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ABSTRACT The integration of radar and communications systems can provide great advantages, such as
enhanced efficiency, structure simplification, less occupied hardware resources, and interference mitiga-
tion, compared with traditional individual radar and communications applications. Extensive studies have
presented achieving improved system performance, whereas the problem of low probability of intercept
(LPI)-based waveform design for the integrated system is seldom discussed in the literature. In this paper,
an LPI-based optimal orthogonal frequency multiplexing modulation (OFDM) waveform design strategy
is developed for an integrated radar and communications system (IRCS). The dedicated transmitter in this
system transmits integrated OFDM waveform for simultaneously target parameter estimation and downlink
communications. The basis of the underlying strategy is to employ the optimization technique to design the
integrated OFDM waveform of IRCS in order to minimize the total radiated power, while satisfying the
specified requirements of target parameter estimation and data information rate. We analytically show that
the resulting optimization problem is convex and can be solved by formulating the Karush–Kuhn–Tuckers
optimality conditions. Numerical simulation results demonstrate that our proposed strategy can solve the
waveform design problem in the IRCS with low complexity, and the LPI performance of the IRCS can
efficiently be enhanced by utilizing the proposed integrated OFDM waveform design strategy.

INDEX TERMS Integrated radar and communications system (IRCS), low probability of intercept (LPI),
conditional mutual information (MI), orthogonal frequency multiplexing modulation (OFDM),
waveform design.

I. INTRODUCTION
A. BACKGROUND AND MOTIVATION
Radar sensing and wireless communications are two of
the most prominent functions based on similar radio fre-
quency (RF) phenomena, which have previously been devel-
oped as two separate entities [1]. The typical goal of a
radar system is to detect, localize, and track enemy targets,
whereas the goal of a communications system is to broad-
cast information from a source to a user and enhance its
reliability [2]. However, due to the dramatical increase of

the commercial wireless communications, the problem of
RF spectrum congestion has received great consideration in
recent years. It is reported that the number of RF devices
will jump to more than 20 billion by the year of 2020 [3].
In particular, the spectrum sharing between radar and com-
munications has been the focus of intensive studies [3]–[16].
Hence, the spectral coexistence of radar and communications
is capable of not only easing competition over bandwidth,
but also improving spectral efficiency of cognitive radio
devices.
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In [9], a novel cooperative strategy for the spectral
coexistence of a multiple-input multiple-output (MIMO)
communication system and a matrix completion based col-
located MIMO radar is proposed. The primary objective of
this work is to maximize the radar signal-to-interference-
plus-noise ratio (SINR) by jointly optimizing the radar
transmit precoder, the radar subsampling method, and the
communication transmit covariance matrix, while satisfy-
ing specified communication rate and power resource con-
straints. In [10], Liu et al. formulate two optimization-based
beamforming algorithms for MIMO radar and downlink
multi-user multiple-input single-output (MU-MISO) com-
munication coexistence, and the multi-user interference is
employed to improve the communication performance and
relax the constraints in the resulting problems. Further-
more, the problem of waveform design is also known as the
research hotpot in spectrum sharing. Since the orthogonal
frequency division multiplexing (OFDM) waveform is one
of the best candidates for both radar sensing and communi-
cations applications, Bica et al. present several OFDM-based
radar waveform design algorithms in spectral sharing envi-
ronments [11]–[13]. As an extension, Shi et al. [14] develop
the power minimization-based robust OFDM radar waveform
design for radar and communication systems in coexistence.
Three different waveform design criteria are proposed tomin-
imize the worst-case power consumption of radar by optimiz-
ing the transmitted OFDM radar waveforms, which are con-
strained by a desired mutual information (MI) requirement
for target characterization and a minimum channel capacity
for communication transferring. The above criteria differ in
the way the communication signals scattered off the target
are considered as useful energy, as interference, or ignored
altogether. Moreover, reference [15] addresses the problem
of spectrally compatible waveform design for MIMO radar
in the presence of multiple targets and signal-dependent inter-
ference, which minimizes the waveform energy of the over-
layed space-frequency bands under constraints of waveform
similarity and individual SINR requirements. It is also shown
that the proposed method can offer good robustness against
large interference uncertainties. Qian et al. [16] investigate
the joint design of the transmit waveform for MIMO radar
system and the transmit covariance matrix for MIMO wire-
less communication system.

Although the above research provides us a guidance to
tackle with the problem of spectral coexistence of radar and
communications, it should be pointed out that for support-
ing spectrum sharing, radar and wireless communications
devices are essentially required to exchange side-information,
such as channel state information, communication modula-
tion format, radar transmitted waveforms, to achieve a ben-
eficial cooperation [3]. In contrast to the spectrum sharing
strategies, a much more favorable technique is to integrate
the radar sensing and communications applications, where
the above problem does not exist. The integrated radar and
communications system (IRCS) can share the same hardware
resources with the high similarity of transceiver structures,

while the related processing is also needed in signal gen-
eration and separation. There is no doubt that the IRCS is
able to provide several advantages in cost reduction, structure
simplification, mitigation electromagnetic interference, etc.

B. RELATED LITERATURE REVIEW
Generally speaking, the IRCS can remarkably enhance
the work efficiency of the entire system, and thus it has
attracted significant interests from academic researchers.
Paul et al. [17] give us a point of departure for future
researchers that may be needed to solve the problem of
spectral congestion by presenting the topologies, levels of
system integration, and outlines of future systems. Later, they
define the achievable inner bounds on performance of coexis-
tence between radar and communications systems [18], [19],
in which the corresponding bounds are measured in terms
of radar estimation information rate for the radar and data
information rate for communications. In [20], Schrrenbroich
and Zatman formulate a joint radar-communications resource
management framework, which integrates the radar and com-
munications functions into a single shared-spectrum system.
In [21], the radar MI and communication channel capac-
ity of an IRCS utilizing MIMO antennas are analyzed, and
the effects of signal-to-noise ratio (SNR) and the number
of antennas on the MI and capacity are revealed respec-
tively. Liu et al. [22] propose an IRCS with MIMO-OFDM
waveform, wherein the different limitations of radar and
communications in designing such a system is studied. The
problem of adaptive OFDM IRCS waveform design based
on information theory is investigated in [23]. Under the
constraint on the total transmit power, the resulting prob-
lem is formulated to simultaneously optimize the conditional
MI for radar and data information rate for communications.
Besides, the multi-objective optimal waveform design for
OFDM IRCS is devised in [24], and two different wave-
form design schemes are proposed to simultaneously enhance
the estimation accuracy of range and velocity in radar and
the channel capacity in communications. Huang et al. [25]
presents a phased array radar-based channel modeling and
sparse channel estimation for an IRCS. Also, to minimize the
information security risk, Chalise and Amin [26] formulate
a unified radar and communications system, where the SINR
at the radar receiver is maximized while guaranteeing that the
information secrecy rate is above a specified threshold. The
transmissions of radar waveforms and information signals are
scheduled with the disjoint and with the same set of resources
are both considered.

Nevertheless, the vast majority of existing studies formu-
lates various optimization strategies to enhance the system
efficiency of IRCS, without paying much attention to the
problem of low probability of interception. In a realistic
scenario, low probability of intercept (LPI) performance opti-
mization is a crucial part of military operations in hostile
environments [27]–[32]. In such a case, controlling trans-
mit resources that are required to fulfill the predetermined
task is a critical issue. To this end, minimizing the radiated
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power, enlarging revisit interval, and exploiting waveform
agility could result in better LPI performance of the entire
system [14]. To the best of our knowledge, although the
integration of radar and communications functions is a fast
emerging research field, there is no previous work regard-
ing the problem of LPI-based optimal OFDM waveform
design for an IRCS in the literature. The urgent need for
LPI optimization in the integrated system should be further
emphasized, which is due to the fact that more transmitted
power might lead to electronic or physical attacks in modern
battlefield. Therefore, in this work, we will extend the results
in [14] and [23] and propose an LPI-based optimal OFDM
waveform design strategy for IRCS. These aspects render
this mathematical optimization model attractive for offence
applications, where the loader of the system needs to achieve
LPI performance.

C. MAJOR CONTRIBUTIONS
Overall speaking, this paper concentrates on how to design
the optimal integratedOFDMwaveform for LPI purpose. Our
previous study in [14] was the first to propose the power
minimization-based robust OFDM radar waveform design
algorithm for radar and communication systems in coexis-
tence. However, there were some differences and limitations
in [14] that are overcome in this work. Firstly, the radar and
communications systems were designed in different manners.
They were not deployed from the same platform. Secondly,
the radar and communication systems transmitted different
OFDM signals in the same frequency band, which caused too
much inter-system interference to each other. Thirdly, it did
not provide a theoretical insight into the LPI performance of
the system. Our current study overcomes these limitations
and provides a further in-depth analysis of the IRCS. For
clarity, themajor contributions of this paper are the following:

1) An LPI-based optimal OFDM waveform design strat-
egy is developed for IRCS, and then formulated as an
optimization problem. Mathematically speaking, the
integrated OFDM waveform design strategy is built to
minimize an objective function about the total transmit-
ted power of IRCS, while satisfying the predetermined
requirements of target parameter estimation and data
information rate. To gauge the estimation accuracy of
the target impulse response, it is common to employ the
well-known conditional MI [23]. For communications,
the data information rate is an important performance
metric. As such, the basis of this paper is to optimally
design the integratedOFDMwaveform,which can result
in the LPI performance enhancement.

2) We strictly demonstrate that the proposed OFDM wave-
form design strategy can be reformulated as a convex
optimization problem. It is assumed that the precise
knowledge of the power spectral densities (PSDs) of tar-
get and colored noise is available. Then, by calculating
the second derivative of the constraint function, we ana-
lytically prove that the resulting optimization problem is
convex. In addition, we also show that the first derivative

of the constraint is a monotonic function, which is able
to simplify the later solution procedure [29].

3) We present an efficient solution procedure based on
the Karush-Kuhn-Tuckers (KKT) optimality conditions
to deal with the underlying convex optimization prob-
lem. It is introduced in [27], [33], and [34] that the
KKT conditions can be applied to give a set of suffi-
cient conditions for the optimal solution to the proposed
integrated OFDM waveform design strategy due to its
property of convex. By deriving the KKT conditions,
the convex optimization problem can be transformed
into a nonlinear equation solving problem, which can
further be solved through the well-known bisection
search approach.

4) Several numerical examples are provided to demonstrate
the effectiveness of the proposed LPI-based OFDM
waveform design strategy.More specifically, more trans-
mit power is allocated to the subcarriers which have
larger target PSD and suffer less noise power. Moreover,
it is also illustrated that the LPI performance of the IRCS
can efficiently be enhanced by exploiting the proposed
integrated OFDM waveform design scheme.

D. ORGANIZATION AND NOTATION
The rest of this paper is organized as follows: Section II
describes the integrated signal model. The LPI-based optimal
OFDM waveform design strategy is developed for an IRCS
in Section III. In Section III-A, the basis of the underlying
waveform design strategy is introduced. Then, the mathe-
matical optimization framework of the LPI-based integrated
OFDM waveform design strategy is built in Section III-B.
In Section III-C, the resulting convex optimization problem
is solved by the KKT optimality conditions. The numeri-
cal results and discussions upon the results are provided in
Section IV. Finally, the conclusions of the paper can be found
in Section V.

The following notations are adopted. Throughout the
paper, a denotes a scalar, a denotes a column vector, and A
denotes a matrix. We denote the nth element of a vector a by
an. a(t) is the continuous time domain signal, and A[n] is the
frequency domain representation of a discrete sample. The
superscripts (·)T represents the transpose, and the superscript
(·)∗ indicates the optimality.

II. INTEGRATED SIGNAL MODEL
This section formulates the integrated signal model and
presents system parameters used in the following. Let us
consider an IRCS as illustrated through the block diagram
of Figure 1. The integrated system is capable of supporting
both radar and communications functions. In the scenario
under consideration, the dedicated transmitter simultaneously
radiates OFDM waveform to the hostile target and downlink
user. In this work, we assume that the channels are stationary
over the observation period. At the downlink communications
user, it is also assumed that the transmitted signal scattered
off the target is much weaker than that coming through the
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FIGURE 1. Illustration of the IRCS model.

communications channel, and can be ignored for simplicity.
The aim of the IRCS here is to minimize the total radiated
power of the underlying system by optimally designing the
OFDM waveform, which is constrained by a predetermined
MI requirement for target characterization, a specified data
information rate for downlink user, and a maximum transmit
power in each subcarrier.

For an IRCS, the transmitted integrated OFDM waveform
src(t) with Mc subcarriers can be expressed as [14]:

src(t) =
1
√
Mc

Mc−1∑
n=0

anej2π (fo+n1f )t , (1)

where an is the amplitude of the nth subcarrier of OFDM
waveform, fo is the carrier frequency, and 1f represents the
subcarrier spacing. The matrix formulation for the discrete
time version of (1) can be written as [13]:

Src =WMcA, (2)

whereWMc is aMc×Mc-dimensional inverse discrete Fourier
transform (IDFT) matrix

WMc=
1
√
Mc



1 1 · · · 1
1 WMc · · · WMc−1

Mc

1 W 2
Mc

· · · W 2(Mc−1)
Mc

...
...

. . .
...

1 WMc−1
Mc

· · · W (Mc−1)(Mc−1)
Mc

 (3)

with WMc = ej2π/Mc . A = [a0, a1, · · · , aMc−1]
T is a Mc × 1

vector that contains the weights of all subcarriers.
Then, the received signal at the receiver of IRCS can be

described as:

r(t) = src(t) ∗ g(t)+ v(t)

=

∫
∞

−∞

g(τ )src(t − τ )+ v(t), (4)

where r(t) represents the received signal at the receiver of
IRCS, g(t) denotes the impulse response of an extended
target, τ is the time delay of the target, and v(t) is the additive
colored noise with known variance.

Remark 1: It should be highlighted that the all-cell Doppler
correction (ACDC) scheme is utilized to enable an inter-
carrier-interference (ICI) free processing for the integrated
OFDM systems.With the method proposed in [35], the cyclic
prefix can be omitted. As such, it is a significantly valuable
feature for both radar and communications applications.

In what follows, we formulate the LPI-based optimal
OFDM waveform optimization problem that minimize the
total transmitted power of IRCS subject target parameter
estimation and data information rate constraints.

III. PROBLEM FORMULATION
A. BASIS OF THE TECHNIQUE
Mathematically, the LPI-based optimal OFDM waveform
design strategy for an IRCS can be described as a problem
of minimizing a cost function about the total radiated power,
while satisfying a predefined target characterization perfor-
mance and a specified data information rate. In this paper,
the adaptable parameter is the integrated OFDM waveform.
The conditional MI can be utilized as an appropriate metric
to evaluate the estimation performance of the target impulse
response, and the data information rate is adopted as an
important performance metric for communications. We are
then in a position to design the integrated OFDM waveform
in order to achieve better LPI performance for the IRCS. The
general LPI-based optimal OFDM waveform design strategy
can be detailed as follows.

B. LPI-BASED INTEGRATED OFDM
WAVEFORM DESIGN STRATEGY
The conditional MI enables one to evaluate the estimation
accuracy of the extended target impulse response, which can
be utilized as an appropriate metric for radar target characteri-
zation. Previously, the analytical expression ofMI has already
been derived in [23]. Thus, the conditioned MI for IRCS can
be written as [14] and [23]:

I(r(t); g(t)|src(t))

=

Mc−1∑
n=0

log
(
1+
|A[n]|2|Hrc[n]|2Lrc[n]

σ 2
v [n]

)
, (5)

where Mc is the number of sucarriers, A[n] is the amplitude
of the integrated waveform in the nth subcarrier in frequency
domain, |A[n]|2 denotes the power of the integratedwaveform
in the nth subcarrier, Hrc[n] denotes the target spectrum for
the surveillance channel in the nth subcarrier, σ 2

v [n] repre-
sents the power of the colored noise in the nth subcarrier,
and Lrc[n] represents the propagation loss of the surveillance
channel in the nth subcarrier:

Lrc[n] =
GtGrλ

2
n

(4π )3R4rc
, (6)

where Gt is the transmitting antenna gain of the IRCS, Gr is
the receiving antenna gain of the IRCS, λn is the wavelength
in the nth subcarrier, and Rrc denotes the distance between
the IRCS and the target. In this scenario, it is assumed
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that the exact knowledge of the PSDs of target and colored
noise is available. Herein, it is noteworthy that the term
|Hr [n]|2Lr [n]/σ 2

v [n] in (5) can be regarded as the signal-to-
noise ratio (SNR) in the nth subcarrier.
It is implied in [14] and [23] that the data information rate

is an important performance metric for wireless communica-
tions. Particularly, in the frequency selective fading channel,
the data information rate can be improved by optimally allo-
cating thewaveform power in each subcarrier. Hence, the data
information rate in the nth subcarrier can be expressed by:

Ct[n] = log
(
1+
|A[n]|2Lc[n]
σ 2
v [n]

)
, (7)

where Lc[n] denotes the propagation loss of the communica-
tions channel:

Lc[n] =
G2
sλ

2
n

(4π )2R2c
, (8)

where Gs is the transmitting/receiving antenna gain of the
communication channel, and Rc is the distance between the
IRCS and the downlink user. Similarly, the term Lc[n]/σ 2

v [n]
in (7) can be interpreted as the SNR in the nth subcarrier.
According to (5) and (7), one can notice that the target

estimation accuracy and data information rate are related to
many parameters. The adaptable parameter that is considered
in this paper is the integrated OFDM waveform |A[n]|2. For
the predetermined requirements of target parameter estima-
tion and data information rate, the aim of our paper is to opti-
mally design the integrated OFDM waveform of the IRCS,
which can result in the minimization of the total radiated
power. Therefore, the resulting optimization problem can be
given by:

(P0) : min
|A[n]|2,n∈Mn

Mc−1∑
n=0

|A[n]|2, (9a)

s.t.



Mc−1∑
n=0

log
(
1+
|A[n]|2|Hrc[n]|2Lrc[n]

σ 2
v [n]

)
≥ φMI,

log
(
1+ |A[n]|

2Lc[n]
σ 2v [n]

)
≥ Cmin,

0 ≤ |A[n]|2 ≤ Pmax,n.

(9b)

where Mn , {0, 1, · · · ,Mc − 1} represents the index-set
of allMc subcarriers, φMI denotes the specified MI threshold
for target characterization performance, Cmin is the minimum
required data information rate for the downlink communica-
tions user in the nth subcarrier, and Pmax,n is the maximum
transmit power in the nth subcarrier.
In problem (P0), the first constraint suggests that the

achieved conditional MI should be greater than a predefined
MI threshold value φMI such that the desired target estimation
performance is satisfied, while the second one stands that
the data information rate in the nth subcarrier should be
above the threshold value Cmin to guarantee its communica-
tions requirement. The last constraint stands that the transmit

power in the nth subcarrier is constrained by a minimum
value 0 and a maximum value Pmax,n.

C. SOLUTION PROCEDURE
After simplifying the second constraint in (9b), we can
rewrite the above optimization problem (P0) as:

(P1) : min
|A[n]|2,n∈Mn

Mc−1∑
n=0

|A[n]|2, (10a)

s.t.



Mc−1∑
n=0

log
(
1+
|A[n]|2|Hrc[n]|2Lrc[n]

σ 2
v [n]

)
≥ φMI,

σ 2
v [n](e

Cmin − 1)
Lc[n]

≤ |A[n]|2 ≤ Pmax,n.

(10b)

Let us defined the following notations
an = |A[n]|2,

ln =
σ 2
v [n]

|A[n]|2|Hrc[n]|2Lrc[n]
,

mn =
σ 2
v [n](e

Cmin − 1)
Lc[n]

,

(11)

then the optimization problem (P1) can equivalently be refor-
mulated as follows:

(P2) : min an, n ∈Mn

Mc−1∑
n=0

an, (12a)

s.t.


C1 :

Mc−1∑
n=0

log
(
1+

an
ln

)
≥ φMI,

C2 : m ≤ a ≤ Pmax.

(12b)

where a = [a0, · · · , aMc−1]
T , m = [m0, · · · ,mMc−1]

T , and
Pmax = [Pmax,0, · · · ,Pmax,Mc−1]

T .
Before solving the resulting problem (P2), some necessary

propositions are provided in the following.
Proposition 1: The optimization problem (P2) is a convex

problem, with the following properties:
a) The conditionalMI

∑Mc−1
n=0 log

(
1+ an

ln

)
is a monotonic

increasing function of an;
b) The second derivative of ∂

∂an

∑Mc−1
n=0 log

(
1+ an

ln

)
is

monotonic decreasing in an.
Proof: According to the expression of the conditional MI

in (5), we can obtain:

∂

∂an

[
log

(
1+

an
ln

)]
=

1
an + ln

> 0, (13)

∂

∂aj

[
log

(
1+

an
ln

)]
= 0, ∀n 6= j, (14)

and

∂2

∂a2n

[
log

(
1+

an
ln

)]
= −

1

(an + ln)2
< 0, (15)

∂2

∂anaj

[
log

(
1+

an
ln

)]
= 0, ∀n 6= j, (16)
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From the above derivations, it can be observed that (13)
implies the increasing nature of the conditional MI with
respect to an, and (15) suggests that the decreasing nature
of the second derivative of MI with respect to an. Moreover,
(15) and (16) indicate that the Hessian matrix of the condi-
tional MI in (5) with respect to an is a diagonal matrix with
non-positive elements. Thus, it is shown that the conditional
MI is increasing and concave with respect to an.
As a consequence, the constraint C1 constitutes a convex

feasible set over an, while the objective function is affine
and the power constraint C2 is the intersection of 2Mc half-
spaces, and hence convex [14], [33], [34], which completes
the proof. �
Proposition 2: It is assumed that the precise knowledge of

the PSDs of target and colored noise is available. Then, under
the predetermined requirements for target parameter estima-
tion and data information rate, the LPI-based optimal OFDM
waveform corresponding to the optimization problem (P0)
thatminimizes the total radiated power of IRCS should satisfy
the following equation:

a∗n =


mn, ln ≥ ξ∗3 − mn,
ξ∗3 − ln, ξ∗3 − Pmax,n < ln < ξ∗3 − mn,
Pmax,n, ln < ξ∗3 − Pmax,n,

(17)

where ξ∗3 is called water-level and can be determined by the
conditional MI constraint:

Mc−1∑
n=0

log
(
1+

a∗n
ln

)
≥ φMI, (18)

Proof: Generally speaking, a large number of global opti-
mization techniques, such as branch and bound, gradient
projection, and interior point methods, can be applied to
obtain the optimum solution for the aforementioned opti-
mization problem (P2). However, those global optimiza-
tion approaches require exponential complexity and becomes
computationally prohibitive in IRCS, where Mc can take
a large value [26]. On the other hand, no analytically
closed-form expression of the optimum solution can be
got [14], [33], [34]. Thus, to derive the analytical closed-form
solution, the technique of Lagrange multipliers is exploited
to solve the optimization problem (P2) [36], [37], which can
equivalently be given by:

L(a, ξ1, ξ2, ξ3) =
Mc−1∑
n=0

an + ξT1 (m− a)+ ξT2 (a− Pmax)

+ ξ3

[
φMI−

Mc−1∑
n=0

log
(
1+

an
ln

)]
, (19)

where ξ1 ≥ 0, ξ2 ≥ 0, and ξ3 ≥ 0 denote the corresponding
Lagrange multipliers for multiple constraints. It should be
noted that because of the convex nature of (P2), the KKT
optimality conditions are the necessary and sufficient con-
ditions for the global optimality a∗n, n ∈ Mn, and the
Lagrange multipliers ξ∗1, ξ

∗

2, and ξ
∗

3 . In order to solve the

convex problem (P2), the KKT conditions are subsequently
listed in the following:

∂L(a, ξ1, ξ2, ξ3)
∂an

= 1−ξ∗1,k + ξ
∗

2,k−
ξ∗3

a∗n + lk
= 0, (20a)

(ξ∗1)
T
· (m− a∗) = 0, (20b)

(ξ∗2)
T
· (a∗ − Pmax) = 0, (20c)

ξ∗3 ·

[
φMI −

Mc−1∑
n=0

log
(
1+

a∗n
ln

)]
= 0, (20d)

mn ≤ a∗n ≤ Pmax,n, n ∈Mn, (20e)

ξ∗1 ≥ 0, (20f)

ξ∗2 ≥ 0, (20g)

ξ∗3 ≥ 0. (20h)

According to the above KKT conditions, if a∗ is the opti-
mal solution, we can get:

a∗n =
ξ∗3

1− ξ∗1,k + ξ
∗

2,k
− mn. (21)

It is apparent from (20a)-(20c) that the optimality condi-
tions can be separately investigated for three possibilities
regarding the optimal allocated power in each subcarrier.
At the optimality, each subcarrier can be allocated either with
minimum transmit power (a∗n = mn), with maximum power
(a∗n = Pmax,n), or with a power between these two extreme
cases (mn < a∗n < Pmax,n).
i) If mn < a∗n < Pmax,n, then ξ∗1,k = ξ

∗

2,k = 0, we have:

mn < ξ∗3 − mn < Pmax,n

⇐⇒ ξ∗3 − Pmax,n < ln < ξ∗3 − mn. (22)

Then, a∗n can be computed as:

a∗n = ξ
∗

3 − ln. (23)

The remaining step is to compute the value of ξ∗3 . The optimal
ξ3 is such that it satisfies the following condition:

Mc−1∑
n=0

log
(
1+

a∗n
ln

)
≥ φMI. (24)

ii) If a∗n = mn, then ξ∗1,k > 0, ξ∗2,k = 0, we can obtain:

a∗n + ln =
ξ∗3

1− ξ∗1,k
> ξ∗3

⇐⇒ ln > ξ∗3 − mn. (25)

Then, a∗n can be given by:

a∗n = mn. (26)

iii) If a∗n = Pmax,n, then ξ∗1,k = 0, ξ∗2,k > 0, we can have:

a∗n + ln =
ξ∗3

1+ ξ∗2,k
< ξ∗3

⇐⇒ ln < ξ∗3 − Pmax,n. (27)
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Then, a∗n is obtained as:

a∗n = Pmax,n. (28)

Therefore, the globally optimal waveform design solution
can be obtained as (17), which completes the proof. �

According to Proposition 1, it can be seen that the con-
ditional MI I(r(t); g(t)|src(t)) is monotonic increasing func-
tion of an, while the second derivative of I(r(t); g(t)|src(t))
is strictly decreasing in an. Thus, the monotonic property
implies that there does exist a unique solution a∗n that satisfies
C2 between the given lower and upper boundsmn and Pmax,n.
On the other hand, the value of ξ∗3 can be determined by solv-
ing (24). Since there does not exist the closed-form solution
for (24), ξ∗3 can be obtained from a general one-dimensional
grid search over ξ3. Therefore, the well-known bisection
search approach can be employed to solve it.

Overall, by formulating the KKT optimality conditions,
we convert the resulting convex optimization problem (P2)
into a nonlinear equation solving problem, and then utilize
the bisection search approach to tackle with it. For the sake of
clarity, the pseudo-code of the LPI-based integrated OFDM
waveform design strategy is summarized in Algorithm 1,
according to which we can get the optimal OFDM wave-
form design results for the IRCS. Additionally, the bisection
search method is omitted here for brevity, and the readers can
refer to [14] for details. Physically speaking, the output of
Algorithm 1 is actually the optimal waveform design results,
achieved with the assumption that the IRCS knows the exact
characteristics of the PSDs of target and colored noise.

Algorithm 1 The Detailed Steps of the Proposed Strategy
Input: Set φMI, Pmax,n, Cmin, Mc, and iterative index

ite = 1
Output: a∗n,∀n ∈Mn

1 for n = 1, · · · , Mc do
2 Calculate a(ite)n by solving (17);

3 Calculate the achieved MI
∑Mc−1

n=0 log
(
1+ a(ite)n

ln

)
;

4 Obtain ξ (ite+1)3 via bisection search;
5 end
6 Output the final solution.

Remark 2: It is noteworthy that the iterative steps of
bisection search approach to find ξ∗3 can be carried out by
employing one-dimensional search over the parameter ξ3.
For a predefined φMI, the bisection search method requires
O
(
log2

(
ξ3,max−ξ3,min

δ

))
iterations to converge [14], [26].

Hence, the computational complexity of Algorithm 1 is

expressed byO
(
Mclog2

(
ξ3,max−ξ3,min

δ

))
. Obviously, the exe-

cution of Algorithm 1 converges to the optimum solution
much more quickly when compared to the exhaustive search
technique. In addition, it is important to note that the pro-
posed Algorithm 1 can guarantee the optimum solution and
converge to KKT point.

IV. PERFORMANCE EVALUATION
RESULTS AND DISCUSSION
In this section, the waveform design results and the LPI per-
formance of the proposed strategy are evaluated by means of
computer simulations employing the following assumptions
as well as specific values for the various system parameters.

A. NUMERICAL SETUP
For the simulations, we consider a system model similar to
Figure 1, which consists of an IRCS, a target and a downlink
communications user. By imposing the conditional MI and
data information rate constraints, we can design the optimal
transmit OFDM waveform that minimizes the total radiated
power using optimization problem (P2) and Algorithm 1.
Unless otherwise stated, we utilize the following default for
the system parameters. In all the simulations, the carrier
frequency of the IRCS is fo = 3 GHz. The RF band-
width is set to be 512 MHz, which is equally divided by
Mc = 128 subcarriers, and thus 1f = 4 MHz. For con-
venience, we set the parameters of the IRCS as provided
in Table 1. As previously mentioned, to solve the resulting
optimization problem (P2), it is assumed that the IRCS knows
the perfect characteristics of the PSDs of target and colored
noise by sensing itself with a spectrum analyzer [14]. Thus,
the power of surveillance channel is illustrated in Figure 2,
and the PSD of colored noise is shown in Figure 3.

TABLE 1. The parameters of the IRCS.

B. WAVEFORM DESIGN RESULTS
Figure 4 depicts the LPI-based optimal OFDM waveform
design results with different thresholds of target estimation
and data information rate, which give insight about the trans-
mit power allocation for the LPI performance improvement
of IRCS. The results clearly show that the OFDM waveform
design is determined by the PSDs of target and colored noise.
To be specific, to guarantee a predetermined target charac-
terization performance φMI, our proposed strategy only con-
centrates the transmit power resource to the subcarriers with
the best channel condition, that is, the largest target PSD and
the weakest noise power (see the waveform design results for
the subcarriers between 0 and 20, 101 and 127 for example).
On the other hand, for a desired data information rate Cmin,
the proposed scheme tends to distribute more transmit power
to the subcarriers with less noise power (see the waveform
design results for the subcarriers between 20 and 100 for
example). In such a case, the overallMI value is averaged, and
the data information rate can be achieved. As expected, it can
also be observed from these results that the total transmitted
power is increased as the system requirements for target
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FIGURE 2. The power of surveillance channel.

FIGURE 3. The PSD of colored noise.

estimation and data information rate become more demand-
ing (the threshold values of φMI andCmin increase). This hap-
pens because with the increase of φMI and Cmin, there is more
power resource that is needed at the transmitter to satisfy the
desired target estimation performance and data information
rate, while the power allocation tendencies remain the same.
Therefore, it can be concluded that, to meet the requirements
of both radar and communications functions, the IRCS appro-
priately allocates its power resource to different subcarriers,
and then the LPI performance can efficiently be enhanced.

C. LPI PERFORMANCE EVALUATION
In traditional IRCS, none of the prior knowledge is utilized
for the integrated OFDM waveform design. In this scenario,
the transmit power resource is uniformly allocated to dif-
ferent subcarriers to fulfill the requirements of both radar
and communications applications. Herein, to better express
the superiority of the proposed optimal OFDM waveform
design strategy, we first compare the total radiated power
results between our proposed strategy and a benchmark
in Figure 5, where the benchmark stands for the uniform
power allocation-based OFDM waveform design method.
To guarantee fairness, the threshold values of MI and data

FIGURE 4. LPI-based optimal OFDM waveform design results with
different thresholds of target estimation and data information rate:
(a) φMI = 7.5 nats, Cmin = 2.5 nats; (b) φMI = 10 nats, Cmin = 2.5 nats;
(c) φMI = 7.5 nats, Cmin = 5 nats; (d) φMI = 10 nats, Cmin = 5 nats.

information rate are set to be the same in both strategies. It can
be seen from Figure 5 that our proposed strategy transmits the
minimum power. More specifically, the LPI-based optimal
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FIGURE 5. Comparison of the total radiated power for the proposed
strategy and the benchmark with different threshold of data
information rate.

OFDMwaveform design strategy may save about 7%− 77%
power consumption when compared with the benchmark.
The results also show that the total radiated power of IRCS
is enlarged as φMI and Cmin increase, which is in agree-
ment with the previous statement in Section IV-B. Thus, bet-
ter target estimation performance and data information rate
indicates that the constraints in optimization problem (P0)
are more likely to be satisfied with a larger radiated power
consumption.

FIGURE 6. Comparison of the improvement of intercept probability for
the proposed strategy and the benchmark with different threshold of
data information rate.

Moreover, to illustrate the LPI performance enhance-
ment of the proposed strategy, a parameter ψ , namely the
improvement of intercept probability of an IRCS, is defined
and adopted as a metric to compare with the benchmark
in Figure 6 for different threshold of data information rate,
which can be given by:

ψ =
pPsd − pBch

pBch
× 100%, (29)

where pPsd and pBch represent the values of intercept
probability by employing our proposed strategy and the

benchmark, respectively. It is indicated in [38] that the inter-
cept probability is a function of several parameters, such
as the dwell time, interceptor search time, radar transmitted
power, and so on. Readers can refer to reference [38] for
detailed calculation of intercept probability. The definition
in (29) implies that the largerψ is, the better LPI performance
of IRCS is. An intuitive explanation is that, the waveform
design results with smaller power dissipation can obtain
larger value of ψ , which means better LPI performance of
IRCS. In Figure 6, we can observe that the proposed optimal
waveform design strategy utilizes a small quantity of transmit
power resource to satisfy the requirements of both radar and
communications applications, and thus yields an improved
LPI performance for IRCS. Also, for a specifiedMI threshold
value, the value ofψ is reduced as Cmin goes up, which is due
to the fact that more transmit power is radiated to guarantee
the desired data information rate. In addition, it is important
to notice that when Cmin = 2.5 nats, the value of ψ is
decreased as φMI increases. However, when Cmin = 5 nats,
ψ is increased as φMI goes up. The reason is that when
the threshold Cmin increases, the transmit power resource of
IRCS is assigned to more subcarriers to satisfy the prede-
fined requirement of data information rate. In such a case,
the achievable value of MI is averaged, and thus the power
consumption can be reduced, which results in the increase
of ψ . Overall speaking, the above simulation results confirm
the superiority of the proposed LPI-based optimal OFDM
waveform design strategy, since it always yields better LPI
performance when compared to that of the benchmark.

D. DISCUSSION
Combining the above results in Figures 4-6, it should be
highlighted that our proposed waveform design strategy is
particularly attractive for practical implementation for the
reasons as follows [29]:

1) Intuitively speaking, in the waveform design process,
the LPI-based optimal OFDMwaveform design strategy
for IRCS is more likely to allocate waveform power to
the subcarriers with larger target PSD and less noise
power. In this scenario, the achievableMI and data infor-
mation rate can be averaged. Increasing the threshold
values of the conditional MI and data information rate
can enlarge the total radiated power in the proposed
waveform design strategy, whereas the power allocation
tendencies remain the same.

2) The proposed integrated OFDM waveform design strat-
egy can evidently enhance the LPI performance of IRCS
compared with the benchmark, while satisfying the
desired requirements of target characterization and data
information rate.

3) The threshold values of the conditional MI and data
information rate are controllable, which indicates that
the corresponding threshold values of the target estima-
tion and communication requirements can be adjusted
for different application scenarios.
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4) The proposed integrated OFDM waveform design strat-
egy can straightforwardly be expanded to the MIMO
case composed of multiple transceivers and multiple
targets, which will be our future research.

V. CONCLUSION REMARKS
An IRCS has more advantages over individual radar and
communications systems, which can reduce the system size,
weight, power consumption, and mutual interference; also,
the RF spectrum efficiency of the underlying system can be
improved. Therefore, the LPI-based optimal OFDM wave-
form design for an IRCS is proposed. The basis of this scheme
is to utilize optimization technique to design the transmit-
ted OFDM waveform of IRCS in order to enhance its LPI
performance. It is shown that the resulting waveform design
problem is convex and can analytically be solved through
the bisection search technique. In this case, the optimal solu-
tion can easily be obtained to satisfy the requirements of
a real-time system. Various performance evaluation results
obtained by the means of numerical simulation experiments
have demonstrated that the proposed strategy can achieve
better LPI performance when compared to the benchmark,
while maintaining the predetermined MI and data informa-
tion rate threshold values. More specifically, the results show
that more transmit power is allocated to the subcarriers which
have larger target PSDs and suffer less noise power levels.

In our future work, we plan to find a joint solution to the
optimization problem, in which the transmit beamforming
and integrated OFDM waveform will be jointly optimized to
find the optimal solution to the optimization problem built in
this study. Moreover, the current signal model, optimization
problem, and the solution do not take in consideration the
effects of multiple transceivers in IRCS and multiple targets
that may act as passive interceptors. Therefore, we plan to
extend the signal model to take into consideration multiple
transceivers and multiple targets, which will also be one of
our future research directions.
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