ON THE STANDARD L-FUNCTION ATTACHED TO
QUATERNIONIC MODULAR FORMS.

THANASIS BOUGANIS

In this paper we study the analytic properties of the standard L-function attached
to vector valued quaternionic modular forms using the Rankin-Selberg method. This
involves the construction of vector valued theta series, which we obtain by applying
some differential operators on Jacobi-theta series studied by Krieg. Such differential
operators are obtained from the Howe-Weyl duality for the pair Sp,(C) x G Lo, (C).

1. INTRODUCTION

Let B be a definite quaternion algebra over Q and M a B-module of rank m endowed
with a skew-hermitian B-valued form and let G be the group of B-linear automorphisms
of M preserving this form. Modular forms associated to such a group G are often called
quaternionic. Various aspects of such modular forms have been studied before, for
example Krieg in [I3] has developed the classical theory of such forms, Shimura in [I8]
has studied the analogues of the Maass-Shimura differential operators in this setting
with applications to singular forms, Karel [I1] and Tsao [27] have studied the Fourier
coefficients of Siegel-type Eisenstein series and Yamana the analogue of the Siegel-Weil
formula in [32] and the Tkeda lift in [31].

In this paper we study the analytic properties of the standard L-function attached
to a vector valued holomorphic quaternionic modular form, and more particularly the
location of possible poles and their orders. Such analytic properties have been studied
before by Yamana [33] building on previous work of Piatetski-Shapiro and Rallis [7].
However our approach differs by the one taken by previous works in two important
aspects.

The first important difference is that the results in |7, B3] are “generic” in nature,
that is, the location of possible poles is independent of the type of the corresponding
automorphic representation of G at infinity. Our results to the contrary depend on
the particular type of the quaternionic modular form. Of course the results in [7, 33]
are in some sense more general since they allow to deal with a larger set of quaternionic
modular forms (for example non-holomorphic) but on the other hand are not as precise
as ours. Indeed as we explain right after Theorem [8.2] our results, when they apply, give
a smaller set of possible poles than the results in [33]. We refer to Remark for more
on this. We also remark that we compute some gamma factors explicitly something
which is well-known to be hard in general.
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The second aspect where our work differs from previous works is on the method em-
ployed. Indeed in [33] the doubling method is used whereas we use a version of the
Rankin-Selberg method involving theta series, which we simply call Rankin-Selberg
method (this is what Piatetski-Shapiro in [I6] calls in general Shimura’s method). In
both methods the properties of the L-function are read off by properties of Siegel-type
Eisenstein series. However the doubling method involves (the restriction of) a higher de-
gree Siegel-type Eisenstein series, whereas the Rankin-Selberg method involves a theta
series and a Siegel-type Eisenstein series of the same degree. It is true that the doubling
method can cover more cases since one does not need to assume any restriction on the
parity of m (the rank of the B-module M above) in contrast to the Rankin-Selberg
method, which requires that the corresponding symmetric space is a tube domain and
hence one needs to impose the condition that m is even. However in the cases where
the Rankin-Selberg is applicable, it seems that it provides more precise results on the
location of the possible poles than the doubling method due to the fact that it em-
ploys a smaller degree Eisenstein series. We note here that this is indeed the case for
Siegel modular forms (see for example the discussion in [I4, page 17]). Furthermore we
should emphasize that another potentially important application of the Rankin-Selberg
method is towards a stronger results with respect to the absolute convergence of the
L-function, and hence its non-vanishing thanks to the Euler product expansion. This
ought to have important applications for the theory of quaternionic modular forms and
is a direction we hope to explore in the future. Again we refer to Remark for more
on this.

Before we close this introduction we mention two other interesting aspects of our work,
which are perhaps of independent interest. The first is the location of poles and their
orders of some normalized Siegel-type Eisenstein series in Theorem [3.8] The second is
the construction of some vector valued theta series in Theorem [5.5] using differential
operators, whose construction is based on the existence of “pluriharmonic” polynomials
in our setting.

2. QUATERNIONIC MODULAR FORMS

In this section we introduce the notion of vector-valued quaternionic modular form both
classically and adelicaly. For most of our notation here we follow the one introduced in
the books [21] and [24].

We will be writing v for a finite or infinite place of QQ, the set of finite places will be
denoted by h and the archimedean one by a. We let A denote the adele ring of Q and
we write Ay for its finite part. For an adele x € A we write x = (z,) € A, where v
runs over all finite places and the place at infinity. We moreover write = xnpz, where
Ta € Rand zp € Ap. Welet T := {2z € C| |z] = 1} and we for a z € C and define
ea(z) = exp(2miz). For a finite place v € h corresponding to a prime number p we
will use both notations Q, and Q, for the corresponding local field. For a x € @, we
set ey(x) 1= ep(x) := ea(—y) where y € |J,~, p~"Z such that z —y € Z,. We then
define the character ey : A — T by ea(z) := ea(ra) [[,cp €v(2y). Furthermore for a
place v of Q we let | - |, := |- |, the p-adic norm of @, normalized as |p|,' = p. We
also write |z|p := [[,cp, [7]o for o € Ay and |z]s := |2|n|7a| for 2 € A. By a character
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x we will always mean a finite Hecke character of Q and we will write x, for its local
component at some place v. Moreover we let xp = [, cp Xo, for its finite part and xa
for its component at the archimidean place. For an integral ideal ¢ of Q and = € A*
we set Xc(2) := []yc Xv(2v). The corresponding ideal character to x will be denoted by
x* . For an element o € Q we will write x*(«) for the the value of x* at the fractional
ideal generated by a. For a non-zero fractional ideal m of Q generated by a positive
rational number m we set N(m) := m, and for an x € Ay, we write zZ for the fractional
ideal of Q corresponding to x.

We denote by B a definite quaternion algebra over Q. We write p for the main involution
of B and Np/q(z) = z2” € Q for the norm map. We fix a maximal order o of B and for
a place v of Q we set B, := B ®q Q,, and when v is a finite place we set 0, := 0 ®z Z,.
When v is the place at infinity we also write H = B, for the Hamilton quaternions,
understood with the usual notation {1,1, j,k}. The standard involution p of B extends
to By, for all places v of Q. We let M, (B) denote the n x n matrices with entries in
B and we write tr,det : M,(B) — Q for the reduced trace and determinant. This
is defined by fixing an Q-algebra embedding M, (B) — M,(K) for some quadratic
extension K of Q and taking the determinant or trace there. It is well known that
these definitions are independent of the choice of K. In this paper when we refer to the
determinant or trace of a matrix with entries in B, we will always mean the reduced
determinant or trace unless it is explicitly stated otherwise. We set A(z) := 3tr (z)
for x € M,(B). This definitions extend to M, (B)s = M,(H) ® [T, cp, Mn(By), the
restricted tensor product with respect to M,,(0,)’s. Moreover for a matrix o € M,,(B)
we set o :=ta” and if « is invertible we set @ :=ta” ?, that is, the inverse of a*.

We let G denote the connected algebraic group defined over Q whose group of Q-valued
points is,

Go :={a € GLy,(B)|ana™ =n},

0 -1
1, 0
SLon(B) the invertible matrices of degree 2n with entries in B and (reduced) determi-
nant equal to 1. For the group G above, and a finite place v of Q, we write G, for the
group of the QQ,-rational points, G, the real points and G, for its adelic points. We

moreover write Gy, = H;eh G, the finite adelic points of G.

where for an positive integer n we write n := n, = " ) € SLy,(B), where

For n = 1 we have the isomorphism (see for example [31, Equation (1.1)]),

Gg = {(b,a) € B* x GL3(Q) | Np/g(b)det(a) = 1}/ {(z,27Y) 2 € Q%},

and actually the case n = 1 will lead us to the classical theory of elliptic modular forms
(see for example [31], page 1487]), which is of course well understood. In this paper
it will be convenient to assume, and we will from now on, that n > 2. We note here
that if we write GL,,(B)a for the adelic points of the algebraic group GL,(B), then the
assumption n > 2 implies that GL,(B)s = GLy(B)GLn(H) [, GLn(0y). Indeed the
strong approximation theorem holds for SL, (B)s for n > 2 (see for example [31, page
2486]) and the short exact sequence,

1= SLy(B)a = GLa(B)a — Ay, — 1,
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where A6+ are the adelic units x of Q with x5 > 0. Here we note that that det :
M, (H) — R4 (see [29, page 195]). We moreover note that det : GL,(0,) — 0 is
surjective for every v € h. This is clear if v is a place where B splits. For a finite place
where B, is a division algebra over Q, this follows from the facts that Np, /g, (B;) = Q;
and o, = {z € B, | Np,/q,)(7) € Z,}. Using now that the narrow class number of Q
is one we obtain the strong approximation for GL,,(B)a.

We write S := Sp = {z € M,(B) | 2* = z} for the additive group of hermitian
matrices with respect to the involution *. Similarly we define Sy, S, and S,. For a
g € S, we say that it is positive semi-definite (resp. definite) and write g > 0 (resp
g > 0) if z*gz > 0 (resp. z*gx > 0) for all 0 # z € H". We write Sar (resp. SJ)
for the set of semi-positive (resp. positive) hermitian matrices in S, and similarly S
(resp. ST) for the corresponding ones in S. For a two sided fractional ideal a of B we
set S(a) := SN My(a).

We now set:
H=H,={z=z+iy€ Sa®rC | z€ Sa,yc S}.

As it is explained in [I3] the space H can be endowed with a hermitian structure, which
from now on we will assume. The group G, acts transitively on H by

o ba

az = z:= (aaz'i‘ba)(caz‘f‘da)il’ *= < co d

>€Ga, z € H,

where aq, by, Co, do € My (H). For a z = x + iy € H we set Im(z) :=y.

We now fix an embedding ¢ : My, (H) — My,(C) by u(a + jb) = (Z _Ezb>’ where
a,b € M,(C). We set J(a, z) := cqz + dqo, which will be understood as an element in
G L2y, (C) using the identification M, (H) ®g C = M, (C) induced by the map 2. We
note here that for an z = z + iy € M,(H) ®r C we define z* = z* — iy* and then
1(2*) = 1(2)* where for a M € Mo, (C) we set M* =M.

Moreover we set jq(2) 1= j(a, z) := det(J(a, 2)) € C*. We extend the above definitions
to the adelic group G, as follows: for an element g € G we set g -z := gz := ¢az,
J(g,2) = J(ga,z) and j4(2) := j(ga,z). Moreover for z = z + iy € H with y € S
we set 6(z) := det(y)/2. We note here that for an element o € G5 we have that
§(az) = |7(a, 2)|716(2) (see [13, Theorem 1.7, (3)]).

Given two fractional ideals a and ¢ of QQ such that ae C Z, we define the subgroup of
GA?

Dia,¢] := {x = ( ZI Zx > € Gplag,,ds, € Mp(0y),bs, € My(ay), e, € My(ey), Vv € h} ,

where for a fractional ideal a of Q, we denote by M,(a,) the matrices with entries in
0 ®z a,. In this notation we may as well write M, (Z,) for M, (o,) but we prefer the
latter.

We now let ¢ denote an integral ideal of Q@ and b a fractional ideal. For a finite adele
q € Gn we define T =T9(b, ¢) := Gg N ¢D[b~!,bcJg™!, a congruence subgroup of Gg.
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Given a character 1 of conductor dividing ¢ we define a character on D[b~!, bc] by
$e(2) = [Tyje toldet(dz)y), and a character g on T9 by 15,() = e(g~170).

We let p denote a rational representation p : GL2,(C) — GL(V), where V is a finite
dimensional complex vector space. Then for a function f : H — V we define

(floa)(2) = p(J(@,2)) " f(a - 2), a € Gg, 2 € Ha.

When we are taking p = det” for some k € Z, then we write f|;, instead of flaegs- We
now define,

Definition 2.1. A function f : H — V is called a quaternionic modular form for the
congruence subgroup I'? of weight p and nebentype 1), if:

(1) f is holomorphic,
(2) flpy = tq(7)f for all v € T,

Remark 2.2. We make the following remarks:

(1) Since we are taking n > 1 we do not need to have any condition at the cusps
thanks to the Koecher’s principle (see [13, Lemma 1.5]).

(2) In the case where p = det” for some k € Z, our convention with respect to the
weight is different to the one used in [I3]. Namely our weight & here corresponds
to the weight 2k there. This is only a notational difference since we are taking
jla, 2)F = det(J(a, 2))¥ for a € G4 and z € H where in [I3, page 78] one takes
det(J(c, z))%, as the scalar factor of automorphy.

(3) We remark here that one could give a more general definition of a quaternionic
modular form, but here we restrict ourselves to the case where the corresponding
symmetric space is a tube domain.

We denote the above complex vector space by M,(I'?,1),). For an integer k € Z , and
a rational representation (p, V') of GLg,(C) we set pj, := p @ det®. For any v € G we
have a Fourier expansion of the form (see for example [13, Theorem 1.2]),

(f1pm)(2) = Y er(r,7)ea(A(r2)),

TEG,

where &, a lattice in S;.. Here we have extended A : M, (H) ®r C — C as A(A+ Bi) :=
A(A)+iA(B). We call f a cusp form if ¢ (7,7) = 0 for any v € G and 7 with det(7) = 0.
The space of cusp forms we will be denoted by S,(I'Y, ).

Given a representation (p,V) of GL2,(C) we can define a Hermitian inner product
< +,- > on V with the property < p(g)v,w =y==< v, p(g*)w > for g € GL2,(C) and
v,w €V (see [24, page 96]). We take the inner product linear in the first argument and
anti-linear in the second, i.e. < av,bw ==a < v,w > b for a,b € C and v,w € V.

For f,g : H, — V such that f € S,(I'Y,4q) and g|,y = ¥q(7)g for all v € I'Y, (not
necessarily holomorphic), we define

(f, ) = vol(®)! A < o) F(2),9(2) = dv(2) =

vol(®) ™" [ < p(v/y)f(2), p(\/9)g(2) = dv(2),

P
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where @ := 'Y\ ‘H,,, and dv(z) = det(y)~?"Ddzxdy is the volume element in H,, which
is I'? invariant (see [I3| Theorem 1.10]). We note that the expression < p(y) f(2), g(z) >
is I'-invariant thanks to [I3, Theorem 1.7 (3)|. Here ,/y (or sometimes we may write
y1/2) is a positive definite hermitian matrix such that \/3j2 = y. Indeed since y is
positive definite there exist an invertible matrix v € GL,(H) with uu* = I,, such that
y = udu* for some diagonal matrix with strictly positive diagonal elements. Then we
simply let |/y = uvdu*, with the obvious meaning of Vd. We also remind the reader
of our convention from above: p(y) = p(J(12n,9)) = p((y)).

We now turn to the adelic quaternionic modular forms. If we write D for a group of
the form D[b~!, bc], and 9 a character then we define,

Definition 2.3. A function f : G4 — V is called an adelic quaternionic modular form
if
(1) flazw) = Ye(w)p(J(w,i))f(z) for « € G, w € D with w(i) =i,
(2) For every p € Gy there exists f, € M,(I?,),), where I'? = G N pDp~! such
that £(py) = (fplpy)() for every y € Ga.

Here we write i := il,, € H. We denote this space by M,(D, ). We call f a cusp
form if f, is a cusp form for all p € Gy,, and the space of cusp forms will be denoted by
S,(D, ). The following is an extension of Proposition 20.2 in [24] (see also [3] where
the case of vector valued Siegel modular forms is considered) to the case of vector valued
quaternionic modular forms.

Proposition 2.4. Let f € M, (D, ), then for all ¢ € GL,(B)a and s € Sy we have,

f((850) =rta) T e adealNiarad)eathro)

TESL
where c¢(1,q) € V. They satisfy the following properties:
(1) ce(,q) # 0 only if en(Mq*Tqs)) = 1 for any s € Sp(b™1),
(2) Cf(Ta q) =Cf (Ta Qh)7
(3) ce(brb,q) = p(b*)cx (7, bq) for any b € GL,(B),
(4) n(det(e))ce(T, ge) = ce(7,q) for any e € [] e GLn(0v).

0
given in definition [2.3] have Fourier expansions

Io(2) =) cf(r, 4. 8)ea(A(72))

TESY

Proof. Let x = T °9) pe as above, and put p = xy. The functions f, € M, (I'P, ¢
g P Pk P

with ¢f(7,q,s) € V. Since zai = gaqji + sa, by the definition we have that
f(z) = (fplo®) () = plaz) Y ¢r(mq, 9)ea(Mig Tq))ea(A(Ts)).

T€S+

We let
(1) Cf(Ta q, S) = eh(_)‘(TS))Cf(Ta q, 5)7
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and hence

f(x) = p(qz) D ce(7,q,8)ea(Mig"Tq))ea(N(7s)).
TESL
As it is explained in [24] page 168], the fact that f(azw) = f(x) for any

1 % 1 x _
a:(o 1>€Gandw:<0 1)€GhﬂD[b 1 be]),

allows us to establish that c¢(7,¢q,s) does not depend on s. Denoting this simply by
ce(T, q) gives the Fourier expansion. The proof of the properties for the coefficients can
be shown as in [24, page 168|; we only explain (3) here.

0
f(z) for all x € Gy. In particular for any ¢ € GL,,(B)a and s € Sy we have,

(5 2)-slosils D) -o((3 )

By the Fourier expansion,

p(qz) D ce(r,@)ea(Mig"mq))ea(A(Ts)) =

TESL

p(gab") Z ce(T,bq)ea(A(ig"b*Tbq))ea (A(b*TDs)).

TESL

We consider diag[b b] = <b g) € G for b € GL,(B). Then we have f(diag[b bjz) =

Equating Fourier coefficients we obtain cg(b*7b, q) = p(b*)ce(7,bq), which is property
(3). O

Note: We will sometimes use the notation ¢(7, g; f) for the coefficient cg(7, q).

We conclude this section with a final remark. Note that we have an isomorphisms
D[b~!,bc] — D[Z,¢] by = + bxb~! where b := diag[81,,1,] for some 8 € Q such
that b = (8). In particular we have an isomorphisms between M,(D[b™1 be]) —
M, (D[Z,]), given by f(x) — h(z) := f(xb). Since § € Q we have that this induces an
isomorphism between M,(I'(b,c)) — M,(I'(Z,¢)) by f(z) — h(z) := f(8 z), where we
write I'(b, ¢) for T'!(b,¢). In particular we do not loose much if we set b = Z below. In
this case we set I'g(c) :=T'(Z,¢).

3. SIEGEL TYPE EISENSTEIN SERIES

In this section we define Siegel type Eisenstein series and study their analytic properties.
The main theorem of this section is Theorem In particular we will determine, after
multiplying with some normalising factors, the location of possible poles, as well as their
orders, of this Eisenstein series. Our approach is similar to the one taken by Shimura
in the symplectic [19] and unitary case [2I] (see also Remark below).

We start by defining some subgroups of G. We define the Siegel parabolic subgroup by

ay b
P:=Py:= {’y: <C:: d”:) EG@]CWZO},
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where a., by, ¢y, d, € M,(B) and similarly we define P, for a place v of Q or Py. It can
be shown, see for example [13, Chapter II, section 1], that P = LR where

L={yeP |d, =aye€ GLy(B), b, =0} =GL,(B),

where we recall that for a matrix o € GL,(B) we define @ = (a*)~!. The group
R can be identified with the group of hermitian matrices by the map 7 : § — R,

T(o—):<é ‘i)

We write t for the product of all prime ideals of Q, where the division algebra B ramifies,
that is if p is a prime such that M, (B,) % Ma2,(Q)) then plt. Let ¢ € Z and take an
integral ideal ¢ in Q, such that ¢ divides ¢. In particular ¢ # Z. Moreover we consider a
Dirichlet character x of Q whose conductor divides ¢. For a fixed fractional ideal b we
write D(c) for D[b~!, be], and simply D for D[b~!, b]. Moreover Dy(c) for the subgroup
of D(c) with x € Dy(c) if z(i) = i. Similarly we define Dy.

We now define the Siegel type Eisenstein series of weight £ associated to the character y

in a similar manner as in the symplectic and unitary case in [24, page 131]. In particular
we set,
E(z,s) := E(z,s;x, D Z ¢(yxz,s), Re(s) >>0,
yeP\G
where (x,s) € Gx xC, and the function ¢(z, s) : Gy xC — C is supported on Py Dy(c) C
G, in the x variable, and is defined as follows: for x € PyDy(¢) we write x = pw with
p € Py and w € Dy(c) and we define ¢(z, s) := [, ¢u(x, s) where,

xo(det(dy,)) "t det(dp, )|, *, if ve€h, and v fc,
Pu(z,8) := 4 xu(det(dp,)) txw(det(dy, )t det(dp, )|, %, if v € hand v,
J (1) E\Jx( )%, if v = a.

One can check that ¢(x,s) is well-defined, i.e. independent of the choice of p and w
above. Furthermore we note that |j,(i)] = |det(d,,)|. Indeed we have that j,(i) =
Jj(p,i)j(w,i). But |j(w,i)] = 1 for w € Dy since 1(cyi + dy) € U(2n) (see |31, page
2486]), where 2 : M,,(H) < My, (C) was defined in the previous section. Hence |j,(1)] =
| det(dp,)|- A simple substitution shows that for « € G and w € Dy(c) we have,

E(azw, 5) = xe(det(d)) (i) Bz, 5),
and hence the Eisenstein series has the required modular properties.

Remark 3.1. We note here that we imposed no condition on the sign of the character x
(i.e x(—1) = £1) and the weight ¢, which is different to the situation of the symplectic
and unitary group (see for example [21], page 149], or [24] page 131]). This is due to
the fact that det(g) € Ry for g € GL,,(H), and hence the sign of the character does not
play any role. Indeed we can see that ¢(qz,s) = ¢(z,s) for ¢ € P for any character y
and ¢ € Z. For this we write as above z = pw, and then we have that

P(qz, s) chv gpw, s) = xn(det(dgp)) " xe(det(duw)) o (1)~ (g (D)]] det(dgy)[5°.

But Xh(det(dqp)) = xn(det(dy))xn(det(dp)) = Xn (det )) since xa(det(dy)) = 1 as

det(dy) € Ry Moreover jgs(1)~|jge (i)’ = C&w)mAwumﬁmﬂﬁm—
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‘gss((js)” =1 as det(d,) € Ry. Moreover |det(dg,)|,* = |det(d,)|,* as dg € GL,(B). In

particular ¢(qx, s) = ¢(z, s) for all g € P.

We now define the function E(z,s) by E(z -1i,s) = j.(1)’E(z, s), (see Definition
where x € G4 such that z -1 =z € H. Then we have
) Bs) = 3 |det(dy )l xn(det(dy,)) xe(det(du, ) 13(2)° o

acA
where A = P\ (GNPyD(c)) and p, € P, and w, € D(¢)p such that ap = pawe. Indeed
¢n(x,s) = [l,en ®o(x,s) is supported on PoD(c)p and (ax), = ap since zp = 1.
Furthermore §(az) = |j(a, 2)|710(2) and §(z) = 6(z(i)) = |j.(i)|! and so d(az) =
ljaz(1)|. In particular we have that

Plax,s) = ’det(dpa)|}_1$Xh(det(dpa))_1Xc(det<dwa))_1jaz(i)_€|jax(i)’é_s'

Using that joz(1)¢ = ju(2)%:(1)¢ we conclude equation . We now establish the
following lemma,

Lemma 3.2. We have,
PyD(c) = PD(c).

Proof. Similarly to [2I, Lemma 9.6] we may decompose Py = || co Pq(Pa N D(c)),
where ¢ can be chose of the form g = diag[r, 7] with » € GL,(B)n. As it was discussed
in the previous section, after taking det(r) we establish a bijection between the set Q

and Aa / Qi (Hp Z;) R4, which is of course nothing else than the trivial group. [l

Let us now set I' := G N D(c¢) and define the Eisenstein series

Bi(zs,T0) = Y xe(det(dy)6(2)* “|er.
~E(PNP\T
By the lemma above we have that P\ (GN PyD(c¢)) = (I'N P)\T. In particular in the
notation of Equation above we may pick p, = 1 for all & € A, and w, = 7, and
from this we obtain that
EZ(Z7 83X F) = E(Z7 S)'

We remark here that one can show (see for example [I3, Chapter V]) that this Eisenstein
series is absolutely convergent for Re(s) > 2n — 1. In particular for ¢ > 2n — 1 we have
that E(z,{) is a quaternionic modular form of weight ¢ with respect to the congruence
subgroup I'.

Even though these Eisenstein series are the ones which are relevant to our applications,
we need to introduce yet another kind of Eisenstein series for which we have explicit

information about their Fourier expansion. We define n, € G4 by 1, = <10 _01 ”) for
n

all v € h and 7, = 1. Then we define the E*(z, s) := E(zn;, ', s), we write the Fourier
expansion of E*(z, s) as,

®) (7 ) s) = X g deataino)),

hes
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where g € GL,(B)s and o € Sy.

We now focus on the coefficients c(h, q,s). We first introduce some notation. For a
finite place v € h corresponding to some prime p and an element z € M,(B,) we
can find ¢ € M, (0,) and d € GL,(B,) N M,(0,) such that x = d~1c and the matrix
[c d] € My 2,(B) is primitive. That is, there exists a,b € M,(B) such that (CCL Z) €
G L, (B). We then define an ideal in Z,, which is usualy called the denominator ideal
of z, by vp(z) = det(d)Z, and we set v(z) := | det(d)|, . For all these we refer to [23]
or [27].

We now set T := T" := {z € S|A(zy) C Z, Yy € S(0)} where we recall S(o) =
SN My(o). Similarly we define Ty and T, for a place v € h. For an element { € Ty, a
character y of conductor dividing the ideal ¢, and s € C we define the Siegel series,

aGsx) =] D el =AGo)xuvol@)r(e)™ |,

vfc 0E€Sy/Av

where the product is over all finite places not dividing the ideal ¢ and for each such
place v, we set A, := S(0,) := S(0), = S, N M, (0y).

Moreover for s,s” € C with Re(s),Re(s’) >> 0, y € S and h € S, we introduce the
function,

E(y,h,s,8) = / ea(—A(hz)) det(x 4 iy) /% det(x — iy) ™ ?dx.
The properties of this function have been studied in [I7], and we will recall some of its
properties a little bit later. We now can state:

Proposition 3.3. With notation and assumption as above we have c(h,q,s) # 0 only
if (Bq*hq)w € Ty N My(c; ) for allv € h, where B € Al such that BZ =b. In this case
we have

C(h’7 CL S) = A(q7n7 X) S |det(q)|}:s X Oéc(BQikthh, 87 X) S €(Qaqza ha S + Ea S — 6)7

where A(q,n,x) € C* a constant depending on q, x and n.

Proof. This is quite standard in the theory of Eisenstein series. The cases of the sym-
plectic and of the unitary group have been considered by Shimura in [21, Proposition
18.14]. The proof of the proposition follows quite similarly, and in the appendix of this
paper we explain how one can extend the proof there to the quaternionic case. U

We now collect various facts about the Siegel series a((,s,x) that appeared above.
We fix a finite place v and write p for the corresponding prime. We set a((y, 8, Xv) =
> oesu/n, €o(—A(Go))xw(ro(o))v(o) ", Since we are assuming that the ideal ¢ is di-
visible by all primes where B is ramified we have that ¢, : B, = M>(Q,), when p
does not divide ¢. We may actually select ¢, in such a way that it induces an iso-
morphism ¢, : 0, = My(Z,). Fixing such an isomorphism we obtain an isomorphism
1+ Mp(Bp) = Mn(Qp) defined by 1,((xi5)) = (¢p(xi;)). We remark (see [31, page



L-FUNCTION OF QUATERNIONIC MODULAR FORMS. 11

2488|) that the map 2, induces an isomoprhism ¢, : Gy, = SO(2n,2n)(Q,), where

SO(2n,2n)(Q,) = {:1; € SLin(Q,) | « ( 0 18”) ty = < 0 18”) }

12n 12n

In the following and until Proposition below our considerations are local, so we will

be simply writing 2 for 2. Our aim now is to relate in Lemma [3.4] below the Siegel series

above to the Siegel series corresponding to the orthogonal group SO(2n, 2n), which have

been studied extensively in [21, Chapter III]. This relation has already been observed

in |31, page 2488|, and here we just fill in some details. We introduce the notation
Szt i={z € Man(Qp) | 'z = —a} .

Moreover we write S for S, and Ay for A,. Then if we let

(4) K, = diag[Jy, J1,..., .21,

with J; = <(1) _01>, we note that ‘K, = —K,,, Kgl = —K,, and K% = —I5,. Then

we have

Sy = S2n s a(x) Ky,
Indeed, by [22, page 73], we have that 1(2*) = K, !%(z) K,. Hence, since K, is
invertible we need only to check that,

) Ky) = 'Ky (z) = 'K K(2*) Kt = K2 K, = (2K, = —(u(z)K,).

We now let T2 := {x € S2" | tr(zy) C Zp, Yy € S2*(Z,)}, and for a ¢ € T?" define
the orthogonal Siegel-series,

W sxe) = D el=tr (Co))xu(B0(0)P(0) %,
ceS2n [A2n

where A2" := $?"(Z,) and (o) and 7(0) for a matrix o € S2* are defined similarly
as above and we refer to |21, Chapter III|. One has that v(o) = 0(2(0)) and vy(o) =

7o(1(a))-
The following lemma shows that for a finite place, where the quaternion algebra B is

unramified, we have an equality of the quaternionic Siegel type series with the orthogonal
ones.

Lemma 3.4. Let ( € T}. Then we have
1
a(€7 S, XU) = ao(il(C)Kn, S XU)

Proof. We have by definition

ag(%z(()Kn,s,XU) = Z ev(—%tr (1(Q)Kno))xu(to(o)p(o)™* =
oceS2n /A2n
ST cul gt Q) Kalo) K)o (0 (1(0) )0 o)~ =

oeSyE /Ay

aeSy [AY
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> e (—*tr( (Co)))xw(P0(1(0))P(1(0) 5 =

oeSy /A7

Y e(=ACo))xu((0))(0) ™ = alC, xu, ),

aeSy [AY

where we have used the facts that K,0K,' = !0, and v(c K, ') = v(o) = v('o) and
similarly for 7. For this we refer to |20, Proposition 3.6 (3)], namely the fact that v(o)
is determined by the elementary divisors of the matrix o. ([l

We set O the ring of integers of Q(x), the smallest algebraic extension of Q containing
the values of the finite character x. Then from |21, Theorem 13.6], where the orthogonal
Siegel series are studied and the identification established in Lemma [3.4] above, we can
obtain the following,

Proposition 3.5. Let v be a finite place, corresponding to a prime number p and assume
that B is unramified at p and p does not divide ¢. Let ¢ € T} and write v for its rank
over B,. Then

H?:l(l _ p2i7272sx* (p)Q)

04(47 S, XU) = Hn:lr(l _ p4n—r—2i—1—28X* (p)z)

where Pe(X) € O[X], P(0) = 1. Moreover if det(u,(¢)) € 2"1Z5 then Pr = 1.

x Pe(x*(p)p™*),

In particular with notation as in Proposition we obtain.
Proposition 3.6. Let h € T™ of rank r over B. Then we have that
" Le(25 —4n +2r +2i + 1, %)
H’L—l (n : H Ph7q7p
[Ti5y Le(2s — 24, x?) 2eb

where b is a finite set of primes and Py, 4,(X) € O[X]. Here, for the Dirichlet character
X2, we write L(s,x?) for the Dirichlet series associated to x? with the Euler factors at
the primes dividing ¢ removed.

ac(Bq hg, s, x) =

)

We state one more fact regarding the function £(-) above.

Proposition 3.7 (Shimura, page 293 in [I7] ). For y € S, h € Sa, the function
&(y, h,s,8") has a meromorphic continuation in s,s" € C. In particular we have
Ti(s+s —2n+1)

Lpq(s)Ln—p(s’)
where p is the number of positive eigenvalues of h, q is the number of negative eigenvalues
ofh,t:=n—p—q,

&y, h,s,s') =

X (:J(y7 ha S, Sl)a

m—1
Tp(s) i= o™= T I'(s — 2i), m €N,
=0

and &(-) is holomorphic with respect to (s,s') € C2.
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Analytic properties of Siegel-type Eisenstein series. We are now ready to state
the main result of this section. In the following we use the notation F(z, s) = Ey(z, s; x, )
introduced above. The following Theorem should be seen as the analogue in the quater-
nionic case of [19, Theorem 7.3| (symplectic) and [21, Theorem 19.3] (unitary).

Theorem 3.8. For s € C and { € Z we define the function G"(s,f) as

n ) Tn(s+0), ift=n,
0= {Fe(s +OT(s — O [[Z) °T(s—L—1i), f 0<L<n.

We define the function P(s) := G"(s,£)A(x?, 5)E(z,s), where

n—1
Ac(x%, 8) == H Le(25 — 2i,%?%).
1=0

Then P(s) is a meromorphic function on s € C with finitely many poles all of which are
simple. More precisely, the function P(s) is holomorphic if x> # 1, or £ >n. If x*> =1
and 0 < £ < n then the possible poles are all simple and are in the set:

(jEZ|n<j<2n—1}.

Remark 3.9. We note that our result is different in nature from [32, Theorem 3.1| and
[33, Proposition 9.1] where the analytic properties of Siegel-type Eisenstein series are
considered. The differences are: (1) the inclusion of gamma factors in the normalization
of the Eisenstein series, and, (2) the fact that our result is not “generic”, that is it does
depend on the weight of the Eisenstein series, or better say on the particular section
chosen to define the Eisenstein series. Of course the results of [32] [33] apply to more
general Eisenstein series, but the results here, in the particular case, allow us to obtain
a more precise description of the possible poles. We should note here that this kind
of difference also appears between the work of Shimura [19, Theorem 7.3] compared to
the approach taken by Kudla and Rallis [14, Theorem 1.0.1] and [I5, Theorem 1.1 and
Theorem 4.12| in the symplectic case.

Proof. Our proof is modeled to the one of [21, Theorem 19.3], where an analogue state-
ment for unitary Siegel-type Eisenstein series is proved.

The fact that the function P(s) has a meromorphic continuation to the entire complex
plane is well-know by the general theory of Eisenstein series due to Langlands. Here
we focus on the location of poles, and their orders. We define E*(z,s) by E*(z -1i,s) =
jo(1)E*(x, s), where & € G4 such that z-i = z = 244y € H and we note that the series
E*(z,s) and F(z,s) have the same analytic properties with respect to the variable s.
In particular by Proposition above, and an argument similar to [20, Proposition
19.1] it is enough to study the analytic properties with respect to s € C of the Fourier
coefficients,

G" (5, A, 8)elh, ¥, 5) =G"(5,0) x A(y*?,n, x) x (H Le(2s — 4n + 2r + 2i + 1,x2)> X
=1
I'v(2s—2n+1)

H Ph,l,p(X*(p)p_s) X I‘n,q(s + Z)Fn,p(s _ g)

pEb

X w(y,h,s+L,s—1),
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for any h € S and y € S}, where p, g, t are as in Proposition and r is the rank of
the matrix h, and so r =n —t.

We note that for any integer r, with 0 < r < n the function,

n—r

L(s) =[] Le(2s —4n+2r + 2i + 1,x*)T(s — 2n+ 7 +1i + 1/2),

i=1
is holomorphic for x? # 1. Moreover if x> = 1 and since ¢ # Z we have that it is
meromorphic with simple poles at s =2n —r —ifori=1,...,n —r, or equivalently at
s=n+t—it—1fori=0,...,t—1, wheret=n—r.
Our aim is to determine a factor G(s), which eventually will be our G"(s, ), which is
independent of the matrix h, such that the function

B I'y(2s—2n+1) T . -
T = 06 T T o =g < LT 2t i /270 L),

has simple poles, and we can locate them independently of the matrix h.

We now introduce some notation used in [19]. For two meromorphic functions f and g
on C we write f > g if f/g is an entire function. We write f ~ g if f = g and g > f
holds.

The case of ¢ > n: We claim that we can choose G(s) = I',(s + ¢). We first assume
that x? # 1. That is, we know that £(s) is holomorphic for all s € C. Since I'(2s) ~
I'(s)I'(s + 1/2), we obtain

Ty(25 — 2n + 1) [[ZiT(s—n—i+1/2T(s—n—i+1) ﬁF(s—n—H—l)
[ T(s—2n+7r+i+1/2) [ T(s—n—t+i+1/2) Pl
That is, we need to study the analytic properties of the exression
-1
Th(s+20) ] .
X I's—n—1i+1).
ey el | B )

We note that 'y 10 (8) ~ Ty ($)I(s —2m) and Ty, (s +m) > Iy, (s) for n,m € Z,. That

is, I'p(s+€) ~ Tpis(s +OLg(s + £ —2p—2t) and T'yyy(s — ) ~ Ty(s — £)I'¢(s — £ — 2q)
and hence,

t—1 t—1

Do (s + () | Ty(s + 0 — 2p—2t) |
Tyralo + Ol — 0 LT ~ g < Tt

T (s+0—2p—2t) 4 T(s—n—i+1)

(5) Ly(s—9) XHF(S—E—Qq—Zz’)'

This function is holomorphic if £/ —2p — 2t > —¢ and —n — i+ 1 > —€ — 2q — 2 for
1=20,...,t — 1. The first gives £ > p + t and the second n — 1 < £ + 2q + 7. Hence if
¢ > n — 1 both inequalities hold.



L-FUNCTION OF QUATERNIONIC MODULAR FORMS. 15

We now consider the case where x> = 1. We claim again that the function F(s) is
holomorphic. In this situation we have seen that the function £(s) has simple poles at
s=n+t—i—1fori=0,...,t—1. We now see which of these poles can be cancelled by
the expression in Equation (5) above. For £ > n—1 we have that —n—i+1 > —¢—2q—2i
and hence the function % has a factor (s —n — i), and so zeros at s = n + 1,
for: =0,...,t — 1. That is, all the poles are cancelled.

The case ¢ < n: We set G(s) = I'y(s + €)['(s — ¢) H?:_(f_QF(s — ¢ —1i). Then we see
that we need to understand the analytic properties of the expression

To(s 4+ OT(s — O T2 T(s — £ — i) t—1 |
Lnq(s + 0T ni)p(s—f) X iHOF(S_”—Hl)-

(6)

We first assume that £ > p + ¢, and x? # 1. We note that

n—~_0—2 n—~_{—1
(7) Ty(s+OT(s—¢) [[ T(s—€—i)=Te(s+€) J] T(s—¢—1i).
i=0 i=0
Then the expression in Equation @ above, up to holomorphic functions, is equal to

Dopi(s+0—2p—20) [T} ' T(s —£—i) 77

< TIT(s—n—i+1)=
Lgpi(s —0) g ( )
Do pi(s+l—2p—20 " T(s—0—i) ,
T(s—n—i+1)=
Ty(s — OT1(s — £ — 24) LT mn =i

Ly_pi(s+0—2p— 2t)H"E1F(s—€—i)Xﬁ I'(s—n—i+1)

Ly(s—9) (s —40—2q—2i)

(8)

The last factor is holomorphic since we are taking £ > p + t. Moreover

Ty pi(s+0—2p—20)T[' (s — € — 1)
Lg(s = 1) a

n—_0—1

ngt(5+€—2p 2t) H [(s—¢—1)

(s —3042p+2t—2i)

ngts—

which is holomorphic since £ > p + .

We are still assuming ¢ > p+t but now we consider the case of x> = 1. We observe that

the factor Hf é % in Equation ({8)) is independent of the substitution made in
Equation ([7)), in the sense that the zeros produced by the ratio are also zeros appearing
in the initial expression in Equation @ But then arguing exactly as before we see that
all the poles of the factor L(s) are cancelled by these zeroes. So in this case there are

no poles.
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We now consider the case of £ < p +t and x? # 1. In this case we have % ~
p
Ty(s+0) - 1
TeGFOT, (=0 — Tyrioe(o=0)" Moreover we have that
n—~_—2 t— t—24+n—¢

1
T(s—¢) [ Ts—t—i)x[[T(s—n—i+1)=T(s—)x [] T(s—£—1).
=0 =0 =0

That is, it is enough to show that

D(s— ) x [[g"" T(s — € —4)

Lpri—i(s = Olnp(s — 1) -
We first observe that
t—24+n—¢ v—1 v+pu—1
T(s—0)x [ T(s—t—i)>= [[T(s—¢=2i) J] T(s—£—2i) =Tu(s—OTpyu(s—0),
i=0 i=0 =0

where we have set n +t — ¢ = 2v 4+ p with v a positive integer and p € {0,1}. In
particular we need to show

Ly(s = Olyyu(s — 1)
Lpri—i(s = Olnp(s — 1)
We now employ an idea of Shimura in [21], page 162|, and set o := max{p+t—¥¢,n—p}
and  := min{p +¢— ¢,n —p}. That is, a« + 5 =n+t — ¢ = 2v + p and hence also
B <v<v+u<a Inparticular we have

T (s — £) ~ Tg(s — OF,_s(s — € — 28),

> 1.

and
Fo(s =0) ~Tyyu(s —OT,_g(s — € —2(v + p)).
In particular
Lo(s —OTqu(s =0 Tyu(s—=0OT,1u(s — 1) N I'y_p(s—¢—2B)
Fpri-t(s — Oup(s =€) Ta(s —OUa(s— )  T,_s(s — €20+ p))
since 8 < v+ p.

=1,

Finally, we now consider the case of £ < p+t and x? = 1. We recall that the poles of
the L(s) factor are
{jeZ|n<j<n+t—1}.

We will show that if 2n —¢ < j < n+t—1, then these poles are cancelled. Indeed in this
case we have £ > n+1—t = p+q+1. Using the notation above we have that a = g+t,
B=p+t—Land a— >2¢+ 1 and so v > B. Moreover we have 2v =n+t—¥0—p
and hence 2n — ¢ < j <2v+4+ {4+ p— 1. As we have seen above,

Iy(s—OLqu(s =) N I'y_g(s—4—2p)
Dprrt(s— Ol p(5— ) " Tysls — = 200 + )
The latter expression has zeros at £ + 25+ fori =1,...,2(v — 3). For j as above we
have that

0<2¢<j—0—-28<2v+pu—20.
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That is j =0+ 26+ k for 0 < k < 2v — 28. In particular we can cancel all the poles
for j > 2n — £. That is, the remaining poles have to be in the interval

{jE€Z]|n<j<2n—1}

4. HOwE-WEYL DUALITY

In this section we study the Howe-Weyl duality for the pair Sp,(C) x GLg,(C). Our aim
is to prove Theorem below, which is an extension of an analogue theorem proved
by Kashiwara and Vergne [12] for the pair O,(C) x GL,(C), or more generally for
O (C) x GL,(C). In the next section we will use this theorem to construct some vector
valued theta series. The presentation of the general setting in this section is taken from

[9, Chapter 5].

We first introduce the Weyl algebra following [9, section 5.6.1]. We let V' be a complex
vector space of dimension n and for each vector v € V' we write v = ;" | x;e;, where
x; € C and {e;} denotes the standard basis, after we have fixed an isomorphism of
V with C". We write P(V) for the polynomial functions on V', that is polynomials
in Clz;,i = 1,...,n]. We now define the Weyl algebra D(V') C End(P(V)) to be the
algebra of polynomial coefficient differential operators on V', generated by

D'i =

and M; := multiplication by x;, i =1,...,n.
T

We let GL(V) acting on P(V) by 7(g)f(z) = f(g~'z), and we can view D(V) as a
GL(V) module by g-T := 7(g9)Tm(g9) !, for T € D(V) (see [9, page 279]). We now state
the following theorem of Weyl as it is presented in [9, Theorem 5.6.1].

Theorem 4.1 (Weyl). Let G be a reductive algebraic subgroup of GL(V'), and let it act
on P(V) by 7. Then we have that

PV)=2PE e,
AES

as a D(V)¥ @ C[G] module, where S is a set of irreducible representations of G, F* an
irreducible C[G]-module, and E* an irreducible D(V) module that uniquely determines
.

We now take G := Sp,(C) and V := C*" @ ... ®» C" = (CZ”)% (This notation
of G is valid for this section only and should not be confused with the general G
of the paper. The latter does not appear in this section.). We let G act on V by

g [x1,...,x2n] = [gx1,...972,], and we identify V with My, (C). In particular we
have that G acts on P(V) = P(May,) by 7(9)f(x) = f(g~'z), where = = [z1,. .., 22,]
and z; = "(1,4,...,Ton,:). We now take the symplectic group with respect to the skew-

0o -1,
1, ©
5.6.5], for 1 < 4,5 < 2n we define the following elements in D(V)%:

symmetric bilinear form w(z,y) = ‘on,y, where 0, = ( > Following [9], section
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(9) Dij = 1 ( i il > ;

—\OkiOTprnj  OTpyniOTk

n

(10) M;; := multiplication by Z (Th,iThgn,j — Thtn,iTh,j) »
k=1
2n P
11 By = S
o = Sonig

We remark here that if we choose to realize Sp,(C) using the form Q(z,y) = ‘xJ,y,

where J,, = < (; Sg
—on

diagonal, we have the following elements in D(V)¢:

(12) Dij = zn: < i i > :

01 i0Tony1—kj  OTopnt1—k,iOTy

>, where s, is the anti-diagonal matrix with ones on the anti-

k=1
n
(13) Mij := multiplication by Z (xkyix2n+1,k7j — $2n+17k,i$k,j) R
k=1
2n a

We now define g := span {E;; + nd;;, M;j, Dij} C D(V)¥, where d; = 1 and dij =0
if i # j. Tt is then shown in [9) Theorem 5.6.14] that g is a Lie subalgebra of D(V)%
isomorphic to so(4n, C) and generates D(V)%. In particular, using the general theorem
of Weyl above, we have that P(V) = @, g E* ® F*, where S is a subset of irreducible
representations of Sp,(C) in bijection with irreducible Lie algebra representations E*

of so(4n,C).
Following [10], we now consider the Sp,(C)-harmonic polynomials defined as
H:=HV):={feP(V) | Dijjf =0 for all i and j}.

(Note: We will use the notation H to denote the harmonic polynomials only in this
section, and hence there is no risk of confusing it with the symmetric space of the
quaternionic modular forms.)

By [9, Equation (5.94)| we have [E;j+0;;, Dys] = —0irDjs+0isDjr. In particular we may
view H as a ¢’ := span { E;; } module, and of course we have that g’ = gl(2n, C). Actually
the action of g’ on H is nothing else than the differential of the action p(g)f(z) = f(xg)
of g € GLy,(C). We consider H* := H N (E* ® FA). Tt is then shown by Howe in [I0,
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Theorem 9] that H* is an irreducible G L, (C) ® Sp,(C) module. In particular we have
the GL2,(C) x Sp,(C)-module decomposition

(15) n=En

AeS
We now denote with 7" the set of maximal weights of the irreducible representations of
G Lo, (C) obtained in this decomposition. It is not hard to see that this is independent
on the realization of the group Sp,(C), i.e. whether we consider the bilinear form w or
Q above.

We take that Sp,(C) is realized by the bilinear form 2 defined above. With respect to
this realization we have that a maximal torus H C Sp,(C) is given

H = {t = diag[ty, ... .tn, ;" ..., t7"], t; € C*},
and the corresponding Borel subgroup consists of the upper triangular matrices in
Spn(C). The irreducible representations of Sp,(C) are parametrized by the dominant
integral weights p = [[1"; €"* where m; € Z with m; > mg > --- > m,, >0, and ¢; is
the character on H given by €;(t) = t;. Similarly for G Lo, we take the diagonal matrices
to play the role of the selected maximal torus and we also write ¢; with ¢ = 1,...,2n

for the multiplicative characters given by mapping an invertible diagonal matrix to the
ith element of the diagonal.

Theorem 4.2. The set T' appearing above is given by
T:{(m17m27"'7m7’b707--~70) | mip2mg 2> ... 2 My ZO}

Proof. We follow an idea of Kashiwara and Vergne in [I2] where the pair O,(C) x
GL,(C) was considered.

We first establish that if f € H is a highest weight vector for the action of GLa,(C)
and a lowest weight vector for the action of Sp,(C), then it has to be of the form

f(@) = Aq(2)" Ao (@)™ - A (),

where a; € N ={0,1,...} and Ay(z) is the determinant of the ¢ x ¢ leading minor of
the matrix = € Mo,.

Indeed it is easy to see that a function f of the form above (product of Ay(x) with

¢ < n+ 1) is a harmonic function since we have Bfi -Ay(z) = 0 for all £ > n and

¢ < n+1. We furthermore note that Ay(z) € 77(‘/)]\["_”\7;r where N,I (resp. N, ) are
the upper-triangular (resp. lower-triangular) unipotent matrices of size 2n, and clearly
for a,b diagonal matrices with a € Sp,(C) and b € GL9,(C) we have p(a,b)As(z) =
(@)t A(b)Ay(z) where )\ is the character on the diagonal matrices given by A\, =
Hf:1 €i-

Given now an n-tuple m := (mq,...,my,) with m; € Zand m; > mg > --- >m, >0
we define the harmonic function

n

Am(x) =[] Qi)™ ™,

i=1
where we set m,4+1 = 0. Then Ay, is a lowest weight vector for the action of Sp,(C)
of weight (—my, —ma,...,—m,) and a highest weight vector for G Lo, (C) of weight
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(mq,...,my,0,...,0). That is the irreducible representation of Sp,,(C) of lowest weight

(—=mq,—ma, ..., —my) pairs with the irreducible representation of G La,(C) of highest
weight vector (mi,...,my,0,...,0). But the irreducible representation of Sp,(C) of
lowest weight (—my, ..., —m,) has highest weight (mq,...,my). Indeed by Theorem

3.2.13 in [9] the highest and lowest weights are related by A and wg(A) where wg the
unique element in the Weyl group changing positive to negative roots (under our se-
lected torus) and in the case of Sp,(C) the element wg acts as —I,, with resect to the
characters ¢; (see Lemma 3.1.6 in [9]). In particular the highest weight vector represen-
tation of Sp,(C) of weight m will pair with the highest weight vector representation
(my,...,mp,0,...,0) of GLyy,(C). Since we have accounted for all possible finite di-
mensional representations of Sp,(C) and each of them contributes with multiplicity at
most one, we conclude that these are all possible pairs. O

We will denote by 7, the set of irreducible polynomial representations (p, V') of G L, (C)
with maximal weight belonging to the set T'. That is,

(16) Tn:={p:GL2,(C) = Aut(V) | p irreducible and polynomial with m, € T’} ,
where m, € Z2" denotes the maximal weight of the irreducible representation p.

We note here that we can realize such a representation p by taking right translates
by GL2,(C) of an element Ay, above, with m the corresponding tuple in 7. As it is
explained in [6, page 59| in this way we obtain a polynomial map P : My, (C) — V with
the property that:

(1) if we write P(z) =t (p1(z),...,pa(x)) with d = dimg(V), then all coordinates
pi(x)eH,j=1,....d,

(2) P(zlg) = p(g9)P(z) for all g € GLo,(C), and x € Mo, (C).

The polynomial map P(z) as well as the polynomials p;(z) will be called “plurihar-
monic”.

5. QUATERNIONIC THETA SERIES.

The main aim of this section is to construct some vector valued theta series, which we
will use later. For this contruction we will use the pluriharmonic polynomials whose ex-
istence we proved in the previous section. Another vital component of our construction
is a quaternionic Jacobi theta series constructed by Krieg in [I3, Chapter IV]|. We first
fix some notation.

We recall that we write ¢ : M, (H)c — M2, (C) for the isomorphism induced from the

embedding ¢ : M, (H) — My, (C), where :(A +jB) = (g AB), with A, B € M, (C).
For M = A+iB € M,(H)c = M,(H) ®g C with A,B € M,(H) we define M* :=
A* 4+ ¢B*. It is important to note here that this notation will be valid in this section
only, as it differs from the notation introduced before where we had set M* = A* —iB*.

We then introduce the pairing 7 : M, (H)c x M, (H)c — C by

1
T(Ml,MQ) = Qtl‘ (MlMg* + MQMik) e C.
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In the above definition we do indeed mean the sum of the diagonal entries of the matrix
and not the “reduced” trace introduced before. A priori 7(M;i, Ms) € H but since
(M M5 + MoM;)* = My Mj + My M it is easy to see that this is actually in C. We
now list some further properties of this pairing that we will use repeatedly later, and
refer to [13, Chapter IV, Proposition 1.1] for a proof. For A, B,C € M, (H)c, we have

(1) 7(A,B) =7(B,A) = 7(A*, B*) and
(2) 7(A,BC) =7(A,CB*) =7(B,A*C).

Moreover we note that the map is C-linear, that is for a constant ¢ € C, and A, B €
M, (H)c we have ¢7(A,B) = 7(cA,B) = 7(A,cB) as for example follows from [I3],
Chapter IV, Equations (2) and (3)].

For & = (&) € M, (H) we write £ = v + jw, with v = (v;5), w = (w;j) € M, (C) and its
image 1(§) € Ma,(C) is given by (5] _I_Jw). For a polynomial map p : M, (C) — C,
we write p(D) for the differential operator obtained by
0 0
p<87gi ?J) ij=1,...,n.

Bwij 851']'

Our first step towards the construction of the vector valued theta series is to construct
some differential operators. We first prove the following Proposition, in the statement of
which the notion of a “pluriharmonic” polynomial is understood in the sense of the last
section, where we consider the bilinear form w as the symplectic form for the definition
of Sp,(C) there. In particular a pluriharmonic polynomial p is annihilated by the
operators D;; as given in Equation @

Proposition 5.1. Let p(z) be a pluriharmonic polynomial, and let ¢ € C°(M,,(H)).
Then for an a € M,(H)c, we have that

(1) p(D)e™ @& (&)|e=o = p(D)d(&)l¢=0, if a* = a,
(2) Let ¢ € C. Then we have

. —
p(D)efT @O |y = p (5 2(@)) ,

where if a = x + iy € My,(H)c we write 1(a) :=1(x) +1i 1(y) € Map(C).

Proof. We first establish the second part of the Proposition. Since £ occurs linearly
in the exponent, by the properties of the exponential function it is easy to see that

it is enough to establish the statement for the monomials 334’%’ 6%7 8%3" We

demonstrate the proof for % and similarly one can argue for the rest. We have,
ij
r(a, €) = Str (o€ +€a") = Jtr (2 +iy)é" + € +iy")) =

S (€ 4 6a%) itr (€' +€9) = 3 (i 0("E) + itr (uy").
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t= ot
If we now write x = a + jb with a,b € M,,(C) then +(z*) = (?b t2>. In particular

we have that tr (1(z*€)) = tr (*av + 'bw + bw + ‘av). Similarly we obtain tr (2(y*¢)) =
tr (*ev + tdw + tdw + tcv), where y = ¢ + jd. In particular

aij eCT(@,8) ;e'r(a,é)aij (tl" (tav) +itr (tév))

But tr (fav) = > t@j;v;; and similarly tr (‘ev) = >ij t¢;ivi;, and hence

(tr (‘av) +itr ("ev)) ="aj + i'c; = ay; + icij,
6’1)1'3'

which is exactly what is stated in the proposition.

We now prove the first statement. Our proof is inspired by the proof of [24, Lemma
A3.6], where the case of O, (C)-harmonic polynomials is considered.

By writing p as a sum of homogeneous polynomials we may assume without loss of

generality that p is homogeneous. We now observe that if ¢(z) = q(z1, ..., zn) is some
homogeneous polynomial in the variables xy, ...,z then if we set ¢, (z) := 6% then
we have that
0 0 0 0
17 ) @ O)0) = [ (= .., ——)8](0),
(1) UG+ o) @NO) = s (s 560

for every i and every C'° function ¢. Moreover if q is of degree d then we have that
m

(18) dg(z) =) wiqe, ().
=1

We now note that since a* = a we have that 7(a,£*¢) = AMa &*§) = Mz &) +iA(y £*E)
for a = x + iy with x,y € M, (H). But then

N v +wtw  wu —v*w
tr(z£7) = tr (Z(CU) <—twv+tvw o Lt —)) =

tr (21 (v + w*w) + 22 (— ‘w v + fow) 4+ z3(wW*D — VW) + z4("ww + fvv))

where 1(x) = (il izz) with z; € M,,(C). And a similar expression holds for \(y £*¢).
3 4

Putting these together it is then enough to show the following statements:

[p(D)(we)](0) = [p(D)¢](0),

where
n n
(19) w=w,w)=exp(d_cne(d_ Tinvik + Y Tinwir)),
Wk =1 i=1
or

n n
(20) w=w(v,w) =exp(d_ D vinwix — > winvix)),
ko=l i=1
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for cpr € C. We will perform induction on the degree d of p. We first consider the case
of Equation . We note that

ow _
=w E ChBVah; Bwag =w E ChpWah,
o
h

0%5 N

and

ow ow
=w CBRVaky ——— = W CaEWak-
(%ag ; BkVak 8wa,8 ; BkWak

Then by and above we may write

[Ap(D) (w6)(0) = [Z (Pon (D)o + 02 (D) o+ i (D) o+ i (D) ) <w¢>] (0) =

n

06
> (19 (DI l0) + s (D)5

ih=1 ow;p,

p'Uih pwih pvzh pwzh
c + = | (D)( c D)(w
[Z Hh <8Uz’k 8wz’k> (D) {Z " <5Uzk awzk) (D){ws)
i,h,k i,h,k
Since py,, , Pw,;,» Po,, and pg,, are all of degree d — 1, by the induction hypothesis and
(18) the first term is equal to

n

99

91(0) + [ (D) (-22](0) + [puy (D) (w02 >]<o>>+

(0)-

0o foler ¢ 20 B
;1 <[pvih(D)( 6vz-h)](0) + [Poin (D)(%)](O) - [pwih(D)(aTih)](O) + prih(D)(aw_m)](oO —
[dp(D)¢](0).

But the last term in the summand is zero, since it is equal to
Du;p, Puwip, Do, Dy,
D
!Z Ckh ZZ: <8’Uzk 8wz‘k> D) [Z ok ZZ: ((%zk 8wz‘k> (D)we)

Poin o Pwin Doy, | Pwyp, ; ; ; ;
and we have that 3, ok + 5ob = 3, 5 4 ik = () since p is harmonic. Indeed in

the notation of Section 4, this is nothing else than Dy, j4,p =0 for 1 < h, k < n.

(0),

We now consider the case of Equation . As before we have,

81} » =w <Z CorWalk — Z Chﬁwah>

and
— =Ww E ChB0 — E CBLU
911) hBVah - BkVak | »

and 8‘2“’B = aw i = 0. We then have

[4p(D)(@h))(0) = !Z (Pon (D)o + D2 (D) o+ iy (D) o+ i (D) ) <w¢>] (0) =

ih=1
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9¢

0y,

9¢

awih

99

ow;p,

> ([me)(wai‘i)](ow[me)(w 1(0) + [Py (D) (w5 )] (0) + [pay, (D) >]<o>)+
i,h=1 t

Doy, Doy, Duwyy, Duw;y,
5 (et — g ) D)) | ©+ | (e - aube ) (D)wo) | 0

i,hk ' ihk

But the last term can be rewritten as

3 cn (ph - pwm> (D) (w) | (0)+ | D exn (p“”h - ph) (D)(wg) | (0),

ow; ov; ov; ow;
ihk ik ik ihk ik ik

which is equal to zero since ), <g:;’; - }gglz) =3, (%?Z - SZ;’; = 0 as p is pluri-
2 2 k2 2

harmonic. Indeed, in the notation of section 4, this is nothing else than Dpip = 0 for
1< hk<n. O

Following Krieg as in [13] we now introduce a Jacobi theta series associated to an even
hermitian positive definite matrix s € M, (H). Here even means that s;; € 2Z and
s;; € of for i # j, where

of := {x € B | Re(zy”) € Z, Yy € o}.

The level of an even matrix s is defined as the smallest positive integer g such that
vof(o)s*1 is again an even hermitian matrix, where vol(o) is defined as the Euclidean

volume of a fundamental parallelotope of the lattice o.

We define the lattice A := My (0) — M,(H) — M,(H) ®r C = M>,(C). Then for
z € H, and u,w € M,(H) ®g C, we define the Jacobi theta series,

Os(zu,w) == O(z;u, w) = Z e(7(z, s[A —w]) + 27(u, A — w)),
AEA

where e(z) := exp(miz), for x € C. This is the definition in [I3] page 101]| where we
have set P = —w and @ = u with the notation used there. By [13, Theorem 3.6] we
then have,

Theorem 5.2 (Krieg). Suppose that s is of level ¢ > 1, and write q for the ideal
generated by q. Then for any v € T'y(q) we have

O(z;u, w) = j(7,2) " (V) (7; (u, w))O(v(2); 7 * (u, w)),
where v x (u, w) := (ua + swb, wd’ + s_lucﬁ) and

k(7 (u, w)) = exp(miT(s[w], d3by) + miT (s~ Hul, aycy) + 2miT(wu, bley)).

Moreover v is a character defined as

¥(y) =t det(a)" Y exp(—mir(s[k], a;'by)),
keMy (o) /t My (o)

with t € N such that ta;l € M,(o).

Remark 5.3. We make the following two remarks,
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(1) Even though Krieg’s book [I3] is written for a specific quaternion algebra (the
quaternions of Hurwitz) it is easy to see that at least the theorem stated above
and its proof is valid for any quaternion algebra and order.

(2) We note here that in the notation of [I3] we have that det(A) = det(A)?2, which
explains the different power of the (reduced) determinant.

We now consider a bit in more detail the character ¢ above. In particular we show,

Lemma 5.4. The character 1 is trivial if we restrict it to the subgroup T'o(mq) where
m is the ideal generated by the product of all finite primes of Z where B is ramified and
do not divide q.

Proof. We first note that we since a, € GL,(B) we have that det(e,) € QF. In
particular we may rewrite the above expression as

@) () = | ] det(ay);" > exp(—mir(s[k], a5 'b,))

peh k€M (0)/t M (0)

Moreover for any prime p we have that ord,(t) = 1 if p divides mgq. Indeed since
7 € To(mq) we have that a,d} —b,c;, = 1, and since ¢, € po we have that det(a,d}) =1
(mod p) which gives that det(a,) € Z,'. After writing ¢ = [[; pj* and use the Chinese
Remainder Theorem we can restrict to the case where ¢ = p® for some prime number
p which is relative prime to mgq. Using the identification + : My, (0,) = Moy (Z,) we see
that for any matrix o € M, (0,) with 0* = o we have with ¢ equal the denominator of
0-7

> ep(miT(s[k], o)) = > ep(mitr (1(k*sko))) =

k€ Mn (op)/tMn(op) REMn(0p)/tMn (op)
Z ep(mitr (K, " "a(k) Kn3K, (k)6 K, ),
kEMn(op)/tM’ﬂ(UP)

for some skew-symmetric matrices 5,5 € Ma,(Qp). We can rewrite the sum as

> ep(—mitr (kK 5K, k&) = > ep(mitr (‘kUks)),
k€Mon (Zyp) [t M2y (Zp) k€Moy, (Zp) [/t Man (Zyp)
where we have set ¥ := K,,5K,, a skew-symmetric matrix in Ms,(Q,) and K, was

defined in Equation . This kind of exponential sums have been computed in [21],
page 115, proof of Lemma 14.8]. Indeed it is shown there that,

> ep(mitr (‘kVkS)) = v[5] "4
k€M2n (Zp) /[t Man(Zp)
We now choose o = o 1, to evaluate above. The lemma follows, since v[az )] =
|det(aﬂy)|1;1 by definition and v[5] = v[5 K, }]. O

Assume now that we are given a polynomial representation (p, V) € T, of GL,(C),
where T, was defined in (16)) above. In particular, as it was explained at the end
of the previous section, we can find a polynomial map p : Mas,(C) — V such that
p(xtg) = p(g)p(x) for all z € My, (C) and g € GL2,(C). Furthermore if we write
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p(x) = Y(p1(x),...,pa(z)) for d := dimc V, then we have that the p;(z) are plurihar-
monic in the sense discussed above. Moreover given such a polynomial map p(z) =
t(p1(x),...,pa(z)) we define a differential operator p(D) := *(p1(D),...,pa(D)), with
pi(D) as above. This operator maps scalar valued functions to V-valued functions by

p(D)f =" (p1(D)f,...,pa(D)f).

We consider now a finite Hecke character x of Q of conductor some integral ideal n
generated by some v € N and a polynomial map p(x) : Ma,(C) — V as above. For an

element y € M, (H)c we set p(y) := p(x(y)), and p(7) := p(2(y)). We then define the
series,

(z;x, D) ZX (det(A (M) e(7(z,s[A])),

AEA

where we recall that e(x) := exp(mix), for z € C, A = M, (0), and x* is the associated
ideal character to x (see page|3). We then prove:

Theorem 5.5. Assume that m divides n. Then we have that,

0(z) :=0(z; x,p) € My, (To(n*q), X),

where q denotes the ideal generated by q. Moreover we have

6(z) = ) co(0)ea(M(02)),

oESY

= > X (det(©)p (s17%)

§€EE,
and E, :={€ € My(0) | o =E"sE}.

where

Proof. The rest of this section is devoted to proving this theorem. We will apply the
differential operators discussed above to the Jacobi-theta series. This idea goes back to
Andrianov and Maloletkin [2] (see also [26]), where scalar valued symplectic theta series
were considered. In the following calculation we will repeatedly use the properties (1)
and (2) of the pairing 7 : M, (H)c x M, (H)c — C above.

We note that we may write

(22) 0(zix.p) = Y. X'(det(X)b5(z;m,p),

XEA/nA
where 05 (z;n,p) = ZAGAXP (51/2)\) e(7(z,s[)\])), and here we have set

As:={A€A | A=) (mod nA)}.
We now claim that for a variable £ € M, (H) ®r C we have
p(A)05(zi1,p) = p(D)O (20, —v X — v~ 1s72g) .

where A := 7 z( ) € GL2,(C) (see Proposition (j5.1)) for the notation) and in the right
hand side of the equation we identify the class A with one of its representatives. We
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remark here that the equation holds independently of the choice of this representative.
Indeed we have

0,2,(2:0,—v X — vt sTV2E) = Y e(r(z, 5[\ + 573 =
AEAX

> e(r(z,8[A]) + 7(2,£°) + 27 (2, A*s120)) =

AeAx

Z e(7(z, s[A]) + 7(z,£€) + 27(sY%)z2,6)),

)\EAX

and hence there is no dependency on the choice of the representative A. Now using
Proposition |5.1] and the notation there, we conclude that

p(A)05(z;n,p) = p(D)O,2,(2:0, —v X — v 1571/ 2%¢)

where we have used the fact that
P (Triz(sl/2)\z)> =p (2(31/2)\)7rit (tzf(\z/)>) = p(A)p <z(51/2)\)> .

Moreover for v € T'g(n?q) we have that
O,24(2;0, = X — vl 2¢) =

J(n2) (e (T (A + 572, diby))O g2 (v(2); v+ (0, —v T A — v s THEG).
Moreover, we have that

91/25(7(2); Y * (Oa _V_IX - V_15_1/2§)) =
0,25 (7(2); fis(—A — 57200, (v N — v L2 dr) =

> e(r(y(2), slnd + (A + s d3)) + 27 (s(—X — 523, vA + (A + 57 V2E)dy) =
AEA

le=0>

> e(r(y(2), s+ sT2edz)) + 27 (s(— X — s A+ s7H2ed) =

AEAS &
)\d,Y

Z e(t(v(2), s[A+ 8_1/2§d,*y]) + 27(3(—X — s_l/Qﬁ)bfy, A+ 8_1/2§df;)) =

)\EAXd,*Y

D e(r((2), X sA + 2d,67 s 2N+ do£5Edy) — 27 (s(N + s A + 57 12¢Edy)).
AEA3
We now note that

e(r(s]X+s7172¢)], dzby)) = e(r(s[A] + s[s7/%¢],d3by) + 27(sA, s /2Ed2 by ) =
e(r(s[\] + €€, d2by) + 27(s'/20b7, £d7))
That is,

81/23(2; 07 _V_l}: - V_18_1/2§) = ](77 z)_nw(’Y)e(T(s[X] + g*fa d:b’y)) X

D elr(y(2), N sA2ds €7 PAd £7€d5) —2(7 (sAb, \)+7(€°€, dibs)+7 (512605, M)

)\GAde;
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We now use the identity: z(cyz 4 dy)~'dy = dfy(2)d, — b%d, to obtain the equality

D e(r((2), X sA+2d, 6" 51 PN d £ Ed5) —2(T (sAE, ) +7(E7°E, diby ) +7(s/2Eb%, \)) =

)‘eAidi;

Z e(T(Z(CA/Z‘i‘d'y)_ld«/,§*€)+2T(Z(Cyz+d7)_1,5*81/2)\)+T(’7(Z),)\*SA)—2(T(8X[):,)\)),
)‘GAdef/
and hence we obtain,

©,24(2;0, —v "X — v s TV28) = (v, 2) b (y)e((s[\] + §°€, d3by)) X

Z e(T(Z(C«/Z‘i‘dry)ild,y,§*§)+27(2(072+d7)71,5*81/2)\>+T<7(2’),)\*SA)—Q(T(SXI):,)\)).
NeAy,

We now note that s[)\] is even (see [13, page 108]) and hence since d3b, = bid, we
have that e(T(s[X],dsz) = 1 by [13| page 107, Proposition 1.10 (ii)]. Moreover we
have that e(QT(sti‘;,)\) = 1 since T(sti,/\) = T(s,)\wa*) € Z since s € M, (o%) and

bWX)\ € M, (o). That is,
©,24(2:0, =X — v sTV2E) = (v, 2) T (y)e(T(E7E, diby)) X

> e(r(a(erz +dy) My, £58) + T(2(cyz + dy) T TN + 7(7(2), AsA)).
AEAS g1

This gives,
> e(r(z,s[N) + 7(2,£7) + 27(s'%X2,€)) = (v, 2) "V (Y)e(T(£7E, dby)) X

)\EAX

Z e(t(2(cyz +dy)tdy, £°6) + 27(2(cyz + dy) 7, €520 4+ 7(7(2), A*sN)).
ez,
Or equivalently

> e(r(z,sA]) + 7(2,£7) + 21(s 2 X2,8)) = (v, 2) "b(V)e(r(£7E, diby))x

AEA5

> elr(z(eyz +dy) My, £76) + 27(5 P Az + dy) T2, €) 4+ T((2), ATsN)).
)\GA;\df;

We now apply the operator p(D)|¢— to both sides and we have seen that the left hand

side is nothing else than p(A)05(z;n,p), where we recall from above that A = 7 tz/(\z/) €

G L2, (C). Similarly the right hand is equal to
30y, 2) " (y)p(A)pleyz + dv)ﬂ@;d; (v(z);n, p).

For this one uses that

p (e e+ )G ) = () ¢ (* (et d) ) (i) =

—_—~—

p(A)p <2(31/2/\) fa(eyz + dv)_1> = p(A)p((cyz+d,) H)p <z(3/1\/_2//\)> .
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Putting everything together we get,
QX(Za n7p) = j(Va Z)_nw(ﬁ)/)p(c’Yz + d'V)_:leXd’*y (7(z)ﬂ nvp)7
or equivalently, using Equation ,

X*(det(dy) (V) pn(J (7, 2))0(z; X, p) = 0(7(2); X, ), 7 € Lo(n’q).

By Lemma we have that ¥(y) = 1. The last statement regarding the Fourier
expansion of the theta series follows directly from the definition. O

6. THE STANDARD L-FUNCTION

In this section we introduce the standard L-function attached to a quaternionic modular
form. Our approach follows [24] Section 19|, where the cases of Siegel and Hermitian
modular forms are considered.

We let ¢ be an ideal of Z and we assume that v | ¢ for every finite place v where the
division algebra B is ramified. We define the groups

E:=[[ GLn(oy), M :={x € GL(B)n | 2y € Myn(0y), Vv € h},
vEh
and Q := {diag[#,7] 7 € M}. Then for every v € h we have G, = D[b~!,b],Q,D[b!, b],.
Indeed, if v € h is a place where the division algebra B is unramified then this follows
from [25, Theorem 6.10], and the identification of G, with SO(2n,2n),. If on the other
hand v is a finite place where B is ramified, then this has been established in [28]
Theorem 6].

Lemma 6.1. Let D := D[b~!,bc] and for a finite place v|c, let o = diag[g, q] € Q..
Then we have that o
d db
DvaDv:[ﬁle <0 d),

where d € E, \ E,qE, and b € S(b;1)/d*S(b;1)d.
Proof. This can be shown exactly as [24, Lemma 19.2]. O

We now set S’ := {0 € S, | 0, € S(b;!) Yv|c}. Welet 3 € A such that b = BZ.
v h

Lemma 6.2. Let x be a character, { € Sy, and g € M such that ¢*3~ (g € Th. If we
set X := 8'/gSn(b71)g*, then,

Z en(—A(Cx))x* (no(Bx)))v(Bz) * =

zeX

{ det(g)[; ® Vac(B71¢, x. ), if B¢ € Thy

0, otherwise.

Proof. This can be proven similarly to [24, Lemma 19.6] as soon as we establish that
[Sn(b™1) : gSn(b~1)g*] = |det(g)|}_l(2n_1). As in |21, Lemma 13.2] this can be reduced
to the case of g being diagonal. Then if v is a place where the algebra B splits the
statement is done in that lemma. If v is a place where B ramifies then it follows from
the facts (see [22, page 79]) that [0 : 0a] = |det(a)|;? and that a*oa = oa*a. O



30 THANASIS BOUGANIS

For D as above we define the set 21 := DD, and consider the Hecke algebra T :=
T(2A, D) as the Q-linear span of DaD for a € . Given an f € S,(D,v) we have the
usual action of DED € T by (£|DED)(x) = 3., ey Ye(det(ay)) Hf(zy~t), where YV is
a finite subset of Gy such that DD = Uyecy Dy. We now assume that f # 0 is an
eigenform, that is f|DED = e (€)F, Ae(€) € C for all £ € A. For a character y we define
the series

3 f X Z )\f Clg ( ) 5, RG(S) > 0,
£eD\A/D
where ag := det(r)Z if £ € D[b~!, b]diag[r~!,7*]D[b~!, b], with r € M. We further set:

2n
L(s,f,x): (HL s—2@+2x)>D(s,f,X).

=1
We then have,

Proposition 6.3. We have the Euler product expression

L(s,f,x) = HLst

where

-1
(1 — p*= 2y (p)2) " ]2 1((1—ui,px*(p)p‘s)(l—Mé,px*(p)p‘s)) , i p S
Ly(s,f,x) = T2 (1 = pipx*(0)p*" =%)"Y, if plc and B, splits,
TT (1 — wipx*(p)p*37%)71, otherwise,

where fi; p, sz are complex numbers such that p; p/%p pn—2

if p does not divide c.

Proof. The case where p does not divide ¢ follows from [25] where the orthogonal case
is considered. Indeed in this case, and thanks to our assumption that that ¢ is divisible
by all primes where B is ramified allows us to identify G, with SO(2n,2n),. Then the
Euler factor is given in |25, Proposition 17.14].

We next consider the case where p divides ¢, and B, is a division algebra. We write
v for the corresponding place, and § a prime element of B,. We first remark that the
number of all different cosets F,a with « an upper triangular matrix in M, of diag-
onal entries 0°,...,8 where e¢; € Z, is equal to p?2i=1(i=Dei  Indeed this follows
similar to [2I, Lemma 3.12] after observing that [0, : 0,0] = p?>. We define a map
wo : T(GLn(By), Ey) — Q[t5, ..., ] by wo(EyzE,) = >y wo(Evy) and wo(Evy) =
[T, (p~%t;)% if E,y = E,a where o an upper triangular with diagonal entries §7', ... .0¢".
We then define an map w : T, — Q[t5,...,t] by w(DyoD,) = >_¢ wo(dg) where we
have used the decomposition D,oD, = |_|€ D¢ and Lemma .

By [23, Lemma 7| we have that the map w is an injective ring homomorphism. Using
Lemma [6.1] and (the proof of) Lemma [6.2] above we have

w Yo DD = D wolBud)[S(67), 1 d*S(671),d]| det(d)]; =

£€D,\Ay /Dy deE,\ M,
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3 wo(Bud)|det(d)]; 2"V det(d)] =

deE,\ M,
3] oo n
Z o Z pZ?:l(Qz—Q)ei H(p—tai)eip(Qn—l)eip—sei _
e1=0 en=0 =1
n
H(l _ tip2n—3—3)—1.
i=1

Then an argument as in [24, Lemma 19.9] establishes the existence of the numbers
ip € C as in the statement of the Proposition.

Finally in the case of p dividing ¢ and B), = M3(Q,) we argue as above and consider
the map wy : T(GLan(Qp), GLan(Z,)) — Q[ti,...,t5)] defined in by wo(E,zE,) =

>y wo(Evy) and wo(Eypy) = H?Zl(p*iti)ei if Eyy = Eya where o an upper triangular
with diagonal entries 07", . ...052". Then by [2I, Lemma 16.2 and Lemma 16.3| we have
that the Euler factor is equal to 1‘[3;(1 —p*u;pp %)t O

The proof above gives also that the function L(s,f,y) is absolutely convergent for
Re(s) > 4n — 1, since up to finitely many primes its absolute convergence can be
reduced to the case of the standard L-function attached to cusp forms of SO(2n,2n),
and these are convergent for Re(s) > 4n — 1 (see for example [25]).

When the nebentype ¢ of f is not the trivial character we define yet another L-series.
We set Ly(s, £, x) := [, Ly p(s, £, x), where

Ly(s,f,x1), if p does not divide c,
Ly(s,f,x), otherwise.

L'Lp:p(87 f7 X) = {
We note that L(s,f,x) and Ly (s, £, xy~1) differ only at the primes dividing ¢. Given
now a7 € 54, and a ¢ € GL,(B)n we define:

Drg(s £.X) == Y w(det(qa))x(det(x))e(r, qas )| det(a)f;, .
zeM/E

Following [24] Chapter V|, where the symplectic and unitary situations were considered,
we will relate the series D 4(s,f, x) to Ly(s,f, x) above through what may be called
an Andrianov-Kalinin type equation in our setting. This is Theorem [6.5] below which
should be seen as the analogue in the quaternionic case of [24, Theorem 20.4]

Similarly to the notation introduced in [24, page 168|, we let £ denote all the o-lattices
in B", and we define

Lr:={yLy | y € GL,(B)n s.t B y*ry € T},

where we set Ly := 0™. Moreover for two lattices Li,Lo € L we write L1 < Lo if
Ly C Ly and Ly, = Ly, for all v dividing ¢. Given a y € GL,,(B)n such that yLy € L,
we set

aT(Sa Y, X) = | det(y)|in7172805c(5_1y*7'y7 S, ¢X)
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Further for a lattice N = qLg € L, we set

Ar(s,N,x) = det(@, @77 ST p(yLo/N)ar(s,y, ).
N<yLo€L~

Here, for a finitely generated torsion o-module A, we define u(A) € Z inductively by
setting pu({0}) = 1 and p(A) := —=> 5.4 u(B), where B runs over all proper finitely
generated o-submodules of A. As in [24, Lemma 19.10] we have,

(23) S W(A/B) = {1’ if 4 =10}

i 0, otherwise.

The following Lemma is an extension of [24] Lemma 20.5] to the quaternionic case.

Lemma 6.4. Let 7 € ST and N = qLg € L. Denote by b the set of finite places p
which do not divide ¢ and det(28~'q*Tq) ¢ Zy . Then

n -1
(s, N, x) = [[ 9 (x(P)p ™) (HLC(%—%H,WX?)) ,

pEDb i=1

where g, are some polynomials.

Proof. The proof is similar to the one of [24] Lemma 20.5]. We first note that for for
each L such that N < L € L, we have L = gLy for some x € M. In particular we
have that

AT(S7 N, X) - H (Z /U’(LO/{B*LO)‘ det(x)‘v (2n—1-2s) ( (6 q*TQ)'Uj;? S, w'UX’U>>
v fc T
where the sum runs over all € M, /E, such that z=1(871¢*rq),& € T, N GL,(B,). If
v is not in the set b then we have that the above inner sum consists of a single term
and is equal to o, ((81q Tq)v, S, Xv¥y ), which, by Proposition is nothing else than
[T, Ly(2s — 2i + 2,92x2)~ L. If on the other hand v is in the set b, then the above
is a finite sum where each term a,(z= (837 1¢*7q)2, 5, ¥uXo) is a polynomial times the
factor [0y Ly(2s — 2i + 2,92x2%) ™!, which proves the lemma. O

We now have the following Theorem which may be called the Andrianov-Kalinin identity
in our setting.

Theorem 6.5. With notation as above (i.e. q,7 fized and N := qLg € L;) we have

2n
(H Le(2s — 20+ 2, ¢2x2)) x A7(s,N, x) X Dy g4(s,£,x) =

=1

Ly(s,fx) S u(N/L)e(det(y))] det(q D) fe(r, 5 ),
L<NeL~
where the y € GL,(B)n are such that L = yLg. In particular by Lemma above, we
have that,

2n
H gp(x(P)p™") x H Le(2s — 2i + 2,4°X%) x Drg(s,f,x) =
p€Eb i=n+1
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Ly(s,£,x) Y p(N/L)ge(det(y))| det(q"9) e(r, y; £).

L<NeL~

Proof. This can be proven in a similar manner as [19, Theorem 5.1], where the sym-
plectic case was considered or more generally [24, Theorem 20.4] where also the unitary
case is included. Strictly speaking both [I9] and [24] consider scalar weight modular
forms but it is easy to see that the proofs of [19, Theorem 5.1] or [24, Theorem 20.4]
hold also for vector valued once (see [3]). These proofs can also be extended to the
quaterionic case considered here. Indeed for the proof of Theorem 5.1 in [I9] one needs
Lemma 2.6, Lemma 2.7 and Lemma 2.8 of [19], and the property of the function p(-)
given in Equation above. All these Lemmata are local in nature and have analogues
in the quaternionic case. Indeed the analogue of Lemma 2.6 in the quaternionic case
is nothing else than Lemma [6.1| above, when v divides ¢. On the other hand if v does
not divide ¢, then G, is 1somorphlc to SO(2n,2n),, and the analogue of Lemma 2.6 is
done in |21, paragraph 16.12]|. Similarly Lemma 2.7 of [19] is done in [2I, Proposition
16.10] if v divides ¢ and in |23, Lemma 3.3| if v does not divide ¢. Finally the analogue
of Lemma 2.8 of [I9] in the quaternionic case is Lemma above. ]

As in [24] Theorem 20.9] one can show that we can select a 7 € ST and ar € GL,(B)y
such that c¢(7,7;f) # 0 and we have that the only lattice L such that L < N is the
lattice N itself. In particular with such choices,

(24)

2n
1 9Oc@p=*)x [ Le(25—2i+2,4°x*)x Drp(s, £, x) = ve(det(r))e(r, 75 £) Ly (s, £, ),
pEDb i=n+1

with C(T r;f) # 0. We set D(s,f, X) := D, (s,f, x), and hence,
(5,£,) = Y w(det(rz))y* (det(z))e(r, ra; £)| det ()], *" V| det(z) 5.
zeM/E
As we discussed in Section 2, we have that
GLn(B)s = GLn(B) E GLy,(H).
In particular we may as well assume that the element r € GL,(B)n, N GLy(B), since

the clearly eLy = Lo for any e € E. We now set X, := GL,(B) N rM GL,(H) and
U:=GL,(B)NEGL,(H). Then we have

(25) D(s, £,x) = c(r,x,5) Y o(r,&£)x" (det(€)) det(¢) D>,

§eXyr/U

where ¢(r, x, s) := |det(r)|y (2n—1)=s *xn(det(r))~!. Since r € GL,(B) and since det(r) €
R, we have that c(r, x, s) = det(r)*~(?=1), That is,

(26)  D(s.f,x) = clr,x.9)p(F) Y c(r'rr, & )" (det(€)) det(§) P,
EeX/U
where X := X; = GL,(B) N M GL,(H). In particular we have that

2n
@0 L2s=2i+2.0%) 3 el SN (det(s)) det(e) D7 =

i=n+1 £eX/U
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-1

c(r,x08) [T anix)p™) | x ¢*(det(r)) ") p(r*)e(r, 7 £) Ly (s, £, X).-
pEb

7. THE RANKIN-SELBERG METHOD

In this section we will obtain an integral expression, see Equation below, for the
standard L-function introduced above. It relates the L-function to a Petersson inner
product between the corresponding cusp form, and a product of a vector valued theta
series constructed above and a Siegel-type Fisenstein series. A similar expression for
vector valued Siegel modular forms has been obtained in [3], extending the scalar weight
case obtained originally in [I], and generalized in [19] and further in |24, Section 22|.
Our computations below generalize these ideas to the case of vector valued quaternionic
modular forms.

We first introduce an operator which has been studied quite extensively by Godement
in [8], in the case of vector valued Siegel modular forms. For a rational representation
(p, V) of GLoy,(C), and a positive definite matrix 7 € ST we define the operator,

(28)  H,,(s):= /5 L PW) exp(—4mA(Ty))d(y)* """ Vdy € End(V), Re(s) >> 0,

where we recall here §(y) = det(y)'/2. Here we view 2 : ST < GLo,(C) and we abuse
the notation and write p(y) for p(«(y)). We set H,(s) := H,1,(s). As in [8] one can
show that

Hyr(s) = p(r~ 2 Hy(s)p(r~%)8(7) .

Indeed all we need to do is to perform the change of variable y — 7~ 1/2y7~1/2_ Further-
more, similar to [8], we have that this operator is hermitian with respect to the inner
product < -,- > on V.

For k. € Z we consider an f € S, (D1,v1) and g € M,,(D2,v»), where D; =
D[bl_l,blcl] and Dy = D[b;l,bgq]. We let f := fi1,, € Sp,(I'1,¢1) and g = g1, €
M,,(T'2,12) to be the 1-component of f and g in the notation of Definition . Then
I = F[bl_l, bici],To = F[bz_l, bac) are the corresponding congruence subgroups. We
write f(2) = Y cg+ ce(0)ea(A(o2)) and g(2) = >° c g+ cg(0)ea(A(o2)) for their Fourier
expansions, where for simplicity we have set cg(co) := c¢(0, 1) and similarly for cg(0).
Note that c¢(o) (resp. cg(o)) are indeed the Fourier coefficients of f (resp. g) thanks
to Equation ((1)), since s, = 0 in the notation there.

Remark 7.1. We remark here that we impose no condition on the weights k£ and ¢ and
the sign of the characters ¥; and ¢». This is different to the situation of Siegel modular
forms (compare for example with [24] page 177]). The reason for this, as it will become
clear a little bit later, is that we needed to impose no condition on the sign of the
character and the weight of the Siegel-type Eisenstein series in section 3 (see Remark

51).
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We now apply the Rankin-Selberg method to obtain Equation below generalizing
the exposition in [24] page 178-179|, where the case of scalar valued Siegel (and Her-
mitian) modular forms is considered. We let X := S,/S(37!), where 3 := by + bo.
Furthermore we define the quotient set Y := S /U where U := GL,(0) acts on S by
conjugation, i.e. s+ g*sg. We now note that by considering the Fourier expansions of
f and g we obtain for any y € S

/X < (I (& + i), o) (e + i) > da =
vol(X) 3 < p(y/B)er(0), plyD)eg(0) = exp(—dmA(ay)).

oesSt
We set h =k + ¢, and for s € C with Re(s) >> 0 we consider the integral

I(s) := / / < p(VO) f (@ +iy), p(v/Y)g(x + iy) = 6(y)" " Ddzdy,
Y JX

where we recall that §(y) = det(y)'/2. For an ¢ € St we define
B 1
C HueU|utou=o0}|

Vg :

We then have that,

I(s) = /YVOI(X ) ST < p(y)ee(0), eglo) = exp(—4mA(oy))d(y) =Dy =

oceSt

vol(X)/ Z Z Ve < p(y)ee(u*ou), cg(u*ou) > ea(2iA(u ouy))d(y) T (y)~ @V ay,
Y’U€7-UEU

where 7 denotes a fixed set of representatives of S*/U. Using properties (2), (3)
and (4) of Proposition and the fact that det(u) = 1 for v € U and hence also
Y1 n(det(u)) = ¥1a(det(u)) = 1 we obtain cp(u*ou) = pp(u*)ce(0) = p(u*)ce(o) and
similarly for cg(-). In particular we obtain

vol(X)™1I(s) =

S [ v < ol er(0), o) = eal2idiomu) gy s(ug’) V) =
oeT Y uev

) V0/+ < p(y)er(0), cg(0) = ea(2iN(0y))d(y) o (y) "2 Vdy =
oc€T Sa

> v /+ < p(y)es(0), cg(0) = exp(—4mA(oy))d(y) = Vay =
€T Sa

Z Vo = Hpo(s+ h)ce(0),cg(o) > .
oeT
We set
D(s,f,g) = Z Vg < Hp,a(s + h)Cf(O’),Cg(O') —=
oeT

> ve < Hy(s +h)p(o™?)es(0), plo™/?)eg(0) = 6(o) > "
oceT
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We now compute the same integral I(s) in a different way. In particular we show that
we have the equality

(29) I(s) = vol(I\Hn)(f, 9Ek—e(5 + 2n — 1, 9)),
where,
By o(s,0) = Ep_y(z,56,T) = > oy(det(dy)) iy (2)"F6(y - 2)~ 9,
yePNT\I

where I' := T'[371,39], 3 = b1 + b, y = 37 1(b1c1 N bacy), and ¢ := ¢hy¢bo.

Substituting the definition of the Eisenstein series we have,

vol(T\Hn) (f, 9Ex—e(5 +2n —1,0)) =

/F ST <o) (=), 9(=) Braim)y(det(d,)) o (2) 7D s 6(y - 2) TRy (),

\Hn v epar\r

where we recall dv(z) = §(y) 22" Vdzdy, and we used that < pp(\/7)v1,v2 = = <
b
d
[13, Theorem 1.7]) Im(z) = (cz + d)*Im(y - 2)(cz + d). Using this, and the fact that
f eS8y (I4¢)and g € M,,(I',1p2) we obtain:

vol(T\ M) { f, gBr—o(s + 4L, ¢)) =

v1, pe(y/y)v2 = for vi,v2 € V. Note that for any v = € I' we have (see

/F\H { > < pl(ez+d))pr(Im(y - 2))f (7 - 2), pe((cz + d) gl - 2)j5(2)"F70 =

~vePAT\T'

> 5(,7 . z)s+2nfl+ffk dV(Z) _

/F ST <pelmy ) (- 2,907 ) = 6y - 2) TRy (2),

\Mn yepar\r
where we have used that (pi((cz+d)*)v1,v2 = = < v1, pr(cz+d)ve) for any vy, vy € V.

Now we note that the expression < pg(y)f(2),g(z) = 6(y)*+?"~1=*+l is PNT-invariant.
Indeed, for a v € P we have

pr(Im(y2)) = pi(dy)p(w)or(ds"), 8(vz) = det(d,)~d(y).
Moreover for v € P NI we have that det(d,) = 1, and hence f(vz) = pr(d,)f(2)

and g(vz) = pe(dy)g(z) = pr(dy)g(2) since pi(dy) = pe(d,) det(d,)*~¢. Putting this
together, for any v € PN T, we have

< pr(Im(y - 2)) f(y - 2),9(v - 2) = 6(7 - 2)
< Pk(y)pk(d;l)f( 2), Pk(d ) (y2) = 5(72)s+2n—1+5—k _
< ,l)k(]J)f(Z),g(z) — 5(y)s+2n—1—k+€.

s+2n—1+0—k —
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Using this, we obtain,

vol(I\Hn)(f, 9Ek—e(s+2n—1, 9)) = /Pmr\H < pr(Y)f(2),9(2) = 6(2) 2Ry (2) =

[ <o o) - 5y,
PAM\?,,

since det(y) = 6(y)?, and dv(z) = 6(2) 22" Ddzdy. We note that the set X x Y is a
set of representatives of P NI\ H,,, which gives Equality (29 . above. That is,

(30) D(s, f,g) = vol(T\Hn){f, gBx—e(5 + 2n — 1,P192)).

Now we are assuming that f € S,, (D, ) is a non-zero eigenform, with D := D[b™!, bc].
Thanks to the remark at the end of Section 2 we may now assume without loss of
generality that b = Z. We moreover assume that (p, V) € 7,, where we remind the
reader our notation pr = p® det”, and we let P : M5, (C) — V be a pluriharmonic map
with the properties described at the end of section 4 with respect to the representation
(p, V). We will consider D(s, f,g) above for a particular g. Given a Dirichlet character
X of some conductor fy, and for a fixed 7 € Sy and r € GL,(B) with ce(r*rr) # 0
we consider the theta series 0 := 0(z,x ', P) € M, (I, x~!) obtained in Theorem [5 .
where we set s := r*27r there. We note here that since Cf(T' 7r) # 0 we have (see for
example [I3] Theorem 1.2]) that s is even hermitian positive definite. Moreover we have
that I = T'o(n?q), where q is the ideal of Q generated by the level of s, and n = §, Nm,
with m as in Lemma 5.4

We then have D(s, f,0) = 2067- Vo = Hp (s + h)cg(0),co(0) = in which
Z X" (det(¢ 1P (\/ *27'7“§)
(eXs

and X, = {{ € GL,(B) N My(0)) | o = &r*27ré}. In this setting we have that
h =k + n. We have,

D(s, f Z Ve < Hy5(8)ce(o Z x*(det (€)1 P <W§> -

oeT §eXo
Z Ve < ct(o Z X" (det (& po(5+h)P (\/7“*277’5) -
O'GT £€Xo'

where we have used the fact that H,(s) is hermitian. In the inner sum we have that
o =& r*2rrg, and hence we have that the above expression is equal to

Z Vg Z X" (det(€)) < ce(§ r*21rE), Hy gxprorre(5 + h)P <V7”*Tr§> —=
€T EeXs
> X (det(€)) < er(€72mrE), p(€ V2 ) H,(5+ h)P(1) = 6(€*r*2rrE) )
feX
where X = (GL,(B) N My(0))/GLy(0), and we write P(1) for P(I,). Indeed we have
that

Hpgererre(8) = p(€Vir2rr VHy(s)p(Vre2rr €)8(&"r2rre) ™
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This follows by considering the change of variable y — 5*1(7"*277“)*1/2(7;(7’*277“)*1/25in
the definition of H, ¢+p=rpe(s). That is,

0) = Zx*(det(ﬁ)) < (& r*2rre), p(€ W 2rr ) o(5+h)P(1) = 6(&*r*21ré) ™ (sthktn) —

feX

Z X" (det(€)) < pk(ﬁ*)*lcf(ﬁ*r*QTrﬁ),p(\/r*QTr_l)Hp(E—i—h)P( 1) = §(& r 2rre) 0+ =

feX

S(r*2mr) 7" ) x*(det(£)) < ce(r 2T, €), p(Vr2rr VH,(5 + h)P(1) = det(£)~ =+,
feX
Putting all the above together we obtain

D(s, f,0) =d(r*rr) Z X" (det(§)) < Cf(r*27'7“,E),p(\/r*QTril)Hp(ﬁ—h)P(l) >~ det(&)(Fm).
£ex
In particular from Equations and we obtain

d(r*21r)”° < D(s+3n—1, f,X),p(\/T*QTT_l)Hp(§+h)P(1) == vol(I'\H,){f, 0Ex_pn(s+2n—1, ¢)),
where ¢ = (¢x)~!. We remark also here that the Eisenstein series are of level T'g(h),
where is the ideal b := ¢ N n?q.

After multiplying both sides of the above equation with

[T ey 2 T Lo (25 + 4n — 26, 9°X%),

pEDb =1

and employing Equation (27) above, we obtain,

(31)
(r*2rr)=% < p(r*)e(r,r; f),p(\/T*ZTr_l)Hp(E—i—h)P(l) = 1c(det(r)) Ly (s+3n—1,f,x) =

c(r, x, 8") vol(T\ Hy,) HHL 25 4 4n — 2i,1*x?) ng W, 08k _n(5+2n—1,1x)),
=1 p|t pED
where s’ := s+ 3n — 1,
En—n(5+2n — 1,9x) := [ [ Lo(25 + 4n — 2i, (VX)) Be—n(5 + 2n — 1,90X),
i=1

and t:= Hle p;, where p; are prime ideals dividing h but not «¢.

8. ANALYTIC PROPERTIES OF THE STANDARD L-FUNCTION

By the expression obtained in Equation above, we see that the analytic properties of
Ly (s, £, x) can be understood from the analytic properties of the Siegel-type Eisenstein
series £, and the quantity H,(s)P(1), which we now see can be computed explicitly.
We note here that a similar integral as in the Proposition below was computed in [3],
where the case of Siegel modular forms is considered, and the corresponding pair of
groups from the Howe-Weyl duality is O, (C) x GL,(C).
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Proposition 8.1. Let (A1, A2,..., Ay, 0...,0) be the mazximal weight of (p, V) € Tp.
Then

Hy(s)P(1) = T'y(s)P(1),
where,

T,(s) := (27-‘-)*(ns+2?:1 Aj) H T(s+ X\ —2(j —1)).
j=1

Proof. We recall that by the definition of the operator H,(s) in we have

HA)P() = [ Pl 050)= Dy = [ Pyt s)- Dy

Sa

We write (7, W) for the irreducible representation of Sp,(C) associated with p by the
Howe-Weyl duality discussed in section 4 above. Then we identify VW =V o W* =
Hom(V, W) = My,(C) where d = dim(V') and r = dim(W). As in [12] page 16| we can
find pluriharmonic polynomial maps P : My, (C) — Mg, (C) such that for all (g1, ¢92) €
Spn(C) x GLg, (C) and 2 € Ma,(C) we have P(g12g2) = p(‘g5)P(2)7(*g;). Notice that
each such polynomial P consists of polynomial maps (columns) Pj, j = 1,...,r, that are
pluriharmonic and Pj(zg) = p(*g)P;(z). In particular we may choose our polynomial
P above to be one of the columns of a polynomial P. So it is enough to show that

[P W5~y = T ()P0,

An argument similar to the one used in [3] shows that we may select P such that P(1)
is a highest weight vector for the representation 7 ® p.

We now use the identification M, (H) = {z € Ms,(C) | npz = Zzn,} where 7, =
0 -1, a —b
1, 0 b a

a,b € My,(C). In particular we have that if z € M, (C) is H-Hermitian then a* = a and

th = —b. We now use the polar decomposition for H-hermitian matrices (embedded in

M>,,(C)) as explained in [5, Chapter VI|. In particular we have that any H-hermitian

matrix y can be written in the form y = a*ea with a € USp,, :== Sp,(C) N U(2n) and

e = diagfe1, ... en, €1,..., 6] with ¢, € R. We let D := {e = diag[e1, ..., en,€1,..., 6] |

e €Ryand Dy ={e€ D | 1 <ea <...<e,}. Then by [5, Theorem VI 2.3] we have

that there exists a constant cg € C* such that

, and hence every such matrix can be written as z = ), with

/ P(y)ef47r)\(y)5(y)sf(2nfl)dy
Sa

= Co / / P(a*ea)e ™ () det(e)? | ] (ex —¢))* | deda
USpn D+

j<k

—co/ p(ta)/ P(a*e)e 2™ () det(e)/? H(ek—ej)4 deda.
USpn Dy

j<k
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Since P(1) € V®W is a highest weight vector we know that P(a* 6) = [p(e)P(1)]r(a) =
e}l e P(a*), where we recall the maximal weight of p is (A1, ..., An,0,...,0).

That is, the above integral reads

co/ p(ta)/ P(a*)e}t - - ehre 2™ () det(e)*/2 H(ek—ej)A‘ deda
USpn Dy

j<k

— P(l)CO/ / 6i-‘r/\1 . €Z+)\n6727rtr (e) H(ek o 6j)4 de | da,
Uspn D+

i<k
where we have used the fact that p(‘a)P(a*) = P(a*a) = P(1) since a € USp,, C U(2n).

But the last integral is a genaralized Siegel integral and by [5l Proposition VII.1.2] we
have

Co/ / et e tAnem O [ TT (e, — ) | de | da =[] T(s+X;—2(j —1)).
USpn D+

i<k j=1
U

Using Proposition (8.1)) and Equation we obtain
(r*2rr) " Tp(s+k+n)G"(s+2n— 1,k —n)x
=< p(r*)e(r,r; ), p(\/r*27r71)P(1) = Ly(s+3n—1,f x) =

X

c(r,x, s HHL 25 + 4n — 2i,1*x?) ng N, 0P(5+2n — 1)),
i=1 plt peb

where
n

P(s+2n—1) := G"(5,k —n) [ [ Le(25 + 4n — 2i, (¥X)*) Ex—n(5 + 2n — 1, 9X),
1=1
and G"(5,k — n) was defined in Theorem and the symbol “=C"" means that we

have an equality up to a non-zero complex number. Now we note that there is always
a choice of 7 and r such that

< p(r*)c(T,r;f),p(\/r*27'r_1)P(1) == (7, l;f),p(\/%_l)P(l) =0, 1 :=1r"Tr

Indeed, since (p,V) is irreducible, by an argument as in [30, Lemma 4] one has that
the image of f : Gy, — V is dense in V and hence in particular, after perhaps a change
of basis, we may assume, that there exists a positive definite hermitian matrix 7, such
that ¢(7,, 1; ) is a maximal vector for (p, V). Moreover by Gauss decomposition (see for
example [9, Lemma B.2.6]) we may write p(1/27,) = p(u—_du4) for u_ a lower triangle
matrix with diagonal entries equal to 1, uy an upper diagonal with diagonal entries
equal to 1, and d a diagonal matrix. This gives,

< (1o, 1), p(v/27, YP(1) === p(u )e(rr, 1; ), p(d)p(ur)P(1) ==
< (1, 1;£), p(d)P(1) == o < (77, 1;£), P(1) =# 0,
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for some a # 0 since both P(1) and ¢(7;, 1; f) are of maximum weight. That is, for such
a choice of 7 and r we have,

(32) 3(r*2mr)*Tp(s + k+n)G" (s +2n — 1,k —n)Ly(s+ 3n —1,f, x) =t
e(ryx, s HHL (25 4 4n — 2i,1%x?) ng N, 0P(5+2n — 1)),
i=1 p|t pEDb

where we recall s’ = s+ 3n — 1. Since the expression

S(r*2rr)*c(r, x, s ng )

pEDb
defines a holomorphic function in s € C, we have that the analytic properties of
At(sa fa X) =
. -1
L,(s+k—-2n+1)G"(s —n,k—n) H HLp(2s —2n + 2 — 2i,9*\?) Ly(s,f,x),
i=1 plt

are the same as the analytic properties of P(s — n). In particular we have

Theorem 8.2. Let f € S,, (I'g(c),7) be an eigenform, and assume that k > n, p €
Tn (see for notation) and all the primes where B is ramified divide the ideal c.
The function A¢(s,f,x) has a meromorphic continuation to the entire complex plane.
Moreover it is analytic if Y>x> # 1 or k > 2n. If *x?> =1 and n < k < 2n then the
possible poles are all simple and they can appear at the interval,

{j€Z|n<j<3n-k},

Proof. This follows from the Equation above and Theorem (Il
Remark 8.3. We are now making some remarks regarding the theorem above.

(1) The definition of the function A¢(s,f, x) depends on the ideal t, which in turn
depends on the possible choices of 7 and r above. This is similar to the sit-
uation of Siegel modular forms (for the scalar weight see [I9] and the vector
valued [3]). We also remark here that the condition on the choices of 7 and
r depend only on f. Furthermore there are, at least two, situations where the

—1
factor (H?Zl [ Lp(2s — 2n+ 2 — 24, w2x2)) will not show up: (1) since
Sy, (To(c), 1) € S,y (To(h), v), by adding some “bad” Euler factors to f, we can

make the ideal t trivial, and (2) if the conductor of the twisting character y is
divisible by the ideal t.

(2) Our theorem is different than the one proved by Yamana [33, Theorem 9.1].
First of all we should stress that it is a rather delicate matter to compare our
L-function with the one in [33] since the “bad” Euler factors may not be the
same. However, looking beyond this issue of the “bad” Euler factors, we remark
that the theorem in [33] is more in the spirit of the theorems proved in [14] [I5]
for Siegel modular forms whereas ours is in the spirit of [19] (scalar weight) and
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[3] (vector valued). The theorem in [33] is “generic” in the sense that does not
take under consideration the type at the archimedean place of the corresponding
automorphic representation of Gy. It does of course cover more cases than our
theorem above (for example representations p ¢ 7, or non-holomorphic quater-
nionic modular forms), but on the other hand for the cases where our theorem
is applicable, then Theorem gives more precise information. Indeed the the-
orem in [33] gives a range of 4n many points as possible poles in the case of
twists with trivial or quadratic characters. In our approach not only we show
that there exist no poles when the “weight” k is large enough, but even when k
is smaller than 2n the set of possible poles is at most of size 2n — k.

(3) We expect that our method can be used to obtain non-vanishing results of
the standard L-function by extending the range of absolute convergence beyond
Re(s) > 4n—1. Indeed the use of the Rankin-Selberg method to obtain such re-
sults has been illustrated in the case of scalar weight Siegel modular forms in [20],
and for vector valued in [3], where the “obvious” bound of Re(s) > 2n+ 1 (here
the center of the critical strip is taken as n+1) is extended to Re(s) > (3n/2)+1
where n is the degree of the symplectic group, improving a previous result of
[4]. Such a non-vanishing result has important implication for the theory of
Siegel modular forms. For example it is used to establish algebraicity results
for special L-values of Siegel modular forms of small weights (see [24, Theorem
28.5 and Theorem 28.8]), or to the study of the space of holomorphic Eisenstein
series, [24] Theorem 27.13|.

An approach similar to the one of [3] should allow us to improve the range
of absolute convergence in the case of quaternionic modular forms, and in par-
ticular to establish that the range of absolute convergence is Re(s) > 3n — 1.
This will require to establish the existence of some cuspidal theta series as was
done in [3] for the Siegel modular forms case. We note here that in the case of
quaternionic modular forms, even the scalar weight case requires such a different
approach to the one taken in [20] for scalar weight Siegel modular forms, since
the determinant is not a (Sp,(C)-) pluriharmonic polynomial.

We aim to explore these questions of non-vanishing of the standard L-function
of a quaternionic modular form and their implication to the algebraicity of
special L-values in the future.

9. APPENDIX
We provide a sketch of the proof of Proposition B3] As we indicated there we will

only discuss the needed modifications to the proof of [21, Proposition 18.14], where the
symplectic and the unitary case are considered. We keep the notation as in section 3.

‘We have
c(h, q, ) :/ E* (( g 74 > ,s) ea(—A(ho))do,
S4/S q
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where do is the Haar measure on S4 /S normalized such that |, Su/S do = 1. For a finite
place v € h we define a Haar measure do, on S, /A, by taking f Su /A do, = 1. For the
archimedean place we may identify S, with R™ x H™"=1)/2 = R™27=1) and take do, to
be the Lebesgue measure on R™?"~Y . Then by [31, Lemma 3.1] we have that
do = ¢(S)doa H doy,
vEh

where ¢(S)™! := vol(Sa/S(Z)) = (4DZ")""~1/2 where Dp is the product of the
primes where B ramifies.

Since we are assuming that the ideal ¢ is divisible by all finite primes where B is ramified
we have in particular ¢ # Z. That is, for © € PyGa,

E*(.%',S) = Z ¢(’7.ZL‘771:1,S).
YENR

Indeed this is the analogue of |21, Lemma 18.8 (3)] in our case. This is still true, since
it is essentially a direct consequence of |21, Lemma 2.12 (1)], which includes also the
quaternionic case (in the notation of [2I] we take K = B and € = —1). In particular we
obtain

c(h,q,5) = g ¢(n7(0)diagla, dlny, ', s)ea(~A(ho))do =

c(5) g ¢(n7(on)diaglan, dulny, ' s)en(—A(hon))don x g ¢(17(0a)diag|ga; dal; s)ea(—A(hoa))doa.

We first consider the archimedean integral
ca(h,q,s) = /S d(n7(0a)diag(qa, a), $)ea(—A(hoa))doa.

We then have,

¢(n7(0a)diag(ga, Gal, s) = det(gai + ana)_q det(igaq, + Ua)|e_S

det(iGa) " det(gaql — oai) ~¢| det(ida)| | det(gaqs — oai)[" ™ =
det(ida)iq det(iga) ‘575 det(qaqa _Uai)ie(det(Qaqz—Uai))€/278/2 det(qaq;-l—(f,gli)e/%“j/2 =
det(iGa) ™| det(ida)|"~*(det(gags — gai))~/*T/?) det(gaqs + oai) /272

where we have used the equality det(z + iy) = det(*z + ity) = det(2* — iy*) = det(x —
iy), for x,y € S,. That is,

s—¢

. A~ oA\ — N — ke _ s+l . —
d(n7(0a)diag[qa, a), s) = det(ida) 5] det(lqa)|€ “det(0atqaqal)” 2 det(ca—igaqs)” 2 .
In particular we have,

ca(h, q,s) = det(ida) | det(iga)| € (qad, hy s + £, 5 — 0).

N -/
Moreover we note that det(iga) | det(ida) [ = (\iii((‘{éi)n) | det(iga)|* = (—1)™| det(da)|~* =
(—1)" det(ga) %, since det(ga) > 0. Hence we conclude that
det(iga) ~¢| det(iga)|[* % = (=1)" det(ga) ~*.
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We now turn to the finite places. We fix a finite place v € h. We observe that for

Ty = ( qu ; ) with o, € Sy and ¢, € GL(B,) if we write z, = pw with p € P,
—Yvlv v
and w € D, then we have the equality of ideals,

det(dy ', ) Zy = 0(B, 'dy ) ), (%),

Indeed to see this we fix an embedding M, (B,) — Ma,(K,) for some extension K,
of Qy, with [K, : Q,] < 2. Actually K, = Q, if v is a place where B is unramified,
otherwise we can pick K, to be an unramified extansion of Q, (see for example [23]).
Then we can apply [21, Lemma 9.4(2)| taking K there to be our K, here. Then we
conclude the above identity, but as ideals of K,. But then using the fact that both sides
are actually ideals of Q,, we conclude that their actually equal as ideals over Q,.

Using (*) above one can now conclude exactly in the same way the analogue of |21,
Lemma 18.13| in the quaternionic setting. That is, for a finite place v € h we have that,

O, 5) = x(det(g)y) | det(q,)];* x

v(by ay toud)x (o (B, gy M owd)) if v fe
if v|c and (¢ t0q)y, € My (bycy) -
0 otherwise

The rest now follows exactly as in the proof [21, Proposition 18.14]. One only needs to
observe that in our case we set A := 2n—1 and by [17] we have that for all ¢ € GL,,(B)a,

d(qoq) = | det(q) | do.
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