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ABSTRACT: We have recently shown that the ground state of N' =4, SU(N.) super Yang-
Mills coupled to N; <« N, flavors, in the presence of non-zero isospin and R-symmetry
charges, is a supersymmetric, superfluid, color superconductor. The holographic descrip-
tion consists of N; D7-brane probes in AdSsxS® with electric and instantonic fields on
their worldvolume. These correspond to fundamental strings and D3-branes dissolved on
the D7-branes, respectively. Here we use this description to determine the spectrum of
mesonic excitations. As expected for a charged superfluid we find non-relativistic, mass-
less Goldstone modes. We also find extra ungapped modes that are not associated to
the breaking of any global symmetries but to the supersymmetric nature of the ground
state. If the quark mass is much smaller than the scale of spontaneous symmetry breaking
a pseudo-Goldstone boson is also present. We highlight some new features that appear
only for N; > 2. We show that, in the generic case of unequal R-symmetry charges, the
dissolved strings and D3-branes blow up into a D5-brane supertube stretched between the
D7-branes.
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1 Introduction

The holographic duality [1] makes the systematic study of a class of strongly coupled Quan-

tum Field theories (QFT) possible (see e.g. [2—4] for some reviews). This framework, also

referred to as AdS/CFT or gauge/gravity correspondence, arose in string theory by con-

sidering two complementary descriptions of the same system: a quantum gauge theory and

a theory of supergravity. The gravitational description of the system provides a geometric



interpretation of the gauge theory dynamics by means of the so-called holographic dictio-
nary, a prescription to translate between the QFT and gravity realisations [5, 6]. The limit
in which the gravitational side of the duality reduces to its classical limit — which we will
consider in this work— takes the rank of the gauge group and the 't Hooft coupling to be
very large, N, — oo and A — oo.

In this paper we study a model at finite isospin density and vanishing temperature and
baryon number, whose ground state simultaneously exhibits two of the properties that are
believed to be present in some phases of QCD (see [7] for a review): spontaneous breaking
of global symmetries and a Higgsing of the gauge symmetry, usually referred to as color su-
perconductivity. Unlike our setup, in Nature systems that carry a large isospin density also
carry a large (in fact, larger) baryon density, for example neutron stars. Another difference
with realistic scenarios is that our ground state is A/ = 1 supersymmetric. Nevertheless,
we expect that our work can provide an interesting laboratory to understand the physics
of cold quark matter.

For example, we can develop a first-principle understanding of strongly coupled mat-
ter in a regime where results from lattice field theory can be obtained and compared to.
Lattice field theory encounters a serious limitation when considering configurations at fi-
nite baryon density, due to the infamous fermion sign problem [8], but this difficulty is not
present if instead of baryon density one considers a finite isospin density [9]. Independently,
supersymmetry can facilitate a precise comparison between the strong-coupling limit de-
scribed by holography and the weak-coupling regime accessible to perturbative field theory
methods.

Incidentally, to the best of our knowledge our system is the first example of a super-
symmetric color superconductor at finite density. Previous work on color superconductors
in the non-supersymmetric holographic context includes [10-13], and non-supersymmetric
color superconducting ground states in supersymmetric theories have been considered in
e.g. [14-16].

The model we consider is very simple yet extremely rich: N' = 4 SYM theory with
SU(N.) gauge symmetry probed by Ny < N. N = 2 hypermultiplets transforming in the
fundamental representation of the gauge group. Although this theory differs from Quantum
Chromodynamics in many aspects, many insights about the behavior of strongly coupled
quark matter were obtained by studying the holographic dual of the N' = 2 theory in
deconfined phases, be it static properties or far-from-equilibrium dynamics (see e.g. [17]
and references therein). For this reason, we use QCD nomenclature and refer to the adjoint
degrees of freedom in N' = 4 as gluons, or colors, and to the degrees of freedom in the
fundamental representations as quarks, or flavors, despite the fact that these degrees of
freedom come in supermultiplets. We emphasise that at this point we do not aim at
providing a model for real-world QCD but a theoretical laboratory in which first-principle
calculations may lead to interesting insights [18].

The dual gravitational description consists of a set of N; probe D7-branes (or flavor
branes) in the AdS;xS% geometry sourced by a stack of N, coincident D3-branes (or color
branes) [19]. The Higgsing of the gauge group is described by an instantonic configuration
of the gauge field living on the worldvolume of the flavor branes [20-22].



At zero density and N; > 1 this setup has a free parameter, the size of the instanton
A, corresponding holographically to the scale of the spontaneous symmetry breaking. The
presence of the instanton corresponds to D3-brane charge dissolved in the worldvolume
of the D7-branes, which breaks the SU(N,) gauge group. The freedom to choose A gives
rise to a moduli of equivalent ground states, a Higgs branch parameterised by the vacuum
expectation value of a scalar operator bilinear in the flavor hypermultiplets. For N; = 1
there is no Higgs branch since the instanton collapses to zero size. This can be alleviated in
the presence of a U(1) baryonic density [23], described by a radially-directed electric field
on the worldvolume of the D7-brane [24]: in the probe approximation the fields living on
the flavor-brane feel an effective metric that hides the singularities of the solution behind
a horizon, effectively regularising the solution.

We work with N; > 2 and introduce a non-Abelian (isospin) finite density. This
was first considered, in a non-supersymmetric context, in [25-27] for the D3/D7 setup and
in [28, 29] for the Sakai-Sugimoto model. For the solution to be supersymmetric the quarks
are necessarily massive, with mass M,. We restrict our study to the critical case in which
the isospin chemical potential has the same magnitude as the quark mass, u; = M,. It is
possible to define an Abelian U(1) symmetry under which the instanton is charged, such
that one would expect the solution to collapse to zero size. The stabilization mechanism
that allows the supersymmetric ground state to exist is a finite angular momentum in the
compact directions of the D7-branes. The balance between the force due to the angular
momentum and the tendency of the charged instanton to collapse determine uniquely the
value of its size A. This size is therefore not a modulus in our case.

The ground state of our system breaks spontaneously various global symmetries, such
that Goldstone modes are present in the spectrum. On top of this, the presence of a finite
chemical potential breaks explicitly the Lorentz group, so we expect the dispersion relations
of the Goldstone modes to be non-relativistic. Indeed, we find that at low values of the
momentum there are modes with a dispersion relation

1
w=+—k?. (1.1)
24
When the relation M, < A is satisfied there is a light excitation, a pseudo-Goldstone mode,
with mass gap given by

=2M

w o - (1.2)

gap

This pseudo-Goldstone mode appears in the presence of the explicit symmetry-breaking
scale M,. The approximate symmetry that is being broken is the scale invariance of the
AdS5xS® background. This becomes an exact symmetry when M, = 0, which is then
broken spontaneously by A. In that case the theory is Lorentz-invariant and one finds the
relativistic dispersion relation w = +k for the associated Goldstone boson.

In addition to the above we find an additional set of ungapped modes that are not
Goldstone modes. Their presence is due to the supersymmetric nature of the ground state,
which implies the existence of exact moduli that are not associated to any broken global
symmetries.



The remaining excitations of our system have a finite life-time. These are characterised
by quasifrequencies with a finite imaginary part lying in the lower complex-frequency plane
(as necessary for stability). The complex quasifrequencies approach the real frequency axis
when A < M,, and the imaginary parts vanish exactly when A = 0. In that case there
is no spontaneous symmetry breaking, and one recovers the mesonic spectrum of N = 2
SYM coupled to fundamental matter at finite isospin density [30, 31].

This paper is organised as follows. In section 2 we introduce a simple model capturing
the string theory dynamics in supersymmetric configurations. The solution to this model
with flavor group SU(2) was given in [32] and is thoroughly reviewed here, with an emphasis
on the description of the spontaneous breaking of the local and global symmetries. In
section 3 we proceed to study fluctuations around the supersymmetric solution. We pay
special attention to the description of the low-energy excitations of the system. In most
of the paper we focus on the case N; = 2. In section 4 we discuss the generalisation to
N¢ > 2. In section 5 we show that, under generic circumstances, the strings and the D3-
branes dissolved inside the D7-branes are “blown up” by the angular momentum to a D5-
brane supertube . All other configurations can thus be viewed as collapsed supertubes. In
section 6 we present a summary of the physical implications of our results. We complement
the main text with several appendices to which we defer technical material.

2 Setup

2.1 Model

The holographic dual of N =4 SU(N,) SYM theory in four dimensions is type IIB super-
gravity on the near-horizon geometry of a stack of N, coincident D3-branes, which source
an AdS5xS® geometry with metric

ds? = H™'2ny, detda” + HY2 (85 dy'dy’ + 849 42027 (2.1)

where 2# (with = 0, - - - , 3) are the four gauge theory directions, and y* (withi = 1,--- ,4)
and z¢ (with a = 1, 2) are Cartesian coordinates transverse to the D3-branes. Anticipating
the setup we split the six transverse coordinates as R® — R* x R?. The function H is a
harmonic function in the six-dimensional space transverse to the D3-branes
4
H = — L ) (2:2)
(03 y'y7 + bap 22P)

with L the radius of AdS5 and S®, related to the string length £, and the 't Hooft coupling

A through

2 A
272’

In IIB supergravity the geometry (2.1) is supported by a Ramond-Ramond (RR) four-form

L* = (2n0?) (2.3)

potential and a constant dilaton

Cy, = H 'dz!3, e? =1, (2.4)



RL3 - RY 2t 22 SO(6)r

D3 X . 0 . SO(4) 80(2)
D7  x X 4+
D7 x | x - SU(2)x SU(2)r U(1),xU(1),

Table 1. Diagram of the intersections and the explicit pattern of symmetry breaking. In our
solution the two D7-branes bend in opposite directions in the z! direction, breaking SO(2).

with dz!'? the volume form of the Minkowski spacetime. The RR four-form potential
determines the type IIB self-dual five-form as

F5 = (1 + *)d04, (25)

where * is the Hodge-star operator in ten dimensions. The flux of the RR five-form through
the S° gives the number of D3-branes

(2w1€5)4 /55 =N (26)

The N =4 SYM theory does not contain any degrees of freedom in the fundamental
representation of the gauge group, but these can be included by adding N D7-branes on
the gravity side, oriented along the z#- and y’-directions, as indicated in table 1. On the
gauge theory side the new degrees of freedom are N; hypermultiplets in the fundamental
representation, to which we will loosely refer as flavor or quarks despite the fact that they
include both fermions and scalars. Coupling these fields to the original N'= 4 SYM theory
explicitly breaks supersymmetry down to A = 2. We will therefore refer to the resulting
theory simply as “the A = 2 theory”.

The inclusion of the quarks in the model also breaks the R-symmetry group explicitly
as SO(6), — SO(4) x SO(2) . On the gravity side the breaking is due to the splitting of RS
induced by the orientation of the D7-branes. The remaining SO(4) and SO(2) factors act as
rotations in the y'- and z®-directions, respectively. For our purposes it will be convenient
to view the rotation group acting on the y'-directions as SO(4) = SU(2), x SU(2),, , where
SU(2)g is the R-charge symmetry group of the N' = 2 theory and SU(2), is a global
symmetry that does not act on the N'= 2 supercharges. On the gravity side this is made
explicit by writing the metric in the y’-space in spherical coordinates as

dij dy'dy’ = dr? + 12 64w, (2.7)
with w® (a = 1,2, 3) the left-invariant one-forms on S3 satisfyin
ymg
dw® 4+ €Wl Aw® =0 . (2.8)

As indicated by their name, the w® are invariant under SU(2)., and they transform as a
triplet under SU(2)g.

In the regime N; < N, the flavor degrees of freedom can be treated as probes of the
color-dominated dynamics. On the supergravity side this means that the backreaction of



the D7-branes on the geometry (2.1) can be ignored [19]. The embedding of the D7-branes
will be specified by their positions in the z%*-plane. If the branes are all coincident and
located at the origin of the plane then the SO(2) symmetry is preserved. In addition, the
flavor symmetry of the gauge theory, which is realised as the non-Abelian gauge symmetry
on the worldvolume of the D7-branes, is

U(N,)=SU(N,)x U(1), . (2.9)

The Abelian factor on the right-hand side can be thought of as the symmetry associated
to baryon charge, which will always be unbroken in this paper. Except in section 4, in the
rest of the paper we will set the number of flavors to

N =2. (2.10)

In generic cases, including those of interest here, the branes will have non-trivial profiles in
the z*-plane. Under these circumstances SO(2) is broken to at most a discrete subgroup,
and the flavor symmetry is broken to an Abelian subgroup:

SU(2), — U(1),. (2.11)

We will refer to the charge under U(1); as isospin charge. Recall that on the D7-branes
the symmetries in (2.11) are gauge symmetries. In the case under consideration of two
D7-branes that bend in a generic way in the z%-plane, each D7-brane carries a U(1) gauge
symmetry on its worldvolume. The surviving U(1), and U(1)r symmetries are then simply
the diagonal and the off-diagonal combinations of the two U(1)’s on the branes, respectively.

2.2 Action

The action describing the dynamics of N; = 2 D7-branes embedded in AdSsx S° is given
by two pieces,
SD7s = SDBI + SWZ ’ (2~12)

where the non-Abelian Dirac-Born-Infeld (DBI) and Wess-Zumino actions (WZ) adapted
to our system read [33, 34]

)

Spp = —T7/d4x d*y e ® Str [\/— det (gMN + PH]? 805 Das 20Dy 28 + FMN> V(2Z)

Swz = ?/Str(@AFAF) )

(2.13)
T7 is the tension of a D7-brane and, unless otherwise indicated, in this paper we set
2712 = 1, so all quantities are effectively dimensionless. The indices M, N = 0,---,7 are
worldvolume indices on the D7-branes and collectively denote the z# and y° directions.
The non-Abelian gauge field A takes values in the Lie algebra of SU(2);. Thus, suppressing
spacetime indices, we can write A = A, 0%, with ¢® (@ = 1,2,3) the Pauli matrices. Note
that in this paper the component of the gauge field along the generator of the baryonic



U(1), symmetry is assumed to vanish. In other words, we will work at non-zero isospin
density but zero baryon density. A enters the action through the field strength

F=dA+iANA (2.14)
and the covariant derivatives
DZ*=dZ* +i[A, Z9) (2.15)

for the scalars Z®. These are also SU(2)-valued, Z¢ = Z§ 0%, and describe the (in general
non-commuting) positions of the branes in the z®-directions. The non-Abelian nature of
the action leads to the presence of the potential term [34]

V(Z)=\/1- PlH] (2, 22 . (2.16)

The symmetrised-trace over the flavor group, Str, allows one to treat the non-Abelian
structures as effectively commuting in the action [33, 34]. The metric gpn in the action is
given by
ds? = P[H] V21, datdz” + P[H]Y? 6,5 dy'dy’ (2.17)
with
L4
PlH] = —— ; (2.18)
(67;]' y’yﬂ + 5aﬂ ZO‘Z'B)

the pull-back of the harmonic function (2.2) to the worldvolume.

As emphasised by the authors of [33, 34] themselves, the action (2.13) is known to be
incomplete beyond O(fﬁ). However, it seems to capture the exact physics for supersym-
metric configurations [35, 36]. Moreover, for such configurations the equations of motion
obtained from (2.13) reduce to those obtained from its lowest-order approximation, namely
from the super-Yang-Mills-Higgs-like (SYMH) action

S = _T7/Str<F/\*F—P[H]_ldml’?’/\F/\F)
2 (2.19)
— 5 [ su(Pi 25, D20 nxD2? - PiH) 21,27 41),

where * is the eight-dimensional Hodge-star dual with respect to the metric (2.17) and
the potential for the Z¢ scalars comes from expanding (2.16). In appendix A we prove
that, indeed, the equations of motion that follow from (2.13) and (2.19) coincide with one
another when evaluated on the type of supersymmetric configurations that we will consider.
We will therefore work with (2.19) instead of (2.13).

2.3 Ansatz

We will seek solutions that are stationary and homogeneous along the gauge theory spatial
directions, thus effectively reducing the dynamics to 4+1 dimensions in the {t,y'} direc-
tions. Moreover, we will be interested in configurations that are a direct import of the



five-dimensional dyonic instanton of SYMH theory in flat space [37]. As such, only one of
the two scalar fields will be excited

Z'=2y), Z°=0. (2.20)

This explicitly breaks the SO(2) symmetry of the action (2.19) associated to rotating the
Z% into one another. For configurations obeying (2.20) the potential for the Z% scalars
in (2.19) vanishes identically. Furthermore, as in [37], we will take

1

A(y) = Z(y), Fij(y) = iﬁijlekl(y) . (2.21)

The first condition in (2.21) ensures that the non-Abelian electric field equals the covariant
derivative of the scalar
E;=D;Z. (2.22)

The second equation is the usual self-duality condition of the magnetic part of the field
strength, which gives rise to instantonic configurations. The first condition together with
Gauss’ law, DE = 0, implies that the scalar field obeys a covariant Laplace equation in
the background of an instanton in R*:

§“D;D;Z(y) =0. (2.23)

Solutions of these equations preserve N/ = 1 supersymmetry. This is the key property
behind the exact nature of these configurations. In the particular case Z = 0, refs. [20]
and [38] showed that corrections at leading order and to all orders in /g, respectively, vanish
identically. Ref. [39] showed that configurations with possibly non-zero Z are solutions of
the action (2.13) in flat space. In appendix A we show that these remain solutions of
both (2.13) and (2.19) even in the case in which the background is AdS5xS°.

In most of this paper we will focus on solutions that preserve the SU(2),, global sym-
metry. In this case all the angular dependence is captured by the left-invariant one-forms
w® introduced in (2.7). Under these circumstances the set of solutions that we will be
interested in may be described with the following ansatz for the different fields:

Z = ¢(r)o®, A=a)(r)dt® o3 +a(r) s w* @ o . (2.24)

Note that, in expressions like the one above, we will distinguish between indices a = 1,2,3
that are acted upon by SU(2)r and indices a = 1,2,3 that are acted upon by SU(2);.
Splitting the field strength into purely electric and purely magnetic components,

F=dtANE+F,.,,, (2.25)
this ansatz leads to the following result:

E=—¢'dr®c®+2¢ad,se® b ®0?, (2.26)
) ) 2.26
Frwe =0 045dr Nw* ® 0% — a(l —&—a)éadeabcwawC@aa,

where ’ denotes differentiation with respect to r.



We have aligned the scalar field, and by virtue of (2.21) also the time component of
the gauge field, with the third generator of SU(2);. As anticipated above, solutions with
non-zero ¢(r) will break this symmetry explicitly as described in (2.11). The authors of [37]
used the preserved U(1); to define the electric charge of the instanton as

Q= Tlggo ]\Z /5’5 rtr (ZE,) o< A2M,, (2.27)
where the integral is taken over the three-sphere of radius r in eq. (2.7) and A and M, are
constants of integration to be introduced shortly.

The second term in A, proportional to a(r), gives rise to the purely magnetic part of
the field strength. In fact, a non-trivial a(r) has two important consequences. First, it
implies that the D7-branes carry an instanton number given by

r=00

1
k= ) /tr Frog N Frnag = — [3a2 + 2a3L:0 : (2.28)

In turn, this results in the partial breaking of the color symmetry in the gauge theory.
Second, a non-trivial a(r) locks the triplet of SU(2)g one-forms w® to the triplet of SU(2);
generators o, thus also breaking some global symmetries. Both of these breakings will be
explained in detail in section 2.6.

Note that the expressions (2.27) and (2.28) are appropriate when we view the above
construction as a dyonic instanton in flat RM. However, we will see below that these
same expressions arise in the context of the eight-dimensional theory on the D7-branes in
a curved AdSsxS® background.

2.4 Solution
The BPS equations (2.21) for our ansatz (2.24) become

3 8 a? 2
a =0, ¢”+;q§’—ri2¢=0, d+a(l+a) =0, (2.29)
whose solution of interest to us is
r2
a(r) = ¢(r) = M, LA (2.30a)
A2
CL(T) = _7"2 + A2 ) (230b)

with M, and A constants of integration. This solution has instanton number k& = 1.

The physical interpretation of the solution is as follows. The fact that Z(r) is propor-
tional to o2, which is diagonal with entries 1, means that the branes bend in opposite
directions along the z'-axis with otherwise identical profiles, as shown in figure 1. The
gauge theory operator dual to the scalar field has A = 3 and takes the schematic form [19]

Z=¢0> < O~ Vo3V ~ Tu—dd, (2.31)

where U = (u,d)” and u,d are the fermionic fields corresponding to the two quark flavors.
In this expression we omitted squark contributions that can be found in [24]. Notice that



Figure 1. Embedding profile of the D7-branes in the z!-direction for A = M, (dashed, red curve)
and A = M, /10 (continuous, blue curve). We have extended the range of the radial coordinate to
negative values to represent a section of the solid of revolution in the y* directions.

the o3 appearing in (2.31) and (2.35) corresponds to the SU(2),; symmetry, not SU(2)x.
An analogous expression holds with ¢3 replaced by the identity matrix. In view of this,
the asymptotic behavior at large r

M,A?
2

o(r) ~ M, — 4. (2.32)

r
has two immediate consequences. First, the constant M, corresponds to the quark mass [19].
To be precise, the quark mass is a complex number and we see that the masses of the u
and d quarks are equal in magnitude but have opposite phases. Second, the corresponding
quark condensates take the form

(Uo3W) = (Tu — dd) o« — M A?, (2.33a)
(U = (uu +dd) =0, (2.33b)

or, equivalently:
(W) = —(dd) oc —M,A*. (2.34)

The operator dual to the time component of the gauge field has A = 3 and reads schemat-
ically [24]

w=¢oc> & J~ Uil ~ n, —n,. (2.35)
We have again omitted squark contributions that can be found in [24], and an analogous

formula holds with o2 replaced by the identity matrix. Therefore the asymptotic behavior
at large r

M_A?
+

ap(r) ~ M, — 5

: (2.36)

~10 -



implies that the isospin chemical potential and the isospin, the v and the d charge densities
are given by [24, 40]

=M, (2.37a)
Ny =N, = —Ng X —MqAQ. (2.37D)

Finally, the operators dual to the magnetic components of the gauge field along the S3
have A = 2 and are given by [30]

Ag = a(r)d,a0% & Op=1To%), (2.38)

where 1) is the scalar superpartner of ¥ and contains the squark components. Note that,
unlike in (2.31) and (2.35), in (2.38) the Pauli matrix on the right-hand side acts on the
SU(2)gr quantum numbers, not on the SU(2); ones. It follows that the generic asymptotic
behavior of the a(r) field takes the form

v S
a:_ﬁ_’_ﬁlog[r]_’_... s (2.39)

where s and v are the non-normalisable and the normalisable modes, dual to the source
and the vacuum expectation of O,, respectively. In our case we see from (2.30) that the
source vanishes and the VEV is given by the size of the instanton:

v~ A% (2.40)

We will show below that this is consistent with the fact that the non-trivial a(r) in our
solutions breaks the color symmetry of the gauge theory spontaneously but not explicitly.
If M, = p; = 0 this is familiar from the fact that in this case the N/ = 2 theory possesses
a Higgs branch of vacua and A is an exact modulus. In contrast, we will now see that in
our case A is fixed by other charges.

We begin by noting that the presence of crossed electric and magnetic fields in the solu-
tion generates an angular momentum density. Inspection of the Poynting vector produced
by these fields shows that the angular momentum density is aligned with the Cartan U(1),
subgroup of the SU(2),, preserved by our ansatz [41]. In particular, this means that the an-
gular momentum skew-symmetric two-form is self-dual with two identical skew-eigenvalues

J= Jl == J2 . (241)

In our description the angular momentum arises as the conserved charge associated to the
isometries of the S? € R* and n; and nsy are the corresponding angular momenta in two
orthogonal planes of R*. From the viewpoint of the dual gauge theory, this corresponds
to equal R-charge densities n; and ny along two of the three U(1) factors in the Cartan
subalgebra of the SO(6) R-symmetry of N =4 SYM [42-44]

ng =N =na, (2.42)

with
ng < J. (2.43)

- 11 -



In order to compute these charges, let & be the Killing vector associated to the U(1)y
encoded in the left-invariant form ws. Then the current Jy = §M Ty N is covariantly
conserved, with Th;n the energy-momentum tensor generated by the fields on the flavor
branes. Integrating over the spatial volume gives the conserved angular momentum

J= / nNJyde, (2.44)
b))

with n?V = HY4§N the unit normal to the constant-time slices ¥, whose volume element
we denote dX. A calculation then shows that the only non-vanishing component is

oo
J= / n! Tiz €3 dY /H1/4 tr F;M Fys dY o / 73 [a’qb' + %a% (1+ a)} dr oc M A?.
N ’ (2.45)
The third term in this expression makes it clear that the angular momentum is an integral
of crossed electric and magnetic fields, as expected from the Poynting vector. We have
omitted factors of the D7-brane tension for simplicity, as well as an overall (infinite) three-
volume factor along the gauge theory directions. In other words, the result (2.45) yields the
angular momentum density per unit three-volume along the spatial Z-directions in (2.1).
The crucial point is that in (2.45) all the factors of H, the harmonic function (2.2), cancel
out exactly, so the result essentially reduces to its flat space counterpart. This property is
a typical manifestation of the underlying supersymmetry preserved by the ground state of
the system.
The analysis above shows that, up to normalisation, all charge densities in the system
are comparable since they all scale as

ny ~ng ~J~Q ~ MA% ~ A% (2.46)

Moreover, we see that the size of the instanton is not a free parameter but is actually
given by

A2 R (2.47)

M1
This can be understood in simple mechanical terms [41]: the non-vanishing angular mo-
mentum J ~ ngy prevents the instanton from collapsing to zero size despite the fact that
the non-Abelian gauge symmetry on the D7-branes is broken to an abelian subgroup as
described in (2.11). Alternatively, the stability of the solution can be understood [37] from
the dyonic nature of the instanton, namely from the fact that it is precisely the breaking
of the gauge symmetry to an Abelian subgroup that allows for the definition of the electric

charge of the instanton via the projection (2.27).
To close this circle of ideas it is interesting to compute the total energy of the D7-
branes, since this will bring about a covariant expression for the electric charge (2.27).
In this case we contract the stress tensor with the timelike killing vector in the geometry

& = 0; to obtain

1 .. -
£ = / n! Ty £4dY / d*y tr (45%’“5@, —&—(WEZEJ-) ) (2.48)
¥
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where again we have omitted an overall three-volume factor and, crucially, all factors of
H have cancelled out. Using self-duality of the solution, the first term is proportional to
the instanton charge (2.28). The second term is the energy stored in the electric field.
Using (2.22) and integrating by parts this evaluates to

/d4y tr 0¥ E;E; oc lim ritr (ZE,) o« M2A* = M,Q. (2.49)

T—00 S3

Thus the energy can be written exclusively in terms of conserved charges as
E~k+MQ, (2.50)
showing that it saturates a BPS bound [37].

2.5 Infrared limit

In this limit » — 0 the fields approach the values
ar=¢—0, a——1. (2.51)

Under these circumstances the metric on the D7-branes approaches AdSs xS® with the same
radius as in the UV and the non-Abelian field strength tends to zero. This configuration
describes a fixed point and is actually a solution by itself, i.e. it can be detached from
the RG flow that ends on it. The fact that the IR radius is the same as in the UV
would seem to suggest that the physics near the IR fixed point is the same near its UV
counterpart. However, this is not the case because the IR value a = —1 is physically
inequivalent to the UV value a = 0, since the two configurations differ by a large gauge
transformation [31]. This can be seen by considering fluctuations of the different fields
around the a = —1 solution. At quadratic order, the masses of these fluctuations reveal
that the time-component of the gauge field, a;, and the scalar, Z, are dual to A = 5
operators [38], whereas the field a is dual to a A = 6 operator. These dimensions imply
that the generic behavior of fluctuations around the IR fixed point is

day = 0¢(r) ~ vsr* + 5572, da(r) ~ vgr % + sgr?, (2.52)

where sa and va stand for the source and VEV of the operator with dimension A. The
fall-off in the IR of the fields in our solution takes the form

M,
ay(r) = ¢(r) =0+ A—; r?, a(r) = -1+ —r2. (2.53)
Comparing with (2.52) we see that the VEVs vanish along our RG flow, which therefore
describes a deformation of the IR fixed point by irrelevant operators.

2.6 Spontaneous symmetry breaking

In section 2.1 we discussed the explicit breaking of symmetries, first by coupling the original
N =4 SYM theory to dynamical quarks, and then by the non-zero mass of these quarks
in the resulting N' = 2 theory. In this section we will discuss the spontaneous breaking of
some of the remaining symmetries by the presence of the instanton field.
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Figure 2. Effective number of D3-branes on the D7-branes within a sphere of radius » — see (2.56)
— for A/M, = {1/10,1,10} (solid blue, dashed red and dotted green curves, respectively).

Let us first consider the color symmetry of the gauge theory. This is broken sponta-

neously as
(2.54)

SU(N, +1) — SU(N.) x U(1)

due to the dissolution of a unit of D3-brane charge inside the D7-branes. Intuitively, one
can understand this from the fact that the dissolved D3-brane has been separated from
the rest, hence breaking or Higgsing the color gauge group. This breaking is spontaneous
because the instanton field is normalisable. In other words, the dissolution of the D3-branes
on the D7-branes is not forced by an external force for the instanton field but is induced
by the other charges in the system. This is apparent from (2.47), which shows that the
instanton size is not an independent quantity but is fixed by the other charges. The fact

that the instanton field carries D3-charge follows simply from the coupling

/ CyAtr (FAF) (2.55)

on the worldvolume of the D7-branes, which shows that the instanton density couples to
Cy in the same way that D3-branes do. As a consequence of the extended nature of this
density, the effective number of D3-branes in our solution contained within a sphere of

radius 7 on the D7-branes is given by — cf. eq. (2.28):

N.(r) = N, — [3&2 n 2a3}; =N, +1-3a(r)? - 2a(r)3. (2.56)

The quantity N.(r) — N, is plotted in figure 2.
The instanton field also breaks spontaneously part of the global symmetries as

SU(2),, x U(1), = U(1),, (2.57)

where the group on the right-hand side is the diagonal U(1) in the Cartan subalgebra of the
left-hand side. This breaking can be seen geometrically in two steps. First, in the presence
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of the isospin electric field, the magnetic components that are turned on by the instanton
generate a self-dual angular momentum in R* given by (2.45). Generically, a self-dual two-
form in R? is invariant only under the SU(2), x U(1), subgroup of SO(4). In other words,
it breaks SU(2),, — U(1), . In our case this manifests itself in the fact that the Poynting
vector distinguishes between the w? and the w!? forms that enter the ansatz (2.24), thus
breaking SU(2), to the U(1) 1,2
further breaking

subgroup that rotates w"* into one another. Second, the

R

U(1), x U(1), = U(1), (2.58)

implied by (2.57) is due to the fact that only simultaneous rotations of w® and o leave the
last term in (2.24) invariant. This is similar to the breaking SU(2), xSU(2), — SU(2),, that
takes place on the Higgs branch in the absence of the isospin electric field (see e.g. [31]).
Intuitively, it is simply due to the fact that an instanton configuration in R? is only invariant
under simultaneous SU(2),, rotations in space and SU(2), large gauge transformations that
act on the orientation modes of the instanton. This is a well known property that is crucial
for the correct counting of the number of instanton zero modes.

3 Spectrum

In this section we will investigate the spectrum of mesonic excitations around the ground
state that we have described above. To do so we will consider linear fluctuations around
the solution. For simplicity, we will assume that their dynamics is governed by the SYMH
action (2.19) instead of the action (2.13). Although this may affect some quantitative
details of the spectrum, we expect that the qualitative properties will be the same, in
particular those related to Goldstone modes.

In principle, fluctuations can depend on all the coordinates of the D7-branes,
{t,Z,7r,0,¢0,¢}, with {0,6,9} the angles of the S3. However, instead of working with
generic dependence on these angles, we will restrict the analysis to the angular depen-
dence encoded in the left-invariant one-forms w® that we used in the ansatz for the back-
ground (2.24). This amounts to a restriction to the SU(2), -invariant sector of the spectrum.
In particular, this means that the fluctuations that we will consider will keep the centre
of the instanton at the origin of AdSs, only allowing for fluctuations of its size A. In
section 3.4 we will comment on how to relax this restriction.

Including the fluctuations, we consider the following form for the scalar fields

D=¢(r) o’ +Gt.3r) 0", Zy=pat, ) 0", (3.1)
and for the gauge field
A= a,(r)dt @ 0 + a(r)daw® @ o
A (3.2)
o+ [t 7,r) da? + ara(t,,7) dr + aga (8, 7,7) w?] @ 0

Note that we have focused on fluctuations inside SU(2); and have omitted those along the

U(1), subgroup of U(2);, which would be proportional to ¢”. From now on we fix the
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aul Fiage ar ar oz Eiagy iz ticey frEife G Eile  aus
U(1), + + + + 0 + + 0
U(1)n 0 F o+ 0 + 0 0 0
gauge A1,2 A3 A1,2 A2 1,2 A3

Table 2. Charges (divided by two) of the fluctuations under the relevant Abelian global symmetries.

holographic gauge
arg =0. (3.3)

We also work in momentum space and use the SO(3) rotations along the gauge theory
spatial directions to align the momentum & with one of these coordinates, which we de-
note simply as x. The fluctuations split into seven different channels according to their
behavior with respect to large gauge transformations and to the global symmetry group
SO(2)xU(1)p, where SO(2) is the little group with respect to the momentum. The charges
of the different fluctuations (divided by 2 to simplify the notation) under the U(1); and
U(1)g groups are given in table 2, where we have defined

atr = aq + azp i(ae — ag), ar = aq] —a i + ag1) . (3.4)
Residual gauge transformations that preserve the condition (3.3) take the form
A—A+dN+ AN, Z9—= Z9+[Z)] (3.5)

with
A= \(t, T)o? . (3.6)

Note that these are large gauge transformations because the gauge parameter A does not
approach the identity at the boundary, since it is r-independent. Explicitly, the action of
these transformations on the background fields reads

dX\; = (—iw dt + 14 kdx) e—iwt—l—ikm)\& :
[Apgs Mg =2 (—at(r)éaa 8,5 €™ dt + a(r)dee 0, 5 edeh wc> etk (3.7)
2L, Na = =2 6(r)8aa 0, €3 e HikT N

These expressions show that some combinations of fluctuations can be generated by acting
on the background solution with a large gauge transformation. This is summarised in the
last row of table 2. For example, the entries with a A3 mean that if A3 # 0 then acting
on the background (2.24) with the gauge transformation (3.5) generates a new background
with non-zero terms of the form parameterised by o+ and a3 in (3.2).

The SO(2) scalars ags, B3 and (3 are not included in the table because they are
neutral under both U(1); and U(1)g and they cannot be generated from the background
by a residual gauge transformation.

A general and detailed discussion of all the different channels, including the asymptotic
behavior of the fields and our numerical procedure to solve their equations of motion, is
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given in appendix C. In contrast, in the next sections we will focus on some particularly
interesting sectors.

3.1 Goldstone modes

The spontaneous breaking of the global symmetries (2.57) suggests that the spectrum
should contain ungapped, Goldstone modes. The channels where we expect them to arise
can be identified by considering the action of the broken generators on the ground state
that breaks them. For infinitesimal transformations this action should generate a family
of inequivalent ground states with the same energy that differ from the original one by a
small perturbation. At zero energy and zero momentum, this perturbation is normalisable
and corresponds precisely to the ungapped mode.

In our case, the group SU(2)gxU(1); acts as

wl wl 0'1 Ul
W2 | > Ri®) - Ra(y) - Ry(®) - | w? |, o2 | 5 R300)- | 2] . (3.8)
w3 w3 0'3 0'3

In this expression the angles 1, v, ¥ and § can depend on the spacetime coordinates ¢, z, r
and R; is a 3 x 3 rotation matrix around the i-th axis. For example, R3(1)) rotates w! and w?
into one another. The solution (2.24) is invariant under the subset of these transformations
that obeys

p=19=0, d—1 =0, (3.9)

which corresponds precisely to the preserved U(1), symmetry. Consider thus a trans-
formation of the form (3.8) that does not obey this condition. In the zero-momentum
limit, the action of this transformation on the solution (2.24) generates a new, inequivalent
ground state. A calculation shows that the new solution is of the form (3.1)-(3.2) where
the only non-zero extra components are the following skew-symmetric components in the

gy Matrix:

a1z — oy = 2(6 — ) a(r), (3.10a)

a13 —agr = —2pa(r), a3 — asy = —20a(r). (3.10b)

Comparing (3.10a) with (C.7) and (3.10b) with (C.13) we see that this transformation gen-
erates an a,; matrix equivalent to that generated by large gauge transformations provided
we identify

5—¢:2)\3, 90:2)\2, §:—2)\1. (3.11)

This is no surprise because the last term in (2.24) (but not the others) is actually invariant
under the full SU(2)p, subgroup of SU(2)gxSU(2);, which means that an SU(2)g rotation
is equivalent to an SU(2); large gauge transformation.

The modes of the form (3.10a) and (3.10b) appear in the channels number 4 and 6
in appendix C, respectively. This suggests that the ungapped modes associated to the
breaking (2.11) should appear in these channels. Our numerical analysis, explained in
detail in appendix C, confirms this. In each channel we find a gapless, non-dissipative
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quasi-normal mode. In other words, a mode with strictly real frequency that vanishes at
zero-momentum. The dispersion relation at low momentum is given by

1
=+—kK 3.12
o= gk, (312)
showing that these modes are also non-relativistic. It is interesting that the low-momentum
behavior is independent of the 't Hooft coupling and of the dimensionless ratio A/M,. At
larger momenta the dispersion relation is modified and approaches the form

w = wy ()\, qu) +k, (3.13)
as illustrated in figure 3. We emphasise that these dispersion relations are the same for
the Goldstone modes in both channels. Our numerical analysis has not allowed us to
establish whether the Goldstone mode in channel 6 is a single mode or actually corresponds
to two exactly degenerate modes. However, eq. (3.10) shows that the transformations
parametrised by ¢ and 9 generate different solutions. This strongly suggests that the mode
we find in channel 6 is indeed doubly degenerate, in which case the number of Goldstone
modes with a non-relativistic dispersion relation, also known as type II Goldstone modes,
would be n;; = 3.

Let us now place our results on the general context of theorems about the existence
of ungapped modes, following a similar discussion in [45]. We first recall that Goldstone’s
theorem only implies that the number of ungapped modes is equal to the number of broken
generators, Ny, in the presence of Poincaré symmetry. In this case the ungapped modes
are called type I modes because they must have a relativistic dispersion relation at low
momentum, w ~ k, and we have that

ny = NBG . (314)

If Lorentz invariance is broken, for example because of a non-zero charge density, then some
modes may have a type II dispersion relation, meaning that w ~ k? at low momentum.
In this case the number of modes and the number of broken generators obeys the Chadha
and Nielsen inequality [46]

ng + 21y > Npg . (3.15)

The number of type I and type II Goldstone bosons can be further constrained. If the
broken symmetry generators obey

<[Qa7 Qb]> = Ba, (3.16)

then the number of Goldstone bosons should satisfy [47-49]
1
ng + Ny = Npg — irank(B) ) (3.17)

In our case the number of broken generators needs some discussion. If we were to view

all the generators in (2.57) on an equal footing then the broken generators would be 71, 72
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Figure 3. Dispersion relation of the Goldstone bosons for A/M, = 1/10 (solid, blue curve),
A/M, = 1 (dashed, red curve), and A/M, = 10 (dotted, green curve) at small (top) and large
(bottom) momenta. The thin black line corresponds to the low-momentum behavior (3.12) and we
have set L = 1 in this integration.

and 73 — 03, with 7" the generators of SU(2),. Therefore we would have Ngg = 3 and the
antisymmetric matrix B would have rank 2 with entries

By ~ J, Bi3 =By3=0. (3.18)

It would then follow that (3.15) would be satisfied whereas (3.17) would not. However,
in our case the symmetries SU(2)g do not have an associated conserved current in the
dual gauge theory, which is an assumption in the theorems quoted above. The reason is
that, on the gravity side, the gauge fields associated to the SU(2)r symmetries are off-
diagonal components of the metric along time and one of the S® angular directions. In our
probe approximation these fields are non-dynamical since we ignore the backreaction of the
branes on the spacetime metric. In the dual gauge theory this statement translates into
the fact that there is no conserved current that implements the SU(2)g symmetry, which
is therefore better regarded as an “outer automorphism” of the operator algebra of the
gauge theory. From this viewpoint there are no broken generators, the matrix B trivially
vanishes and (3.15) is satisfied but (3.17) is not.
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3.2 Pseudo-Goldtstone modes at M, < A

The physics in our system is controlled by the ratio of the two dimensionful scales and by

the 't Hooft coupling
N . L
=—=—, A=— . 3.19
M, 272 (3.19)
In the limit M, = pu; — 0 with fixed A the size of the instanton becomes an exact modu-
lus, so we expect the presence of an ungapped excitation in the system associated to the
possibility of shifting
A — A+0A (3.20)

with no associated energy cost. Indeed, if we set M, = p; = 0 then there is a simple
solution to the fluctuation equations of motion of section C.2 given by

1
asy = jou = SAOra(r), (=am=a;3=0, w =k, (3.21)

where §A is an arbitrary integration constant and Opa(r) is the derivative of the solu-
tion (2.30b) with respect to the parameter A, which automatically produces a normalisable
mode. Furthermore, the equations of motion force the dispersion relation

w? = k%, (3.22)

corresponding to a relativistic Goldstone mode associated to the spontaneous breaking
of scale invariance by a non-zero A. Turning on a non-zero quark mass and chemical
potential such that M, = p; < A introduces a small amount of explicit breaking of scale
invariance, so in this case we expect the Goldstone mode above to become a pseudo-
Golsdstone mode with a small mass proportional to M, = ;. To verify this we perform a
numerical integration of the equations of motion at zero spatial momentum and scan the
real frequency axis as a function of M,/A. From the numerical results we conclude that
there exists a mode whose frequency in the limit M, < A is given by

Whsendo = 2M, . (3.23)

This behavior can be seen in figure 4 for low values of M,. The figure also shows that
the gap ceases to be linear in M, as the quark mass is increased and thus the scales of
explicit and spontaneous symmetry breaking become comparable to one another. Within
our numerical precision the frequency remains purely real for all values of M, /A, meaning
that this mode is absolutely stable.

It is interesting to note that, under certain circumstances, non-relativistic Goldstone
modes may be accompanied by massive modes whose mass is proportional to the scale of
Lorentz-symmetry breaking [50, 51]. In our case the relationship would be

W=qp, (3.24)

with ¢ the charge of the fluctuations under the isospin group. Since M, = y; and in our
conventions ¢ = 2, this value coincides with (3.23). It is therefore tempting to interpret
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Figure 4. Mass of the pseudo-Goldstone mode. The thin, black line corresponds to the relation
wpseudo = 2Mq

the pseudo-Goldstone mode (3.23) as the partner of the Goldstone modes of the previous
section. However, there seems to be no possible match in terms of the number of modes.
Although it is difficult to establish numerically whether or not the pseudo-Goldstone mode
is degenerate, the M, = u; = 0 result (3.21) suggests that there is only one of these modes,
in contrast to the three Goldstone modes of the previous section.

3.3 Massive quasiparticles at A < M,

As illustrated in figure 1, in the limit A < 1 the embedding of the branes approaches that
of two parallel branes connected only at the origin by a very thin throat. Therefore one may
expect that the spectrum should approach that of ref. [30], at least for the U(1)r-neutral
fields 3, (3, a33, a3, and o3 £ i ags (see table 2). The spectrum of [30] is

4M? M2

2 _ 12 _ — ]2
w®—k* = L4q(n+1)(n+2)—87r 3

(n+1)(n+2), (3.25)

where n is the radial quantum number. Note that these frequencies are purely real since
in the limit A = 0 there is no possible absorption of these modes by the horizon at leading
order in the large-N,, large-\ expansion. If instead A is very small but non-zero we expect
that each of these modes will develop a small, negative imaginary part since now the branes
reach the Poincaré horizon along a thin throat. In other words, for small but finite A the
normal modes of [30] become quasi-normal modes located in the complex lower half-plane
near the real axis. This manifests itself in high and narrow peaks in the spectral function of
the corresponding dual operator. This is illustrated in figure 5 for the case of the operator
dual to the B3 scalar. As one increases A the peaks cease to exist. The numerical procedure
used to produce figure 5 is explained in section C.1.

Fluctuations charged under U(1); have a different spectrum because they couple to the
isospin chemical potential. Comparing for example eq. (C.6) to eq. (C.4) it is easy to see
that, in the limit A = 0, these fluctuations have normalisable modes at frequencies given by
2
]\/;\[q n+1)(n+2), (3.26)

(w=2u)? — K = 4qu + 872
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Figure 5. Spectral function (with arbitrary normalisation) of the gauge theory operator dual to
the B3 scalar for A = 1 (dashed, red curve) and A = 1/10 (solid, blue curve).

i.e. the frequencies are shifted due to the presence of the finite isospin chemical potential,
with the factor of 2 given by the isospin charge of the fluctuations. Note that in the limit
A = 0 one can turn on an isospin chemical potential while keeping the isospin charge to
zero (and this configuration will be dominant for u; < M,). Under these circumstances
the chemical potential does not affect the embedding profile of the branes but it breaks
the mass degeneracy of isospin multiplets [25, 26, 29]. In the case of triplets one mode is
unaffected, as in (3.25), one mode increases in mass, as in (3.26) with the minus sign, and
one mode decreases in mass, as in (3.26) with the plus sign. Note that the latter mode
would be massless if we ignored the last term on the right-hand side in (3.26). This would
be the result for the energy of a macroscopic string stretched between the branes, along the
lines of [52]. As in [53], the correction to this result given by the last term in (3.26) comes
from the second-quantized dynamics associated to the endpoints of the string inherent in
the D7-brane worldvolume action, in which these endpoints are described by fields instead
of point-particles.

3.4 Additional ungapped modes

The massless modes associated to the broken SU(2)r symmetries can be thought of as
the well known orientation zero modes of the instanton. An instanton in flat space has
additional zero modes associated to the choice of the instanton centre. We will now show
that these give rise to ungapped modes in our system. This may be surprising at first
sight given the fact that the background geometry (2.2) is not invariant under translations
along the yi-directions due to the preferred origin chosen by the harmonic function (2.2).
Nevertheless, the exact cancellations due to supersymmetry guarantee that an instanton
centred at any point in the g’-directions is a solution. In other words, supersymmetry
implies the existence of additional ungapped modes despite the fact that these are not
Goldstone modes.

The general instanton solution with an arbitrary centre breaks SU(2), symmetry, so
it is convenient to abandon the use of left-invariant forms in favor of the anti self-dual 't

- 29 —



Hooft symbols, ﬁfj These matrices connect the symmetries of R* with those of SU(2);.
We give here the form of the matrices of interest and list their properties in appendix B:

0 0 7i—1 010 0
T T 1t loo 1| , 100 0
+ 1 2 H 3
t— — (ph4ind) = — H _ 73 — (327
g \/5(77” ) l+i-10 0| M THT| g o00-1 (3.27)
1 40 0 0010

The ansatz (2.24) for the internal part of the gauge potential reads in this language

I | 1 g i 1
Apog = <\/§77ij QE_o+ ﬁni]’ QFE o+ 577”- & Ha> dy" 9;log Ta(y) .
In this expression we have written the SU(2); generators in terms of ladder operators, Ei,,
and H, (the Cartan subalgebra):

(3.28)

1
Eio =3 (o' £io?),  Hy=o0?, (3.29)
The subindex « is redundant for an SU(2) algebra but it will be important when analysing

higher-rank algebras later. The self-duality condition in eq. (2.21) implies

g 1
1+ a(y)] 079 0 -—— =0, 3.30
|1+ al)] 97010 s (3.30)
On the other hand, we can perform an SU(2); rotation to align the embedding along the
direction of the Cartan. It is then a direct calculation to proof that, once a solution to (3.30)

is found, the embedding and electric field are given by

Ay=7Z =M, (1 + a(y)) H, . (3.31)
Eq. (2.30b) is a solution to (3.30) with spherical symmetry. A more general solution is
given by
1 - A2
- =1+ A . 3.32
AR S¥ e ey TRy (352)

corresponding to a sum of k instantons with sizes A4 and centred at i = 4. The total
instanton charge is k and the different conserved charges such as ng, n;, J, @, &, etc. take
the same form as in previous sections with the identification

k
A=) A% (3.33)
A=1

The solution with a single instanton takes the form

1 A2
14— 3.34
o) T G (3:34)

and setting o = 0 we recover (2.30b). As in (3.21), expanding to linear order in 7 around

yo = 0 produces a normalisable change in the different fields that may be viewed as a
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fluctuation around the solution (2.30b). These fluctuations break SU(2), and are therefore
not captured by (3.1)-(3.2). Nevertheless, they give rise to massless modes, since the energy
density is independent of the value of #y. From the physical viewpoint, the freedom to place
the instanton centres at arbitrary points reflects the no-force condition between the D3-
branes in the D3-D7 system when supersymmetry is preserved. On the gauge theory side
the positions of the centres correspond to expectation values of higher-dimension operators
that parameterise the Higgs branch and are bilinear in the fundamental fields, in analogy
with the case of the Coulomb branch of N' =4 SYM discussed in [54].

Note that only the combination (3.33) is fixed by the conserved charges of the solution.
Therefore, for multi-instanton solutions, combinations of the instanton sizes A 4 giving rise
to the same total A% in (3.33) also generate additional massless modes.

4 Higher-rank flavor groups (IN; > 2)

In this section we will generalise our previous construction to the case in which the number
of flavors is IV; > 2. The strategy is to write the generators of a semisimple Lie algebra in
canonical form in terms of Cartans and ladder operators in order to sequentially solve for
the self-dual part of the field strength and, once this solution is obtained, for the embedding
profile. The SU(2); instanton presented in previous sections can be used as a building block
to find solutions for higher-rank gauge groups, in particular for SU(V;). In this subsection
we restrict the discussion to SU(3); since this case already illustrates all the new aspects
while remaining concrete enough. We will nevertheless use a notation appropriate to make
contact with the generic case, which is discussed in appendix B. One of these new features
is the existence of new embeddings of the flavor branes.

The starting point are the Gell-Mann matrices, which can be combined in three groups
of ladder operators

1 : , 1 :
Eia = 5 ()\1 + Z)\Q) s E:I:ﬁ = ()\6 + Z>\7) 5 Ei’y = 5 ()\4 + Z)\5) 5 (41)

N |

together with the Cartan generators

1 1
— A3, H, = —
V27l SN}

which, by definition, form an Abelian subalgebra. Here & = («, f3,7) refers to the three
roots of SU(3)

a=(v2,0), ﬁ:(—\}ﬁ,\/g), 7:a+52(\}§,\/§>. (4.3)

Note that each root is a two-vector. We will collectively denote the components of these

H = s, (4.2)

three vectors as &; with 2 = 1,2. Similarly, we will collectively denote the Cartans (4.2) as
H;. The ladder operators are eigenvectors of [Hy, | with

[Hi, Exa] = +6iEvq . (4.4)
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It is convenient to define the following linear combinations of the Cartan generators
Hd = [E+d, E_d] = @gﬂg (45)

because then each triplet {E44, Hs} associated to each root vector spans an SU(2) subal-
gebra (in which Hy is not necessarily canonically normalised). Each of these subalgebras
can then be used to construct an SU(2); instanton embedded inside SU(3);.

With this material in place we focus on solutions that can be obtained via the 't Hooft
ansatz. Without loss of generality we choose to align the magnetic part of the gauge
potential along the first root, a. This can always be achieved with an SU(3); rotation. We
therefore write the magnetic part of the gauge potential as in (3.28), so the self-duality
condition of the SU(2); instanton leads again to eq. (3.30) for the function a(y). Since we
have fixed the orientation of the instanton we are no longer free to choose the orientation of
the scalar field Z. Therefore, in the general solution Z should be a linear combination of all
the real generators of SU(3); which cannot be rotated away while keeping the orientation
of the instanton fixed. These are

Ha, H/B, E+5 —|—E_ﬁ, E+,y —|—E77. (4.6)

We have not included H, = H, + Hp because this is not linearly independent (see ap-
pendix B), and we have not included F,, + E_, because this can be rotated away while
keeping the instanton orientation invariant. A direct embedding in SU(3); of the SU(2);
solution of previous sections would yield

Av=7 =M, [1 + a(y)}Ha, (4.7)

where we have relabelled M, as M,. Now, inside SU(3);, we have two qualitatively dis-
tinct possibilities to augment this solution. We can either add terms proportional to the
second Cartan generator, or we can add terms proportional to the real combinations of
the ladder operators. The result of adding a linear combination of these possibilities is the
linear combination of the results for each individual possibility, so we will consider them
separately.

For the first option, the boundary conditions at the boundary and the regularity re-
quirement at the origin lead to the solution (see appendix B)

A=7 = <Ma [1+aly)] + A?) H, + MsHg, (4.8)

where Mp is now a second possible mass term. Since the scalar field is still diagonal, the

geometric interpretation follows straightforwardly from the three entries of the Z matrix:

M
Ze ==L+ M, [1 + a(y)} . Zy=—Ms. (4.9)

These determine the embedding profiles of the three D7-branes in the z'-direction. For a,
single instanton centred at the origin of AdSs the radial dependence is given by eq. (2.30)
and the profiles are shown in figure 6. If the embedding is purely along H,, that is, if
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Figure 6. Brane embeddings of the form (4.8) for different values of Mz. In all the plots we have
fixed M, = 1.

Mpg = 0 as in the direct import of the SU(2); solution (4.7), then two of the branes have the
same embedding as in previous sections and the third one describes exactly massless quarks.
A non-zero value of Mg produces a relative displacement of the branes while keeping their
centre of mass at z! = 0, since the SU(3), matrices are traceless. In particular, for non-zero
Mg the branes no longer reach the origin of AdS at r» = 0, as seen in the figure. Moreover,
for intermediate values of Mg the brane profiles can cross at non-zero r, meaning that the
hierarchy of running quark masses in the IR may be inverted with respect to that in the
UV. For sufficiently large values of Mg this inversion disappears. The non-compact part of
the induced metric on the D7-branes is always AdSs in the UV. If Mg = 0 then Z4 2
near r = 0, as in previous sections. In this case the IR geometry is again AdSs with the
same radius as in the UV, as in section 2.5. If instead Mg # 0 then the IR metric is flat
space, as for the usual massive embedding in the absence of instanton and electric field.

For the second possibility it suffices to consider adding a single combination of the
form E, g+ E_g. In this case the regular solution is

Ay =7 =M, [1 + a(y)} Ho + Msy/T+ aly) <E+5 + E_ﬁ) . (4.10)

These embeddings are not diagonal in this basis, but this is simply due to the fact that we
fixed the instanton orientation. Having found the solution (4.10) we could simply apply an
SU(3); rotation to bring Z to a diagonal form at the cost, of course, of having an instanton
no longer contained in the SU(2) algebra generated by {Ei4, Hs}. From the viewpoint
of the D7-branes this rotation is simply a gauge transformation. The result would be a
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Figure 7. Brane embeddings of the form (4.10) for different values of M,,. In all the plots we have
fixed Mg =1

diagonal Z with entries equal to its eigenvalues

VIt
Zy == a Ma\/l—i—ai\/Mg(l—i—a)—i—leg . Zs=Mi(l+a).  (411)

These are plotted in figure 7 for the instanton in eq. (2.30) and, as above, they can be
interpreted as the positions of the branes. Note that there is no ambiguity in this inter-
pretation because we are only allowing one transverse scalar Z! to be excited. Generically,
in the presence of two scalars Z', Z2 it would not be possible to diagonalise both of them
simultaneously. As in the previous case, there is a running mass hierarchy inversion in
some range of Mg/M,, but the branes always reach the origin in the deep IR. Note that,
if Mg is not zero, then the leading behavior of Z1 near the origin is

Zy ~ MgVl4an~r, (4.12)

and exactly the same for the corresponding components of A; = Z. As in previous cases,
the electric field contribution to the energy density, tr 6 E;E;, vanishes at r = 0 and its
total contribution is given by (2.49). The behavior (4.12) is the same as in [55] except for
the fact that the supersymmetric limit A; = Z can not be achieved in the context of [55]
due to the absence of the instanton. As before, the induced metric is AdSs x S3 both in
the UV and IR, but the softening in the vanishing of Z, as dictated by (4.12), produces a
renormalization in the radius of the sphere along the RG flow

L3, M
=1+—=. (4.13)
L2, e
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5 Supertubes

In the presence of angular momentum, a collection of DO-branes and fundamental strings
is known to “blow up” into a configuration known as a D2-brane supertube [56], namely a
tubular D2-brane with the same charges as the original system. The supergravity descrip-
tion of two-charge supertubes was found in [57] and the generalisation to three charges was
presented in [58-62]. The cross-section of the tube is completely arbitrary and contractible,
hence there is no net D2-brane charge. Such a tubular D2-brane can be suspended between
D4-branes. The entire configuration preserves supersymmetry and appears on the U(2)
non-Abelian theory on the worldvolume of the D4-branes as a dyonic instanton configura-
tion [63]. T-dualising four times we conclude that, in the presence of angular momentum,
our system of D3-branes and fundamental strings should blow up into a D5-brane super-
tube suspended between the D7-branes. The defining feature of this configuration should
be that the D7-branes meet each other at a curve in R*. Moreover, for these configurations
the angular momentum is not necessarily self-dual. The reason that we have not encoun-
tered these features in the configurations of previous sections is that we did not consider
the most general dyonic instanton solution. Here we will import the results of [63] for the
k = 2 case to illustrate the fact that, in the general solution, the D7-branes indeed meet
at a curve. The solutions of previous sections can then be obtained as a limit in which
the cross-section of the supertube collapses to a set of isolated points. Our goal is not to
review the details of [63], to which we refer the interested reader, but merely to illustrate
the main points.

The starting point in [63] is the most general solution to (3.30), the so-called Jackiw-
Nohl-Rebbi instanton [64]:

k
1 A2
= A - (5.1)
I+a  “=0ij(y —ya)'(y —ya)

The difference between this solution and (3.32) is that there is no “1” on the right-hand
side and that there are k + 1 “centres” despite the fact that the instanton number is k.
Thus compared to (3.32), naively this solution depends on one new scale and on four new
centre coordinates. However, for £k = 1,2 there are additional gauge equivalences that
reduce the number of these new parameters to 2 and 4, respectively [64]. Solutions of the
't Hooft type can be recovered in two different ways:

e for generic k one can obtain (3.32) by taking the limit Ag — oo with |yo|?/A3 = 1,

e for k = 1 both solutions (3.32) and (5.1) are related by a gauge transformation in
such a way that the parameters in both solutions are related through

o Alyo + Adya

yo =~ T 00 AQ:A2A2M (5.2)
c A%—i-A% ’ c 041 .

(A +AD)?

where the parameters in (3.32) are on the left-hand side and are denoted with a
subindex “c”.
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The absence of a “1” on the right-hand side of (5.1) changes the asymptotics of the
gauge potential and makes finding a regular solution for the scalar field a difficult task.
The procedure to follow is described in detail in [63, 65] and we refer the reader to those
references for details on the construction. The final result is that such solutions exist, but
the field Z = Z; 0% is not necessarily aligned in SU(2), with its asymptotic value M o>.
Moreover, if kK > 2 then generically the zeros of Z lie on a curve instead of on a set of
isolated points. An example is given in section 4.2 of [63] for k = 2, whose main result we
now review.

For simplicity consider the three centres to lie within the 34-plane of R*:

yo = (0,0,0,—Ag) , y1 = (O,O,AA1,0> , Yo = (0,0, AA2,0> . (5.3)
Ay A

For Ay = 0 we effectively recover the k = 1 case, which describes an instanton centred at
Y. = 0 with size A, = A, as has been considered throughout this paper. In the opposite
limit, A9 — oo, one recovers the two instanton solution of (3.32) with centres at y; and
yo. Thus, in these two limits the zeros of the scalar field correspond to isolated points. For
any other value of Ag it can be shown that the zeros lie on the curve in R* determined by
the solution to the equation [63]

2
Z [Aj\y - yA+1\2|y - Z/A+2|2 + 2A,24+1A,24+2|y - yAIQ(y —ya+1) - (Y — ya+2) (5.4)
A=0 d.

+P'ly = yal? (v — yar) TPy — yasa)| =0

In this expression the index is understood to be cyclic, i.e. y3 = yo and y4 = y;1 and similarly
for the A4’s, 7% is the anti-self-dual 't Hooft matrix (3.27), the constant P’ is given by

-y Yo n*y1 +y1 77y + y2 1’ yo (5.5)
AGZAT o =y 2 + ATPAS % |yn — w22 + ASPAG vz — wol?

and 73 is the self-dual 't Hooft matrix that can be obtained from 7 by flipping the signs of
the last row and of the last column. By symmetry the zeroes lie in the y' = y? = 0 plane
inside R*, so (5.4) is one equation for the two non-zero components of y in the 34-plane.
The solution is generically a curve in this plane. In figure 8 we show several examples
where we set A = Ay = Ay = 1 for simplicity and we vary Ag. As can be seen in the figure,
the single-instanton solution considered in this paper corresponds to a collapsed supertube.

6 Conclusions

We have considered a configuration of two D7-branes in the background created by a stack
of N, coincident D3-branes, holographically dual to probing d = 4, N' = 4, SU(N.) super
Yang-Mills with a fundamental SU(2),-doublet, A" = 2 hypermultiplet at finite isospin and
R-charge densities. On a technical note, our model requires dealing with the non-Abelian
version of the Dirac-Born-Infeld action, which is known to be an incomplete account of
the dynamics of flavor with a global U(N;) symmetry group [33, 34]. However, as we
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Figure 8. Cross-section of the supertube at y' = y2 = 0 for different values of Ag. For Ag = 0 the
supertube collapses to the & = 1 instanton configuration centred at the origin (denoted by a black
square) that we have studied in detail in this paper. For 0 < Ag & 2.285 the zeros of the scalar
field lie on a simply connected, non-self-intersecting curve (a deformed ellipse). This is illustrated
by the values Ag = 1/10 (thin, red, continuous curve), Ag = 1/2 (orange, dotted curve) and Ay =1
(vellow, dashed curve). At Ay & 2.285 (thick, green, continuous curve) this curve pinches off. For
2.285 < Ag < oo the zeros of the scalar field lie on two disconnected curves, as illustrated by the
values Ag = 3 (blue, dashed curve), Ag = 8 (purple, dotted curve), and Ag = 20 (thin, magenta,
continuous curve). For Ag — oo these two curves collapse to two points denoted by the black circles
on the y? axis.

have argued, the physics of supersymmetric configurations can be captured exactly by a
Yang-Mills-Higgs action [35, 36].

The ground state preserves N/ = 1 supersymmetry and can be used to construct
generalisations to N; <« N, D7-branes. This solution corresponds holographically to a
state on the field theory presenting spontaneous breaking of the (non-Abelian) global and
local symmetries. The broken global symmetries are linked to superfluidity in the system.
The breaking of the local symmetries is encoded in the dissolution of D3-brane charge
on the D7-branes’ worldvolume, with the associated energy scale A, determined by the
asymptotic charges of the system.

The solution we have presented is regular everywhere. In the IR the induced metric
on the D7-branes is AdSs x S3, with active irrelevant deformations due to the non-trivial
configuration of the instanton there. Although not obvious from the AdSs factor in the
metric, Lorentz symmetry is broken by the presence of non-trivial sources of Lorentz-
breaking operators. This can be seen also from the presence of non-relativistic massless
excitations in the spectrum. Backreaction of the D7-branes could be incorporated along
the lines of [66]. In that reference we considered a configuration with an instanton but
no isospin density, and studied the backreaction on the metric. In [66] Lorentz invariance
is maintained but the presence of the D7-brane sources changes the metric at all energy
scales. Furthermore, the breaking of the SU(N.) group is seen explicitly in the running of
the Fy flux, as explained in section 2.6.

We have found a set of massive quasiparticle excitations in the M, < A regime of
parameters, whose lifetimes decrease when M, ~ A. On top of these there is a set of
massless excitations with non-relativistic dispersion relations, the Goldstone modes asso-
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ciated to the breaking of the global symmetries, as well as light particles with a mass gap
proportional to the explicit scale M, whenever M, < A. Interestingly, there is also a set
of ungapped modes that are not associated to the breaking of any global symmetries but
to exact moduli implied by supersymmetry.

In the presence of angular momentum, it is well known that Dp-branes and fundamental
strings get “blown up” into a D(p+2)-supertube [56]. Importing the results from [63] we
have shown that this is realised in our setup. As in [63] we have focused on the case of
instanton number k£ = 2 but more general results are possible. In the k = 2 case we have
shown that if the R-charges (2.42) are not equal, ny # ng, then the fundamental strings and
the D3-branes dissolved inside the D7-branes get blown into a D5-brane supertube with
non-self dual angular momentum suspended between the D7-branes. From the viewpoint
of the D7-branes this manifests itself in the fact that they meet each other at a curve
instead of at isolated points. If the charges are fine-tuned to be equal, so that the angular
momentum becomes self-dual, then the cross-section of the supertube collapses to a set of
isolated points.

In the future we expect to combine the results and ideas presented in [32] and in
the present paper with our previous constructions of backreacted solutions of the charged
D3/D7 system [67, 68] in order to find the holographic description of a color superconductor
at non-zero baryon density. It could also be of interest to combine the present configurations
with the finite temperature setups of [69, 70] to study the phase transition between the
superconducting and the normal phases.
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A Proof of the BPS equations for the dyonic instanton

In this appendix we demonstrate that the dyonic instanton of [37] solves the equations of
motion coming from the non-Abelian Dirac-Born-Infeld (DBI) action of [33, 34], not only
in flat space [39], but also in the background of a stack of N, Dp-branes (in the main text
we set p = 3). Consider the action of a set of N; D(p + 4)-branes, whose pull-back metric
induced by the color Dp-branes’ geometry is

ds? = H by dat'de? + H3 (85 dy'dy? + 5,5 42" ) | (A1)
where p = 0,--- ,p, i =1,--- ;4 and a = 1,--- ;5 — p. The warp factor is an harmonic
function in R%P
p=7
H=L" (&-j Y'Y’ + 6ap zo‘zﬁ) . (A.2)
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This is supported by a non-trivial (p + 1)-form together with a dilaton:

Cpir = qH T da'?, e =HT, (A.3)
with ¢2 = 1 a sign distinguishing branes from anti-branes. The stack of flavor branes is
extended in the z-directions as well as the y ones describing RY. The 5 — p remaining
flat directions, parameterised by z, are transverse to both kinds of branes. There is also a
U(V;) gauge field A, with field strength F'| living in this set of branes.

The non-Abelian DBI action in [33, 34] is rather complicated, so we present it already
adapted to our system. First, by SO(5-p) symmetry we align the transverse scalars in the
Z°#1 = () direction and denote the remaining one Z! = Z. In this case the scalar potential
in (2.13) is trivial and, in the background of the color branes, the kinetic action reduces to

Sppr = — p+4/dp+1$d4y e ?® Stf\/— det (gMN + P[H]%D(MZDN)Z + FMN) , (A4)

where M and N are curved indices in the (p + 5) directions of the flavor branes. In the
following we name the matrix inside the determinant I"j;n. Additionally, the coupling to
the background form is dictated by the Wess-Zumino (WZ) action

T
Swz = —s 172+4/St1“ (Cpt1 NFAF) . (A.5)

Here, s> = 1 is another sign to differentiate the coupling of branes and anti-branes. The
induced metric on the branes, ga;n, and the dilaton, ®, depend on the scalar Z describing
the embedding through the warp factor

p—=7

PH] =L (09 +2-2) 7, (A.6)
and from now on we denote this pullback simply as H. The symbol D represents a gauge-
covariant derivative so that both DZ and F' are U(N;) valued. Crucially, the symmetrised
trace allows to treat them, as well as Z appearing in the functional dependence of the
background, as commuting under it [34].! Notice that some of the matrix identities used
in the following are verified only for commuting coefficients, i.e., are valid only under the
symmetrised trace.

To get the equations of motion we have to vary the total action with respect to the
gauge fields and scalar. The variation of the DBI part is

1
0SppI = — p+4/dp+1xd4y Str {\/— det T’ (6 (efq)) + 567(1) (Fil)MN 5TNM)] . (A)
In order to compute this we need to invert the matrix I". Notice that once we have
performed the variation we are allowed to use the BPS equations to prove that it van-
ishes, which facilitates the inversion of the matrix. The configuration we want to study is
characterised by

Fuw=0, Fu=Ey)d,, F;j=F;jly, Z=2Z(), (A.8)

1On the contrary, Z and A themselves, as well as their fluctuations, are considered non-commuting.
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so that none of the fields depends on the coordinates {t, #}, and from the gauge components
along those directions we are exciting just the temporal one A;(y). Moreover, for the
solution to preserve supersymmetry we impose
o

Fij = §€Z‘jlekl s 0'2 =1 s (Ag)
which is (anti)self-duality in the four-dimensional space along the flavor branes but trans-
verse to the color ones. Notice that this equation is conformally invariant, so it is equivalent
to impose (anti)self-duality in the flat space with flat metric ;;dy’dy’. This condition has
to be supplemented with

A =17, =1 = D,Z=0, D;Z =1Fy = —1E; . (A.10)
With this ansatz the inversion of I' gives the non-vanishing components
(Ffl)xmmn _ gxmmn ’ (m, n— 17 o 7p)
—1\tt o “1\¥ 1\ _ —1\¥
(F ) =g —HEE;([g+F| ) (F ) = ([g+ F] ) (A.11)
) = (s 117 8 ) =g (fg+ 1)

To invert the 4 x 4 matrix (g;; + Fj;), we use that for any antisymmetric matrix it is verified
, 1.
Fik1 ijlekSFk2k3 = 151j6k1k2k3k4Fk2k2Fk3k4 . (A.12)

In conjunction with this, (anti)self-duality implies

, 1 .

F*Fyj = Easzle”f, (A.13)

that is, up to a normalisation F' is its own inverse. Thus, the matrix we are looking
for reads: 1

+F) t=——— _(g-F) . A.l4

(9+F) ( —iFiji)(g ) (A.14)

Finally, the determinant of the matrix I' greatly simplifies

—det T = — det gy, det (gi; + H3D(; ZD j)Z + Fij — Fiug" Fy; )
(A.15)

+1

2
3— |
= H_% det (gij —{—FZJ) = I‘ITp <1 — 4FZJF]'¢> ,

where the first step is just the determinant in blocks, the second step is a cancelation
between the terms containing D;Z and those with Fj; due to the configuration (A.10), and
the last one follows from (A.14) noticing that det(g + F') = det(g — F)).

The WZ piece gives simply

dSwz = Tp+4q§85 [/ dPHlzdty Str (eijleiijlﬂ
— pH% AP+ 2d%y Str (H%Fiﬂ'a (H—%Ej)) (A.16)

qso

= Tpia / dPHiadty tr (H'F FV'6H + 2FY6F)
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with the first equality obtained by substituting the value of the background form, eq. (A.3),
while in the second we have used (anti)self-duality of the field strength.

Variation with respect to the scalar. The scalar Z appears in two kinds of terms,
those with DZ and those with Z - Z, coming from the warp factor. The variation with
respect to the warp factor has several contributions. First, from the variation of the dilaton
(first term in eq. (A.7)), which using the value for the determinant obtained in (A.15) is

— Tp+4/dp+1:1:d4y(5 (e*q)) Str [\/— det F]
(A.17)

-3 1 ..
= T L T /dp+1xd4y H tr <1 — 4F”Fji> 0H .

Second, from the variation of the metric contained in 0I'y;y (second term in eq. (A.7))
which within our ansatz turns out to be

1
—Tpia / dPtizdiy e~ ® Str [\/ —det F§ (F_I)MN 5gNM}
+1 1 1 (A.18)
.. 1 .
= p+4/dp+1xd4y H™ r (’74 (1 - 4F”Fji> + JH?EE — 1) 6H .
If we combine these two with the term coming from the variation of the WZ, eq. (A.16),
we see that fixing the arbitrary signs as

gso=1 (A.19)

makes the variation with respect to the warp factor vanish, apart from the term propor-
tional to E;E'. This is however canceled by a term coming from the variation of the kinetic
term of the scalar
1
— Tp+4/dp+1xd4y Str [\/ —det F§ (I’fl)(MN) ((5 (H%) Dy ZDnZ + 2HéDMZDN5Z)]
1 . y 3
=— p+4/dp+1xd4y Str [4H_%DlZD¢Z<5H + 6D ZD;joZ — THF”DiZDjZ(Dt(SZ)] .
(A.20)

The first term cancels with the E;E? term in eq. (A.18) upon using the BPS condi-
tion (A.10), as promised. The last term vanishes because of symmetry, since as we men-
tioned F and DZ commute under the symmetrised trace. Thus, after integration by parts
we are left with the equation for the scalar:

§"D;D;Z =0, (A.21)

which is the Laplace equation on the flat space 5ijdyidyj but containing the gauge
connection.

Variation with respect to the gauge field. The kinetic term of the scalar also contains
a variation of the gauge field, that in our ansatz reduces to

- Tp+4/dp+1:cd4y H3 Str (\/— detT (1)) Dy, 7 [5AN, Z])
1 (A.22)
= —Tpis / "M zdly He Str (6A; [Z,D'Z]) ,
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where we have discarded an additional piece for the same symmetry reasons as before.
Finally, we have the contributions coming from the variation of the kinetic term of the
gauge field, that read

Tyt / dP+Hlzdty Str [\/— detT (T1)M" D[M(SAN}]
y y , | (A.23)
= Tp+4 / dp+1xd4y Str <5AjDZ‘FU — T(sAt(;”DiDjZ +7H?2 5AiDtDlZ) ,

where we have integrated by parts in the last step. Variation with respect to the temporal
component gives again the equation of motion of the scalar (A.21), while the magnetic
components must solve

DiFY + TH3 DD’ Z — H? [Z,D7Z) = DiF =0, (A.24)

where we have used that for an adjoint field Dy = 0y + [A¢, -] = O¢ + 7[Z,-]. This equation
is trivially verified for (anti)self-dual configurations due to the Bianchi identity. For the
same reason, the last term in the variation of the WZ action, eq. (A.16), also vanishes.

In summary, the variation of the non-Abelian action of [34] vanishes for configurations
of the form (A.8) if the self-duality equation (A.9), together with (A.21) for the scalar and
the identification (A.10), are verified. Notice that we do not need to specify any direction
in gauge space for Z nor A; as long as they are collinear. The proof is valid both for self
and anti self-dual configurations and arbitrary rank IN;.

B The SU(2) instanton as a lego for higher-rank gauge groups

In this section, we give the solution to (A.9) and (A.21) corresponding to the dyonic
instanton of [37]. The equations can be solved sequentially, since (anti)self-duality only
involves the magnetic components of the gauge field, while DZ requires knowledge of the
gauge potential. We give the solution for arbitrary gauge group and this requires rewriting
the associated algebra in canonical form.

Consider g, a semi-simple Lie algebra of finite dimension.? A Cartan subalgebra h C g
is a maximal Abelian subalgebra such that all its elements are diagonalisable in the adjoint
representation. Its dimension is the rank r of g, with r = n — 1 for su (n).

Let us choose a basis H;, i = 1,...,r of h, and let these generators be Hermitian for
convenience. Since by definition they form an Abelian subalgebra we have

[H;, Hj] =0 . (B.1)

This can be completed to a basis for the algebra by finding the eigenvectors of ad H; = [Hj;, -]
that are linearly independent from the Hj;, that is, a set of elements F, of g verifying

[Hg, Ea] = OziEa . (BQ)

20ne could extend the results to simple algebras, but we do not need it for our purposes since the
Abelian ideal, corresponding to the baryonic chemical potential, vanishes in our solutions.
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Notice that not all «; can vanish simultaneously, since we assume FE, ¢ h. The real

eigenvalues a = (ay,...,a,) are called roots, have no multiplicity and there are d — r of

them in a given d-dimensional Lie algebra. Moreover, if « is a root then —« is also a root

with generator £_, = (E, so roots always come in pairs. Indeed, it can be shown that
[Ea, E_a] = Ozng = Ha s (B3)

where we have normalised so that the non-vanishing components of the Killing form are
tr (H; H;) = 035, tr (EqE_o)=1. (B.4)
Finally, the commutator between generators associated to different roots is
[Eo, Ep] = NopBatp (B.5)

where N, g is a constant that vanishes if o + 3 is not a root. We will give the explicit
expression and properties of these constants when needed.

In the simplest case of su (2), whose rank is 7 = 1, the only roots are a = /2 together
with its opposite. The generators Fi, are the usual raising and lowering operators, familiar
from the treatment of spin. These, together with the unique Cartan, are constructed from

the Pauli matrices as
1 . 1
Eia:§(01:|:102), H=—"0

V2

For larger algebras, there is an su(2) subalgebra {E1,, Hy} associated to each non-zero

(B.6)

pair of root vectors +«. Thus, we can use any of these subalgebras to construct the basic
SU(2) instanton.

In the following we consider only the solutions obtained from 't Hooft’s ansatz, adapted
to this language. Let us define the antisymmetric tensors

1

4
772']'—\/5

constructed from the usual anti self-dual 't Hooft tensors 7%, a = 1,2,3. Inherited from

(ﬁ}j + iﬁ?j) ) ﬁg = ﬁ?j ) (B.7)

their properties, we have that

—H—H —t
Ntk = Oij - Mk = 0,
—+_H — o _H
Ttk = 070555 Ml = 0ij F 07055 »
T — T = i (ST + O — uir — ST ) (B.8)

RN e —H _H _H _H
n;;nkl - Uij”;z =1 (61'14:77]'[ + 0k, — dulljh, — 5jk77¢z) .
_+.H _+.H _+.H _+.H

€k My = Oullyy — Oy + Ol -

Using these tensors, we take the following ansatz for the gauge potential

1 _ 1 __ 1 _
A= (Mn;‘; ®E_o+ o i ® Eya+ anj ® Ha> djlogp, (B.9)
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with |a|? = a-a = ;. Then, using the properties for the 7 listed in (B.8), it can be seen
that the field strength inherited from this gauge potential is self-dual whenever ¢ solves

(5ijaiaj(p N

5 0. (B.10)

A similar set of self-dual tensors provides an anti self-dual field strength given the same
condition on .

Once we have an (anti)self-dual field strength, we need to solve (A.21) in its background
for the embedding. Remember that Z can be pointing in any direction in gauge space.
There are two distinct possibilities (and linear combinations thereof): we can place the
embedding in the su(2) subalgebra of the instanton or in a different one, corresponding to
a different root. In the first case we can use su(2) rotations to align the embedding in the
direction of the Cartan, so we take the ansatz

Z = f(p) Ha - (B.11)

Again, exploiting the properties of the 7 tensors it can be shown that the equation for the
scalar is solved if

A =2f = flo)= Af L Myg? (B.12)

with / denoting derivative with respect to ¢ and My and Mj a pair of (real) integration
constants. On the other hand, we could take the embedding along the raising and lowering
operators corresponding to a different root, that is,

Z=[fi(p) Exp+ f-(p)E_p . (B.13)

In our conventions the embedding has to be hermitean, forcing fi = f_. Similar manipu-
lations imply that the equation for the 3 component is solved as long as

21 _ fi-i- N (a- 5)2
pfl = a7ﬁN,a7a+5 + N,aﬁNa7,a+g + . (B.14)

|of? |o?

Crucially, this equation can be solved for any Lie algebra, given any pair of roots « and f.
It can be easily proven that the real coefficients N, g verify the following relations

Nog=—Ngoa=—N_o_g, (B.15)

and, from the Jacobi identity applied to the generators associated to three roots satisfying
a+ B +v=0, that
No,p = Np,—a—p = N-a—pa - (B.16)

As a consequence of these
N_oa+8=Naog - (B.17)

On the other hand, the Jacobi identity applied to E,, F_, and E_ g forces the relation

a-B=N_apNap—a+NsgaN_gars=N05—Ns. (B.18)
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Now, let p < 0 be the smallest integer such that « 4+ p8 is a root and let ¢ > 0 be the
largest integer such that a4+ ¢ is a root. One of the most basic properties of Lie algebras
is that these integers verify

a-f3
2——=—-(p+q . (B.19)
|
Moreover, the coefficients in the commutator (B.5) are given in terms of them as

1
Nog =3

which vanishes only if ¢ = 0, that is, if a + (3 is not a root. Using all these results, (B.14)

(1-p)glaf?, (B.20)

is solved by
q—p+2

fr=M 2 + My 2 . (B.21)

Notice that this is invariant under ¢ — —p and p — —gq simultaneously, which corre-
sponds to changing 8 into —3. This means that f_ has a solution of the same form, while
hermiticity selects the integration constants so that

q—p+2

fo=Mio T + M (B.22)

Finally we can align the embedding with the Cartan associated to a different root 3.
However it is easy to see that this produces a vanishing solution unless « - § = 0. More
generally, we can combine this embedding with (B.11), that is, we can take

Z = fa(p) Ha+ fa (¢) Hg . (B.23)

Then, the functions have to satisfy
f//:O = fﬁ:M1+M2¢?
<P2féf:2<fa+%fg> = fo =M 4 My 2+ 2,

where we see that f, = 0 is not consistent with non-trivial fz unless a-3 = 0, as mentioned

(B.24)

above.

We have thus reduced the problem to compute the possible values for p and ¢ for a
given Lie algebra. Coming back to the system of branes, we know that the gauge symmetry
associated to the flavor branes is U(1V;). Since we are not exciting the U(1)g C U(NV;), we
can apply the results above to the algebra su(N;), whose roots system is well known.
Indeed, for any rank, all the roots have the same length, |a|?> = 2, and the only possible
non-trivial values for the integers are

p=0, g=1 or p=-—1, qg=0. (B.25)

These give the same embedding, since they are related by the symmetry discussed above.
The single instanton solution corresponds to the function

r? 4+ A2 !
$="2 > 7’2:2%'27 (B.26)
=1
so the possible regular embeddings are
Do M1 Zy=——"t (M,E 3+ M'E B.27
o Mapya2ar 5_m(q+ﬁ+ a */5)' (B.27)
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C Fluctuation channels

In this appendix we provide the equations of motion for the fluctuations present in our
model, classified according to their transformation under the global symmetry group
SO(2)xU(1)p and local symmetry properties. Later we will give more details about the
behavior of the fields and the numerical procedure we implemented for the two channels

we have focused on in the main text.

1. SO(2) vectors, charged and uncharged under U(1);. These are two channels
consisting of two exact copies of the same fluctuation given by the fields a4 and a.4.
Focusing on the former we can write the following combinations charged under U(1),

Qyt = a1 Tioy, (C.1)
with equations of motion
5 sq2 L (K= (w20 +40?)
4 / i
Oyt Pl | 2 + (r2 4 ¢2)? =0 (G-2)

The fluctuation a3 is neutral under the U(1) factors and its equation of motion reads

" 3, 8 a? Lt (kQ B w2) _
Qyz T Q3 — | 5 T (12 + ¢2)2 ayg = 0. (C.3)

2. Neutral SO(2) scalar. This channel comprises only the 3 fluctuation, which is a
scalar under SO(2) and a singlet under both U(1) groups. The equation of motion is

0o, S 8a® L (k‘l2 — w2)
53+T53_<r2 + (r2+¢2)2 >ﬁ3:0‘ (C4)

3. SO(2) scalars charged under U(1); and independent of gauge transforma-
tions. In this channel we encounter the fluctuations 87 and (2, which are rotated
onto each other by action of the group U(1);. The fluctuations are better expressed
with the combinations

Br=p01%if (C.5)
in terms of which

Lo, (s LM(R - (@ 20)+40)
L+ By — +
r 2 (r2 + ¢2)*

Br=0 (C.6)

4. SO(2) scalars neutral under the diagonal of U(1)gxU(1); and even. This
channel contains the fluctuations that do not change under action of the diagonal of
U(1)gxU(1); and carry none or one index of each one. The gauge transformation
given by A3 in (3.7) acts in this channel as

3 = —iwA3, g3 =1kA3, a2 —ao =4a(r)As . (C.7)
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Obvious perturbations belonging to this channel are then ays, a3, and aio — ao1.
The latter combination is not neutral under U(1)g or U(1); individually, but only
to the simultaneous acting of both. A second combination of ag; fluctuations that
is also invariant under the diagonal of U(1)gxU(1); is a1 + awe, and in fact it is
convenient to define

oy =aq1 +ag ti(ag — o) . (C.8)

It is not hard to convince oneself that, since aq1 + @99 and aq3 are fluctuations of
fields present in the background, this channel also captures the fluctuations ass and
(3, which are neutral under U(1)g and U(1), separately and, therefore, also under its
diagonal combination. Finally, the radial component «;,.3 also belongs to this channel,
and keeping it to zero provides a first-order constraint.

3 k(koys +wags)  8a? a
s + Oétg L ( (r; o) ) — a3 (dar(ar + a-) +w(ay —a-)) =0,
3 w(kaw +wagz)  Sa? a
a3 + ;Oééc:a +L* 21 gtz g2 0l + k(e —a) =0,
3 k2 —w 8a2 4a¢>
:/))/ + ;Cé - (( + ¢2))2 C3 2 C3 (O[+ + o ) 0,
2 2 2 2 /
" / 2 242 ’ 4(k — W ) 8a — ¢° + 2ro¢
Q33 + log [7“(7" + (b ) )] Qg3 — (L m ﬁ 7’2 2 s ¢2 33
2a 2a(r? + ¢?) — 2rod’ + r2 + 3¢?
-5 T (ay +a) =0,
k2 — (w =+ 2a,)* + 492 12a? 4a?
" / 2 2\2 174 t B _aa”
off +log' [r(r* +¢°)°)] oy — L 2 ) ay — 501 — —gaF
_i_ir _¢2+2r(1+a)¢¢/a ALA(a2 — ¢?) 16L4a¢ .
2§ 2 + (r2 + ¢2)2 + (r2 + ¢2)2 3
AL 8a 2a(r?+¢?) — 2r¢¢’ +r°+3¢°
+ W (kOém?) + (w + 4045) OétS) - ﬁ 7’2 T ¢2 Q33 = 07

(C.9)

and the constraint
L3 (walg+kals)+2a(1+a)(r?+¢?)? (ay —a_)+ar(r’+¢?)*(a/, —a’ ) = 0. (C.10)

. SO(2) scalars charged under the diagonal of U(1)gxU(1); and even. These
two fluctuations carry two indices, one for each U(1) group, and under the diagonal
product they are charged. As usual, they are better expressed as the combinations

O+ = Q1] — Qiog = ¢ (0412 + 0421) R (C.ll)
in terms of which the equations of motion read

k2 — (w+2a,)? +4¢% . A% — 24 2rd
a + 0 log [r(r* + ¢°)°)] @ — L* (<r2 - ngz))? TR e
4a 2ré¢’ —r? — 392

2 r2 + @2

ar =0,
(C.12)
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6. SO(2) scalars neutral under the diagonal of U(1)gxU(1); and odd. The
fluctuations encountered in this channel are ay1, 49, 1, Qz2, 13, 23, 31, 32, (1
and (3. The radial components «,; and a,o also belong here, and keeping them to
zero provide two first-order constraints. Notice that gauge transformation given by
A1 and A2 in (3.7) act in this channel as

ap = —iwA +2a4(1) A2, oz =ikA, asz—asza =4a(r)A, (o =-2¢(r) A\,
Qpp = —iwAy — 2a(r)A\1, g2 =ikly, aiz—azr = —4a(r)l2, ¢ =2¢(r)A.

(C.13)
The set of second-order equations of motion reads
3 AL*¢? k(koyr +wagr)  8a? 2L%kay
a4+ Sl — sy — L ] — 5 €l Qi
N (24 T 2
4L pay iwa; 4L aza
+ "t ¢2)2C1 + 21 022 er €y + 7(0413 + asy)
2iwa
2 e’ (ays — asy) =0,
3 w(kayr +wa 1) 8a? AL%way
" Q2 L4 )  O% J
4L4 (af — ¢?) 2L4ikat 7 2L%ka;
— 5 g Ml T 5l T — T 55t
R N E o E
2ika
+ 5 81‘](04J3—a3j):0
r
3 8a? k? — w? — 4a? 4L%wa dagp
A A t t J =y
1+ p(l 2 Cr (T2+¢2) Cr+ ekl ¢+ 2 (a3 + aar)

4L pay 2L4¢

TR T [y gl Wow + k) =0,
offs +log! [r(r* + ¢*))] a3 - <L4((f22+_ ;;2))2 + Afj — ﬁiﬁm(ﬁ/) ars
N ic;a(r? + ¢?) ;22:_¢$2/ + 72 4+ 3¢ - (4—|I:4¢2) .
+ ma‘] (wagy + kagy) =0,
oy +log! [r(r* + ¢%))] afyy <L4((f22+ ;22))2 + Afj = Tf:;fw/) Qg1
é(lﬁczt?+_¢f)22) asr + % a(r® + ¢%) ;22_7;¢$2I + 72 + 3¢? aups 4 (4L4ic;;l; el o)
+ (T24~IL_4¢2) (oCr — aroyr) — 0"22?‘45;)26[(] (wayy + kagy) =0
(C.14)
where I,.J = 1,2 and the antisymmetric matrix has entries €12 = 1 and &' = —1.
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The constraints are
3

T
L <r3at(a21 — ¢ — 3 (ahour — ¢'Cr) + 2551‘] (way; + ka;J)>

+2a(1 4 a)(r? + ¢*)*(ars — azp) + ar(r? + ¢?)* (s —al;) =0 .

(C.15)

C.1 Neutral SO(2) scalar

This channel is given by a single, decoupling fluctuation 83, with equation of motion given
in eq. (C.4). In the instantonless limit, a = 0 and ¢ = My, the equation reduces to the one
in [30], which implies a discrete spectrum of regular, normalisable solutions

2

M
Wk = rrdn+1n+2)  (withn>0). (C.16)

For simplicity we write the remaining expressions in this subsection in terms of the

dimensionless variables

M, _ _
(w, k) = L—;(w,k), r= M., A=MA. (C.17)

From the equation of motion we obtain the UV and IR asymptotics

-2
— _ .t 1_, —o loglf] 3 _, 2,5 (@ —Fk)>_ logF P
ﬁ3zs+g+§(w2—k )s r2[ ] —@(wz—k )QQ— ( 15 ) 5 ri ] + O(7 % log[F])
T2 g2 (0) +4 —2 7.2
VE =2 [ 350 4 8(@* —k )?+O(?2) | (C18)

Bs =€~ - 1414
s sA @ -k
respectively, and where 3 = M_B5;. We have already imposed an ingoing wave at the
Poincaré horizon (see for example [71]).
The spectral function is built by shooting from the IR with an arbitrary normalisation
B?EO), and reading the UV parameters v = o(A, @2 —EQ) and 5 = 5(A, @? —Ez). The spectral
function is given, up to a constant, by

1

A, w? —

x o« Im
s(A,w? —

(C.19)

C.2 SO(2) scalars neutral under the diagonal of U(1)gxU(1); and even

This section describes how to calculate the quasi-normal modes in the channel coupling the
following fluctuations: au3, g3, ay, a—, ass and (3, subjected to a first-order constraint.
There are 6 fluctuations coupled in this channel, and each of these has an associated
second order differential equation and there is one first-order constraint arising from the
holographic gauge, so in total one expects 11 independent solutions. Of these, five are
ingoing waves at the Poincaré horizon and five to be outgoing waves. The eleventh solution
is a pure gauge solution to the equations of motion given by (C.7). This arises since we
are not working with gauge invariant combinations, which introduces a redundancy that
we have to deal with as indicated below.
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The UV asymptotics of the fields are

v
G3=s3+ 5+,
r

ap:w+$§+~ (with I = {t3,23}), (C.20)
aJ:%log[r]+%+“- (with J = {+, —,33}),
where )
Vgs = —%vtg + % (4 —s_) . (C.21)

Near the Poincaré horizon the ingoing-wave boundary conditions implies

(3= A (Céo) + - > ;

sz@fl/z( <o>+...> ,

a3 =€ oy .2
22
2.2
tg = eI 1o (—%agg) +> ’

2,2
aJ:€,L2@7,*3/2 (a50)+...> (With J:{+7_733}>7

where the five (©-superscripted symbols are the free coefficients that parameterise any
IR-regular solution.

To find the quasi-normal modes we follow [72, 73]: we fix A and k to some values
(we are using the rescaled variables of eq. (C.17)) and we study the dependence on the

complex frequency w. We build five independent ingoing wave solutions by shooting from
the IR with

({1,1,1,1,1}
{1,-1,1,1,1}
(! a0 o o) Oy ={11, 1,110 (C.23)
{1,1,1, -1, 1}
{1,1,1,1, -1}

Once the numeric solutions are obtained we can read the six source terms, sx, in (C.20).
The coefficients s3, s;3 and s,3 are easy to get from the constant value the numeric solution
tends to. To obtain the s, given the presence of the logarithm, it is better to focus
instead on

T2(TOé{]+20éJ)ZSJ+"'. (C.24)

This allows to construct five 6-tuples, denoted here as Sj ... 5, of asymptotic values for the
sources. To determine the quasi-normal modes we want to find the values of the complex
frequency such that a linear combinations of the S; ... 5 6-tuples produces source-less ingoing
solutions. Actually, since we are working with the gauge-dependent variables, we want that
a linear combination of the Sj ... 5 be proportional to the corresponding 6-tuple for the pure
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gauge solution (C.7). This means

Si
Sa

det | 2 | 0. (C.25)
Sy

S5
Sgauge

Notice that these are two conditions (real and imaginary part of the determinant) for two
variables (real and imaginary part of the frequency). Once we find a quasi-normal mode
we can track how its position changes when k or A are varied.

C.3 SO(2) scalars neutral under the diagonal of U(1)gxU(1); and odd

This section describes how to calculate the quasi-normal modes in the channel coupling the
following fluctuations: ay1, o, g1, g2, 13, o3, @31, asz, (1 and (o, subjected to two
first-order constraints. Actually, it is a straightforward generalisation of the previous case,
but in this case there are eight ingoing-wave solutions, eight outcoming-wave ones and two
pure gauge solutions given by (C.13)

The UV asymptotics of the fields are

CH:SH—F%—F-" (with H = {1,2}),
o= sp + % e (with I = {t1,21,12,22}), (C.26)
ajzglog[r]+g+... (with J = {13,23,31,32}),
where
w 7 A?
Vg1 = —E’Utl + E [2Mq ('U2 - Ut2) + 2MqA2 (82 - 8t2) - ﬁ (823 - 832):| )
C.27
v i 2 2 (C.27)
U2 = U2~ 2M, (v1 —v41) + 2M A (s1 — s41) — 7 (513 — 831)| -
Near the Poincaré horizon the ingoing-wave boundary condition implies
2.2
(= e L YEE 12 (Cfn?) 4. > (with H = {1,2}),
2.2
uE = efLZkafl/Q (ag?} 4+ ) (Wlth H = {1, 2}) ,
(C.28)

32
gy = e 7’ S (—%ag + - ) (with H = {1,2}),

VRZ—o2
ay = e T 802 (af,o) 4o ) (with J = {13,23,31,32}),

where the eight (9-superscripted symbols are the free coefficients that parameterise any
IR-regular solution. Quasi-normal modes are obtained exactly as before.
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