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1 Introduction

A remarkable prediction of string theory is the existence of interacting N’ = (2, 0) supercon-
formal quantum field theories in six dimensions, which underpins many recent developments
in mathematical physics. For example, compactifications on Riemann surfaces lead to a
rich class S of N' = 2 supersymmetric quantum field theories in four dimensions [1, 2]. A
consequence of the six-dimensional perspective is that supersymmetric partition functions
of these theories on the manifolds S* and S* x S are related to conformal field theories [3]
and topological field theories [4, 5] respectively. Furthermore, compactifications on three-
manifolds [6, 7] and four-manifolds [8] also lead to interesting classes of supersymmetric
theories in lower dimensions and new connections between mathematics and physics.



In this paper, we will consider the supersymmetric partition function of the A" = (2,0)
theory itself on S* x S®, which is closely related to the 6d superconformal index. Although
this partition function cannot be computed directly in six dimensions, due to the absence
of a useful lagrangian formulation, it has been computed recently using maximally super-
symmetric Yang-Mills theory in five dimensions on S® [9-11].} It relies on the conjecture
that the non-perturbative physics of 5d SYM allows us to extract non-trivial dynamics of
the 6d (2,0) theory with circle compactification [17, 18]. The most important part of the
dictionary is that the five-dimensional gauge coupling g? is related to the radius 3 of S' by

g*> =2np3. (1.1)

so that strong coupling corresponds to large radius. Although this five-dimensional theory
is non-renormalizable, it is conjectured that by including non-perturbative contributions
in five dimensions, one can capture all of the protected states contributing to the 6d
superconformal index. This is remarkable given that the 5d partition function is computed
as an instanton expansion in powers of e—4m?/B , while the 6d superconformal index is
naturally an expansion at large radius in powers of e ? with integer coefficients.

In this paper, we will extend these results to compute the partition function of the
(2,0) theory on S' x S° or superconformal index, in the presence of extended defect
operators. One motivation for this is that extended defect operators play an indispensable
role in engineering defects of various kinds in compactifications to lower dimensions. As
one example, compactification on a Riemann surface with codimension 2 defects sitting at
punctures leads to flavor symmetries in the resulting four dimensional A" = 2 theory [1, 2].

We will concentrate solely on the six dimensional (2, 0) theory of type g = Ay _1, which
arises on the worldvolume of N coincident M5 branes. There are codimension 4 defects
from intersecting M2 branes and codimension 2 defects from intersecting M5 branes. Our
working assumption is that the defects have the following classification:

1. Codimension 4 defects are labelled by a dominant integral weight A of g.
2. Codimension 2 defects are labelled by homomorphisms p : su(2) — g.

3. Codimension 4 defects coincident with a codimension 2 defect of type p are labelled
by a dominant integral weight of the stabilizer of Im(p) C g.

For our computations, we will assume that defects wrapping S! have an effective description
in 5d N =2 SYM theory as:

1. A supersymmetric Wilson line in the irreducible representation of SU(N) with highest
weight A.

2. A surface defect obtained by coupling to the three-dimensional N' = 4 theory
T,(SU(N)). Alternatively, a monodromy defect whose monodromy is labelled by p.

3. A supersymmetric Wilson line in an irreducible representation of the unbroken gauge
group in the presence of the monodromy p.

!See also [12-16] for closely related works on S® partition functions.
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Figure 1. A summary of the configurations of defects referred to in the introduction. Codimension
2 defects are shown in blue and codimension 4 defects are shown in red.

Let us now provide a some more details about the computation. The most general
superconformal index or partition function on S' x S° preserves a single supercharge and
its conjugate. It depends on five parameters corresponding to combinations of bosonic
charges that commute with the supercharge. In the language of five-dimensional gauge
theory on S°, these parameters can be understood as follows. Firstly, there is the radius 3
of S which is related to the five-dimensional gauge coupling g2 by the formula ¢ = 274.
Secondly, there are three squashing parameters & = (w1, ws,ws3) for the geometry of S°.
Finally, there is a real mass parameter y for the adjoint hypermultiplet inside the N' = 2
vectormultiplet.

We will furthermore concentrate on a limit where we tune the real mass parameter as
follows

1
n— 5(&)1 + wy — ws3) . (1.2)

The partition function preserves an additional supercharge in this background and leads to
dramatic simplifications in the answer [9, 11, 19]. In the absence of defects, the partition
function has been shown to coincide with the character of the vacuum module of the
W-algebra with central charge ¢ = (N — 1) + N(N? — 1)% This result has been
interpreted recently in the context of chiral algebras [19]. For this reason, we will refer to
this background as the ‘chiral algebra’ limit.

To picture where we can add supersymmetric defects to the calculation it is convenient
to picture S° as a (S1)? fibration over a triangle — see figure 1(a). This is described
further in the main text. There are three distinguished circles S(la) that may support
supersymmetric Wilson loops and three distinguished squashed spheres S?a) which can
support supersymmetric surface defects. In the chiral algebra limit, the circle 5(13) plays a
distinguished role. We expect quantitatively different results depending on whether or not
the supersymmetric defects wrap the particular circle S 13 . The configurations preserving
the supercharges of the chiral algebra limit are shown in figure 1(b) and 1(c). Let us discuss
each case in turn.



The most general configurations of defects that are supported away from S (13) are shown

in figure 1(b). The summary of our results is as follows:

1. Adding supersymmetric Wilson loops in representations of highest weights A; and Ay
supported on S(ll) and 5(12) we find the characters of fully degenerate modules of the
Wiy-algebra.

2. Adding a supersymmetric surface defect of type p supported on 5?3) we find the char-
acter of a semi-degenerate module of the Wi-algebra. The non-degenerate modules
correspond to the maximal case p = [1V].

3. Adding a supersymmetric surface defect of type p together with supersymmetric
Wilson loops in representations of the stabilizer of Im(p) C g with highest weights
A1 and A9, we find further semi-degenerate modules with a more intricate structure
of null states.

This completely exhausts the spectrum of irreducible modules of the W-algebra described
in [20]. From perspective of chiral algebras, our computations provide evidence that com-
binations of supersymmetric defects orthogonal to the chiral algebra plane are realized by
chiral vertex operators for the Wiy-algebra, as speculated in [19].

Let us now summarize what happens when a codimension two defect is supported on
either S(31) or S(?’Q) and hence wraps the distinguished circle 5(13). We will present the result
for S?l) as shown in figure 1(c). The result for S?Q) is obtained by simply interchanging w; <
wo. Furthermore, we focus on supersymmetric surface defects labelled by the partition

p = [1V]. In this case we find

1. For a supersymmetric surface defect supported on 5(31) we find the character of the
vacuum module of affine su(N) at level k = —N — wy/wo.

2. Adding a supersymmetric Wilson loop supported on .S (11) in a representation of highest
weight A we find the character of an irreducible module of the above with highest
affine weight A=kdo+ A

This is a small generalization of the conjecture for the chiral algebra associated to a codi-
mension 2 defect in [19]. For supersymmetric surface defects of generic type p, we would
expect to find characters of modules of W (p)-algebras, which are obtained from the affine
algebra by Drinfeld-Sokolov reduction. From this point of view the Wi-algebra is the spe-
cial case p = [N] corresponding to the absence of a defect. However, we could not evaluate
the matrix integrals arising from localization in the generic case.

In summary, it is remarkable that the combinatorics and characters of irreducible
modules of a large class of chiral algebras are in 1-1 correspondence with supersymmetric
configurations of M2 and M5 branes on S* x S°.

We now summarize the contents of the paper. In section 2 we explain how to compute
the general superconformal index in the presence of defects using localization on S° and
perform some computations relevant for the chiral algebra limit. In section 3 we evalu-
ate the partition functions with configurations of defects relevant for Wjy-algebras, as in



figure 1(b). In section 4 we evaluate the partition functions with configurations of de-
fects relevant for affine algebras, as shown in figure 1(c). We conclude in section 5 with a
discussion of some interesting directions for further study.

2 Computational method

In this section, we fix our notation for the paper and explain the method for computing the
superconformal index of interacting (2,0) theories in the presence of codimension 2 and 4
defects. The reader interested only in the final results and the connections to characters
of vertex operator modules of chiral algebras can safely turn to sections 3 and 4.

2.1 The superconformal index

Let us define our conventions for the six-dimensional (2,0) superconformal algebra
0sp(8*]4). The maximal bosonic subalgebra is s0(2,6) & usp(4) and we denote the cor-
responding Cartan generators by (E, hi, he, hs, Ri, Re). In particular, the generator E
corresponds to dilatations, (hi,hg, h3) to rotations in three orthogonal planes of R and
(R1, R2) to R-symmetry generators or equivalently rotations in two orthogonal two-planes
of the transverse R®.

In addition, there are supersymmetry generators Qﬁi’}ifhs labelled by their charges
under the bosonic subalgebra. The indices may take the values i% but for brevity we denote
these by £ in what follows. There are sixteen Poincaré supercharges with hihohs < 0
and sixteen conformal supercharges with hihohs > 0. In radial quantization, conjugation
reverses hi, ha, hs, R1, Re and hence interchanges Poincaré and conformal supercharges.

The superconformal index can be defined as a trace over the Hilbert space of the theory
in radial quantization [21]. For 6d SCFTs, it was first introduced in [22]. Here, we define
the superconformal index using the supercharge Q@ = Q*F_. Although all choices lead to
an equivalent superconformal index, this choice has the feature that it is symmetric in the
generators hi, ho, hy. The superalgebra generated by this supercharge is

{Q,Q"} = E —2(Ry + Ry) — (h1 + ha + h3), (2.1)

with the conjugate supercharge Qf = Q. The superconformal index counts states in
short representations annihilated by Q and Q' and therefore saturating the bound

E > 2(R1 + Rg) + h1+ ho + hs . (2.2)

The superconformal index is then defined by

Roy—Ry

R{+R
T — TI'HQ (_1)F6*5<E7%)7ﬂ(a1h1+a2h2+a3h3)*5uT : (2_3)

where H is the subspace of the Hilbert space in radial quantization that is annihilated
by @ and its conjugate QT. The chemical potentials 3, a1, as,as, i (together with the
constraint a; + ag + a3 = 0) are introduced for the combinations of Cartan generators that
commute with ). F' is the fermion number operator and we can take F' = 2h; by the



spin statistics theorem. This index at generic chemical potentials respects only a su(1|1)
subalgebra generated by @ and Q.
It is often convenient to rephrase the superconformal index as

R1+Ro

3
hj+ —
T = TrHQ(—l)F H qj] plz—f (2.4)
j=1

where we have defined
qj = e Pwi p= 675”, (2.5)

together with w; = 1+a;. In moving between the two expressions, we have used that states
in Hg saturate the bound (2.2). For convergence, we will assume that |p| < 1, |g;| < 1.

In this paper, we will consider an unrefined limit of the superconformal index obtained
by specializing the parameters as follows

1
w— §(w1 + woy — ws3) (2.6)

or equivalently p — (q1g2/¢3)"/?. This limit was first considered in [23] (see also [19]).
In this limit the index has an enhanced supersymmetry by a second supercharge that we
denote Q' = QI;, and its conjugate. The remaining combinations of Cartan generators
appearing in the superconformal index commute with the extra supercharges. This leads
to dramatic simplifications due to additional cancellations between bosons and fermions.
It is straightforward to see that the index simplifies to

=Ty, (~1) P Rgh+, (2.7)

where we have defined ¢ = g3 and s = ¢1/q2. The trace is now over the Hilbert space
Hg o of states annihilated by the supercharges @ and @’ and their conjugates in radial
quantization. It is clear that the plane rotated by hs now plays a distinguished role. Indeed,
as shown in reference [19] the superconformal index in this limit can be interpreted as a
vacuum character of a chiral algebra on this plane. For this reason, we will refer to it as
the ‘chiral algebra’ limit.

Let us consider a simple example: the free tensormultiplet in six dimensions. The
superconformal index in this case can be evaluated by first enumerating the single letter
contributions, which are summarized in table 1. The superconformal index is then given by

(p+p7 ") Vii©ess + 11243 — (0192 + 4243 + q103)

Z=PE (1-q1)(1—q2)(1—g3) ,

(2.8)

where we use the standard definition of the Plethystic exponential. The denominator factors
inside the Plethystic exponential come from summing the action of holomorphic derivatives
on the single letter contributions. In the chiral algebra limit, the result simplifies to

I:PE[lzq]:w L (2.9)
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Table 1. The abelian tensormultiplet has a scalar ¢ in fundamental representation of so(5)g, 16

fermions 77/1;?117};322};13 with hihohs < 0 and a self-dual three-form flux H. Recalling that E(¢) = 2,

E(Y) = 5/2 and E(H) = 3, the fields commuting with the supercharges @ and Q' and their
contributions to the index are shown above. There is also a contribution from a fermionic equation
of motion.

In this limit, the index receives contributions only from the scalar ¢ corresponding to
highest weight in the fundamental of so(5)g i.e. (R1,R2) = (1,0) and its holomorphic
derivatives in the plane rotated by hs. In particular, the index is independent of s. The
index is proportional to the vacuum character of the of a free boson in two dimensions, or
the vacuum character of u(1).

2.2 S° partition function

For the interacting (2,0) superconformal theories we do not have a free quantum field
theory description and another method must be found to compute the superconformal
index. In this subsection, we will summarize the conjecture that the superconformal index
of the (2,0) theory of type Ax_1 is captured exactly by a path integral of the maximal
supersymmetric Yang-Mills theory on S°.

The first claim is that the superconformal index in six-dimensions can be expressed
as a path integral on S' x S° with periodic boundary conditions. The chemical potentials
{wj, p} of the superconformal index are now reinterpreted as squashing parameters for the
geometry of S° and expectation values of background R-symmetry gauge fields on S°. The
radius of St is simply B.

The second claim is that this supersymmetric partition function on S* x S® is captured
exactly by the partition function of A" = 2 SYM on S° with gauge group SU(N) and gauge
coupling g? = 27w 3. This theory is non-renormalizable in five dimensions but is expected to
have a UV completion by the (2,0) theory of type Axy_1 on a circle of radius 5. Although
the UV completion may involve new and unknown degrees of freedom, the claim is that
the perturbative and non-perturbative spectrum of ' = 2 SYM theory on S° is sufficient
to capture all of the protected states contributing to the superconformal index.

Let us explain in more detail how the chemical potentials {3,w;, u} of the supercon-
formal index are identified with parameters of the S° partition function.



e The 5d gauge coupling is g? = 27p.

e w; are squashing parameters for the S5 metric - see the final equation of ap-
pendix (B.2).

e 4 is a real mass parameter for the adjoint hypermultiplet inside the N' = 2 vector-
multiplet.

For generic values of the parameters, the S° partition function preserves two supercharges,
Q and Q', which are identified with those used in the 6d superconformal index.

Finally, we note that the transformation between the superconformal index and the
partition function on S' x.S® will likely involve an anomalous background coordinate and R-
symmetry gauge transformation. Thus we can expect them to agree up to a multiplicative
factor determined by global anomalies. More precisely, we will find that

Zgs=e 7T (2.10)

where F is a finite Laurent polynomial in the parameters Swy, ..., Bws and Sm that can be
determined from the anomaly polynomial of the six-dimensional theory.? We will confirm
this structure in examples.

2.3 Computation of S° partition function

The partition function Zgs can be evaluated exactly using the method of supersymmetric
localization or alternatively the refined topological string partition function [9-16]. Here
we focus on the former approach. A short review of the localization computation is given
in appendix B.

The path integral localizes to a matrix integral over a set of saddle points. The saddle
points are classified as follows. Firstly, one of the 5 adjoint scalars has a constant non-zero
vacuum expectation value (¢) = ia. This is the real scalar in the N’ = 1 vectormultiplet.
In addition, there are non-perturbative instanton saddle points on top of this background.
The instanton saddle points are the self-dual Yang-Mills instantons on CP? base of the
Hopf fibration S° — CP2. The 1-loop determinant of the fluctuations around these saddle
points gives rise to perturbative and non-perturbative contributions to the measure of the
matrix integral.

Our crucial assumption is that the one-loop and non-perturbative contributions factor-
ize into contributions from 3 fixed circles of the U(1)3 isometry group of the squashed S°.
We will denote these fixed circles by S(li) with ¢ = 1,2, 3. This factorization can be verified
explicitly for the perturbative contributions but has not been demonstrated conclusively
for the non-perturbative contributions. Under this assumption, the partition function has
the form [10, 11]:

Zgs(m,&,7) = / [da] ¢ Forugms (@) 1129, (2.11)

=1

2Tt will be demonstrated in forthcoming work that the finite Laurent polynomial F is an equivariant
integral of the anomaly polynomial [24].



T €1 €9 m

S(ll) 2wy | wa | ws ,u—i—%wl

5(12) 27 Jwe | w3 | wy ,u—l—%wg

5(13) 27 fws | wy | wa ,u+%w3

Table 2. The S° partition function is constructed from three copies of the 5d Nekrasov partition
function with the parameters identified as above. The arguments in the final three columns may
be taken modulo w; in the row corresponding to S(lj).

where as above (¢) = ia is the N' = 1 vectormultiplet scalar expectation value and 8 =
g%/2m. The measure of integration is

7;N71
N!

[da] = d¥"ta, (2.12)
and the integral domain is over iRN 1. The contributions Z®) are copies of the 5d Nekrasov
partition function Zyek(a,m, €1, €2) on St x R?IQ where the circle S has radius . The

equivariant parameters (r,m,€;, €2) at each fixed circle are replaced as shown in table 2.

The Nekrasov partition function Zyek(a,m,e1,e2) on ST x R*  can be expressed

€1,€
as a supersymmetric index with both perturbative contributions fr(l)rri fundamental BPS
particles and non-perturbative contributions from BPS instanton particles [25, 26]. It
is constructed from moduli space of £ U(NN) instantons My y which carries an action
of U(1)? x U(N) corresponding to rotations in two orthogonal planes of R* and gauge
transformations. The parameters €1,€e2 and @ = (ay,...,ay) are equivariant parameters
for these symmetries. It is well-known that the fixed points with respect to this action are
labelled by an N-tuple of Young tableaux Y = (Y1,...,Yy) such that the total number of
boxes is given by |V | = k.

The starting point for computing the partition function is the equivariant Chern char-
acter of the universal bundle £ evaluated at the fixed point corresponding to Y [27, 28]:

Chy

SE)=W—(1—e )1 —e @)V, (2.13)

where we define e, = (e1 + €2)/2 and

V- esr—(i=pa-(—3e Yy — Z e (2.14)

N
I=1 (4,5)€Y; I=1

Then the equivariant index of the tangent bundle 7 My, x at the critical point labelled by
Y is given by [27, 28]

Chy:(€)Chy: (£7)
1—e)(1—ec =)
WW*

= — €+ * * — (1 — et (1 — e2)P*
(1—6—61)(1—6—62)+€ YW+ VW) — (1 —€e)(1 —e2)V*V,

Ind7m, = —
(2.15)




where the conjugate * flips the signs in the exponents. This amounts to the equivariant
index for the U(NN) vector multiplet. The first term in the second line is independent of the
instanton number (independent of V) and thus is regarded as the perturbative contribution
of the vector multiplet. The other terms are the instanton contributions coming from the
zero modes in the instanton background.

For the maximal SYM theory, there are also contributions from the hypermultiplet
in the adjoint representation of the gauge group. The hypermultiplet in the instanton
background has the equivariant index of the form

Chy () Chy (£7)
(1—e1)(1—e<)’

m—ey

Indyr =e (2.16)
Y

where m is the equivariant parameter for the flavor symmetry of the hypermultiplet. As
for the vector multiplet, this index can also be divided into the perturbative contribution,
the term without V', and the instanton contribution, the other terms.

We use the conversion rule from the equivariant index to the partition function at the

Ind = Zniewi — Hwi_n" , (2.17)

where the integer n; denotes the degeneracy for given weight w;. Also, we should keep

fixed point

in mind the momentum factor ), et along the temporal circle in five-dimensions. It
should be put on each equivariant index. The instanton partition function then becomes

Eij(s)+m—eq) .. r(Eij(s)—m—cq)
U(N) |Y| SlIl 3 sSin 3
lnSt Zq H H si TEij(S) . T(Ei]'(s)72€+) ’ (218)
i,j=15€Y; y s 2

where s denotes a position of a box in the Young tableau Y; and
Eij(s) =a; — aj — ezhi(S) + € (Uj(S) + 1) . (2.19)

hi(s) and v;(s) are the distance from s to the right and bottom end of i-th and j-th Young

4w2r

tableaux, respectively. q =¢ ¢°

is the instanton fugacity.

The perturbative contribution can be computed in the similar manner. However,
there is an ambiguity in computation of the perturbative partition function associated
to boundary conditions of R* at infinity. Studying the correct boundary conditions goes
beyond the scope of this paper. Here we simply take the average of the equivariant index
with its charge conjugation and compute the perturbative contribution, which makes the
equivariant index invariant under the charge conjugation. This choice is rather convenient
for seeing the simplifications that occurs in the chiral algebra limit at the level of the
Nekrasov partition function. We also need to regularize the infinite products involved in
the perturbative contribution. To regularize them, we shall use Barnes’ multiple gamma
functions defined in [29] as follows:

]-_‘N(Z’wla e 7U)N) = €Xp (aSCN(sz;wlv o ;wN)‘S:O) ~ H (Z +n- /w)_la (220)

ni, - ,ny=>0

~10 -



and Barnes’ zeta functions defined by the series

(N (s, z|wy, -+ ywn) = Z (z4+n-w)*. (2.21)

ni, - ,na >0

Therefore the regularized perturbative partition function is given by

I 1/2
I1 Ts((e,a) £m+ey)
Fpert = [ [ ; 2.22

! e€A [Fg((e’ a)) 3 ((e, a) + 27 + 26+)] (2.22)

We have defined f‘g(z) =T'3(z; 27”, €1,62)'3(1 — z; 27”, —e€1,—€2) and put the prime on it to
deal with the zero modes at z = 0 such that IV(0) = lim,_, 2T'(2).

It is often convenient to rewrite the perturbative contribution in the more concise

expression
(er(e,a). )l (er(e,a) . ) 1/2
Z tN 7p7qoo pq,paQoo (2‘23)
. IEIA (er(eaEm /bg; p, 4)oo ’
e

up to regularization factors. Here, (z;p,q)oc = H;fm:o(l — zp™q¢™) is the multiple ¢-
Pochhammer symbol and p = ¢!, ¢ = e™"*? and the prime denotes the zero modes at
x = 0 are absent.

As explained above, the chiral algebra limit of the 6d superconformal index is ap-
proached by tuning the real mass parameter p — 1 (wi + ws — ws) [19, 23]. Using that the
contributions from the circle S(lj) are periodic in w; we can deduce that from the point of

view of each fixed point this is equivalent to the limits
(1) m==e_, (2) m==tey, (2.24)

where ex = (d€; + €2)/2. These points correspond to an enhancement of supersymmetry
and lead to additional cancellations.

First consider the limit m = +e_. We note that there is a universal center of mass
factor multiplied to each non-zero instanton number contribution taking the form of

sin 2 Em) i (e —m)

(2.25)

. . )
sin %5t sin 752

and it vanishes in both cases m = +e_. Therefore the instanton contribution is unity

in this limit. Furthermore, the perturbative contributions simplifies to a product of sine

functions, so that

r . (T
Z(a,m = te_,€e1,€2) = (%) !;[028111 (5(6, a)) , (2.26)
which we get from (2.22) using the identities of I'3. This formula is derived for U(N). For
U(1) the perturbative and instanton contributions are trivial. Thus we expect that the
answer for SU(V) is simply obtained by imposing the condition a; + --- 4+ axy = 0 on the
above formula.

- 11 -



Second, consider the limit m = +e,. In this case, the contributions to the index from
the vectormultiplet and adjoint hypermultiplet cancel out exactly. Thus the perturbative
contribution is unity and the instanton contribution simply counts the number of fixed
points. Therefore we have

" 1

UN) — _ L y
Zinst (a7m = €4, €1, 62) = Z q = H (1 _ q”)N . (227)
v

n=1

In this simple limit, we expect that the SU(N) answer is obtained by dividing by the
partition function for U(1) so that

SU(N ad 1
Zinst( )(aam = €4, €1, 62) = H W ' (2‘28)

n=1
2.4 Codimension 4 defects

It is expected that the six-dimensional (2,0) theories have codimension four surface defects
labelled by irreducible representations of g = Ay_1 with highest weight A. Upon dimen-
sional reduction on S' they should become supersymmetric Wilson loops in /' = 2 SYM
with gauge group SU(N) in the same irreducible representations. Supersymmetric Wilson
loops in five dimensions have been studied in [11, 30, 31].

Let us begin with an abelian tensormultiplet in six-dimensions where there is an explicit
description of the codimension four defects as Wilson surfaces. In order to preserve @Q =
Q*_ we wrap the Wilson surface around the M-theory circle S' and one of the three
closed circles S(lj) C S5. Then we construct the Wilson surface in the euclidean spacetime

exp (n/ (1B + <I>d7'/\dsj)> , (2.29)
§1%5;)
where n € Z is the abelian charge and dr and ds; are line elements along S 1 and S(lj)
respectively. B denotes the two-form gauge field with self-dual curvature H = dB and ®
is one of the five scalars in the abelian tensormultiplet. The scalar ® is characterized as
a singlet under the generators R; and Ry. Note that the Dirac quantization in 6d CFT
forces the charge n to be an integer.
Turning off all of the chemical potentials in the superconformal index, it is straight-
forward to check that the supersymmetric Wilson surface supported at the fixed point S(lj)
always preserves the two supercharges

— —

QFt - (2.30)

together with six more depending on the fixed point inserted and all of their conjugates.
For instance, in the case of S(ll) the six additional supercharges preserved are

QT Q7. Qff., Q.. QT Q. (2.31)

Those preserved at the remaining fixed points are obtained by symmetric permutations of
the lower indices.
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Turning on the general chemical potentials in the superconformal index, the Wilson
surface respects only Q = QT _ and its conjugate. This means we can still define and
compute the superconformal index with generic chemical potentials in the presence a Wil-
son surface on any S! x S(lj). However, the Wilson surface commutes with the second
supercharge Q' = Qj:f preserved in the chiral algebra limit only if it wraps S(ll) or 5(12).
From the six-dimensional perspective, these cases correspond to codimension four defects
transverse to the chiral algebra plane. We will concentrate only on these cases in the
present work.

The dimensional reduction of the Wilson surface operators along the S' gives rise
to the supersymmetric Wilson loops in the five-dimensional U(1) gauge theory on S°.
In particular, the two-form B provides the five-dimensional gauge field A, = B;,, where
@ =1,...,5 and similarly we define the five-dimensional scalar ¢ = §®. Taking these fields

independent of 7 and integrating over the M-theory circle S!, we find a supersymmetric

exp (n ?{
5t

As in 6d abelian case, the charge n is quantized, which naively seems not to be the case

Wilson loop in five dimensions

(iA + ¢ dsj)> . (2.32)

since the abelian theory has no charged object perturbatively. However, non-perturbative
objects, for example the singular instantons which we assume to be involved in this paper,
can carry nontrivial charge and thus the quantization condition is required.

In the case of the six-dimensional (2,0) theory of type g = Ay_1 we cannot formu-
late the codimension four defect directly on S x S(lj). Nevertheless, taking inspiration
from the abelian tensormultiplet, we can conjecture that it is computed by inserting a

supersymmetric Wilson loop on S(lj),

Try P exp (}l{ (1A + qﬁdsj)) , (2.33)
54y
where the trace is taken in the representation of SU(N) of highest weight .
On the saddle points we have A = 0 and ¢ = ¢a and hence integrating over S (1j) of length
27 /w; the supersymmetric Wilson loop will make a classical contribution Try(e2™/%i) to
the integrand of the partition function. The presence of the supersymmetric Wilson loop
does not affect the 1-loop perturbative computation. However, the Wilson loop in general
receives instanton corrections.
The Wilson loop partition function on S x R?* is obtained by inserting the equivariant
Chern character Chy (&) of the universal bundle to the instanton partition function. For
example, in the case of a fundamental Wilson loop, we have the expectation value of

the form
N . 1(Eij(s)+m—ey) . 7(Eij(s)—m—ey)
uwny 1 P sin 5 sin >
inst i,j=1s€Y; S ——— sin 5

normalized by the bare partition function. To insert a Wilson loop on the circle S(lj), we

insert this factor with parameters at S(lj) to the partition function.
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Let us again consider the special limits m = e; and m = e_. Firstly the Wilson
loop in the limit m = e receives a rather simple instanton correction. After the huge
cancellations, we obtain

N
Wt (a,m = ey e1,e2) = Y €% PE [—(1 — e )1 — 6_"62)% . (2.35)
i=j
However, we do not discuss Wilson loops in this limit further in this work since it corre-
sponds to inserting the Wilson loop in the chiral algebra plane.
On the other hand when m = e_, since the center of mass factor multiplied to each

instanton sector vanishes, the Wilson loop reduces to its classical value
N
U(N o
qur(1d : (CL, m=€_, €1, 62) = Z et (236)
=

We conjecture that the U(N') fundamental Wilson loop involves the U(1) Wilson loop factor
and thus the SU(N) Wilson loop expectation value is given by

SU(N U(N
qun((i ) = qur(ld)/ WU(l) ) (237)

where WU is the abelian Wilson loop of unit charge under the overall U(1) gauge group.
One can also identify this abelian Wilson loop expectation value from the U(1) gauge
theory computation. The answer is

WU(l) — " PE [(1_671'7‘61)(1_677;7‘62) ZU(I)] — M PE | e—tra (1_eir(e_im)) : i ; 7 (238)

where a is the equivariant parameter of the U(1) gauge symmetry and zy(1) is the letter
index of the U(1) instanton partition function given by
(6_2+m) sin r(6_27m) q

in C€L gin €2 —q
sin 5t sin 5 1—gq

T
Sin
AU(1) =

(2.39)

This abelian Wilson loop shows the expected behavior in the special limits. In the limit
m = €4, it reproduces the Plethystic exponential term in (2.35) and, in the second limit
m = e_, it vanishes as expected. This conjecture for the SU(2) fundamental Wilson loop
can also be checked by comparing against the Wilson loop computation value of the Sp(1)
gauge theory, which we have confirmed for the single instanton calculus.

The abelian Wilson loop can be interpreted as a heavy tensor multiplet in the 6d theory.
The U(1) instanton partition function is the Plethystic exponential of the letter index 2u(1)
and agrees with the index of a single tensor multiplet on 72 x R* [32]. The index of the
heavy tensor fields can be obtained from the index of the single tensor multiplet by removing
the factors corresponding to the motion along R*. We can achieve it by multiplying the
factor (1 —e~"1)(1—e ") to the letter index zy(y). Thus the index of a heavy 6d tensor
multiplet is the precisely the index of the abelian Wilson loop in (2.38).
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The Wilson loop expectation value in the other representations can be computed in the
similar manner. We have to insert the corresponding Chern character to the instanton par-
tition function. One can construct the equivariant Chern character in the general represen-
tation of the gauge group using that of the universal bundle £. For instance, the equivariant
characters in the symmetric and anti-symmetric representations are given by [28§]

Cheym = = [Che(€)* + Chy2(E%)] ,
(2.40)

N~ N

Chanti = = [Che(€)* = Chp2(€%)] .

Here ¢ stands for the exponential of equivariant parameters and thus Ch,(€) means the
equivariant character of £ with doubled equivariant parameters. We can apply the similar
construction for other representations. The instanton partition functions with the insertion
of these characters yield the corresponding Wilson loop partition functions.

The Wilson loop partition functions in general representations have the universal center
of mass factor which vanishes in the limit m = e_. Thus, in this limit, the Wilson loop
partition function in the representation labelled by highest weight A takes the form of the
classical expectation value

W;\J(N)(a,m = €_,€1,69) = Try(e™) . (2.41)
On the other hand, it exhibits a rather complicated expression when we take the limit
m = €4 of Wilson loop in a general representation, which we do not discuss in this paper.

2.5 Codimension 2 defects

The non-abelian (2,0) theories are expected to have codimension 2 surface defects whose
study was initiated in [1, 2] in the context of the construction of four dimensional theories
of class S. For a detailed discussion of the classification and properties of codimension two
defects see [33-37].

For g = An_1 the codimension 2 defects are in 1-1 correspondence with homomor-
phisms p : su(2) — g. They can be labelled by a partition [ni,...,n,] with 37 n; = N
and by convention we take n; < n; if ¢ < j. This data encodes how the fundamental
representation decomposes N — nj + ---ns into representations of the image of p. An
important property of codimension two defects is that they support a flavor symmetry.
Let ¢; be the number of times that the number j appears in the partition [ng,...,ng so
that Zj jl; = N. Then the flavor symmetry supported by the defect is s(®; u(¢;)).

Codimension 2 defects can be understood as transverse M5 branes intersecting with the
primary stack of N coincident M5 branes. However, there is an alternative description of
codimension 2 defects discussed in [38, 39] whose connection to our computations is more
transparent. This involves the primary stack of N Mb-branes probing a multi-centered
Taub-NUT (TN) space with s singularities. The Mb5-branes wrap the circle fiber and
extend along a radial direction of the base R? of TN, with a number n; M5 branes ending
on i-th singularity. Thus the data classifying such configurations is a partition [nq,- - ,ng]
of N. Each set of n; Mb-branes is supported on a cigar in the TN geometry. When all
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s centers coincide, TN develops an Zg orbifold singularity. Such configuration generates
a codimension 2 defect at the tip of the cigar spanned by the M5 branes. Later in this
section, we will compute the partition function in the presence of the codimension 2 defects
using the instanton calculus of the 5d SYM on the Z; orbifold plane.

The brane descriptions indicate the symmetries that are preserved by a codimension
2 defect. Firstly, the six-dimensional conformal and R-symmetries are broken to

50(2,6) — s0(2,4) D so(2);,

(2.42)
50(5) — 50(2)2 ®s0(3)r -

Let us orient the defect such that the unbroken conformal symmetry so(2,4) and R-
symmetry s0(3)gr have Cartan generators (E,hg, hs) and R = R; respectively. The re-
maining s0(2); and s0(2)y symmetries are generated by h; and Rs. The combination
r = —h; — 2Ry generates a superconformal R-symmetry u(1), while the remaining di-
agonal combination d = hy + Ry becomes an additional u(1), flavor symmetry. The full
symmetry preserved by a codimension 2 defect is thus su(2,2|2) @u(1)y with the first factor
being the A/ = 2 superconformal algebra of the 4d theory living on the intersection. For
the other orientation, similar relations hold with cyclic permutations on h1, ha, hs.

Let us consider in detail the case where the codimension 2 defect spans the plane
rotated by (he, h3) (we could also consider (hj, hg) with similar results) so that in particular
it fills the chiral algebra plane rotated by hs. In this case it is illuminating to write the
supersymmetry algebra generated by the charges @ and Q' in terms of the su(2,2|2) G u(1)
generators as

{Q7QT}:E_2R+T_h2_h37

. (2.43)
{Q,Q"y=E—2R—7r+hy—h3.
The chiral algebra limit of the superconformal index can be written
_ i
T ="Try,, (- " s Tt (2.44)
J

where we have introduced additional fugacities t; for the Cartan generators f; of the
s(®;u(l;)) flavor symmetry of the defect. Note that s becomes a fugacity for the addi-
tional u(1)4 flavor symmetry. In what follows, we find that all states contributing to the
superconformal index have d = 0 and therefore the index is independent of s. The index
then coincides with the Schur limit of the N/ = 2 superconformal index for the su(2,2|2)
algebra in four dimensions [5, 40, 41].

As before, we cannot compute the superconformal index in the presence of a codimen-
sion 2 defect directly in six dimensions. However, it is expected that for a codimension 2
defect wrapping S, there is an equivalent description as a monodromy defect in 5d A/ = 2
SYM. Such monodromy defects were introduced in the physics literature in reference [33]
in the context of 4d N' = 4 SYM. Extrapolating the arguments there to five dimensions,
we expect that a monodromy defect labelled by the partition p = [ny,...,ns] has an alter-
native description by coupling 5d /' =2 SYM to a 3d N = 4 g-model whose target space
is T*(G/L) where L = S(U(n1) x ---U(ns))) is the associated Levi subgroup.
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Figure 2. Linear quiver.

This o-model has a UV description as the gauge theory T),(g) introduced reference
in [42], which is the linear quiver shown in figure 2. In particular, there is a sequence gauge
groups U(r;) where r; =ny +---+n; fori = 1,...,s — 1 (so that r; = N). There is an
su(N) symmetry acting on the N hypermultiplets at the final node, and on S® we can turn
on corresponding real mass parameters in the Cartan subalgebra. Here we work instead
with imaginary mass parameters a = (ay,...,ayn) with ) ;aj = 0. They are identified with
the expectation values of the scalar fields in the vectormultiplet of the bulk theory. There
is a also topological u(1)*~! manifest in the linear quiver description, which is enhanced
to s(®; u(¢;)) in the infrared. Let us introduce corresponding FI parameters by m; where
>_;m; = 0 dual to the Cartan generators of s(&; u({;)). They are identified with the flavor
fugacities of the 6d superconformal index by t; = e Pmi,

At this point, the most rigorous way to proceed would be to attempt an exact localiza-
tion computation for N’ =2 SYM on S° coupled to T},(g) supported on S* C S°. This com-
putation is beyond the scope of the present paper. Instead, we will employ an effective de-
scription of these surface defects as monodromy defects of Levi type [ = s(u(n1)®- - -@u(ns))
and factorize the computation of the partition function into contributions from three fixed
circles of 5. The validity of our procedure will be tested a posteriori by reproducing the
S3 partition function of T,(g) by sending the bulk coupling g? — 0.

Let us now describe the computational scheme. Our first assumption is that in the
presence of a surface defect of type p, the partition function can once again be expressed as a
matrix integral, whose integrand is factorized into contributions localized at the three fixed
circles S (1a), a =1,2,3. For definiteness, suppose that the surface defect is supported on the
three-sphere 55’3) C S% containing S(ll) and S 12) as Hopf linked circles but supported away
from 5(13). Thus contributions localized at 5(3) should not be changed by the presence of
the defect. On the other hand, from the perspective of S (11) and S (12) the defect is supported
on subspaces S x C, and S' x C, of S’ x C2 _ with the equivariant parameters identified

€1,€2
as in table 2.

Thus it is reasonable that the partition function of the combined system can be ex-

pressed as

42

Np 271'2 -
/ [da] 3 ePoioams ()~ Feras (70M) 7 (1) 72) 7(3) (2.45)
o=1

where the contribution from the third fixed point Z®) is the same as in the absence of the
defect. The measure now becomes

Z'N—l
[da] = —————d"1a (2.46)

nilng! -+ ng!
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as the gauge group is broken to the subgroup L. The summation o = 1,..., N, runs over
the supersymmetric vacua of the three-dimensional theory T,(g) on S I'x C. The number
of these vacua is in general N, = N!/(n1!na!...n,!). Note that the classical action has an
additional contribution with the monodromy parameter 77, whose derivation on round S°
is given in the appendix B.

Our second assumption is that the contributions Z@Z; at fixed points S(ll) and 5(12)
are given by the 5d Nekrasov partition function in the presence of a monodromy defect.
The partition p = [n1,ng,...,ns| labelling the surface defect determines the Levi subgroup
L = S(U(ny) x --- x U(ng)) left unbroken by the defect. Given a Levi subgroup L, the
additional label o specifies the nonequivalent choices for how L can be embedded into
SU(N). A particular choice can be denoted by L,. The monodromy defect labelled by
o = 1 corresponds to the singularity

?{ A=2mm, (2.47)
|z2|=€
where
T?Z = (ml)"' sy T, T2y s 1T,y s vy Mg~ * )ms), (248)
ni n2 Ns
and my, ..., ms are identified with the FI parameters of the three-dimensional theory T)(g).

Note that m can be characterized by the property (m,p) = 0 where pf = pp, ... D
Pn. 18 the Weyl vector of the subalgebra [ with the embedding 0 = 1. The remaining
supersymmetric vacua o correspond to nonequivalent choices of Levi subalgebra of the
same Levi type [. Thus o correspond to permutations that are not simply permutations
within each block. The number of such permutations is clearly N, = N!/(n1!...ns!) which
matches the number obtained from the quiver description of 7,. Thus, the supersymmetric
vacua are elements o € W/W, where W is the Weyl group of [.

Let us now explain how to compute the 5d Nekrasov partition function in the presence
of a monodromy defect using the ramified instantons computations of [36, 39]. It is known
that the moduli space of the ramified instantons of U(N) gauge theory is equivalently
described by the moduli space of the instantons on the orbifold space C x C/Z, where
Zs acts on the complex coordinates as (z,w) — (z,ww) with w = ¢’s". Note that the
defect spans the z-plane. The equivalence between the monodromy defect and orbifold
construction has been proven in the mathematical literature [43, 44]. Reference [45] (see
also [46]) also demonstrates explicitly that the obrbifolding procedure directly reproduces
the vortex partition function of 7),(g), when the 5d gauge coupling is sent to zero.

The geometric orbifold action is accompanied by the non-trivial U(1)® holonomy action
on the gauge group which will be explained momentarily. We also twist the rotation
symmetry s0(2); of the coordinate w with the s0(2)2 R-symmetry subgroup in so(5)r to
have unbroken supersymmetries. The Zs then acts on the diagonal combination u(1)4.

This allows us to construct the instanton moduli space with a monodromy defect from
the usual ADHM construction simply by applying the Zs action. The standard orbifolding
procedure leads to an ADHM construction whose quiver, called the chain-saw quiver, is
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Figure 3. Chain-saw quiver.

shown in figure 3. After the orbifolding, we have vector spaces V; and W; of complex
dimensions

dimcW; =n;, dimcV; =k;, (2.49)

for the nodes in the quiver diagram. Here the index ¢ is defined modulo s so that
Ver1 = Vi and Weyy = Wi, The associated ADHM data are given by matrices
A; € HOm(Vi,V;), B, € HOm(Vi,V;_H), P, € HOII](WZ‘,Vi) and Ql S HOm(VZ‘,Wi_H). As

a complex manifold, the moduli space of the ramified instantons M, ... x, is obtained by

S

setting to zero the complex moment map
Ai-l—lBi — B;A; + Pi—i—lQi =0, (250)

and performing a quotient by the complexified gauge group ®;GL(k;, C).

The localization of the ramified instanton partition function was explained
in [36, 39, 47]. The saddle points of the localization are again classified by the standard
N-tuple of Young tableaux Y. The Young tableaux are now labelled by

?:{Y',Oé}7 (j:]-,"'787a:17"',n5). (2‘51)

The boxes in the j-th column of the tableau Y;, contributes to the dimension of V;i;_1,
i.e. ki—i—j—l-

Let us first compute the equivariant indices of vector bundles on the ramified instanton
moduli space. We compute it from the equivariant index on the standard instanton moduli
space by acting Zs orbifold. The Zg orbifold can be realized as an action on the equivariant
parameters €2, m and a. Before proceeding, the parameters a should be renamed as

(a1,a2, -+ ,an) = {aia} - (2.52)

We turn on the U(1)® gauge holonomy such that Zs action rotates the guage parameters

as Uja — Qjo — j27;", while changing the so(2); rotation parameter as eo — <2 + 2”%
Alternatively, we can redefine the gauge parameters as
j, — aj,a — j€2 3 (253)
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and turn off the U(1)® holonomy, which effectively substitutes the U(1)® holonomy action
by Zs action only on €3 parameter.

For the tangent bundle T M? of the ramified instanton moduli space, the equivariant
index at the fixed point Y is given by

s—1 .

1 €2 J€2
Ind €1,€2,a) = g —Indyrm, €1, — 050 — — , 2.54
TMap?( 1 €2,0) = TMy ( ! s e S €2—reo+2mir ( )

and, for the adjoint hypermultiplet, we get the index

1 € je €

2 2 2
Ind,,x,,(€1,€2,a,m) = E —Ind €1, —,Qjg — —, M — — 2.55
Vgp( 1, €2 ) = S V;I;I ( 1 S S S 25> ex—reg+2mir ( )

Remember that the Z, orbifold acts on the u(1); which simultaneously rotates the co-
ordinate w and the s0(2)y R-symmetry, and also on the Cartans of u(/N). In the above
indices we have implemented the Z; orbifold as the action only on €5 by shifting the mass
parameters a and m. In addition, we need to multiply the momentum factor »_, ;e x
along the temporal circle in five-dimensions.

The partition function computation is straightforward using the conversion rule. The

ramified instanton partition function is given by
Zhgler,e2,a51,m,9) = > 2(V H g (2.56)
Y

2(57) is the product of weights in the equivariant indices at the saddle point ¥ and q; are

the instanton fugacities. q = qiq2---qs is related to the dynamical coupling of the bulk
gauge theory. We identify the instanton fugacities with the monodromy parameters as
follows:
an? T(mz mz+1) Lsr(ms_ml)
4i=1,2,--,s—1 = € 92 s s = qe 9 . (2.57)

Similarly, we can compute the perturbative contribution under the Z, orbifold using
the above equivariant indices. It is given by

1/2

)

T H Ly (io—aj5 =[5 €2+m+71) 3(aia—aj— [ e2-m+9)
Zper =l Bl I"(am—ajg Te2)T3(aia—ajz— ( —|€2+61)
(2.58)
where [-] denotes the ceiling function. It turns out that the perturbative partition function
factorizes into the contributions from the 5d theory and from the 3d theory supported on
the defect. For instance, for the full defect of type p = [1,1,---,1], the perturbative
partition function factorizes as

derE1 = Zpert(m —m+ 62/2) X Z34 ;pert s
1/2
S ((e,a); 2, 1) S5 ((e,0) — 25 -2 q)
Z3d,pert = ’ r . (2,59
Spert [[0 S ((ea) +m+ 525, 61) S ((era) T m— 2 + 525, o) (2.59)
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with the double sine function defined as the following regularized infinite product

o0

(n1w1 + naws + %)
H ((n1 4+ Dwy + (ng + Dwe — 2)

Sa(z; wy, wa) ~ (2.60)

ni,n2=0
The primed function is defined as S5(0) = lim,_,¢ S2(2)/z.

Z3d pert is the perturbative contribution from the 3d theory on the defect. Indeed, this
3d factor agrees with the perturbative contribution in the holomorphic block of the three
dimensional T[U(NN)] theory, which is believed to be the 3d theory living on the defect.
We find that the product of two 3d factors, from 55’3) for example, with the physical
parameters u,wi 23 constructs the 1-loop contribution to the S3 partition function of the
T[U(N)] theory in the Higgs branch expression [45]:

Z3dpert(Mm = p+ w1 /2 + w3 /2,1 = 2w /w1, €1 = wa) X Z3d pert (W1 > w2)

o SQ((@,Q);wl,WQ) (2.61)
= H 5,

((e,a) + p+ LFLEE () o)

e>0
Furthermore we find that the ramified instanton partition function in the decoupling limit
q — 0 (or g — 0) reproduces the vortex partition function of the T[U(N)] theory. For
example, the instanton partition function of the U(2) gauge theory in the decoupling limit is

(= 2) . e /2
1 =17 _ 4 sin m;el/ ) sin T(a12+7; €1/2) 5 69
lm inst T rey r(a12—e1) a1 (2.62)
Sln 2 Sln — 9
sin r(— m—21—61/2) sin r(a12+7;1—61/2) sin r(—m—i2-361/2) sin r(a12+rg—361/2) )
+ 4+ .-
sin "L sin rep sin 11261 g T{ez—261) o
2 2

This is precisely the vortex partition function of the T[U(2)] theory [45, 48].

Let us now discuss the limits m = e; which are needed for the chiral algebra limit of
the superconformal index. Due to the mass shift m — m — <, these limits become the
limits m = +e;/2. For simplicity we shall consider a partlcular embedding o = 1 of the
Levi subgroup.

In the limit m = —e;/2, the perturbative contribution (2.58) reduces to unity due to
the cancellation between contributions from vector and hypermultiplets

lim 27 . (2.63)

m—ey /2 pert —

A similar cancellation happens in the instanton calculus and we find that the contribution
at each instanton fixed point becomes unity. Thus the instanton series is significantly
simplified so that it simply counts the number of fixed points characterized by the same

instanton numbers (k1, ke, - - , ks). For generic p, we claim that
i+j—1 i
-N
mgIen/Q Zlnst q q qu (1 - H qa>
N —n; s i1—1 An2y —n;
mMiq
(4;9)m H H < ) <qe a2 J;q> . (264)
i=1j=i+1 O j=245=1 o0
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where the g-Pochhammer symbol is defined as (2;¢)o = [[7o(1 — 2¢") and we used the
notation m;; = m; —m;. The first equality was given in [39]. Here the index a is taken to
be modulo s. We have checked the second equality for N = 2,3,4,5,6,7 with arbitrary p
at some lower orders in ¢; expansions.

In the second limit m = €;/2, after some algebra and using identities of Sz, we find
that the perturbative contribution simplifies to

lim 7P, = (;;r)N/Qf[ H 2sin (g(e,a)) , (2.65)

m—er /2

where Aj denotes the positive roots of subgroup U(n;) C L. For instantons, the contri-
bution at each fixed point Y contains the following center of mass factor as a universal

prefactor
sin r(m—ei/2)

2
T (2.66)

which vanishes when m = €1/2. Therefore all fixed point contributions are identically 0

and it proves that
lim Z° 1. (2.67)

Mm——e1 /2 inst

3 Why-algebra characters

We will now combine the results of the previous section to compute of the chiral algebra
limit of the 6d superconformal index in the presence of supersymmetry preserving config-
urations of defects. In this limit, we can evaluate the Coulomb branch integral of the S°
partition function explicitly and express the result manifestly as a 6d superconformal index.

In the absence of defects this superconformal index has been shown to coincide with the
vacuum character of u(1) in the case of the abelian tensormultiplet and the Wy algebra for
the non-abelian theory of type Ax_1 [9, 11, 19]. In this section, we consider combinations
defects that do not intersect the fixed circle 5(13) C S that is distinguished by the chiral
algebra limit — as shown in figure 4. From the perspective of the superconformal index,
this means that the defects are point-like in the chiral algebra plane and are expected
to correspond to chiral vertex operators. Indeed, we will reproduce the characters of

irreducible modules of u(1) and the W-algebras found in [20].

3.1 Vacuum module

Let us first review the computation of the chiral algebra limit of the 6d superconformal
index in the absence of any defects [9, 11].

Tuning the mass parameter in the 5d partition function to u — %(wl + wo — ws), the
computation of the five-sphere partition function simplifies dramatically. In particular, the
instanton partition functions at fixed points (1) and (2) are one and at fixed point (3)
becomes simply a g-Pochhammer symbol. In addition, the perturbative contributions at
fixed point (3) become one and simplify dramatically at fixed points (1) and (2). Let us
consider the abelian tensormultiplet and the non-abelian theories in turn.
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Figure 4. A summary of the configurations of a codimension 2 and codimension 4 defects that in
the chiral algebra limit reproduce characters of irreducible modules of the Wi-algebra.

It is convenient to introduce the notation 27iT = —fBws so that ¢ = €*™7. We also
set wiwy = 1 since the final results do not depend on it (i.e. only depend on the ratio
b? = wy /ws). For the U(1) theory, the contributions from each fixed point are

Zay=Zo =1,  Zg=1/n(-1/7). (3.1)

We have multiplied to Z(3) an overall factor eTsr to make it as a modular form. As studied
in [11] this factor is related to the leading high temperature behavior of the 6d abelian
index, which cannot be observed from the 5d partition function because we have assumed
the index to be smooth in 5d limit and regularized it. The detailed discussion will be lef;c

for a later work [24]. Combining these contributions with the classical contribution e
we have a gaussian integral

ewiaQ/T 1
Zuy =i [ da = 2

This expression is the vacuum character of the (1) chiral algebra including the contribution

from the central charge ¢ = 1.
For the SU(N) theory the contributions from each fixed point are

Zay =[] 2sinwb""(e,a),  Zoy =[] 2sinwb(e,a),  Zg =1/n(-1/7)¥' . (3.3)
e>0 e>0
Strictly speaking we have performed the instanton calculus for U(NN) and divided by the
U(1) instanton contribution. Combining these contributions with the classical contribution
™ (@) we find

™ (a.a)
. er
ZSU(N) = /[da] H2Sln Wbi(e,a) W
- o (3.4)
_ le e(o)q™ (a(p)=p:p)
oew

For compactness we have introduced the shorthand notation f(b*) = f(b)f(b~'). We have
also introduced the standard notation Q@ = (b+1/b)p where p = ZN_l wj is the Weyl vector
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and we have a summation over the Weyl group W of g = Ax_1. The integration over a
in the Cartan subalgebra was again gaussian and performed by systematically completing
the square in the exponential.

Now, using the Weyl denominator formula

Z e(o)g~@P)=rr) — H(1 — o)y, (3.5)

oeWw e>0

we can express the partition function on squashed S° in a form that is manifestly a super-
conformal index or partition function on S x S°,

I1(1-q9)

-3(Q.Q)
q: 1 > o) PR = g 20
n(r) pnye _1(1 — gn)N-1
= ¢ 2uPE (N-1)g _ Zq(p,e)
l1—gq
L e>0 (3'6)
N—1
N -1
= ¢ 2uPE ( T )q— Z]qN_J
A
— o &PE q2—|—...—|—qN
q 1—g
where
c=N—-1+12(Q,
@.0) .

= (N —1)+N(N?2—=1)(b+1/b)?.

This result is precisely the vacuum character of the Wjy-algebra, see appendix A.2.
In particular, the final lines of equation (3.6) reflect that the states WE?) |0) are null if

0 < I < n and that the vacuum module is freely generated by WST;) forn =2,...,N
and | > n. In our correspondence with the superconformal index of the (2,0) theory, we
can identify these generators with local operators O, for n =1, --- | N — 1 generating the
%—BPS chiral ring and their holomorphic derivatives i.e. Wg) = 9l="(,,. Note that all the
states contributing to the superconformal index are bosonic.

3.2 Degenerate modules

In this subsection, we enrich the above computation by adding supersymmetric Wilson
loops wrapping S(ll) and 5(12). We expect to find non-vacuum modules of the relevant
chiral algebra. In the abelian tensormultiplet theory, we find non-vacuum modules whose
dimension depends on a pair of integers ny and ny. For the non-abelian theory of type
An_1, we will find the characters of the so-called completely degenerate modules of the
Wi-algebra.

Let us first consider the abelian tensormultiplet theory and add supersymmetric Wilson
loops of integer charge n; and ny on the circles S(ll) and 5(12) respectively. As described
section 2.4, the presence of the Wilson loops modifies the instanton partition functions
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localized at fixed points (1) and (2). However, in the special limit the instantons at these
fixed points decouple and the contribution is simply the classical expectation values. In

summary we have
Z(l) _ 627rian1/b7 Z(Q) _ eQTrianzb, Z(3) _ 1/77(_1/7_) . (38)

Combining with the classical contribution, we again have a gaussian integral

mia?/T
Z(n17n2) _ Z/ da 627ri0m1/b6271'ian2b €
v iR 77(_1/7—) (3 9)
e—iﬂT(nl/b+n2b)2 )

n(r)

This expression is the character of an irreducible non-vacuum module of (1) with dimen-
sion A = —1(n1/b+ nab)?.
In the non-abelian case, we can add supersymmetric Wilson loops supported on the cir-

cles S(ll) and 8(12

A1 and Ay respectively. Let us first consider the case where Ay = 0 in some detail. As

) and labelled by irreducible representations of Ay _1 with highest weights

above, the instanton contributions at fixed points (1) and (2) decouple in the special limit
and the contributions from the fixed points are

Zay = H 2sinmb ! (e, a) Try (™) Zg) = H 2sin7h(e,a), Zg) = 1/n(=1/7)N=1,
e>0 e>0
(3.10)

The classical value of the Wilson loop in the irreducible representation of highest weight A
—1)mi

(N
is inserted to Z(;). We have also multiplied a factor e” 127~ to Z(3) by hand. Computing
the gaussian integral in this case we find

=i (a.0) |
Z)\(T) = /[da] H 2 sin ﬂbi(e’ a) 67’1‘1‘)\(627”‘1/17)

i =L/

_ —(a(p)—p,p+N)
= T > €(o)g ,
n(7) oy

(3.11)

which is precisely the character of a completely degenerate representation of the Wi-
algebra with momentum g = —\/b and dimension A(u) = (Q, ) — %(u, ).
It is again illuminating to express this result in terms of the Plethystic exponential.

Z e(o)g~PImprtd) — H(l — glrthe) (3.12)

Using the formula

oew e>0
we find
c N -1
Z\(1) = W~ PE (1_q)q =) gl (3.13)

e>0

This demonstrates that we have a null state at level (p+ A, e) for each positive root e > 0.
For instance, in the case N = 2 we find the character of the degenerate module of the
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Virasoro algebra with a null vector at level r

A W=31 PR [q - qr} : (3.14)
l—gq
where now ¢ =1+ 6(b+ 1/b).
The most general completely degenerate module is found by placing two codimension 4
defects labelled by A1 and Ay wrapping the circles S(ll) and 5(12) respectively. The partition
function now evaluates to

qA(a)—%(Q,Q)

— —(o(p+A2)—p—Az,p+A
Dy (1) = W Z e(o)q (@(pt+A2)=p=Aa2,p+1) (3.15)
ocew
corresponding to a simple module with momentum o« = —\;/b — A9b. This exhausts the

spectrum of fully degenerate modules.

3.3 Semi-degenerate modules

In this subsection, we consider the a surface defect supported on the three-sphere Sé).
From the perspective of the superconformal index this corresponds to a codimension 2
defect orthogonal to the chiral algebra plane.

Let us briefly consider the abelian tensormultiplet theory. As we have argued in section,
the presence of a monodromy defect does not change the instanton contributions in this

—2mima

case. The only modification comes from a classical contribution e where m is the

monodromy parameter. The S° partition function

Z ' / g o—2mima €T (3.16)
=1 ae = . .

R F n(=1/7)  n(7)

is nothing but the character of an irreducible module of #(1) of dimension A = —m?/2.

We remind the reader that m is imaginary in our notation.

In the non-abelian case, let us first consider the most straightforward codimension
2 defect of type p = [1,1,...,1] = @. This leaves unbroken the subgroup Ly =
S(U(1) x ... x U(1)). There are N! supersymmetric vacua labelled by an element o € W
and corresponding to a permutation of the monodromy parameters m = (mq,...,my). In
what follows, we denote the monodromy parameters 71 by simply m (or u = @ -+ ), which
should not be confused with the A/ = 1* mass parameter that we have already tuned to
the special value.

In the chiral algebra limit, we find that the contributions from the fixed points are inde-
pendent of the permutation o. The contributions from the fixed circles S (11) and S (12) are one:

Zﬁ’)a = Z(%’)U = 1. The contributions from the fixed circle 5(13) is Zg’)a = 1/n(-1/7)N-1L

There are now two classical contributions in the presence of a codimension 2 defect. In ad-
dition to the familiar classical contribution e = (»®) there is also a contribution e~27ie(m).a)
which depends on the supersymmetric vacuum o. The origin of the factor is explained in

the appendix B.
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Putting the contributions together and summing over the permutations we have only
to perform a gaussian integral

i (g,a) —miT(m,m)

: er e

/[da] § : e—27rz(a(m),a) 3 _ —
O'ESN n(_;) 77(7—)

(3.17)

L—q

where we have defined p = @ + m and as before A(u) = (u,Q) — 3(p, p). This expres-
sion is precisely the character Try, (qLO_C/ 24) of a non-degenerate irreducible module with
momentum g = Q + m.

The above computation can be rephrased in an interesting way. First note that the
classical and instanton contributions to the integrand combine to form the non-degenerate

Lo—c/24)

character Try,, ((j on a torus with complex structure 7 = —1/7 and with momentum

a = @ + a. The above integral is then
Try, g™~/ = / (da) pi(a) Z(m, @) Try, g o~ (3.18)

where p(a) = [] 2sin7b* (e, a) is the 5d N = 1 vectormultiplet measure and
e>0

Z s e—27rz'(w(m),a)
wWESN

Z = .
(m, a) [I.-02sinmbt (e, a)

(3.19)

This is precisely the squashed S partition function of the 3d N = 4 theory T(U(N)) in
the chiral algebra limit. This is an important evidence that our computation in terms of
monodromy defects is correctly reproducing the surface defect that we intended. Note that
the combination S, o = p(a)Z(a, m) can be identified with the modular transformation
matrix for non-degenerate Wi-characters.

Let us now consider a generic codimension 2 defect labelled by the partition p =
[n1,n2,--+ ,ng] where ny < ng < --- < ngand )7 ;n; = N. In the presence of the
defect, the gauge symmetry of the five-dimensional theory is broken to the Levi type
[ = s[u(n1) X -+ X u(ng)]. The supersymmetric vacua are labelled by a permutation
o € W/W,. Due to the presence of non-abelian factors in [, there are now non-trivial
perturbative contributions

S s

2oy =1 11 2simmb (o). g7 =] ] 2sinnble.o@). (320
J=leenf i=leent

where Aj corresponds to the positive root space generated by {erj, ooy € -1} where

rj = n1 + ...+ nj. These are the roots whose non-zero elements lie entirely within the
n; X n; block. The instanton contributions to the the fixed point 5(13) remain unaffected
by the presence of the defect, so Z(3) = 1/n(—=1/7)N=1. As before, there is an additional

—2mi(o(m),a)

classical contribution e — see appendix B.
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Putting the contributions together and summing over the supersymmetric vacua
we have

/[da} Z Z(pl’)ZF,) “amlotm)a) (_l)Nfl
cEW/ Wy N T

A(p)-3(Q,
_ M Y e(o)glemren,

N—-1
n(r) oyl

(3.21)

which is the character Try, (qbo=¢/24)

of a semi-degenerate module of the Wy-algebra with
momentum g = Q +m — (b+ b~1)p; where (m, p) = 0 and p; is the Weyl vector of the
subalgebra .

We can also introduce the codimension 4 defects supported on the fixed circles S(l)
and S( %) As these circles are inside S’?) we may only introduce supersymmetric Wilson
loops in the unbroken gauge symmetry. For the abelian theory, we can introduce super-
symmetric Wilson loops of any integer charges n; and no, and the result is the character
of an irreducible module of %(1) of dimension A = —(m — ny /b — nab)?/2.

For the non-abelian theories, the supersymmetric Wilson loops at the fixed circles S (11)
and 5(12) are characterized by the dominant integral weights A; and Mg of the the Levi
subalgebra [ C g, respectively. The weights obey the constraints (A1,e) > 0 and (Ag,e) >0
for all e € U§:1 A;r. Plugging these Wilson loop contributions into the partition function

we obtain
. . . e (aa)
Z VA ZPUTr ( 27rza/b) Tr), (62mab) efZﬂz(a(m),a)
1) 2 n(—1)N-1
oeW/W[ T (3 22)
Alw)—1(Q, :
- M Z e(o-)q(Pr+>\17PI+A2)—(U(P[+)\1),P[+)\2)’

N—-1
n(r) oyl

where 1 = Q +m — b~ (p+ A1) — b(pr+ A2). Here W is the Weyl group and py is the Weyl
vector of [.

4 Affine characters

In this section, we will consider adding a surface defect wrapping one of the circles S?l)
or 55’2). From the perspective of the 6d superconformal index this corresponds to adding
a codimension 2 defect wrapping the chiral algebra plane. In the case of a codimension 2
defect labelled by the partition p = [1?V] we will now find characters of irreducible modules
of the affine algebra si(N) at level k = —N — b2, We will leave exploration of general

type p defects for the future.

4.1 Vacuum module

Let us first consider a surface defect of type p supported on S?I). The same formulae
will apply for S?Q) by interchanging b <> 1/b. These correspond to codimension 2 defects
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Figure 5. A summary of the configurations of a codimension 2 and codimension 4 defects that
in the chiral algebra limit reproduce characters highest weight modules of the affine s1u(N) at level
k=—-N—b*2

wrapping the chiral algebra plane. In the chiral algebra limit, the contributions localized
at the first two fixed points are

= H2sin7rb*1(e,a), Zp’ H H 2sinmb(e,0(a)), (4.1)

e>0 j= 1e€A;r
and, from (2.64), at the third fixed point is

2y~ @ 1 1T (#%7a) Hn<qe Hoog) M @

i=1j=1i+1 i=2j=1

Combining all three fixed point contributions, the full partition function is

/[da] H2sin7rb_1(e,a) Z e(0) H H 2sinb(e, o(a)) €7 (B~ bE(m)a) Zé)

e>0 cEW /Wy j=1 eeAj+
= (—ir) M 1qA( W-3Q.Q) Z e(0)ql7(m—pPo=—mtrue) o ZFS)’ (4.3)
oceW

where ;1 = Q+m—b"'p—bp;. This is not yet the superconformal index as the function Z 53)
still takes the form of a weak-coupling expansion expanded by ¢ not ¢q. The superconformal
index can be in principle obtained by S-dualizing Zé,)) and putting the result to the rest of
the partition function. However, for generic p, the S-dual formulae for Zf’g) is not known
and we could not find the index expression of the partition function.

In what follows we shall focus on a surface defect of maximal type p = [17V] in the
chiral algebra limit for which Z(3) has a nice modular property and can be re-expanded by

q. We find

70 [1M] 0 (=1 /T)wna (e,m)) 1 -1
@ e<0 ( T ‘ T> (4.4)

N NWN=D N (N-1)(N-2) _mi(e.m)? 1
= (=) 7 (min) ) [[e T 0 (em)n T

e<0
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with the theta function

(o)
0(z|r) = —ig"By P T[1 - )AL —ya) (1 =y, (4.5)
i=1
omi omi (N2-1)mi 2mi(e,m) Lo
where ¢ = e“™7 and y = e“™%. The extra factors e 2= and [[._,e” -  are multiplied

by hand to the standard instanton series for Z(3) being a modular form. Again the former
factor is interpreted as the leading term in high temperature expression of the 6d index,
while the latter factor appears to be ambiguity which is not fixed in the 5d partition
function.

The partition function in the presence of the defect is given by

Zyny = /[da] HQsinﬂlfl(e,a) Z e(a)e*@b(a(m)’a)e%(a’a) X Z(3)

e>0 oceEW
i 1 N 1
— o= T (mm)(N+b%) \— 57 (N?=1)(N/b*+1) (.. - -
ik ( ) N Zi
= epipy | L[S E |
3,7=1

where we write z; = e2™m;  The partition function can be recognized as the character of
the vacuum module of the affine algebra su(N) at level k = —N — b? and with associated

Sugawara, central charge ¢ = (N/b? 4+ 1)(N? — 1). More precisely we have

Ziyy = e~ 0 Ty (qLo—Qa I z;w) , (47)

J

where the vacuum module V; has highest affine weight A = kdo. A summary of our
conventions and a derivation of this result can be found in appendix (A.3). Note that in
this case, we reproduce the vacuum character up to a small prefactor e T (mam) depending

only on the level.

4.2 Highest weight modules

Let us now introduce a supersymmetric Wilson loop wrapping S(ll). It is important that
the support of this supersymmetric Wilson loop does not intersect the support S?l) of the
surface defect. This means that the gauge symmetry is unbroken near the fixed point (1)
and we can introduce Wilson loops that is still in irreducible representations of SU(V)
labelled by the highest weight A. From the perspective of the 6d superconformal index this
corresponds to a codimension 4 defect orthogonal to the pre-existing codimension 4 defect
— see figure 1(c).
The presence of the supersymmetric Wilson loop changes only the contribution local-
ized at S(ll) to
Zy = H 2sin b~ (e, a) Try (e2™/Y) (4.8)
e>0
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and thus the full partition function becomes

Z[lN} A= Z[lN] X qﬁ((pvf))_(l)‘&‘)\,pﬁ-)\))

—27rim)

xa(e

in N oo (4.9)
. Tk(m,m)qA)\—c/24 YA(2) PE 13 Z ? 1 ’
G\ij=1 %
where now the dimension is Ay = (2)‘(’,;\%’))) and x\(z) denotes the character of the finite

dimensional representation of Ay_; with highest weight A. This is exactly the character
of an irreducible module of the affine lie algebra at level K = —N — b? with affine highest
weight X = k@o + \. As before, we refer the reader to appendix (A.3) for a summary of
this result.

5 Discussion

Let us conclude with a number of speculations and promising directions for further research.

Firstly, we believe that our computations provide an important step towards deriving
the connection between the superconformal index of 4d N = 2 theories of class S and
topological quantum field theory [4, 5]. Let us recall from [5] that in the Schur limit the
superconformal index of the class & theory corresponding to a Riemann surface with n
maximal punctures of type p = [1?V] and genus g can be expressed as

YO (ar) - dha(an) (5.1)
A

where the summation is over the finite dimensional irreducible representations of g and
the expression for the structure constants C and wavefunctions ¢ (a) can be found in [5].
Promoting the 4d superconformal index to the S! x S3 partition function we observe in
the case g = Any_1 that

1. C) is the superconformal index of the (2,0) theory in the presence of a codimension 4
defect labelled by dominant integral weight A orthogonal to the chiral algebra plane.

2. 1x(a) is the superconformal index of the (2,0) theory in the presence of a maximal
codimension 2 defect wrapping the chiral algebra plane and an orthogonal codimen-
sion 4 defect labelled by .

Presumably this can be extended to non-maximal punctures of generic type p.

The above picture also suggests a concrete proposal for how to compute the wavefunc-
tions 1, x(a;, p, q,t) appearing in the superconformal index of class S theories with general
fugacities turned on. They should correspond to the superconformal index on S* x S° with
a codimension 2 defect of type p wrapping say S* x 5?1) and codimension 4 defect of type
A\ wrapping S! x S(ll). Note that the two defects coincide only along S': S?l) and S(ll)
are Hopf-linked inside S°. The 4d parameters are identified with the parameters of the 6d

superconformal index as

{ai,p, ¢, tYag = {zi, 42, 43, (14243) > Yea (5.2)
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Some initial checks of this proposal are performed in [45]. This observation is of mathe-
matical interest as these wavefunctions should provide a complete set of eigenfunctions of
the elliptic Ruijsenaars-Schneider integral system for the codimension 2 defect of maximal
type p and more generally its degenerations.

It is natural to identify the wavefunction 1, with the contribution to the 4d super-
conformal index of class S theories from a disk with puncture. This can be understood
by reformulating the 6d superconformal index in terms of the 4d superconformal index on
St x SE’I) together with a topologically twist along the two transverse directions involving
S(ll), which are identified with a disk with puncture. The puncture corresponds to the
insertion of the codimension 2 defect of type p. The boundary condition along the S(ll)
may be specified by the codimension 4 defect of type A.

Note that there is an additional parameter in the 6d superconformal index conjugate to
hi+ R, which is turned off in the identification (5.2). This reflects the topological twisting
along the Riemann surface. One can also check the chiral algebra limit p — (q1q2/q3)"/? of
the 6d superconformal index corresponds precisely to the Schur limit ¢ — ¢ of the 4d N' = 2
superconformal index of the theory on the S x S?l)‘ This suggests that it is possible to
enumerate the states contributing to the superconformal index of 4d theories of class S and
identify their six-dimensional origin. We hope to return to this question in future work.

For codimension 2 defects wrapping S* x 5?1)7 we could express the partition function
manifestly as a 6d superconformal index only in the case of a maximal puncture p = [17].
For more generic punctures, although we could find an integral expression and perform
the integral explicitly, we could not transform the instanton contribution Zé) from the

—27i/T t6 an expansion in the 6d

third fixed point from a weak-coupling expansion in § = e
fugacity ¢ = e2™7. It will be interesting to find the modular property of Z 53) for a generic p
and compute the superconformal index. Based on previous work, we would expect to find
the characters of modules of W (p)-algebras, which are obtained from the affine algebra
su(N) by Drinfeld-Sokolov reduction [49]. As shown in [41], one can also reduce the flavor
symmetry su(N) of the maximal defect p = [17V] by coupling to a 4d A/ = 2 linear quiver
tail by gauging the global su(N) symmetry and then Higgsing the theory by giving vacuum
expectation values to the bifundamental hypermultiplets.

Finally, a complementary approach to computing the 6d superconformal index is to
use the 5d gauge theory on S' x CP? by reducing the 6d (2,0) theory on S' x S° along
the Hopf fiber of S°. In this case, the partition function including the non-perturbative
instanton contributions is expressed manifestly in the form of a 6d index, without the need
for performing a modular transformation on 7. The partition function with codimension 2
defects of generic type p could be computed by this method and compared to the characters
of W (p)-algebra. This could also allow the 6d superconformal index with defects to be
computed in the case of general fugacities.
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A Chiral algebras

A.1 Conventons

Let us summarize our conventions for g = Ay_1. We choose the standard metric (, ) on b*
normalized such that the length (e,e) = 2 for all roots e and identify h = h*. The simple
roots denoted e; are dual to the fundamental weights w; i.e. (e;,w;) = d;;. The Weyl vector
is the sum of the fundamental weights p = Z;V: 11 wj and has norm

1
(pp) = GN(N* = 1). (A1)
The weights of the fundamental representation are
hj:wl—el—...—ej,l jzl,...,N, (AZ)

and obey (hj, hj) = 0;; — 1/N and Zjvzl h; = 0. The weights of the rank-r skew tensor
representation are then given by h;, + ...+ hj, for 1 < j; < ... < j. < N. The positive
roots are h; — h;j for 7 < j and the simple roots are e; = hj — hjy1. The Weyl group Sy
acts by permutations of hqy,..., hy.

We will often represent elements of g by traceless anti-hermitian matrices

. 1 1 1
h]‘:Zdlag<—N,...71—N,...,—N> (Ag)
H‘,—/
J
with (a,b) = —Tr(ab) on h. For an element a € h we define its components by a; = (a, h;)

so that Z;Vzl aj =0 and (a,a) = Tr(a®) = a} + ...+ d%.

A.2 Wy-algebra characters

In this appendix, we will summarize the spectrum of simple modules of the W-algebra of
type g = Any_1, which we have called the Wy-algebra in the main text, following closely
reference [20].

The W-algebra is generated by holomorphic currents Wj(z) of spin j = 2,..., N. The
holomorphic current W (z) = T'(x) is identified with the stress energy tensor and generates
a Virasoro subalgebra with central charge ¢ that can be parametrized by

c=(N-1)4+12(Q,Q)

=(N—-1)+(b+b1)2N(N?-1) (4.4)

where Q = (b+b"1)p and b > 0.
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The simple modules V), are highest weight modules labelled by an element p € b
called the momentum. They are constructed from a Verma module with chiral primary of
dimension

Ale) = Qo) = 5 (1o10) (A5)

by subtracting the descendants of any null vectors. The simple modules are sometimes
classified crudely as non-degenerate, semi-degenerate or fully degenerate, depending the
structure of null vectors appearing in the Verma module.

To construct simple modules we first choose a homomorphism p : su(2) — g. This can
be labelled by a partition [n1, ..., ns| with Z§:1 n; = N and by convention n; < n; if i < j.
This specifies how the fundamental representation of g decomposes N — ny+---+n, under
the image of the homomorphism Im(p) C g. The stabilizer of Im(p) in g is the subalgebra

[=s(u(n)®- - du(ng)) (A.6)
with .
A=A (A7)
j=1
where A; is generated by the subset of simple roots {e;;, ..., e, 1} with r; = ni+---+n;.

The corresponding spaces of positive roots are denoted by A[Jr and Aj with Weyl vectors
pr and py,; defined as half the sum of the positive roots therein.

Given a homomorphism p : su(2) — g, a simple module is constructed by starting from
a Verma module with momentum

p=Q+m— (pi+A)/b—Db(pi+ \2) (A.8)

where m is an imaginary element of b obeying (m,p) = 0 and A\; and Ay are dominant
integral weights of [ C g. The latter obey the conditions (A1,e) > 0 for all e € A[Jr. There
is in general an intricate structure of overlapping Verma modules generated by the null
vectors. The character of the simple module obtained by subtracting the descendants of
the null vectors is

A(p)-3@QQ)
Try, (qLO*C/M) _1

GLE Z e(w)g~WlertA)=(prtAn) pitdz) (A.9)
mr)=

weW,

where W, is the Weyl group of [. The term in this formula with w the identity element is
the contribution from the full Verma module. The terms where w is a reflection by a simple
root in Ay have e(w) = —1 and subtract Verma modules generated by null vectors. The
remaining terms account for intersections of Verma modules and are fixed by invariance
under W,.

Let us now consider some extreme examples. Firstly, we consider the partition p = [17]
so that [ = s(u(1) & --- @ u(1)) and hence py = 0. The parameter m is now any imaginary
element of h and setting A\; = Ao = 0 we obtain

(m,m)

Try, (qLO‘C/ 24) = g (A.10)
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In this case, there are no null states and we retain the full Verma module. For this
reason, these modules are called non-degenerate. At the other extreme we can consider
the partition p = [N] so that [ = g. In this cases we must have m = 0 and A\; and A\ are
dominant integral weights of g. The character is

A(r)-3@QQ)

Try, <qLO*C/24> — qﬁ 3 e(w)g @Dt (A.11)
77(7—) weW
where we have the momentum g = —\;/b — bA2. In this case, we have the maximum

number of null vectors and the simple modules are called fully degenerate. In particular,
the vacuum module corresponds to the case Ay = Ay = 0. All other simple modules are
broadly referred to as semi-degenerate.

A.3 Affine characters

We now consider some simple modules of the affine algebra g with level in the regime
k = —N — e with € > 0. This is generated by spin-1 holomorphic currents J(z) with

a=1,...,N?> — 1. The Sugawara construction provides a Virasoro subalgebra with cen-
tral charge
(N2 -1k 9
=——"=(N"=-1)(N/e—1). A12
=" n )(N/e—1) (A12)

We will consider simple highest weight modules V5 labelled by a highest affine weight
A. The components of an affine weight are denoted by A = (A, k,n) where A\ € b is a
finite weight, k is the level and n is the component dual to the generator —Lg. There is a
metric denoted by (A, X) = (A, \') + kn’ + nk’. We use the common abuse of notation and
write A = (A,0,0). It is convenient to introduce the fundamental affine weights which have
components wo = (0,1,0) and w; = (w;,1,0) for j =1,..., N — 1. An affine weight that is
a linear combination of the fundamental affine weights can be written

N-1
A=) Ndj = kdo + A (A.13)
j=0
where k = Z;V:_Ol Aj. In particular, we introduce the affine Weyl vector p = Eé\f:_ol wj =
Ny + p and in components p = (p, N, 0).

Introducing 6 = (0,0, 1), the affine roots are all of the form é = e + nd where e € A
is a finite root g. We will need the sets of positive and positive real affine roots, which are
defined as A

AT ={aec AT}u{a+nd|ac An>0}U{ni|n >0}
At ) ={aeAt}U{a+nd|a € A,n>0}.

(re

(A.14)

The elements of A?;e) have multiplicity one, whereas the imaginary roots {nd |n > 0} have
multiplicity N — 1.

The characters of simple modules with highest affine weight A can be computed using
the Kazhdan-Lusztig formula provided k # —N. Given an affine weight A we define the
following subset of the positive real affine roots

A-‘r

Lo ={eeAl l(p+Xe) ez}, (A.15)

(re
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These roots generates a Coxeter group with associated Kazdan-Lusztig polynomials. In
the case that k = —N — € with € > 0 it has two components

(p+Aa)eZ  for aecAT

A.16
(p+Na)—ne€Z for a€lA n>0. ( )

Here we want to consider generic ¢ > 0 so that the second component can only be non-
empty by tuning ) in a way that depends on €. We will not consider this scenario. Instead,
we take A to be a dominant integral weight of g. The first component then consists of all
e € AT and the Coxeter group is simply the Weyl group W of g. The Kazhdan-Lusztig
formula for the formal character is

ew(>\+P)_P
Ch(V3) = Z e(w) [ (1— e G)muli(@)

d€A+

Cuew €207

T —e N1 I (1—e @) [ (1—e a9 (A.17)

n>0 aEAT acA
n>1
_ xa(e™?)
H (1 _ e—né)N—l HaEA(l _ e—oa—é)
n>0 n>1

where we have assumed that only non-affine weight A appears in the numerator. In passing
to the third line we have used the Weyl denominator formula, and x denotes the character
of the simple finite dimensional module of g with highest weight A. In particular, the
vacuum module of g with level k corresponds to A = 0 and A= k &o.

To compute the physical character we replace the formal expression e~*~ " where
a=>y ; {jhj by the monomial ¢" Hj uﬁj . Recall that h; are the weights of the fundamental

representation and so £; components of « in the orthogonal basis. Therefore, we have

N <
s h, q 2ix\ (1)
TI'VA qLO 24 ,uu7 —
A ( jHl ! Ho(l — ¢V T (1= ¢ i/ )
n> = (A.18)

5 o
[13—1 (ami/ 15, @)

B S5 partition function and codimension 2 defects

One can construct the 5d maximal SYM theory on (squashed) S° from the 6d (2,0) theory
on S° x S by dimensional reduction along the S'. We first reduce the abelian (2,0) theory
to five-dimensions and find its non-abelian generalization. Let us consider the 6d theory
defined on the curved metric

ds% — efgq)dsg + egcb(dt + 67¢C)2 (B.1)
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where ¢ is the Euclidean time and

in2 a;do; am? d¢z‘)2

*—1-n2a?, C= T 9.9 2’ ds? = (1 —n2a? )% dn? + n2dp? +(1—n2a2 (B.2)
171

1—n;
Here w; = 1 + a; are chemical potentials for the U(1)3 rotation of the holomorphic coor-
dinates z; = n;e’®, (n? + n3 + n3 = 1). The dimensional reduction along the time circle
gives rise to the 5d theory on the squashed five-sphere with squashing parameters w;. The
background ‘dilaton” ® and ‘RR gauge field’” C), are also turned on.

We restrict the 5d reduction such that it preserves two supercharges @ and QF used
to define the 6d superconformal index. The 5d gauge theory action is uniquely determined
under this reduction. The explicit action can be found in [11]. The 5d supercharge @
satisfies the following algebra:

3
{Q,Q"} ~ AR PR — Re) — Zwihi : (B.3)
i=1

2
The partition function of the 5d theory can be computed using localization. The saddle
points of the path integral are given by a constant scalar vev (¢) = a in the vectormultiplet
and the singular instantons at the fixed points of the Killing vector & = Z?:1 wih;. The
final result is [11]

3
1
7= / [da] eawm (@0) 11 AU bext 7z (B.4)
’ =1

where ’s label three fixed circles S(li) C 85. The 1-loop contribution is factorized into three

)

fixed circle contributions Z'° . and, by collecting all of them, one obtains [10, 11, 15]

per
() (pw1 + qua + Tws + (€,a)) ((p + Vw1 + (¢ + Vwa + (r + 1)ws + (e,a))
HZpert eellpql:[() (pw1+qwa+rws+a+(e,a))((p+1)wi+(g+1)wa+ (r+1)ws— i+ (e, a))
(N0 S3(x) 2\ ¥ S3((e, a)|@) S5 ( — (e, a)\fﬁ)
N < S3(ft) ) H 53(,u+ e,a)|@)S3(i — (e,a)|@) (B.5)

where fi = p + 21492493 and S5(z|@) is the triple-Sine function with & = (wy,ws, ws). The
prime in the first line denotes that the modes with p = ¢ = r = e = 0 are removed. The
instanton contribution Zi(élt at each fixed point coincides with the 5d Nekrasov instanton
partition function on S* x C? with Omega deformation.

Let us now turn to the codimension 2 defects on S°, which are related to the codimen-
sion 2 operators in the 6d (2,0) theory. The BPS defects can be supported on S3 C S°.
For simplicity, let us stick to the maximal SYM theory with U(NN) (or SU(N)) gauge group
on round S°. These defects are defined by specifying a singular behavior of the gauge field
as one approaches their location. Near the defects, we parametrize two normal directions
by a complex coordinate z = re? where 6 is one of the angle coordinates in S°. Then the

defect is defined with a gauge field which behaves around the defect as

Aydxt ~mdf = diag(my, mo,--- ,my)df . (B.6)
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Here 11 is a collection of monodromy parameters. For SU(N), it obeys >, m; = 0. The
corresponding field strength takes the form
o(r

where *df)gs is the Hodge dual of the three-sphere volume form.

Let us now derive the classical action in the presence of the defect. We use the off-shell
supersymmetry formulation of the 5d SYM studied in [9, 13]. We focus on the round S°
background. It turns out that the codimension 2 defects preserve the supercharge @ used
in the localization. The BPS condition from the gaugino variation is given by

1
3 WY e —iDydle + pode +iDlale =0 . (B.8)

The Killing spinor € for the supercharge () satisfies the following conditions
efyte = vk, e =iJ" | ode=c¢, (B.9)

where v is the Killing vector along the Hopf fiber of S° and J*” is the Kéhler form of CP?
base. The solution to the BPS equation on the background flux (B.7) is given by

b _
F=m—L%dQg, ¢=a, D3:m@+m, D=2 — 0, (B.10)
T

where a is a constant Hermitian matrix taking values in the Lie algebra of the gauge
group. Plugging this solution into the the action, one obtains the classical action with the
codimension 2 defect

5 L v_ LYo s 5 2 2’ ;o
d’z\/g Tr ZFWF# —§DD —iD gf)—i—i(ﬁ = —(a—2im,a) .

B
(B.11)

e_SO , So= ZL
9y m
In the main context, we would use the convention a — ¢a by analytic continuation.

We would not perform an explicit localization computation in the presence of codi-
mension 2 defect. However, turning on the squashing parameters, we expect that the path
integral again localizes to three fixed points and the full partition function takes the form
of products of three fixed point contributions. The contributions at the fixed points can be
computed using the results on the local S* x C?, which are explained in sections 2.3-2.5.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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