BAKRY-EMERY CURVATURE FUNCTIONS OF GRAPHS

DAVID CUSHING, SHIPING LIU, AND NORBERT PEYERIMHOFF

ABsTrRACT. We study local properties of the Bakry-Emery curvature function Ka,z : (0,00l = R
at a vertex x of a graph G systematically. Here Kg 5(N) is defined as the optimal curvature
lower bound K in the Bakry-Emery curvature-dimension inequality CD(IC, N) that = satisfies.
We provide upper and lower bounds for the curvature functions, introduce fundamental concepts
like curvature sharpness and S'-out regularity, and relate the curvature functions of G with various
spectral properties of (weighted) graphs constructed from local structures of G. We prove that
the curvature functions of the Cartesian product of two graphs G1, G2 are equal to an abstract
product of curvature functions of G1,G2. We explore the curvature functions of Cayley graphs
and many particular (families of) examples. We present various conjectures and construct an
infinite increasing family of 6-regular graphs which satisfy C'D(0, co) but are not Cayley graphs.

1. INTRODUCTION

In this section we introduce Bakry-Emery curvature and survey the main results of the paper.

A fundamental notion in the smooth setting of Riemannian manifolds is Ricci curvature. This
notion has been generalized in various ways to the more general setting of metric spaces. In this
article, we consider the discrete setting of graphs and study the optimal Ricci curvature lower
bound K in Bakry-Emery’s curvature-dimension inequality CD(KC, ) at a vertex z of a graph G
as a function of the variable N € (0,00]. Let us start to introduce this curvature notion which is
based on the choice of a Laplace operator and which has been studied extensively in recent years
(see, e.g., [35, 25, 20, 21, 10, 28, 18, 19]).

Let G = (V, E) be a locally finite simple graph (that is, no loops and no multiple edges) with
vertex set V and edge set E. For any =,y € V, we write x ~ y if {z,y} € E. Let d, := Ey:ywo 1 be
the degree of z. We say a graph G is d-regular if d, = d for any © € V. Let dist : V x V — N U{0}
denote the combinatorial distance function. For any function f : V — R and any vertex z € V', the
(non-normalized) Laplacian A is defined via

(L.1) Af(z) =Y (f(y) = f(2)).

Y,y~x

The notion of a Laplacian can be generalised by intoducing a vertex measure and edge weights. In
this article we will only consider curvature associated to the non-normalized Laplacian, except for
the final Section 10, where we will briefly provide some additional information about this curvature
notion for general Laplacians.

Date: March 2, 2018.

1991 Mathematics Subject Classification. Primary 05C50, Secondary 52C99, 53A40.

Key words and phrases. Bakry-Emery curvature, Curvature-Dimension Inequality, Cartesian products, Cayley
graphs.



Definition 1.1 (T and I'y operators). Let G = (V, E) be a locally finite simple graph. For any two
functions f,g: V — R, we define

2I(f,9) == A(fg) — fAg — gAf;
2Ma(f,9) = AT(f, 9) = T(f, Ag) = T(Af, 9).
We will write I'(f) :=T'(f, f) and Ta(f, f) := I'a(f), for short.
Definition 1.2 (Bakry-Emery curvature). Let G = (V, E) be a locally finite simple graph. Let

K € R and N € (0,00]. We say that a vertex x € V satisfies the curvature-dimension inequality
CD(K,N), if for any f:V — R, we have

(12) Ca(f)(2) 2 1 (AF()? + KT () (z).

We call K a lower Ricci curvature bound of z, and A a dimension parameter. The graph G =
(V, E) satisfies CD(KC,N') (globally), if all its vertices satisfy CD(K,N). At a vertex x € V, let
K(G,z;N) be the largest K such that (1.2) holds for all functions f at = for a given /. We call
Ka.x(N) = K(G,z;N) the Bakry-Emery curvature function of x.

The reader can find various modifications of this curvature notion in, e.g., [5, 17, 30, 31, 26, 23].
It is natural to ask about the motivation for this curvature. The notion is rooted on Bochner’s
formula, a fundamental identity in Riemannian Geometry. The following remark explains this
connection to the smooth setting in more detail.

Remark 1.3. Let (M, (-,-)) be a Riemannian manifold of dimension n with the Laplacian defined
via A = divograd < 0.
Bochner’s formula states for all smooth functions f € C°°(M) that

SAlgrad JP(e) = [ Hess f1°(x) + (grad Af(x) grad f(x)) + Ric(grad [(2))
where Hess denotes the Hessian and Ric denotes the Ricci tensor. If Ric(v) > K, |v|? for allv € T, M
and, using the inequality |Hess f|*(z) > 1(Af(z))?, we obtain
S Algrad fP() — (arad Af(),grad [(@) > ~(Af(x))? + K| grad f(2)”
The I' and T’y of Bakry-Emery [3] for two functions f, g € C°°(M) are defined as
20(f.9) = A(fg) — fAg—gAf = (grad f grad g),

Noting that

Da(f, f) = 5Algrad fI? — {grad Af,grad J)

and by using Bochner’s formula, we obtain the inequality

Do, D)) > T(AF(@))? + K.T(f, £)(@).

In conclusion, an n-dimensional Riemannian manifold (M, (-, -)) with Ricci curvature bounded below
by K, at x € M satisfies an inequality of the form given in (1.2). This suggests to use this inequality
to define, indirectly, a Ricci curvature notion for a metric space via the help of the Laplacian.

Before we give a more detailed discussion of the results in this article, we like to first provide a
rough overview with references to the sections:
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Section 2: Properties of I' and I's, by formulating curvature via semidefinite programming
Section 4: General properties of curvature functions

Sections 3 and 5: Upper and lower curvature bounds

Section 6: Negative curvature at “bottlenecks”

Section 7: Curvature of Cartesian products

Section 8: Vertex curvature and spectral gaps in the 1-sphere.

Section 9: Curvature of Cayley graphs and global C'D(0, 00) conjectures

Section 10: Curvature for graphs with general measures

1.1. Properties of the Bakry-Emery curvature function. In this article, we are particularly
interested in the full Bakry-Emery curvature functions K¢, : (0, 00] — R at all vertices € V which
carry substantially more information than just the global C D(K, ') condition. It follows directly
from the definition that K¢, is monotone non-decreasing. In fact, we study further properties
of this curvature function in Section 4 and show that the function K¢ , is concave, continuous,
and limy 0 K . (N) = —oo (Proposition 4.1). Moreover, there exist constants ¢ (G, z), c2(G, ),
depending on the local structure at x, such that

2d, 2d,

N N~

The curvature function K¢, is fully determined by the topology of the 2-ball By(z) = {y € V :
dist(x,y) < 2} centered at x € V and Section 3 is concerned with the upper bound ¢2(G, z) in (1.3)
in terms of this local structure. Introducing, for a vertex y € V', the out degree (with respect to the
center )

(1.3) a(G,z) — <KgaN) <e(G,z) —

T, + . . ; ;
dy "= {20z ~y,dist(x, 2) > dist(z,y)}],
the average out degree avy (x) of the 1-sphere Sy () := {y € V : dist(z,y) = 1} is defined by
1 xr
wiw =L 3
T yesi(x)
and the constant c3(G, ) in (1.3) is given by (Theorem 3.1 and Definition 3.2)
_ 3+4dy — avy (2)
D —

Since, in many cases, the curvature function agrees with this upper bound, we introduce the fol-
lowing terminology:

(1.4) c2(G, ) = K2 () :

Definition 1.4 (Curvature sharpness). Let G = (V,E) be a locally finite simple graph. Let
N € (0,00]. We call a vertex x € V to be N -curvature sharp if K¢g .(N) agrees with the upper
bound given in (1.3) and (1.4), that is

2,

N

We call the graph G to be NV -curvature sharp, if every vertex z € V is N-curvature sharp.

KeoWN) =K, (2) -

We will show that if z is M -curvature sharp, then it is also N’-curvature for all smaller values
N’ (Proposition 4.6). Moreover, monotonicity and concavity of K¢, imply that if Kg ,(N7) =
Ka,z(N2) for N1 < N, then K¢ . (N) is constant for all values N' > N7 (Proposition 4.5).
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A natural question is what local information can be extracted from the curvature function K¢ ;.
We show that the degree d, can be read off via (Corollary 4.4)

1.
s = = Jm N ).

and the average out-degree av; (x) can be read off via (Corollary 5.6)

2d,,
+ . €T
=3+d,—21 Ko — .
avy + ngo( G, (N)+N>
Proposition 4.1 also provides the lower curvature bound ¢;(G,z) = Kg 5(00) in (1.3). Section 5
provides another lower curvature bound in terms of the upper bound (1.4) and a correction term

given by the (non-positive) smallest eigenvalue of a specific matrix 73/\/ (Theorem 5.5).

1.2. Curvature of S;-out regular vertices. Now we introduce a certain homogeneity property
within the 2-ball of a vertex, called S1-out regularity. It turns out that this notion is closely linked
to the curvature sharpness introduced above.

Definition 1.5 (S;-out regularity). We say a locally finite simple graph G is Si-out regular at x,
if all vertices in S;(x) have the same out degree.

We have the following surprising characterization: A graph G is Si-out regular at a vertex x if
and only if there exists N € (0, o0] such that z is N -curvature sharp (Corollary 5.10). That is, the
curvature function Kg . assumes the upper bound K (z) —2d, /N for some N € (0, c0] if and only
if the local structure around x is homogeneous in the sense of Si-out regularity. Moreover, when
G is Sj-out regular at x, there exists a threshold Ny(z) such that x is A-curvature sharp for any

N € (0, Np(x)], and K¢ o (N) = Ko (No(z)) for any N € [Ny(z), 00| (Theorem 5.7).

FIGURE 1. Negative curvature at a “bottleneck”

1.3. Curvature and local connectedness. A well know phenomenon in the setting of Riemann-
ian surfaces is that “bottlenecks” generate regions of negative curvature. A similar phenomenon
occurs in the graph setting (the two vertices at the bottleneck in Figure 1 have strictly negative
curvature functions). More generally, the curvature Kg ,(00) is — with very few exceptions — always
negative, if the punctured 2-ball By(x) = By(x) — {2} has more than one connected component
(Theorem 6.4). Here Bg(x) denotes the subgraph containing all spherical edges of S1(x) and all ra-
dial edges between S;(x) and the 2-sphere Sa(z) (but not the radial edges of Sa(z), since they have
no influence on the curvature function at x). Further relations between the curvature and the local
structure of Bg(a:) will be presented in Section 6. In the specific case of an Sy-out regular vertex
z €V with By (z) having more than one connected component, we derive in Section 8 the explicit
expression Kg ,(00) = (3 —d, — avi")/2, which is negative as soon as d, +av;” > 3 (Corollary 8.4).
This follows from a precise formula for the curvature function K¢ , in terms of the spectral gap of
a weighted graph S (x) of size d, constructed from By(z) (Theorem 8.1) in the specific case of an
Si-regular vertex x.



1.4. Curvature of Cartesian products. In Section 7, we discuss curvature functions of Cartesian
products. Let G; = (V;, E;) be two locally finite simple graphs and let z € Vi,y € V5. Then the
curvature function Kq, x @y, (), (7,y) € Vi x Va is gvien by

KéixGa@y)N) = Kay 2(N1) = Kay .y (N2),

where N7,y > 0 are chosen such that N' = N; + Ny and K¢, (V1) = Kg,y(Na). We say
that g, xa,,(2,y) 18 the #-product of Kg, ., and Kg,,. This *product (Definition 7.1) of the
curvature functions is a well-defined abstract product and interesting in its own right. In Figure
2, we illustrate the curvature functions of the complete graphs Ks and K3 and their Cartesian
product Ky x K3. Observe that Kg,(4) = Kg,(4) = 3/2. As illustrated in Figure 3, this tells us
that ]CKQXK3(8) = 3/2

”

3 4 5 6 7 8
Dimension parameter

2 3 4 5 6 7 8
Dimension parameter

Curvature
Curvature

FIGURE 2. Curvature functions of K, (N) FIGURE 3. Curvature functions of Kg, (N)
(dashed), Kg,(N) (dashdotted), and (dashed), Kg,(N) (dashdotted), and
K, x5 (N) (solid) when N € [0.8, 8]. K, x i3 (2N) (solid) when N € [0.8, 8].

1.5. Curvature of specific graph families. We calculate curvature functions of many particular
graph families, e.g.,
e paths and cycles, star graphs and regular trees, complete graphs, complete bipartite graphs,
and crown graphs in Section 5.3,
e hypercubes and line graphs of bipartite graphs in Section 7.3,
e and Johnson graphs in Example 8.7.

In Section 9, we study curvature functions of Cayley graphs. It is well know that all abelian
Cayley graphs satisfy the C'D(0, 00) condition. In Theorem 9.6, we give a direct relation between
the curvature function of the Cayley graph of a Coxeter group with standard generators (which can
be huge; for example, the Cayley graph of Es is of size 192-10!) and the maximal eigenvalue of the
Laplacian of the corresponding Coxeter diagram (which is usually very small in comparison; in the
example Eg of size 8).



It is not known and a very interesting question whether there exist infinite expander families in
the class C'D(0,00) or not (Conjecture 9.11). Such an expander family cannot consist of abelian
Cayley graphs. In Example 9.12 we construct an infinite family of increasing 6-regular non-Cayley
graphs satisfying C'D(0, 00), but it is easy to see that this class is not a family of expanders.

1.6. Return to Riemannian manifolds. Readers not interesting in the Riemannian manifold
case can safely skip this subsection, which draws a comparison between curvature functions of
graphs with that of weighted Riemannian manifolds.

A weighted Riemannian manifold is a triple (M™, g, e~/ dvol,), where (M™, g) is an n-dimensional
complete Riemannian manifold, dvol, is the Riemannian volume element, and f is a smooth real
valued function on M™. The N-dimensional weighted Ricci tensor of (M™", g, e~/ dvol,) is

df @ df
N—n’

where Ric is the Ricci curvature tensor of (M",g), Hessf is the Hessian of f ([3, 34]). Using the
f-Laplacian Ay = Ay — Vf -V, where A, is the Laplace-Beltrami operator on (M",g), one can
define the Bakry-Emery curvature-dimension inequality CD(KC, ) as in Definitions 1.1 and 1.2.
Then CD(K,N),N € (n, 0] holds if and only if Rics(N) > K (see, e.g., [2, Section 3|). Recall n in
(1.5) is the dimension of the underlying Riemannian manifold. When f is not constant, the lower
bound of Ricy(N) tends to —co as A tends to n. So, in comparison, a graph can be considered
as 0-dimensional. This is natural in the sense that we are using a difference operator to define the
curvature functions of a graph.

Recently, the conditions Ricy(N) > K on (M™,g,e /dvol,), where N' < n, have also been
studied in [22, 32|. In particular, for N € (—oo,n), CD(K,N) holds if and only if Ricy(N) > K
([22, Remark 2.4], [32, Theorem 4.10]). In principle, the curvature functions of a graph studied in
this article can also be defined on (—o0,0) U (0, oc]. However, we will restrict ourselves to curvature
functions on the interval (0, co].

(1.5) Ricy(N) := Ric + Hessf —

2. BAKRY-EMERY CURVATURE AND LOCAL I' AND I's MATRICES

In this section, we view curvature as solution of a semidefinite programming problem and derive
upper curvature bounds via higher multiplicities of the zero eigenvalue of certain matrices. We also
derive some properties of vertices satisfying the C'D(0, ') condition.

2.1. Fundamental notions. Henceforth, we use the standard notation [k] := {1,2,...,k}. Given
a vertex x € V, the curvature function K¢ , only depends on the local structure of the graph around
x. We now prepare the notations describing this local structure. We denote by dist the discrete
graph distance. For any r € N, the r-ball centered at z is defined as

B, (z) :={y € V : dist(z,y) <7},
and the r-sphere centered at z is

Sp(z) :={y € V : dist(z,y) = r}.
Then we have the following decomposition of the 2-ball By(x):

Bo(z) = {z} U Si(z) U Sy (x).
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We call an edge {y, 2} € E a spherical edge (w.r.t. z) if dist(z,y) = dist(z, z), and a radial edge if
otherwise. For a vertex y € V, we define

[ . ; ;
dy™ = {2 2~ y,dist(z, z) > dist(x, y)}],
x,0 . __ . : _ 1
dy” =z 2~ y,dist(z, 2) = dist(z,y)}],
dy ™ = {z: 2 ~y,dist(z, 2) < dist(z,y)}|.

In the above, the notation | - | stands for the cardinality of the set. We call d§’+7 dz’o, and d;~ the
out degree, spherical degree, and in degree of y w.r.t. x. We sometimes write d;‘,d&d; for short
when the reference vertex z is clear from the context.

By abuse of notion, we use Sp(z) in this article also for the induced subgraph of the vertices in
Si(x) in a graph G; we use By(x) also for the subgraph of G with vertex set Bz(z) and edge set
given by the radial edges connecting {2} and S;(z), the radial edges between Si(x) and Sa(x), and
the spherical edges in S7(x). Note that this graph is not the induced subgraph of Bs(x) in G (since
the spherical edges in S3(x) are not included), but this local information is all that is needed for
the calculation of the Bakry-Emery curvature function Ka,z. We denote by Bg(x) the subgraph of
Bs(z) obtained by deleting {«} and all radial edges connecting {z} and S;(z).

Since at a vertex z, both I'(f,g)(z) and T'2(f,g)(z) are quadratic forms, we can talk about
their local matrices. The curvature-dimension inequalities can be reformulated as linear matrix
inequalities. Recall the following proposition (see [26, Proposition 3.10]).

Proposition 2.1 ([26]). Let G = (V, E) be a locally finite simple graph and let x € V. The Bakry-
Emery curvature function K¢ (N) valued at N € (0, 00] is the solution of the following semidefinite
programming,

maximize K

1

NA(x)TA(:U) > KT'(x),

In the above, the local matrices I's(z), A(x), and T'(z) are matrices of sizes |V| by |V, 1 by |V,

and |V| by |V, respectively. But their non-trivial blocks are of relatively small sizes. For example,
the non-trivial block of A(z) is the one corresponding to vertices By (z) given by

(2.1) Alw)=(-ds 1 - 1),

It is of size 1 by |Bi(x)| = dy + 1. The non-trivial blocks of I'(x) and I'y(x) are of sizes | Bz (z)| by
| B2(x)| and |B1(x)| by |Bi(x)]|, respectively. In the remaining part of this paper, we will reserve the
notations I's(z), A(z), and I'(z) for their non-trivial block. Whenever we write linear combinations
of them, we pad matrices of smaller sizes with 0 entries.

We will discuss the local matrices I'(x) and I's(x) in more details in the following subsections.

subject to T'a(x) —

2.2. Local " matrix and its basic properties. We check by definition that I'(z) is a | By (z)| by
| B1(z)| matrix corresponding to vertices in By (z) given by

dy -1 - -1

-1 1 - 0
(2.2) 2I(z) =

-1 0 --- 1
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The following property is a direct observation. Let us denote by 14,1 := (1,1,...,1)" and by
1ﬂ,/lm 41 the orthogonal complement of the subspace spanned by 14,41 in Ré+1. For convenience, we
will often drop the subindex when no confusion is possible.

Proposition 2.2. Let v € R%+1. Then I'(z)v = 0 if and only if v = al for some constant a € R.
Moreover, the smallest eigenvalue Amin(2I'(z)|;1) of 2I'(x) restricted to the subspace 11 satisfies
(23) /\min(zr(x)‘lL) Z 1.

The equality holds in (2.3) when d, > 1.

Proof. By (2.2), 2T'(x) is diagonal dominant and 2T'(z)1 = 0.
For any v := (v, v1,...,vq,) € 1%, we have vy = — Zf;l v;, and therefore,
d-’L‘
(2.4) v (2T (2))v = (dp + 1)vE + Zv? > |v)?,
i=0
where |v| is the norm of v. This shows A\yin(2(2)];1) > 1.
When d, > 1, there exists v := (vo, v1,...,v4,)" € 11 with vy = 0. We can check
2T’ (z)v = v.
Hence in this case Amin(2I(z)|;.) = 1. O

2.3. Local T'; matrix and its basic properties. The matrix I's(x) is of size |Ba(z)| x |Ba(x)]
with the following structure ([26, Proposition 3.12])

(4T2(2)) 2 o (AT2(2))z,5, (2) (AT2(2)) 2,55 (x)

(2.5) Ay (x) = | (402(2))sy ()0 (402(2)) 51 (2),51(2)  (4L2(2))5, (2,85 (x)

(4l2(2))s52),0  (A02(2))82(0),50 () (A12(2)) 52(0), 82 ()
The sub-indices indicate the vertices that each submatrix is corresponding to. We will omit the
dependence on z in the above expressions for simplicity. When we exchange the order of the
sub-indices, we mean the transpose of the original submatrix. For example, we have (4I'2)g, » =
((4T2)s.5,) "

Denote the vertices in S1(z) by {y1,...,yq, }. Then we have

(2.6) (AT2)e0 =3dy + d3, (4T2)es, = (-3 —do —df, -+ —3—d,—d ),
and
(4F2)51751
5 — dy + 3d}, + 4d)), 2 — 4wy, y, e 2 — dwy, y,
2 — dwy,y, 5—dy+3dy, +4d5, - 2 — dwy,y,
2 — dwy, y, 2 — dwy,y, o B —dy +3d), +4dY),

where we use the notation that for any two vertices z,y € V,

1, fz~y
(28) Wey {0, otherwise.
Denote the vertices in Sao(x) by {z1,..., 25,(z)}. Then we have
(2.9) (4l'2)z,s, = (d; dzy oo d;sz<z)|> )
8



—2Wy 2y T2Wyz, o T2Wyizg

(2.10) (4l2)s,,s, =
Wy, T2Wyy oz _wadz2\32<z>\
and
;0 - 0
0 d -~ 0
(2.11) l2)sy 0 = | - . . :
0 0 - dog

Note that each diagonal entry of (4I'2)s, s, is positive.
Let A(G) be the adjacency matrix of the graph G. Then we see

(4]-—‘2)51752 =-2- A(G)Sl,52'

In fact, we can decompose the matrix 4I'y as follows:

0 0 0 0]0 0
Ay=| 0] 4A[g [0 |+]| 0
0 0 |0 0| 285w
2 — —
3d, + d? —3-—dy—dy - 3-dy—dj | d - d_
—3—dy—dy | 5—d.+dj, - 2 0o - 0
+| 3-do—dj, 2 o 5—dy+df 0o .- 0
d;l 0 0 7d;1 0
L 0 0 0 o,

In the above, Alg ) and Alp ., are the non-normalized Laplacian of the subgraphs Si(x) and
Bs (), respectively.

The following proposition can be checked directly.
Proposition 2.3. For the constant vector 1 € RIB2(®) we have I'y(z)1 = 0.

2.4. Multiplicity of zero eigenvalue of I';(z) and curvature. By Proposition 2.3, the multi-
plicity of zero eigenvalue of matrix I's(x) is at least one. In this subsection, we discuss an interesting
relation between this multiplicity and the curvature at x.

Theorem 2.4. Let G = (V,E) be a locally finite simple graph and x € V be a vertex. If the
multiplicity of the zero eigenvalue of I's(x) is at least 2, then we have Kg 5 (00) < 0.

Let us first show the following lemma.

vy
V2
Iy(z)v = 0. Then we have T'(x)vy # 0.

Proof. We prove the lemma by contradiction. Assume that I'(z)v; = 0. By Proposition 2.2, we
have

Lemma 2.5. Letv = with v; € RIPI®I gnd vy € RIF2® pe g non-constant vector such that

(2.12) vy = al|p,(z)|, for some a € R.
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Let us denote

B B 0
wi=aljg,(z) —v2 = alip, (@) —v2)

Then by Proposition 2.3, we have I'y(z)w = 0.
Since the submatrix (I'e)s,.s, is invertible (recall (2.11)), we conclude that

(2.13) Vg = al‘Bl(I)‘.
(2.12) and (2.13) imply that v is a constant vector, which is a contradiction. O

Proof of Theorem 2.4. We argue by contradiction. Suppose that K = K¢ z(c0) > 0. Then we
have

(2.14) Iy(z) — KT'(z) > 0.
By assumption, there exists a non-constant vector v = <51> such that

2
(2.15) v Ty(x)v = 0.
Applying Lemma 2.5, we obtain from (2.14)
(2.16) v Ty(x)v > Kol T(z)v; >0,
which is a contradiction to (2.15). O

For any NV € (0,00] and K € R, we denote
1

(2.17) My p(z) :=To(x) — —A(z) "A(z) — KT(2),

N

Observe that Mg ar(x)1 = 0, and its (Sz, S2)-block, which equals (I'2) g, s, , is invertible. Therefore,
from the above proofs, it is not hard to see analogous result of Theorem 2.4 also holds for Mg Ar.

Theorem 2.6. Let G = (V, E) be a locally finite simple graph and z € V be a vertez. Let N € (0, 0]
and K € R. If the multiplicity of the zero eigenvalue of the matriz M xr is at least 2, then we have
/CG,I(N) <K.

The following result is an immediate consequence of Theorem 2.6.

Corollary 2.7. Let G = (V,E) be a locally finite simple graph and x € V be a vertex. Let
N € (0,00] and K € R. Then the following are equivalent:

(i) KgzWNV)=K;

(ii) The matriz Mk x(x) > 0 and the multiplicity of its zero eigenvalue is at least 2.
Proof. (ii) = (i): Since Mg ar(z) > 0, we have Kg,(N) > K. By Theorem 2.6, (ii) implies
Ka (G, z) < K. Therefore, we obtain Kn (G, z) = K.

(i) = (ii): (i) implies Mg n > 0 immediately. Assume that the zero eigenvalue of Mg ar(x) has

multiplicity 1. Then the smallest eigenvalue Amin( Mg ar(x)|;1) of Mg r restricted to the space
1+ is positive. Let A\pax(I'(7)) be the maximal eigenvalue of I'(z). We observe that

Amax (I'())
)\min(MK,N(‘r)|1i) ’

which is a contradiction to (i). O
10
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2.5. Vertices satisfying CD(0,N). In this subsection, we discuss immediate properties of a vertex
x satisfying CD(0, /), by considering two particular principal minors of the matrix My ar(z): the
determinants of (x,z)- and (B (z), Bi(x))- blocks.

Proposition 2.8. Let G = (V,E) be a locally finite simple graph and x € V. If x satisfies
CD(0,N), then we have

4d
2.19 Z_ <N
(2.19) de +3 7
Proof. By Corollary 2.7, we have 4Mg ar(z) > 0. From Sylvester’s criterion we have
o Adj
(4Mon () g,z = 3dy + dy — N > 0.
Rearranging we thus obtain (2.19). O

Proposition 2.8 has interesting consequences.

Corollary 2.9. Let G = (V, E) be a locally finite simple graph and let x € V.. Then Kg »(N) <0
when N < 1.

Proof. Let N' < 1. Assume that K¢g ,(N) > 0. Then by Proposition 2.8, we have 4d, < 3d, + 1.
Hence d, < 1, which is impossible. O

Remark 2.10. Corollary 2.9 can also be shown by Lichnerowicz type estimate, see [26, Corollary
6.2].

Corollary 2.11. Let G = (V, E) be a locally finite simple graph satisfying CD(0,N'). Let dumax
denote the maximum degree taken over all vertices. Then

o If N €(0,4) then dimax < 2.

o If N =4 then dyax may be arbitrarily large.
Proof. The case N' € (0,4) is obtained directly from Proposition 2.8. For N' = 4, consider the

complete graphs K, on n vertices which satisfy C'D(0,4) (see, e.g., [20, Proposition 3] or Example
5.17). O

Proposition 2.12. Let G = (V, E) be a locally finite simple graph. For a vertex x € V, let us
denote

c1(x) = det (To(x) B, B,) and ca(x) = A(z)adj (Ta(z)p, B,) Alz) ",
where adj(-) stands for the adjugate matriz. If x satisfies CD(0,N), then we have

c1(z) > CQJ{/,J)

Proof. By assumption, we have Mo ar(z) > 0. From Sylvester’s criterion we have
1
det (Fg(x)Bl)Bl - NA(.Z‘)TA(.%‘)) > 0.

Applying the Matrix Determinant Lemma, we obtain

et (To(2) 3, ) — 37 AW@)ad) (Ta(@) 5, 5,) M) T 0.

This completes the proof. O
11



Example 2.13 (K3 ). Consider the complete bipartite graph K3 ¢. Let  be a vertex with degree
2. Then we can check

5 -5 =5
1
F2($)317Bl = 5 -5 9 1 s and A(J)) = (—2 1 1).
-5 1 9

Hence, we have ¢;(x) = 0 and cz(x) = 20. By Proposition 2.12, we know, for any finite A" > 0, that
x does not satisfy C'D(0,N'). However, we will show that the graph K ¢ satisfies C'D(0, 00).

In Section 3, we will derive interesting upper curvature bound by considering the ({x}USs(z), {z}U
Sa(x))-minor of Mg ar(x).

3. AN UPPER CURVATURE BOUND

In this section, we derive an upper bound on Bakry-Emery curvature function Kag,» in terms
of the local topological structure around x (Theorem 3.1). Let us denote the average degree and
average out-degree of S1(z) by

(3.1) avy(z) == d Z dy, and avi (z):= Z df
y€Si(x) ¥ yesi(x)

We write d = #a(z,y) alternatively to emphasis its geometric meaning: It is the number of
triangles (3-cycles) including the edge {x,y}. We have

yE€S(x) yeSi(x)

where #a () is the number of triangles including the vertex .

Theorem 3.1. Let G = (V, E) be a locally finite simple graph and let x € V.. For N € (0, 00], we
have

dy —avi(z)  #al(x) 2d,
(3.3) Kga(N) <2+ 5 L TN

Proof. Let K := K¢ »(N). Then the matrix

AMic n(z) =4 (Fg(x) - %A(m)TA(x) - ICI‘(x)) > 0.

Let My be the submatrix corresponding to the vertices {z} U Sa(x) = {x,21,...,2g,()|}- The
matrix My has the form

2 4d? _ _ _
d; + 3d, — 2Kd, — e dz1 dZ2 e dZ\SQ(:c)\
dz_1 dz_1 0 -
(3.4) My = dz_2 0 dz—z .. 0
dz_\Sz(am 0 0 - dz_\Sz(m)\

12



We have, by Sylvester’s criterion, det(My) > 0. Thus

f+3d—2ﬂi—&ﬁ> Soodr= Y df
x T x = z Y

N z€S82(x) yeSi(x)
(3.5) = > dy—dy—2#a(2).
yeS(x)
Rearranging gives (3.3) as required. a

Definition 3.2 (The constant K% (z)). Let G = (V, E) be a locally finite simple graph. For any

vertex € V', we define

dy — 1
avy () n

(3.6) K2 (z) =2+ 5 53

Z #a(z,y).

T yesi(x)
By the calculations in (3.5), we can reformulate K9 (x) as follows:

_ 3+dy — avy ()

(37) K2.(2) .
In terms of the above definition, we can rewrite (3.3) as
2d
KeoN) < K (z) — =
G, ( ) = oo(‘r) N
Corollary 3.3. Let G = (V, E) be a d-regular graph and let x € V.. Then
#a(x) 1

(38) Kga(00) <2+ 5= =2+ o e; )#A(x,y)-

yeor(x

Proof. Follows immediately from Theorem 3.1 from noting that in a regular graph we have d, =
avy (z). O

Remark 3.4. We remark that on a d-regular graph, Klartag, Kozma, Ralli, and Tetali [21, Theorem
1.2] have derived an upper bound of K¢ ;(00), via a different calculating method from here. Namely,
they proved

1
(3.9) Koo(G,2) <24 = max #a(z,y).
2 yesi(x)

We comment that their proof can also produce the stronger estimate (3.8).

Theorem 3.1 provides stronger estimates than Proposition 2.8. For example, we have the follow-
ing one for regular graphs.

Corollary 3.5. Let G = (V, E) be a d-reqular graph satisfying CD(0,N'). Then

dSN+\/N2;-2N#A($)

In particular, if G is triangle free, then d < N.

, foreveryx eV.

Theorem 3.1 also tells cases that the curvature has to be negative. For example, we have the
following straightforward consequence.
13



Corollary 3.6. Let G = (V, E) be a triangle free graph and let x € V. Suppose that
avy(z) > 4+ dy.
Then we have Kg 5(00) < 0.

The local structures with negative curvature will be explored further in Section 6.

4. FUNDAMENTAL PROPERTIES OF CURVATURE FUNCTIONS
In this section, we discuss fundamental properties of the curvature function K¢ ;.
Proposition 4.1. Let G = (V, E) be a locally finite simple graph and x € V.. Then the curvature
function Kg 5 : (0,00] = R has the following properties:

(i) Kg.o is monotone non-decreasing.
(ii) Kg,z is continuous.
(iii) For any N € (0, 00|, we have

2, 2,
(4.1) Kgo(o0) = =+ < Kga(N) < K2 (x) — v
In particular, limpy 0 Kg z(N) = —cc.
(iv) Kg,» is a concave function.
Remarks 4.2. (i) Note that for a given vertex, K¢ ,(c0) and K2 () are both fixed constant.

Hence, (4.1) describes a rough shape of the graph of the curvature function Kg .
(ii) We are grateful to Bobo Hua and also to Jim Portegies, who independently raised the
concavity question for this curvature function.

We first prove the following lemma.

Lemma 4.3. For any 0 < N7 < N < oo, we have

1 1
4.2 Ka.:(N2) < Kg o (N 2d, | — — —
(42) 600N < Koo (00) + 24, (57 = 57
Proof. By definition, we have

Ty (z) > A%A(x)TA(x) 4 Koo (MNa)T ()

:J\%A(%)TA(.%) — (/\1/'1 — A1[2> A(LU)TA(x) + KN ().

Observe that

o o0 ... 0
0

(4.3) dy 20 —ATA=| . dyly —Ja,
0

where I, is the d, by d, identity matrix and Jy, is the d, by d, matrix whose entries all equal 1.
Since the matrix in (4.3) is diagonal dominant, we have

(4.4) Az) " A(z) < 2d,T(z).
14



Inserting (4.4), we continue the calculation to obtain
1 1 1
Ty(z) > +Az) A KaoN2) = 2dy |+ — = ) | T(@).
2(0) 2 3880 + (Kaa W) — 24, (5 - 37 ) ) T@)
This implies (4.2). O
Now we are ready to show Proposition 4.1.

Proof of Proposition 4.1. (i). The monotonicity is clear from definition.

(ii). By (i) and Lemma 4.3, we have, for any 0 < N7 < N < oo,

1 1
KaxWN) £ KaoWN) <KgaWN1) +2de | — 7 ) -
640N < Koo M) < Karol00) 4 205 5= 57 )

This shows Kg 4 : (0,00] — R is a continuous function.

(iii). The upper bound in (4.1) is from Theorem 3.1 and the lower bound is from Lemma 4.3 by
taking N1 = N and N5 = co.

(iv). Let N1 < Ny and N = aN; + (1 — )N, for some a € [0,1]. Let K; = K¢ () for
j € {1,2}. We need to show that

(4.5) KezWN) > aky + (1 - a)Ks.
It follows from (1.2) that we have for any f: V = R, j € {1,2},
NiTa(f)(@) = NG D(f) () > (Af(@))?.
This implies that
(4.6) NT2(f)(@) — (@NiKs + (1= a)NoKa) T(f) (@) = (Af(2)2
Recall from the monotonicity of K¢ , that Ky < Ky and, therefore,
a(l —a)(Ne — M) (Ke — K1) > 0.
This transforms straighforwardly into
aN1K1 + (1 — a)NaKo > (aN7 + (1 — a)N2) (K + (1 — a)K2) = N (oK1 + (1 — a)Ks) .
Plugging this into (4.6), using

Yy~
and reversing the original calculations, we end up with

Ly (f)(z) = %(Af(x))2 + (aky + (1 = a)Ko) I'(f) ().

This shows (4.5), finishing the proof. a

Proposition 4.1 (iii) implies that we can read the degree of = from its curvature function.
Corollary 4.4. Let G = (V,E) be a locally finite simple graph and Kg,, @ (0,00] — R be the
curvature function of x € V. Then

1.
dm = _gj\l}goN’CGw(N)

The following property tells that, for any curvature function K¢ ,, there always exists a threshold
No(z) € (0,00] such that K¢, is strictly monotone increasing on (0, No(z)], and is constant on
[No(z), 0c].

15



Proposition 4.5. Let G = (V, E) be a locally finite simple graph and x € V. If there exist N1 < N
such that Kg,»(N1) = Kg,»(N2), then we have

(4.7) /CG’I(./V.) = ’CG,x(Nl) VN e [Nl,oo].

Proof. First, by monotonicity, we know K¢ ,(N) is constant on [A7, N2]. Let us denote this constant
by K := Kg(N1). Again, by monotonicity, we have K¢ »(N) > K for all N' > N5. But the
existence of N' > A with K¢ (N) > K would contradict to the concavity of K¢ (w.r.t. the
three points A7 < N2 < A). This finishes the proof. O

Lemma 4.3 implies the following property on curvature sharpness.

Proposition 4.6. Let G = (V, E) be a locally finite graph and x € V. If x is N -curvature sharp,
then x is N’ -curvature sharp for any N’ € (0, N].

Proof. 1f z is N-curvature sharp, then Kg . (N) = K% (z) — 2d,/N. By Lemma 4.3, we obtain, for
any N’ € (0, N7,

2d,,
Ka(N') > K2 (z) — I
Recalling the upper bound in Theorem 3.1, we see the above equality holds. O

In particular, an co-curvature sharp vertex is A/-curvature sharp for any dimension N € (0, oo].

5. REFORMULATION OF SEMIDEFINITE PROGRAMMING PROBLEM AND LOWER CURVATURE BOUND

In this section, we derive a reformulation (see Theorem 5.4) of the semidefinite programming

problem in Proposition 2.1. This leads to a lower bound of the curvature function K¢ , in terms of

the upper bound K2 (z) — % and the minimal eigenvalue of a local matrix Py(z), which reflects

the topological structure of the neighbourhood around x. When G is Si-out regular at x, our lower
bound estimate provides a precise formula for Kg 5.

5.1. Main results without proofs. We refer the readers for the proofs of the main results pre-
sented here to the next subsection.

Definition 5.1 (Matrices Py and ﬁoo) Let G = (V, E) be a locally finite simple graph and let
x €V. Px(x)is a (dy + 1) by (dy + 1) matrix defined as
N 0 N df —avi(z) - dy, — avy (z)
df —av ()
~ Yy 1

(5.1) Poo() := L Poo () ;

d;m —avf (z)
where Poo () is a d, by d, matrix corresponding to the vertices in S;(z) given as follows. For any
i,j € [dg), i # j, we have

Wy, Wy
(5.2) (Poo(@))ij =2 — dwy,, —4 > %
z€S2(x) z

with wy, as defined in (2.8) and, for any i € [d,],
(5:3) (Pos(@))ii == Y (Puc)ij — (dy, — avi ().

JElda],5#i
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Remark 5.2. Note that the entry (Poo(x));; in (5.2) is determined by the number of 1-paths
between y; and y; (i.e., wy,y,,, which is either 0 or 1), and a weighted counting of the 2-paths
between y; and y; via vertices in Sa(x). The entry (Poo(x))i; in (5.3) is defined such that

Poo(z)1 = 0.
By a direct calculation, one can reformulate (5.3) as
2
w;
(5.4) (Poo(@))ii = —2(dy — 1) + 3dy, + avy (x) +4d5, —4 dy; .
2€8x(zm) -

Definition 5.3 (Matrices 73/\/) Let G = (V, E) be a locally finite simple graph and let « € V. For
N € (0, 00], we define

0 0 0
~ - 4 0

(55) Pu(e) i=Poola) + 7 | . dela, —Ja,
0

By definition, we have 73N1 =0.
Now, we are ready to state our main results.

Theorem 5.4. Let G = (V,E) be a locally finite simple graph and let x € V. Then for any
N e (0,00], Kg.o(N) is the solution of the following semidefintie programming,

2
mazimize K2 (x) — % - %
subject to Prr(z) > —\-20(z).

Moreover, the following are equivalent:

(i) KgoWN) =K (z) — 24 — 3;
(ii) The matriz Par(x)+ X-2T(x) is positive semidefinite and has zero eigenvalue of multiplicity
at least 2.

Theorem 5.4 can be considered as a new version of Proposition 2.1 and Corollary 2.7, in terms
of the matrix Par(z) + A - 2I'(x) instead of 4Mk nr. Note the latter matrix has a larger size.
As a consequence of Theorem 5.4, we have the following lower bound of the curvature function.

Theorem 5.5. Let G = (V,E) be a locally finite simple graph and let x € V, Then for any
N € (0, ], we have

o 2d, 1 ~
(5.6) KoalN) 2 K% () = 2 + S Anin(Pa2),

The above estimate is sharp if and only if the zero eigenvalue of the matrix
Par(@) = Amin (Par()) - 2D ()
has multiplicity at least 2.

Recall in Corollary 4.4 that we can read the degree d, from the curvature function Kg . With

the help of Theorem 5.5, we can further read the average out degree avy (z).
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Corollary 5.6. Let G = (V,E) be a locally finite simple graph and Kg, : (0,00] — R be the
curvature function of x € V. Then

2d,
avf‘(x) =3+d, — 2/\1/1111 (/CGJ(N) + ) .
—

0 N
Proof. Combining the upper bound in Theorem 3.1 and the lower bound in Theorem 5.5, we obtian
~ 2d,
2K () + Amin (P (z)) < 2 <ICG,3¢(N) + N) < 2K (z) = 3+ d, — avi (2).

Therefore, it remains to prove lima g )\min(,}/)\j\[(l‘)) = (. Since 73N(x)1 = 0, we only need to show
for any v = (vg,v1,...,vq,)" € 1, limpy o v Pp(z)v > 0.
By (5.5), we calculate

d U1
0T Por()v =200 Z:(d;r —avi (@)vi+ (v1 -+ va,) Peo
i=1 va,
4 d. d\
[ (E0)
i=1 i=1
If v=(—d,1,...,1)T, we can check from above ’UT']SN(SC)U = 0. Otherwise, we have d, Zfil v —
2 ~
(Z;tl vi) > 0, and therefore limps_o v Py (z)v = 00. ]

When G is S;-out regular at , we obtain, from Theorem 5.5, a precise formula for calculating the
curvature function K¢ ;. Note in this case, we have P (z)1 = 0, and, therefore, Apin (Poso(x)) < 0.

Theorem 5.7. Let G = (V, E) be a locally finite simple graph and let x € V. Assume that G is
S1-out regular at x, i.e.,

(5.7) dt = av{ (), for any y; € S1(z).

Yi

Then, we have for any N € (0, o]

2d, 1 4

(5.8) KGJ(./\/') = Kgo (l‘) — N + iAmin (Poo(x) + N(dwldm — Jdr)> .
More explicitly, we have

Kgo(m)f%, if 0 <N < No(z);
(5.9) Koa(N) = i,

Ko (x) — No(2)’ if N> No(z),
where
(5.10) No(z) == 4d,

_/\min (Poc (33)) ’

When Amin (Poo(z)) =0, (5.10) reads as Ny(z) = oo.
18



Remark 5.8. When d, > 1, 17 # (), then P (2)1 = 0 implies

1 4 ) )
5)\min (Poo(l') + N(dmIdT - JdT)> = min {O, §>‘min (’Poo(x)hl) + Ndx}
0, if 0 < NV < No();
“Now T N> No@),
where )
4
N - 9 if )\min Poo 1)< 0;
NO(‘T) = _)‘min (POO(I)|1L) ! ( (.’E)|1 )
00, if Amin (Poo(2)]12) > 0.

Since Amin(Poo(z)) = min{0, Amin (Poo(®)];2)}, we have No(z) = Ny(x). Therefore (5.9) is a
reformulation of (5.8). When d, = 1, we observe Py (x) and d,I;, — Jg, are both one by one zero
matrices, and, therefore, (5.9) coincides with (5.8).

Example 5.9 (Leaves). Let G = (V, E) be a locally finite simple graph. Let 2 € V be a leaf of
G, i.e., dy = 1. Then, since both P (z) and d, I, — J4, are one by one zero matrices, we have for
any N € (0, o],
wi) 2
2 N

Theorem 5.7 tells that, when G is Si-out regular at z, there always exists Ny(z) € (0, o], such
that « is N-curvature sharp for any N € (0, Ny(z)], and K¢ (N) = Kg »(No(x)) is constant for
N € [No(z),00]. In fact, this property is a characterization of the Si-out regularity of z.

(5.11) Ke:(N)=2—

Corollary 5.10. Let G = (V, E) be a locally finite simple graph. Then G is Sy-out regular at = if
and only if there exists N € (0,00] such that x is N -curvature sharp.

Proof. Assume that z is A-curvature sharp for A' € (0,00]. Then we obtain, by Theorem 5.4,
Par(x) > 0. Therefore, by Sylvester’s criterion, we have for any y; € S1(x),

0 dt — av{ (z) )
det Yi L = —(dt — avi(2))? > 0.
(d;. —avf(e) Palr)+ e —1) = e T @)

This implies d;f, = avy (z) for any y; € S ().
The other direction is a straightforward consequence of Theorem 5.7. (|

Corollary 5.10 and Theorem 5.7 implies the following characterization.

Corollary 5.11. Let G = (V, E) be a locally finite simple graph and x € V.. Then x is co-curvature
sharp if and only if G is S1-out reqular at x and the matriz Poo(z) > 0.

In the following example, which will play an important role in Example 9.12, we illustrate how
the above results can be applied to calculate explicit curvature functions.

Example 5.12. Figure 4 shows a 4-regular graph G = (V, E) with two types of vertices, denoted
by 1,22, 23 and y1,y2,y3,y1. We will now calculate the curvature functions Kg ., and Kg,y,
explicitly. The symmetries of the graph imply that these functions do not depend on ¢ or j and it
suffices to calculate K¢, and Kg,y, .
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Y, Y Y, Yy

FIGURE 4. A 4-regular graph with two types of vertices z; and y;

For the calculation of Kg 5, , we observe that x; is Si-out regular and apply Theorem 5.7. We

have av; (z1) = 2 and (3.7) yields K (z1) = 2. The matrix Ps(21) takes the simple form

4 -4 0 O

4 4 0 0
Pelt) =g o 4 -4
0 0 -4 4

and has Apin(Poo(21)) = 0 since it is diagonal dominant. Therefore Ny(z1), defined in (5.10), is
equal to infinity and we have
KomN) =3 — 1
The calculation of K¢ ,, is much more involved and, since y; is not Si-out regular, we need to
employ Theorem 5.4. From the structure of the punctured 2-ball By (y;) we can derive avy (y1) =
3/2 and K% (y1) = 11/4. Therefore, we have

(5.12) Key (N) = 4N

with A > 0 chosen such that 7/5N(y1) + A - 2D(y1) is positive semidefinite with zero eigenvalue of
multiplicity at least 2. Recall that Par(y1) was defined in (5.5) via Poo(y1). Poo(y1) and 2I'(y1), as
matrices with entries corresponding to y1,ys2, 1, X2, 3, are given by

0 75% i 11 4 -1 -1 -1 -1
R -2 1L 2 2 -2 -1 1 0 0 0
Poo(y1) = % -2 ¥ *7% 7; , and 2I'(y1)=|—-1 0 1 0 O
: 2 75 % -1 0 0 1 0

2 1
5 -2 -3 3 & -1 0 0 0 1

The eigenvalues of Ppr(y1) + A - 2(y1) are 0, (32 + 20N + 7TA)/(2N) > 0 with multiplicity 2, and

FOLN) £V PPOAN) + 9\ N)
2N

with
FOLN) =6NA+9IN +16 >0, and g(\,N) = 5N (—4NI? — (36N + 64)\ + 3N).
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For all eigenvalues to be non-negative and two of them to be 0, we need to have g(A, N') = 0, leading
to

(ON +16) + /3N2 + (IN + 16)2

A= N

Plugging this into (5.12), we obtain

8+ V2IN? + 72N + 64
B 2N '
In particular, we have K¢ 4, (c0) = 5/2 for i € {1,2,3} and K¢y, (00) = 5 —+/21/2 = 2.7087 ... for
je{1,2,3,4}.

Even though this can also be derived from the symmetries of the graph, the fact that the
curvatures at x; and y; are different implies that there is no graph automorphism mapping a vertex
x; to a vertex y;.

ICGﬂUl (N) =9

5.2. Proofs of main results. In the following, we prove Theorems 5.4, 5.5, and 5.7. Let us first
show the following general result.

Proposition 5.13. Let M be a symmetric square matriz such that
My Mo
M= ,
<M21 Moo
where My1, Moo are two square submatrices of orders my, mo, respectively, and Mso > 0. Denote
by Q(M) the matriz
(513) Q(M) = M11 - M12M2_21M21.
Then,
(i) M >0 if and only if Q(M) > 0;
(ii) M has zero eigenvalue of multiplicity at least 2 if and only if Q(M) has zero eigenvalue of

multiplicity at least 2.
(iil) If M1,y 4m, =0, then Q(M)1,,, = 0.

Proof. Since Mso > 0, there exist a matrix Ag > 0, such that Myy = AOA(—)'—. Set CJ = AglMgl.
Then we have AOC'OT = M>y, and

(5.14) CoCy = Mya(Ag )T Ayt May = Mys My Mo,

Therefore, we obtain

(5.15) M= (ig) (Cq Ad) + (Q(éw) 8) :

Observing the first matrix on the RHS of (5.15) is positive semidefinite, we conclude that Q(M) >
0 implies M > 0.
Conversely, if Q(M) # 0, then there exists a vector v, such that v’ Q(M)v < 0. Set

(5.16) w = —(A])'Cqv.

We calculate

5.17 cf AN (V) =clv+Alw=0.
0 0) \w 0 0
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By (5.15), this implies

Hence, M # 0. This finishes the proof of (i).
Now we prove (ii). Let v1,vy be two linearly independent eigenvectors of Q(M) corresponding
to zero. We define the corresponding vectors w;,i = 1,2 via (5.16). Due to (5.17), we have

(o)

That is, we find two independent eigenvectors of M corresponding to eigenvalue zero.

K3
eigenvalue zero. We have

Conversely, let <Z}l ,i = 1,2 be two linearly independent eigenvectors of M corresponding to

(5.18) M (Ul> =0, implies Q(M)v; =0,

W;

by (5.15) and
A7) (%) =45t () (1) =o.

It remains to prove v; and vy are linearly independent. Suppose v; and vq are linearly dependent.
W.o.l.g., we can assume v; = v2. Then we get

M < 0 ) =0, and, in particular, Mays(w; —wy) = 0.
w1 — W

Vs

Recall My > 0. We have w; = ws. This contradicts to the fact that ( ) ,i = 1,2 are linearly

K2

independent. We now finish the proof of (ii).
(iii) is a particular case of (5.18). O

The following lemma is a key observation to apply Proposition 5.13 to our situation.
Lemma 5.14. Let G = (V, E) be a locally finite simple graph and let x € V.. Then we have
(5.19) Poo(r) = (4T2) 5,5, — (AT2)p, 5, (4T2) 5} 5, (4T2) 5,5, — 2K, - 2T
Note we drop the dependence on x in the RHS of (5.19) for convenience.

Remark 5.15. Let us write

r )B B1 — ICO T (FZ)B s
5.20 I — KT = ( 2)B1,B: 00 1,52
( ) 2 o < (FQ)Sz,Bl (FZ)S2752

Then by (5.13), we can reformulate (5.19) as

(5.21) Poe = 4Q(Ty — KOT).
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Proof. Recall (2.9), (2.10), and (2.11). We calculate

(4F2)Bl,52 (4]-—‘2)52175‘2 (4F2)S2,Bl

_ _ _ _ T
dzl Z|Sg| d£ 0 dzl dZ\Sz\
21
N 72wy121 U 72wy12|s2\ . . . 72wy121 e 72wy12\52|
0o --- 1
—2w e 2w a2 5,1 —2w cee 2w
Ydy 21 Ydg 2| Sy 2 Ydg 21 Ydg ?|S5|
- —2d+ R —2d+
22652 dZ 2dy1 ) 2dydm
—9d+ Yz . Yv1=Y=va,
2dy1 4 ZzESQ(a:) d 4 ZzESz(x) d;
(5.22) = . :
+ Wyy 2Wzyq wid z
_2dydm 4 ZZGSQ(Z') d; T 4 ZZESQ(JC) ds

On the other hand, using (2.2), (2.6), (2.7), and (3.7), we calculate
(4T9)p,,, — 2K3, - 2T

dy - avf‘(ﬁ:) —df — avi (z) —d, —av{ (z) - —d), - av (z)
_d;rl - Lw%r () (4l2)y, p — 2K, 2 — 4wy, y, o T 2 —dwy,y,,
(5.23) = —d}, —av () 2 — 4wy, ,, (4T2)yy o — 2K, - 2 — dwy,y, :
_d;dm - ‘w;r (z) 2 —dwy, 4, 2 —dwy,, y, R G 2KC5,

where for any y; € Si,
(4T3)y, 4, — 2K, = (5 — dy 4 3d, +4d) ) — (3+dy — av{ (z)) = —2(dy — 1) + 3d,} + av{ (z) +4d)),.

Observe that
dy - avi (z) = Z df = Z d;.
y€S1(x) 2€82(x)

Therefore, subtracting (5.22) from (5.23) produces the matrix Pog (). O

Proof of Theorem 5.4. Recall Proposition 2.1: K¢ ,(N) is the solution of the following semidefinite
programming problem:

maximize K

subject to T'a(z) — %A(m)TA(a@) > KT'(x).

We change the variable K in the above problem to A, which is given by

_ 0 2ds
(5.24) Ai=2 <ICDO N K) .

Let us write

1
Mgy =Ty — —ATA - KT = (

(T2)B,,B, — wATA— KT (F2)31,52>
¥ .

(FQ)Sz,Bl (F2)52,52
23



Recalling (5.13), we have

4Q(Mycx) =4Q(Ts — KOT) + 4(K%, — K)T — —ATA

N
=Pus +N (dy - 2T — ATA) + X - 2T
In the second equality above, we used Lemma 5.14. Recalling (4.3), we have, by (5.5),
(5.25) 4Q(Myc n) = Prr+ A - 2.

Applying Proposition 5.13 (i), we have Mg o+ > 0 if and only if 4Q(Mk ) > 0. Hence, (5.25)

implies that the semidefinite programming problem is equivalent to the one in Theorem 5.4.
Using (5.24) and (5.25), the equivalence of (i) and (ii) in Theorem 5.4 is then a straightforward

consequence of Corollary 2.7 and Proposition 5.13. |

We remark that, by (5.25), the fact ﬁ/\/l = 0 can also be derived from Mg a1 = 0 and Propo-
sition 5.13.

Proof of Theorem 5.5. Applying Theorem 5.4, we only need to show
(5.26) Par(2) = Amin(Par(z)) - 2I'(z) > 0.
Let us denote the above matrix by L for short. If d, = 1, we have df = av{ (z) for the neighbor y

of z. Recall PN( )1 = 0. We have PN( )1 is a zero matrix. Therefore, (5.26) is true. If d, > 1,
(5.26) is true because Py(x)1 =0, 2I'(z)1 = 0, and

Mo L) Zhain (Par(@)], | ) = Ao (Pac(@)) - Ausin (20 @)1.2)
Ain (Pa(@)] ) = Amin(Pav (@) > 0.

In the first inequality above, we used the fact )\min(”ﬁ,\/) < 0, which follows from 75/\/(36)1 =0, and
in the subsequent equality, we used Proposition 2.2. (Il

Proof of Theorem 5.7. Since djj, = avy (x) for any y; € S1(z), we have

- 0
0

Hence Amin (Pr(2)) = Amin (Poo(@) + 7 (dola, — Ja,)). If Amin(Par(z)) = 0, then the equality (5.8)
follows from Theorem 5.5 anQ the upper bound in Theorem 3.1.
Otherwise, we have Apin(Par(x)) < 0. By Theorem 5.5, it remains to show the matrix

(5.28) Prr(x) — Amin(Par) () - 2T ()

has at least two independent zero eigenvectors. Recall the constant vector 1,4, is one zero eigen-
vector. Since )\mm(P/\/( )) < 0, there exist v = (vg,v1,...,v4,) € 1dlz+1 which is the eigenvector of
Py corresponding t0 Amin (Pr). By (5.27), we can assume vy = 0. Then we check 2I'v = v. (Recall

Proposition 2.2). Therefore, v is another zero eigenvector of Py — )\min(ﬁ/\/) -2I. O
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5.3. Families of examples. We now employ our results to discuss several families of examples.

Example 5.16 (Regular trees). Let Ty = (V, E) be a d-regular tree and x € V. We have

2d ,
(5.29) KraN) =4 27 N fO<N =2

2—d, it N > 2.
Proof. For any y € Si(z), we have df = avi (z) = d — 1. Hence Ty is Si-out regular at = and
we apply Theorem 5.7. Note all the off-diagonal entries of Py, (x) equal 2. Then by the property
Poo(2)1 = 0, we obtain

(5.30) Poo(x) = =2(d1g — Ja).
Observe that the set of eigenvalues of the matrix dIy — Jy is
(5.31) o(dly — Jq) ={0,d,...,d}.
——
d—1

Therefore, Amin(Poc(z)) = —2d, and Np(x), defined in (5.10), is 2. Noticing that

_ 34d, — avf (z)
B 2
we obtain (5.29) from (5.9). O

KO () =2,

While regular trees are N-curvature sharp only for N € (0, 2], we will see the complete graphs
are curvature sharp for any N € (0, co].

Example 5.17 (Complete graphs). Let K, = (V, E) be the complete graph on n > 2 vertices and
x € V. For any N € (0, 00], we have
n+2 2(n—1)

2 N

We remark that (5.32) has been obtained in [20, Proposition 3] via different calculating method.
Below we show (5.32) follows immediately from Theorem 5.7.

(5.32) K, aN) =

Proof. We check d, =n —1 and d = av{ (z) =0, for any y € Sy(z). Therefore,

. —avt 2
(5.33) Kgo(x):3+d1 2avl (x) :n—2&— .

Since wy,,; = 1 for any pair of vertices in S (x), all off-diagonal entries of P (z) equal —2. By the
property Poo(x)1 = 0, we know

(5.34) Poo(z) =2(n — DIh_y — 2Jp_1.

Recall (5.31), we have Apin(Pso(z)) = 0. Hence, we have Ny(z), defined in (5.10), equal co. By
(5.9), we obtain (5.32). O

Next, we consider the family of complete bipartite graphs, which are possibly irregular, but are
still Si-out regular.
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Example 5.18 (Complete bipartite graphs). Let K,,, = (V, E) be a complete bipartite graph.
Let x € V be a vertex with degree d, =n. If n =1 or n < 2m — 2, we have for any N € (0, o]

_4+n—m 2n

(5.35) K naN) 5 N
If, otherwise, n # 1 and n > 2m — 2, we have
4 — 2
y — Wn, ifo< N < #:m;
(5.36) KipeWN) =19 4
' m—n : 2n
2 ) lfN > n—2m+2"°

In particular, we have Kk, , (00) = 2 and, when (n,m) # (1,1),

m+2—|n—2m+2|
5 :

Remark 5.19. We remark that K5 has constant flat curvature, i.e., ICKZ,GJ(OO) =0 Vx. But at
each vertex z with degree 2, Kk, ;»(N) < 0 for any finite dimension . This has already been
observed in Example 2.13. On the other hand, at each vertex y with degree 6, we see K, ¢.(N) = 0,
for any N € [3, 00].

(5.37) KK 2 (00) =

Proof. Let x € V be a vertex such that d, = n. Then, we have d;‘ = av+(x) =m—1, dg =0, for
any y € S1(z). Therefore, we obtain

34d,—avf(z) 4+n-m

B 2 B 2

Note that d; = n, for any y € Si(z), and there are (m — 1) 2-paths connecting any two vertices
Yi,y; € S1(z) via a vertex in Sy(x). Therefore, each off-diagonal entry of P (z) equals 2— 2 (m—1).
By the property that Py (2)1 = 0, we have

(5.38) K2 ()

Recalling (5.31), we have (P (z)) = {0, —2(n —2m +2),...,—2(n — 2m + 2)}.
Ifn=1orn <2m—2 ie,ifn =m=1o0rn < 2m— 2, we have Apin(Poo(z)) = 0.
Hence, Ny(x) = co. We obtain (5.35) by (5.9). If, otherwise, n # 1 and n > 2m — 2, we have

Amin(Pso (7)) = —2(n — 2m + 2). Hence, Ny(z) = #ﬁb” Noticing that
2d 44+n—-—m 3m—n
KO () — - = —(n—2m—-2) =
o) ey =y am gy = PR
we obtain (5.36) by (5.9). O

Particularly, we have the curvature function for star graphs Star, = K;,. We can suppose
n > 2. (Recall when n =1, Stary = K11 = K».)
From the above examples, we can derive the curvature function for cycles.

Example 5.20 (Cycles). Let C,, = (V, E) be a cycle graph with n vertices and x € V. Since
C3 = K3, we have, by Example 5.17, for any N € (0, o],

_5_4

=5 W
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Since Cy = K3 2, we have, by Example 5.18, for any N € (0, o],

4

N

When n > 5, the local subgraph Ba(z) is isomorphic to that of a vertex in a 2-regular tree (i.e.,
infinite path). Therefore, we have, by Example 5.16,

(5.40) KewalN) =2 -

s fo<nN <
(5.41) Ke, »(N) = N =% for n>5.

0, it N > 2,

6. CURVATURE AND CONNECTEDNESS OF By(z)

In this section, we prove relations between the curvature function K¢ , at a vertex x € V and
topological properties of the punctured 2-ball By (x). More precisely, we show that

(a): The curvature K¢ ,(c0) is — with very few exceptions — always negative if By(x) consists
of more than one connected component.

(b): The curvature function K¢ , does not decrease under adding edges in S;(z), or merging
two vertices in Sy(z) which do not have common neighbours. Obviously, these operation
increases the connectedness of Bs(x).

6.1. Connected components and negative curvature. Let G = (V,E) be a locally finite
simple graph, € V be a vertex and d = d, its degree. Henceforth we assume that we have chosen
a specific connected component of Bg(x) We denote the vertices of this connected component in
S1(z) and Sa(z) by y1,. ..,y and 21, . .., 2z, respectively. Figure 5 illustrates connected components
of By(z). Note that the punctured 2-ball By(z) has more than one component if and only if d > .

FI1GURE 5. Connected components of Bg(x) in different colours; choosing the red
connected component leads to d = 11 and r = 6.
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Our first two results assume that BQ({E) has more than one connected component and distinguish
the cases s > 0 (our connected component has vertices in S3(z)) and s = 0 (our connected compo-
nent consists entirely of vertices in Sy(x)). Our first result deals with the case that our connected
component of By () has only vertices in S (z).

Lemma 6.1. Assume that By(x) has more than one connected component (i.e., d > r) and that
s =0 and d > 4. Then we have K¢ 5 (c0) < 0.

For the proofs, it is useful to introduce the notions 0; and 1; for the all-zero and the all-one
column vector of size ¢.

Proof. Let A be the submatrix of 4I's(x) corresponding to the vertices x, y1,...,y,. Let C be the
(2 x (r+ 1)) matrix
1 o
=5 1)

Then the (2 x 2) matrix A9 = CACT has the form

_( 3d+d? —r(3+d)
Ao = (—r(S +d) r(5-d)+2r(r— 1)) '

Since
(6.1) det Ag = —(3+d)r(d—3)(d—r),
d > 4 implies det Ay < 0 and Ap cannot be positive semidefinite. This implies K¢ ,(00) < 0. O

Our second result reads as follows.

Lemma 6.2. Assume that By(x) has more than one connected component (i.e., d > r) and that
s> 0 and d > 3. Then we have Kg 5(00) < 0.

Proof. Let A be the submatrix of 4T'5(z) corresponding to the vertices z, y1, ..., yr, 21,...,2s. Let
C be the (3 x (1 + 7+ s)) matrix

1 ol o]
c=10 17 o]
0 ol 1
Then the (3 x 3) matrix Ag = CACT has the form
3d + d? —-B+dyr—-=S S
(6.2) Ao=|-B+d)r—-S r(b—-d)+35+2r(r—1) -25
S -25 S
with § = Y71, do* = 377 d" > s. Choosing the row vector v = (r,d,d + 1/5), we obtain
1 1 1
(6.3) v Agv = —rd(d — 3)(d — 1) — 2(d — 7) + 5<% —2(d—-r) < g-4<-3<0.
This shows that A is not positive semidefinite and, therefore, K¢ ,(c0) < 0. O

In the situation described in Lemma 6.2, we can only have K¢ ;(00) > 0 if d = 2 and, conse-
quently, » = 1. In this case, there is only one vertex of our connected component, denoted by vy, in
S1(x), and the next result tells us that Kg ,(00) < 0 unless the out degree of y satisfies dj = 1.

Lemma 6.3. Assume that d = 2 and Ba(z) has two connected components, i.e., Sy(z) = {y,y'}
and y % y'. Then we have K¢ ,(00) <0 ifd;r >2or d;‘, > 2.
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Proof. Following the proof of Lemma 6.2, we are in the special case (d,7) = (2,1) and S = df. The
matrix Ag from (6.2) then simplifies to

10 —(5+95 S
Ag=|-(5+8) 3+35 -25],
S 28 8

and we have det Ay = S(5 —35). If d; =5 > 2, we obtain det Ay < 0, i.e., 4I'g cannot be positive
semidefinite and we have K¢ ;(00) < 0. The same holds true when we replace y by ¢/, finishing the
proof. O

Theorem 6.4. Let G = (V, E) be a locally finite simple graph and x € V. If Bg(x) has more than
one connected component then Kg z(00) < 0, except for one of the five cases (a)-(e) presented in
Figure 6.

(A) o———eo— o

Y, Y,
Y X Y,
(b) 00— —0 (d) >X—4 Yy (C) DX—4 Y3
Z % X %
(C) y] yl

r—o——0—0

% Y X Y %

FIGURE 6. 2-balls By(z) with K¢ ;(c0) > 0. The corresponding punctured 2-balls
By (x) are red.

Proof. We assume that Bg(x) has at least two connected components and, therefore, d > 2. If
d > 4 we have Kg 5(00) < 0 by Lemmata 6.1 and 6.2. So it only remains to investigate 2 < d < 3.
If Sy(x) # 0, there exists a connected component of By(z) with a vertex in Sp(z) and Lemma
6.2 implies K¢ (00) < 0 if d = 3. So we are left with d = 2 and, in view of Lemma 6.3, the only
remaining possibilities for Ba(z) to achieve K¢ ,(00) > 0 in the case Sa(z) # () are (b) or (c).
In the case So(z) = 0, d = 2 and Kg (00) > 0 lead necessarily to the configuration (a) for
By(z). Similarly, d = 3 and K¢ ;(c0) > 0 lead necessarily to the configurations (d) and (e). O

Theorem 6.4 and the curvature calculations for the exceptional cases have the following immediate
consequences.

Definition 6.5. Let G = (V, E) be be a locally finite simple graph. An edge e € E is called
an (r, s)-bridge if the graph G decomposes after removal of the edge e = {z,y} into two separate
non-empty components and if the degrees of the vertices x and y in each of the components after
removal of e are r and s, respectively.
Corollary 6.6. Let G = (V, E) be be a locally finite simple graph and e = {z,y} € E be an
(r, s)-bridge.
(@) If r =0, x is a leaf and the curvature function Kg 5 is given by
S 2
Ke.a =2—=-—-—.
G, (N) 92 N
In particular, we have K¢ 4(00) > 0 iff s < 4.
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(b) Ifr =1, we can only have Kg (00) > 0 if s € {0,1}.
(c) If r =2, we have Kg 5 (00) <0, and we can only have equality if s = 0.
(d) If r > 3, we have always K¢ (o0) < 0.

Proof. The case r = 0 follows from Example 5.9. In all other cases, B, (z) has at least two connected
components and we can directly apply Theorem 6.4. O

Definition 6.7. Let G = (V, E) be be a locally finite simple graph and e € E. The girth of e,
denoted by girth(e) is the length of the shortest circuit in G containing e. If e is not contained in
any circuit, we define girth(e) = oo.

Corollary 6.8. Let G = (V, E) be be a locally finite simple graph and e = {z,y} € E. If 5 <
girth(e) < oo, we have Kg (00), Ka,y(c0) <0.

If girth(e) = oo, the only exceptions for Kg ,(00) < 0 are: (i) dy > 2 and we have one of the
situations (a)-(e) in Figure 6 for Ba(x), (ii) x is a leaf and the other vertex has degree < 5.

Proof. The girth condition 5 < girth(e) < oo implies that Bs(z) has at least two connected com-
ponents and we can apply Theorem 6.4. So we only have to consider the exceptional cases. The
exceptional cases (a) and (b) imply girth(e) = oo, and we have in the cases (¢), (d), (e) that
K¢ .o (00) = 0. The same holds true for the vertex y.

Now we assume girth(e) = oo. If dy > 2, By(z) must have at least two connected components
and we can apply Theorem 6.4. The only exceptions of K¢g ,(00) < 0 are then situations (a)-(e)
in Figure 6. If d, = 1, we know from Example 5.9 that it has only non-negative curvature if the
degree of its neighbour is < 5, which is precisely the case (ii). |

Remark 6.9. In [19], B. Hua and Y. Lin classified graphs with girth at least 5 and satisfying
CD(0,00). Their work was carried out independently, provides related but different results, and
considers, in contrast to our context, the normalized case.

6.2. Operations that do not decrease the curvature. In this subsection, we discuss operations
that does not decrease the curvature. The first one is adding new spherical edges in S (x).

Proposition 6.10. Let G = (V, E) be a graph and x € V be a vertex. Let G' = (V,E’) be the
graph obtained from G by adding a new spherical edge in S1(z). Then we have for any N € (0, o0],
K(G',z;N) > K(G,z; N).

Proof. Suppose that G’ is obtained from G by adding a new edge {y1,y2}, where y1,y2 € S1(z).

Then we have

and
0 0 0
Dy(x) —Ta(z) = [0 (T2)s,.5, — T2)s,,s, 0
0 0 0
By (2.7), we obtain that
1 -1 0
) -1 1 - 0
(64) (FQ)Sl,Sl - (F2)51751 = : : .. R
0 0 0
is positive semidefinite. This completes the proof. O
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Remark 6.11. By Corollary 2.7, K(G',x;N) = K(G, z; N) if and only if the multiplicity of zero
cigenvalue of I'y(z) — A/ (z) T A'(z) — K(G, z; N)I'(z) is no smaller than 2.

Merging two vertices z1, zo in So(z) also does not decrease the curvature. Here we assume the
two vertices z1, 2o do not have common neighbours. By merging two vertices z1, z2, we mean the
following operations: Remove the possible edge connecting z; and zo and identify z1, 22 as a new
vertex z, where edges incident to z each correspond to an edge incident to either z; or z3. The
assumption that 2, z9 do not have common neighbours ensures that no multi-edge is produced by
this operation.

Proposition 6.12. Let G = (V, E) be a graph and x € V be a vertex. Let G = (V" E") be the
graph obtained from G by merging two vertices in Sa(x) which do not have common neighbours.
Then we have for any N € (0, o],

K(G",x;N) > K(G,z; N).

Proof. Suppose that G” is obtained from G by merging the two vertices z|g, (z)|-1, 2|5, (=) i S2(2)
which do not have common neighbours. Then we have A" (z) = A(z), I (x) = T'(x). Let C” be a
|B2(x)| — 1 by |Ba(x)| matrix

o <éur82<z>|2 01B2(x)] -2 032<1z>|2> ,
|Ba(w)] -2

Then we have
Iy () = C"Ta(a)(C") .

Therefore, we have

T () — (A (@) TA (@) — K(Gyr, N (1)
=C"(Ty(z) — /ivA(x)TA(x) — K(G,z, N)T'(z))(C")" > 0.
This finishes the proof. O

We believe the following property is true.
Conjecture 6.13. Let G = (V, E) be a graph and « € V be a vertex. Let G"”" = (V"', E"") be the
graph obtained from G by one of the following two operations:

e Delete a leaf in S3(z) and its incident edge.
e Delete z € So(z) and its incident edges {{y,z} € F : y € Si(z)}; Adding an new edge
between every two of {y € S1(z) : {y,2} € E}.

Then we have for any N € (0, oo],
K(G", x;N) > K(G, z; N).

7. CURVATURE FUNCTIONS OF CARTESIAN PRODUCTS

In this section, we show that the curvature functions of a Cartesian product can be explicitly
determined from curvature functions of the factors.
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7.1. x-product of functions. We first discuss an abstract product between functions. Let us
denote by FK the set of continuous, monotone non-decreasing functions f : (0, 00] — R with

J\lflglo JN) = —oo.
Recalling Proposition 4.1, curvature functions lie in FKC.
For any N € (0,00), let Dy (N') be the following set:
(7.1) Dp(N) :={(WN1,...,Np) : N; >0 forall jand N1+ -+ N =N.}.

Definition 7.1 (x-product). For two functions fi, fo € FK, we define fi * fo : (0,00] — R as
follows. For any A € (0, 00), let

(7.2) fix fa(N) == f1(N1) = f2(N2),
where (N7, N2) € Da(N) is chosen such that

(7.3) fiN1) = fa(N2).

For N = oo, we define

(7.4) Jix fa(o0) == lim_fix f(N).

Remark 7.2. Let us first verify that the x-product is well defined.

For two functions fi1, fo € FK and N € (0, 00), there always exists a pair (N1, N3) € Da(N) sat-
isfying (7.3): We assume f1(N/2) < fo(N/2) without loss of generality (otherwise, we interchange
the functions). By the Intermediate Value Theorem, the monotonicity of fi, and limy,_, 72 f2(N/2—
h) = —oc0, we can find 0 < h < N/2 such that

f1(N1 + h) = fg(./\/z — h)

Note that (N1 + h,Na — h) € Do(N) is then the required pair.
Secondly, if there exist two pairs (N1, N2), (N, N3) € Da(N) such that (7.3) holds, then we have

(7.5) FiN1) = f1(N]) and fa(Na) = fa(N3).

Due to the definition of Dy(N), we can choose i, j such that {i,j} = {1,2} and N; < N, N > N].
Then (7.5) follows from the monotonicity of f; and fs.

Thirdly, the limit limar o0 f1 * f2o(N) exists. For any 0 < A7 < M3 < oo, Let (Ni1,N12) €
D2 (N7), (N1, Na2) € Da(N2) be two tuples such that

fix fa(Ni) = fi(Na) = f2(Ni2), i=1,2.
Since there always exists j € {1,2} with N7; < N5, we have, from the monotonicity of f;,
fix fa(N1) = f;(N1;) < f3(N2j) = fix fa(N2) < fi(00).

That is, fi * f2 is a monotone non-decreasing function, bounded above by f;(co) < co. Therefore,
the limit exists.

We have the following equivalent definition of the x-product.

Proposition 7.3. Let fi, fo € FK and F : (0,00] = R. Then F = fy x f5 if and only if we have,
for any N1,N3 € (0,00),

(7.6) min{ f1(N1), f2(N2)} < F(N1 + N2) < max{f1(N1), f2(N2)},

and F(o0) = limp 00 F(N).
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Proof. If F' = fy * fa, there exists a tuple (N, N3) € Da(N7 + N3) such that

FN1+N2) = fi(N]) = f2(N3).
Recall there always exist {i,j} = {1,2} such that N; <N} and N > N. Then we obtain (7.6) by
the monotonicity of fi, fo. F(00) = limp_ e F(N) follows directly from Definition 7.1.

Let F': (0,00] — R be a function satisfying (7.6) and F(co) = limy oo F(N). By Remark 7.2,
for any N € (0,00), there exists a pair (N1, N3) € Da(N), such that

fN) = fa(N2).

Therefore, (7.6) implies F'(N) = f1 * f2(N), finishing the proof. O
Corollary 7.4. Let f1, fo € FK. Then for N € (0,00), we have

(7.7) fi* fa(N) < min{ fi(N), fa(N)}.

For N = oo, we have

(7.8) J1 % fa(00) = min{f1(c0), f2(c0)}.

Proof. For N € (0,00), assume f1(N) < fo(N') without loss of generality. Note from the definition
of the *-product that there exists N7 € (0, N] with

frx f2N) = fi(N).
Using monotonicity of fi, we conclude that
fix foN) < fiN) = min{f1(N), f2(N)},
proving (7.7). Furthermore, we have, by (7.6) and (7.7),
min{f1(N/2), 2(N/2)} < f1 * fo(N) < min{f; (NV), f2(N)}.
Letting ' — 0o, we prove (7.8). O

We further have the following basic properties of the *-product.

Proposition 7.5. Let f1, fo € FK. Then we have the following properties:

(i) (Commutativity) fi * fo = fa* fi.
(ii) (Closedness) f1* fo € FK.

Proof. (i) is obvious from the definition.
For (ii), recall first that we have shown monotonicity of fi * fo in Remark 7.2.
For any N € (0,00), let (N1,MN2) € Do(N') be the pair with

fix fa(N) = fi(N1) = f2(Na).

Then by monotonicity of fo and Proposition 7.3, we have for any € > 0,
fao(N2) < f1x f2(N +€) < fa(Na + ).

By continuity of fa, we see f1x fo is continuous at A/. Since by definition, fi* fa(00) := limpr_00 f1*
f2(N), we prove that fi * fo : (0,00] — R is continuous.

The property limpr_o f1* f2(N) = —oo follows directly from Proposition 7.3 and limar_o f;(N) =
—00, 1 = 1,2. This finishes the proof of f; % fo € FK. |

The following proposition shows associativity of the x-product and implies, therefore, the well-
definedness of k-fold products.
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Proposition 7.6. For f1, fa, fs € FK, we have associativity
(fi=fo) * fs = fi* (f2% f3)-
For functions f1,...,fr € FK, k> 2, and N € (0,00), we have
fixox it W) = fi(N1) = - fi (N,
for any tuple (N1, ..., Ny) € Di(N) with

filMy) = -+ = fu(Nk).
Moreover, such a tuple always exists. For N' = co, we have
(7.9) Jr®-ox fi(00) = min{f1(c0), -+, fr(00)}.
In particular, we have
(7.10) fxox f(N)=fN/k), VN e€(0,0].
—

k

Proof. Let f1, fa, f3 € FK and N € (0,00). The expressions (f1 * f2) * f3 and f1 * (fo * f3) are
well-defined due to closedness of .
We show first the following fact for N7, Na, N3, M1, Mgy, M3z > 0: If

Ni+No+ N3 = Mi+ Mo+ Mz,  fi(N1) = fa(N2) = f3(N3) and fi(My) = fo(M2) = f3(M3),
then f1(NV1) = f1(M7): Obviously, we can find i, j € {1,2,3} such that N; > M; and N; < M,
and, using the monotonicity of the functions f,

filM) = fiNi) = fi(Mi) = fr(Ma) = f;(M;) = f3(N) = fi(M),

which shows f1(N1) = f1(Mq).
Next we show that, for every N € (0,00), there exist N1, N, N3 > 0 with N7 + Ny + N3 =N
and

(f1+ f2) * fs(N) = fi(N1) = f2(N2) = f3(N3).

By Definition 7.1, we have N, N3 > 0 with N + N3 = N such that
(fr* f2) * fs(N) = f1x fa(N]) = f3(N3).
Applying Definition 7.1 again, we find A7, N3 > 0 with N7 + Ny = N such that
fix f2(N]) = [1(N1) = fa(Na).

Combining these facts, we obtain

(f1 % f2) * fs(N) = fi(N1) = f2(N2) = f3(N3)
with M7 + Ny + N3 = N as claimed.

Analogously, one can show that there are M1, My, M3 > 0 satisfying M; + My + M3 = N and
fix(fax f3)(N) = fi(M1) = fo(Ma) = f3(Ms).
Now, our first fact implies that
(fi* f2) * f3(N) = fr(N1) = fi(M1) = f1 % (f2 * f3)(N),

which shows associativity for finite arguments N > 0.

The same arguments lead to the statement about the x-product of k functions f1,..., frx € FK
for arguments N € (0,00) in the proposition. Associativity and the statements about #-products
of k functions for the argument A/ = co in the proposition are easy applications of (7.8).
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Finally, (7.10) can be shown by taking the tuple (N /k,...,N/k) € Di(N) when N € (0,0),
and by using (7.9) when N = co. O

Proposition 7.7. Let f1, fo,g € FK. The following are equivalent:

(i) fixg# faxyg.
(ii) There exist Ny € (0,00] such that f1(No) # fa(No) and f1(N), f2(No) < g(o0).

Proof. (ii) = (i). W.l.o.g., we can suppose f1(No) < f2(Np). We can further suppose

f2(N0) < g(oo)

This is because, if fo(Np) = g(o0), we can choose an N < Ny, such that fo(Nf) € (f1(No), g(00)).
Then we have f1(M]) < fi(M) < fa(N) < g(00).
When Ny € (0,00), let My =min{M’ € (0,00) : g(M’) = f2(Np)}. Then we have

f2 % gWNo + Mo) = f2(No) = g(Mo).
By assumption, we know f;(Ny) < g(My). Hence, there exists € > 0 such that
Jr#gWNo + Mo) = fL(No + €) = g(Mo —e).
By the choice of My, we have
f1xgNo + Mo) = g(Mo — €) < g(Mo) = f2* g(No + Mo).
When Ny = oo, we have, by Corollary 7.4,
fixg(00) = f1(o0) < fa(00) = f2 x g(o0).

This finishes the proof of (i) assuming (ii).
(i) = (ii). We prove this by showing its contrapositive. Suppose, for any N € (0, cc], we have

(7.11) FiN) = fa(N) or max{f1(N), f2(N)} > g(o0).
For any N € (0, 0), there exists My, My € (0, N) such that
fixgWN) = fi(M;) = gV = M;), i=1,2.

If My = Mo, then f1 * g(N) = fo * g(N). Otherwise, we suppose M; < My without loss of
generality. By monotonicity, we have

fiM1) = gWN = My) > gV — Ma) = fo(Msy).

This implies g(c0) > fi(Mi1) > fo(M2) > fo(M1). By (7.11), we have fi(M1) = fo(M1) =
f2(Ms) and therefore, f1 x g(N) = fa * g(N).
Letting AN/ — 00, we obtain f; * g(0o) = f3 * g(co). This finishes the proof. a

Example 7.8. Given a € R,b1,bs € (0,00), let f1, fo € FK be the following two functions:

JiN) ::a—% and fo(N) ::af%..
Then we have
b1 + b
(712) fl*fQ(N):a_ N VN€(07OO]

This can be verified by taking the tuple (blell&J\/', ble2r2 J\f) € D3(N) when NV € (0, o).
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7.2. Main results. Given two locally finite simple graphs G; = (V1, E1) and G2 = (Va, Es), their
Cartesian product G; x Gy = (V1 x V5, E13) is a locally finite graph with vertex set V3 x V5 and
edge set E15 given by the following rule. Two vertices (z1,¥1), (x2,y2) € Vi x V4 are connected by
an edge in Fio if
1y = 22, {y1,Y2} € B2 or {x1,22} € E1,y1 = 9.
We have the following result.

Theorem 7.9. Let G; = (V, E;),i = 1,2 be two locally finite simple graphs. Then for any x € Vi
and y € Va, we have

(7.13) K:G1><G2,(:r7y) = ICGl,;c * ICG%y.
Theorem 7.9 is derived from the following two Theorems, using Proposition 7.3, .

Theorem 7.10 ([28]). Let G; = (V;, E;),i = 1,2 be two locally finite simple graphs. Then we have,
for any x € Vi,y € Vo and N1, N3 € (0, 0],

(7.14) Kayx@a,(zy) N1 +Na) > min{Ke, »(N1), Kg,,y(N2)}-

Theorem 7.10 has been shown in [28, Theorem 2.5]. In this section, we further prove the following
estimate.

Theorem 7.11. Let G, = (V;, E;), 1 = 1,2 be two locally finite simple graphs. Then we have, for
any x € V1,y € Vo and N1, N3 € (0, 00],

(7.15) K xGo @y N1+ N2) < max{le, (M), Ka,y(N2)}-
We first recall a technical lemma from [28, Lemma 2.6]. Let F': V] x V3 — R be a function on

the product graph. For fixed y € V5, we will write Fy(-) := F(-,y) as a function on V;. Similarly,
F*(:) :== F(x,-). It is straightforward to check

(7.16) AF(z,y) = AF,(z) + AF(y) and T(F)(z,y) = T(Fy)(z) + T(F)(y)-
Lemma 7.12 ([28]). For any function F : Vi X Vo = R and any (z,y) € V1 x Va, we have
Lo (F)(2,y) =T2(Fy)(x) + T2 (F7)(y)

(7.17) + % SN (Faiyw) — Fla,ye) — Flai,y) + F(x,))°

Ti~T Ye~Y
where the operators I'y are understood to be on different graphs according to the functions they are
acting on.
Proof of Theorem 7.11. Let f1 : Vi — R be a function with I'(f;)(z) # 0, such that
1

(7.18) La(f1)(@) = N (Afi(2))* + Kay o (NDOT(f1) ().

Let fo : Vo — R be a function with I'(f2)(z) # 0, such that

(7.19) Ta(f2)(2) = 37 (Af2@)? + Koo N2 (12) 2).

Let ¢1, co be two nonnegative real number. We define a function F : V3 x Vo — R such that
(7.20) Fy() =crfi() +eafoly), F():=cafo() +crfi(w),

and, for any {z;,2} € Fy and any {yx,y} € Ea,

(7.21) F(xi,yr) = c1fr(xi) + c2f2(yr)-
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Then we obtain, from Lemma 7.12,

Do (F)(2,y) = Pa(Fy)(x) + L2 (F®)(y) = ciT2(f1)(x) + 3T2(f2) (y)-
Inserting (7.18) and (7.19), we have

Lo (F)(w0) = 3 Alerfla))? + 1-Aleafa(o)?

N
(7.22) + Ky ,a NI (e1f1) (@) + K,y y (N2)T (e2.f2) (y).-
If 0 < N1, Na < oo and Afi(x), Afa(y) are not simultaneously zero, say Afi(x) # 0, we set
_ NEAf2(y) _
O AFAAW 2T

Then we have

j\vficlﬁfl(l’) = %Czﬁfé(y%
and hence
(123 MA@+ ARG = oy (@A) + A @)’

Using (7.16)and (7.23), we derive from (7.22)

(7.24) Iy (F)(2,y) (AF(2,y))* + max {Kg, (M), Keyy (N2)} T(F) (2, y).

1
= N1 +N2
This implies (7.15) in this case.
If, otherwise, Afi(z) = Afa(y) = 0 or at least one of N7, N> equals oo, say, N1 = oo, we set
cp =1, co=0.
Then we show (7.15) in this case similarly. O
By Corollary 7.4, the following result is a straightforward consequence of Theorem 7.9.

Corollary 7.13. Let G, = (V;, E;),i = 1,2 be two locally finite simple graphs. Then we have, for
any x € V1,y € Vo and N € (0, 0],

(725) KGl xGa,(x,y) (N) < min{chl,ﬂi(N)’Kcz,y(N)}'
When N = oo, the equality holds, i.e.,
(726) ]CGI xGa,(z,y) (OO) = min{lCth(oo), ICGzyy(OO)}"

By Example 7.8, we derive the following result.

Corollary 7.14. Let G, = (V;, E;),i = 1,2 be two locally finite simple d-regular, co-curvature sharp
graphs. If either G1, Gy are both triangle free, or, G1 = G with #a(x) = const. Y, then G1 X G
is also co-curvature sharp.
Proof. If Gy, G5 are both triangle free, we have for z € V;, y € V5
2d,
K:Gl’w('/\/’) =2- W? K:Gz,y(N) =2-

Theorem 7.9 and Example 7.8 tells

2d,

-
2(d, + d)

’CGleQ,(w,y) = 2 - T
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That is, (z,y) is co-curvature sharp, since G; x Gs is also triangle free. The other case can be
shown similarly. 0

Corollary 7.14 implies, for example, the Cartesian product of the crown graph Crown(n,n) and
the complete bipartite graph K, ,, is co-curvature sharp. The Cartesian product of K;,,n > 2 with
itself is co-curvature sharp. In fact, the latter is the line graph of K, ,,, which will be discussed in
detail in the next subsection.

7.3. Examples. In this subsection, we present examples illustrating how Theorem 7.9 can be used
to calculate explicit curvature functions.

Example 7.15 (Hypercubes). An n-dimensional hypercube Q™ = (V,E), n > 1,n € Z, is the
Cartesian product Ko X -+ X K. For any = € V', we have

—_——
2n
N

Proof. Recall from Example 5.17 that the two vertices in K5 has the same curvature function

(7.27) KoraWN) =2 -2 v A € (0,00].

2
Kicae(N) =2 = 57 VN € (0,00].

By Theorem 7.9, and the associativity of *-product, we know Kgn » = Kk, . * -+ * Kk, .. Hence,
(7.27) follows from (7.10). O

8. CURVATURE AND SPECTRAL GAPS AT S1-OUT REGULAR VERTICES

Let G = (V, E) be a locally finite simple graph and 2 € V. We assume henceforth that z is an
S1-out regular vertex of degree d = d, > 2, i.e., d;‘j = av; (z) for all neighbours y1,¥s,...,yq of x
in G. Recall from Corollary 5.11 that Si-out regularity of z is equivalent to N -curvature sharpness
for some N € (0, cc].

Recall also that we provided an explicit expression for the curvature function at an Si-out
regular vertex z in Theorem 5.7 in terms of the lowest eigenvalue of a matrix Py (z). Our aim in
this section is to express P (z) via suitable Laplacians, defined on graphs with vertex set Si(x).
Our main result is Theorem 8.1 below. This theorem implies a quantitative version of Theorem
6.4 in the special case of Si-out regularity (see Corollary 8.4). We will also use this result to deal
with the example of Johnson graphs and will finish this section with specific cardinality estimates
of 2-spheres S3(x) of Si-out regular vertices z € V.

Let Ag, () be the non-normalized Laplacian of the subgraph Si(z) induced by the vertices
{y1,..-,yd}, i.e., written as an operator,

Asy @) f i) = | Dy, Fj) | = dy f(wi)-
J#i
Let S7(z) be the graph with the same vertex set {yi,...,yq} and an edge between y; and y; iff
#{z € Sa(x) | ys ~ 2z ~y;} > 1, where ~ describes adjacency in the original graph G. We introduce
the following weights w,, , on the edges of S (x):

YilYj
/ wyizwzyj
wyiyj = — :
d

z€Sa(x)
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The corresponding weighted Laplacian is then given by

Asiw Fwi) = [ D wi, Fus) | = diy £ (i),
J#i

1
e ¥ B, cwi@- Y &
s & A z€Sa(x).zvyi
Let SY(z) = Si(z) U Si(x), i.e., the vertex set of Sy (x) is {y1,...,yq,} and the edge set is the
union of the edge sets of Si(x) and S7(z). Then the sum Ag, () + Ags(,) can be understood as the
weighted Laplacian Agy () on S (x) with weights w” = w +w'. Note that all our Laplacians A are
defined on functions on the vertex set of S7(x). They are non-positive operators, by definition, and
we refer to their eigenvalues A as solutions of Af + \f = 0, to make these eigenvalues non-negative.
We denote and order these eigenvalues (with their multiplicities) by

0 = )\0(A) < )\1(A) < )\d 1(A)

The second-smallest eigenvalue A;(A) > 0 is also called the spectral gap of A and plays an important
role in spectral graph theory. With these operators in place, we have

Poo (l‘) = _4AS{’(:1:) - Q(dfd — Jd),

where

and Theorem 5.7 implies that

— avy 2 1 1
ICG,Q;(N) — M — jTC[l + 2 Amin (_AS{/(I) + (N — 2) (d]d - Jd)> .

<0

Then we have

1 1 0 if Ay >
Amin | —Agre) + (= — =) (dlg—Jg) ) =4 =
< o) (N 2>( ‘ ‘”) {A1+(ﬁ/—g), if A <

This leads directly to the following result.

NI NI,
SO

Theorem 8.1. Let G = (V, E) be a locally finite simple graph and x € V be an Si-out regular
vertex of degree d > 2. Let Agy () be the weighted Laplacian defined above with second-smallest
eigenvalue \; = /\1(AS£/(w)).
(a) The case A1 > g is equivalent to co-curvature sharpness of x. Then we have
34+d—av(z) 2d
K¢z = "1/ _ ==
G, (N) ) N

(b) If M\ < £, we have

3+d—avi(z) _ 2d ' 55
Koo W) =4 2 —x N
: S @) oy, N > 2

Remark 8.2. In certain cases, it is advantageous to use the decomposition Agy () = Ag, (2)+ A5 (2)

and to investigate the spectral gaps A1(Ag, (z)) and A1(Ag;(,)) separately, making use of specific

geometric properties of the graphs Si(z) and S (x). The following examples illustrate this point.
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Examples 8.3. Let © be a Sj-out regular vertex of the graph G = (V, E) of degree d > 2.

(a) In our first example we assume S1(z) = K4 and Sz(z) = (). (This means that G = K441.) In
this case, S} () is totally disconnected and Agr () = Ag, (). The eigenvalues of the non-normalized
Laplacian Ak, on the complete graph K, are known to be A\g(Agk,) = 0 and M\ (Agk,) = -+ =
Ad—1(Ak, ) = d and, therefore, Theorem 8.1 yields
Kow() =220 20
confirmed by Example 5.17.

(b) Next, we assume Si(x) to be totally disconnected (i.e., #a(x) = 0) and |S2(z)| = (g),
where every pair of vertices y,y’ € S1(z) is connected to precisely one vertex z € Sy with d = 2.
Then ASY(I) = AS’{(I) and AS{(m) agrees with %AK". Therefore, we have )\1 (ASQ’(z)) = d/2 and
avy (z) = d — 1, and Theorem 8.1 yields
2d
N

(c) Finally, we assume S7(x) to be totally disconnected and |S2(x)| = 1, i.e., Sa(z) = {z}, where
every vertex y € S1(z) is connected to z. Then Agr(,) = Agr(y) and Ag;(,) agrees with éAKH.
Therefore, we have A (Agr(y)) =1 < d/2 and av) (x) = 1, and Theorem 8.1 yields

KeoN) =2 —

24d _ 2d 2d
e 22 Gf N < =5
KeoW)=14620 N 2 %
An immediate consequence of Theorem 8.1 is a stronger quantitative version of Theorem 6.4
from Section 6 in the case of S'-out regularity.

Corollary 8.4. Let G = (V, E) be a locally finite simple graph and x € V' an Si-out regular vertex.
If Bo(x) has more than one connected component then

3+d—(2w;r(z) . %’ ’LfN < 2’
ICG’I(N) = 3—d—av] (x) .
——, if N> 2.
In particular, we have
—d—avf
Ke.o(00) = Sfavl(az)’
and Kg 4 (00) < 0 except for the four cases (a), (c¢), (d), and (e) presented in Figure 6.

Proof. Note that if By(z) has more than one connected component then d > 2 and S/ (z) has also
more than one connected component. This implies that the eigenvalue 0 of Agy () has multiplicity at

least 2. Then we can apply Theorem 8.1 with \; = 0 < d/2. The case analysis for 3—d—av; (z) > 0
is very similar as in the proof of Theorem 6.4. O

Another straightforward consequence of Theorem 8.1 is the following.

Corollary 8.5. Let G = (V, E) be a locally finite simple graph and x € V be an Sy-out regular
vertex of degree d > 2. Let Ay > 0 be the second-smallest eigenvalue of Agy(xy. Then Kgo(00) >0
is equivalent to

d+ avi (z) -3

(8.1) avf () <3+d and A\ > 1
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In particular, we have Kg»(00) > 0 if av) (x) < 3 +d and \; > d/2. (Note that the second
condition is equivalent to oco-curvature sharpness.)

Remark 8.6. The importance of Corollary 8.5 is that it relates non-negativity of the curvature at
a vertex z € V to a large enough spectral gap of the weighted Laplacian Agr(,) on the 1-sphere
S1(z) in the case of Si-out regularity.

Using Theorem 8.1, we can show all Johnson graphs are co-curvature sharp, which is an extension
of Example 5.17.

Example 8.7 (Johnson graphs). Johnson graph J(n,k) is the graph with the set of k-element
subsets of an n-element set as the vertex set, where two k-element subsets are adjacent when they
have k — 1 elements in common, see, e.g., [7, Section 12.4.2]. In particular, J(n, 1) is the complete
graph K, and J(n,2) is the line graph L(K,,) of K,,. Each Johnson graph J(n, k) is co-curvature
sharp. Moreover, for any vertex x of J(n, k), the curvature function is given by

n+2 2k(n—k)

8.2 = A .

( ) ’CJ(n,k),z(N) 2 N N S (07 OO]

Proof. Denote the n-element set by [n] := {1,2,...,n}. Let vertex = be the k-element subset
{i#1,42,...,ik} C [n]. Then the vertices in S;(z) can be listed as

Yoo = {i1, -0ty ik, jm}, L€ K], m e [n—k],

where {j1,...,jn—r} is the complement of z in [n]. By a hat, we mean to delete the corresponding
element from the set. Therefore, we have d := d, = k(n — k).
Any vertex y;.,, € S1(x) is adjacent to the following vertices in So(z):

200 mm/ = {ih s 7/{@) B a/i\f'a s 7ikajmajm/}a el € [k] \ {f}’ m/ S [n - k] \ {m}
Therefore, J(n, k) is S1-out regular at = with av; (z) = (k — 1)(n — k — 1). This implies

_3+dy—avf(z)  n+42
B 2 o2

ngo (z) :

Any vertex zp ¢/ ym.m € S2(x) is adjacent to Yo m, Yo .m, Yo,m’> Yor.ms € S1(x). That is, vertices in
Sa(z) have constant in degree 4.

We now figure out the weighted Laplacian Agr (,). First observe that two vertices Yo, m, » Yr,,m, €
Si(x) are adjacent if and only if

81 = 62, mi 7é mo Or 61 7& EQ, mip = mao.

That is, the subgraph S (z) is the Cartesian product Ky x K, _j of two complete graphs. When
U =Ly ==L, mq # M2, Yo,.my, Yes,m, have k — 1 common neighbours in Sa(x): 200 my,me, £ €
[K]\ {€}. When £; # £, m1 = ma :=m, Ye, m,, Yes,m, have n —k —1 common neighbours in Sz (z):
20, £2,mmes M€ [0 — K]\ {m}.

Furthermore, any two vertices ys, m,, Ye,,m, € S1(z) with €1 # fa, m1 # mg has exactly one
common neighbour in Sy (z), that is, z¢, r,.m,,m,- We like to mention that pairs of vertices of this
kind are not adjacent in the subgraph S;(x).
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We denote the weighted complete graph K} with constant edge weight ¢; by (K, c1). Let
(Kg,c1) X (Kp—k,c2) be the weighted Cartesian product Ky x K, _j, whose edge weights are nat-
urally inherited from (K}, c1) and (K, —_g,c2). Then we have

Asy@) = Ak ) T ARt 2=h= o) x (Koo 1552 1)

1
:—Z(dfdf(]d)+A(Kk’n7‘1;+2)><(K B2

n—ks 4

Recalling that the Laplacian eigenvalues of the Cartesian product are given by all possible sums of
the Laplacian eigenvalues of the two original graphs, it is straightforward to check

k(n—k n—k)(k kin —k d
Al(Asi’(m))—min{ ( +b I Jr1)}> ( 5 )_2.

2 ’ -

Therefore, we conclude from Theorem 8.1 that J(n, k) is co-curvature sharp, and the curvature
function (8.2) then follows immediately. O

Remark 8.8. From (8.2), we see the graphs J(n,k) and J(n,n — k) share the same curvature
function. In fact, they are isomorphic. The isomorphism is given by sending a k-element subset
to its complement. Johnson graphs have many other interesting properties. They are distance-
regular, but not always strongly regular. The diameter of J(n, k) is min{k,n — k}. Johnson graphs
are important in translating many combinatorial problems about sets into graph theory. We refer
to [7, Section 12.4.2], [15, Section 1.6] for more discussions.

We finish this section by a discussion of upper bounds for the cardinality of Sy(z). A trivial
upper bound, assuming nothing besides the S;-regularity of x, is given by

(8.3) |Sa(z)| < d - avi (2).

This estimate does not take into account that different vertices of S;(z) may be connected to the
same vertex in Sa(z). The next result gives another upper bound in terms of the spectral gap. This
result is sometimes better than (8.3) and, at other times, worse.

Proposition 8.9. Let G = (V, E) be a locally finite simple graph and x € V' be an Sy-out regular
vertex of degree d > 2. Let A1 > 0 be the second-smallest eigenvalue of Agi (). Then we have

d
[Sa(@)] < | D (dy, = 1) | = (d— DA

j=1

Note that E?Zl(dyj — 1) would be the cardinality of |Se(x)| in the case when Ba(x) were a tree.

Proof. Let \p =0 < Ay <--- < Ag—1 be the eigenvalues of Asg/(z)- Then we have

U

-1

d d
(d - 1))\1 S )\j = TI‘aCG(—ASi/(m)) = Zd?h + Zd;J
j=1 j=1

j=1
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For the second sum on the right hand side we obtain

d

d
S, =3 (wiw - > =
j=1 z

=1 2€a(x), 2y,

Combination with the first sum on the right hand side leads to

d

(8.4) (d=Dh < | D (dy; = 1) | = |Sa(2)]-
j=1
Rearranging this inequality finishes the proof. O

Combining Proposition 8.9 with inequality (8.1) leads directly to the following result in the case
of non-negative curvature.

Corollary 8.10. Let G = (V, E) be a locally finite simple graph and x € V' be an Si-out regular
vertex of degree d > 2 satisfying K .(c0) > 0. Then we have avy (z) < d+ 3 and

- aU+ xT) —
So(@) < | Y (dy, = 1) | = (d— 1)d++)3.

j=1

This simplifies in the case of a d-regular graph to

G;'U+ xTr) —
1Sa(2)] < (d—1) (Zd— Qj?’)

Note in comparison that the 2-sphere of a d-regular tree has cardinality (d — 1)d. Another
immediate consequence is the following result.

Corollary 8.11. Let G = (V, E) be a locally finite simple graph and x € V' be an Sy-out regular
vertex of degree d > 2. If x is oo-curvature sharp, we have

d
Sata)l < Sty —1) | - A

j=1

This, together with our trivial estimate (8.3) yields, in the case of a d-regular graph

195 (2)] < min{d(d;l),dﬂvf(x)}.

Proof. Recall that co-curvature sharpness of z is equivalent to A; > d/2. Then apply Proposition
8.9. O

Remark 8.12. (a) The oo-curvature sharpness condition at a vertex x implies for d-regular graphs
that the cardinality of |Sa(z)| is at most half as large as the corresponding 2-sphere of a d-regular
tree. Tightness of this estimate was obtained in Example 8.3(b).
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(b) Note that in the case of a d-regular graph G = (V, E) the inequalities (8.1) and (8.4) can also
be understood as the following bounds of the spectral gap of Agr(,) at an Si-out regular vertex
z € V with K¢ 5 (00) > 0:

d  avi(z)-3 1
o T e <d— —— .
i 1 S A S d = |5 ()]
Moreover, the upper bound for A\; holds generally without any curvature restriction.

9. CURVATURE OF CAYLEY GRAPHS

It is a well known general fact that all abelian Cayley graphs or, more generally, all Ricci-flat
graphs lie in the class CD(0,00) [11, 25]. In this section, we will consider more subtle curvature
properties of abelian and especially also non-abelian Cayley graphs.

Generally, a Cayley graph G = Cay (I, S) is determined by a discrete group I' and a finite set of
generators S C I' which is symmetric (i.e., if s € S then also s~ € S). The vertices of a Cayley
graph are the elements of I" and every directed edge can be labelled by one of the generators in S.

Henceforth, e € T' denotes the identity element and S does never contain e (which would give
rise to a loop). Note that if a generator s € S has order 2, i.e., if s = s~1, this element is contained
only once in S and gives rise to a single edge emanating from any given vertex, and labelled in both
directions by s. Any non-empty word 7(S) in the generators S is called a relation if it represents
the identity element. Geometrically, every relation corresponds one-to-one to a closed walk in
the corresponding Cayley graph starting from and returning to, say, the identity e € I'. We call a
relation reduced, if it does not contain a subword of the form ss~!. Geometrically, the corresponding
closed walk is without backtracking. Note that Cayley graphs are |S|-regular and vertex transitive.
Since every regular graph without triangles is S'-out regular, the same holds true for Cayley graphs
Cay(T', S) which do not have relations of length 3. Most of our examples of Cayley graphs will have
this property.

Since all vertices have the same curvature function, we can drop the reference to the vertex and
simply write K¢ for Kge.

We start by presenting a general family of abelian Cayley graphs having precisely zero curvature
at infinity.

Theorem 9.1. Let G = Cay(T, S) be an abelian Cayley graph with 2m = |S| > 2. If all reduced
relations of S have length > 5 except for the relations sisosy "s;~ expressing the commutativity,
then we have for all g € T
_4m <2
Koy = {27 A=
0, if N > 2m.

In particular, we have Kg(oo) = 0.

Proof. First recall that G is d-regular with d = 2m.

If S contains an element s € S of order k < 4, the word s* is a reduced relation of length < 4.
Therefore, all elements of S have oder at least 5.

Next we describe the structure of By(e): We have $;(e) = S with no edges between two different
vertices of Sy(e). A pair of vertices s1,s2 € Si(e) is connected via a unique vertex s;8o = $351 in
Sy(e) iff 51 # s5*. Otherwise s; and s are not connected via a vertex in Sy(e). Moreover, every
vertex s € S1(e) is adjacent to its square s> € Sa(x). Since G is Si-out regular (it does not have
relations of length 3), we can apply the results of section 8. In particular, we have av; (e) = 2m —1
and d ,, =2 and d_, = 1 for s1,52,5 € S with s, # sEl. As a consequence, S} (e) = S (e) is the
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cocktail party graph of 2m = |S| vertices. The spectrum of the adjacency matrix Agy (. of S (e) is
known to be (see [7, Section 8.1])
O'(ASi’(e)) = {—2, ey —2, O, ey O,7 2m — 2}.
—
m—1 m

The weights of the weighted Laplacian Agy () are all equal to 1/2 and, therefore, we have A1 (Agr(¢)) =
m — 1< d/2 =m. Note that 3+ d — av] () = 4 and Theorem 8.1(b) tells us that

{W;HNSM,
0,

KaN) = if N> 2m.

O

Remark 9.2. In fact, there exists an absolute constant C' such that for any abelian Cayley graph
G = Cay(T, S) with degree d = |S| and size N, we have

(9.1) 0< Kg(oo) < CdN™ 1.

In particular, when the size N — oo, Kg(00) tends to zero. This follows from two estimates for
the eigenvalue A1 (A) of the Laplacian A of G: A Lichnerowicz type estimate (see [10, 21]) tells
A1(A) > Kg(o0); Friedman, Murty, and Tillich [14] prove that there exists an absolute constant C
such that for any abelian Cayley graph, A (A) < CdN 1.

Now we move on to general Cayley graphs which are no longer assumed to be abelian. All our
groups I are finitely presented, i.e., I' = (S| R), where S C T"\ {e} is finite and symmetric and R
consists of finitely many words r1(5),...,rn(S), the so-called defining relations of (the presentation
of) T'. We conjecture that the curvature function behaves monotonically under addition of defining
relations:

Conjecture 9.3. Let I be given by
I'=(S|r(S),...,rn(5)),
and T be another group, differing from I' by one additional defining relation:
"= (S |ri(9),...,rn(S),7"(9)).

Assume that none of the generators in S C I is redundant in I, i.e., for any two different generators
s1, 82 € S in the original group I we also have s; # sy in IV and s1 # eps # ss.

Then the associated Cayley graphs G = Cay(T", S) and G’ = Cay(I", S) are both |S|-regular and
we have:

Ko (N) > KgWNV) for all N € (0, o).

Example 9.4. The Cayley graph G of the free abelian group I' = ({a*!} | 0)) is the 2-regular tree
T5. Theorem 9.1 tells us that

2— 4, N <2

/CG<N>=’CT2W>={0 it > 2.

(9.2) I = ({a*} | o)
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for some k£ > 3. The corresponding Cayley graph agrees with the k-cycle Cj, and Example 5.20
shows that

}Cca(N) > KC4(N) 2 ’CCn(N) = ICTZ(N)

for all n > 5. If we choose k = 1 or k = 2 in (9.2), the original generator set S = {a*!} becomes
redundant in I’ since then a = e or a = a~!, respectively.

Here is another fact supporting the above conjecture.

Proposition 9.5. Let T and TV be defined as in Conjecture 9.3. If every reduced relation r(S) of
I which is not a relation of T' (i.e., does not represent the identity in ') has length at least > 4,
then the statement of the conjecture is true. (We refer to these relations as new relations in I”.
Note this property is required for all relations of I” and not only for the defining ones.)

Proof. The additional defining relation r/(.S) of T leads to a surjective group homomorphism I —
I”. Correspondingly, there is a map from the vertices of the Cayley graph G to the vertices of the
Cayley graph G’. The non-redundancy condition on the set S of generators implies that this map is
a bijection between the 1-balls BE (¢) and B (e). Generally, different elements in T’ may be mapped
to the same element in IV. On the Cayley graph level, this corresponds to a merging/identification
of different vertices in G to end up with the graph G’. For our curvature consideration, we are
only concerned with identifications appearing inside the punctured 2-balls of the identities. The
condition on the length of new relations guarantees that such an identification affects only vertices in
the 2-spheres S5 (e) and S’ (e) (since any identification of a vertex in BS (e) with a vertex in B (e)
would correspond to a new relation of length < 3 in I'). Therefore, the transition from BQG (z) to
BQG ' (z) can be described via a succession of mergings of pairs of vertices in the 2-sphere. Since the
directed edges of both Cayley graphs G and G’ are labelled by elements of S, two different vertices
can only be merged if they do not have common neighbours. This allows us to apply Proposition
6.12 repeatedly and we conclude that we have

Ke/(N) = Ka(N)
for any N € (0, cc]. O

Dihedral groups Dsy, are examples of Cozeter groups. Coxeter groups are groups W with gener-
ators S = {s1,..., sk} and presentations

(9-3) W = (S| (sis;)™"),

where m(i,i) = 1 and m(i,j) > 2 for all 4 # j. It is also possible to choose m(i,j) = oo, which
means that there is no relation between the generators s; and s;. The condition m(i,i) = 1 means
that each generator s; has order 2, and the condition m(i, j) = 2 means that the generators s; and
s; commute. To a given Coxeter group (9.3), we associate a Coxeter diagram (also called Dynkin
diagram) as follows: It is a finite graph with k vertices (every vertex represents a generator s;) and
the vertices corresponding to s; and s; are connected by an edge if and only if m(i,j) > 3. For
example, the Coxeter diagram of the dihedral group

Doy, = ({s1, 52} | 51,53, (s152)")

is the complete graph K5. The Coxeter diagram carries all information to calculate the curvature
function of the Cayley graph Cay(W,J5).
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Theorem 9.6. Let (W,S) be a Coxeter group as defined in (9.3) with k = |S|. Assume that the
corresponding Cozeter diagram has at least one edge. Let ™ (W, S) € (0, k] be the mazimal eigen-
value of the non-normalized Laplacian on the corresponding Cozxeter diagram. Then the curvature
function of G = Cay(W, S) is given by

2k :
ICG(N):{ N ZfNSNO;

2—pmem(W,S), if N >N,
with Ny = 2k/u™** (W, S).

Proof. Let (W,S) be a Coxeter group as defined in (9.3) and G = Cay(W,S) be the associated
Cayley graph.

We extend first the notion of a reduced relation to be any relation which does neither contain
subwords of the form ss~! nor of the form s? for s € S (since s~! = s). Then the Coxeter group
(W, S) does not have any non-trivial reduced relation of length < 4 other than (s;s;)™("7) with
m(i,7) = 2. This is a direct consequence of Tits’ solution of the word problem for Coxeter groups
(see [12, Theorem 3.4.2]). In particular, G is triangle free and S'-out regular with av{ (e) = k — 1.
The induced subgraph Si(e) of G does not have any edges and its vertices correspond to the
generators in S. Moreover, two different vertices s;,s; € S are connected by an edge in Sj(e) =
Si(e) if and only if m(i,j) = 2 (since the relation (s;s;)* means in the original graph G that s;
and s; have the unique common neighbour s;s; = s;s; in S2(e)). This implies that Sy (e) is the
complement of the Coxeter diagram. Since the in degree of s;s; € Sz(e) in the case m(i,j) = 2
is equal to 2, all weights of the weighted Laplacian Agy () are equal to 1/2, and we have (see [7,
Section 1.3.2] for the spectrum of the complement)

1
M= M(Aspe) = 5 (k= p™* (W, 5)).

Since d = k, we have A\; < d/2 and the statement of the theorem follows directly from Theorem
8.1(b). O

Remark 9.7. If the Coxeter diagram of (W, S) has no edges, we are in the case of the Coxeter
group A¥ = Ay x -+ x Ay (with k = |S]) and we have y™3(W, S) = 0. It can be checked similarly
as above that the Cayley graph G = Cay(W, S) is then oo-curvature sharp and
2k
N
Example 9.8. The Coxeter diagrams of the finite Coxeter group 4, and the affine Coxeter group
;1;, n > 2, are the path P, and the cycle C), 4.
Let us now calculate the curvature functions of the corresponding Cayley graphs G,, = Cay(A4,,{s1,.-.,Sn})
and G, = Cay(;lvn7 {s1,..-y8n41}). (In the particular case n = 2, G5 is the hexagon Cgs and G}
can be viewed as the 1-skeleton of the regular hexagonal tiling of R2.)

The spectrum of the non-normalized Laplacian on P, is given by pu; = 2 — 2cos(nj/n) for
j=0,1,...,n—1 (see [7, Section 1.4.4]), and therefore

KeN) =2 —

umer = 2—2COS(n_ ).

Therefore, we have
— 2n if N < N,
KeuW) =5 ity s n o A
2cos(=m), if N> N,
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with Ny = n/(1 — cos(m(n — 1)/n)). In particular, we have
lim Kg, (00) = —2.
n—oo

The spectrum of the non-normalized Laplacian on C,y1 is p; = 2 — 2cos(2mj/(n + 1)) for
j=0,1,...,n (see [7, Section 1.4.3]), which implies

N+ Oodd (TL) 7'(')

Mmam=2—2008< )

with doqq(n) € {0,1} taking the value 1 iff n is odd. Therefore, we have

9 — Andl) if N < N,

2 — 2003(%;“1(")77), it N > N,

’CG;(N)={

with My = (n+1)/(1 — cos(m(n + doaa(n))/(n+ 1))). Again we have

lim g (00) = —2.
n—0o0 )

9.1. Global structure of graphs satisfying C'D(0,c0). We end this section by discussing global
results and conjectures and present an infinite family of 6—regular graphs satisfying C'D(0, c0)
which are not Cayley graphs.

Embarrassingly, we know very little about the global structure of graphs satisfying C D (K, o)
for a fixed K > 0. Let us start with the following two fundamental facts:

(a) The class CD(K,c0) is closed under taking Cartesian products.
(b) All abelian Cayley graphs lie in the class C'D(0,00) ([11, 25, 21]).

Some local properties of graphs in the class CD(0,N) for finite dimension N were already
discussed in Section 2.5. One might hope that every graph in C'D(0, o) lies also in C'D(0,N') for
some large enough finite A/, but we saw that the complete bipartite graph K ¢ is a counterexample
(see example 2.13). Other local obstructions to satisfy C'D(0, c0) were discussed in Section 6.

It is natural to investigate whether known global results for Riemannian manifolds with lower
bounds on their Ricci curvature have analogues in the graph theoretical setting. The following
result on the global structure of positively curved graphs can be found in [27] and can be viewed as
some analogue of a Bonnet-Myers’ Theorem. (It was included as a conjecture in an earlier version
of this paper before it became a theorem; back then it was Conjecture 8.1.)

Theorem 9.9 (Corollary 2.2, [27]). Let G = (V, E) be a graph satisfying CD(K, o) for K > 0. If
G has bounded vertex degree < dpmax, then G is a finite graph and we have
2dmax

%

Examples of finite regular graphs in C'D(2, 00) with increasing diameters are the hypercubes @,
which are Cartesian products of n copies of K5. Both the vertex degree and diameter of @, is n,
showing that the diameter bound in the above theorem must depend on d . -

The following conjecture can be viewed as some analogue of Bishop’s Comparison Theorem:

diam(G) <

Conjecture 9.10. Let d;,q. € N. Then every graph G = (V, E) with d; < dpax for all z € V
satisfying C'D(0,00) has polynomial volume growth. Moreover, there are constants C7,Cy > 0,
only depending on d,,q, that for all z € V and r € N.

|B,(2)] < Cu(1+12).
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Examples of infinite regular graphs in C'D(0,00) with polynomial volume growth are abelian
Cayley graphs. The dependence on the maximal degree d,,,, follows easily from the construction
of taking Cartesian products.

The following conjecture would be a direct consequence of Conjecture 9.10, since the Cheeger
isoperimetric constants h(G),) of increasing d-regular graphs G,, with uniform upper polynomial
volume growth must tend to zero.

Conjecture 9.11. Let d € N. No infinite family of finite increasing d-regular graphs satisfying
CD(0,0) can be a family of expander graphs.

A corresponding statement for d-regular abelian Cayley graphs is well known ([1]). Therefore, it
is natural to ask whether C'D(0, c0) is really a substantially larger class than the class of all abelian
Cayley graphs. To finish this section, we present an infinite family of finite increasing 6-regular
non-Cayley graphs G,, satisfying C'D(0, c0).

Example 9.12. [Infinite family of 6-regular non-Cayley graphs satisfying CD(0,00)] Let G =
(V, E) be the 4-regular graph introduced in Example 5.12. The curvature calculations there showed
that G satisfies CD(5/2,00). Let G, be the Cartesian product of G with the cycle C,,. Since
C,, satisfies C'D(0,00), the graphs G,, are a family of increasing 6-regular graphs satisfying also
CD(0,00). Each of the graphs G,, is not a Cayley graph.

Proof. From Example 5.20, we see 0 < K¢, .(c0). Recall from Example 5.12, there are vertices in
G with different curvature functions, i.e.,

5 8 8 21N? + 72N + 64
/CG,ml(N)zifNandICG7y1(./\/'):57 +\/ 2./:/" + '

Note that K¢z, (1) < Kay, (1) <0 < K¢, .(00). We have, by Proposition 7.7,
Kéu xKe,, # Key * Ke,, -

Therefore, there are vertices in GG,, = G x C,, with different curvature functions. This rules out that
any of the graphs G,, is a Cayley graph. O

10. CURVATURE FUNCTIONS OF GRAPHS WITH GENERAL MEASURES

Many of the computing methods for the Bakry-Emery curvature functions discussed above are
extendible to the following general setting. Let G = (V, E) be a locally finite simple graph. We
can assign a symmetric nonnegative edge weights w : E — [0,00) and a positive vertex measure
w:V = (0,00). For {z,y} € E, we write wyy = wy,. (Recall we used a zero/one valued edge
weights in (2.8).) We consider the curvature functions corresponding to the following Laplacian:

(10.1) Dt (@) = —— 3" way (f() — £()).
p(x)

Y,y~x

Denote dy := 3, |, Way, and let Si(z) = {y1,...,yx}. By definition it is straightforward to find
the following matrices. We have

1
A#,w(x) = m (_dw Wgy, - wwyk) ’
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and

dI Wy, U —Wzy,,
1 “Wry,  Wry, 0
or =
H,w ((E) u(x)
_wa?yk. 0 ... u}ﬁl)yk

The matrix 405" (z) is given entry-wise as follows:

d? 3 Wy
AP @) = s + s D0 Sk
pla)? () = p(y)
for any y € S1(x),
3w? w dzw
(41—wfull(x))x’ _ Ty + Ty W, + zWzy
? Y u@uly)  pa)uly) ZESQ%:)ZW T ()2
1 Z (wrywyy’ Wy Wyy' )
n )
G R SV () m(y')
(Arfu (), | = 3w?, +2w§,y _dawny 3wy Y w
O @nly) o) @) peely)
z€8Sa(x),z~y
+ Z (wwy’wyy’ +3wwywyy'>
, , m(y') nly) )’
y'€S1(2),y' ~y
for any y;,y; € S1(), vi # yj,
) ) 1 2Weyy; Way 1y 2Wey: Wy
41—\f’ull T R wmy1,w-”ﬂyg _ ( TYi YYiYj xYj 311319)7
W@ =220 T u@ \alw) T awy)
and, for any z € Sa(z),
1 Wy W ; 2Wq W
4Ffull(l‘ )IZ: 4Ffull 7)), ., = xy yz7 (4Ffull .’13)) L= Ty yz7
A @ = WD =0 2 Sy W@ = i)

yES1(2),y~z

for any 21,2z € Sa(x), 21 # 22, (405" (2))., 2, = 0.

When w =1 and p = 1, it reduces to the non-normalized Laplacian (1.1).

Now we discuss briefly the curvature functions ’é";() corresponding to the normalized Lapla-
cian, i.e., the case w = 1 and p(x) = d, Yo € V. This provides another interesting special case.

Finally, we discuss some further analogous fundamental curvature results in the normalized case.
We have

X 1
Amnor (1‘) — @ (_dx 1 e 1) ,
and
dy —1 - -1
nor 1 -1 1 0
2r (fL') = dix : : . :
-1 0 --- 1
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By using the full formula above the matrix 4T'5°"(x) is given entry-wise as follows:
nor 3 1
@5 (@))ae =1+ > =,
dy dy
y€S1(x)
for any y € S1(x),
3+dy,+dy 1 1 1
ATR(2))gy = ————— L — — E - = )

T yesi(x)y ~y

2 3—-d,+3df 1 13
ATmor — Y E —
( 2 (x))y,y d2 + da:dy + d (dy/ + dy ) )

z T yresi(x),y ~y

for any v;,y; € S1(x), yi # yj,

o 2wy, (22
AT (@), = = 2 (2 ).

and, for any z € Sa(z),

A3 (@)ee = (D7 (@)ee = - 3 0 (TE @)y =~

¥ yeSi(a),y~z
for any 21,22 € Sa(x), 21 # 22, (AI'5°7(2)) 2, 2, = 0.
We have the following upper bounds.

Theorem 10.1. Let G = (V, E) be a locally finite simple graph and let x € V(G). For N € (0, o],
we have

nor 1 44+ #a(z,y) 2 1 ?)eryfd;r 2
o) < e Y AiFaled) 2L e Srhod 2
2d,, V5 () dy N 2d, o) dy N

Proof. This can be shown by applying Sylvester’s criterion to the submatrix of

nor 1 nor nor nor
137 (@) = 47 (A () TA™" () = K& (N (2)
corresponding to the vertices {z} Ll So(z). O

Finally, we present an example for which K¢’ (c0) and K¢ . (o0) have different sign at every
vertex . The Figures 7 and 8 are taken from the web-application for calculation of curvature on
graphs by David Cushing and George W. Stagg. The number of each vertex is the corresponding
curvature values.
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