cy | B Z pt+rB" | < =27 gn? + CgrB"Ll.

a
p€lly

Choosing ¢ = 4C5/Cy and a = cr = 4Cyr/CY, this is
1 2
< =-C1B"
51

as soon as B < a, which is what we wanted to prove. We have thus established the assertion
in the first part of the lemma, where we may take L = cr.

Now to prove the last condition, we now want to choose the vectors eq,...,e, so that
the vector e; makes an angle of at most 7/3, say, to the fixed vector f. Recall the sets
M(B), My (B) considered before, and define M?(B), Mz(B) to be the set of matrices E
in M(B) or My(B), respectively, such that the first column vector e; makes an angle of at
most 6 with the vector f. Let M? = M?(1) and MY = MZ(l). Since M, is invariant under
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rotations, one sees that for any 0 < 6 < 7/2, the set M‘ZJ has a well-defined and positive
volume and that

vol(/\/lz) > vol(M?) — nvol(N).

One may now calculate that vol(M?) >, 62vol(M), so upon replacing the constant c;(n)
in the proof of Lemma 4.1 by a smaller yet positive constant, one may replace My (B) by

MZ;/ 3(B) in the definition of the sets M (B) and M, (B), and still conclude that there exists
a matrix £ € M,(B) with the desired properties, for B = L large enough.
O

Let us compare Lemma 4.1 with [2, Lemma 5], which specialises to the case of one form G.
An argument akin to Bertini’s theorem was used in [2, Lemma 5] to find a primitive integer
vector m such that intersecting with the hyperplane m.x = 0 lowers the dimension of the
singular locus of V,(G) for v € ITUoco . In addition, at each stage, m could be chosen in a nice
way. Lemma 4.1 can be seen a a generalisation of [2, Lemma 5]. Being able to deal with an
arbitrary finite collection of forms of various degrees will be crucial in dealing with systems of
forms of higher degree.

We end this analysis by explaining how Lemma 4.1 will be used to bound the sums 7 (g, z).
For f, g as defined at the beginning of this section, above we let

F(zo,...,zp) =2 deg(f) F(E,...,22) and G(xo,...,2,) = mgeg( )g(%—1 )

zo’ )
be their homogenisations and
Fo(xy,...,xp) == F(0,21,...,2,), Go(z1,...,25) :=G(0,21,...,2p)
the leading forms of f and g. Now, if n > 2, we define

(4.6) sy = 8, (f,9) = max {s,(F), 50(Go), su(Fo, Go)} ,
provided that
6u(Fp) = 6u(Go) = 6u(Fo, Go) +1=n —2,
and s, = n—1 otherwise. Note that in this definition, V,,(Go) and V,,(Fp, Go) are considered as
subvarieties of P"~!. Let us give an example of how Lemma 4.1 will be used: The exponential

sum 7T (q, z) can be most efficiently estimated in the non-singular case, that is, when s, = —1.
Therefore, when s’ # —1, we will employ Lemma 4.1.

4.2. Bounding 7 (g, z). The starting point for our investigation of T (g, z) is an application
of the Poisson summation formula, a standard technique. The proof follows from a minor
modification of [2, Lemma 8] and we will skip it here.

"N S(g,v)I(z,q V),

vezn

Lemma 4.2. We have

where

Z S eny (s19(a) + (51— 2)f(a)) ey (ag @) ey (v.a)

s1,82=1 a (mod q)

and

I(z,v) = /w(x/P)e(zg(x) — v.x)dx.
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A key feature in our approach is that, when applying Lemma 4.2 in the case where f is
a quartic polynomial and g a cubic polynomial, only the cubic polynomial g occurs in the
exponential integral, allowing us to use [2, Lemma 9]. Upon an application of [2, Lemma 9]
we get the following estimate.

Proposition 4.3. Suppose that di = 4 and do = 3. Then we have the estimate
T(g,2) < PN +qg"Prmax Y [S(qV)]
vo
[v—vo|<PV
where
(4.7) V = qP ' max{1, (HP?z|)'/?}.

The following observation from [2, Lemma 10] will be useful for establishing multiplicativity
relations for our exponential sums.

Lemma 4.4. Let r, s be integers with (r,s) = 1, and let 7,5 be integers satisfying r7+ ss = 1.
Then, for any polynomial h € Zx1,...,x,], and any x,y € Z", we have

h(rrx + s3y) = r7h(x) + ssh(y) (mod rs).

_ hi(x)

Moreover, for any rational function R(x) = ha(x)? where hy, he € Z[x1, ..., z,], we have

R(rrx + sSy) = rTR(x) + ssR(y) (mod rs),

provided that ha(x), ha(y) and he(r7x + ssy) are invertible in Z/rsZ.
Proof. The above statements are consequences of the fact that the map

0 LJrsT X L)rsl. — Z)rsZ, (x,y)— 1Tz + sSy
is a ring homomorphism, which is easily verifiable. O

Now we may prove the following multiplicativity property for the exponential sums:

Lemma 4.5. Let by, G2 be integers such that biby + ¢2qz = 1. Then we have
(4.8) S(q,v) =T (b1, @2v)T* (g2, b1v),
where

q
Z Z* eq(519(x) + (51 — 82) f(X) + v.x)

(4.9) T(q,v) =T(q,v; f,9) =
x (mod q) s1,52=1

and

(4.10) T*(q,v) =Ty (g, vig) = Y eq(ag(x)+vx)
x (mod q)

for any q € N. Moreover, if r, s are coprime integers and 7, are integers such that r7+ss =1,
then

(4.11) T(rs,v;f,g9) =T(r,5v;5f,59)T(s,7v;Tf,Tg)
and

(4.12) Tr(rs,v) =12 (r,sv)Tr (s, TV).
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Proof. Substituting a = ¢2gax1 + b1b1x2 in the definition of S(g,v), where the vectors x; and
xo run through all residue classes (mod by) and (mod ¢2), respectively, Lemma 4.4 gives

s19(a) + (s1 — s2)f(a) = s19(x1) + (51— s2) f(x1) (mod by),
ag(a) = ag(x2) (mod ¢2), and e,(v.a) = ep, (q2v.X1)eq, (b1v.X2).
This gives us the relation (4.8).
To prove (4.11), we set
(4.13) (s1,82,%x) = s5(s}, sh,x') + r7(s], s5,x")
in (4.9), where the s} run through (Z/rZ)*, the s/ run through (Z/sZ)*, and x’, x” run through
(Z/rZ)"™ and (Z/sZ)", respectively. Now, if we put
Uy(s1,82,%) = s19(x) + (s1 — 52) f(x) + v.x,

then Lemma 4.4 gives

eQ(UV(Sh 52, X)) = eT(gUV(S/b 5/27 X))GS(FU‘,(S/{, 8/2/7 X))v
which establishes (4.11).
The multiplicativity relation (4.12), finally, is precisely the one given in [2, Lemma 10]. O

We end this section by introducing a quantity that will appear in our estimates for the
exponential sums 7T (q, z). For ¢ = byqa, define

(4.14) D(q) = Dy4(q H I »* II 7.
=1 plbs plgz
sp(f9)=i—1 sp(fr9)=i—1
provided that n > 2. If n = 1, we instead define D(q) to be the product of all primes p such
that G vanishes identically (mod p), that is

D= [] »

pl(g,cont(Go))
Here,

(4.15) cont(Go) = ged of all the coefficients of Gy.

5. EXPONENTIAL SUMS TO SQUARE-FREE MODULI

In this section, we shall provide bounds for the exponential sums 7'(b1,v) defined in (4.9)
for square-free integers b;. We would like to emphasize here that after a sufficient number of
hyperplane intersections, we may end up with having to estimate exponential sums involving
any number of variables < n. Since we did not want to introduce an extra notation for the
number of variables defining the polynomials f, g, in this section, we will derive bounds which
are valid for all n including n = 1, 2.

Here, we consider a more general version of the sum 7'(b;, v) where ey, (+) is replaced by an
arbitrary primitive additive character 111 1 2/0Z — C; put

T(p,v) = Z Z Y(s19(x) + (51 — s2) f(x) + v.x).

x (mod by) s1,52=1

This is crucial, since after using our multiplicativity relation (4.11), we end up with exponential
sums involving different characters, and we need a uniform way for bounding them. We shall
sometimes attach the subscript b; to the character ¥ for clarity.
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We should also note here that all the implied constants in this section are allowed to depend
only on n, d; and ds.

Our main bound for the exponential sums to prime moduli is contained in the following
result.

Lemma 5.1. Let n > 2, di > dy and assume that s,, = —1. There exists a non-zero
homogeneous polynomial ® = @, € Zlvy,. .., v,] such that the estimate

T (Wp, V)| Ky dy P"T3T5/2 (p, B(v)) /2

holds for any prime p such that the leading form Fy does not vanish identically modulo p (i.e.
dp(Fo) = n—2), any non-trivial additive character ¢, on F, and any v € Z". The polynomial
may be chosen so that

(1) coefficients of ® are co-prime, i.e., cont(P) = 1;
(2) we have the bounds

deg @ Lnydydy 1 log H(I)H Ln,dy,da log HfH + log ”gH

Lemma 5.1 states, in other words, that we may find a polynomial ® such that the optimal
bound |T(¢),, v)| < p"3+0)/2 is attained for all v such that p { ®(v). Before giving the proof
of Lemma 5.1, we state and prove a result that will supply the polynomial ® in the statement.
For any v € Z", we let d(v) be the dimension of the singular locus of the intersection of
Vp(Fo, Go) with the hyperplane Ly in Pg;l, ie. §(v) = sp(Fp,Go, Ly). It turns out that the
quantity §(v) will govern the strength of our bound for T'(¢, v).

Proposition 5.2. There ezists a non-zero homogeneous polynomial ® = ®p, ¢, € Zv1, ..., vy)
with the following properties:

e we have §(v) < s,(f,g) as soon as pf ®(v);
e cont(P) =1;
e we have the bounds

deg ® Kpaydy 1, 10g || Knay.a5 l0g || f]| + log [|g]]-
Proof. A necessary condition for the inequality
SU(F(]a GOa LV) > SU(F07 GO)

to hold is that Ly be tangent to the variety V,(Fo, Go) at one of its non-singular points, or
in other words, that Ly belong to the dual variety V,(Fp, Go)* in (ng—l)v_ We shall obtain
universal equations defining this dual variety.

We parametrise homogeneous polynomials F; of degree d; by coefficient vectors ¢, viewed
as points in projective spaces PVi. By Chevalley’s constructibility theorem, the set

W = {(F1, F»,v) | Ly is tangent to V(F1, F») at a non-singular point}

is a constructible subset of P]ZV b x IP’ZN 2 x (P2~1)V. Thus we may write

k
W = U u,nNs;,
i=1
where each U; is open and each §; is closed. Clearly we may assume that the U; are non-empty.
We may now fix, once and for all, a collection of non-zero homogeneous polynomials
Uy,...,Up

in the multigraded ring Z[c(l), c(2),v] such that generators for the vanishing ideals of all the
closed sets S; may be found among the ¥;.
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For a fixed tuple (F1, Fp) = (Fy, Go) € Z[x]?, denote by U; and S; the fiber over (Fy, F») of

U; and S;, respectively, and put

k k

w=Juins, z=Js.

i=1 i=1
By discarding some of the indices if necessary, we may again assume that the U; are all non-
empty. As subsets of (IP’%_I)V, W is constructible and Z is closed. Furthermore, generators
for the vanishing ideals I(.S;) of the sets S; in Z[v] may be found among the specialisations
©; of the polynomials ¥; above at (F1, F»).

By definition, the dual variety V,* C (IP’ED_I)V of the variety V,, = V,,(F1, F») is the Zariski
closure of Wg, = W ® SpeclF, in (}P’]}‘v_l)v. If V, is irreducible, then V' is irreducible of
dimension at most n — 2. In general, if V,, has a decomposition into irreducible components
Vy =C1U---UCy, then it is easy to see that V =C7U---UC},.

For each 1 < j < R, put

&, =9
cont(©;)

R
P .= H ék
j=1

is a polynomial satisfying the desired properties. To see this, let p be any prime. If V), is
irreducible, then for some closed subscheme S; we have V' C (Si)F, # Pg;l. Thus there is a
polynomial ©;, with (p, cont(6;)) = 1, such that §(v) < s,(F1, F2) as soon as pt ©;(v). But
then the polynomial ©; satifies the same property. On the other hand, if V, is not irreducible,
then by definition we have s),(F1, F2) > n — 4, so we trivially have §(v) < s;,(F1, F) for aél
V.

€ Zlv].

Then we claim that

Remark. We would like to note that Proposition 5.2 holds for an arbitrary choice of d; and
do, i.e., it does not require the assumption d; > do, as required by a future application. In
fact, the differing degrees of f and g are only used in bounding the term X5 in the proof of
Lemma 5.1 below.

Proof of Lemma 5.1. We may write
T(Ibp,v) = 21 — EQ — 23 + 24,

where
p p
1= ) Y(ag(x) + bf(x) + v.x), Sg= Y(bf(x) + v.x)
a,b=1 x (mod p) b=1 x (mod p)
p
=3 Y ) + ) tve,  Si= S w(va).
a=1 x (mod p) x (mod p)

Let us first treat the case where p | v. By a theorem of Hooley [13] (see [18, Lemma 3.2] for
its affine reformulation), we then have

¥ = p*#{x (modp) | f(x) = g(x) =0 (modp)} =p" + O(p(”+4+527)/2).

By the same argument we have

2o =p (0" O] = g 1 O(p N < 5
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since Fy(x) is the leading form of f(x) + g(x). Since ¥4 = p", we conclude that
T (i, v) < p )2 = prt3ts) 2 (p v)1/2,

This agrees with our claim, since the polynomial ® is homogeneous.
Now we turn to the case where p{v. We observe that

(5.1) Si=p> ) ¢(vx).

x (mod p)
plg(x), plf(x)

Suppose first that n > 3. If Fy and Gy intersect properly (mod p), i.e. if the corresponding
projective varieties intersect properly (mod p), then the exponential sum over the variety
defined by the equations g = f = 0 in Afb‘lp may be treated by means of a result of Katz [16].

Indeed, by [16, Thm. 4], we have

Z b(vx) < pr I/,

x (mod p)
plg(x), plf (%)

where 0(v) = s,(Fp, Go, Lv). By a result of Zak and Fulton and Lazarsfeld, as explained in
[15, p. 897], we have §(v) < s}, + 1. Furthermore, by Proposition 5.2, we have 6(v) < s, as
soon as p{ ®(v). Thus we get

Y, < p(n+3+5;)/2(p, (I)(V))l/2

if Fy and Gy intersect properly (mod p). On the other hand, if Fy and Gy do not intersect
properly (mod p), then we have S;) = n — 1 by definition. Then we certainly still have the
estimate

|El| < p2 Z 1 <<pn+1 _ p(n+3+s;)/2’
X (mod p)
plg(x), plf(x)
by our assumption that Fy does not vanish entirely (mod p).
Furthermore, we may use [2, Lemma 7] to obtain

S < Y | Y wf(x) Fvax)| < plrI2,

b (mod p) |x (mod p)

and the sum X9 satisfies the same bound, since the polynomial g(x) + f(x) has Fy(x) as its
leading form. Thus, we see that X5 and X3 both give negligible contributions to Ty 4(p, v).
(We could equally well have proved this by the arguments used to estimate > above.) The
term X4 vanishes in this case.

Finally, we treat the case where n = 2. Here, we need not discern whether p | v or not. The
bounds for ¥ and X3 from the previous case remain valid for any n > 1 and any v. Also, we
trivially have |Xy4| < p? < p(”+3+52)/2 for n = 2. To estimate X1, note that we have s;, =1if
the binary forms Fjy and Gy have a common projective zero, and s; = —1 otherwise. In the
former case, we have

p—1 p

=1 < p* + Z Z Z Ylaf(x) + bg(x) + v.x)| < p® = prt3+s)/2

a=1 b=1 |x (mod p)
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by [2, Lemma 7], since each polynomial af(x)+ bg(x) + v.x has a multiple of Fy as its leading
form. In the latter case, there are only O(1) solutions to f(x) = g(x) = 0 (mod p), so

oy =p’ > Y(v.x) < p? = prHIT),
x (mod p)

f(x)=g(x)=0 (mod p)

In both cases, we used the fact that Fj was supposed not to vanish entirely (mod p). This
concludes the proof of Lemma 5.1. We observe that we could have disposed of the factor
(p, ®(v))/? in the case n = 2, but this stronger bound is not needed in the sequel. O

In the case n = 1, the quantity s, is not meaningful. Instead, we have the following
alternative bounds. Here Res(f, g) denotes the usual resultant of two univariate polynomials.

Lemma 5.3. Let n =1. Then we have

T (4hp, v)| < p(p, Res(f, 9))
for any v € Z, provided that p does not divide the leading coefficient of f.

Proof. We write
T(¢,v) = X1 — X — Xz + Xy,
as in the proof of Lemma 5.1. Here we have |X4| < p, and |¥2| and |X3| are bounded from

above by p times the number of zeroes of f + g and f, respectively, in Z/pZ. Under our
assumption, we therefore get 3; < p for ¢ = 2,3, 4. Finally,

PP
S1l=|>_ Z ) +bg(x) +vx)| < p*#{x € Z/pZ | f(x) = g(x) =0 (mod p)},
b: =1
so Y1 vanishes unless f and g have a common zero (mod p), in which case ¥, < p?. O

Now let ¢ = b1 be an arbitrary squarefree integer. The estimates above assumed that Fy
does not vanish identically (mod p). To say that this should hold for all primes p | by amounts
to the condition

(bl, COIlt(Fo)) =1

where cont(Fp) is defined by (4.15). Now we observe that (an easy extension of) the mul-
tiplicativity property (4.11) may be reformulated to state that if v, is a primitive additive
character modulo b; = rs, where (r,s) = 1, then there exist primitive additive characters v,
modulo r and s modulo s such that

T(wbpv; f7g) = T<¢T7V§ fv g)T(¢S7V; fv g)

Decomposing b1 into prime factors and multiplying together the bounds obtained for each
factor by Lemma 5.1 or 5.3, we obtain a bound where the implied constant C' = C(n, d1, d2),
say, is replaced by a factor which is at most C*(1) « bj. We thus arrive at the following
results.

Lemma 5.4. Letn > 2 and let by be a square-free integer. For the polynomial ® from Lemma
5.1, the estimate
T, V)] < " 5D (b)) (b1, @ (v) 2

holds for any square-free number by such that (b1, cont(Fy)) = 1, any primitive additive char-
acter 1y, modulo by and any v € Z™.
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Lemma 5.5. Let n = 1. Then the estimate
1/2
(., 0)| < 6% (b1, Res(f, )"/
holds for any square-free by such that (by,cont(Fy)) = 1, any primitive additive character vy,

modulo by and any v € Z.

6. EXPONENTIAL SUMS TO SQUARE-FULL MODULI

Let g € Z[x1,...,x,] be a cubic polynomial. Let go be an arbitrary square-full integer. The
exponential sums 77 (g2, v) in (4.10) that we consider coincide precisely with those investigated
in [2]. We again begin by writing g2 = bags, where g3 is cube-full part of go. We begin by
estimating the exponential sum 7*(by, v) for an arbitrary integer be, which is purely a product
of squares of distinct primes. The bound from [2, Lemma 7] implies:

Lemma 6.1. Let n > 1. Then for any v € Z", we have
T*(by, v) < b2/ 5D (by)

Rest of this section is dedicated to estimating exponential sums modulo cube-full integers
q3 = c*d, where d is square-free. The following bound is proven in [2, Lemma 11]:

Lemma 6.2. For any r € Z with (r,q3) = 1, we have the bound

(6.1) Tralas,rv)l < g5 Y. Mals)'?,
s (mod c)
claVg(s)+v
where

My(s) = {t € (Z/dZ)" | V?g(s)t =0 (mod d)}.

We shall need bounds for two kinds of averages of the exponential sums T7%(gs3,v). First,
for any vg € R™ and any V > 1, we shall evaluate the sum

(6.2) > Tr(dd,v).
[v—vo|<V

In view of Lemma 6.2, we then need to estimate the quantity

(6.3) Z P(c*d,v), where P(c*d,v):= Z My(s)'/2.
[v—vol|<V s (mod ¢)
claVg(s)+v

We shall assume that the leading form Gy is non-singular, in other words that

(6.4) 500(Go) = —1
in the notation of Section 4. Furthermore, we shall assume that
(6.5) lgllp < H

for some H > 1. In [2], two alternative bounds for the quantity in (6.3) are presented. In the
present situation we shall only need the latter of these, given by Lemma 16. Together with
the discussion concluding [2, §5], this implies the following estimate.

Lemma 6.3. If the cubic polynomial g € Z[x1, ..., x| satisfies (6.4) and (6.5), then we have
the bound
Y Plg.v) < D) (V" + (gsH)"?),
[v—vo|<V

where D(-) is the quantity defined in (4.14).
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We also need to consider versions of the sum (6.2) where the vectors v are restricted to
the ones satisfying the equation ®(v) = 0 for a certain polynomial ® € Z[vy,...,v,], or a
congruence ®(v) = 0 (modm) for some integer m.

Lemma 6.4. Let ® € Z[vy,...,v,]|, where n > 1, be a non-zero polynomial. Then we have
the bound
v n—1
(6.6) > Plas, V) Kndeg(a) 65" D(d)? (1 + > .
|[v—vo|<V ¢
o(v)=0

Furthermore, for any squarefree integer m with (m,c) =1 = (m, cont(®)), we have

(67) S Plas,v) Snenia) (ma) D) (1 + (V) ¥ (V)m> .

[v—vo|<V
P (v)=0 (mod m)

Proof. We may write
Z P(gs,v) < Z My(s)'/? max Up(V),

d
|[v—vo|<V s (mod ¢) r (modc)

®(v)=0

where
Upr(V) :=#{veZ" ||v-—vo| <V, &(v) =0, v=r(modc)}.

Analogously, we have

Y. Plsv)< Y M) max Upm(V),

d
[v—vo|<V s (mod ¢) r (modc)

®(v)=0 (mod m)
where
Urm(V) i=#{veZ" | |v—-vo| <V, &(v) =0(modm), v=r(modc)}.
If ¢ > V, then we obviously have Up(V) < 1 and Uy (V) < 1. If ¢ < V, then we may write

vy < # {ue s pul < 2w - o

and
. oV
Urm(V) <#ueZ|ul < —,¥(u) =0(modm) ¢,
c
where ¥(u) = ®(v; + cu) for some vy € Z". The polynomial ¥ € Z[x,...,xy,] is not the zero
polynomial, and by our assumption that (m,c) =1 = (m, cont(®)), its image in Fp,[z1, ..., zy]

is also non-vanishing for all p | m. It then follows from [2, Lemma 4] that

Ur(V) < (‘:)nl and  Up (V) < m® ((Z)nl + (Z)nnﬂ) .

In general, we therefore have the bounds

Upn(V) <1+ (Z)n_l and  Upm(V) < m® (1 + <‘c/>n_1 + <Z>nm—1> .
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By [2, Lemma 14] we have
s%‘;@ Ma(s) < (Z)Zg;dd) Ma(s) < ¢5¢"D(d).
An application of the Cauchy-Schwarz inequality gives
1/2
Z My(s)Y? < /2 Z Mq(s) < ¢5c"D(d)"2.

s (modc) s (mod ¢)
We conclude that

2 Plav< <1+xc/>n—1 D My(s)'? < ¢ c"D(d)'? <1+‘c/>"‘1

\vq:(v())\gov s (mod ¢)
V)=

and similarly

= e ciaremar i (57 (o).

[v—vo|<V
P(v)=0 (mod m)

as claimed.
O

Note that if n > 2 and the polynomial ® is absolutely irreducible of degree at least 2, then
using a bound by Serre [23, Chapter 13|, the exponent in the bound (6.6) can be improved to
n — 3/2. However the current bound suffices to establish Theorem 1.1.

7. EVALUATION OF QUARTIC EXPONENTIAL SUMS; FURTHER CONSIDERATIONS

We shall use the bounds from the previous sections to evaluate the exponential sum 7 (g, 2).
From now on, we again restrict the degrees of the polynomials to be deg(f) = 4 and deg(g) = 3
(unless g vanishes entirely). Thus, the implied constants in our estimates depend only on n
and e. In the same vein as Section 5, we will obtain bounds for all n including n = 1,2, since
f and g will correspond to the forms obtained from applying various stages of hyperplane
intersections to F' and Fy, respectively. We write

q=bgz = bibags and ¢z = cd

as above. Here b; is the square-free and g3 is the cube-full part of ¢, as per our notation (2.11).
Moreover, d is square-free as chosen in Section 6. We shall assume that

(7.1) (b1, cont(Fp)) =1

and furthermore that

(7.2) lollp < H < P4

for some A > 0. To begin with, let us in addition assume that

(7.3) sio=—1.
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Recall the bound in Proposition 4.3 for T (g, z) and the factorisation (4.8) for the sums S(q, v)
occurring there. Assume that n > 2. For the first factor in (4.8) we note that

b1
ThL@v)= Y. Y en(s19(x) + (51— 52)f(X) + @V.X)

x (mod by) s1,52=1

by
= > Y e (@) + () — sh) fx) + vx))

x (mod by) s1,52=1
= T(W,V)»

where we have put s; = gas; for ¢ = 1,2 in the second step, and where ¢'(-) = e, (g2 ) is a
primitive additive character modulo b;. Thus we have the bound

[T(b1, V)| < b2 5D (b) (b, @ (v) 2,

by Lemma 5.4, where the polynomial ® = ® , satisfies the properties listed there. We split
the second factor in (4.8) further into a cubefree and a cubefull part, thus writing

Ty (a2, 01v) = Tgo (b2, G1v) T, (g3, b2b1v).

For the first factor, Lemma 6.1 applies to give

T (b2, Tb1v) < b D(by).

Inserting these bounds into Proposition 4.3, and assuming that ¢ < P2, say, we get
(74) T(q,2) <y PN 4 ¢ "P"* b 5"/?>D(b) max > |Tg;2a(q3,%v)|(bl,@(v))l/?
[v—vo|<PEV
Using Lemma 6.2, we then get
(7.5) T(q,z) < by PP "/2D(b) max > Plgsbiv) (b, ®(v)) 2
" v—vol<PeV
We estimate the sum over v using Lemma 6.4, writing
> Plgsbiv) (b, @)<Y S m!? > P(g3,b1v)

|[v—vo|<PEV mlby |[v—vo|<PEV
®(v)=0 (mod m)

< D(A)PFY  m' (" + eV 4 Vi) < D(d) P? (b}/g(c” +eVmh V”).
mlby

Inserting this bound into (7.5), we obtain
T(q,2) < by P"*¢™"/2D(q) (b}ﬂ(cn +cV™ ) + V").

Alternatively, we may use the trivial bound (b1, ®(v))Y/? < b}/ % and apply Lemma 6.3 to
obtain

> Pl bv)Oue@) 2L 3T Plasbiv) <PDEV + (aH))

[v—vo|< PV [v—vo|< PV

which in turn yields
T(g,2) < W/ P"+2q~"2D(q) (V" + (qsH)"?).

Observing that min{c®, V"} < ¢V" ! we conclude as follows.
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Proposition 7.1. Suppose that n > 2. Then, under the conditions (7.1)—(7.3), we have the
bound

(7.6) T(q,2) < big"*D(q)P"** (V" + 0,2 (V4 (g H)Y 3)),
where V = 4 max{1, (HP3|2|)"/?} as in (4.7).

In the case n = 1, we repeat the arguments above, replacing Lemma 5.4 by 5.5, to obtain
the following bound.

Proposition 7.2. If n =1 and (7.1)~(7.3) hold, then we have
T(g,2) < big/*D(ga) P < (b1, Res(f, 9)/*(V + (g3 H)'/?).

We shall also derive a ’trivial’ bound, which is useful also in the case when g vanishes
identically. In that particular case, the condition (7.3) is automatically violated. Instead, we
only impose a non-singularity condition on f.

Proposition 7.3. Suppose that P > ¢'/?>T1/™ that (7.1) holds, and in addition that sp(Fp) =
—1 for all primes p | by. Then we have the bound

T(q,2) < by P"e.
Proposition 7.3 will be a consequence of the following observation.

Lemma 7.4. Let f € Z[x1,...,x,] be a polynomial of degree d > 2 and let w € W,,. Let m
be a squarefree number such that the leading form Fy of f is non-singular (mod p) for every
prime p | m. Then we have the bound

Z w(x/P) < P"tem ™t
xXEL™
m|f(x)

whenever P > ml/2+1/n,

Proof. By Poisson summation we have

S w/P) = S S w(P i+ my)) = %Zw(gv)zm(v),

xXEL™ z (mod m) yEZ" veZL™
m|f(x) m|f(z)

where
Ym(v) = Z em(v.x).
x (mod m)
m|f(x)
By Lemma 4.4 we have the multiplicativity relation
Yimimg (V) =Ym, (mQV)Eﬂw (mlv)

if (m1,mg) = 1, where my,my € Z are such that mmy + memy = 1. Suppose that p | m is a
prime. If p{ v, then we have

_12 Z +vx)<<pn/2

a=1x (modp)

by [2, Lemma 7]. In the opposite case we still have the bound X,(v) < p"~!. In particular it
follows that one has

(7.7) Yo (v) € mnite
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for all v € Z™ and

(7.8) S (V) < m™/?Fe
if ged(m, v) := ged(m, v1,...,v,) = 1. The asserted bound follows if we can prove that
(7.9) D W(Ev) [ (v)| < mrTHE,

vezZr

Using repeated integration by parts, one may show that
w(t) < (1+[¢)"
for any k£ > 1, from which it follows that
o my\”™
Z w(%v) < (1 + 7)
P
vEZL™
In case m < P, the bound (7.9) therefore follows directly from (7.7). We may thus suppose
from now on that m > P. In this case we prove (7.9) by induction on the number w(m) of
prime divisors of m. The case where w(m) = 0, that is, m = 1, is trivial. For the induction
step, we write
> W(Ev) [ (v)| =51 + Dy,
VGZ"L
where Y1 denotes the sum ranging over v € Z" satisfying (m,v) = 1, and 39 denotes the sum
over those v for which there exists a divisor m; > 1 of m such that m|v. There then exists

one such divisor my, for which X9 < m®X), say, where X is the sum over v such that mq|v.
Writing m = myms and v = m;w, we have

Sh= > W2V S, (F2V) [ Sy (V)| < 1573 0 (Lw) [ Sy (w)] € m 1,

VEZ‘" wEZ™
mi|v

by (7.7) and the induction hypothesis.
Furthermore, by (7.8) one has

n
2+ ~( P 2+e ™ —14
$1 < mPtE %Z: w(Lv) < m" I
v n
so we have proved the bound (7.9). O
Proof of Proposition 7.3. We may write

|7 (q,2)| < Z w(x/P)|Z (b1, f(x) + g(x), f(x))|, where Z(r,z,y) = Z er(s1z — s2y).
xXEZL" s1,82=1
It is easy to see that Z(r,x,y) is a multiplicative function of r for fixed = and y, and that
for prime p one has Z(p,x,y) = 1 if z and y are both non-zero (mod p), Z(p,z,y) =1 —p
if precisely one of  and y vanish (mod p) and Z(p,z,y) = (p — 1)? if z = y = 0 (mod p). It
follows that |Z(r,z,y)| < (r,x)(r,y). Thus we have

IT(a.2)| < Y w(x/P)(br, f(x) + 9(x))(b1, f(x)) < b1 Y w(x/P)(b, f(x)).

x€Zn x€Zn
But
> wx/P)br, fx) < Y m > w(x/P) < Pd(b) < P"*
XEL™ m|by 7:‘6]0%;)

by Lemma 7.4. O
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8. FINALISATION OF VAN DER CORPUT DIFFERENCING

In this section, we use the results from Section 7 to estimate the quantity

(8.1) > Tan(a:2)

Ih|<H

occurring in Section 3. g will be a fixed arbitrary number throughout this section. Our final
alm is to prove the minor arcs bound in Proposition 2.9, so we recall that F' is a quartic
polynomial whose leading form Fj is non-singular. From now on, the implied constants in
our estimates are allowed to depend on the height || F'||p and the quantity M introduced in
(2.15)—(2.16). We shall prove the following result:

Proposition 8.1. Provided that ¢ < P24/ ("+2) we have the bound

n—1
(82) > Tan(g,2) < PUEILIEY Vb
|h|<H n=0
where
H "
Yo =

for any 0 <np <n—1, with
Xy = V4 by (g PVt (g )

forO0<n<n—2, and
X1 :=V 4+ qzHYS.
Here V = qP~'max{1, (HP3|z|)"/?}, as per (4.7).

The terms ), appearing on the equation (8.2) roughly correspond to h’s for which the
maximum dimension of the singular locus for a system of projective varieties corresponding
to F, the leading form of F}, or their complete intersection is n — 1. Given the nature of the
bounds presented, the terms 1, Yy, V,—1 and V,,—2 will be critical to our analysis. In this paper,
the main contribution is presented by the terms 1 and }j. Moreover, the term bi/ Qqé/ 2yl
turns out to give the dominating contribution in AXp, which is partly why we are unable to
establish the result for n = 29.

Given ¢ = b1g2 and h € Z", we write
br =bio(h)---b1,(h) and g2 =qoo(h)---gon(h),

where
bl,i(h) = H p and q2,i(h) = H pe.
plb1 P°lg2
sp(h)=i—1 sp(h)=i—1
Here s,(h) = s),(F, F},). Firstly, since ¢ is fixed, there are then only O(P*) possible different

choices for 2(n + 1)-tuples
(bLO(h), ey bl,n(h), Q2,0(h), ... aQ2,n(h)) c Nn+1 X Nn+1‘
Thus there is one such tuple (b1 9,...,b11,¢20,--.,G2n), for which

n—1
> Tan(@.2) <P Ton(@2) =P ) > Tanla.2),

|h|<H heH’ s=—1heH,
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say, where
H :={heZ"||hl < H,byih)=0b,and ga;(h) = qo; for all i = 0,...,n}
is a subset of H = {|h| < H} and
H,:={heH|s (h)=s}
for each s = —1,...,n — 1. Furthermore, put
Q@i = H p-
plaz,i

for any i. We note that since s),(h) > s/, (h), we have H} = @ unless b ; = go; = 1 for i < s.
To estimate the cardinality of the set H’, we need the following result.
Lemma 8.2. The set V,; = {h € A} | s,(F, Fn) > i — 1} is a closed subvariety in Af of
degree O(1), and there is a constant C, with log C' <y, log || Fo||, such that

dim(VM) < n—1
as soon as v = oo or v =p > C. More precisely, V,,; is the affine cone over a closed subvariety
of Pg;l of dimension n —i — 1.

Remark. If F is a form of degree di, then the homogeneous part of F}, of degree d; — 1 is
the form
FR(x) := h.VF(x).
For any i, the set V,,; under consideration may be written as a union of the three sets Vv(i:),
say, for j = 1,2, 3, defined by the conditions
so(F)=i—1, so(F®)>i—1, and s,(F,F") >i—1,

respectively. It is clear that Vv(j) = A" or ), and the latter holds as soon as ¢ > 1 and v > 1.
The fact that VU(? satisfies the conclusions in the lemma was proven in [2]. Thus it suffices to

prove the assertion with V,, ; replaced by Vv(j). Such a statement was first proven by Salberger
in an unpublished note [22]. The same arguments were used to prove a similar result in a
paper by the first author [19, Lemma 2.2], the proof of which may be used with only minor
modifications to obtain a proof of Lemma 8.2. We omit the proof here, but it is worth pointing
out that it uses a version of Bertini’s theorem that is only valid in characteristic zero, hence
producing a condition on p that was not present in the corresponding result in [2].

To estimate #H/, we follow the argument in [2, §7], with a difference that the absolute
constant ¢ in [2] is replaced by a constant C' = O g (1). Since

'Hls - {h S Voo,s—i—l N [—H, H]n ’ [h]p S V;),i for all p | b17iq277;},
we may use [2, Lemma 4] to show that
H"="

!/ £
(8.3) #H, < q L -
I ®ride)™"

i=n+1
Proof of Proposition 8.1. Let —1 < s < n — 1 be fixed and put

Us= Y Tonlg,2).

he#Hs
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Each exponential sum 7, n(g, ) is an instance
T(Q7z) = 7;1(0’7 Q7z;F7Fh7Wh7P)

of the general sum introduced in Section 4. We may assume that the condition (7.1) holds.
Indeed, if b} = (b1, cont(Fp)), then b] < ||Fp|| < ||F||p, so all exponential sums T'(V, v) satisfy
a trivial upper bound Ojp),(1). By our convention on the implied constant, it suffices to
bound 7T, n(g/b},z). Moreover, one sees that ||Fn|p < H, so that the condition (7.2) is also
verified, at least upon replacing H with CH for some C < 1.

Choose 7 such that the maximum in (8.3) is attained. Let us first treat the case where
n < n—2. In this case, for each h € H,, we apply Lemma 4.1, with II being the set of primes
p | g, so that r = w(g), and with {Fy, b} = {Fy, FP'}. We obtain a lattice A, of rank n —n
and a basis eq,...,e,_, for A,, with the property that for any t € Z", the polynomials

th(ylw"?y’n—T]) = F(t+zylel) and gt(yh'"’yn—’ﬂ) = Fh(t+zyzel)
satisfy

(8'4) S;(]Et,gt) = maX{_l? 3;(F7 Fh) - 77}

for all v € {oo} UIl,. Indeed, denote by Fy the leading form of fo, which is simultaneously
the leading form of fi for all t. Similarly, let G be the common leading form of the g¢. Then
we see that for each v € {oco} UIl,,, we have

Vo(Fo) 2 Vy(Fo) N Ay, Vi(Go) 2 Vy(Go) N A, and  Vy(Fp, Go) = Vi (Fy, Go) N Ay,
so (8.4) is~precise1y the condition that is asserted in Lemma 4.1. Tt also follows that deg Fy = 4
and deg(Gyp) = 3, and that
(by, cont(Fy)) = 1.

As there are at most O(q®) = O(P*) choices for a basis satisfying (4.3), there is in fact one
such choice for which we may write

/
us < pe Z |7;L,h(Q7Z)‘>
heH/,

where the superscript ’ denotes that the sum is taken over those vectors h occurring in the
original sum for which the condition (8.4) holds for the designated basis ey, ...,e,. For such
an element h, we may partition the sum over x € Z" defining 7, (g, 2) into cosets A, +t of
the lattice A,, where t runs over some subset T;, C (Z N [—P, P])". We claim that the set T},
may be chosen of cardinality O(P"). To see this, consider a general linear combination

n
X = E Y;€;.
=1

Denoting by m;, for each 1 < i < n, the projection onto the orthogonal complement of the
subspace spanned by the vectors ej, j # ¢, one then has

| det(A)]
> . — |ay. ol = |- ,
[x[| = [lmix|| = |yi|[|miell ‘yz‘|det(/\i)\
where A C Z" denotes the full-dimensional lattice spanned by eq,...,e, and A; the lattice

spanned by all e;, j # i. Now it follows from the conditions (4.3) and (4.4) that

[
(8.5) il <=
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From this we conclude that we may choose T, to be the set of vectors of the form Z?:nfn 41
with \; < P.
Defining new weight functions

wt(ylw"?yn T]) Wh( 1t+L_1zyiei)7

)\iei7

we then have

(86) E,h(qv Z) < Z n,h,t(cb Z)a where 7;7h7t(Q7 Z) = ﬁl*n(qv Z5 ftygta wtv P/L)

teT,

in the notation of (4.2). The verification that w¢y € W,_,, for t < P follows as in the proof of
[2, Prop. 2]. Indeed, the deciding property of the basis ey, ..., e,_, is the bound (8.5) derived
above. One also sees, following [2], that

1G¢ll /1. < LP||Fallp < PPH||F||p < P°H.

Thus the conditions (7.1) and (7.2) are verified, at least upon replacing H by H for some H <
P°H. By (8.4) and our assumption that 7 > s+1, we also have (7.3), so that 7, h +(g¢, 2) indeed
qualifies as an instance of the exponential sum treated in Proposition 7.1, with dimension n
replaced by n—n. At this point it is worth noting that this is the main reason behind obtaining
bounds for exponential sums defined over an arbitrary number of variables including 1 and 2
in Sections 5 through 7. Using (8.3), we may now write

prtegnem
(8.7) Us < — — ﬁré% rtréf%fT,h,t(q,Z).
T ®ride)™"
i=n+1

By (8.4) it follows, again arguing as in the proof of [2, Prop. 2|, that for each t occurring in
(8.7) one has

ft,gt H H Pi/z H pi < ¢° H H p(i—n)/2 H pi—n

plb1 _plae i=n+1 plb1 plaz
(ft,gt) 1—1 s/ (ftygt):i_l S;(F,Fh)zl—l S;)(F,Fh):i—l
2~ \i—q
< H (by 2 @)™,
1=n+1

Inserting the bound from Proposition 7.1 into (8.7) thus yields
H?
n+-e
U, < b1 P q(n*n)/2 ‘XU?
where A, is the quantity defined in the statement of the proposition.

It remains to deal with the possibility that n € {n — 1,n}. Suppose first that n = n — 1.
Since s < — 1 =n — 2, the variety defined by F = F;, =0 in A& has dimension n — 2 for all
h occurring in the sum. We apply Lemma 4.1 again, although the non-singularity condition
in the lemma is automatic in this case, since the resulting varieties all have dimension at most
zero. Using similar arguments as in the previous case, we may then write

PEH™ 1 ,
8.8 U _— .
(88) " Bindan heR, te; Tonl22)
n—1

For each t occurring in the sum, we may apply Proposition 7.2 to obtain
Tone(:2) < b1g~ > D(g2) P (b1, Res(fi, §6))'/*(V + (a3 H)'/?).
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In order to capitalise the average over t, we use the explicit description

n
Tn,1 = {t = Zziei; z; € Z,|Z¢| < P} .

=2

The resultant Res(fs,t) is then a polynomial R(z) in the variables zo, ..., z, with integer
coefficients. The fact that ' and F® intersect completely implies that R(t) does not vanish
identically in t. Similarly, the congruence R(t) = 0 (modp) defines a hypersurface in A]}‘;l
unless either p | by, or p < P°. Thus we write

S (b Resug) < PO YD (01 R

teT, 1 zc7Zn—1
zL Pl te

= P02 (VP 4lz e 2 |z < PYE 0| R(2)},

1In
£)by

where we have put b] = bl_ﬂllbl =010 bin—1. By [2, Lemma 4] we have
#{zeZ" |z < P, 1| R(z)} < PE(P" 2+ Pl Y,
which in turn gives the bound
- 1/2
3 (bl, Res(f;, gt)) < b2 prete /2 prtie,
teTn—l

Inserting this into (8.8), and arguing as above that D A gt(q) < ¢°Gan, gives

V + (g3H)'Y3

H
Uy < big™ Y/ QWPW (b}/ 2Gom + 012G (V + (g3 H)Y 3))

P
H oy 1/3 g'/? H nte 1/3
oo PV (eH) ) |1+ 75 | b g PPV A+ (@ H) )

as claimed.
Finally, suppose that n = n. Invoking the hypothesis that ¢ < P24/ (n+2) - e may use
Proposition 7.3 for arbitrary h, yielding the bound

U, < b1 P nte,
Summing the contribution from all possible values of s and 7, we arrive at the bound stated
in the lemma. (|
9. WEYL DIFFERENCING

We now describe an approach parallel to our main argument. To bound the exponential
sum in (3.12), we shall then use a result of Browning and Prendiville-[3, Lemma 3.3], with
d = 3. This can be summarised as applying three consecutive Weyl differencing steps to the
cubic exponential sum Sp(«). Whenever h # 0, this produces the bound

, a1\ /8
(9.1) Sn(a/q+ z) < P"Fe (P*2 +qlz|H + qP~% + (q\Z\P‘S)’l) :

(It follows from the nonsingularity of F' that the cubic part of Fy, does not vanish, for example
as a special case of Lemma 8.2, so it is indeed a cubic polynomial.) Inserting this bound into
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Lemma 3.4 and adding the contribution from h = 0, yields

(9.2) Z(q,t) < PP V¥ gt + ghss) H- (712

% {1+Hn/2(P7n/8 + (th)n/16+ (qP73)n/16 + (thB)fn/l(S)} )

Alternatively, we may apply Weyl differencing four times to the original quartic exponential
sum. We then obtain a bound

)

n/24
S(afq+2) < P (qlzl + 7 |17 P

or, if one will,
n/24
(9:3) I(g,t) < P qt (qt + q_lt_lP_4) :

10. BOUNDS FOR THE MINOR ARC CONTRIBUTION, NONSINGULAR CASE

In this section we shall combine several different approaches to achieve the bound
Sm = O(P"*7Y)

in Proposition 2.9. First we observe that when estimating the integrals comprising Sy, we
may replace the integrand |p,(2)S(q, z)| by |S(q, z)|. Indeed, by (1.3), this happens at the
cost of introducing a dependence on the parameter 6 in the implied constant. We divide the
ranges for g and its factors by, be, ¢3 into O(Q°) dyadic intervals

(10.1) R<q<2R, Ry<b <2R;, Rs<by<2Ry, R3<q3<2Rs,
(Note that our notation differs from that in [2, (9.4)]). We then put

(10.2) KeRR)= > [ s@ald= 3 T
g,(10.1) Y tsl2l<2t 4,(10.1)

for any ¢, where R := (Ry, Ry, R3). The quantity K (¢, R,R) is relevant for the minor arcs
estimate only if

(10.3) R<Q, RiRsR3=R, t<(RQ)™,
where A < B stands for the usual notation that A < B < A. In addition, either
(10.4) t>P A or R> P2

Clearly we then have

(10.5) Sm < P° ma

X K(t,R,R) + O(P"®),
t,R,R satisfying (10.3)+(10.4)

where the error term arises from very small values of ¢, say [t| < P~10.
What follows in this section is a delicate comparison of various estimates that we have
obtained so far to establish the bound

K(t,R,R) < Pn47¢,

for every choice ¢, R, R relevant to the minor arcs contribution. We will start by comparing
three main bounds. The first bound is obtained by an application of van der Corput dif-
ferencing followed by Weyl differencing in (9.2), which gives rise to Proposition 10.1 below.
This bound is sufficient, unless at least one of (10.7), (10.8) or (10.9) is violated, which will
be assumed henceforth. When ¢ is not very small, we further compare the Weyl differencing
bound in Proposition 10.2 (obtained from (9.3)) and our main bound in Proposition 10.3 (a
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consequence of Proposition 8.1). This delicate optimisation is carried in Propositions 10.4 and
10.5.

Proposition 10.4 provides a satisfactory bound for all the contribution from all terms in
(8.2), except from a part of bounds coming from terms ),,_2 and ). The comparison of these
bounds with those from Proposition 10.2 is rather challenging. To this end, we introduce
variables Z and « via (10.24), and view the problem of comparing these contributions as a
rational linear optimisation problem in Z and «. We are thus able to calculate an explicit
minimum value for each of these, using Mathematica. Finally, when ¢ is very small, our
averaged van der Corput bound in Proposition 10.3 is rather wasteful, and we instead need
to use an alternate point-wise van der Corput bound in Lemma 3.1 and compare it with
Proposition 10.2 to achieve a satisfactory bound.

Let us put By = Rj R for short, and introduce the quantity

By := BiRy® = Ry RyRY”.

The significance of Bs is explained by the bound
(10.6) S 1< RiRY?Ry® < By,
4,(10.1)

following from Lemma 2.5. In other words, By denotes a suitable upper bound for the number

of ¢’s satisfying (10.1). We seemingly give up a factor of R;/ ? here. However, this is firstly
due to the fact that this saving is not necessary for us, and secondly, since this simplifies our
linear optimisation process later by allowing us to work with only two variables Z and « (see
(10.24)). We next put T := Rt and note that (10.3) implies

if only ¢ > 86, say, which we may assume from now on.

We are now ready to record the bounds for K(¢, R, R) obtained by the Weyl differencing
procedure in Section 9. The first alternative (one van der Corput differencing step followed
by three Weyl differencing steps) provides the following bound:

Proposition 10.1. We have the bound
K(t,R,R) < pr—i=¢/t

provided that n > 21 and the following three conditions are satisfied:

(10.7) By < P15,
_16 3n—59

(10.8) T > B} -7 p i tie,
(10.9) T > By Y/ ("D g1-2/(n+1) p=3-1/(n+1),
Proof. By (9.2) we get
(10.10)

K({tRR)< Y I(q.t) < BaR(t + ) P Y/2 e g =D/

q,(10.1)
X {1 + H™? (an/g + (RtH)"/lﬁ + (RP*B)TL/IES + (RtP3)—n/16)} '

We put

H = B;/(n_l)TZ/(n—l)P7/(n—1)+cap _ (BQTP7/2)2/(”‘1)PW,
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for some suitable constant ¢. The upper bound T < P~8/5=%/2 implies that 1 < H < P as
required, for n in the required range. Furthermore, the lower bound (10.9) implies that we
always have t > (HP3)™!, allowing us to simplify (10.10) to

— ByT P7/%+= /2 ( p—n/8 /16 3\—n/16
(10.11) PTHK(ERR) € o {1 + H" (P n/8 4 (TH) 4 (TP3)™n )}
Our choice of H implies that the contribution from the term ’1’ inside the brackets is
< P—%"/ 2

say, provided only that ¢ > 2/(n — 1) and ¢ >
Note that the hypothesis (10.7) implies that

(10.12) ByT P72 < pAn=1)/45-¢/2
The contribution from the term P~"/8 is then
< (BQTP7/2)"/(?%1)p*n/8+csa/2+s < P13n/360+(e—1)p /24

which is clearly admissible for any n, provided ¢ < 1 and ¢ is chosen small enough.
The hypothesis (10.7) also ensures that the term (T H)™16 gives an admissible contribution.
Indeed, by (10.12), this contribution is

< BQTP7/2+€H(n+8)/16Tn/16 < (BZTP7/2)97’L/(8(TL—1))P—n/lO—an(1/2—0)/16+C<p/2+8
< P7n<p(l/270)/16+6 < Pft,p/4

provided that n > 16,¢ < 1/8 and ¢ > 8¢.
Finally, under the hypothesis (10.8), the contribution from the term (T P3)~"/16 is

< (B2TP7/2)n/(n—1) (TP3)—n/16P6+cgp/2
< Bn/(n_l)]-D*n(?’nf‘r’(‘g)/(16("’1))T*”(’““17)/(16(%1))PEJrCsO/2 « petetep/2 o pe/d

provided that n > 21, ¢ < 1 and ¢ > 4e. It is thus possible to choose ¢ and e such that all
these bounds are satlsﬁed. O

Remark. In the case n = 30, the conditions in Proposition 10.1 read

By < P61/90’ T> B216/13P—31/13+44p and T > B;2/31R29/31P‘94/31.

The approach featuring four consecutive Weyl differencing steps produces the following
bound, where § > 0 is a parameter to be chosen at a later stage.

Proposition 10.2. Suppose that
. 24/(n—24) — _
(10.13) T > min{ B2*/ ("2 p~4+0 p-2}.
Then we have the estimate
K(t’ R, R) < Ble+n/24Pn+€ 4 Pn—4—(5(n/24—1)+5
Proof. By (9.3) we get
/24
K(tLRR)< Y L(gt) < BrP (T4 171 P4) "
¢,(10.1)
Let us assume that T > B24/ (n— 24)P_4+5 . Then we have
(t,R, R) < Ble+n/24Pn+€ + BQTl—n/24Pn—n/6+£
< BQT1+TZ/24P7Z+€ +Pn_4_(n_24)6/24+€.
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Alternatively, if T > P72, say, then T~'P~* < T, so we get
K(t,R,R) <« ByT' /24 prte,
O

Next we give the estimate for K (¢, R, R) coming from our main approach, where only one
van der Corput differencing step was carried out. To this end we define the quantity

Bs := B/*RY?,

assuming the role of By in the previous two results. The saving here by of a factor of R}/ 2
over Bs is a major achievement of our van der Corput differencing method devised in Section
3.

Proposition 10.3. Provided that R < P2_4/(”+2), one has
K(t, R, R) < BsR(t + ) PP H D2 (L4 4 4 V1) V2,

where e
Yy = WXW
for any 0 <n < n—1, with
Xy =V Ry (BBt o (Ry) )
forO0<n<n—2, and
Xoo1 =V + (RsH)'3, where V = %max{l, VtHP3}.

Note that there is a slight abuse of notation in that we have reused the same letters for the
quantities V, X, and ), although replacing ¢, b1,¢3 and |z| by R, R, Rs and t, respectively,
in their definition.

Proof. Suppose that ¢ satisfies (10.1), and recall the bound for Z(q,t) from Lemma 3.3. We
employ Proposition 8.1 for each z in the range ¢t < |z| < max {2t, t+ ﬁ}, yielding

T(q,t) < R}*RyRy <t + ) prt =D (L Yy V)

HP3
Indeed, the shape of V' and the presence of a factor P° in the bound allows us to replace |z| by
t in the final estimate, although slightly larger values of |z| are also considered. The asserted
bound now follows from (10.6). O

We shall later choose the parameter ¢ to be fairly small, so we may certainly assume that
Q < P24/(n+2) a5 required for Proposition 10.3. Let

K'(t,R,R) := B3R(t + H]PB)Pnfl/QJrEH—(nfl)/Q’

corresponding to the contribution to K (¢, R, R) from the term ’1’ in the expression in brackets
in Proposition 10.3. We put

H = max{Hi, Ho},
where

H, = Bg/(nfl)Tz/(n_nP36/(5(n_1))7

10.14
(10-14) Hy = B/ g2/(n41) p6/(5(n 1),
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a choice that produces the bound
(10.15) K'(t,R,R) < pr—4-1/10%¢

H, and H» are chosen such that when H; > Hs, then HP3t > 1 and vice versa. This can
be easily checked by setting H; = Hs, which in turn implies that

T — Rt — 3;2/(”+1)R172/(n71)P718/5+3/576/(5(n+1)) — R(H,P3)~\.
Let us now treat the other terms. Our choice of H guarantees that for the other terms to be
admissible, it is enough to check that the the remaining terms satisfy the following bound:
Vo, -+ s Vnoq < PV/5%,
For 0 < n < n — 2, we more precisely write
Xy < X+ &),
where, for 0 < n < n— 2,
X, =V 4 BYPRPVi1l X = BY(RyH) 3,

X1 =V, o1 = (RyH)'.

Note that V =< R/P + H'/2RY/2P1/2T1/2 = RY2V}, say, where
Vo = R1/2/P+H1/2P1/2T1/2.

We may then in turn write
Yy <Y+ V0,

where
H» H»=
p_ T n_ T
Vi = R(n—n)/2 X m - R(n—n)/2 Xy
Upon inspecting the shape of these expressions, one easily sees that
(10.16) T+ Yo+ + YV K 1+V+ I+ Vo + V) o+ 05

We begin by inspecting the contribution from the y; terms. First we simplify the expression
to obtain

(10.17) Vi< H g (Vo + 1),
the key observation here being that B; Rs < R. For n = 0, this gives
Vo < H'VIH (Vo +1).

Note that the expressions for H and Vj contain non-negative powers of R, B3 and T.
Therefore, the maximum value of these expressions is achieved when

(10.18) By =< RY? < p¥/5+¢/2  and T =< p=8/5-%/2,

Inserting these bounds, we get

(10.19) Hy = P8/5(n=1+¢/(n=1) p=16/5(n—1)=¢/(n—1) p36/(5(n—1)) _ p28/5(n—1)
(10.20) H, = P8/5(n+1) p16/5(n+1)+2¢/(n+1) p6/5(n+1) _ pb/(n+1)+3p/(n+1)

Note that Hy > Hq, when n > 29. Thus, V) < R1/2/P = P¢/2-1/5_ For a small enough value
of ¢, we may assume that Vy < 1.
Upon using this value of Vj, we get that

y(/) < H;L‘/On—l < PGn/(n+1)+3g&—(n—l)/5+(n—1)ap/2 < P1/5—6/31+n<p’

for n > 30, which is an admissible contribution, for a small enough value of .
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Next, we consider n = n — 2, where we have
Vo < H*Vo(Vo +1).

Again, the right hand side is non-decreasing in Bs, R, T, and therefore the maximum value
here is reached when (10.18) holds. Replacing the corresponding values of Hy and Vj, we get
that

V., < P12/(n+1)+6p/(nt1) p=1/5+¢/2 o pl/5-2/155+¢
for n > 30, which is again an admissible contribution for a small enough value of . Finally,
V< HAB3R—1/6 — maX{R4/3(n—1)p16/3(n—1)7 R4/(n+1)p8/5(n+1)}R—1/6
< Ppl6/3(n=1) o p1/5-0.01
for n > 30. We summarise our findings in the following result.

Proposition 10.4. Suppose that n > 30. There exist absolute constants g, g > 0, depending
only on n, such that the estimate

K(t,R, R) <<€ Pn—4—€ +Pn—4—1/10+6(y(l)/ +y7/1/_2)1/2
holds for any € < €g, provided that ¢ < ¢q.

Remark. With some more work, appealing to the previously mentioned bound of Serre [23,
Chapter 13] to improve the exponent in (6.6), the conclusion of Proposition 10.4 could also have
been obtained for n = 29. However, satisfactorily handling contribution from the remaining
terms ), Y/ _5 in the case n = 29 requires substantially new arguments. We defer the
necessary refinements of our method to a forthcoming paper.

It remains to treat the contributions from y,’; for n = 0,n — 2. We begin by writing
Yy € Vpa+ Vo,

where ) ; denotes the contribution obtained by replacing H with H;. Let K7, (t, R, R), for
n € {0,n — 2}, € {0,1}, denote the corresponding contribution to K (¢, R, R) from the term
Vi More explicitly,

PHEK! (1 R R) < P—l/m*aHf(”_”)/gR}/4R§”_n)/6R_("_")/4

(10.21) — (ByT)3 D pstnt) ~iote gIAR(n=m/6 p-tn-n/4,
P*”+4K,’7’,2(t, R,R) < ]371/10+eHQ2(n—n)/3133}/4}%1(;1—77)/6}3*(71777)/4
(10.22) = (ByR) b PRt it i/ R( /O p-tnmia,

We will compare these contributions to the relevant contribution coming from Proposition
10.2, which we denote by

KWGYl(ta R, R) = BQT1+”/24P7L+€.
Thus we shall assume until further notice that
(10.23) T > min{ B2/ (20 p-i+3 p-2)

so that Proposition 10.2 applies. The remaining range where T is very small will be treated
at the end of this section by different means.
We put

(10.24) B, =P® R=P?
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so that R3 =< PZ~® and
Z | 2« Z o
By < P3T% B3y < P55,
Our strategy will be to express our bounds for the quantities y;;J as functions of Z and «,
and check that the desired bounds hold throughout the region 2 defined by

(10.25) 0<a<Z< g

Note that the Weyl bound contribution roughly grows as R increases, and the contributions
in (10.21) and (10.22) increase as R decreases. Thus, it is natural to expect the minimum
value is obtained when Z is in the intermediate range between 1 and 8/5. This is asserted by
our findings in Appendix A.

Recall that H = H» if and only if

(10.26) T < R(H,P?) ™ = B;Z/(nJrl)R172/(n+1)P76/(5(n+1))73'
Let us first examine this range. In the case n = 0, (10.22) implies that

4an n n n
P KL, R R)PTH = K, (1, R, R) < By v~ pY/A gr/ paciin
< Ph2(Zva)+€’

say, where

4dn Z  « n « In n 4dn 1
hy(Z,0) = —— [ = + = —(Z - — — = |+ ——— —.
2(Z,0) = 3077 (3 + 6) tglZoa gt (3(n+1) 4) HECES VT
One may check that ha(Z, ) is decreasing as a function of n for admissible values of Z and
«. This feature will repeat in all the bounds that we will derive in this section. Therefore we
may assume that n = 30 and thus

145 1687 209
VA

10.2 ho(Z.q) = ——2 =7
(10.27) 2(Z,0) = —1g¢ 372 T 310

In this case we have
14n,/24

P7n+4KWey1(t7 R, R) < Bo (B;Q/("'i‘l)R172/(n+1)P*6/(5(n+1))*3> P4+8
< ByBy T oo Rogt 55 pAesiin e te
< 1;)1112(Z,oz)+57
where
Z 2  2+n (Z a\ (n—1)(24+n) (15n + 21)(24 + n)
Zoa)y=2 40 =70 (2, a Z 44—
waZ0) =g+ 12(n—|—1)<3+6> 24n+1) 120(n + 1)

Again, this is decreasing in n, and for n = 30 translates to
889 239 1759

10.28 o) = 22y 220 .
(10.28) wa(Z,0) = 5o 2+ 550~ a0

One now reaches a simple linear optimization problem of checking whether

in{ho(Z Z < 0.
(Zr’rgs,zéﬂmln{ 2(Z, o), wa(Z, )}

Indeed, it is then obvious that
min{K;(t, B, R), Kweyi(t, R, R)} < P" 4%/,

say, provided that ¢ and € are chosen small enough. These quantities may be messy to compute
by hand, but could be easily computed using a simple code in Mathematica/sage. We will
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attach these codes in the appendix, for the aid of the reader. Using this, it is easy to check
that the required maximum is < —0.1, giving an admissible bound in the range (10.26).
In the case of n = n — 2, (10.22) implies that

8 8 1
P_n+4K;{_2 (t, R, R) — P—TL+4K1//Z_272 (t, R7 R) < (B?,R) 3(n+1) PB(n+1) 10 +5B11/4Ré/3R—1/2
<< Rﬁ_%Pﬁ_%“FE << Pﬁ—%'ﬁ? << P8/15571/10+€7
which gives an admissible contribution. Here we have again used the fact that B1R3 < R.
We now consider the complementary range
(10.29) T > By ¥+ gl=2/(n+1) p=6/(5(n+1))-3,

where we always have H = Hy. Observe that we only need to study the range where Propo-
sition 10.1 fails. Let us split that range up into three parts as follows:

(10.30) B3_2/(n+1)R1_2/(n+1)P_3—6/(5(n+1)) <T< BﬁP,3::1579+4<p’
(10.31) B;Q/(T”Fl)R1—2/(n+1)P—3—6/(5(n+1)) <T< B;2/("+1)R1—2/(n+1)P—3—1/(n+1)’
(10.32) By > P55,

Suppose first that (10.30) applies. Then, inserting the upper bound for 7', we have
PT"ME](t,R,R) < PT"M K] | (t,R,R)

4(n—n) 64(n—n) 24(n—n) 3n—59 4(n—n)
n— — — — . + (,0—1 10+ 1/4 n—mnm 65— (n—
< BSP’( R 323(" D(m=17) P 5(n—1) n—17 3(n—1) “ / EBl/ R.g) )/ R (n n)/4

&< Phl (Z,OéJ?)JrCl 4P+E’

say. Here, and in the sequel, ¢;’s will denote absolute constants whose precise value is imma-
terial to our arguments. These constants may have an implicit dependence on n and n only.
The cases of interest for us are n = 0 and n — 2. More explicitly,

4n 7 64n Z 2« 1 n n
h(Z,a,0)= 1" (242 2 ot bz )= Uz
1(Z,0,0) 3(n—1)<3+6>+3(n—1)(n—17)<3+3>+4a+6( )7

. 24n 3n—59 4n 1

5(n—1) n—173(n—1) 10

For n = 30 this gives

115, 15329 5043
hi(Z,a,0) = ——7 — .
(20 0) = =7 Z = mret 3m

Similarly,
8 7 a 128 Z 2\ 1 1
W(Zan—92) = ° [(£24% SR Ry
1(Z,an—2) 3(n—1)<3+6>+3(n—1)(n—17)<3+3>+4a+3( @)
1, 48 3n-50 8 1
2“ " Bn—-1 n-173m-1) 10’
which for n = 30 translates to
23 101 133
(2, an =2) = =50 2+ 30+ 13100

If we instead feed the upper bound for T into the bound in Proposition 10.2, we get

16 244n 5
—+ _ 3n—59 24+n
n—17 24 P4 17 a1 Te2pte

1
P_n+4KWey1(t7 ]%7 R) — BQT1+n/24P4+E < B2
< Pwl(Zva)+C2§D+€’
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where

wi(Z,e) = (1 +

Again for n = 30 one has

16 24+n Z  2a 473n—5924+n
n—17 24 3 3 n—17 24 °

_ 49,98, 11
wi(Z,a) = 3557 + 550 — 5.

Using linear optimization again one checks that

max min{h;(Z,,0),wi1(Z,a)} < —0.01, max min{h(Z,a,n—2),w1(Z,a)} < —0.02.
(Z,a)eQ (Z,)eQ

Next we will treat the range (10.31). Again using H = H; and the upper bound for 7" in
(10.31), we have

P K] (t, R,R) < PT"M K] | (t, R,R)

An—n) ___ 8(n—n) 4(n—n) _n— A(n—n) 3ntd , 24(n—m) _ 1
< BV g, BT 3T~ 4 P 3o nil T 5D *ﬁ“Bi/‘le”—ﬂ)/ﬁ

< Phs(Z7a,77)+€7

where
4n 7« 8n Z 2« 4n n
ha(Z,a,0) = ——— [ =+ = | — -+ — — — — | Z
3(2,,0) 3(n—1)<3+6> :>,(n+1)(n—1)<3+ 3>+<3(n+1) 4)
1 n 4n  3n+4 24n 1
- N7 —a) - _
tetsE oY Tt Tsmoy 100

o= 55 (5 5) s (575) * (s 2)7

L1 (Z—a) 8 Bntd, 48 1
—a+=(Z—-a)— - —.
1473 3n—D)n+l  B5n-1 10
Specialising to n = 30, we get
145 49403 6141 29 92329 1289
ha(Z.0,0) = —— 7 — ha(Z.am—2) = ——— 7 _ _ .
3(2,0,0) = = 1567~ To7:® T gono” "D 4= 2 = ~5557 ~ 33361 T 36070

The Weyl differencing bound in this range for T yields

14+n/24

P "M Kwen(t, R,R) < By (B;” (n+1) g1-2/(n+1) p-1/ <"+1>*3) pie

< ng(Z,oa)—&-a’

wia= (3) (- 45 (5) - =2

4 3n+4 24+n
n+1 24 ’
For n = 30, this becomes w3(Z, ) = %Z + %a — %. Clearly, the exponent

1289
26970

where

hg(Z,CM,TL - 2) <
suffices. In the other case, one calculates

max min{h3(Z,a,0),ws(Z,a)} < —0.008,
(Z,a)eQ

giving an admissible bound in the range (10.31).
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Finally, suppose that (10.32) applies. In this range, in some cases, it will be more convenient
to refer to an earlier bound in Proposition 10.3 directly:

P—n+4K/l(t R R) <<B3R(t—|— H )P7/2+EH (n— 1)/2(y//)1/2
< B3R(t + 5h5) P> B/ HO-0/2(Ry ) (v /6 g~ (n=m) /4,

Again, we start with the case n = 0 ﬁrst. Comparing with the bounds (10.19) and (10.20),
one also always has H < P'/®, so that

Hl/Q(R H)n/GR—n/4 — H(n+3)/GB2—n/4 < n+3+%_% < P—239/60
for n > 30. This yields
P"MEl(t, R,R) < B3B/*(T + RP~3)PT/>*c H/2(Ry )"/ R—"/4
< RP-T/5te pT/2-239/60+e o p—17/60+2p+e

a bound which is clearly admissible.
For the contribution K/ ,(t, R,R), we start by writing

1/4Ré/3H4/3.

P—n+4K;:_2(t7R7 R) < P—I/IO(y )1/2 < P~ 1/10+€R—1/2B
As a consequence,
PHEK! , (1, R, R) < PVt p-1/2Y/A RIS By sen paen
We insert the trivial upper bound T'< P~8/% to obtain
— 16 1
PHKY (6, R, R) < By patn 0t /AR R=1/2,
y (10.32), one now has

8 4 _1 8 1 4 _1 n
B D BYARYAR2  pFE D TA RIS o pID T o plamn (B 5
implying that
_16 1 4 1 447179
P_n+4K7/{_2’1(t’ R, R) < P3(n-0) 10+(3(n—1) YAV )+e < P—O 05+€

for n > 30.
We have now obtained a bound which is valid everywhere except for very small values of T'.

Proposition 10.5. Suppose that n > 30 and that
T > min{B2Y ("2 p~4+3 p-2)
Then we have the bound
K(t,R,R) < P"* <P’55/24 + P*SD/‘*)
provided only that ¢ < ¢g, where g is an absolute constant.

In the remaining range, we shall employ the pointwise van der Corput differencing bound
in Lemma 3.1. Using this result in place of Lemma 3.3 in the above argument, one obtains
the bound

1/2
K(t,R,R) < ByT P /2 (1 Yo+ yn_l) .

Let us put
H :=1+ By/"(BsTP"?/",
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yielding
B3TPn+8H—n/2 < Pn_4+€B2_2.

Recall that we are assuming that T < min{B§4/("724)P_4+5, P~2}. Since n > 30, we have in
particular T < B§P~4+9. On the other hand, by (10.4) we have either

T>RP*4 or R>P~
Since R'/3 <« By < R, we may conclude in both these cases that
By > PA9)/3,
In the range in the contention,
(10'33) H< B§4(”_12)/(n(”_24))Bg/”P%/n.

The inequality (10.16) is still valid, and therefore, it is enough to only look at the corre-
sponding terms. Therefore, we shall now estimate the different contributions K,’](t,R, R),
Kj(t, R,R) for n € {0,n — 2} and K, (¢, R,R), named according to the contribution from
the corresponding terms in (10.16). We begin by investigating the term K{)(¢, R, R) first:

P"HMK! (1, R, R) < ByT PR (mn/dy(n=n)/2 (1 + RYAy-1/ 2).

We note that when inserting the chosen value of H, we have B3, B2, R and T occurring to
non-negative exponents, as long as 7 < n — 2 so it suffices to estimate this contribution when
Bg = By xR x< P8/5t% and T =< P~2. In that case one has

tHP3 ~ HPR—I ~ PR—l(BgBSP2)2/n ~ P1+4/1’LR—1+5/'n ~ P—3/5+12/n—(n—5)<p/n < 1
as soon as n > 20. Thus we may assume that V =< R/P. Then we get
P HKN (8, R, R) < BsT P4 R/Ap—n/2 (1 n R—1/4P1/2)

& BaP2ten/104np/4 (1 +Pl/10> < P—(n—29)/10+(n+2)<p/4+57

so an admissible contribution as soon as n > 30.
We next observe that in this range, we have V < R/P < RY2 which means that

P"HMK! L(t,R,R) < By2P*(HR™'/?V + HR™Y*V'/?) « By 2P HR™'/*V1/?
< B;‘/"(33P2)2/"P€*1/2B;231/4
< P8—1/2+4/nR5/n—7/4 < P5—1/2+4/n
clearly, for n > 3, rendering us with an appropriate contribution.
Similarly,

P_n+4K;:_1(t, ]%7 R) < PEB;2H1/2R_1/4Ré/6H1/6 < PEBQ_3/2H2/3R—1/4
< Pa+45/3n32—3/2R—1/4B§(n—12)/(3n(n—24))Bg/(i’m)

5 8(n—12)/(3n(n—24))+4/(3n)—7/4
< petd /3nB2(” )/ (3n(n—24))+4/(3n)-7/
< Ps+45/75B;31/100 < Psf(Aszi)/lO?

for n > 25, giving a reasonable contribution as long as § < A/4, say. We have not tried to
optimise the exponents here.
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Next, we have
P K (t,R,R) < P*By*H*/3R~"/'B}/*R}/®
< P5+45/3B§(”*12)/(3("*24))*QB§/3R—7Z/4B%/4R;L/6
< P€+46/3Bf(nf12)/(3(n724))713/127n/4R§(n712)/(9(71724))771/1272/9

< Ps+45/3Bl—1/2R§o.o5 < Ps+46/332—0.15 < pe9/6

for n > 30, provided that § < A/31.
Finally, for n > 30 we have

H
PHE" L (t, R, R) < By2P°—— Bl/*(RsH)'/3

1/2
< BQ_QPEgi//AtRé/sR1/2(BSBS(H—H)/(n—24)p5)8/(3n)
< BQ‘2PaBll/4R§/3R_1/2(BngP5)4/45
_ 32—22/153;4’/45311/4}%;/3}3_1/2P46/45+s < 32—22/45p46/45+€
« P22(A-0)/135+46/45+c . p—bte

under the previous assumption on 0. Choosing § = A/31, and & small enough, we have now
finally verified the assertion in Proposition 2.9, where we may take ¢ = min{¢/4, A/186} for

any ¢ < ¢o.

11. BOUNDS FOR THE MINOR ARCS CONTRIBUTION, GENERAL CASE

In this section we shall give the inductive argument to deduce the Proposition 2.8 from the
Proposition 2.9. Assume that dim Sing(Xo) > 0. We subject the exponential sum

S(q,z) = S(q,2 F,W, P,n) = Z > W(x/P)e((a/q+ 2)F(x))

a=1 xezZn

to a similar slicing argument to that used in the proof of Proposition 8.1. We may apply
Lemma 4.1 for the single form Fy, with Il = &, and with £ = (f1,..., fn) = VF(Pxg), where
X is the point in (2.3), to obtain a linearly independent set of vectors ey, ..., e, with the
properties listed there and such that the angle of e; with f is at most 7/3. We then split the
sum above into cosets of the lattice spanned by eq,...,e,_1, as in the proof of Proposition
8.1, to obtain

2) = Silg,2) =) S(q, 2 F, W, P/L,n - 1),

teT teT

say, where
=F(t+ Z yie;) and Wi(y)=W(P 't +L7! Z yi€i)

for some L = O(1), and where T is a set of cardinality O(P). The sum over t can be moved
outside to obtain

(11.1) Sm = Su(F,W,P,n) =Y S,
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where
St = Sm(Fy, W, P',n — 1) Z / pa(2)11S(q, 2; Fe, Wy, P — 1)| dz
1<qepa Y PRSIz (e@) 7Y
+ 2. / pqg(2)|S(q, 23 Fy, Wy, P’y — 1)| de.
PAcg<q” FIS(@@) e

Here we have put P’ := P/L. We must then investigate whether the polynomials Fy and the
weight functions W; fulfil the hypotheses in Proposition 2.8, in order to invoke our induction
hypothesis.

Much like in the proof of Proposition 8.1, one checks that Wy € W,,_1 and

|Fellpr < LY|F|lp < ||F||p.

We shall now find M’ > 0 such that the conditions (2.15)—(2.16) hold with F, W, P replaced
by Fy, Wy, P and M replaced by M.

If t € Z" is arbitrary and y € Z" is such that x =t + Z;:ll y;€; occurs in the exponential
sums S¢(q, z), then we have

VFy(Py) = VF(Px).E,
where we denote by E the n x (n — 1)-matrix with the basis vectors eq,...,e,_1 as columns.
By (2.15) we then have
Al > MPP.
Now, let yi,y2 € P'supp(Wy) and put x; = t + >, y;e; € Psupp(W) for j = 1,2. If
f; .= VF(x;) and g; := VF;(y;) then we have g; = f;.F for j = 1,2. Thus we see that
|91,1| = |f1.e1| 2 |f.e1| — |(f1 — f).e1|.

Since e; was chosen to have an angle of at most 7/3 to the vector f, we get

L
lg11] > *\fb\el\z — |fy — fl2le12 > ( If]oc — V/nlfi — f\oo> -

Using (2.15)—(2.16) the expression in brackets satisfies
MP3 _ MP3 S MP3
2 gny/n—1)1 " 47
so the condition (2.15) holds with M replaced by
L*M

1
§|f|oo —Vn|f] — £l =

M = < M.

Furthermore, we have
MP3 Ml P/ 3
(1)i — (82)i] = e (1 — £2)| < leilalfi — folo < Lo/ - ___MP)

gnv/nl 81/ (n— 1)’

so that (2.16) also holds for M’.
Since
dim Sing(Xo N H) = dim Sing(Xy) — 1,
where H is the projective hyperplane spanned by the vectors ey, ..., e,_1, we may now assume
by induction that for each t occurring in (11.1), the bound
St = O((P)">7%) = O(P">7¥)

holds for some ¢ = 1(A), for an appropriate choice of ¢ and 6. The implied constant depends
on the quantity ||Fi|/ps, but we easily see that||Fi|pr < ||F||p for any t € [P, P]". Since
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the sum in (11.1) includes at most O(P) choices of t € [P, P]", we immediately obtain the
desired bound

Sm = O(P"7),

which is valid for the same choice of ¢ and 6. This completes the proof of Proposition 2.8.
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APPENDIX A. MATHEMATICA CODE

Here, we give the Mathematica code verifying our linear optimisation bounds in Section 10.
Maximize [Min[-145/186 X - 1687 / 372 a + 209 / 310, 889 /372X + 239/ 372 a - 1759 / 620] ,
@<as<X<8/5, {X, a}]

{—%, {x»%,a»e}}

Maximize[Min[-115/78 X - 15329 /4524 a + 5943 /3770, 49/39X+98/39a-71/52],
@<as<X=<8/5, {X,a}]

{7 1;:?3@’ {X% 22223’ a%e}}

Maximize[Min[-23/234X +101/13572a+133/11310, 49/39X+98/39a-71/52],
@<as<X=<8/5, {X,a}]

7213 31151 31151
{— _—, {X - ,a-> }}
349260 87315 87 315

Maximize [Min[-145/186 X - 49403 /10788 a + 6141 / 8990, 889 /372X + 53/93a-175/62],
@<as<X=<8/5, {X,a}]

2 3032
{7 3641197119’ {X% §6985 a8z e}}
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