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Abstract. We investigate the nonlinear evolution of structure in variants of the standard
cosmological model which display damped density fluctuations relative to cold dark matter
(e.g. in which cold dark matter is replaced by warm or interacting DM). Using N-body
simulations, we address the question of how much information is retained from different
scales in the initial linear power spectrum following the nonlinear growth of structure. We
run a suite of N-body simulations with different initial linear matter power spectra to show
that, once the system undergoes nonlinear evolution, the shape of the linear power spectrum
at high wavenumbers does not affect the non-linear power spectrum, while it still matters
for the halo mass function. Indeed, we find that linear power spectra which differ from one
another only at wavenumbers larger than their half-mode wavenumber give rise to (almost)
identical nonlinear power spectra at late times, regardless of the fact that they originate from
different models with damped fluctuations. On the other hand, the halo mass function is
more sensitive to the form of the linear power spectrum. Exploiting this result, we propose
a two parameter model of the transfer function in generic damped scenarios, and show that
this parametrisation works as well as the standard three parameter models for the scales on
which the linear spectrum is relevant.
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1 Introduction

Although the standard cold dark matter (CDM) paradigm successfully reproduces the ob-
served structure of the Universe on large and intermediate scales, several studies have sug-
gested tensions between the simplest CDM predictions and observations on small scales (for
a recent review of the small scale problems in CDM see [1]). CDM haloes display central den-
sity cusps in N-body simulations [2–4]. Such profiles appear to be at odds with the observed
small scale dynamics of some spiral galaxies, which suggest a constant DM distribution (core)
in the center [5, 6]. Moreover, a large difference was found between the number of satellite
galaxies observed in the Milky Way and the number of subhaloes in CDM simulations [7, 8]
(the so-called “missing satellites” problem). This observed lack of small structures implies
that galaxy formation only takes place in the most massive MW subhaloes, but when we
look at these structures they appear to be less dense than expected in CDM simulations
(the so-called “too big to fail” problem, first identified by [9]). Several solutions have been
proposed to ameliorate these shortcomings within the CDM paradigm, e.g. by taking into
account baryonic physics [10–13]. The absence of massive subhaloes in the Milky Way could
be also interpreted as an indication that the MW halo is less massive than is commonly
assumed [14].

Due to these difficulties alternatives to the standard ΛCDM have been proposed which
display less power on small scales; we will refer to these as damped models. The mechanisms
leading to a suppression of the power on small scales can be divided in two broad classes,
those that involve modifications of the primordial power spectrum on small scales in the
early Universe (achieved by modifications of the inflaton dynamics) [15–21] and those that
suppress the power at later times (due to some non-standard DM mechanism) [22–40]. The
standard ΛCDM scenario has a nearly scale invariant primordial power spectrum and cold
(non-interacting and massive) dark matter particles, so matter fluctuations are present on
all scales. To ensure damping in the matter power spectrum, the models of the first class are
characterised by a breaking of the scale invariance of the primordial spectrum on subgalactic
scales (e.g. in a single-field scenario, the damping is obtained by a suitable choice of the
inflaton potential [15]), while the standard cold dark matter sector remains unchanged (in
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these models the DM particles are still massive and non-interacting). The suppression of the
power in these models is achieved before the radiation-dominated era. The models in the
second class, on the other hand, introduce non-standard DM mechanisms (that modify the
shape of the power spectrum during the evolution of the fluctuations), while the primordial
power spectrum is scale-invariant. These models are commonly dubbed “non-cold” dark
matter (hereafter nCDM) scenarios. The mechanism leading to a suppression of power in
nCDM depends on the particular particle production process. Nevertheless, nCDM candi-
dates are often characterised either by a non-negligible thermodynamic velocity dispersion
(the so-called warm DM models [22–35]), interactions (DM interacting with standard model
particles such as neutrinos or photons [36–38] and self-interacting DM [39]) or pressure terms
from macroscopic wave-like behaviour (e.g. ultra-light axions [40]).

All of the phenomena described above introduce a characteristic scale below which the
density fluctuations are erased resulting in a cut-off appearing in the linear matter power
spectrum. Because of this difference with respect to the standard cosmological model, it is
important to investigate how the predictions for structure formation differ in damped models
from those in the standard ΛCDM. N-body simulations have proved to be a powerful tool
to model the nonlinear evolution of cosmic structure in the standard ΛCDM scenario and
can also be used to study the effects of the damping on small scales. However, different
damped models display different forms for the linear power spectrum, whose shape and cut-
off position depend on the particular model. This implies that, in principle, one needs to
analyse the entire plethora of power spectra (each coming from a specific scenario and a
specific set of particle physics parameters) to study the impact of every single damped model
on structure formation. In [41], the authors found a general parametrisation of the power
spectrum with three free parameters, which is flexible enough to reproduce accurately the
linear power spectra of a large class of nCDM models1.

However, the nonlinear evolution of structure transfers power from large scales to small
scales, so the differences at small scales between standard ΛCDM and the damped models
can be significantly reduced in the nonlinear matter power spectra (see e.g. [42, 43]). It is
therefore interesting to understand how well different damped models can be distinguished
from the point of view of cosmological structure measurements and if there is a limit to how
much simulations can tell us about different models. In other words, if two damped linear
spectra are very similar to one another on large scales and they only differ appreciably at
small scales (say, below the half-mode wavelength, see the next section for a definiton of this
quantity), we can ask if such differences survive the nonlinear growth of structure and what
imprint, if any, they leave behind. If gravitational instability erases these differences, the
two spectra (although coming from two different theories) give the same results in terms of
cosmological observables at late times and, as a consequence, this limits what we can learn
about the nature of dark matter from large-scale structure2.

Here, we show to what extent the full shape of a linear damped power spectrum in-
fluences structure formation. We run a series of N-body simulations starting from different
initial linear matter power spectra which are identical on large scales but differ substantially

1
We note that although this formula was not directly tested on models which belong to the first class, it

should work for these since some of the models with primordial broken scale invariance produce linear power
spectra similar to nCDM models (e.g. the step-type suppression in the primordial power spectrum considered
in [21] generates a linear matter power spectrum similar to that of a mixed DM model).

2
Indeed, large scale structure cannot distinguish if the cut-off in the matter power spectrum is due to a

primordial damping or a late time DM mechanism. Other observables could be more sensitive to the physics
of the early Universe [21].
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Figure 1. Initial linear perturbation theory matter power spectra at z = 199 for different models
as labelled. The black vertical dotted line represents the half-mode wavenumber k1/2 for the thermal
WDM power spectrum (green). The power spectra are described in Section 2.

on small scales. One of our aims is to establish down to which scale does the shape of the
linear power spectrum matter as regards the nonlinear growth of structure. We measure the
nonlinear matter power spectra from simulations at low redshifts and compare between one
another and with standard CDM results. Moreover, we analyse halo catalogues extracted
from the simulations, with particular attention to how the halo mass function is influenced
by the initial power spectrum. Based on our results, we propose a 2-parameter model for
the initial power spectrum (which we compare against the 3-parameter model found in [41])
and show that two parameters are sufficient to capture the interesting features of the power
spectrum from the point of view of structure formation.

The paper is organised as follows. In Sections 2 and 3, we describe the initial power
spectra used in our analysis and the set-up of the N-body simulations. In Section 4, we
present the results from our simulations, measuring nonlinear power spectra and the halo
mass function for several damped models. Finally, the description and the results from our 2-
parameter fitting formula are presented in Section 5. We conclude in Section 6. A companion
paper discusses improvements to the analytic calculation of the halo mass function to match
simulation results including those presented in this paper [63].

2 Initial power spectra

In this section we present the linear power spectra used to generate the initial conditions (ICs)
for the N-body simulations. We consider the following initial damped power spectra (some
of these are phenomenological, i.e. specific linear power spectra which have no theoretical
motivation, but are considered here as test cases).
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(i) Thermal WDM – The matter power spectrum from a thermal warm DM (WDM) candi-
date. For this model the power spectrum can be well approximated3 by the parametri-
sation in [22]. This parametrisation can be written in terms of a transfer function
relative to standard CDM, T 2(k) ≡ PWDM(k)/PCDM(k):

T (k) =
(

1 + (αk)β
)γ
, (2.1)

where

α = a

(
Ω0
WDM

0.25

)b(
h

0.7

)c (mWDM

keV

)d
, β = 2ν, γ = −5/ν, (2.2)

and
a = 0.049, b = 0.11, c = 1.22, d = −1.11, ν = 1.12,

as presented in [25]. The WDM candidate is chosen to have mass mWDM = 2 keV.
We introduce three characteristic scales: k1/2, k4/5 and k19/20. k1/2 is the half-mode
wavenumber at which the transfer function (eq. (2.1)) is suppressed by 50%, i.e. T =
1/2. While k4/5 and k19/20 are the wavenumbers at which T = 4/5 and T = 19/20
respectively, i.e. at these wavenumbers the transfer function is suppressed by 20% and
5% with respect to CDM. Given the parametrisation in eq. (2.1) for T (k) and for a
mass of mWDM = 2 keV, we have

k1/2 ' 21.2hMpc−1, (2.3)

k4/5 ' 12.2hMpc−1, (2.4)

k19/20 ' 6.4hMpc−1, (2.5)

so, k1/2 > k4/5 > k19/20.

(ii) Fantastic WDM – We generate a second power spectrum from the parametrisation given
in eq. (2.1), by fixing the parameters at α = 0.0233, β = 2.128 and γ = −2.946. We
choose this power spectrum because it is identical to the power spectrum for thermal
WDM in case (i) at small wavenumbers, while it starts to differ at scales beyond
k ∼ k4/5 (the differences in shape of these two power spectra are very similar to those
between a resonantly-produced sterile neutrino and a thermal WDM with candidate
mass mWDM = 3.3 keV, e.g. see figure 1 in [46]).

(iii) Truncated at k1/2 – The third initial linear power spectrum is obtained by truncating
the power spectrum in (i) at k = k1/2 such that for k ≤ k1/2 the P (k) for cases (i) and
(iii) are identical, while for k > k1/2 the (iii) power spectrum is P (k > k1/2) = 0,

P(iii)(k) =

{
P(i)(k) if k ≤ k1/2
0 if k > k1/2.

(2.6)

3
More accurate power spectra for more general non-cold DM models can be generated using Boltzmann

codes such as class [44, 45].
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(iv) Truncated at k4/5 – The fourth power spectrum is obtained by truncating the power
spectrum in (i) at k = k4/5 such that for k ≤ k4/5 the P (k) for cases (i) and (iv) are
identical, while for k > k4/5 the (iv) power spectrum is P (k > k4/5) = 0,

P(iv)(k) =

{
P(i)(k) if k ≤ k4/5
0 if k > k4/5.

(2.7)

(v) Truncated at k19/20 – The fifth power spectrum is obtained by truncating the power
spectrum in (i) at k = k19/20 such that for k ≤ k19/20 the P (k) for cases (i) and (v) are
identical, while for k > k19/20 the (v) power spectrum is P (k > k19/20) = 0,

P(v)(k) =

{
P(i)(k) if k ≤ k19/20
0 if k > k19/20.

(2.8)

(vi) Oscillatory WDM – Our last power spectrum is an oscillatory one. This spectrum is
inspired by interacting DM [36–38], but we have artificially enhanced the amplitude of
the first peak to see if there are any signatures of the oscillation after the nonlinear
growth of structure.

All the linear power spectra are shown in Figure 1, together with that for standard CDM.
Here, we present the matter power spectra at z = 199 plotted as ∆(k) ≡ k3P (k)/(2π2). We
stress that the power spectra in cases (ii-vi) are not physically motivated but instead are
intended to test how changing the shape of the initial linear power spectrum influences the
nonlinear evolution of structure.

3 The simulations

The linear matter power spectra in Figure 1 are used to generate the initial conditions
(ICs) for N-body simulations. We use the 2LPTic code [47], which provides ICs based on
second-order Lagrangian perturbation theory. The initial redshift is chosen to be zini = 199,
at which all the wavenumbers probed in the simulation are well inside the linear regime.
The simulations are performed in a cubic box of comoving length L = 25 h−1Mpc using
N = 5123 particles. We choose this pair of {N,L} in our simulations since we want to
resolve the structures on scales near the half-mode wavenumber of the power spectrum for a
thermal WDM candidate with mass mWDM = 2 keV (see Figure 1). The Nyquist frequency

of a simulation is kNy ≡ π(N1/3/L) (this specifies the value up to which we can trust the
P (k)). We evolve the ICs to z = 0, using the publicly available tree-PM code Gadget-2 [48].
The gravitational softening length ε is set to be 1/40-th of the mean interparticle separation,

L/N1/3. We also note that in our simulations we do not include thermal velocities because
their physical effects are negligible for our choice of WDM candidate masses and N-body
parameters (see e.g. [49–52]), and including them introduces extra numerical noise in the
simulations, reducing the range of scales we can trust [43].

4 Results from N-body simulations

4.1 Matter power spectra

We measure the matter power spectrum using a code based on the cloud-in-cell mass assign-
ment scheme. The matter power spectra measured from the ICs are shown in Figure 2(a)
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Figure 2. (a) Initial linear matter power spectra generated at z = 199. The symbols represent the
matter power spectra measured from the ICs. The black vertical dotted line represents the half-mode
wavenumber k1/2 for the thermal WDM power spectrum (green curve). (b) Ratios of damped power
spectra at z = 199 relative to that from CDM, see Eq. (4.1). The black dashed line in both panels
indicates the Nyquist frequency of the simulations. The colour scheme is the same as used in Fig. 1.
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as symbols, while the lines show the theoretical power spectra. In Figure 2(b) we show the
ratio,

R(k) =
Pdamped(k)

PCDM(k)
, (4.1)

where Pdamped(k) is the matter power spectrum measured from a simulation of a particular
damped model, while PCDM(k) is that measured from the ΛCDM simulation. As we can see,
the measured matter power spectra are in good agreement with the theoretical expectations
up to the Nyquist frequency. We also note that although the power spectra are very similar
at small wavenumbers, they differ appreciably from one another at high wavenumbers, e.g.
the ratio between thermal and fantastic WDM at k ∼ k1/2 is ∼ 0.75 and reaches ∼ 6 between
thermal WDM and the truncated at k1/2 power spectra. For the cases of spectra truncated
at k4/5 and k19/20 the deviations start at even smaller wavenumbers.

The situation changes when the ICs are evolved and the system undergoes nonlinear
evolution. In Figure 3 we plot the matter power spectra ratios (see eq. (4.1)) for (evolved)
simulations at redshifts z = 9, 5, 3, 1, 0. We can see that the transfer of power from large
to small scales progressively reduces the differences between CDM and the various damped
scenarios and the difference between the P (k) in the different damped models themselves
decreases in time. Indeed, at z = 0 for all the spectra, except for the most extreme truncation
at k19/20, the relative difference between each damped spectrum respect to the thermal WDM
one is always less than ∼ 1.2% over all the scales resolved by the simulations. We find also
that the differences between the power spectrum for the model truncated at k19/20 and the
other damped power spectra become progressively smaller at lower redshifts (they never
exceed ∼ 8% at z = 0) and the differences are pushed to higher wavenumbers.

The oscillatory pattern in the linear power spectrum of the oscillatory WDM, the first
peak of which is well resolved in the N-body ICs (see Figure 2), is washed away during the
nonlinear evolution; we can see in Figure 3 that no trace of it remains at late times. This
suggests that the nonlinear power spectrum cannot be used to distinguish between models
with damped fluctuation spectra, such as warm and interacting dark matter.

4.2 Halo mass function

The story is different when we look at the halo mass function. This quantity is more sen-
sitive to the initial conditions and the form of the linear theory power spectrum than the
evolved power spectrum at late times and, indeed, we find appreciable differences in the
halo catalogues extracted from N-body simulations of different damped models. To extract
the halo properties, we use the code rockstar, which is a phase-space friends-of-friends
halo finder [53]. As a definition of the halo mass, we use the mass, M200, contained in a
sphere of radius r200, within which the average density is 200 times the critical density of
the universe at the specified redshift. The (differential) halo mass function is presented as
F (M200, z) = dn/d log(M200), where n is the number density of haloes with mass M200.

In Figure 4 we show the ratios between the damped and CDM halo mass function at
z = 0 extracted from the simulations. As we can see, the six damped spectra give rise to
halo mass functions which are noticeably different from one another and from CDM. For
example, the ratio between the measured halo mass function from a thermal WDM model
and scenario in which the initial power spectrum is truncated at k19/20 is around a factor of

8 at a halo mass of M200 ∼ 1010 h−1 M�. This is remarkable as the ratio in the nonlinear
matter power spectra between the two models at z = 0 never exceeds ∼ 1.08 (see previous
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Figure 3. Ratios of matter power spectra measured from simulations with damped fluctuations with
respect to those measured from a CDM simulation. Each panel shows a different redshift as labelled.
The black vertical dashed line displays the Nyquist frequency of the simulations.
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half-mode mass for the thermal WDM model, Mhm = (4π/3) ρ̄
(
π/k1/2

)3
, where ρ̄ is the mean density

of the universe and k1/2 is the half-mode wavenumber of the thermal WDM P (k).

subsection). Similar conclusions are reached for the other damped models, although for
them the differences in the halo mass function with respect to the thermal WDM case are
less pronounced.

We note that for M200 < 109 h−1 M�, the halo catalogues measured from our N-body
simulations of damped models are dominated by spurious haloes (visible as an upturn in the
halo mass function, see Figure 4). Spurious haloes are numerical artefacts that, in general,
appear in simulations of damped models in which the initial power spectrum has a resolved
cut-off, see e.g. [22, 38, 46, 50, 54–59]. These unphysical structures can be identified (and then
removed), e.g. using the method described in [56]. Since interested in the overall behaviour
of the halo mass function for M200 > 109 h−1 M�, here we will not go into a detailed study
of how to eliminate spurious haloes. We refer to a companion study [63], where we have
explored these features in more detail and where we have shown results from cleaned halo
catalogues for the models studied here.

5 2-parameter transfer function

In [41], the authors proposed an analytical parametrisation for the power spectrum which is
flexible enough to match the linear theory matter power spectra for a wide range of nCDM
models discussed in the literature (e.g. non-resonantly and resonantly produced sterile neu-
trinos, sterile neutrinos from scalar decay, ultra-light axions, etc). The mathematical form
of this parametrization is identical to that used for thermal WDM (see Eq. (2.1)). However,
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Model 3-parameter transfer function 2-parameter transfer function

α, β , γ α̃, β̃

Resonantly Produced (I) 0.025, 2.3, −2.6 0.019, 2.250
Resonantly Produced (II) 0.071, 2.3, −0.98 0.029, 2.029

Scalar Decay 0.016, 2.6, −8.1 0.021, 2.637
Non-resonantly produced 0.038, 2.2, −4.4 0.037, 2.199

Table 1. Values of the three parameters {α, β, γ} found in [41] and of our two parameters {α̃, β̃} for
the transfer function of the models listed in the first column.

unlike the thermal WDM case, the three parameters {α, β, γ} are not related to one another
and are left free (hereafter we call the parametrization introduced by [41] the 3-parameter
transfer function).

In the previous section we saw that after the nonlinear evolution of structure the shape
of the linear power spectrum for k > k1/2 becomes unimportant in determining the nonlinear
power spectrum at intermediate and low redshifts. Moreover, if two linear spectra differ
minimally at k & k1/2, we find no appreciable deviation in the halo mass function predicted
by the models (as will be confirmed below). So, since the full shape of the linear matter
power spectrum is irrelevant from the point of view of structure formation4, we can ask if
the number of free parameters in the parametrisation found in [41] can be reduced if we
are interested only in the form of the power spectrum for k ≤ k1/2. Indeed, out of the
three parameters γ is the one which controls the slope of T (k) for k > k1/2 [41], so it seems
reasonable to reduce the number of parameters by fixing the value of γ. Here, we fix γ such
that it is equal to the value in the case of thermal WDM, i.e. γ = −5/ν with ν = 1.12 (see
the value of γ in (2.2)). Our parametrisation will then read

T (k) =
(

1 + (α̃k)β̃
)−5/ν

, (5.1)

where {α̃, β̃} are the new free parameters. This new parametrisation has only two free
parameters (hereafter we call it the 2-parameter transfer function). The two new parameters
{α̃, β̃} are in general different from the old ones {α, β}. This is because although γ is mostly
responsible for the shape of the transfer function at k > k1/2, it also makes some contribution
to T (k) at k ≤ k1/2. So, in order to capture the slope of the 3-parameter transfer function
at small wavenumbers, the free parameters in the new parametrisation need to be different
from the old {α, β}. We show below that this new parametrisation is able to match very well
the 3-parameter fitting function for k ≤ k1/2.

We fit the 2-parameter transfer function against some of the 3-parameter transfer func-
tions presented in [41] using a least-squares approach and requiring that the best-fit is ob-
tained for k ≤ k1/2, while it does not matter if the two parametrisations diverge at higher
wavenumbers. In Table 1, we show how the values of the parameters found in [41] for a
3-parameter transfer function change when using our 2-parameter function. The plots of the

4
We agree that our results are strictly true only for linear theory P (k) with k1/2 around or larger than

the values considered here. This means that our results may not apply in the case of linear P (k) with half-
mode wavenumbers smaller than those considered here. However, we note that e.g. a thermal WDM matter
candidate with mWDM < 2 keV is strongly disfavoured by the current Lyman-α constraints [60, 61]. So, our
results can be considered to be general in the sense that they can be applied to all the damped models which
are not already ruled out by astrophysical constraints.
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(c) Resonantly produced (II), transfer functions.
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(d) Resonantly produced (II), power spectra.

Figure 5. Transfer functions (left) and power spectra (right) generated using the values in Table 1
for the 3-parameter (solid blue) and 2-parameter (dashed green) transfer function. The bottom panels
of the figures on the left show the relative differences between the two parametrisations. The vertical
dotted line indicates the half-mode wavenumber k1/2.

transfer functions for the models in Table 1 are shown in Figures 5 and 6. In these plots,
we show the transfer functions on the left and the corresponding linear power spectra on the
right. As shown in these figures, our parametrisation matches very well the parametrisation
in [41] for k ≤ k1/2, and only at high wavenumbers do the two formulae diverge. Indeed,
looking at the relative differences T2/T3−1 (bottom panels in Figures 5 and 6), where T2 and
T3 refer to the 2- and 3-parameter transfer functions respectively, for k ≤ k1/2 the transfer
functions agree to better than 1%.

To confirm that our parametrisation is sufficiently accurate to study DM models from
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(c) Non-resonantly produced, transfer functions.
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Figure 6. Transfer functions (left) and power spectra (right) generated using the values in Table 1
for the 3-parameter (solid blue) and 2-parameter (dashed green) transfer function. The bottom panels
of the figures on the left show the relative differences between the two parametrisations. The vertical
dotted line represents the position of the half-mode wavenumber k1/2.

the point of view of structure formation, we choose one of the above examples (the one called
“resonantly produced (I)” in Table 1) and use N-body simulations to evolve the ICs generated
at z = 199 generated using both the parametrisations. The simulations are performed in a
cubic box of length L = 25h−1 Mpc using N = 5123 particles. The matter power spectra
measured from the ICs are shown in Figure 7, which captures the small differences between
the two parametrisations at k > k1/2. However, when the system evolves, these differences
are reduced and become negligible at late times. Indeed, in Figure 8(a), where we display the
ratio P2/P3 between the evolved power spectra obtained from 2- and 3-parameter transfer
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functions, we see that e.g. at z = 9 the differences are washed out and the two power spectra
are identical. This is true also for lower redshifts which are not shown here. In Figure 8(b),
we show the ratio of the halo mass functions at z = 0 measured from the two simulations
with respect to that from the CDM simulation. In this case also there are no appreciable
differences between the two parametrisations.

In conclusion, reducing the number of free parameters required to describe the damped
linear theory power spectra by neglecting the high wavenumber behaviour of the transfer
function does not introduce any appreciable deviations in the nonlinear matter power spec-
trum and the halo mass function with respect to the results coming from the full 3-parameter
transfer function (at least for linear P (k) with k1/2 similar or above those considered here).
This means that our parametrisation is able to capture the interesting features of a linear
matter power spectrum from the point of view of structure formation.
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3−parameter fitting formula
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N−body ICs

Figure 7. Initial linear matter power spectra generated at z = 199 for resonantly produced (I) (see
Table 1) using 3-parameter (blue) and 2-parameter (green) transfer function. The symbols represent
the matter power spectra measured from the ICs. The black vertical dotted line represents the half-
mode wavenumber k1/2, while the black vertical dashed line is the Nyquist frequency of the simulation.

6 Conclusions

Different alternatives to standard ΛCDM have been proposed to improve the performance
of the model on small scales. Some of these arise from a modification of the primordial
power spectrum, while others involve non-standard DM mechanisms. All such models are
characterised by a damping of the matter fluctuations at high wavenumbers so that the matter
power spectrum displays a cut-off on small scales. The slope of the linear power spectrum
and the position of the cut-off strictly depend on the particular model considered. However,
nonlinear evolution of structure transfers power from large to small scales, reducing the
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Figure 8. (a) Ratios between the matter power spectra coming from the 2- and 3-parameter transfer
function (as labelled) measured from N-body simulations at redshift z = 199 and 9. (b) Ratios of the
halo mass function measured from N-body simulations at z = 0 for both of the parametrisations (as
labelled) with respect to that in CDM.

differences between different damped models at later times and power spectra with different
slopes can yield the same cosmological structure.

We have investigated how much information is retained at late times from the initial
linear power spectrum following the nonlinear growth of structure. To do this we have run
a series of N-body simulations considering initial linear matter power spectra with different
shapes. We found that at late times when the system has undergone nonlinear evolution,
the shape of the initial linear theory power spectrum above the half-mode wavenumber k1/2
is irrelevant for determining the form of the nonlinear power spectrum. Two models, whose
linear power spectra are identical at small wavenumbers and differ only for k > k1/2, will
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produce identical evolved power spectra at late times. On the other hand, some differences
can be still seen in the halo mass function even at z = 0. We found that this quantity is
more sensitive to the linear matter power spectrum, so potentially it can be used to detect
variations in the linear theory power at wavenumbers k & k1/2. However, if two linear power
spectra are very similar to one another around k1/2 (so no big jumps near or above k1/2),
the deviations in the halo mass functions for such models are negligible. We stress that
all these results are strictly valid for damped models with half-mode wavenumbers similar
or above that of a linear P (k) for a thermal WDM candidate with mass mWDM = 2 keV.
However, models with linear power spectra displaying cut-offs at smaller wavenumbers than
those considered here are strongly excluded by Lyman-α constraints [60, 61].

Motivated by our results, we have reduced the number of free parameters in the 3-
parameter analytic fitting formula given in [41] to parametrise a damped linear power spec-
trum. Indeed, we have shown that a 2-parameter transfer function (which matches extremely
accurately the 3-parameter transfer function at k ≤ k1/2, but which gives rise to different
linear spectra at higher wavenumbers) is capable of capturing the main features of a damped
model in structure formation. In particular, the halo mass function (which is more sensi-
tive to variations in the linear theory power) seems to be unaffected by this change in the
parametrisation. Indeed, the differences in the halo mass function measured from simulations
of 2- and 3-parameter models are small compared with the sensitivity expected for future
observations to discriminate between two damped models, such as strong lensing (see e.g.
[62]). So, these observations cannot distinguish between the results from 2- and 3- parameter
models.

Damped models come from very different underlying physical models, but if two mod-
els are characterised by linear power spectra which are very similar below the half-mode
wavenumber, the results in terms of structure formations are similar. This limits what we
can hope to learn about the mechanisms that occurred in the early Universe by measuring
cosmic large-scale structure. Nevertheless, this simplifies the work of finding constraints on
the impact of damped models of structure formation, because results coming from a particu-
lar model can be easily generalised to other models with similar linear power spectra at small
wavenumbers.

As a final comment, halo statistics for damped models can be inferred using analyt-
ical techniques, such as the Press-Schechter (PS). The PS approach for damped models is
characterised by a sharp-k space filter (instead of a real-space spherical top-hat filter used
for standard ΛCDM), whose free parameter is chosen by fitting against simulations (see e.g.
[50, 58]). However, we have not considered this method here, because we have found that,
when applying the PS approach with a sharp-k filter to the damped models presented here,
it does not accurately follow the behaviour of the halo mass function at small halo mass
scales (when compared with N-body results). We refer to a companion study [63], where we
have explored in detail the results from the PS approach in the case of damped models and
where we have provided a solution to the above-mentioned problem at small halo masses by
introducing a new filter function.
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