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ABSTRACT. Let Fy be a finite field of characteristic p, and let W2 (Fq) be the
ring of Witt vectors of length two over Fy. We prove that for any reduc-
tive group scheme G over Z such that p is very good for G x Fy, the groups
G(Fq[t]/t?) and G(W2(F,)) have the same number of irreducible representa-
tions of dimension d, for each d. Equivalently, there exists an isomorphism of
group algebras C[G(F,[t]/t?)] = C[G(W2(Fy))].

1. INTRODUCTION

Let O be a discrete valuation ring with maximal ideal p and residue field F, with
q elements and characteristic p. For an integer r > 1, we write O, = O/p". Let O
be a second discrete valuation ring with the same residue field F,, and define O..
analogously. For a finite group G, and an integer d > 1, let Irry(G) denote the set
of isomorphism classes of irreducible complex representations of G of dimension d.
It has been conjectured by Onn [19, Conjecture 3.1] (for A = r™, in the notation of
[19]) that for all integers r,n,d > 1, we have

#Trry(GL,(0,)) = # Irrg(GL, (OL)),

or equivalently, that there exists an isomorphism of group algebras C[GL,,(O,)] &
C[GL,(0})]. This was proved for r = 2 by Singla [21]. The conjecture makes
sense also when GL,, is replaced by any other group scheme G of finite type over
Z, although in general small primes have to be excluded. The analogous result was
proved by Singla [22] for » = 2 when G is either SL,, with p{ n or an adjoint form
of a classical group of type B,,, C,, or D,, provided that p # 2. Regarding the case
SL,, when p | n, see Section 5.

In the present paper, we generalise Singla’s results to arbitrary reductive group
schemes for which p is a very good prime. More precisely, we prove that for all
d > 1 and any reductive group scheme G over Z such that p is a very good prime
for G x Fy := G Xgpecz SpecFy, we have

#Irra(G(O2)) = # Irra(G(03)).
It is not hard to show that Os, and indeed any commutative local ring of length
two with residue field F,, must be isomorphic to one of the rings F[t]/t* or W2 (F,)
(see Lemma 2.1). From now on, let R be either of these two rings.

Our main result, which we will now explain, is more general than the above result
in the sense that it covers a large class of representations when p is arbitrary and all
representations when p is very good. As we explain in Section 4.1, every irreducible
representation of G(R) determines a conjugacy orbit of one-dimensional characters
1 of the kernel of the canonical map p : G(R) — G(F,), and the characters ¢ are
parametrised by elements 8 in the Fg-points of the dual Lie algebra Lie(G x Fy)*.

1



REPRESENTATIONS OF GROUPS OVER RINGS OF LENGTH TWO 2

For any such g, let Irry(G(R) | 13) denote the set of irreducible representations of
G(R) lying above 13 and of dimension d.

Let k be an algebraic closure of Fy. Let G = (G x k)(k) (a reductive group), and
let g* be the dual of its Lie algebra. We have a Frobenius endomorphism F' : G — G
corresponding to the F-structure on G given by G x F,, and we define a compatible
endomorphism F* on g* such that (g*)F" = Lie(G x F,)* (see Section 2.2). The
pth power map on k gives rise to a bijection o* : (g*)F — (g*)F", which is related
to Frobenius twists (see Sections 2.3 and 4.1). Our main result is then:

Theorem 1.1. For any 3 € (g*)" such that p does not divide the order of the
component group Ca(B8)/Ca(B)°, and any d € N, we have

#1a(G(Fo[t]/1°) | Yo (s))) = # rra(G(Wa(Fy)) | ¥s)-

Moreover, if p is good, not a torsion prime for G and if there exists a G-equivariant
bijection g = g*, then the above condition on p holds for all B, so that for any
d € N, we have

# r1a(G(Fy[t]/t?)) = # Irra(G(W2(Fy))).

The conditions on p in the theorem hold for example when p is very good for G,
or when G = GL,, (see Section 3.1). The proof builds on all the preceding results
of the paper, and is concluded in Section 4.2.

Method of proof and overview of the paper. Our proof of Theorem 1.1 is based on
geometric properties of the dual Lie algebra, together with results on centralisers
in algebraic groups, and group schemes over local rings. We give an outline of
the main steps of the proof, which may also serve as an overview of the contents
of the paper. We define a connected algebraic group Gs over k with a surjective
homomorphism p : G2 — G and a Frobenius map F such that G5 = G(R). For each
B € (g")F", we want to show that # Irry(G(R) | ¥p) depends only on structures
over F, (and not the choice of R with residue field F,;). By elementary Clifford
theory (see Lemma 4.2), this will follow if there exists an extension of the character
g to its stabiliser

Ca, (N =Car(f)

in GI', where G4 acts on (g*)F" via its quotient G and the coadjoint action, and
f = B or (c*)7'(B) depending on whether R = F,[t]/t* or Wa(F,). Most of the
paper is devoted to proving the existence of an extension of 3.

First, we use the known fact (Lemma 4.3) that if 13 extends to a Sylow p-
subgroup of its stabiliser, then it extends to the whole stabiliser. To show that 3
extends to a Sylow p-subgroup, we work in the connected reductive group G, as
well as a connected algebraic group Gs over k, which we define using the Greenberg
functor, and which is isomorphic (as abstract group) to G(k[t]/t?) or G(Wa(k)).
We let G' denote the kernel of p. Our key lemma (Lemma 3.3) says that there
exists a closed subgroup Hg of Cg, () such that HgG! is a maximal unipotent
subgroup of Cg,(8)°, Hz N G* = exp(Lie(U)) and B(Lie(U)) = 0. Here U is
the unipotent radical of a Borel subgroup of G and exp is a certain isomorphism
between Lie(G) and G'. We show that if p satisfies the conditions of the second
part of Theorem 1.1, then p does not divide the order of C(8)/Cq(8)°, and hence
H};n (GNF" is a Sylow p-subgroup of G&" for any power n such that Hpg is stable
under F™ (see Lemmas 3.4 and 4.4). The properties Hg N G' = exp(Lie(U)) and
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B(Lie(U)) = 0 imply that v is trivial on (Hg N G")". Thus, we can extend 135 to
H};n(Gl)FTL by defining the extension to be trivial on Hgn. This implies that g
extends to its stabiliser Cg, (f)7" in G5, and restricting this extension (which is
one-dimensional) to Cg, (f)¥', we finally obtain the sought-after extension.

In order to prove Lemma 3.3, we need a couple of geometric lemmas. First, we
prove that the union of duals of Borel subalgebras cover the dual Lie algebra (see
Lemma 3.1). This is an analogue of a theorem of Grothendieck that the union of
Borel subalgebras cover the Lie algebra, but our proof is analogous to one by Borel
and Springer. Next, we prove that any maximal connected unipotent subgroup of
Cg(B) is contained in a maximal unipotent subgroup of G' on whose Lie algebra 3
is zero (see Lemma 3.2). This proof uses the preceding result on the union of dual
Borel subalgebras as well as Borel’s fixed-point theorem.

Acknowledgement. This work was carried out while the second author held a visiting
position at Durham University, supported by Becas Chile. The second author was
also supported by Conicyt through PAI/Concurso nacional insercion de capital
humano avanzado en la Academia convocatoria 2017 cod. 79170117.

2. GROUP SCHEMES OVER LOCAL RINGS AND Fq—STRUCTURES

In this section, we will define the algebraic groups G, using reductive group
schemes over R and the Greenberg functor. We will also define F,-rational struc-
tures given by Frobenius endomorphisms on G5 as well as on the Lie algebra of
G and its dual. A ring will mean a commutative ring with identity. We begin by
characterising local rings of length two:

Lemma 2.1. Let A be a local ring of length two with mazimal ideal m and perfect
residue field F. Then A is isomorphic to either F[t]/t> or Wa(F).

Proof. The exact sequence
l—m—A—F—1

implies that the length of m is 1 (since the length of F is 1). Thus A cannot have
any other proper non-zero ideals than m, so m is principal and m? = 0. Note that
A is Artinian, hence complete.

If char A = char F', Cohen’s structure theorem in equal characteristics [3, The-
orem 9] implies that A = F[[t]]/I, for some ideal I. Since every non-zero ideal of
F[[t]] is of the form (#') and the length of A is two, we must have I = (¢?).

If char A # char F', then char F = p for some prime p, and we have p € m.
Note that A is unramified in the sense that p ¢ m?. Cohen’s structure theorem in
mixed characteristics [3, Theorem 12| implies that A is a quotient of an unramified
complete discrete valuation ring B of characteristic 0 and residue field . By [20,
II, Theorems 3 and 8], B = W(F), the ring of Witt vectors over F' (this is where
the hypothesis that F' is perfect is used). Since the length of A is two, it must be
the quotient of W (F') by the square of the maximal ideal, that is, A = Wy(F). O

From now on, let A be a finite local ring of length two. Then A has finite residue
field F,;, for some power g of a prime p, and by the above lemma, A is either F,[t] />
or WQ (Fq)

Let k = F, be an algebraic closure of F,. All the algebraic groups over k which
we will consider will be reduced, and we will identify them with their k-points.
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In particular, although centralisers are often non-reduced as group schemes, our
notation Cg () will always refer to the k-points of the reduced subgroup Ce(5)red-
This makes our notation significantly lighter, especially in Section 3.

Let R = k[t]/t? if R = F,[t]/t*> and R = Wy(k) if R = Wy(F,), so that in either
case R has residue field k. Let G be a reductive group scheme over R (we follow [7,
XIX, 2.7] in requiring that reductive group schemes have geometrically connected
fibres). For a scheme X over Spec A, where A is a ring, and any ring homomorphism
A — B, we will (as in Section 1) write X x B, or X x4 B, for X Xgpec 4 Spec B.

Define the groups

G2 =Fi(G xgR)(k) and G = (G xgk)(k) = G(k),

where F 5 is the Greenberg functor with respect to R (see [9]). Then G and G
are connected linear algebraic groups, and G is canonically isomorphic to G(R),
as abstract groups.

Remark 2.2. The reason for the notation G is that R = O/p? for some complete
discrete valuation ring O with maximal ideal p, and G lifts to a reductive group
scheme G over O, so Gy sits in a tower of groups G, = Foypr (@ xo O/p")(k), for
r > 2. We will not need this.

_ Let p: G2 — G be the surjective homomorphism induced by the canonical map
R — k, and let G! denote the kernel of p. By |9, Section 5, Proposition 2 and
Corollary 5], p is induced on the k-points by a homomorphism

Fi(G) — Fr(Gxk)=Gxk

of algebraic groups, so G' is closed in Gs. By Greenberg’s structure theorem
[10, Section 2], G! is abelian, connected and unipotent. We will freely use these
properties of G' in the following.

2.1. Frobenius endomorphisms. Let ¢ be the unique ring automorphism of R
which induces the Frobenius automorphism ¢, on the residue field extension k/F,.
In other words, ¢ is the map which raises coefficients of elements in k[t]/t? (or

coordinates of vectors in W (k)) to the ¢-th power. Then the fixed points R¥ of ¢
is the ring R.
We have an F,-rational structure
Fr(G) xx, k= F(G xg R),
giving rise to a Frobenius endomorphism
F G2 — G2
such that
G5 = Fr(G)(F,) = G(R).
Under some embedding of G x R in an affine space A%, the map F' is the restriction
of the endomorphism on Fpz(A%)(k) = A%"(R) induced by ¢.
Similarly, the F,-rational structure
(G XRFq) X]Fq k‘gGXRFq

gives rise to a Frobenius endomorphism F' : G — G (note that we use the same
notation as for the map on G3) such that

GF = G(F,)
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and F' is the restriction of the g-th power map under the embedding of G x k in
A} corresponding to the embedding of G x Rin A%. Thus, with our notation, p is
compatible with the Frobenius maps on G5 and G in the sense that po F' = F o p,
and it follows from this that the kernel G! is F-stable.

2.2. The Lie algebra and its dual. Consider the reductive group G over k and
let g = Lie(G) be its Lie algebra. The Fy-structure G = (G x F,) x k gives rise to
the F4-structure

g=Lie(G xF,) @k

on g, and we denote the corresponding Frobenius endomorphism by F : g — g.
The adjoint action

Ad: G — GL(g)

comes from the adjoint action of G x F, on Lie(G x F,) by extension of scalars (see
[6, II, §4, 1.4]), and thus it is compatible with the Frobenius maps in the sense that

(2.1) F(Ad(9)X) = Ad(F(9))F(X),

for g € G and X € g.
Let g* = Homy(g, k) be the linear dual of g and let

(«,):g"xg—k

be the canonical pairing given by (f, X) = f(X). The k-vector space structure on
g* gives rise to a structure of affine space on g*, and we will consider g* as a variety
with its Zariski topology. We have an endomorphism

F*.g"—g", fr—pg0foFt
This is compatible with the canonical pairing, in the sense that
(F*(f), F(X)) = (F*()F(X)) = g0 fo FTHF(X)) = pg 0 f(X) = g ((£. X))

It follows from this that if f € (g*)" and X € g7, then o, ((f, X)) = (f, X), that
is, (f, X) € F,.

We will consider g* with the coadjoint action of G, given by Ad*(g9)f = fo
Ad™!(g), for g € G. The coadjoint action is compatible with F*, in the sense that

(2.2) F*(Ad"(9)f) = Ad™(F(g))F™ ().
Indeed, for X € g, we have
F*(Ad*(9)f)(X) = F*(f o Ad™(9))(X) = g 0 fo Ad™"(g) o F(X)
and on the other hand, by (2.1),
(Ad (F(9)F*(/)(X) = F*(f) o A" (F(9))(X) = pg0 f o F~1 o Ad™' (F(9))(X)
= g0 fo F 'F(Ad” ! (9)(F (X))
— py0 foAd M (g)o FI(X).

It follows from (2.2) that if 8 € (g*)¥", then the centraliser C () is F-stable.



REPRESENTATIONS OF GROUPS OVER RINGS OF LENGTH TWO 6

2.3. Frobenius twists and the kernel G' . In order to describe the kernel G*
and the conjugation action of Go when R = Wo(k), we need the notion of Frobenius
twists of schemes and representations.

Let ¢ : kK — k be the homomorphism A — AP, and let k, be the k-algebra
structure on k given by o. For any k-vector space M, its Frobenius twist is the base
change

M® = M k,.
For m®1 € M® m € M, and any A € k, we thus have A\(m® 1) = m®@ \ =
M/Pm @ 1. In particular, if X = Spec A, where A is a k-algebra, we have the
Frobenius twist
XP = X x kp = Spec AP

and the map A® — A, a® X\ — \aP gives rise to a morphism Fx : X — X®). Any
representation « : G — GL(M) of G as an algebraic group, induces a representation
o : G®) — GL(M®)), which, on the level of k-points has the effect

(g m®1)=a(d)mx1, for ¢ € GP(k),m € M.

Composing o/ with the map Fg, we get a representation P of G on M®), which
is the Frobenius twist of a. We have natural bijections

XP) (k) = Homy (A ® ko, k) = Homy (A, Homy (k,, k) = Homy (4, ko) = X (ks),

where X (k,) coincides with the points obtained by applying the map o : X (k) —
X (k) induced by o. On k-points we thus have, for g € G(k),

(2.3) a®(g)- (me 1) =aP(o(9)(me1) = a(o(g))me 1.

If the module M is defined over I, that is, if M = My ®p, k, for some Fj-module
My, then M®P) = (My® k) ® ky = My ® k = M (note that o is F,-linear). In
this situation, a(P) is isomorphic to the representation a® : G — GL(M) given by

a®(g)ym = a(o(g))m.
In terms of notation, let

o =1d if R = k[t]/t?,
o® =0 if R=Wy(k).

Lemma 2.3. There exists an isomorphism of k-modules exp : g — G such that,
forge G, X € g, we have

gexp(X)g~" = exp(Ad(c(¢9)X), i€ {0,p}.
Moreover, expoF = F o exp.

Proof. When R = k[t]/t?, the first statement follows from definition of g as G,
together with the corresponding definition of Ad (see, [6, II, §4, 1.2, 1.3 and 4.1]).
Assume now that R = Wy(k). By [5, A.6.2, A.6.3], there exists an isomorphism
exp® : G* = g®) (equal to 7' in loc. cit.). The map i(g) : G — G, g € G(R)
defined by h ~— ghg~' is a homomorphism of R-groups, so by [5, A.6.2, A.6.3]
applied to Z = 1, it induces the map d(i(g))® = Ad(g)® on g(»). Thus, we have
gexp® (X)g~! = exp(Ad®P (g)X), for X € g®). Since G x F, provides an F,-
structure on G, we have an induced [Fp-structure on g, so by the above discussion
of Frobenius twists, we have an isomorphism g®) = g, which composed with exp®
gives the isomorphism exp satisfying the asserted relation.
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Finally, the relation expoF = F o exp follows in either case by the description
of F' on the points of G5 and g, respectively. (]

3. LEMMAS ON ALGEBRAIC GROUPS AND LIE ALGEBRA DUALS

As before, G will denote a connected reductive group over k = Fq. Note however,
that Lemmas 3.1 and 3.2 hold for G over an arbitrary algebraically closed field
(including characteristic 0).

Let ® be the set of roots with respect to a fixed maximal torus T of G. Let
B be a Borel subgroup of G containing 7', determining a set of positive roots
®*. Following Kac and Weisfeiler [15] (who attribute this to Springer; see [23,
Section 2]|), we define

b* ={f €g" | f(Lie(U)) = 0},
where U is the unipotent radical of B. Since b* is a linear subspace of g*, it is
closed.

By a well known result of Borel, G is the union of its Borel subgroups, and an
analogous theorem of Grothendieck says that g is the union of its Borel subalgebras
(i.e., Lie algebras of Borel subgroups); see [2, 14.25] or [7, XIV 4.11|. In [15,
Lemma 3.3| the analogous statement for the dual g* is claimed under the hypotheses
that p # 2 and G # SO(2n + 1). Since the argument in [15] is short on details and
omits non-trivial steps (such as the existence of regular semisimple elements in g*
when p # 2), we give a complete proof for any p and a reductive group G. Note that
while Borel’s and Grothendieck’s theorems hold for any connected linear algebraic
group, the dual Lie algebra version does not. For example, for a unipotent group,
b* defined as above, would just be 0.

For each o € ®, let

To:k—U,CG
be the corresponding isomorphism such that tx, (u)t=t = z,(a(t)u) for all t € T,
u € k.

Let X, : k — g denote the differential of z,, so that Ad(t) X (u) = Xa(a(t)u)

forall t € T, u € k. We write

€q = xa(l), E, = X,(1).
Furthermore, we define £, € g* via
(Ey E—a) =1,
(B, Eg) =0 if 8 # —a,
(B, Lie(T)) = 0.
It is well known that the Weyl group W of G with respect to T" acts on the elements
Ey by w(Ey) := Ad(w)Eq = Ey(q), where w € Ng(T) is arepresentative of w € W.
It also acts on the elements EX by w(E?) := Ad"(w)E%. We thus have
. . N . 1 if —a=w"1B),
w(E;)(Ep) = By (Ad(w) ™' Bg) = By (Ey-1(5) = .
0 otherwise,

and moreover w(E})(Lie(T)) = 0 because w preserves Lie(T). Therefore, since
—a =w~1(P) is equivalent to B = —w(a), we have

w(E;) =

w(a)*
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The proof of the following result follows the same lines as [2, 14.23-14.24]. We give
the proof here for the sake of completeness.

Lemma 3.1. The conjugates of b* cover g*, that is, g* = UgeG Ad*(g)b*.

Proof. First, we prove that there exists an n € b* such that
(3.1) {ge G| Ad"(g)n € b’} = B.
Let A C & be a set of simple roots and define

n:ZE(’;

Let g € {g € G| Ad*(g)n € b*}. By the Bruhat decomposition of G, we may write
g = b'wb, for b,b' € B, w € Ng(T). Since B normalises b*, we may assume b’ = 1.
The formula
Ad*(za(u)Ej = E5+ Y cu'Ej,,,  foralluck, a,B €@, f# —a,
i>1
where ¢; € k (see the third equation in [23, 2.2, (1)]; note the two missing dashes)
implies that
Ad*(b)n —n e (B |acd™ agA).

Note that the condition o ¢ A above is due to the fact that if 3 € A and a € T,
then 8 +ia ¢ A, for any ¢ > 1 (since A is linearly independent). Thus

Ad*(g)n = Ad* () (n + Z caE?;),
aedt\A

for some ¢, € k.
Since w permutes the E* according to w(EY) = B}, (o> we conclude that

Ad*(gn= > Ehmy+ . CaBha-
acA a€dPT\A
Since the sets {w(a) | @ € A} and {w(a) | « € &1\ A} are disjoint and the E*
are linearly independent, the condition Ad*(g) € b* implies that w(A) C &+, As
is well known, this implies that w = 1; hence g € B.
Next, consider the morphisms

Gxgt 25 Gxgt 25 G/Bxg,
where ¢1(g, f) = (9,Ad"(9)f) and @2(g, f) = (9B, f), for any f € g*. Let
M = @301(G x b*) ={(9B, f) | g € G, Ad"(9) "' f € b*}.
The fibre over gB of the surjective projection pr; : M — G/B is isomorphic to
Ad*(g)b*, so the dimension of each fibre is dimb* = dim B. Hence dim M =
dimG/B + dim B = dimG. On the other hand, the fibre pr;'(I) of the second
projection pry : M — g* over any | € g* is isomorphic to
{9B|Ad"(9) "l e b’} = {g|Ad"(g)""1 € b"}/B.

It follows from (3.1) that pry'(n) = {1}, so in particular, there exist finite non-
empty fibres of pr, in M. Therefore, since M is irreducible (being the image of the

irreducible set G x b*), the fibres of pry, : M — b* are finite over some dense open
set in pro(M). Since dim M = dim G = dim g* and g* is connected, it follows that
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pry : M — g* is dominant. Thus pry(M) =
of g*.

We show that M is closed in G/Bxg*. If Ad*(g)~'f € b*, then Ad*(gb)~1f € b*,
for all b € B, so ¢y (M) = (G x b*). Thus, since ¢; is an isomorphism of
varieties, @, '(M) is closed. Since wo : G x g* — (G x g*)/(B x {0}) is a quotient
morphism (hence open), the set

p2(G x g \ 3 ' (M)) = (G/B x g") \ M

is open, so M is closed.

Finally, since G/B is a complete variety, the image of M under the projection
pry : G/Bxg" — g* is closed. But pry(M) = (J 5 Ad"(g)b*, which we have shown
is dense in g*. Thus |J, .- Ad*(g)b* is closed and dense, so g* = |J, o Ad"(g)b*.

O

gec Ad"(g)b* contains a dense subset

geG geG

In the following lemma, the proof follows the lines of the first part of the proof
of ii) on p. 143 of [15], but in addition, we also provide a proof of the fact that X
is closed in G/B.

Lemma 3.2. Let B € g*, Bg be a Borel subgroup of Cc(B) and Ug be the unipotent
radical of Bg. Then there exists a Borel subgroup of G with unipotent radical V
such that

UsCV and B(Lie(V)) = 0.
Proof. Let B be a fixed Borel subgroup of G with unipotent radical U, and define
the set
X ={¢B € G/B | 5(Ad(g) Lie(U)) = 0}.
We then have X = {gB € G/B | Ad*(g9)~!'8 € b*}, and we note that X is non-
empty thanks to Lemma 3.1 (this will be crucial for the application of Borel’s
fixed-point theorem below).

We show that X is closed in G/B. Let M = {(¢9B, f) | g € G, Ad*(g)~1f € b*}
and pry : M — g* be as in the proof of Lemma 3.1. We have

pry (8) = {(9B.B) € G/B x {B} | Ad"(9)"'B € b7},

SO pry 1(ﬂ) is closed in M since f3 is a closed point. Moreover, we have proved that
M is closed in G/B x g*, so pry*(8) is closed in G/B x g*. To conclude that X
is closed in G/B, it remains to note that the map A : G/B — G/B x g* given by
AgB) = (¢B, 8) is a morphism of varieties, and that

AN (pry () = {gB | Ad*(9) !B b} = X.

Now, since X is closed in the complete variety G/B, it is itself complete. Any
subgroup of C¢(B) acts on X, because for gB € X and h € C(f) we have

B(Ad(hg) Lie(U)) = (Ad"(h™")8)(Ad(g) Lie(U)) = B(Ad(g) Lie(U)) = 0,

so hgB € X. Thus Bg acts on X and since it is a connected solvable group, Borel’s
fixed-point theorem implies that there exists a ¢B € X such that hgB = ¢B, for
all h € Bg; thus Bg C gBg~'. Setting V = gUg™! we then have Ug C V, and

B(Lie(V)) = B(Ad(g) Lie(U)) = 0.
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We recall that maximal unipotent subgroups of a connected linear algebraic
group over k coincide with unipotent radicals of Borel subgroups (see [12, 30.4],
where one immediately reduces to reductive groups by taking unipotent radicals).
For an algebraic group H, we let H° denote the connected component of the identity.

Lemma 3.3. For any € g* there exists a closed subgroup Hg of Cq,(5)° and a
maximal unipotent subgroup U of G such that:
(i) HgG' is a mazimal unipotent subgroup of Ce,(B)°,
(ii) Hg N G* = exp(Lie(V)),
(i1i) B(Lie(U)) = 0.

Proof. Let Ug be a maximal unipotent subgroup of C(/5)°. Then U is the unipo-
tent radical of a Borel subgroup of C(8)° (so, in particular, Ug is connected). By
Lemma 3.2 there exists a Borel subgroup B of G with unipotent radical U contain-
ing Ug, and such that S(Lie(U)) = 0. Given this U, it will therefore be enough to
prove the existence of an Hg such that (i) and (ii) hold.

By [7, XXVI, 3.5] (see also [7, XXVI,7.15|), there exists a Borel subgroup scheme
B of G over OFF such that B x k = B. Let U be the unipotent radical of B (see |7,
XXII, 5.11.4 (ii)] as well as [4, 5.2.5]), so that U x k = U. Let Us = F(U) be the
Greenberg transform, and define

Hﬁ =U;N CGZ(B)O.

Let u € UNCg(B)°. Since U is smooth, there exists an element & € Uy such that
p(@) = u, and since Cg,(B)° = p~1(Cs(B)°), we must have @ € Cg,(3)°, so that
4 € Hg. Thus

p(Hg) = p(U2 N Cg, (B)°) = U N Cq(B)° = Us.
Since G! is unipotent, normal in G and p(HzG') = Up, it follows that HzG! is a
maximal unipotent subgroup of Cg,(5)°, proving (i).
Next, since Cg,(8)° contains G, we have

HzNG' =Us NG = Ker(p: U(OY) — U(k)) = exp(Lie(V)),

proving (ii). Finally, as we have already noted, 8(Lie(U)) = 0 holds by our choice
of U, so (iii) holds. O

3.1. Very good primes and component groups of centralisers . We recall
the notions of good and very good primes. If H is a connected almost simple group
over k, the prime p = char k is good for H if any of the following conditions hold:

e H is of type A,,

e H is of type By, C,, or D,, and p # 2,

e H is of type Go, Fy, Eg or E7 and p > 3,

e H is of type Eg and p > 5,
(see, for example, [24, I, 4] or [16, Definition 2.5.2]). If, moreover, p does not
divide n 4+ 1 whenever H is of type A, then p is said to be very good for H (see,
for example, [16, Definition 2.5.5]). There is also a notion of torsion prime for H
due to Steinberg [26] (cf. [16, Definition 2.5.4]). If p is very good for H, then it
is not a torsion prime for H (see [16, Remark 2.5.6]). Now let G’ be the derived
group of the reductive group G. Then G’ is semisimple and p is said to be good /very
good /torsion for G if p is good/very good/torsion for each of the simple components

of G'.
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If there exists a G-equivariant bijection g— g*, then each centraliser of an element
in g* equals a centraliser of an element in g. Such a bijection exists when there
exists a non-degenerate G-invariant bilinear form on g, and this is always the case
when p is very good for G (see [16, Proposition 2.5.12]).

For g € g*, let A(B) denote the component group Cg(3)/Cs(8)°. Note that
since G is connected and normal in G, we have

(3-2) Ca,(8)/Ca,(B)° = Ca(B)/Ca(B)® = A(B).

Lemma 3.4. Assume that p is good and not a torsion prime for G, and that there
exists a G-equivariant bijection g = g* (e.g., these conditions hold when p is very
good for G, or when G = GL,,). Then, for any B € g*, p does not divide |A(S)].

Proof. Using the G-equivariant bijection g* = g, we may replace S by an ele-
ment X € g. We reduce to centralisers of nilpotent elements in the standard way:
Let X = X, + X, be the Jordan decomposition of X, where X, is semisimple
and X, is nilpotent. Uniqueness of Jordan decomposition implies that Cq(X) =
Ccs(x,)(Xyn). Since p is not torsion for G, [26, Theorem 3.14| implies that Cq(X)
is connected. Moreover, by [16, Proposition 2.6.4], it is reductive. By [17, Proposi-
tion 16], p is good (but not necessarily very good) for Cq(X,), and X, € Cy(Xs) =
Lie(Cg(Xs)) (since Cg(Xs) is smooth; see [13, Proposition 1.10]) so we are re-
duced to proving the lemma in the case when p is good for G and £ is replaced by
a nilpotent element in g.

Assume that p is good for G and let X € g be nilpotent. By [17, Proposition 5],
there exists a G-equivariant bijection between the nilpotent variety in g and the
unipotent variety in G. Thus Cg(X) = Cg(u), for some unipotent element u € G.
By [24, III, 3.15] (see [17, Proposition 12, Corollary 13| for the extension to reduc-
tive groups), every element in the component group A(u) of C(u) is represented by
a semisimple element in Cg(u). By Jordan decomposition, the image of a semisim-
ple element under a homomorphism of affine algebraic groups is semisimple, and
semisimple elements in a finite group like A(u) are exactly the p’-elements, that is,
elements not divisible by p. Thus the group A(u) has no element of order p. The
lemma follows. O

Remark 3.5. (a) We do not know whether the converse of Lemma 3.4 holds. The
hypotheses on p in the lemma imply that p is a pretty good prime for G (see [11]).
Indeed, assume for simplicity that G is simple with root system ® and dual root
system ® (with respect to some maximal torus). Then p is good for G if Z® /79’
has no p-torsion, for any closed subsystem @ (see [24, I, 4]). Moreover, p is not
a torsion prime for G if Z®V/Z®"V has no p-torsion, for any @', and if p does
not divide the order of the fundamental group m1(G) (see [16, Definition 2.5.4]).
By [11, proof of Lemma 2.12 (a)], the assumption that p is good and Z®V/Zd"Y
has no p-torsion for any ®’ is equivalent to p being pretty good for G. Thus, the
hypotheses in Lemma 3.4 are equivalent to p being pretty good, not dividing the
order of 71 (G) and such that there exists a G-equivariant bijection g = g*.

(b) In general, many elements 3 € g* satisfy the conclusion of Lemma 3.4, even
when some of the hypotheses of the lemma fail. For example, take any G-invariant
bilinear (but not necessarily non-degenerate) form (-, -) on g. Then X — (X, -)
defines a G-equivariant map g — g*, and every element in g* in the image of this
map will satisfy the conclusion of the lemma whenever p is a good and non-torsion
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for G. For example, when G = SL,, and (-, -) is the trace form, this applies for
any p (in particular, when p | n).

On the other hand, when G = SL,, and p | n, the conclusion of Lemma 3.4 does
not hold in general, even though p is good and non-torsion for G. For example,
when p = n = 2, g* may be identified with My(k)/Z, where Ma(k) is the 2 x 2
matrices and Z is the subalgebra of scalar matrices. It is easy to see that when
B=1(39), the component group of C;( + Z) has order 2.

4. REPRESENTATIONS

4.1. Clifford theory set up. For a finite group I', we will write Irr(T) for the
set of irreducible complex representations of I' (up to isomorphism). If IV C T is
a subgroup and p is a representation of IV, we will write Irr(T" | p) for the subset
of Irr(I") consisting of representations which have p as an irreducible constituent
when restricted to I'. Recall the notation introduced in Section 2.

Fix a non-trivial irreducible character ¢ : F, — C*. For 8 € (g*)¥ ", define the
character 15 € Irr((GH)F) by

Yp(exp(X)) = ¥((8, X)),  for X € g"

Note that here (8, X) € F, and also, exp(g¥) = (G1)F by Lemma 2.3. Recall the
notation o from Section 2.3.

Lemma 4.1. The function § — s defines an isomorphism of abelian groups
(@) = Irr((GY)F) and for any g € GE, we have

Ad* (0D (g))B—¥f,  forie{0,p},
where GE acts on (g*)F" wia its quotient G, that is, Ad*(9)8 = Ad*(3)8, where
g=rl9)
Proof. The function § — 13 is an additive injective homomorphism because of the
linearity (in the first variable) and non-degeneracy of the form (-, - ), respectively.

Moreover, by Lemma 2.3, exp(Ad(c("(3))X) = gexp(X)g~!, so for any X € g, we
have

Yaa+ (o) (g8 (exp(X)) = Y({Ad" (0 (9))8, X)) = ({8, Ad" (0 (571)) X))
= Pp(exp(Ad" (07 (g71)X)) = ¥s(g~" exp(X)g)
=: ¥ (exp(X)).
O

Just like F', the map o induces an endomorphism ¢* on g*, and it follows im-
mediately from the preceding lemma, together with the formula o*(Ad*(g)53) =
Ad*(0(g))o*(B), that the stabiliser of 15 in G& is

Ca,(B)F if R = k[t]/t?,

F * J(i) = _ — -
(41) {9 Gy [Ad(c(9))8 = P} {CGQ((a*)‘l(ﬂ))F if R = Wy(k).

Here, as elsewhere, we take centralisers with respect to the coadjoint action (not its
Frobenius twist). Recall from Section 2.2 that 8 € (g*)*" implies that Cg,(8) and
C¢(B) are F-stable. The map o* is bijective and commutes with F™*, so it restricts
to a bijection o* : (g*)F — (g*)*.
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The following is an immediate consequence of well known results in Clifford
theory [14, 6.11, 6.17]:

Lemma 4.2. Let 8 € (g*)F" and assume that 1 has an extension g € Trr(Ca, (6)F).
Then there is a bijection
rr(Ce, (B)7/(GHT) — Lr(GS | 9s)
GF ~
0— w(0) := Ind022(ﬂ)F(91,/zﬁ).
Thus
#Irr(GY | ¥p) = [Ca, (B)7/(GY)T| = [Ca(B)T
and
dimn(0) = [GY : Cq,(B)F]-dimb = [GF : Cq(B)F] - dim 6.
In the following, we will prove that an extension of ¥ to its stabiliser exists for
any (€ (g*)F", under suitable hypotheses.

4.2. Proof of the main theorem. We will use the following lemma (see [25,
Lemma 4.8|):

Lemma 4.3. Let M be a finite group, N a normal p-subgroup, and P a Sylow
p-subgroup of M. Suppose that x € Irr(N) is stabilised by M and that x has an
extension to P. Then x has an extension to M.

The Sylow p-subgroup we will apply the above lemma to is given by the following
result.

Lemma 4.4. Let 8 and Hg be as in Lemma 3.8. Let m > 1 be an integer such
that Hg is F™-stable. Then (HgG")F" is a Sylow p-subgroup of (Ca,(8)°)F".
Moreover, if p does not divide |A(B)|, then (HzGMF" is a Sylow p-subgroup of
Ca, (ﬁ)Fm

Proof. The first statement follows from Lemma 3.3 (i) together with [8, Proposi-
tion 3.19 (i)]. For the second statement, note that

[Ca,(B) : (HsGMT]
= [Co, ()" (Caa(B)°)] [(Can(B)) : (HsGH)™]

and o, (9)F" /(Ca,(8))F" = (Ca(8)/Car(8))7" = A" (see I8, Corol
lary 3.13] and (3.2)), so if p 1 |A(B)|, then p t [Ca,(B)F : (Ca,(B)°)F], hence

P1(Ca,(B) + (HsGYF]. O

The purpose of the geometric lemmas in Section 3 is to prove the following result,
from which our main theorem immediately follows.

m

Proposition 4.5. Let 8 € (g°) and assume that p does not divide |A(B)|. Then
the character 1z has an extension ¥ to Cg,(8)F

Proof. Let Hz and U be as in Lemma 3.3. Then Hg (like any algebraic group over
k) is defined over some finite extension of I, or equivalently, it is stable under some
power F™ m > 1 of the Frobenius F. Since G' is F-stable, the group HzG' is
F™_stable. By Lemma 3.3 (i), the group HgG! is maximal unipotent in Cg,(3)°.
Thus, given our hypothesis on p, Lemma 4.4 implies that (HzG')¥ " is a Sylow
p-subgroup of Cg, (6)F".
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Next, we show that 5 extends to (HgG")F™". We claim that
(HsGHF" = HE" (G
Indeed, the map p : G2 — G is compatible with any power F" on G5 and G,
respectively, so p maps (HgG')F" surjectively onto US", where Uy is the maximal
connected unipotent subgroup of Cg, (8)°. Since G* N (HsG)F™ = (GY)F™, the
kernel is (G1)¥". Similarly, p maps Hgm (GHF™ surjectively onto U§7n7 with kernel
(GYYF™. Thus, the finite groups H,(I;m(Gl)Fm and (HsG')™™ have the same order,
so the natural inclusion of the former into the latter is an isomorphism.

Let 9, be an extension of ¢ to the additive group of the field of definition of Hg.
The formula 5 ,,,(exp(z)) = ¥ ({3, 2)), for € gI'" defines an extension 15, of
s to (G1)F". We now show that ¢g,,,, extends to a character of Hf™" (G')*" which
is trivial on Hgm Since Hgm is a subgroup of the stabiliser Cq,(3)"" of Va.m,
it is easy to see that such an extension exists if 13 p, is trivial on Hf;m N (GHF™.
Now,

Hj "N (GEHT C (U nGHFT = exp(Lie U)F"
(note that U and U as in the proof of Lemma 3.3 are stable under F since H,
and Cg,(B)° are), and hence

Ypm(HE" 0 (GHT) C (B, (LieU)™)) = ¢ ({0}) = {1},
by Lemma 3.3 (iii). Thus ¥g,, extends to Hé‘w(Gl)Fm = (HsGHF", so by

Lemma 4.3, ¥5,, extends to Cg,(8)""". Restricting this (one-dimensional) ex-
tension to Cg, (), we obtain the desired extension of 3. O

We can now deduce our main theorem. Given a 3 € (g*)F", the first assertion
of the theorem follows from Lemma 4.2 and Proposition 4.5, together with the
stabiliser formulas (4.1). Note that 8 for G(W>(F,)) is paired up with ¢*(3) for
G(F,[t]/t?). The second assertion of the theorem follows from the first, together
with Lemma 3.4. This completes the proof of Theorem 1.1.

5. FURTHER DIRECTIONS

It is natural to ask whether Theorem 1.1 remains true for all § € (g*)" when
p is arbitrary. We have not been able to prove this, but neither do we know
a counter-example. It was stated in [22, Theorem 1.1] that for p | n and any
integers n,d > 1, one has # Irrg(SL,(O3)) = #Irry(SL,(0)), with O and O’ as
in Section 1. However, the argument given in [22] for the crucial Lemma 2.3 has a
gap (as acknowledged by the author in private communication). Namely, it is not
clear that T'(1)4) N SL,(02) = (ZaL, (0,)(5(A)) N SL,(O2))L(SL), in the notation
of [22]. Theorem 1.1 therefore remains open for G = SL,,, p | n.

Question 5.1. Let G be a reductive group scheme over Z. Is it true that if p is
sufficiently large and r > 3, then # Irrg(G(O,)) = #Irr 4(G(OL)), for any integer
d>17

Given Theorem 1.1 (i.e., the case r = 2), this question is equivalent to the
question posed in [1, Section 8.4] (in the case where G is split, that is, a Chevalley
group scheme).

A weaker question is whether the groups G(O,.) and G(O..) have the same number
of conjugacy classes, for sufficiently large p. This was settled in the affirmative in [1],
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at least for Chevalley group schemes (although the bound on p is not explicit). For
r = 2, no counter-examples are known, even for small primes. On the other hand,
for r = 3 even this weaker question can fail for small primes, for it is an exercise
to compute that SLy(F3[t]/t?) has 24 conjugacy classes, while SLy(Z/8) has 30
conjugacy classes (see [18]) (these numbers can also be verified by computer).
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