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1 Introduction

The discovery of the accelerated expansion of the universe [1-8] prompted many attempts
to explain the phenomenon, caused by an unknown “dark energy”, using modifications to
Einstein’s theory of General Relativity [9]. These theories generally started with a specific
dark Lagrangian which was then investigated to test its compatibility with both dark



energy and other cosmological and solar system observations. Here we follow the method
of [9-17] and look at a class of dark Lagrangians, so that future experimental results can
immediately rule out a whole swathe of models without the need for further calculation.
We use the formalism introduced in [10-14] which draws on the “Post Parameterised
Friedmann” (PPF) approach described in [9, 15-17]. In these papers the Einstein-Hilbert
action is modified with a dark Lagrangian such that the modified action is written as

R

167G - /-:matter - ﬁd ) (1-1)

S / d4x\/?g[
and equations of state for dark sector perturbations are found for the entropy perturbation
and the anisotropic stress. The recent observation of a neutron star merger by LIGO [18]
severely constrained the speed of gravitational waves, and seemingly placed strict restric-
tions on many modified gravity theories. However, it was suggested in [19] that although
these theories predict the speed of gravitational waves to be different from that of light at
low energies, this may not necessarily be the case at the high energies seen in neutron star
mergers, due to the unknown UV completions of these theories.

We find the perturbed fluid variables when L9y = L2}(0rguv), in a similar way

o [12]. We then impose invariance under time reparameterisation and find the equations
of motion. We also find evolution equations for the equation of state parameter w and the
elastic bulk modulus. We find restrictions on w such that we can have a realistic (positive
and subluminal) sound speed. We find the perturbed fluid variables when we have imposed
spatial invariance, and we find the conditions under which the entropy is gauge invariant.

In this paper our main focus is on generalising all of these calculations for the case
where L9 is a function of the change in the time-like and spatial parts of the metric
separately, not necessarily packaged together as the spacetime metric.

Elastic dark energy (EDE) discussed in [12, 20] is a development of Carter-Quintana
relativistic elasticity theory [21-25]. These models describe the universe as a solid with
certain parameters which can be found by observations. By imposing time translational
invariance but not spatial invariance, we fulfill the conditions necessary for EDE.

As we are adding a dark energy term to the Einstein-Hilbert action (1.1), we can
decompose the stress energy tensor as T), = T} +T, ;ﬁdiation +T, Sﬁrk, i.e. we have added
a source term to the standard model stress energy tensor.

1.1 Decomposition of the metric

We impose spatial isotropy by foliating the four-dimensional (4D) space-time, as in [12, 26],
by three-dimensional (3D) sheets with a time-like unit vector, u, which is everywhere
orthogonal to the sheets. The 4D spacetime has metric g,,,, and the 3D sheets have spatial
metric v, = V(). The (3 + 1) decomposition of the 4D metric is

Guv = Vv — Up Uy, (1.2)
where u,, and v, are subject to the orthogonality and normality conditions:

uy =0, ufuy, = —1. (1.3)



Hence we can write the dark term in the stress-energy tensor in an isotropic spacetime as
T;uz = puyu Uy + P’Yul/a (1'4)

where p is the density of the universe due to this dark term and P is the pressure. The
pressure and density are related by P = wp, where w is the equation of state parameter.
From now on, when we write 7}, this will refer to the dark stress-energy tensor rather
than the overall energy momentum tensor.

2 Ly (5ng')

We will first look at the case L{9}(dg,.) before generalising to more generic Lagrangians.
For any Lagrangian which is a function only of perturbations of the metric and no deriva-
tives thereof, i.e. L{9y = L{21(6.9u ), then from [12], the most general quadratic Lagrangian
for dark sector perturbations is

1 1/4e%
Loy = éW” B619u01908, (2.1)

where 07,9, is the metric fluctuation under a perturbation and WHeB can be thought of
as a mass term for the perturbation, not to be confused with the Weyl tensor. From [13],
we can use the symmetries of the W tensor:

Wuuaﬁ = W(uu)(ocﬁ) = Waﬁuua (22)

to obtain the most general possible Wz,

W;u/a,@ = AWu,uuuuauB + Bw (u,uul/'}/oc,é’ + ’Vulluoéuﬁ) (2 3)

+ CWU(;L’YV)(&UB) + Dw Y Yap + EW’Y,u(a’YB)V'
2.1 Contractions of the Eulerian change in the energy-momentum tensor

The deformation vector, which represents possible coordinate changes [14],! has both time-
like parts and space-like parts

§u = —XUp + My (2.4)

We can find the various contractions of dgT#, by inserting the derivatives of the deforma-
tion vector. We use two different variational operators: 0y and dp, which are linked via
the Lie derivative along the diffeomorphism-generating vector & via

o =0p + Lg, (2.5)

where ¢, is the Lagrangian perturbation (in co-moving coordinates) and dg is the Eulerian
perturbation (points are fixed in spacetime). L¢ is the Lie derivative in the direction of £*,
a vector field representing possible coordinate transformations, so that the Lie derivative

acting on a given symmetric tensor field is L¢ X, = £*V X, +2X, Vaﬁ”). Note that

a(p

!The equations of motion of General Relativity are independent of £, but this is not necessarily true
for more general actions. We can decompose 8,9, as drguw = huw + 2V (&, [14].



Legyw = 2V (,&,). We are interested in the perturbed fluid equations, which are derived
from the Lagrangian for perturbations, denoted as L). In order to find the perturbed
fluid variables, we first need to find the Eulerian change in the stress-energy tensor, g 1" .
We will work in the synchronous gauge, where perturbations to the metric have spatial
components only

5Eg;w = 'Ya,uryﬁyhaﬁ» (2-6)

Working in the synchronous gauge (2.6), we vary (2.1) to obtain the contractions of the
stress energy tensor [12, 14]

: 1. o :
uuu’ 0T, = (p+K(Bw+p)) x— (Bw +p) (2h—|—Vam >—(p+AW)X, (2.7a)

1 _ 1 1
u’y? 0T, = <4CW +P> Vox— ZCWKJB"”,B+ <4C’W —,0> m’ +pK%,m®*, (2.7b)

1
V05T, = == (14 (3Dw + Ew + P) +3u"u’ (B = P) ) Spgas (2.7¢)
— [3u? (Bu = P) 4+ (3Dw + By + P)| Vags+3xP (2.7d)
. 1 ~ ~
V7" 5T = X2 P =5 ((Dw+ Py i+ (Bw —2P)ig)) (2.7¢)

+v7, [(P—Aw)X — (Dw + P) (Vam® — xK)]
(2P — Fy) [@(Ump) —mgKP O, — XKUP} ,

where we have defined “time” and “space” differentiation as the derivative operator pro-
jected along the time and space directions

1/} = U“vu¢7 ?;ﬂ/f = Pyyuvlﬂpa (28)
and where K = 3H, (where H is the Hubble parameter) is the trace of the extrinsic
curvature tensor K, = V,u,, which satisfies K, = K and u' K, = 0.

2.2 Perturbed fluid variables

The components of the perturbed energy-momentum tensor T, are written as
opT", = dpuru, + 2(p + P)v(“u,,) + o0P~y* , + PII*,, (2.9)

where v# is the perturbed dark sector velocity and PII#, is the anisotropic part of the
stress tensor, which is orthogonal and symmetric. We have dropped the subscript E on the
variation of the density and pressure. We can now compare (2.9) and the contractions of
the perturbed stress energy tensor (2.7), to obtain the perturbed fluid variables in terms



of the deformation vector (2.4), as described in [12, 14]

50 = (p+ K(Bw + ) x — (0+ Aw)x — (Bw + ) @h n vama) . (2.100)

1 1.
6P = (P — By)x — §(3DW + Ew + P) <2h + Vamo‘> (2.10b)
1 .
+ [3(3Dw + Ew + P)K + P] X
C . C _

(p+ P’ = <p - f) i’ — (P + Z’) VY, (2.10¢)

o le = (o 1 o L, =«
PN, = (2P = Ew) |55 + V) = 297, ( 5h+ Voma | |, (2.10d)

where we have defined PII*, = (7“670‘1, — %fyo‘ﬂyﬂy) SeT?,.

2.3 Invariance under time reparameterisation

We now want to discover what constraints invariance under changes in time imposes. This
is helpful for [12, 20] because applying time translational reparameterisation invariance but
not spatial reparameterisation invariance leads to elastic dark energy. Hence we set the
coefficients of x, x and V7 in (2.10) to zero and therefore obtain

p+3H(P+p) =0,
P+ (P+3Dw + Ew)H = 0. (2.11)

This gives the conservation equation and an equation for the evolution of pressure with
time. We can rewrite the perturbed fluid variables (2.10) as

1.
6p = —(P+p) (2h + Va§a> , (2.12a)
1.
orP =-p (2h + Va§°‘> ) (2.12b)
v’ = £°, (2.12¢)
o 1 70 = (o 1 o 1. v
and the pressure evolution as
P +3B8H =0, (2.13)
where we have defined
1 1
f = 3P+ Dw + s Ew, (2.14a)
1
w=PrP— §EW, (2.14b)

as parameters that can be determined by experiment. [ and p correspond to the elastic
bulk modulus and the elastic shear modulus, respectively [12, 20].



So far, we have summarised previous work. However, as an aside we note that it is
possible to place constraints on the parameters using observational data. In [27], it was
noted that it might be possible to place constraints on the parameters of the elastic dark
energy model, referred to as Time Diffeomorphism Invariant (TDI) models in their paper.
The authors used observational data on cosmic shear and CMB lensing which would give
constraints for any given value of w, unless w ~ —1, as a wide. Unfortunately, recent
Planck data has shown that w ~ —1, so these constraint do not apply.

In appendix A, using 2018 Planck data [28], we find a constraint of —0.004 < § <
0.106 if we assume that the equation of state parameter w of the Lagrangian (2.1), where
P = wp, is constant. If we assume that w # —1 exactly, then we also find constraints of
—0.0477 < [1 < 0.0599, where we have defined i = u/p. However,the assumption that we
do not have a phantom equation of state, i.e. we require w > —1, gives 0 < 1 < 0.0599.

3 £{2}(6Luu7 6[,’)’,“/)

In the previous section, we summarised the derivation of the perturbed fluid variables for
theories where the second variation of the Lagrangian depends only on the change in the
metric [12] and found new constraints on the values of the elasticity and rigidity parameters.
We now move on to extend this work to more general Lagrangians.

If we take the second variation of the Lagrangian as a function only of the change in
the time and spatial parts of the metric separately

L2y = L2y Orup, 0r7um) (3.1)
then the most general possible quadratic Lagrangian which is a function of dpu,, and d17,,
is

1 1 1
Loy =gX MO S L YO L Ve + gV oLuwudruy + 2 QM 0L uudr e, (3:2)

where

xHmaB — xw)(ef) —_ yabuw — yur _yw)  gua _ ouve), (3.3)

Using the identities [20]

1
orut = iu“uo‘uﬁéLgag,

1
5L7uu = 6Lg;u/ + 2U(M ('Yay) - QUV)ua> uﬁéLgaﬁa (3'4)
it is possible to write (3.2) as
Loy = (W)/éuaﬂ + el WgVa5> 01.9089LYpm (3.5)



where upon comparing (3.2) with (2.1), we can see that the components of WP =
WP o 4 Wy 2" ng X are

W;{pw\ _ %quaﬁ {2 (5(0M5P)V6(¢a6)\)/8 + 5(45#5’\)1/5(0045/))6) + 4w, H? ) (3.6a)

x 60000N 5 + du(o H 5,6 167, + dug, HOP pyuo H 5)| . (3.6b)

WP — iyuu [H@\”Hapy I Hd”\,,H"pu} : (3.6¢)

ng(;»‘ — 9 (5(0#5/))” + U(MHJPV)) H,, (3.6d)
where we have defined

H, = <'y/(f‘ - ;uuu(o‘> u?). (3.7)

Eq. (3.5) is a very important result — we can rewrite any Lagrangian dependent on the
variation of the spatial part of the metric and the time-like part of the metric separately
into one dependent on only the variation of the full metric.

In the rest of this section, we will explore how we can use the method of section 2 to
find the perturbations of a Lagrangian of the form (2) without any new calculations.

3.1 Decomposition of the X,Y and @ tensors

The most general tensors that satisfy the necessary symmetries (3.3) are:
xXHveB — Avufutu®u® + By (u“u”’yo‘ﬁ + fy’“’uo‘u5> + 4CxutA) @) (3.8a)

1
+Dxy" 7 + S Exy 0y,
Y = Ayufu” + By~ (3.8b)
e — Agufulu® + Boutyr® + 2CoulVyH, 3.8¢c
Q Q Q

3.2 The specific W tensor for L(druu, 61 vuw)

Collecting like terms, we obtain
WOoPPA — W;pdv\ + W;;pqﬁ)\ + ngﬁ)\
= (;AX + éAy + ;AQ) wuPu®u + By (uaup’y(ﬁ’\ + vapu‘i’uA) (3.9)
+ <8C’X + %By + Bg + 2CQ> w@yP) Oy 4 2D 7PN 4 ExyPlOnP,
Comparing to (2.3), we find

1 1 1
Aw = EAX + Ay + iAQ’

8
Bw = By,
Ow = 8Cx + %By + Bo +2C0.
Dw = Dx,
Ew = Ex. (3.10)



3.3 Invariance under time reparameterisation

We repeat our calculations from earlier, where we fixed our equations to be the same under
a change in time and we obtained (2.13).
Plugging in the values from (3.10), we find an equation for the evolution of the pressure

P=—(P+3Dx + Ex)H = —38,H, (3.11)

where 8y = & (P4 3Dx + Ex). We also find that the coefficients of the W tensor become

1 1 1
Aw = A —-A —Ag =
w 5 X+8 Y+2 Q Ps

Bw = By = P,

Cw = 8Cx + %By + Bg +20g = —P,

Dw = Dx,

Ew = Ex. (3.12)

Next we will examine the specific cases where the Lagrangian depends only on the variation
of either the time or the spatial part of the metric.

3.3.1 5{2}(5Luu)

First, if we make L9y a function of dpu, only, i.e. Loy is dependent only on the change
in the time part of the metric, we obtain Wx = Wy = 0, in which case 8 = P = 0, and
using (2.14b) we can then rewrite the perturbed fluid variables from (2.12)

1.
op=—p <2h + VQ§O‘> , (3.13a)
5P = 0, (3.13b)
(1+wp” = ¢, (3.13¢)
PII’, = 0. (3.13d)

We find that the equation of state parameter is
w=1w=0. (3.14)

Using constraints from Planck [28] which show w ~ —1, we can therefore rule out this case.
While this case might intuitively seem unlikely,? we have completely ruled it out without
having to examine any specific model. This shows the power of our parameterisation
method.

2The lack of spatial dependence means that the dark energy Lagrangian is described by a pressureless
fluid.



3.3.2 [:{2}((5[,’7’“,)

If we make £ a function of 67,7y, only, i.e. £ is dependent only on the change in the spatial
part of the metric, we get Wy = Wg = 0, which means

1
AW = §AX = P,

Bw = Bx = P,

Cw =8Cx = —P, (3'15)
Dw = Dy,

Ew = Ex,

and )
P=—-(P+3Dx+Ex)H

- (3.16)

where we have defined 8, = % (P + 3Dx + Ex). For L9y (01 vw) the evolution equation
for w (A.2) remains the same but with 5 now depending on Dx and Ex rather than D
and F', which lead to the same result if we use (3.15).

3.3.3 Summary of Ly23(drup, L)

The analysis of section 3 shows that the effect of the metric split is simply to change the
coefficients as shown in (3.10).

If we have mandated time reparameterisation invariance by decoupling , then the
only relevant contribution to 8 and g come from the spatial part of the metric v,,, i.e.
only the first term in (3.2) has any effect on the system.

3.4 Comparison with elastic dark energy theories

We can compare to [20] to find the properties of the dark energy material, as this Lagrangian
can be described using elastic dark energy.

We perform a scalar-vector-tensor (SVT) decomposition, where we decompose the
perturbation to the metric h;; as [29]

1
Shis = HEQj + HPQyy + HY Qf + H' Qjj, (3.17)
where one can decompose a spatial tensor field as

nijvivaS,V,T _ —k2QS’V’T7 (318)

scalars can be constructed from vectors and tensors as [30]
1
ViQ% = —kQ7,  V,V;Q° + ngijS =Q3, (3.19)
and vectors can be constructed from tensors as

ViQj) = —kQ; (3.20)

75



with the requirement that QZV

which is defined by

b lei = QiTi = 0. We now find the entropy perturbation,

wl = <5P - dP) 5., (3.21)

The entropy perturbation and scalar anisotropic stress are given by

wl = 0,
Wil = 2[5 - 31+ w)y), (3.22)
p+P
where we have defined 6 = %’, and n = — (H; + $H7). This is the same result as [20]

finds when looking at elastic mediums.

4 Tensor-metric theories

So far, we have looked at theories where Loy = L2)(6gu,0fu). In this section, we
now apply our analysis to theories where the dark Lagrangian is a function of both the
variation of the metric g, and of an unspecified non-dynamical symmetric rank-2 tensor
fuv 31, 32].3

If Loy = L423(0guw» 0 fur), then the most general quadratic Lagrangian we can have is

1 1 1
Loy = gA“”aﬁéngéLgaﬁ + zBWO"B 6L 0L fap + gOWQ%LfW%faﬂ (4.1)
The tensors obey the following symmetries

ArvaB — A(m)(@B) — gobuv  puvaf _ pu)(eB)  cwwal — cleB)w) (4.9)

The decomposition of these tensors, called “coupling tensors” because they prescribe how
the fields combine in the Lagrangian, is

APOB — A uluutu® + By <uuuv7aﬁ " unau@ + A0 ulPy) ey f)

_'_DXP}/MV,YOCﬁ + 2EX,YM(0475)V’ (43&)
BB = Ayufututu® + Byutul v + 4Cyultyr) (@ p)
+Dy B 4 2By OB o o (4.3b)

Ccrel — A ututu®u® + By (u“u”fyo"g + ’y“”uo‘uﬁ) + 4CZu(“’y”)(au5)

+DZ,_)/MV7055 + QEZPYN(O%Y/B)V' (430)

3Tt should be noted that at this point there are no derivatives of fuv in the action and therefore no
kinetic term for f,.,. We could choose a form of f,, that includes derivatives of a vector field or a scalar,
and therefore generates a kinetic term.

,10,



4.1 Equations of motion

We use (4.3) to find

1 1
0T", = —3 (Bxu'u, + Dxy", +T%)) h = Exh, — 5B%O‘%g
1
- <vaT#,, — §B”,,"5Va fgg) £« (4.4)
+ (QTO‘(“gﬂV) _ B“l,mfﬂa _ Auyaﬁ _ Tﬂyga5> Vs

where we have defined £, = 0 f...

We find the perturbed fluid variables by assuming the unperturbed tensor f,, is ho-
mogenous, i.e. Vg fur =0, as chosen in [33], recalling the definition of “space” differentia-
tion V¢ = 7", Vi from (2.8)

1 — 1
§p = —(Bx +p) <2h+V°‘ma> -3 (Bwaﬂ +Ayuauﬁ) ks

oL, a
+ [p+2f ? (Byvas+ Ayuaug) + By f 'BKaBHPJFBX)K}X

—(Ax+ Ay fP juug+p) X — f*° By Vamsg, (4.5a)
(p+P)* = (p—Cx)m* — (P+Cx — Cyuusf’, )V x
—cy{y*%ﬁ)kaﬁ +A B g —mg fﬁ"KAJ}, (4.5b)
1 1 - 1 1
0P = 2 (3Dx +P+2Ex) <2h+V’6m5> - <2Byuauﬁ+6(3Dy+2Ey)7aﬁ> kop
1 = .
—foB §(3DY +2Ey )Vams+ (P — Bx + By fPuqug)x
L1 1
+[P+3(P+3DX—|—2EX)K—|—3(3Dy+2Ey)fa6Kaﬂ
1 s (1
—§f 3 (3Dy +2Ey ) Yo+ Ayuqug | | X, (4.5¢)
1 — 1 1 -
PIy = 2(P=2Ex) | 5h*x+V¥my = 59  5h+Vam (4.5d)

1 = LV
~Ey [ <’yp(°‘75)A - 37”w°‘ﬁ> kag +2f° (%ﬁ”vx)mﬁ - —37"Avam6> } :

Assuming time reparameterisation invariance gives

1 - 1 _
op = —(Ax +p) (2h+v°‘§a> -5 (Bm“ﬁ +Ayuauﬁ) kap — By PV &5, (4.6a)

(p+P)* = (p=Cx)E = Cy [P CuPkag+ 1 (1 ods— K as) | (4.6b)

— 11 —



oP

PII?)

1
3

1 _
—gfaﬂ(?)DY +2Ey)vafﬁ,

~P Ay

and we obtain evolution equations for P and p

1 _ 1 1 —
Q(P—QE)() |:2hp)\+v(p§)\) — g’}/p)\ <2h+Va£a>:|

1
_EY{ (Vp(a,yﬁ)/\ —

. 1.
p= —gfaﬁ (ByYag + Ayuaqug) — By f*’Kos — (p+ Bx)K,

. 1
P = §(3Dy + 2Ey)

1 : 1
P Kap + §(Dy7a5 — Byugug) f*? — g(P +3Dx + 2Ex)K.

5 No preferred direction in the coupling tensors

5.1 Preferred direction

1 _ 1 1
(3DX +P+2Ex) <2h+V5£5> — <23yuauﬁ+6(3Dy+2Ey)’yaﬁ> k‘ag

(4.6¢)

_ 1
) kaﬁ"‘zfaﬁ (’Ya(pV,\)§ﬁ - 3’Yp>\va§ﬁ) }, (4.6d)

(4.7)

Using u,, and v, in the decomposition of the coupling tensors means that we have chosen

a preferred direction for the Lagrangian. If we assume there is no preferred direction and

only the full metric is seen in the coupling tensors, then (4.3) becomes

AnvaB _ AAgWgaﬁ + 2BAga(“g”)5,
BHvaB _ ABgWgocB + 2BBga(NgV)/B,
e Acgwgaﬁ + 2Bcga(“g”)5.

In order to obtain (5.1a) we must set the coefficients in (4.3) as follows

Ax = Aax+ 2By

By = —Aa
Cx = —Bay
Dx = Az
Ex = Ba

Ay = Ap+2Bp

By = —Ag
Cy = —Bp
Dy = Ap
Ey = Bp
Fy = —Ap

5.2 The perturbed fluid variables

Ay = Ao +2B¢

By = —Ac
Cz = —Bc
Dy = Ac
Ez = Bc

(5.1a)
(5.1b)
(5.1c)

(5.2)

When we use the coupling tensors (5.2), then we find that the perturbed fluid variables

when y is decoupled are

— 12 —

1 — 1 1
dp=(Aa—p) <2h+va§a> +Ap <faﬁva§5—|—2k:> —gBBkO‘BUQUg,

(5.3a)



(p+P)o’ = By [u”fy"uk%%—BB (yffu FrOEs— faﬁK"aég)} +(Batp)ée, (5.3b)
1

3

1 1 — 1
5P = — <3 (2Ba+P+3A,4) <2h+va5a> +5Apk+

Bny”uk“V> (5.3¢)
1 afE
—§(3AB+ZBB)f Vs,
1 — 1 1 _
PII?\ = 2(P—2By) <2h"A+V(pQ) - g’}/p,\ <2h+vafa>> (5.3d)
v 1 v « v 1 v
—2Bp |:7p;[y )\kuu - g')/ uk“V’YpA+2f p <’7a()\vp)§ﬁ_ 37p>\vafﬂ):| )

and we can write the evolution equations (4.7) as

. o 1. -
p = Ap(f BKa,8+§f)—BBf Puqug+(As—p)K (5.4a)

. 1 . .
P=—z (2(P+3AA+QBA)K+3AB <f+2f°‘f3Ka5) +2Bp (faﬁ’yag—l—Qfa’BKag)). (5.4b)

6 Choosing a form for f,,

6.1 Conformal and disformal choices

An obvious choice for f,, is

Juw = Apdgu + BV 6V, ¢ (6.1)

where Ay and By are constants and ¢ is a scalar field. However, because this means that
the variation of f,, contains the variation of the metric, we must modify (4.1). In fact,
this choice means that (4.1) can be rewritten as the second variation of a Lagrangian of

the form L 9)(60 Lguw, 616, V,uoL), i.e.

1
Loy = A(re)” + B 616V,i016 + 5C"V 810V, 01¢

1 1
+Z ya“VVQCSch)(SLgW + V#V(SLQS(;LQ/W + §W'Lwa65Lg,ul/5Lga6 y (6'2)

which was studied in [13]. The terms on the second line of (6.2) could be possibly be
generated by “Beyond Horndeski” theories [34, 35]. The Beyond Horndeski theories contain
terms in a specific combination to avoid the Ostrogradski instability, which would place
constraints on the couplings A, B* and C*".

6.2 Flat reference metric

Another choice is a flat reference metric, i.e. f,, = 7, although this choice does not
simplify our perturbed fluid variables greatly while we are still using the generalised la-
grangian (4.1).
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7 Summary of results

In this paper, we have

e summarised the calculations given in [14] for the perturbed fluid variables for a general
dark Lagrangian of the form Ly, = L93(01g,w) by working in the synchronous
gauge and in the perfectly elastic case, both with and without the imposition of time
reparameterisation invariance

e obtained new constraints on the values of w and p for a realistic sound speed under
various conditions, using data from the Planck satellite

e rewritten the perturbed fluid variables for general dark Lagrangians of the form
Loy = Lioy(0rvw Orup), Lioy = L2y (6puy) and Loy = L9y (dL7yu) both in general

and when time reparameterisation invariance is imposed

e obtained new evolution equations for P and w for these new Lagrangians and repeated
these calculations for tensor-metric theories where L9y = L19(019uw, 0L fpuv), using
either a time-spatial metric split in the coupling tensors or using only the full metric

e found new evolution equations for p and P and rewritten the perturbed fluid variables
in these theories

There are many different modified gravity theories which attempt to explain the accel-
erated expansion of the universe. By parameterising theories based on the second variation
of the Lagrangian, we were able to develop a framework which can very quickly rule out
various theories, and indeed we can rule out any theory which is purely a function of the
variation of the time part of the metric. Our method could be used both in future models
of massive gravity or to rule out large classes of theories when new observational results
are found.

We have examined the connections between these theories and elastic dark energy. For
our first case, the elastic dark energy framework can be straightforwardly used. We also
placed constraints on the parameters of elastic dark energy using Planck results. Future
work could examine whether other dark energy models can use this framework.
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A  Evolution of w

We want to find an evolution equation for w, the equation of state parameter where P = wp.
Using the conservation equation, (2.11) and (2.13), and defining

G

SRAS

, (A.1)

— 14 —



we obtain

w:3hﬂ+w%ﬁﬂH, (A.2)

which notably does not depend on p. Hence w is constant if

B=wl+w), (A.3)

1 1 / A

gives a stable universe. Using 2018 Planck data [28], the 68% constraint on w is w =
—1.028 + 0.032 which in turn gives a constraint of —0.004 < § < 0.106.

and so

A.1 Sound speed

The sound speed for elastic dark energy is given by [20]

SN

o _B+3i
14w

Cs

: (A.5)

where /i = %. Using (A.3), and in order that the sound speed fulfills 0 < ¢;? < 1, i.e. is
real and sub-luminal, then for constant w we must have

(1 - w?). (A.6)

B o

3

If we set i = 0 = w, then (A.6) gives that either w = —1 exactly, or
0<w<, (A7)

which leads to a contradiction with the acceleration of the universe, as acceleration requires
w < —%. This means that either w = —1 or a stable universe with zero shear modulus
cannot support acceleration of the universe and we therefore require a non-zero p. Using
the 2018 Planck data [28] together with (A.6) gives us constraints of —0.0477 < i < 0.0599.
However,the assumption that we do not have a phantom equation of state, i.e. we require

w > —1, gives 0 < 1 < 0.0599.
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