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Abstract. Clique-width is an important graph parameter due to its algorithmic and structural
properties. A graph class is hereditary if it can be characterized by a (not necessarily finite) set H of
forbidden induced subgraphs. We study the boundedness of clique-width of hereditary graph classes
closed under complementation. First, we extend the known classification for the |H| = 1 case by
classifying the boundedness of clique-width for every set H of self-complementary graphs. We then
completely settle the || = 2 case. In particular, we determine one new class of (H, ﬁ)-free graphs of
bounded clique-width (as a side effect, this leaves only five classes of (H1, Hz)-free graphs, for which
it is not known whether their clique-width is bounded). Once we have obtained the classification of
the |H| = 2 case, we research the effect of forbidding self-complementary graphs on the boundedness
of clique-width. Surprisingly, we show that for every set F of self-complementary graphs on at
least five vertices, the classification of the boundedness of clique-width for ({H, H} U F)-free graphs
coincides with the one for the |H| = 2 case if and only if F does not include the bull.
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1. Introduction. Many graph-theoretic problems that are computationally hard
for general graphs may still be solvable in polynomial time if the input graph can be
decomposed into large parts of “similarly behaving” vertices. Such decompositions
may lead to an algorithmic speedup and are often defined via some type of graph
construction. One particular type is to use vertex labels and to allow certain graph
operations, which ensure that vertices labeled alike will always keep the same label and
thus behave identically. The clique-width cw(G) of a graph G is the minimum number
of different labels needed to construct G using four such operations (see section 2 for
details). Clique-width has been studied extensively both in algorithmic and structural
graph theory. The main reason for its popularity is that, indeed, many well-known
NP-hard problems [16, 27, 38, 43], such as COLORING and HAMILTON CYCLE, become
polynomial-time solvable on any graph class G of bounded clique-width, that is, for
which there exists a constant ¢, such that every graph in G has clique-width at most c.
GRAPH ISOMORPHISM is also polynomial-time solvable on such graph classes [32].
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Having bounded clique-width is equivalent to having bounded rank-width [42] and
having bounded NLC-width [36], two other well-known width parameters. However,
despite these close relationships, clique-width is a notoriously difficult graph parame-
ter, and our understanding of it is still very limited. For instance, no polynomial-time
algorithms are known for computing the clique-width of very restricted graph classes,
such as unit interval graphs, or for deciding whether a graph has clique-width at
most 4.1 In order to get a better understanding of clique-width and to identify new
“islands of tractability” for central NP-hard problems, many graph classes of bounded
and unbounded clique-width have been identified; see, for instance, the Information
System on Graph Classes and their Inclusions [26], which keeps a record of such graph
classes. In this paper we study the following research question:

What kinds of properties of a graph class ensure that its clique-width is bounded?

We refer to the surveys [33, 37] for examples of such properties. Here, we con-
sider graph complements. The complement G of a graph G is the graph with vertex
set V(G) and edge set {uv | uv ¢ E(G)} and has clique-width cw(G) < 2cew(G) [17].
This result implies that a graph class G has bounded clique-width if and only if the
class consisting of all complements of graphs in G has bounded clique-width. Due
to this, we initiate a systematic study of the boundedness of clique-width for graph
classes G closed under complementation, that is, for every graph G € G, its comple-
ment G also belongs to G.

To get a handle on graph classes closed under complementation, we restrict our-
selves to graph classes that are not only closed under complementation but also under
vertex deletion. This is a natural assumption, as deleting a vertex does not increase
the clique-width of a graph. A graph class closed under vertex deletion is said to be
hereditary and can be characterized by a (not necessarily finite) set H of forbidden
induced subgraphs. Over the years many results on the (un)boundedness of clique-
width of hereditary graph classes have appeared. We briefly survey some of these
results below.

A hereditary graph class of graphs is monogenic or H-free if it can be characterized
by one forbidden induced subgraph H, and bigenic or (Hy, Hs)-free if it can be char-
acterized by two forbidden induced subgraphs H; and Hj. It is well known (see [25])
that a class of H-free graphs has bounded clique-width if and only if H is an induced
subgraph of P;.2 By combining known results [3, 7, 9, 10, 11, 12, 13, 19, 20, 23, 41]
with new results for bigenic graph classes, Dabrowski and Paulusma [25] classified the
(un)boundedness of clique-width of (Hy, Hs)-free graphs for all but 13 pairs (Hy, Hy)
(up to an equivalence relation). Afterwards, five new classes of (Hy, Hs)-free graphs
were identified by Dabrowski, Dross, and Paulusma, [18] and two others were iden-
tified by Dabrowski, Lozin, and Paulusma [22] and Bonamy et al. [4], respectively.
Other systematic studies were performed for H-free weakly chordal graphs [7], H-free
chordal graphs [7] (two open cases), H-free triangle-free graphs [22] (two open cases),
H-free bipartite graphs [24], H-free split graphs [6] (two open cases), and H-free
graphs, where H is any set of 1-vertex extensions of the P, [8] or any set of graphs on
at most four vertices [9]. Clique-width results or techniques for these graph classes
impacted upon each other and could also be used for obtaining new results for bigenic
graph classes.

1Tt is known that computing clique-width is NP-hard in general [29] and that deciding whether

a graph has clique-width at most 3 is polynomial-time solvable [15].
2We refer to section 2 for all the notation used in this section.
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FIG. 1. Graphs H for which the clique-width of (H, H)-free graphs is bounded. For sPy and sP,
the s = 5 case is shown.

- OV

Py Py Cs bull

Fic. 2. The four nonempty self-complementary graphs on fewer than eight vertices [44].

Our contribution. Recall that we investigate the clique-width of hereditary
graph classes closed under complementation. A graph that contains no induced sub-
graph isomorphic to a graph in a set H is said to be H-free. We first consider the
|#| = 1 case. The class of H-free graphs is closed under complementation if and only
if H is a self-complementary graph, that is, H = H. Self-complementary graphs have
been extensively studied; see [28] for a survey. From the aforementioned result for
Py-free graphs, we find that the only self-complementary graphs H for which the class
of H-free graphs has bounded clique-width are H = P; and H = Py. In section 3 we
prove the following generalization of this result.

THEOREM 1. Let H be a set of nonempty self-complementary graphs. Then the
class of H-free graphs has bounded clique-width if and only if either P, € H or Py € H.

We now consider the |H| = 2 case. Let H = {H;, Hz}. Due to Theorem 1 we may
assume Hy = H; and H; is not self-complementary. The class of (2P, + P3,2P; + Ps3)-
free graphs was one of the remaining bigenic graph classes, and the only bigenic
graph class closed under complementation, for which boundedness of clique-width
was open. In section 4 we settle this case by proving that the clique-width of this
class is bounded. In the same section we combine this new result with known results
to prove the following theorem, which, together with Theorem 1, shows to what
extent the property of being closed under complementation helps with bounding the
clique-width for bigenic graph classes (see also Figure 1).

THEOREM 2. For a graph H, the class of (H, H)-free graphs has bounded clique-
width if and only if H or H is an induced subgraph of K13, P1+ Py, 2P) + Ps, or sP;
for some s > 1.

For the |H| = 3 case, where {Hy, Hy, H3} = H, we observe that a class of
(Hy, Hs, H3)-free graphs is closed under complementation if and only if either ev-
ery H; is self-complementary, or one H; is self-complementary and the other two
graphs H; and Hj, are complements of each other. By Theorem 1, we only need to
consider (Hj, Hy, Hs)-free graphs, where H; is not self-complementary, Ho is self-
complementary, and neither H; nor Hs is an induced subgraph of P;. The next two
smallest self-complementary graphs Hy are the Cs and the bull (see also Figure 2).
Observe that any self-complementary graph on n vertices must contain l(”) edges

2\2
and this number must be an integer, so n = 4q or n = 4¢g + 1 for some integer g > 0.
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F1G. 3. The ten self-complementary graphs on eight vertices [44].
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There are exactly ten nonisomorphic self-complementary graphs on eight vertices [44]
and we depict these in Figure 3.

It is known that split graphs or, equivalently, (2P,, 2Py, C5)-free graphs have un-
bounded clique-width [41]. In section 5 we determine three new hereditary graph
classes of unbounded clique-width, which imply that the class of (H, H,Cs)-free
graphs has unbounded clique-width if H € {K; 3+ P1,2P,,3P, + P2, 51,1 2}. By com-
bining this with known results, we discovered that the classification of boundedness
of clique-width for (H, H, C5)-free graphs coincides with the one of Theorem 2. This
raised the question of whether the same is true for other sets of self-complementary
graphs F # {Cs}. If F contains the bull, then the answer is negative: by Theorem 2,
both the class of (51,1,2, 51,1,2)-free graphs and the class of (2P, Cy)-free graphs have
unbounded clique-width, but both the class of (51,12, S1.1,2, bull)-free graphs and even
the class of (Ps, Py, bull)-free graphs have bounded clique-width [8]. However, also in
section 5, we prove that the bull is the only exception (apart from the trivial cases
when H' € {Py, Py} which yield bounded clique-width of (H, H, H')-free graphs for
any graph H).

THEOREM 3. Let F be a set of self-complementary graphs on at least five vertices
not equal to the bull. For a graph H, the class of ({H, H}UF)-free graphs has bounded
clique-width if and only if H or H is an induced subgraph of K1 3, Py + Py, 2Py + P,
or sPy for some s > 1.

In section 6 we discuss a number of consequences of our results, in particular for
the COLORING problem, and discuss directions for future work.

2. Preliminaries. Throughout our paper we consider only finite, undirected
graphs without multiple edges or self-loops. Below we define further graph terminol-
ogy.

Given two graphs G and H, an isomorphism from G to H is a bijection f :
V(G) — V(H) such that wv € E(G) if and only if f(u)f(v) € E(H). If such an
isomorphism exists, we say that G and H are isomorphic.

The disjoint union (V(G)UV (H), E(G)U E(H)) of two vertex-disjoint graphs G
and H is denoted by G + H and the disjoint union of r copies of a graph G is denoted

by rG. The complement of a graph G, denoted by G, has vertex set V(G) = V(G)
and an edge between two distinct vertices if and only if these two vertices are not
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adjacent in G. A graph G is self-complementary if G is isomorphic to G. For a
subset S C V(G), we let G[S] denote the subgraph of G induced by S, which has
vertex set S and edge set {wv | u,v € S,uv € E(G)}. If S = {s1,...,s.}, then, to
simplify notation, we may also write G[s1,...,s,| instead of G[{s1,...,s,}]. We use
G\ S to denote the graph obtained from G by deleting every vertex in S, that is,
G\ S =G[V(G)\ S]; it S = {v}, we may write G \ v instead. We write G’ C; G to
indicate that G’ is an induced subgraph of G.

A graph G = (V,E) is empty if V. = E = (), otherwise it is nonempty. The
graphs C;, K, K; ,_1, and P, denote the cycle, complete graph, star, and path on r
vertices, respectively. The graphs K3 and K 3 are also called the triangle and claw,
respectively. A graph G is a linear forest if every component of G is a path (on at
least one vertex). The graph Sy ; ;, for 1 < h < ¢ < j, denotes the subdivided claw,
that is, the tree that has only one vertex x of degree 3 and exactly three leaves, which
are of distance h, ¢, and j from z, respectively. Observe that 5111 = K; 3. Welet S
be the class of graphs each component of which is either a subdivided claw or a path
on at least one vertex.

For a set of graphs H, a graph G is H-free (or (H)-free) if it has no induced
subgraph isomorphic to a graph in H. If # = {H;,..., H,} for some integer p, then
we may write (Hq, ..., H,)-free instead of ({Hi, ..., H,})-free, or, if p = 1, we may
simply write Hi-free.

For a graph G = (V, E), the set N(u) = {v € V | uwv € E} denotes the neighbor-
hoodof u € V. A component in G is trivial if it contains exactly one vertex, otherwise,
it is nontrivial. A graph is bipartite if its vertex set can be partitioned into two (pos-
sibly empty) independent sets. A graph is split if its vertex set can be partitioned
into a (possibly empty) independent set and a (possibly empty) clique. Split graphs
have been characterized as follows.

LEMMA 1 ([30]). A graph G is split if and only if it is (2P, Cy, Cs)-free.

Let X be a set of vertices in a graph G = (V,E). A vertex y € V \ X is
complete to X if it is adjacent to every vertex of X and anticomplete to X if it is
nonadjacent to every vertex of X. Similarly, a set of vertices Y C V' \ X is complete
(resp., anticomplete) to X if every vertex in Y is complete (resp., anticomplete) to X.
We say that the edges between two disjoint sets of vertices X and Y form a matching
(resp., comatching) if each vertex in X has at most one neighbor (resp., nonneighbor)
in Y and vice versa. A vertex y € V'\ X distinguishes X if y has both a neighbor and
a nonneighbor in X. The set X is a module of G if no vertex in V'\ X distinguishes X.
A module X is nontrivial if 1 < |X| < |V, otherwise it is trivial. A graph is prime if
it has only trivial modules.

To help reduce the amount of case analysis needed to prove Theorems 2 and 3,
we prove the following lemma.

LEMMA 2. Let H € §S. Then H is (KI,S + P1,2P, 3P, + P, 51’1’2)-][’1“66 if and
only if H is an induced subgraph of K13, P1 + Py, 2P + P3, or sP; for some s > 1.

Proof. Let H € S. First suppose H is an induced subgraph of K3, Py + Py,
2P + Ps, or sP; for some s > 1. It is readily seen that H is (K1 3+ P1, 2P, 3P, + P,
S11,2)-free.

Now suppose that H is (K13 + P1,2P,3P1 + P2, 51.12)-free. If H is not a linear
forest then since H € &, it contains an induced subgraph isomorphic to K; 3. We
may assume that H is not an induced subgraph of K 3, otherwise we are done. In
this case H contains an induced subgraph that is a one-vertex extension of Kj 3.
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Since H € S, this means that H contains K; 34 P; or 5112 as an induced subgraph,
a contradiction. We may therefore assume that H is a linear forest.

Since H is a linear forest, it is isomorphic to P;, + P;, +- - -+ P;, for some positive
integers i1 > g > .-+ > ix. We may assume that i; > 2, otherwise H = sP; for
some s > 1. Since H is 2P»-free, it follows that i1 < 4 and, if k > 2, then iy < 1,
so H has exactly one nontrivial component and that component is isomorphic to P,
Ps, or Py. So H = P, +tP; for some s € {2,3,4} and ¢t > 0. If s = 4 then t < 1,
since H is (3P + P»)-free, in which case H is an induced subgraph of P; + P, and we
are done. If s € {2,3} then t < 2, since H is (3P; + P2)-free, in which case H is an
induced subgraph of 2P; + P3 and we are done. This completes the proof. 0

2.1. Clique-width. The clique-width of a graph G, denoted by cw(G), is the
minimum number of labels needed to construct G by using the following four opera-
tions:

1. creating a new graph consisting of a single vertex v with label i;

2. taking the disjoint union of two labeled graphs G; and Ga;

3. joining each vertex with label i to each vertex with label j (i # j);

4. renaming label 7 to j.
Note that the clique-width of a graph is the maximum of the clique-width of its
components: we can construct each component separately, then take the disjoint
union of the resulting labeled graphs.

A class of graphs G has bounded clique-width if there is a constant ¢ such that
the clique-width of every graph in G is at most ¢; otherwise the clique-width of G is
unbounded.

Let G be a graph. We define the following operations. For an induced subgraph
G' C; G (or a vertex set X C V(G)), the subgraph complementation operation, acting
on G with respect to G’ (resp., X), replaces every edge present in G’ (resp., G[X]) by
a nonedge, and vice versa. Similarly, for two disjoint vertex subsets S and T" in G, the
bipartite complementation operation with respect to S and T acts on G by replacing
every edge with one end-vertex in S and the other one in 7" by a nonedge and vice
versa.

We now state some useful facts about how the above operations (and some other
ones) influence the clique-width of a graph. We will use these facts throughout the
paper. Let & > 0 be a constant and let v be some graph operation. We say that a
graph class G’ is (k,~y)-obtained from a graph class G if the following two conditions
hold:

1. every graph in G’ is obtained from a graph in G by performing ~ at most k
times, and
2. for every G € G there exists at least one graph in G’ obtained from G by
performing v at most k times.
We say that « preserves boundedness of clique-width if for every finite constant k& and
every graph class G, every graph class G’ that is (k,)-obtained from G has bounded
clique-width if and only if G has bounded clique-width. Note that condition 1 is
necessary for this definition to be meaningful, as without it the class of all graphs
(which has unbounded clique-width) would be (k, v)-obtained from every other graph
class. Similarly, condition 2 is necessary, otherwise every graph class would be (k,v)-
obtained from the class of all graphs.
Fact 1. Vertex deletion preserves boundedness of clique-width [39].

Fact 2. Subgraph complementation preserves boundedness of clique-width [37].
Fact 3. Bipartite complementation preserves boundedness of clique-width [37].
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As hereditary graph classes are closed under vertex deletion by definition, apply-
ing a vertex deletion to a graph from a hereditary graph class G results in another
graph from G. This means that using Fact 1, it is “safe” to apply a bounded number of
vertex deletions, as this will not only avoid the clique-width changing by “too much,”
but also ensure that the graph under consideration does not leave G. However, this
does not necessarily hold if we instead apply a subgraph complementation or a bipar-
tite complementation, so we must take more care when applying these operations and
using Facts 2 and 3. To ensure this, throughout all our proofs, we only use subgraph
complementations or bipartite complementations for four purposes.

1. We can apply a subgraph complementation to a whole graph G; this results
in the complement G. Fact 2 implies that a class of graphs G has bounded
clique-width if and only if the class of graphs whose complements lie in G has
bounded clique-width.

2. When proving that a class of graphs G has unbounded clique-width, we take
a known class G’ of unbounded clique-width and for every graph G’ € G’ we
show how to use subgraph complementations and bipartite complementations
a bounded number of times to change G’ into a graph G € G. Then Facts 2
and 3 imply that G also has unbounded clique-width.

3. Similarly to purpose 2, when proving that a class of graphs G has bounded
clique-width, we use the properties of graphs in G to show that we can ap-
ply subgraph complementations and bipartite complementations (along with
vertex deletions) to modify an arbitrary graph G € G into a graph G’ that
belongs to some graph class G’ known to have bounded clique-width. As
long as we only use these operations a bounded number of times, Facts 1-3
imply that G must also have bounded clique-width. Note that the obtained
graph G’ is not necessarily in G in this case.

4. Again when proving that a class of graphs G has bounded clique-width, we
use subgraph complementations and bipartite complementations (along with
vertex deletions) to modify an arbitrary graph G € G into the disjoint union
of some induced subgraphs of G that have a simpler structure than G itself.
We can then deal with these simpler induced subgraphs separately. Since G
is closed under taking induced subgraphs, we can make use of properties we
have proved for the class G.

We need the following lemmas on clique-width, the first one of which is easy to
show.

LEMMA 3. The clique-width of a graph of mazimum degree at most 2 is at most 4.

LEMMA 4 ([25]). Let H be a graph. The class of H-free graphs has bounded
clique-width if and only if H C; Py.

LEMMA 5 ([40]). Let {Hy,...,Hp} be a finite set of graphs. If H; ¢ S for all
i €{L,...,p} then the class of (Hi,...,Hp)-free graphs has unbounded clique-width.

LEMMA 6 ([17]). Let G be a graph and let P be the set of all induced subgraphs
of G that are prime. Then cw(G) = maxgep cw(H).

3. The proof of Theorem 1. We first prove the following lemma, which we
will also use in the proof of Theorem 3.

LEMMA 7. If G is a (Cy4, Cs, K4)-free self-complementary graph then G is an in-
duced subgraph of the bull.
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Proof. Suppose, for contradiction, that G is a (Cy, Cs, K4)-free self-complementary
graph on n vertices that is not an induced subgraph of the bull. Since G is Cj-free
and is not an induced subgraph of the bull, it is not equal to P;, Py, Cs, or the
bull. As these are the only nonempty self-complementary graphs on fewer than eight
vertices (see Figure 2), G must have at least eight vertices. Since G is Cy-free and
self-complementary, it is also 2P5-free, so it is (C4, Cs, 2P )-free. Then, by Lemma 1,
G must be a split graph, so its vertex set can be partitioned into a clique C' and
an independent set I. Since G is Ky-free and self-complementary, it is also 4P;-free.
Therefore |C|,|I| < 3, so G has at most six vertices, a contradiction. This completes
the proof. 0

We are now ready to prove Theorem 1. Note that this theorem holds even if H
is infinite.

THEOREM 1 (restated). Let H be a set of nonempty self-complementary graphs.
Then the class of H-free graphs has bounded clique-width if and only if either P, € H
or P, e H.

Proof. Suppose there is a graph H € H N {Py, Py}. Then the class of H-free
graphs is a subclass of the class of P,-free graphs, which have bounded clique-
width by Lemma 4. Now suppose that H N {P;, P4} = 0. The only nonempty
self-complementary graphs on at most five vertices that are not equal to P; and P,
are the bull and the Cj (see Figure 2). By Lemma 7, it follows that every graph in H
contains an induced subgraph isomorphic to the bull, C4, C5, or K4. Therefore the
class of H-free graphs contains the class of (bull, Cy, Cs, K4)-free graphs, which has
unbounded clique-width by Lemma 5. ]

4. The proof of Theorem 2. In this section we prove Theorem 2 by com-
bining known results with the new result that (2P; + P3,2P; + Ps)-free graphs have
bounded clique-width. We prove this result in the following way. We first prove three
useful structural lemmas, namely, Lemmas 8-10; we will use these lemmas repeat-
edly throughout the proof. Next, we prove Lemmas 11 and 12, which state that if a
(2P; + P5,2P; + Ps3)-free graph G contains an induced C5 or Cg, respectively, then G
has bounded clique-width. We do this by partitioning the vertices outside this cycle
into sets, depending on their neighborhood in the cycle. We then analyze the edges
within these sets and between pairs of such sets. After a lengthy case analysis, we
find that G has bounded clique-width in both these cases. By Fact 2 it only remains
to analyze (2P, + Ps,2P; + Ps)-free graphs that are also (Cs, Cs, Cg)-free. Next, in
Lemma 13, we show that if such graphs are prime, then they are either Kr-free or
Ko-free. In Lemma 15 we use the fact that (2P, + P3,2P; + P3)-free graphs are x-
bounded (that is, their chromatic number is bounded by a function of their clique
number) to deal with the case where a graph in the class is Kr-free. Finally, we
combine all these results together to obtain the new result (Theorem 4).

We start by proving the aforementioned structural lemmas. Recall that if X
and Y are disjoint sets of vertices in a graph, we say that the edges between these
two sets form a matching if each vertex in X has at most one neighbor in Y and
vice versa (if each vertex has exactly one such neighbor, we say that the matching is
perfect). Similarly, the edges between these sets form a comatching if each vertex in X
has at most one nonneighbor in Y and vice versa. Also note that when describing
a set as being a clique or an independent set, we allow the case where this set is
empty.
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LEMMA 8. Let G be a (2P; + P3,2Py 4+ P3)-free graph whose vertex set can be
partitioned into two sets X and Y, each of which is a clique or an independent set.
Then by deleting at most one vertex from each of X and Y, it is possible to obtain
subsets such that the edges between them form a matching or a comatching.

Proof. Given two disjoint sets of vertices, we say that with respect to these sets,
a vertex is full if it is adjacent to all but at most one vertex in the other set, and it
is empty if it is adjacent to at most one vertex in the other set. If every vertex in the
two sets is full, then the edges between the two sets form a comatching, and if every
vertex in the two sets is empty, then the edges between them form a matching.

Claim 1. Fach vertex in X and Y is either full or empty.

If a vertex in, say, X is neither full nor empty, then it has two neighbors and two
nonneighbors in Y, and these five vertices induce a 2P; + P3 if Y is an independent
set, or a 2P + P3 if Y is a clique. This completes the proof of the claim.

To prove the lemma, we must show that, after discarding at most one vertex from
each of X and Y, we have a pair of sets such that every vertex is full or every vertex
is empty with respect to this pair. We note that if a vertex is full (or empty) with
respect to X and Y then it is also full (or empty) with respect to any pair of subsets
of X and Y, respectively, so if we establish or assume fullness (or emptiness) before
discarding a vertex, then it still holds afterwards.

We consider a number of cases.

Case 1. Neither X norY contains two full vertices, or neither X norY contains two
empty vertices.

By deleting at most one vertex from each of X and Y, we can obtain a pair of sets
where either every vertex is full or every vertex is empty. This completes the proof of
Case 1.

Case 2. |X| <2 or|Y|<2.

By symmetry we may assume that |X| < 2. If X is empty or contains exactly one
vertex, the lemma is immediate, so we may assume that X contains exactly two
vertices, say « and z’. Consider the pair of sets {z} and Y. Every vertex in Y is both
full and empty with respect to {z} and Y, and, by Claim 1, z is either full or empty
with respect to {} and Y. This completes the proof of Case 2.

Case 3. There are vertices x1,t2 € X and y1 € Y such that ©1 and xo are complete
to Y\ {y1}.

In this case, every vertex in Y \ {y1} is adjacent to both z; and z2, so it cannot be
empty with respect to X and Y. By Claim 1, it follows that every vertex in Y \ {y1}
is full. We may assume that |Y| > 3 (otherwise we apply Case 2). Let y2 and y3 be
vertices in Y \ {y1}. As y2 and y3 are both full with respect to X and Y \ {y:1}, all
but at most two vertices of X are adjacent to both y, and y3. Note that if a vertex x
is adjacent to both y, and y3 then it must be full with respect to X and Y\ {y1}. If
at most one vertex of X is empty with respect to X and Y \ {y1} then by discarding
this vertex (if it exists) from X and discarding y; from Y, we are done.

So we may assume that X contains exactly two vertices x3 and x4 that are not
full with respect to X and Y\ {y1} and thus are empty. Suppose that |Y'| > 4. Then
there are three full vertices in Y \ {y;} that must each be adjacent to at least one
of x3 and x4. Thus at least one of x3 and x4 has at least two neighbors in Y\ {y1}
contradicting the fact that they are both empty with respect to X and Y \ {y }.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/15/20 to 129.234.0.79. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

1116 BLANCHE ET AL.

Thus we may now assume that |Y| = 3, so Y\ {y1} = {y2,y3}. By assumption, x3
and x4 are not full with respect to X and {y2,y3}, so they must have two nonneighbors
in {y2,y3}, i.e., they must be anticomplete to {y2, y3}. Thus y, has two nonneighbors
in X, so it is empty with respect to X and Y. Since |X| > 4, this means that ys
is not full with respect to X and Y, a contradiction. This completes the proof of
Case 3.

We note that if, in Case 3, we swap X and Y, or write anticomplete instead of
complete, we obtain further cases with essentially the same proof. We now assume
that neither these cases, nor Cases 1 and 2, hold.

Claim 2. If there are two full vertices x1,x9 € X, then they have distinct nonneighbors
in Y. If there are two empty vertices x1,x2 € X, then they have distinct neighbors
mnY.

We prove the first statement (the second follows by symmetry). If 21 and x5 are both
complete to Y then Case 3 would apply with any vertex in Y chosen as y;. Suppose
instead that y; is the unique nonneighbor of x1. Then x2 must have a nonneighbor
in Y that is different from y;, otherwise Case 3 would apply. This completes the proof
of the claim.

Claim 3. There are at least two empty vertices in X and at least two full vertices
'Y or vice versa.

As Case 1 does not apply, we know that one of X and Y contains two empty ver-
tices, and one of X and Y contains two full vertices. We are done unless these two
properties belong to the same set. So let us suppose that, without loss of general-
ity, it is X that contains two empty vertices and two full vertices, which we may
assume are distinct (if a vertex in X is both full and empty, then |Y| < 2 and
Case 2 applies). By Claim 2, the two empty vertices of X have distinct neighbors y;
and yo in Y. If y; and yo are both full, we are done. If, say, y; is empty, then,
as it is adjacent to one of the empty vertices in X, it cannot be adjacent to ei-
ther of the full vertices in X, contradicting Claim 2. This completes the proof of
Claim 3.

We immediately use Claim 3. Let us assume, without loss of generality, that
x1,x2 € X are empty and yi,y2 € Y are full with respect to X and Y. More-
over, by Claim 2, we may assume that y; is the unique neighbor of z; and y, is
the unique neighbor of x5 (so z; is the unique nonneighbor of yo and x5 is the
unique nonneighbor of y1). Thus every vertex of X \ {1, 22} is complete to {y1,y2},
and therefore, by Claim 1, full with respect to X and Y. Similarly, every vertex
of Y\ {y1,y2} is anticomplete to {1,252}, and therefore empty with respect to X
and Y.

If | X| = 3, then every vertex in {z1, 22} and Y is empty with respect to {x1, 22}
and Y. Otherwise we can find distinct vertices x3, x4 in X \ {x1, 22} which we know
are both full and both complete to {y1,y2}. Hence, by Claim 2, there are distinct
vertices ys, y4 in Y\ {y1,y2} such that ys3 is the unique nonneighbor of z3 and y, is the
unique nonneighbor of z4. If X and Y are independent sets then Glx1,y4, y2, T4, ys3]
isa 2P, + P3. If X is an independent set and Y is a clique then G[y1, y2, ys3, T3, T4] is
a 2P, + P;. If X is a clique and Y is an independent set then Gxs, x4, T2, y1,y2] is a
2P, + P;. Finally if X and Y are cliques then G[x3,y1, Y2, T1,y4] is a 2P; + P3. This
contradiction completes the proof. ]

LEMMA 9. Let G be a (2P; + P3,2Py 4+ P3)-free graph whose vertex set can be
partitioned into a clique X and an independent set' Y. Then by deleting at most three

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/15/20 to 129.234.0.79. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

CLIQUE-WIDTH FOR GRAPH CLASSES 1117

vertices from each of X andY , it is possible to obtain subsets that are either complete
or anticomplete to each other.

Proof. Let G be such a graph. By Lemma 8, by deleting at most one vertex from
each of X and Y, we may reduce to the case where the edges between X and Y form
a matching or a comatching. (Note that after this we may delete at most two further
vertices from each of X and Y.) Complementing the graph if necessary (in which case
we also swap X and Y), we may assume that the edges between X and Y form a
matching. Let x1y1,...,2;y; be the edges between X and Y, with z1,...,z; € X and
Y1,.--,y; €Y. If i > 4 then Gly1,y2,y3, T3, 4] is a 2Py + P5, a contradiction. We
may therefore assume that ¢ < 3. Deleting the vertices 1, x2,ys (if they are present)
completes the proof. O

LEMMA 10. The class of those (2P + P3,2P; + Ps3)-free graphs whose vertez set
can be partitioned into at most three cliques and at most three independent sets has
bounded clique-width.

Proof. Let G be a (2P + P3,2P; + Ps)-free graph whose vertex set can be par-
titioned into three (possibly empty) cliques K*, K2, K? and three (possibly empty)
independent sets I', I?, I?. By Lemma 9 and Fact 1, we may delete at most
2 X 3 x 3 x 3 = b4 vertices, after which every K? is either complete or anticom-
plete to every I7. By Lemma 8 and Fact 1, we may delete at most 2 x 2 x (S) =12
vertices, after which the edges between any two cliques K*, K7 and the edges be-
tween any two independent sets I?, I7 either form a matching or a comatching. If
the edges form a comatching, then by Fact 3 we may apply a bipartite complemen-
tation between these sets. If a set K is complete to some set I/ then by Fact 3, we
may apply a bipartite complementation between them. Finally, by Fact 2, we may
complement every clique K?. The resulting graph has maximum degree at most 2,
and therefore has clique-width at most 4 by Lemma 3. It follows that G has bounded
clique-width. 0

LEMMA 11. The class of (2P, +Ps, 2P, + Ps)-free graphs containing an induced Cj
has bounded cliqgue-width.

Proof. Suppose G is a (2P, + P3,2P; + Ps)-free graph containing an induced
cycle C on five vertices, say v, ..., vs in that order. For S C {1,...,5}, let Vg be the
set of vertices € V(G) \ V(C) such that N(z) NV(C) = {v; | i € S}. We say that a
set Vg is large if it contains at least five vertices, otherwise it is small.

To ease notation, in the following claims, subscripts on vertex sets should be
interpreted modulo 5 and whenever possible we will write V; instead of Vi;; and V; ;
instead of Vy; ;1 and so on.

Claim 1. We may assume that for S C {1,2,3,4,5}, the set Vg is either large or
empty.

If a set Vg is small, but not empty, then by Fact 1, we may delete all vertices of this
set. If later in our proof we delete vertices in some set Vg and in doing so make a
large set Vg become small, we may immediately delete the remaining vertices in Vg.
The above arguments involve deleting a total of at most 2° x 4 vertices. By Fact 1,
the claim follows.

Claim 2. Fori e {1,2,3,4,5}, Vy UV, U Vi1 UV 41 is a clique.
Indeed, if z,y € VyUV; UVaUV] 2 are nonadjacent then G|z, y, v, v4, vs] is a 2Py + Ps,
a contradiction. The claim follows by symmetry.
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TABLE 1

The correspondence between the sets W and the sets Vg.

Vi=Wa345 Vo=Wig23s Va=Wisas | Va=Wig34 | Vs =Wi245s
Vi =Wa3s Vo3 =Wigss Vsa=Wiga | Vas =Wi2a | V15 =Waas
Vizg=Wsaps Vou=Wiags Vas=Wias | Via=Wa34 | Vo5 =Wias
Vi3 =Wss Va34=Wigs Va5 =Wia | Vigs=Wayq | Vi25=Was
Vipa =Wa3 Vozs=Wis Viga=Ws34 | Vous=Wi2 | Vi3s5=Wais
Vi,2,34=Ws Vi35 =Ws Vigas=Wa | Vigas =Wy | Va345=W1

Vo=Wi2345 | Vi2345 =Wy

Claim 3. Fori € {1,2,3,4,5}, G[V;,i+2] is Ps-free.
Indeed, if G[V4,3] contains an induced Ps, say on vertices x,y, z, then Glve, v4, z, Y, 2]
is a 2P 4+ P3, a contradiction. The claim follows by symmetry.

Note that since G is a (2P, + P3,2P; + Ps)-free graph containing a Cj, it follows
that G is also a (2P; + P3,2P; + P3)-free graph containing a Cs, namely, on the
vertices wvi,vs, Us, V2,04, in that order. Let wi = w1, we = v3, wg = vy, wy =
vg, and ws = wvyg. For S C {1,2,3,4,5}, we say that a vertex x not in C belongs
to Wg if N(z) N V(C) = {w; | i € S} in the graph G. We define the function
o:{1,2,3,4,5} — {1,2,3,4,5} as follows: o(1) =1, 0(3) = 2, o(5) = 3, 0(2) = 4,
and o(4) = 5. Now for S,T C {1,2,3,4,5}, z € Vg if and only if € Wy, where
T =1{1,2,3,4,5} \ {o(i) | i € S}. Therefore, we may assume that any claims proved
for a set Vg in G also hold for the set Wg in G.

For convenience we provide Table 1, which lists the correspondence between the
sets Wr and the sets Vg.

We therefore get the following two corollaries of Claims 2 and 3, respectively. We
include the argument for the first corollary to demonstrate how this “casting to the
complement” argument works.

Claim 4. For i € {1,2,3,4,5}, Viit1,i+3 U Viigt1,i42,i+3 U Viit1,i+3,i44 U Vi2 34,5 15
an independent set.

Indeed, for i =1, Vi j11,i43UViig1i12,i43UViit1,i43,i404UV1234518 V12 4UVi 234U
V1’2,4$5 U ‘/1}2’3’4’5, which is equal to W2’3 UWsuWsyU W@. By Claim 2, W2’3 UWsu
Wy U Wy is an independent set. The claim follows by complementing and symmetry.

Claim 5. Fori € {1,2,3,4,5}, G[Vi it1,i+2] is (P1 + Pa2)-free.

Claim 6. We may assume that for distinct S, T C {1,2,3,4,5} if Vs is an independent
set and Vi is a clique then Vg is either complete or anticomplete to V.

Let S,T C {1,...,5} be distinct. If Vg is an independent set and Vr is a clique,
then by Lemma 9, we may delete at most three vertices from each of these sets, such
that in the resulting graph, Vs will be complete or anticomplete to V. Doing this
for every pair of independent set Vg and a clique Vi we delete at most (225) X2x3
vertices from G. The claim follows by Fact 1.

Claim 7. We may assume that for distinct S,T C {1,2,3,4,5}, if Vs and Vi are both
independent sets then the edges between Vs and Vr form a comatching.

Let S, T C {1,...,5} be distinct. We may assume that Vg and Vr are not empty,
in which case they must both be large, i.e., |Vs|,|Vr| > 5. If Vg and Vp are both
independent sets, then by Lemma 8, we may delete at most one vertex from each
of these sets, such that in the resulting graph, the edges between Vg and Vi form a
matching or a comatching. Note that after this modification we only have the weaker
bound |Vs|, |Vir| > 4 in the resulting graph. Suppose, for contradiction, that the edges
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between Vg and Vr form a matching. Without loss of generality assume there is an
1 €T\ S. Since |Vg| > 4, there must be vertices z,2’ € Vg. Since each vertex in Vg
has at most one neighbor in Vr and |Vr| > 4, there must be vertices y,y’ € Vr that
are nonadjacent to both = and 2. Then G|z, 2, y, v;,y’] is a 2P 4+ Ps, a contradiction.
Therefore the edges between Vg and Vi must indeed form a comatching. The claim
follows by Fact 1.

In many cases, we can prove a stronger claim, as follows.

Claim 8. For distinct S,T C {1,2,3,4,5}, if Vs and Vr are both independent and
there is an i € {1,2,3,4,5} with i ¢ S and i ¢ T then Vg is complete to Vr.

Let S,T C {1,...,5} be distinct and suppose there is an i € {1,2,3,4,5} with i ¢ S
and i ¢ T. We may assume Vg and Vr are not empty, so they must be large. By
Claim 7, we may assume that the edges between Vg and Vp form a comatching.
Suppose, for contradiction that x € Vg is nonadjacent to y € V. Since Vg is large,
there must be vertices z/,2” € Vg \ {z} and these vertices must be adjacent to y.
Now G[v;, x,2',y,2"'] is a 2P, + Ps, a contradiction. Therefore Vg must be complete
to V. The claim follows.

Casting to the complement we get the following as a corollary to the above two
claims.

Claim 9. We may assume that for distinct S, T C {1,2,3,4,5}, if Vs and Vr are both
cliques then the edges between Vg and Vp form a matching.

Claim 10. For distinct S,T C {1,2,3,4,5}, if Vs and Vr are both cliques and there
is an i € {1,2,3,4,5} with i € Vs and i € Vp then Vg is anticomplete to Vr.

Claim 11. Fori e {1,...,5}, if {i,i+ 1} CSNT and T # S then cither Vg or Vp is
empty.

Suppose S and T are as described above, but Vg and Vp are both nonempty. By
Claim 1, Vg and Vpr must be large. Without loss of generality, we may assume that
,2e SNTand3eT\SorS={1,2}, T=1{1,2,4}.

First consider the case where 1,2 € SNT and 3 € T\ S. If z € Vg and
y € Vp are adjacent then Gly,vq,v1,vs,x] is a 2P, + P3, a contradiction. There-
fore Vg is anticomplete to Vp. Suppose z,2’ € Vg and v,y € Vp. If z is adjacent
to 2’ then Glvy,ve, 2, y,2'] is a 2P + P3, a contradiction. If y is adjacent to y’ then
Glv1,v2,y,,y'] is a 2P, + Ps, a contradiction. Therefore z must be nonadjacent to '
and y must be nonadjacent to y’. This means that Glz,z’,y,vs,y] is a 2P, + P5, a
contradiction.

Now consider the case where S = {1,2}, T = {1,2,4}. Then V;5 is a clique
and Vi 2.4 is an independent set, by Claims 2 and 4, respectively. By Claim 6, V2
must be complete or anticomplete to V3 24. Suppose z, 2’ € V32 and y,y’ € V1 2.4.
If V4 2 is anticomplete to Vi 2 4 then Glvy, va, x,y, '] is a 2P, + Ps. If Vi 5 is complete
to Vi 2.4 then Glvs, vs, y, z,y'] is a 2P, + P3. This is a contradiction. The claim follows
by symmetry.

Casting Claim 11 to the complement, we obtain the following corollary.

Claim 12. Forie {1,...,5}, if {i,i+2}N(SUT) =0 and T # S then Vs or Vr is
empty.

We now give a brief outline of the remainder of the proof. First, in Claims 13—
24 we will analyze the edges between different sets Vs and sets of the form V; ;1s.
Next, in Claim 25 we will consider the case where a set V;;yo is neither a clique
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nor an independent set. We will then assume that this case does not hold, in which
case every set of the form V; ;1 is either a clique or an independent set. Casting to
the complement, we will get the same conclusion for all sets of the form V; ;y; ;42.
Combined with Claims 2 and 4, this means that every set Vg is either a clique or
an independent set. By Fact 1, we may delete the vertices v1,...,v5 of the original
cycle. By Claim 6, if Vg is a clique and V7 is an independent set, then applying at
most one bipartite complementation (which we may do by Fact 3) we can remove
all edges between Vg and Vp. It is therefore sufficient to consider the case where all
sets Vg are cliques or all sets Vi are independent. If there are at most three large
cliques and at most three large independent sets, then by Lemma 10 we can bound
the clique-width of the graph induced on these sets. In the proof of Claim 27 we
consider the situation where a set of the form V; ;;» is a large clique. Having dealt
with this case, we may assume that every set of the form V; ;42 is an independent set
(so, casting to the complement, every set of the form V; ;41,42 is a clique) and we
deal with this case in Claim 29. Finally, we deal with the case where all sets of the
form V; ;12 and V; ;41,42 are empty.

Claim 13. Fori € {1,2,3,4,5}, if Vi ito and Viy1 are large then V; ;1o is either an
independent set or a clique.

Suppose, that both V; 3 and V, are nonempty. Then, by Claim 1, they must both be
large. Suppose that V; 3 is not a clique. Then there are y,y’ € Vi 3 that are nonadja-
cent. Suppose = € V4 is nonadjacent to y'. Then Glvyg, v, va, z,y] or Glx,vs,y,v1,Y’]
is a 2P, + Ps if x is adjacent or nonadjacent to y, respectively. Therefore x must be
complete to {y,y'}. By Claim 3, G[V; 3] is Ps-free, so it is a disjoint union of cliques.
Since y and y’ were chosen arbitrarily and V; 3 is not a clique, it follows that z must
be complete to V; 3. Therefore V5 is complete to V7 3. By Claim 2, V5 is a clique.
If x,2' € Vi, 2,2’ € V1 3 with z adjacent to 2z’ then Glz,z’, z,v2,2'] is a 2P; + P3, a
contradiction. Therefore if V; 3 is not a clique then it must be an independent set.
The claim follows by symmetry.

Claim 14. Fori € {1,2,3,4,5}, if Viit2 and Viy1 .43 are both large then either
(i) both V;it2 and Viy1,43 are cliqgues or
(ii) at least one of them is an independent set and the two sets are complete to
each other.

By Claim 3, G[Vi 3] and G[V5 4] are Ps-free, so every component in these graphs is
a clique. Suppose G[V] 3] is not a clique, so there are nonadjacent vertices z, 2’ € V1 3.
Suppose y € Va4 is nonadjacent to 2’. Then G[x',vs, v2,y,x] or Gly,vs,x,v3,2'] is a
2P; + Pj5 if y is adjacent or nonadjacent to x, respectively. This contradiction implies
that y is complete to {z,z’}. Since we assumed that V; 3 was not a clique and x
and z’ were chosen to be arbitrary nonadjacent vertices in V; 3, it follows that y must
be complete to V; 3. Therefore if V; 3 is not a clique then V54 is complete to V3.
Similarly, if V5 4 is not a clique then V5 4 is complete to V; 3.

Now suppose that neither V; 3 nor Va4 is an independent set. If they are both
cliques, then we are done, so assume for contradiction that at least one of them is not
a clique. Then Vi3 is complete to V5 4. We can find z,2" € V; 3 that are adjacent
and y,y € Va4 that are adjacent. However, this means that G[z,2’,y,v1,9’] is a

2P; + P3, a contradiction. The claim follows by symmetry.

Claim 15. Fori € {1,2,3,4,5} and S = {i,i+1} or S = {i+1,i+2}, if Vi 4o and Vg
are large then either Vi ;1o is a clique that is anticomplete to Vg or an independent
set that is complete to Vg.
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By Claim 2, V; 5 is a clique. By Claim 3, G[V4 3] is Ps-free, so it is a disjoint union
of cliques. If y € Vi3 is adjacent to x € Vi o, but nonadjacent to ' € Vi o then
Glvy,z, 2, y,v0] is a 2P, + Ps, a contradiction. Therefore every vertex of Vj 3 is
either complete or anticomplete to V; ».

Suppose y,y’ € Vi 3 are adjacent and suppose z,z’ € V; 2. Suppose y is complete
to Vi2. Then Glz,2’,y,vs,y’] or Glv1,y,z,y’, 2] is a 2P, + Ps, if 3 is complete or
anticomplete to Vj o, respectively. This contradiction implies that if y,3" € Vi 5 are
adjacent then they are both anticomplete to Vi 2. It follows that every nontrivial
component of G[V; 3] is anticomplete to V; 2. In particular, if V; 3 is a clique, then it
is anticomplete to Vj o.

Now suppose that V; 3 is not a clique, so there are nonadjacent vertices
v,y € Vi3. Choose a vertex x € V2. Suppose ¢ is anticomplete to V4 2. Then
G,y ,y,z,v2] or Glx,vs,y,vs,y’] is a 2P, + P5 if y is complete or anticomplete
to Vi 2, respectively. Therefore both y and ¢’ must be complete to V3 2. Since every
nontrivial component of G[V; 3] is anticomplete to V3 2 and G[V; 3] is a disjoint union
of cliques, it follows that y and y’ must belong to trivial components of G[V; 3]. Since y
and y' were arbitrary nonadjacent vertices in V; 3, it follows that every component
of G[V1,3] must be trivial. Therefore if V; 5 is not a clique then it is an independent
set and it is complete to V} 2. The claim follows by symmetry.

Claim 16. We may assume that for i € {1,2,3,4,5} if Viiyo and Viysiya are large
then either V; ;42 is a clique or V; ;19 is anticomplete to Vi3 iqa.

If y € Vi 3 has two neighbors x,2’ € V, 5, then x is adjacent to &’ by Claim 2, so
Glz, 2, v4,y,v5] is a 2P, + Ps, a contradiction. Therefore every vertex of V; 3 has at
most one neighbor in Vj 5.

By Claim 3, G[V1 3] is Ps-free, so it is a disjoint union of cliques. Suppose V; 3
is not a clique, so there are nonadjacent vertices y,y’ € V1 3. If x € Vy 5 is adjacent
to y, but nonadjacent to y’ then Glve,y’,y,z,v4] is a 2P, + P3, a contradiction.
Therefore every vertex of V5 is complete or anticomplete to {y,y’}. Since y and ¢’
were arbitrary nonadjacent vertices in Vj g3 and Vi 3 is a disjoint union of (at least
two) cliques, it follows that every vertex of Vj 5 is complete or anticomplete to V; 3.
Since every vertex of V; 3 has at most one neighbor in V, 5, at most one vertex in Vy 5
is complete to V7 3. If such a vertex exists then by Fact 1, we may delete it. Therefore
we may assume that either V; 3 is a clique or V; 3 is anticomplete to V, 5. The claim
follows by symmetry.

Claim 17. We may assume the following: fori € {1,2,3,4,5}, if Viiyo and Vi i11,i4+2
are both large then all of the following statements hold:

(i) Fither V; 1o is an independent set or V; ;11,+2 1S a clique.

(i) If Vi,it2 is not an independent set then it is anticomplete to V; j11,it2.

(iil) If Viit1,it+2 s not a clique then it is complete to V; j1a.

Suppose V1 3 and V; o 3 are large. By Claim 3, G[V; 3] is Ps-free, so it is a disjoint
union of cliques. By Claim 5, G[V 2 3] is (P1 + P2)-free, so its complement is a disjoint
union of cliques. We consider three cases.

Case 1. Vi 2.3 is independent.

We will show that in this case V; 3 must be an independent set which is complete
to Via2,3. If # € Vi 5 is nonadjacent to v,y € Vi 23 then Gz, v4,y, v2,y'] is a 2P + P,
a contradiction. Therefore every vertex in V; 3 has at most one nonneighbor in V; 2 3.
Suppose x, x’ € Vi 3 are adjacent. Since V] 2 3 is large, there must be a vertexy € Vi 23
that is adjacent to both = and «’. Then Gly, vs, z, v, 2'] is a 2P; + Ps. Therefore V1 3
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must be independent. If z,z’ € V; 3 are nonadjacent and y € Vi o3 is adjacent to =,
but not to z’, then G[z’,v4,z,y,v2] is a 2P, + Ps, a contradiction. Therefore every
vertex of Vj o 3 is either complete or anticomplete to V; 3. Suppose there is a vertex
y € Vi3 that is anticomplete to V; 3. Since every vertex of V; 3 has at most one
nonneighbor in V; 5 3, there must be a vertex y’ € V4 5 3 that is complete to V3 3. Now
Glva,y',z,y,2'] is a 2P; + P3, a contradiction. Therefore Vi 2 3 is complete to Vi 3.
We conclude that if V7 5 3 is an independent set then V; 3 must also be an independent
set and furthermore V; 3 must be complete to V; 2 3. By symmetry, if V; ;11,42 is an
independent set then statements (i)—(iii) of the claim hold.

Case 2. V13 is a clique.

Casting to the complement as before, the clique Vi 3 in G becomes the independent
set W5 45 in G and the set Vi3 in G becomes the set W55 in G. By the above
argument, this means that in G, W3 5 must be an independent set and it must be
complete to W3 4 5. Therefore in G the set V23 must be a clique and it must be
anticomplete to V7 3. By symmetry, if V; 12 is a clique then statements (i)—(iii) of
the claim hold.

Case 3. V123 is not independent and V1 3 is not a clique.

If 2,2’ € V13 are nonadjacent and y € V23 is adjacent to z, but not z’ then
Glva, 2, z,y,v2] is a 2P, + Ps, a contradiction. Since G[V4 3] is a disjoint union of (at
least two) cliques, it follows that every vertex of Vj o3 is complete or anticomplete
to Vis. If y,y' € V103 are adjacent and = € V3 3 is adjacent to y, but not y’, then
Gly,v1,vy,x,v2] is a 2P, + Ps3, a contradiction. Since G[V; 23] is the complement of a
disjoint union of (at least two) cliques, it follows that every vertex of V; 3 is complete
or anticomplete to V; 2 3. We conclude that V; 3 is complete or anticomplete to Vj 2 3.

Suppose for contradiction that V; 3 is not an independent set and V; 3 is complete
to V1,2.3. Choose adjacent vertices z,z’ € Vi 3 and adjacent vertices y,y’ € Vi 2.3.
Then Gly,y',z,ve,2'] is a 2P, + Ps, a contradiction. Therefore either V; 3 is inde-
pendent or it is anticomplete to Vi 23. By symmetry statement (ii) of the claim
holds.

Suppose for contradiction that Vj o3 is not a clique and Vj 3 is anticomplete
to V1,3. Choose nonadjacent vertices y,3y’ € V123 and nonadjacent vertices z,z’ €
Vi,3. Then Glz,z',y,v2,y'] is a 2P; + Ps, a contradiction. Therefore either V; 2 3 is
a clique or it is complete to V; 2 3. By symmetry statement (iii) of the claim holds.

Note that if V; 3 is not independent then it is anticomplete to Vi 23 and that
if V1,23 is not a clique then it is complete to V; 3. Since Vi3 and Vj o3 are large,
it follows that either Vj 53 is an independent set or V; 3 is a clique. By symmetry
statement (i) of the claim holds. This completes the proof of Claim 17.

Claim 18. We may assume that for i € {1,2,3,4,5} and S € {{i +1,i+ 2,7 + 3},
{#,i+ 1,94+ 4}}, if Viig2 and Vg are large then one of the following cases holds:

(i) Viit2 and Vg are cliques and V; ;49 is anticomplete to V.

(i) V;it2 is independent and complete to Vs.

Suppose V1 3 and V5 3 4 are large. By Claim 3, G[V; 3] is Ps-free, so it is a disjoint
union of cliques. By Claim 5, G[V1 2 3] is (P1 + P2)-free, so its complement is a disjoint
union of cliques.

First suppose that V; 3 is not a clique. Let x,2’ € V; 3 be nonadjacent and sup-
pose y € Va 34 is nonadjacent to ’. Then Gz, vs,x,y,v2] or Glz,2’,ve,y,v4] is a
2P + P; if z is adjacent or nonadjacent to y, respectively. Since G[V; 3] is a dis-
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joint union of (at least two) cliques, this contradiction implies that V5 3 4 is complete
to Vig. If z,2" € Vi 3 are adjacent and y € V34 then Gy, vs, x,ve,2'] is a 2P, + P,
a contradiction. Therefore V; 3 must be independent, so statement (ii) of the claim
holds.

Now suppose that V; 3 is a clique. Again, if y € V5 34 is adjacent to x,2’ € V3 3
then Gly, vs, z,v2,2'] is a 2P; + Ps, a contradiction. Therefore every vertex of V5 3.4
has at most one neighbor in V; 3. Suppose y,y’ € V5 3.4 are nonadjacent. Since V; 3
is large, there must be a vertex = € V; 3 that is nonadjacent to both y and y'. Now
Glz,vs,y,v2,y'] is a 2Py + P53, a contradiction. Therefore V5 34 must be a clique.
Suppose z € Vi3 and y,y’ € Vo34 with x adjacent to y, but not to y’. Then
Gly,vs,y',z,v2] is a 2P; + Ps, a contradiction. Therefore every vertex of Vj 3 is ei-
ther complete or anticomplete to V5 3 4. Since every vertex of V5 34 has at most one
neighbor in V; 3, at most one vertex of V; 3 is complete to V5 5 4. If such a vertex exists
then by Fact 1, we may delete it. Therefore we may assume that V; 3 is anticomplete
to V2,34, so statement (i) of the claim holds. The claim follows by symmetry.

Claim 19. We may assume that for i € {1,2,3,4,5} and S € {{i +2,i + 3,i + 4},
{i,i+3,i+4}}, if Viit2 and Vs are large then one of the following cases holds:

(i) Viit2 and Vg are independent and V; ;1o is complete to Vg.

(ii) Vs is a clique and anticomplete to V; ;yo.
By symmetry we only need to prove the claim for the case where i = 1 and S =
{3,4,5}. In this case the sets V; ;12 and Vs are V; 3 and V3 45, respectively, which
are equal to W3 45 and W1 4, respectively (see also Table 1). The claim follows by
casting to the complement and applying Claim 18.

Claim 20. Fori € {1,2,3,4,5} and S € {{i,i+1,i+3},{i +1,i+2,i+4}}, if Viit2
and Vg are large then V; ;o is independent and it is complete to Vs.

By Claim 4, V; 24 is independent. Suppose z € V3 3 and y,y’ € Vi 24 with = nonad-
jacent to y’. Then G[y', vs, vs, z,y] or Gvs,x,y,ve,y'] is a 2Py + P5 if = is adjacent or
nonadjacent to y, respectively. Therefore V; 3 is complete to Vi 24. If 2,2 € Vi 3 are
adjacent and y € Vi 24 then Glu1,y,x,v2,2'] is a 2P; + Ps, a contradiction. There-
fore V3 3 is independent. The claim follows by symmetry.

Claim 21. For i € {1,2,3,4,5}, if Viit2o and Viy1,i+3,i+4 are large then G[V; ipo U
Vit1,i+3,i+4] has bounded clique-width.

Suppose Vi 3 and V5 4 5 are large. By Claim 3, G[V} 3] is Ps-free, so it is a disjoint union
of cliques. By Claim 4, V4 4 5 is independent. If z € V; 3 is nonadjacent to y,y’ € Va 45
then Gly,y',v1,z,vs] is a 2P, + Ps, a contradiction. Therefore every vertex of V3
has at most one nonneighbor in V5 4 5. If 2, 2" € V3 3 are nonadjacent and y € V5 4 5 is
nonadjacent to x and «’ then G[z, a’, va, y, v4] is a 2Py + Ps, a contradiction. Therefore
every vertex of Vs 45 is complete to all but at most one component of V; 5. Let G’
be the graph obtained from G[V1 3 U Va4 5] by applying a bipartite complementation
between V1 3 and V2 4 5. By Fact 3, G[V; 3UV5 4 5] has bounded clique-width if and only
if every component of G’ has bounded clique-width. Now consider a component o
of G’. We will prove that C% has bounded clique-width. We first note that C'¢’
consists of either a single vertex (in which case it has clique-width 1), or a clique in V; 3
together with an independent set in V5 45, no two vertices of which have a common
neighbor in the clique. By Fact 2, we may complement the clique V(C) NV, 3
in C%. The resulting graph C'% is a disjoint union of stars, which has clique-width
at most 2. We conclude that C¢ has bounded clique-width.
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Claim 22. For i€ {1,2,3,4,5} and S € {{i,i+1,i+ 2,0+ 3},{4,i+1,i+2,i +4}},
if Viiq2 and Vs are large then V; ;1o is independent and it is complete to Vs.
Suppose Vi 3 and Vi 234 are large. By Claim 3, G[V; 3] is Ps-free, so it is a disjoint
union of cliques. By Claim 4, V; 234 is independent.

Suppose x € V; 3 has two nonneighbors y,y’ € Vi 234. Then Gz, vs,y, ve, ']
is a 2P, + Ps, a contradiction. It follows that every vertex of V; 3 has at most one
nonneighbor in V2 3 4.

Suppose, for contradiction, that V; 3 is not an independent set. Let x, 2’ € Vi 3 be
adjacent vertices. If y € V] 2 3 4 is adjacent to both x and &’ then Gly, vs, x,ve, 2] is a
2P, + Ps, a contradiction. Therefore every vertex of V; 3 3 4 has at most one neighbor
in {z,2'}. Since Vi 234 is large, there must be two vertices y',y” € Vi 234 that are
nonadjacent to the same vertex in {x,2'}. This is a contradiction since every vertex
of V1 3 has at most one nonneighbor in V; 2.3 4. It follows that V; 3 is an independent
set. Since 5 ¢ {1,3} U{1,2,3,4}, Claim 8 implies that V; 3 is complete to V1 2.3 4.
The claim follows by symmetry.

Claim 23. We may assume that for i € {1,2,3,4,5} and S € {{i,i + 1,7+ 3,i + 4},
{i+1,i+2,i+3,i+4},{1,2,3,4,5}}, if Viiga and Vg are large then one of the
following holds:

(i) Viite2 is an independent set or

(i) Viiq2 is the disjoint union of a (possibly empty) clique that is anticomplete

to Vs and a (possibly empty) independent set that is complete to Vs.

Suppose Vi 3 and Vg are large for S € {{1,2,4,5},{1,2,3,4,5}} (the S={2,3,4,5}
case is symmetric). By Claim 3, G[V 3] is Ps-free, so it is a disjoint union of cliques.
By Claim 4, Vg is independent.

If z,2/ € Vi3 are nonadjacent and y € Vg is anticomplete to {z,z’} then
Glz,x',v2,y,v4] is a 2P; + Ps, a contradiction. Since G[V; 3] is a disjoint union
of cliques, it follows that every vertex of Vg is complete to all but at most one com-
ponent of G[Vi 3]. If z,2" € Vi 35 are adjacent and y € Vg is complete to {z,z’} then
Glv1,y,x,v9,2'] is a 2Py + Ps, a contradiction. Therefore no vertex of Vg has two
neighbors in the same component of G[V; 3]. It follows that G[V; 3] contains at most
one nontrivial component. In other words, either V; 3 is an independent set or the
disjoint union of a clique and an independent set.

Suppose that V; 3 is not an independent set. Then G[V; 3] contains a nontrivial
component C’. We may assume C’ contains at least three vertices, otherwise we may
delete it by Fact 1. No vertex of Vs can have two neighbors in C’ and every ver-
tex of Vg is complete to all but at most one component of G[V; 3]. Therefore every
vertex of Vg is complete to the independent set V3 3\ V(C’). Suppose x € Vg has a
neighbor y € V(C’). Since V(C’) contains at least three vertices, and every vertex
of Vg has at most one neighbor in V(C"), we can find vertices y',y” € V(C’) that are
nonadjacent to . Now Glvy,y,y’,x,y"] is a 2P, + Ps, a contradiction. Therefore Vg
is anticomplete to V(C").

We conclude that either V; 3 is an independent set or it is the disjoint union of an
independent set that is complete to Vg and a clique that is anticomplete to Vg. The
claim follows by symmetry.

Claim 24. Fori € {1,2,3,4,5}, if Viix2 and V; ;404344 are large then V; 1o is an
independent set that is complete to Vi j42.i43,i+4.

Suppose Vi 3 and Vi 345 are large. By Claim 3, G[V; 3] is Ps-free, so it is a disjoint
union of cliques. By Claim 4, V} 34,5 is independent.
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Suppose x € Vi3 is nonadjacent to y,y’ € Vizas. Then Glug,z,y,v4,y'] is a
2P; + P3, a contradiction. Therefore every vertex of V; 3 has at most one nonneighbor
in V1 345. Suppose x,2’ € V; 3 are adjacent. Since Vi 545 is large, there must be
a vertex y € Vi 345 that is adjacent to both z and z’. Now G[y,v1,z,vs, 2] is an
2P; + Ps, a contradiction. Therefore V3 3 must be an independent set. If z, 2’ € Vi 3
and y € Vi 345 is adjacent to x, but not to ' then Gz, vs, x,y,v4] is a 2P, + Ps,
a contradiction. Therefore every vertex of Vi 345 must be either complete or anti-
complete to V; 3. Since every vertex of Vi 3 has at most one nonneighbor in Vi 345,
it follows that at most one vertex of V34,5 may be anticomplete to V3. Suppose
z,x' € Vi3. lf y € V1,345 is anticomplete to V1 3 and y' € V4 345 is complete to V3
then Gly, v, x,y’, '] is a 2P, + P;3. We conclude that V4 3 is complete to V4 34 5. The
claim follows by symmetry.

The next two claims will allow us to assume that every set Vg is either a clique
or an independent set.

Claim 25. For i € {1,2,3,4,5}, if V; ;19 is large then we may assume it is an inde-
pendent set or a clique.
Suppose V; 3 is large and that it is not a clique or an independent set.

By Claim 12, if Vg is large for some S C {1,2,3,4,5} with S # {1,3} then
SN{2,4} # 0 and SN{2,5} # 0. It follows that Vj, Vi, Vs, Vi, Vi, Vi5, V3, Va4,
Va5, Vi34, and Vi 35 are empty. V5 is empty by Claim 13. V; 2 and V5 3 are empty
by Claim 15. V334 and V2 5 are empty by Claim 18. V; 234 and Vj 235 are empty
by Claim 22. Vj 345 is empty by Claim 24. Vj 2 4 and V5 3 5 are empty by Claim 20.
Therefore in addition to V; 3, only the following sets may be nonempty: Vis, Va4,
Vas: V123, Vaas, Vias, Vous, Vipas, Vo345, and Via345.

Suppose Vo455 = Wi is large. By Claim 12 if a set Vg is large for some
S C {1,2,3,4,5} with S # {2,4,5} then SN {1,3} # 0. It follows that Vj s,
Va4, and Va5 are empty. By Claim 11 if Vg is large for some S C {1,2,3,4,5}
with S 75 {2,4,5} then {4,5} ,@ S. It follows that ‘/},}4’57 V1’4’5, ‘/1’274’5, ‘/2’374’5,
and Vi 2345 are empty. Therefore, apart from V; 3 and V45, only the set Vio3
can be large. By Claim 17, if V} 53 is large then it is a clique that is anticomplete
to Vi,3. Casting to the complement (see also Table 1), since V; 2 3 is a clique in G,
it follows that W35 = Vi a3 is an independent set in G, so by Claim 16, W35 is
anticomplete to Wi o = Vo 45 in G. Therefore in the graph G, Vips = Wsas is a
clique that is complete to V52 45 = Wi 2 and anticomplete to Vi 3. By Fact 1, we may
delete the five vertices in the original cycle C. By Fact 3, we may apply a bipartite
complementation between V3 45 and V; 3. This separates the graph into two parts:
G[Vi 3 U Va4 5], which has bounded clique-width by Claim 21 and G[V; 23], which is
a clique and so has clique-width at most 2. Therefore if V5 45 is large then G has
bounded clique-width. Thus we may assume that V545 = (.

We will now show how to disconnect V; 3 from the rest of the graph. Note that Vj 5
is anticomplete to V7 3 by Claim 16. V; 2 3 is anticomplete to V3 by Claim 17. V5 45
and Vi 45 are anticomplete to V; 3 by Claim 19. V4 and V, 5 are complete to Vi 3
by Claim 14. By Fact 3, we may apply a bipartite complementation between V; 3
and {v1,v3} UVa 4 UV 5. By Claim 23, for S € {{1,2,4,5},{2,3,4,5},{1,2,3,4,5}},
either Vg is empty or Vi 3 is the disjoint union of a clique C” that is anticomplete
to Vs and an independent set I that is complete to Vg. If Vi3 does have this
form, then by Fact 3, we may apply a bipartite complementation between I and
VipasUVasas UViasas. Doing this removes all edges from Vi3 to vertices not
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in V4 3. By Claim 3, G[V} 3] is a Ps-free graph, so it is a disjoint union of cliques and
thus has clique-width at most 2.

We conclude that if V; 3 is large, but is neither a clique nor an independent set,
then G[V4 3] has bounded clique-width and we can remove all edges from V7 3 to ver-
tices not in V; 3. We may therefore remove all vertices in V; 3 from the graph. The
claim follows by symmetry.

Claim 26. For i € {1,2,3,4,5}, if Vi 1112 is large then we may assume it is an
independent set or a clique.
This follows from Claim 25 by casting to the complement (see also Table 1).

Note that by Claims 2, 4, 25, and 26, we may assume that every large set Vg is
either a clique or an independent set.

Claim 27. For i € {1,2,3,4,5}, if Vi 12 is large then we may assume it is an inde-
pendent set.
Suppose that V; 3 is large, but not an independent set. By Claim 25, we may
assume that it is a clique. We will show how to disconnect Vi3 (or a part of
the graph that contains Vj 3 and has bounded clique-width) from the rest of the
graph. First, by Fact 1, we may delete the five vertices of the original cycle C. Let
G' = G|JVs | Vs is a clique] and let G” = G[|JVs | Vs is an independent set]. By
Claim 6, if Vg is a clique and Vr is an independent set, then Vg is either complete
or anticomplete to V. If Vg is complete to Vp, by Fact 3, we may apply a bipartite
complementation between these sets. Doing so for every pair of a clique Vg and an in-
dependent set Vi that are complete to each other, we disconnect G’ from G”. Since our
aim is to show how to remove the clique V; 3 from G, it is therefore sufficient to show
how to remove it from G’. In other words, we may assume that if Vi is an independent
set then Vr = (). That is, we may assume that every set Vs is a (possibly empty) clique.
By Claim 4, Vi2a, Vo35, Viga, Voas, Vigs: Viesa, Vigss Vigas, Vigas,
Va4, and Vi 2345 are independent sets, so we may assume that they are empty.
Since V13 is a large, by Claim 12 if Vg is large for some S C {1,2,3,4,5} with
S #{1,3} then SN{2,4} # 0 and SN{2,5} # 0. It follows that Vy, Vi, Vs, Vi, V14,
Vis, Vs, Va4, V3 5 are empty. This means that apart from V; 3, only the following sets
can be large: V12, Va3, V123, Vo34, V34,5, V145, V125, V2, Va5, Vau, Vo 5 and recall
that all these sets are (possibly empty) cliques by assumption (see also Figure 4). For
two of these sets, if there is an ¢ € SNT then Vg is anticomplete to Vp by Claim 10.
Since {1,3} N ({2} U{4,5} U{2,4} U{2,5}) = 0, at most one of the sets V5, Vi 5, Va4,
and V5 is large by Claim 12. We consider several cases.

Case 1. Vo4 or Va5 is large.

By symmetry, we may assume V54 is large. Then V5, Vi 5, and V5 5 are empty, as
stated above. Also, Vi 3 and V54 are anticomplete to Vi 2, Va3, Vi2s, Vasa, V3a5,
V1,45, and Vi o 5 by Claim 10. This means that G[V; 3U V2 4] is disconnected from the
rest of G’. By Lemma 10, G[V; 3 U V5 4] has bounded clique-width. This completes
the case.

Case 2. V3 is large.

Then Vi 5, Va4, and Va5 are empty, as stated above. Since {3,5} ¢ {2} U {1,2} and
{1,4} ¢ {2} U {2, 3}, Claim 12 implies that V; 5 and V3 3 are empty. Now V3 3, Vi 23,
Va3.4, V345, Vias, and Vi o 5 are pairwise anticomplete by Claim 10. By Claim 9, the
edges between V5 and each of Vi 3, V123, Vo34, V345, V145, and Vi 25 form match-
ings. By Fact 2, we can complement all of the large sets. We obtain a graph which

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/15/20 to 129.234.0.79. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

CLIQUE-WIDTH FOR GRAPH CLASSES 1127

Vig

F1G. 4. The set of possible cliques when Vi 3 is a clique. Two sets are joined by a line if the
edges between them form a matching (recall that a matching may contain no edges, in which case
the two sets are anticomplete to each other). Two sets are joined by a dashed line if at most one of
them is large and the other is empty. Two sets are not joined by a line if they are anticomplete to
each other. These properties follow from Claims 9, 10, 11, and 12.

is a disjoint union of stars, which have clique-width at most 2. It follows that G’ =
G[V1 3UVi 23UVa 3 4UV3 4 5UV7 4 5UVA 2 5] has bounded clique-width. This completes
the case.

Case 3. Vy5 is large.

Then Vs, Va4, and Va5 are empty, as stated above. Since V5 is large and {4,5} C
{3,4,5},{1,4,5}, Claim 11 implies that V345 and V; 45 are empty. Now Vi 3, Vi 2,
Vas, Vias, Vo34, and Vi o5 are pairwise anticomplete by Claim 10. By Claim 9,
the edges between V5 and each of Vi3, Via, Va3, Vias, Vasa, and Vi o5 form
matchings. By Fact 2, we can complement all of the large sets. We obtain a graph
which is a disjoint union of stars, which have clique-width at most 2. It follows that
G =G[V13UVi5UV12UVa3UV] 93UVa 34UV 9 5] has bounded clique-width. This
completes the case.

Case 4. Vo, Vus, Vou, and Va5 are empty.
V173 is anticomplete to VLQ, V273, ‘/1,273, VY273,4, ‘/3,,475, ‘/1,4757 and V172,5 by Claim 10.
Therefore G'[V1 3] = G[V4 3] is disconnected from the rest of G’. Since V4 3 is a clique,
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G[Vi 3] has clique-width at most 2. We may therefore remove Vi 3 from the graph.
This completes the case.

Since one of the above cases must hold by Claim 1, this completes the proof of
the claim when 7 = 1. The claim follows by symmetry.

Claim 28. Fori € {1,2,3,4,5}, if Vi it1,i+2 18 large then we may assume it is a clique.
This follows from Claim 27 by casting to the complement (see also Table 1).

Claim 29. Fori € {1,2,3,4,5}, we may assume V; ;4o is empty.

Suppose that V; 3 is large. By Claim 27, we may assume that it is an independent
set. We will show how to disconnect V; 3 (or a part of the graph that contains V; 3
and has bounded clique-width) from the rest of the graph. First, by Fact 1, we may
delete the five vertices of the original cycle C. Let G' = G[J Vs | Vs is a clique] and
let G’ = G[|JVs | Vs is an independent set]. By Claim 6, if Vg is a clique and Vr is
an independent set, then Vg is either complete or anticomplete to V. If Vg is com-
plete to V, by Fact 3, we may apply a bipartite complementation between these sets.
Doing so for every pair of a clique Vg and an independent set Vp that are complete
to each other, we disconnect G’ from G”. Since our aim is to show how to remove
the independent set Vi 3 from G, it is therefore sufficient to show how to remove it
from G”. In other words, we may assume that if Vg is a clique then Vg = (). That is,
we may assume that every set Vi is a (possibly empty) independent set.

By Claim 2, V@a Vi, Vo, V3, Vi, Vs, V1,2a ‘/2,37 ‘/3,47 V4,57 and V1,5 are cliques, so
we may assume that they are empty. By Claim 28, Vi 23, Vo34, V345, V145, and
Vi,2,5 are cliques, so we may assume that they are empty.

Since Vi 3 is large, by Claim 12, if Vg is large for some S C {1,2,3,4,5} with
S # {1,3} then SN {2,4} # @ and SN {2,5} }é @ It follows that ‘/1747 ‘/375, V17374,
and V; 35 are empty.

This means that apart from Vj 3, only the following sets can be large: Va4, Va5,
Vipga, Vazs, Vipsa, Vigss, Visas, Vauas, Vias, Vo345, and Vi 2345 and note
that they are all (possibly empty) independent sets by assumption (see also Figure 5).
For two of these sets, if there is an i € {1,2,3,4,5} such that i ¢ S and i ¢ T then Vg
is complete to Vp by Claim 8.

Since {4,5} C {1,2,3,4,5},{2,3,4,5},{1,2,4,5},{2, 4,5}, at most one of the sets
Vigsas, Va3zas, Vigas, and Vo 45 is large by Claim 11. We consider several cases.

Case 1. V12345 15 large.
Then, since

e {12} C{12,4},

o {2,3} C{2,3,5},{1,2,3,4},{1,2,3,5}, and

o {4,5} C{1,3,4,5},{2,4,5},{1,2,4,5},{2,3,4,5},
Claim 11 implies that V1 2.4, Vo35, V1,234, V12,35, V1,345, V2,45, V1,245, and Vo345
are empty. Now {1,3} N ({2,4} U {2,5}) = 0, so Claim 12 implies that either V54
or Va5 is empty. By symmetry we may assume that V5 5 is empty. This means that
only the sets Vi3, V12345, and Vo 4, are large. By Lemma 10, it follows that G” has
bounded clique-width. This completes the case.

Case 2. Vo345 or Vigas is large.

By symmetry, we may assume that V5 3 4 5 is large. Then, since
e {2,3} €{2,3,5},{1,2,3,4},{1,2,3,5} and
e {4,5} € {1,3,4,5},{2,4,5},{1,2,4,5},{1,2,3,4,5},
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Vig

V1,2M\ Vaa
7, AN
\

Vi234

Fi1G. 5. The set of possible independent sets when Vi 3 is an independent set. Two sets are
joined by a line if the edges between them form a comatching. Two sets are joined by a dashed line
if at most one of them is large. Two sets are not joined by a line if they are complete to each other.
These properties follow from Claims 7, 8, 11, and 12.

Claim 11 implies that Vo35, Vi23.4, V12,35, Vi,3,45, Va5, Vias, and Vipsas are
empty. This means that apart from V; 3 and V5 3 4,5, only the sets V5 4, Vo 5, and Vi 2.4
can be large. Now 4 ¢ {2,5}U{1,3}, 1 ¢ {2,5}U{2,3,4,5}, and 3 ¢ {2,5}U{2,4}U
{1,2,4}, so by Claim 8, V5 is complete to all the other large sets. By Fact 3, we
may apply a bipartite complementation between Vo 5 and Vi 3UVa345U Vo 4U V) 24.
This will disconnect G[Va5] from the rest of G”. Since V55 is an independent set,
G[Va 5] has clique-width at most 1. We may therefore assume that Vs 5 is empty. Since
{3,5}N({2,4}U{1,2,4}) = 0, Claim 12 implies that either V5 4 or V; 5 4 is empty. This
means that only at most three sets Vg are large: Vi 3, V2 34,5, and either V5 4 or V7 2.4.
By Lemma 10, it follows that G” has bounded clique-width. This completes the case.

Case 3. Vo 45 is large.
Then, since

o {4,5} C{1,3,4,5},{1,2,4,5},{2,3,4,5},{1,2,3,4,5},
Claim 11 implies that Vizas: Vipas, Va3as, and Vi,2,3,4,5 are empty. Since {1, 3} N
({2,4} U {2,4,5}) =0 and {1,3} N ({2,5} U{2,4,5}) = 0, Claim 12 implies that V5 4
and V3 5 are empty. This means that apart from V; 3 and V3 4 5, only the following sets
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may be large: ‘/17274, ‘/2,3757 V1727374, and V1,27375. Since {172} - {1,2,4},{1,2,3,4},
{1,2,3,5}, Claim 11 implies that at most one of Vi 94, Vi 234, and Vi 235 is large.
Since {2,3} C {2,3,5},{1,2,3,4},{1,2,3,5}, Claim 11 implies that at most one of
Vo35, V12,34, and Vi 235 is large. Since 5 ¢ {1,2,4} U{1,3}, 3 ¢ {1,2,4}U{2,4,5},
4 ¢ {2,3,5} U{1,3}, 1 ¢ {2,3,5} U {2,4,5}, Claim 8 implies that V3 3 and V5 45
are both complete to both V; 24 and V5 35. Therefore, if Vi 24 or V535 are large,
then Vi34 and Vi35 are empty and by Fact 3 we can apply a bipartite comple-
mentation between Vi 35U V5 4 5 and Vi 24U Va 35. This will disconnect G[Vi 53UV 4 5]
from the rest of the graph. By Claim 21, G[V4 3 U V2 45] has bounded clique-width.
We may therefore assume that V7 24 and V5 35 are empty. This means that at most
three sets Vg are large: Vi3, V24,5, and either Vi 234 or Vi 235. By Lemma 10, it
follows that G has bounded clique-width. This completes the case.

Case 4. Vipsas, Vasas, Vigas, and Vaus are empty.

The only sets apart from V3 that can be large are Vo4, Va5, Vi24, Va5, Vi23.4,
Vi235, and Vi 345. Since 4 ¢ {1,3}U{2,5},{2,3,5},{1,2,3,5}, 5 ¢ {1,3} U{2,4} U
{1,2,4}U{1,2,3,4}, and 2 ¢ {1,3}U{1, 3,4, 5}, Claim 8 implies that V; 3 is complete
to all the other large sets. Applying a bipartite complementation between V; 3 and
VoaUVasUViaaUVassUViesaUViass5UVi 345 disconnects G[Vi 3] from the rest
of G”. Since V; 3 is an independent set, G[V4 3] has clique-width at most 1. Therefore,
by Fact 3, we may delete V; 3 from the graph. This completes the case.

Since one of the above cases must hold, this completes the proof of the claim
when ¢ = 1. The claim follows by symmetry.

Claim 30. Fori € {1,2,3,4,5}, we may assume V; ;4142 is empty.
This follows from Claim 29 by casting to the complement (see also Table 1).

We are now ready to complete the proof of the lemma. First, by Fact 1, we may
delete the five vertices of the original cycle C. Let G’ = G[|J Vs | Vs is a clique] and
let G’ = G[JVs | Vs is an independent set]. By Claim 6, if Vs is a clique and Vr
is an independent set, then Vg is either complete or anticomplete to Vp. If Vg is
complete to Vr, by Fact 3, we may apply a bipartite complementation between these
sets. Doing so for every pair of a clique Vg and an independent set Vi that are
complete to each other, we disconnect G’ from G”. By Fact 3 it is sufficient to show
that G’ and G” have bounded clique-width. In fact, it is sufficient to show that G’
has bounded clique-width, since then we can obtain the same result for G” by casting
to the complement (see also Table 1) and applying Fact 2. In the remainder of the
proof, we show that G’ has bounded clique-width.

Note that only the following sets Vg can remain: Vjy, Vi, Vo, V3, Vi, Vs, Vi 2, Va3,
V34, Vas, and V; 5. Note that all of these sets are cliques by Claim 2 and by Claim 9
the edges between any two of these sets form a matching.

If Vy is large then, since {1,3} N (DU {4} U {4,5}) = 0, Claim 12 implies that V}
and V5 are empty. Similarly, every set apart from Vj is empty, so G’ is a com-
plete graph and therefore has clique-width 2. We may therefore assume that Vj is
empty.

Suppose that V; is large. Since {2,5} N ({1} U {3} U {4} U{3,4}) =0, {2,4} n
({1} u{p}uU{1,5}) =0 and {3,5} N ({1} U {2} U {1,2}) = B, Claim 12 implies that
V3, Va, Vaa, Vs, Vi 5, Vo, and V; 5 are empty. Therefore only Vi, V5 3, and Vi 5 can be
large. Hence by Lemma 10 the graph G’ has bounded clique-width. We may there-
fore assume that V; is empty. By symmetry, we may assume that V; is empty for all
1€{1,2,3,4,5}.
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Now by Claim 10if j € {i+1,i—1} then V; ;1 is anticomplete to Vj ;1. For every
i €{1,2,3,4,5}, by Claim 9 the edges between V; ;41 and V19,43 form a matching.
By Fact 2, we may apply a complementation to each set V; ;1. We obtain a graph of
maximum degree at most 2, which therefore has clique-width at most 4 by Lemma 3.
This completes the proof of the lemma. 0

LEMMA 12. The class of (2P1+Ps, 2P, + Ps)-free graphs containing an induced Cg
has bounded clique-width.

Proof. Suppose G is a (2P, + P3,2P; + P;)-free graph containing an induced
cycle C on six vertices, say vy, ..., v in order. By Lemma 11, we may assume that G
is Cs-free. For S C {1,...,6}, let Vs be the set of vertices x € V(G)\ V(C) such that
N(z)NV(C) = {v; | i € S}. We say that a set Vg is large if it contains at least two
vertices, otherwise it is small.

To ease notation, in the following claims, subscripts on vertex sets should be
interpreted modulo 6 and whenever possible we will write V; instead of Vi;; and V; ;
instead of Vy; ;1 and so on.

Claim 1. We may assume that for S C {1,...,6}, the set Vg is either large or empty.
If a set Vg is small, but not empty, then by Fact 1, we may delete all vertices of this
set. If later in our proof we delete vertices in some set Vg and in doing so make a
large set Vg become small, we may immediately delete the remaining vertices in Vg.
The above arguments involve deleting a total of at most 2° vertices. By Fact 1, the
claim follows.

Claim 2. For S C{1,...,6} if |S| <1 then Vs = 0.
If x € VjUVs, then Gz, v1,v3,v4, v5] is a 2P; + Ps, a contradiction. The claim follows
by symmetry.

Claim 3. For i€ {1,...,6}, Vi 41 is a clique.
Suppose that z,2’ € V; 2 are nonadjacent. Then G[z,z’,vs,vq,v5] is & 2P, + Ps, a
contradiction. The claim follows by symmetry.

Claim 4. Forie {1,...,6}, Viiy1,i42 is a clique.
Suppose that z,2" € V; 2 3 are nonadjacent. Then G[z,z’,v4,v5,v6] is a 2P1 + P3, a
contradiction. The claim follows by symmetry.

Claim 5. Fori € {1,...,6}, Vi iyo is empty.
If © € V4,3 then G[z,v2,v4, U5, 6] is a 2Py + Ps, a contradiction. The claim follows
by symmetry.

Claim 6. Fori € {1, ey 6}, Vi,i+3 U ‘/1'71‘4_177;_’_3 U ‘/7;71'_5_271‘4,_3 U ‘/i,i+1,i+2,i+3 18 empty.
Ifx e VigUViaaUVigaUViasa then Gz, vy, vs,v6,v1] is a Cs, a contradiction.
The claim follows by symmetry.

Claim 7. Fori € {1,2}, GV, iy2.i+4] is Ps-free.
Suppose z,x’, 2" € Vi 35 are such that G[z,z’,2"] is a P;. Then Glvg, v4, z, 2, 2] is
a 2P; + P3, a contradiction. The claim follows by symmetry.

Claim 8. Fori € {1,...,6}, Viit1.it2it4a 1S empty.

Suppose for contradiction that Vi35 is not empty. By Claim 1, there are two
vertices z,x’ € V1 235. If x is adjacent to 2’ then Gz, z', v1,vs5,v2] isa 2P + P3. If x
is nonadjacent to x’ then Glvy, vg, z,v2,2'] is a 2P; + P3. This contradiction implies
that V1 235 is empty. The claim follows by symmetry.
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Claim 9. For i € {1,...,6}, Viit1it3ita U Viitriv2.i+3.i+4 U Viit1its,ita,ivs U
Vi it1,i42,i+3,i+4,i+5 15 an independent set.

the graph Gz, 2’,v1,v4,v9] is a 2P; + P3, a contradiction. The claim follows by
symimetry.

By Claims 1-9, only the following sets can be nonempty:

o Viit1 forie {1,...,6}, which are cliques;
Viit1,i+2 for i € {1,...,6}, which are cliques;
Viit2,i+a for i € {1,2}, which induce Ps-free graphs in G;
Viit1,i+3,i+4 for ¢ € {1,2,3}, which are independent sets;
Viit1,i4+2.i+3,i+4 for i € {1,...,6}, which are independent sets; and
Vi,2,3,4,5,6, which is an independent set.

In the remainder of the proof, we will prove a number of claims. First, we will show
that we can remove sets of the form V; ;41 (Claim 14), and of the form V; ;41 40
(Claim 18) from the graph. Then we will show that for 7' C {1,...,6} with |T'| > 4
we can remove Vp from the graph (Claims 22 and 23). This will leave only the
sets V135 and V5 46 and the last stage will be to deal with these sets.

Claim 10. We may assume that for distinct S, T C {1,...,6} if Vg is an independent
set and Vi is a clique then Vg is either complete or anticomplete to V.

Let S, T C {1,...,6} be distinct. If Vg is an independent set and V7 is a clique, then
by Lemma 9, we may delete at most three vertices from each of these sets, such that
in the resulting graph, Vg will be complete or anticomplete to V. Doing this for
every pair of an independent set Vg and a clique Vi we delete at most (226 ) x2x3
vertices from G. The claim follows by Fact 1.

Claim 11. Fori € {1,2} and j € {1,...,6}, if Vi it2,it+a is large then Vj j 11 is empty.
Suppose, for contradiction, that z € Vi35 and y € Vi 2. Then Glvy, v, v2,y, x| or
Gly, ve, x,v3,v4] is a 2Py + P5 if 2 is adjacent or nonadjacent to y, respectively. This
is a contradiction. The claim follows by symmetry.

Claim 12. For i € {1,2,3}, either V; ;11 or Viis iva is empty.

Suppose x € V7 2 and y € Vy 5. If  is adjacent to y then Gz, va,vs,v4,y] isa Cs. If x
is nonadjacent to y then Gly,vs,z,v1,v6] is a 2P + Ps, a contradiction. The claim
follows by symmetry.

Claim 13. Fori,j € {1,...,6}, Vi it1,i+2 s anticomplete to Vj j11.

Let i = 1, j € {2,3,4} (the other cases follow by symmetry). If Vi o3 and Vj 41
are not empty then by Claim 1 they must be large. Suppose z,2' € Via3 and
y € Vj j+1 with = adjacent to y. By Claim 4, x must be adjacent to 2’. If j = 2 then
Glz,vs2,v3,v1,y] is a 2P, + P3. If j = 3 then Gz, 2’,v1,y,v2] or Glus,x,2’,y,va)
is a 2P; + P3 if 2’ is adjacent or nonadjacent to y, respectively. If j = 4 then
Gy, vs,vg,v1, ] is a Cs. This is a contradiction. The claim follows by symmetry.

Claim 14. We may assume that V; ;11 is empty for all i € {1,...,6}.

Let G’ be the graph induced by the sets of the form V;,;1;. We will show how to

disconnect G’ from the rest of G and then show that G’ has bounded clique-width.
We may assume that at least one set of the form V; ;41 is nonempty (in which

case it must be large by Claim 1), otherwise we are done. By Fact 3, for each i €

{1,...,6} we may apply a bipartite complementation between V; ;11 and {v;, vit1}.
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By Claim 13, for i,j € {1,...,6} there are no edges between V; ;11 and Vj i1 j1o.
By Claim 11, Vi35 and V346 are empty. By Claim 3, all sets of the form V; ;1
are cliques. By Claim 9, if Vi is large with |T'| > 4 then Vi is an independent set.
Therefore, by Claim 10, for all ¢ € {1,...,6} and all T C {1,...,6} with |T| > 4,
Viit1 is either complete or anticomplete to Vp. If V; ;i1 is complete to Vi then
by Fact 3 we may apply a bipartite complementation between these two sets. This
removes all edges from vertices in G’ to vertices outside G’.

It remains to show that G’ has bounded clique-width. By Claim 12, V; 5 or Vj 5
is empty, Va3 or V5 is empty, and V54 or Vj ¢ is empty. This means that at most
three sets of the form V; ;11 can be large. By Claim 3, every set of the form V; ;41
induces a clique in G (and therefore in G’). By Lemma 10, it follows that G’ has
bounded clique-width.

We conclude that we can remove all sets of the form V; ;1 from G, that is, we
may assume that these sets are empty. This completes the proof of the claim.

Claim 15. Fori € {1,2} and j € {i+1,i+3,i+5}, Vi iy2,ita is complete to V; j 11 j4o.
If © € Vi35 is nonadjacent to y € Vo34 then Glz,vs,v2,y,v4] is a 2P + Ps, a
contradiction. The claim follows by symmetry.

Claim 16. Fori € {1,2} and j € {i,i+2,i4+4}, V; i12,i44 is anticomplete to V; j 11 jyo.
If £ € V1 35 is adjacent to y € Vi o 3 then Glvg, v, v2,y, 2] is a 2Py + Ps, a contradic-
tion. The claim follows by symmetry.

Claim 17. Fori e {1,...,6} either V; it1,i+2 or Vig1,it2,i+3 is empty.

Suppose that Vi 23 and V3 34 are both nonempty. Then by Claim 1 they must both
be large and by Claim 4, they must both be cliques. If x € Vj 23 is adjacent to
y € Vo34 then Glz,vs,y,v1,v3] is a 2P; + Ps, a contradiction. Therefore V93 is
anticomplete to Va34. If # € Vigg and y,y' € Vo34 then Gluvg,vs,y,x,y] is a
2P, + Ps, a contradiction. The claim follows by symmetry.

Claim 18. We may assume that Vi ;4142 is empty for all i € {1,...,6}.
Let G’ be the graph induced by the sets of the form V; ;11.;+2. We will show how to
disconnect G’ from the rest of G and then show that G’ has bounded clique-width.

We may assume that at least one set of the form V; ;41,42 is nonempty (in
which case it must be large by Claim 1), otherwise we are done. By Fact 3, for
eachi € {1,...,6} we may apply a bipartite complementation between V; ;11 ;42 and
{VisVit1,viyo}. By Claims 15 and 16 for ¢ € {1,...,6} and j € {1,2}, V; 4142 is
either complete or anticomplete to Vj 12 j14; if it is complete then by Fact 3, we may
apply a bipartite complementation between these two sets. By Claim 4, all sets of
the form V; ;41 ;42 are cliques. By Claim 9, if Vp is large with |T'| > 4 then Vi is an
independent set. Therefore, for all i € {1,...,6} and all T C {1,...,6} with |T| > 4,
Viit1,i+2 is either complete or anticomplete to V. If Vi ;11,42 is complete to Vp
then by Fact 3 we may apply a bipartite complementation between these two sets.
This removes all edges from vertices in G’ to vertices outside G'.

It remains to show that G’ has bounded clique-width. By Claim 17, V; 2.3 or V3 3.4
is empty, V345 or Vi 56 is empty, and V; 56 or Vi 26 is empty. This means that at
most three sets of the form V; ;i1 42 can be large. By Claim 4, every set of the
form V; ;11412 induces a clique in G (and therefore in G’). By Lemma 10, it follows
that G’ has bounded clique-width.

We conclude that we can remove all sets of the form V; ;11,42 from G, that is,
we may assume that these sets are empty. This completes the proof of the claim.
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Claim 19. Suppose S,T C {1,...,6} are distinct with |S| > 4 and |T| > 5. Then Vg
or Vr is empty.

Suppose the claim is false for some S and T. By Claim 1, we may assume Vg and Vp
are large. Without loss of generality, we may assume that |T| > |S|. Without loss of
generality, we may assume that {1,2,4,5} C S. The vertices of Vr are nonadjacent
to at most one vertex of the original cycle C, so without loss of generality, we may
assume that {1,2,4} C SNT. If z,2’ € Vs UV are adjacent then G[z,x’, vy, v4, v2]
is a 2P + P3, so Vs U Vr is an independent set. Suppose x,z € Vr, 3,3y € Vg, and
i € T'\'S (which exists since |T'| > |S] and S # T'). Then Gly, v, z, v;, 2] is a 2P, + P,
a contradiction. The claim follows by symmetry.

Claim 19 implies that, in addition to the sets Vi35 and V46, which may be
large, exactly one of the following must hold:
e Exactly one, two, or three sets Vg with |S| = 4 are large and all sets Vr with
|T| € {5,6} are empty.
e Exactly one set Vg with |S| =5 is large and all sets Vi with |T'| € {4,6} are
empty.

77777

e All sets Vp with |T'| > 4 are empty.

Claim 20. Leti € {1,2} and T C {1,...,6} with |T| > 4 such that there is a
je{1,...,6} with j ¢ {i,i+2,i+4}, j ¢ T. If Viitoita and Vp are large
then Vi i12.44 15 an independent set that is complete to V.

By symmetry, we need only prove the claim in the case where ¢ = 1 and T €
{{1,2,4,5},{1,2,3,4,5}}, in which case j = 6. Suppose = € V35 is nonadjacent
to y € Vp. Then Glz,vs,v2,y,v4] is a 2Py + Ps, a contradiction. Therefore V7 35 is
complete to V. If z, 2’ € Vi 35 with « adjacent to 2’ and y € Vi then Glv1,y, z, v2, 2]
is a 2P, + Ps, a contradiction. Therefore V) 35 is an independent set. The claim fol-
lows by symmetry.

Claim 21. Fori € {1,2} and T C{1,...,6} with |T| >4 and {i,i+2,i+4}UT =
{1,...,6}. If Viiyo.iva and Vp are large then we may assume V; ;4o ;44 is the disjoint
union of a (possibly empty) clique and a (possibly empty) independent set.

Suppose ¢ = 1 and T € {{1,2,3,4,6},{1,2,3,4,5,6}}. Suppose Vi35 and Vp are
large. If z € Vp and v,y € Vigs with z,y,y' pairwise nonadjacent then
Gly,y',ve, z,v4] is & 2P + P3, a contradiction. Therefore every vertex of Vr is com-
plete to all but at most one component of G[Vi 35]. If z € Vp and y,y’ € V3 35 with
x,y,y’ pairwise adjacent then Gz, v1,y,v2,y'] is a 2P + P3, a contradiction. There-
fore every vertex of Vr has at most one neighbor in each component of G[V; 35]. It
follows that G[Vi 3] has at most one nontrivial component. The claim follows by
symmetry.

Claim 22. Fori € {1,2,3}, we may assume that V; ;11,i4+3,i+4 1S empty.

Suppose that V; ;111314 is not empty for some ¢ € {1,2,3}. Then by Claim 1,
this set must be large. By Claim 19, in this case only the following sets can be
large: Vigs, Va6, Vipas, Vosse, and Vaa61. By Claim 20, Vigs and Vouge
are complete to V1245, Vo356, and V3 461. By Fact 3, we may apply a bipartite
complementation between V335U Vaue and Vigas U Vaszse U Vaag1. By Fact 3,
we can also apply bipartite complementations between {vi,vs,v4,v5} and Vi 245,
between {vs,vs,vs,v6} and Vo356 and between {vs,va,vs,v1} and Vzag1. This
disconnects G’ = G[Vi,2.45 U Va 356U V3.46,1] from the rest of the graph.
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It remains to show that G’ has bounded clique-width. By Claim 9, V1 2. 45, V2,356,

and V3 4 6,1 are independent sets. By Lemma 10, it follows that G’ has bounded clique-
width. We may therefore assume that V3 2 4 5UVa.356UV5461 = 0. The claim follows.

Claim 23. For T C{1,...,6} with |T| > 5 we may assume that Vr is empty.
Suppose there is a T' C {1,...,6} with |T'| > 5 such that Vr is large. By Claim 19,
only the following sets can be large: Vi35, Va46, and V. By Claims 20 and 21,
each of Vi 35 and V546 is the union of a (possibly empty) clique and a (possibly
empty) independent set. By Claim 9, Vi is an independent set. By Fact 1, we may
delete the vertices of the original cycle C. We obtain a graph whose vertex set can
be partitioned into at most two cliques and at most three independent sets, so G has
bounded clique-width by Lemma 10. The claim follows.

Only two sets Vs remain that may be nonempty, namely, Vi35 and Vo 46. If
one of these sets is empty, then by Fact 1 we may delete the vertices of the original
cycle C'. Claim 7 implies that the resulting graph is a disjoint union of cliques, and
so has clique-width at most 2. We may therefore assume that both Vi 35 and V5 46
are nonempty, in which case they are both large by Claim 1.

Suppose x € V1 35 and y,y’ € Va 46 and these three vertices are pairwise nonad-
jacent. Then Gly,y’,v1,z,vs] is a 2P; + Ps, a contradiction. Therefore each vertex
of V1,35 is complete to all but at most one component of G[V34,6]. Similarly, each
vertex of V5 46 is complete to all but at most one component of G[V1 3 5].

First consider the case where G[V, 4 6] contains at least three nontrivial compo-
nents. Every vertex in Vj 35 must be complete to at least two of these components.
If x,2' € V1,35 are adjacent then they must both be complete to a common nontrivial
component C’ of G[Va46]. Let v,y € V(C’). Then Gz, z',y,v1,y’] is a 2P; + Ps, a
contradiction. It follows that V) 3 5 is an independent set. Note that this implies that
every vertex of V5 4 ¢ has at most one nonneighbor in V; 3 5. By Fact 3, we may apply
a bipartite complementation between Vj 3 5 and Va2 4 6. Let G’ be the resulting graph.
In G', every vertex in Vj 3 5 has neighbors in at most one component of G[V3 4,6] and
each vertex of V5 46 has at most one neighbor in V; 3 5. This means that every com-
ponent of G[Va 46| lies in a different component of G’. It suffices to show that the
components of G’ have bounded clique-width. Let C” be such a component of G’.
By Fact 2, we may apply a complementation to Va 46 N V(C"”). We obtain a disjoint
union of stars (some of which may be isolated vertices). Since stars have clique-width
at most 2, we have shown that in this case G has bounded clique-width.

We may therefore assume that V5 4 ¢ contains at most two nontrivial components.
By symmetry, we may also assume that V; 3 5 contains at most two nontrivial compo-
nents. This means that each of these sets consists of the disjoint union of at most two
cliques and at most one independent set. Let K! and K? be the two cliques and I' be
the independent set in V; 3 5. Let K and K* be the two cliques and I? be the indepen-
dent set in V5 4 6. (We allow the case where some of the sets K ¢ or IV are empty.) Also
note that in G, K is anticomplete to K2 and K? is anticomplete to K*. By Fact 1
and Lemma 9, we may assume that each clique K is either complete or anticomplete
to each independent set I7. If a clique K* is complete to I7 then by Fact 3 we may ap-
ply a bipartite complementation between these sets. This removes all edges between
K'UK?UK?UK* and I' UI?. Now by Fact 1 and Lemma 8 we may assume that
the edges between each pair of K', K2, K3, and K* and the edges between I' and I2
either form a matching or a comatching. If the edges between two such sets form a
comatching, by Fact 3 we may apply a bipartite complementation between these sets.
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Finally, by Fact 2, we may complement each clique K*. Let G” be the resulting graph
and note that in this graph it is still the case that K'UK?UK? U K* is anticomplete
to I' U I%. In G” the edges between I' and I? form a matching, so G”[I' U I?] has
maximum degree at most 1 and thus clique-width at most 2. In G” the sets K', K2,
K3, and K* are independent and the edges between each pair of these sets forms a
matching. In fact, K! is anticomplete to K2 and K3 is anticomplete to K*. Therefore
G"[K'U K? U K3 U K% has maximum degree at most 2, and therefore clique-width
at most 4 by Lemma 3. It follows that G” has bounded clique-width and therefore G
also has bounded clique-width. This completes the proof of the lemma. ]

_LEMMA 13. Every prime (2P1 + P, 2P + Ps, Cs, Cs)-free graph is either Kr-free
or Kr-free.

Proof. Let G be a prime (2P, + P3,2P; + P3,Cg, Cs)-free graph. Suppose, for
contradiction, that G contains an induced K7 and an induced K7. We will show that
in this case the graph G is not prime. Note that any induced K7 and induced K7
in G can share at most one vertex. We may therefore assume that G contains a
clique C on at least six vertices and a vertex-disjoint independent set I on at least six
vertices. Furthermore, we may assume that C' is a maximum clique in G\ I and [ is
a maximum independent set in G\ C (if not, then replace C or I with a bigger clique
or independent set, respectively).

By Lemma 9, there exist sets Ry C C and Ry C I each of size at most 3 such
that C" = C'\ R; is either complete or anticomplete to I’ = I\ Re. Without loss
of generality, we may assume that R; and Ry are minimal, in the sense that the
above property does not hold if we remove any vertex from R; or Rs. Note that
the class of prime (2P, + Ps3,2P; + Ps, Cg, Cg)-free graphs containing an induced K7
and an induced K7 is closed under complementation. Therefore, complementing G if
necessary (in which case the sets I and C will be swapped, and the sets Ry and R»
will be swapped), we may assume that C’ is anticomplete to I'.

Claim 1. |Ry| <1 and |Rz| < 1.

By construction, R; and Ry each contain at most three vertices and I’ and C’ each
contain at least three vertices. Since R; (resp., Rz) is minimal, every vertex of R;
(resp., Ro) has at least one neighbor in I’ (resp., C').

Choose 11,15 € I’ arbitrarily and suppose, for contradiction, that y € Ry is not
complete to C’. Then y must have a neighbor ¢; € C’ and a nonneighbor ¢y € C’,
so Gliy,i2,y,c1,co] is a 2Py + Ps, a contradiction. Therefore Ry is complete to C”.
If y,y' € Ry then for arbitrary ¢; € C’, the graph Gl[iy,i2,y,c1,y’] is a 2P, + P, a
contradiction. It follows that |Ra| < 1.

Choose c¢1,co € C' arbitrarily. Suppose, for contradiction, that * € R; has
two nonneighbors 41,75 € I’. Recall that x must have a neighbor i € I’, so
Gliv,i2,13,2,¢1] is a 2P; + Ps, a contradiction. Therefore every vertex of R; has
at most one nonneighbor in I’. Suppose, for contradiction, that x, 2’ € R;. Since I’
contains at least three vertices, there must be a vertex i; € I’ that is a common
neighbor of z and z’. Now G[z,x’, 1,11, o] is a 2P; + Ps, a contradiction. It follows
that |R;| < 1. This completes the proof of Claim 1.

Note that Claim 1 implies that |C’| > 5 and |I’| > 5. Let A be the set of vertices
in V'\ (CUT) that are complete to C'. If x € A is adjacent to y € Ry then by Claim 1
CuU{x} is a bigger clique than C, contradicting the maximality of C. Tt follows that A
is anticomplete to R;. If 2,y € A are adjacent then by Claim 1, (C U {x,y}) \ Ry
is a bigger clique than C, contradicting the maximality of C. It follows that A is an
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independent set. Furthermore, by the maximality of I and the definition of A, every
vertex in V' \ (C'UTIU A) has a neighbor in I and nonneighbor in C’.

Claim 2. Let x be a vertex in V' \ (CUIUA). Then either x is complete to I', or x
has exactly one neighbor in I.

Suppose, for contradiction, that z has a nonneighbor z in I’, and two neighbors
y,y" € I. Now z cannot have another nonneighbor 2’ € I\{z}, otherwise G|z, 2, y, x, ¢/]
would be a 2P; + P3;. Therefore  must be complete to I \ {z}. In particular, since
|I’| > 5, this means that x has two neighbors in I’, say y; and ys (not necessarily
distinct from y and y’). Recall that  must have a nonneighbor ¢; € C’. Now
Gle1, z,y1,%,y2] is a 2Py + P5. This contradiction completes the proof of Claim 2.

By Claim 2 we can partition the vertex set V'\ (CUIU A) into subsets V; and V,
for every x € I, where Vs is the set of vertices that are complete to I’, and V,, is the
set of vertices whose unique neighbor in [ is z. Let U, = V, U {z}.

Claim 3. For all x € I', U, is anticomplete to C".

Suppose z € I'. Clearly z is anticomplete to C’. Suppose, for contradiction, that
y € Uz \{z} =V, has a neighbor z € C" and choose u,v € I'\{z}. Then G[u,v,z,y, 2]
is a 2P 4+ Ps. This contradiction completes the proof of Claim 3.

Claim 4. For every x € I, the set U, is a clique.

Note that x € I is adjacent to all other vertices of U,, by definition. If y,z € V,, are
nonadjacent then (I \ {z}) U {y, 2} would be a bigger independent set than I. This
contradiction completes the proof of Claim 4.

Claim 5. If x,y € I are distinct, then U, is anticomplete to U,,.

Clearly x is anticomplete to U, and y is anticomplete to U,. Suppose, for contradic-
tion, that z’ € U, \ {z} is adjacent to y' € Uy \ {y}. Choose u,v € I\ {z,y}. Then
Glu,v,z,2’,y'] is a 2P, + P5. This contradiction completes the proof of Claim 5.

Claim 6. For every x € I', the set U, is complete to V.

Clearly z is complete to Vj/, by definition. Suppose, for contradiction that =’ €
U, \{z} is nonadjacent to y € V. Since y ¢ A, the vertex y must have a nonneighbor
¢1 € ¢’ and note that 2’ is nonadjacent to ¢; by Claim 3. Choose u,v € I'’\{z}. Then
Gle1, 2, u,y,v] is a 2P, + Ps. This contradiction completes the proof of Claim 6.

Suppose x € I’. Claim 4 implies that U, is a clique, Claim 3 implies that U, is
anti-complete to C’ and Claim 6 implies that U, is complete to V.. Furthermore for
all y € I'\ {z}, Claim 5 implies that U, is anti-complete to U,. We conclude that
given any two vertices x,y € I, no vertex in V' \ (AU Ry UU, UU,) can distinguish
the set U, UU,,. In the remainder of the proof, we will show that there exist z,y € I’
such that no vertex of AU R; distinguishes the set U, U Uy, meaning that U, U U, is
a nontrivial module, contradicting the assumption that G is prime.

Claim 7. If u € AU Ry then either u is anticomplete to U, for all x € I' or else u is
complete to Uy for all but at most one x € I'.

Suppose, for contradiction, that the claim does not hold for a vertex u € AU Ry.
Then u must have a neighbor 2’ € U, for some x € I’ and must have nonneighbors
y € U, and 2’ € U, for some y, z € I’ with y # z. Since |I'| > 5, we may also assume
that = ¢ {y, z}. Choose ¢; € C’ arbitrarily. By Claim 3, ¢; is nonadjacent to z’, 3/,
and z'. Tt follows that G[y/,2',¢1,u,2’] is a 2P; + P3. This contradiction completes
the proof of Claim 7.
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Let A* denote the set of vertices in A U R; that have a neighbor in U, for some
zel.

Claim 8. The set A* is complete to all, except possibly two, sets Uy, x € I'.
Suppose, for contradiction, that there are three different vertices z,y,z € I’ such
that A* is complete to none of the sets U, U,, and U,. By Claim 7 and the definition
of A*, every vertex in A* is complete to at least two of the sets U,, Uy, U,. Therefore
there exist three vertices u, v, w € A* such that

e u is not adjacent to some vertex 2’ € Uy, but is complete to U, and U.;

e v is not adjacent to some vertex y’ € Uy, but is complete to U, and U.;

e w is not adjacent to some vertex 2z’ € U, but is complete to U, and U,,.
Therefore Glu,y’,w,z’,v,2'] is a Cg. This contradiction completes the proof of
Claim 8.

Now, since |I'| > 5, Claims 7 and 8 imply that there exist two distinct vertices
x,y € I' such that every vertex of AUR; is either complete or anticomplete to U, UU,,.
It follows that U, U U, is a nontrivial module in G, contradicting the fact that G is
prime. This completes the proof. 0

Let G be a graph. The chromatic number x(G) of G is the minimum positive
integer k such that G is k-colorable. The clique number w(G) of G is the size of a
largest clique in G. A hereditary class C of graphs is y-bounded if there is a function f
such that x(G) < f(w(G)) for all G € C.

LEMMA 14 ([34]). For every natural number k the class of Py-free graphs is
x-bounded.

LEMMA 15. For every fized k > 1, the class of (K, 2P1+Ps, 2P + Ps)-free graphs
has bounded clique-width.

Proof. Fix a constant k > 1 and let G be a (Kj,2P; + P3,2P; + Ps)-free graph.
By Lemma 12, we may assume that G is Cg-free. Since G is (2P + Ps)-free, it is
P;-free, so by Lemma 14 it has chromatic number at most ¢ for some constant /.
This means that we can partition the vertices of G into ¢ independent sets Vi,...,V;
(some of which may be empty). Since G is (2P, + P3,2P; + P3)-free, by Lemma 8,
deleting finitely many vertices (which we may do by Fact 1), we may assume that
for all distinct 4,7 € {1,...,¢}, the edges between V; and V; form a matching or a
comatching. Since G is Cg-free, if the vertices between V; and V; form a comatching,
this comatching can contain at most two nonedges. Therefore, by deleting finitely
many vertices (which we may do by Fact 1), we may assume that the edges between V;
and V; form a matching or V; and V; are complete to each other. By deleting finitely
many vertices (which we may do by Fact 1), we may assume that each set V; is either
empty or contains at least five vertices.

Suppose the edges from V; to V; and the edges from V; to V), form a matching
and that there is a vertex x € V; that has a neighbor y € V; and a neighbor z € V,.
Then y must be adjacent to z, otherwise for 2/, 2" € V;\{z} the graph G[2/, 2", y, z, 2]
would be a 2P; + Ps, a contradiction. If V; is complete to V; then for ¢, y" € V},
z' e Vyand 2/,2" € V; \ (N(y') UN(y") U N(2")) (such vertices exist since each of
y', 4", and 2’ have at most one neighbor in V; and V; contains at least five vertices) we
have Gz, 2"y, 2’,y"] is a 2P, + Ps, a contradiction. Therefore the edges between V;
and V;, form a matching.

Now for each 4,7 € {1,...,¢} with ¢ < j, if V; is complete to V;, we apply a
bipartite complementation between V; and V; (which we may do by Fact 3). Let G’
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be the resulting graph. The previous paragraph implies that if z has two neighbors y
and z in G’ then y is adjacent to z in G, so G’ is Ps-free. Therefore G’ is a disjoint
union of cliques, so it has clique-width at most 2. ]

We are now ready to prove that (2P + Ps,2P; + Ps)-free graphs have bounded
clique-width.

THEOREM 4. The class of (2P + P3,2P; + P3)-free graphs has bounded clique-
width.

Proof. Let G be a (2P; + P5,2P; + Ps)-free graph. By Lemma 6, we may assume
that G is prime. If G contains an induced Cg then we are done by Lemma 12. If G
contains an induced Cg then we are done by Lemma 12 and Fact 2. We may therefore
assume that G is also (Cg, Cg)-free. By Lemma 13, we may assume that G is either
Ky-free or Ky-free. By Fact 2, we may assume that G is K7-free. Lemma 15 completes
the proof. 0

Theorem 2 follows from the summary of [18] for the clique-width of bigenic graph
classes (see also [21]) after updating it with our new result for (2P, + P5,2P; + Ps)-
free graphs (Theorem 4), the result of Dabrowski, Lozin, and Paulusma [22] that
(P1 + P3, P> + Py)-free graphs have bounded clique-width and the recent result of
Bonamy et al. [4], who proved that the class of (P, + Py, Py + 2P,)-free graphs has
unbounded clique-width. We first present the updated summary and then explain
how Theorem 2 follows from it.

THEOREM 5. Let G be a class of graphs defined by two forbidden induced sub-
graphs. Then
1. G has bounded clique-width if it is equivalent® to a class of (Hy, Hg)-free
graphs such that one of the following holds:
(1) H1 or H2 Ql P4,‘
(ii) Hy = sPy and Hy = Ky for some s,t;
(i) Hy C; P1+P3 and Hy C; K1 3+3P1, K13+ P2, Pi+P,+P3, P +Ps,
P+ 8112, Po+ P4,£6, S11,3, or S1.2,2;
) H1 Ql 2P1+P2 andH2 QiP1—|—2P2, 3P1+P2, 07”P2+P3,’
(v) Hi C; Pr+ Py and Hy C; Py + Py or Ps;
) Hi,Hy Ci Ku3;
(Vii) H.,Hy, C; 2P, + Ps.
2. G has unbounded clique-width if it is equivalent to a class of (Hy, Ha)-free
graphs such that one of the following holds:
(1) H1 gS and HQ ¢S,
(ii) H ¢ S and Hy ¢ S;
(111) H1 :_)z K173 or 2P2 andﬁg :_)z 4P1 or QPQ,'
iV) Hl :_)z 2P1 + P2 and E :_>1 K173, 5P1, P2 + P4, or P6,'
(V) Hl :_)z 3P1 andE:_Dl 2P1+2P2, 2P1+P4, 4P1+P2, SPQ, 07”2P3,‘
)
)

—~

(Vi H1 224P1 andE21P1+P4 0’/‘3P1+P2,'
(Vll H1 22 P1+P4 andEQl P1+2P2

3Given four graphs Hi, Ha, H3, Hy, the class of (Hy, Hs)-free graphs and the class of (Hs, Hy)-

free graphs are equivalent if the unordered pair Hs, H4 can be obtained from the unordered pair
Hi, Hs by some combination of the operations (i) complementing both graphs in the pair and (ii)
if one of the graphs in the pair is K3, replacing it with P; + P3 or vice versa. If two classes are
equivalent, then one of them has bounded clique-width if and only if the other one does (see [25]).
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Fic. 6. Walls of height 2, 3, and 4, respectively.
./k . . I I M
° °

K173 4P1 2P2 C4 2P1 + PQ K4 05 3P1 + P2

F1G. 7. Forbidden induced subgraphs from Theorems 6, 7, and 8.

THEOREM 2 (restated). For a graph H, the class of (H, H)-free graphs has
bounded clique-width if and only if H or H is an induced subgraph of K13, Py + Pu,
2P, + P3, or sPy for some s > 1.

Proof. Let H be a graph. It can be readily checked from Theorem 5 that if H
or H is an induced subgraph of Ki3, P1 + Py, 2P; + P3, or sP; for some s > 1
then the class of (H, H)-free graphs has bounded clique-width. Suppose this is not
the case. If H ¢ S and H ¢ S, then the class of (H, H)-free graphs has unbounded
clique-width by Theorem 5. By Fact 2, we may therefore assume that H € S. By
Lemma 2, H contains K; 3 + Pi, 2P, 3P, + P, or S1,12 as an induced subgraph.
This means that the class of (H, H)-free graphs contains the class (K 3,4P;)-free,
(2Py,2P;)-free, (4P, 3P + Ps)-free, or (2P, + P, K1 3)-free graphs, respectively. In
each of these cases we apply Theorem 5. 0

5. Three new classes of unbounded clique-width and the proof of The-
orem 3. In this section we first identify three new graph classes of unbounded clique-
width. To do so, we will need the notion of a wall. We do not formally define this
notion, but instead refer to Figure 6, in which three examples of walls of different
height are depicted (see, e.g., [14] for a formal definition). The class of walls is well
known to have unbounded clique-width; see for example [37]. A k-subdivided wall is
the graph obtained from a wall after subdividing each edge exactly k times for some
constant k£ > 0, and the following lemma is well known.

LEMMA 16 ([40]). For any constant k > 0, the class of k-subdivided walls has
unbounded clique-width.

n [19], Dabrowski, Golovach, and Paulusma showed that (4P;,3P; + P»)-free
graphs have unbounded clique-width. However, their construction was not Cs-free.
We give an alternative construction that neither contains an induced Cj nor an in-
duced copy of any larger self-complementary graph (see also Figure 7).

THEOREM 6. Let F be the set of all self-complementary graphs on at least five
vertices that are not equal to the bull. The class of ({4Py,3P; + P>} U F)-free graphs
has unbounded clique-width.

Proof. Consider a wall H (see also Figure 6). Let H' be the graph obtained
from H by subdividing every edge once, that is, H' is a l-subdivided wall. By
Lemma 16, such graphs have unbounded clique-width. Let V; be the set of ver-
tices in H’ that are also present in H. Let V5 be the set of vertices obtained from
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subdividing vertical edges in H, and let V5 be the set of vertices obtained from subdi-
viding horizontal edges. Note that V7, V5, and V3 are independent sets. Furthermore,
every vertex in V; has at most one neighbor in V5 and at most two neighbors in Vs,
while every vertex in VoUV3 has at most two neighbors, each of which isin V7. Let H”
be the graph obtained from H’ by applying complementations on Vi, V5, and V3. By
Fact 2, such graphs have unbounded clique-width.

It remains to show that H” is ({4P;,3P; + P>} U F)-free. Since the vertex set
of H" is the disjoint union of the three cliques V1, V5, V3, we find that H” is 4P;-free.
We now show that H” is 3P; + P,-free. Suppose, for contradiction, that H” contains
an induced 3P; + P> with vertex set S. Note that 3P, + P, is the graph obtained
from a K75 after deleting an edge. Since Vi, Vs, and V3 are cliques in H”, this means
that S must have vertices in at least two of these sets. As V5 is anticomplete to V3,
we find that S contains at least one vertex of V3. Suppose S has only vertices in V)
and V; for some ¢ € {2,3}. Then, since |S| = 5 and S contains vertices of both V;
and V;, it follows that one of Vi, V; contains either three or four vertices. As each
vertex of V7 has at most two neighbors in V; and vice versa, this means that in both
cases H"[S] is missing at least two edges, which is not possible. Hence S must have
at least one vertex in each of Vi, Vo, V5. As V5 is anticomplete to Vi and H”[S] is
missing only one edge, S must have exactly one vertex in each of V5 and V3, and the
remaining three vertices of S must be in V;. We recall that every vertex in V5 has at
most two neighbors in V7 and no neighbors in V3. Hence, the vertex of S that is in V5
has degree at most 2 in H”[S]. This is a contradiction, as 3P; + P> has minimum
degree 3. We conclude that H” is 3P, + P»-free.

Next, we show that H” is X-free for any self-complementary graph X on at least
five vertices that is not equal to the bull. First suppose that X has at most seven
vertices. Then X must be the C5. Since the vertex set of H” is the disjoint union of
the three cliques Vi, Vs, V3, and V5 is anticomplete to V3, we find that H” is Cx-free.

It remains to show that if X is a self-complementary graph on at least eight
vertices, then H” is X-free. Suppose, for contradiction, that H” contains such an
induced subgraph X. Since H” is 4P;-free, X must be 4P;-free and therefore Kj -
free. Let U; = V;NV(F) for i = 1,2, 3. Since each set V; is a clique and X is Ky-free,
each set U; must be a clique on at most three vertices. Since X contains at least eight
vertices, two sets of {Uy,Us, Us} consist of three vertices and the other set consists
of either two or three vertices. This means that at least one of Us, Us contains three
vertices (while the other set may contain two vertices). Now Us is anticomplete to Us,
so X contains an induced K3 + P,. Since X is self-complementary, X must contain
an induced Ko 3. Consider an induced K; 3 in H”. The three degree-1 vertices of
the K 3 must be in different sets V;. As V5 is anticomplete to V3, the central vertex
of the K; 3 must be in V;. Since two nonadjacent vertices in a K33 are the centers
of an induced K 3, it follows that both these vertices must be contained in H"[V4].
This is a contradiction, since V is a clique. This completes the proof. ]

Brandstadt et al. [9] proved that (C4, Ki3,K4,2P, + P2)-free graphs have un-
bounded clique-width. In fact, their construction is also Cs-free (see also Figure 7).
Note that by Lemma 7, any self-complementary graph on at least five vertices that
is not equal to the bull contains an induced subgraph isomorphic to Cy, Cs, or Ky,
so such graphs are automatically excluded from the class specified in the following
theorem.

THEOREM 7. The class of (Cy,Cs5, K1 3, K4,2P1 + P»)-free graphs has unbounded
clique-width.
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Proof. Consider a wall H (see also Figure 6). Let H' be the graph obtained
from H by subdividing every edge once. Let V; be the set of vertices in H' that
are also present in H and let V5 be the set of vertices obtained by subdividing edges
of H. Note that in H’, the neighborhood of every vertex in V; is an independent
set. For every vertex in Vi, we add edges between its neighbors; this will cause its
neighborhood to induce a P, or a triangle. Finally, we delete the vertices in V; and
let H” be the resulting graph. As the smallest induced cycle in H has length 6,
the smallest induced cycle in H' has length 12. Hence, making vertices that are of
distance 2 from each other in H' adjacent to each other in H” does not create any
induced C5, and we find that H” is Cs-free. Brandstidt et al. proved that such graphs
are (Cy, K1 3, K4,2P; + Py)-free and have unbounded clique-width [9]; the latter fact
also follows from [25, Theorem 3]. This completes the proof. d

Before proving our third unboundedness result, we will first need to introduce
some more terminology and two lemmas. Given natural numbers k, ¢, let Rb(k, ()
denote the smallest number such that if every edge of a Kgy(x,e), ro(k,¢) 18 colored red
or blue then it will contain a monochromatic Ky, ¢. Beineke and Schwenk [1] showed
that Rb(k, () always exists and proved the following result.

LEMmMA 17 ([1]). Rb(2,2) =5.
The next lemma was independently proved by Ringel and Sachs.

LeEMMA 18 ([45, 46]). Let G be a self-complementary graph on an odd number
of vertices and let f : V(G) — V(G) be an isomorphism from G to G. Then there is
a unique vertex v € V(G) such that f(v) = v.

Recall that the clique number w(G) of G is the size of a largest clique in G. The
next lemma was proved by Sridharan and Balaji.
LEMMA 19 ([47]). Let G be a self-complementary split graph on n vertices. If n

is even then w(GQ) = 5.

Let G = (V,E) be a split graph. The independence number a(G) of G is the
size of a largest independent set in G. By definition, G has a split partition, that
is, a partition of V into two (possibly empty) sets C and I, where C is a clique
and [ is an independent set. A split graph G may have multiple split partitions. For
self-complementary split graphs we can show the following.

LEMMA 20. Let G be a self-complementary split graph on n vertices.

(1) Ifn is even, then G has a unique split partition and in this partition the clique
and independent set are of equal size.

(ii) If n is odd, then there exists a vertexr v such that G \ v is also a self-
complementary split graph.

Proof. First consider the case where n is even and let (C,I) be a split partition
of G. Then w(G) > |C| and «(G) > |I|. Since G is self-complementary, it follows that
w(G@) = a(G) and, by Lemma 19, w(G) = §. Therefore n = |C|+|I| < w(G)+a(G) <
n and so |I| = |C| = w(G) = a(G) = 5. Suppose, for contradiction, that there is
another split partition (C’,I') with |C’| = |I'|. Now I\I' CC'NI,so [I\I'| = 1.
Similarly |I’\I| = 1. This implies that I\I' = C'\C = {u} and I'\T = C\C' = {w}.
Note that both u and w are complete to C N C’ and anticomplete to I N I’. Hence
if u,w are adjacent, then {u,w} U (C'NC") is a clique of size § + 1, and if u,w are
nonadjacent, then {u,w} U (I NI’) is an independent set of size 5 + 1. In both cases
we get a contradiction with the fact that w(G) = «(G) = §. This completes the case
where n is even.
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Now suppose that n is odd and let f be an isomorphism from G to G. By
Lemma 18, there is a vertex v € V(G) such that f maps v to v and maps the vertices
of G\ {v} to the vertices of G \ {v}. Therefore G \ {v} is self-complementary. O

THEOREM 8. Let F be the set of all self-complementary graphs on at least five
vertices that are not equal to the bull. The class of ({Cy,2P2} U F)-free graphs has
unbounded clique-width.

Proof. First note that the only self-complementary graph on five vertices apart
from the bull is the C5. Since Cs € F, the class of ({C4,2P,} U F)-free graphs is a
subclass of the class of split graphs by Lemma 1. Hence we may remove all graphs
that are not split graphs from F, apart from Cjs; in particular, this means that we
remove Xy, ..., X109 from F (see also Figure 3). By Lemma 20, if G € F has an odd
number of vertices, but is not equal to Cs, then G\ v € F for some vertex v € V(G).
Let F’ be the set of self-complementary split graphs on at least eight vertices that
have an even number of vertices. It follows that the class of F'-free split graphs is
equal to the class of ({Cy,2P>} U F)-free graphs.

Consider a 2-subdivided wall H and note that it is (Cy, Cg)-free; recall that
2-subdivided walls have unbounded clique-width by Lemma 16. Note that H is a
bipartite graph, and fix a bipartition (A, B) of H. Let H’ be the graph obtained
from H by applying a complementation to A and note that H’ is a split graph with
split partition (A, B).

Note that in H’, every vertex in B has a nonneighbor in A and every vertex in A
has a neighbor in B. We claim that (A, B) is the unique split partition of H'. Indeed,
suppose (A’, B') is a split partition of H'; we will show that A’ = A and B’ = B. First
suppose, for contradiction, that B’ contains a vertex a € A. There exists a vertex
b € B that is adjacent to a and therefore b ¢ B’. Similarly, every vertex of (A \ {a})
is adjacent to a, so (A \ {a}) N B’ = (. Therefore every vertex of (A \ {a}) U {b}
must lie in A’, which is a clique. It follows that b is complete to A, a contradiction.
Therefore B’ cannot contain a vertex of A. Similarly, A’ cannot contain a vertex of B.
We conclude that (A, B") = (A, B), so the split partition of H’ is indeed unique.

Now, by Fact 2, the class of graphs H’ produced in the above way also has
unbounded clique-width. It remains to show that H' is F'-free.

First note that X; (see also Figure 3) is the graph obtained from the bipartite
graph Cyg by complementing one of the independent sets in the bipartition. Since H
is Cs-free and X; has a unique split partition (by Lemma 20), it follows that H' is
Xi-free.

Note that H is Cy-free and so H' does not contain two vertices z,z’ in the
clique A and two vertices y, %’ in the independent set B such that {z, 2’} is complete
to {y,y’'}. Now suppose G € F'\ {X;}. Recall that by Lemma 20, G has a unique
split partition (C,T), and this partition has the property that |C| = |I|. Therefore,
if we can show that G contains two vertices z, 2’ € C' and two vertices y,y’ € I with
{z,2'} complete to {y,y’} then H' must be G-free and the proof is complete. It
is easy to verify that this is the case if G € {X2, X3} (see also Figure 3 and recall
that Xy,..., X109 ¢ F'). Otherwise, G has at least ten vertices so |C|,|I| > 5. By
Lemma 17, there must be two vertices z,2’ € C and two vertices y,y’ € I with
{z, 2’} either complete or anticomplete to {y,y’}. In the first case we are done. In
the second case we note that complementing G will swap the sets C' and I and make
{z,2'} complete to {y,y’}, returning us to the previous case.

We conclude that H’ is indeed F'-free. This completes the proof. 0
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We are now ready to prove Theorem 3. Note that this theorem holds even if F is
infinite.

THEOREM 3 (restated). Let F be a set of self-complementary graphs on at least
five wertices not equal to the bull. For a graph H, the class of ({H,H} U F)-free
graphs has bounded clique-width if and only if H or H is an induced subgraph of K1 3,
Py + Py, 2P, + P3, or sPy for some s > 1.

Proof. Let H be a graph. By Theorem 2, if H or H is an induced subgraph of
Ki3, Py + Py, 2P + Ps, or sP; for some s > 1, then the class of ({H, H} U F)-free
graphs has bounded clique-width.

Consider a graph F' € F. Since F contains at least five vertices and is not isomor-
phic to the bull, Lemma 7 implies that F' contains an induced subgraph isomorphic to
Cy, Cs, or Ky, and so F' ¢ S. Therefore, the class of ({ H, H } UF)-free graphs contains
the class of (H, H,Cy,Cs, Ky)-free graphs. If H ¢ S and H ¢ S, then the class of
(H,H,Cy,C5, Ky)-free graphs has unbounded clique-width by Lemma 5. By Fact 2,
we may therefore assume that H € §. By Lemma 2, we may assume H contains
Ki3+4+ P, 2P, 3P, + P, or 51,12 as an induced subgraph, otherwise we are done. In
this case, the class of ({H, H } UF)-free graphs contains the class of (K; 3, K4, Cy, C5)-
free, ({QPQ, 04} U]—')—free, ({4P]_7 3P1 + PQ} U]:)-free, or (Kl’g, 2P1 + Pg, 04, 05, K4)—
free graphs, respectively. These classes have unbounded clique-width by Theorems 7,
8, 6, and 7, respectively. This completes the proof. ]

6. Conclusions. We classified the boundedness of clique-width for the class of
‘H-free graphs for every set H of self-complementary graphs (Theorem 1). Afterwards,
we did the same for the class of (H, H)-free graphs for every graph H (Theorem 2). In
particular, we proved that the class of (2P; + P3,2P; + Ps)-free graphs has bounded
clique-width (Theorem 4). We then proved that for a set F of self-complementary
graphs on at least five vertices, the classification of the boundedness of clique-width
for ({H, H} U F)-free graphs coincides with the one for the |H| = 2 case if and only
if 7 does not include the bull. As future work, we aim to continue our study of bound-
edness of clique-width for graph classes closed under complementation (Theorem 3).
In particular, to complete the classification for H-free graphs when |H| = 3, we still
need to determine those graphs H for which (H, H,bull)-free graphs have bounded
clique-width, and several such cases remain open. Our results also have a number of
algorithmic and structural consequences, which we discuss below.

As explained in section 1, the (un)boundedness of clique-width for bigenic graph
classes was determined in a sequence of other papers for all but six cases. As we have
proved that the class of (2P; + P3,2P; + Ps3)-free graphs has bounded clique-width,
five cases remain to be solved in order to complete the classification in Theorem 5.

OPEN PROBLEM 1. Does the class of (Hy, Hs)-free graphs have bounded or un-
bounded clique-width when
(i) Hy =3Py and Hy € {P1 + S113,5123};
(i) Hy =2P, + P> and Hy € {P1 + Py + P3, P + P5},'
(111) Hl :P]_ +P4 andE:Pg—l—Pg.

The COLORING problem takes as input a graph G = (V, E) and an integer k > 1
and asks whether there exists a mapping (coloring) ¢ : V' — {1,2,...,k} such that
c(u) # c(v) whenever uv € E. By combining a result of Kobler and Rotics [38]
with a result of Oum and Seymour [42], the COLORING problem is polynomial-time
solvable for any graph class of bounded clique-width. Hence, our result that the class
of (2P, + P3,2P; + Ps)-free graphs has bounded clique-width implies that COLORING
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is polynomial-time solvable for this graph class. This result was used by Blanché et
al. to prove the following theorem.

THEOREM 9 ([2]). Let H,H ¢ {(s+1)P, + P3,sP, + Py | s > 2}. Then
COLORING is polynomial-time solvable for (H, H)-free graphs if H or H is an induced
subgraph of K13, P+ Py, 2P + P3, Po+ P3, Ps, or sPy + P> for some s > 0 and it
is NP-complete otherwise.

Comparing Theorems 2 and 9 shows that there are graph classes of unbounded
clique-width that are closed under complementation, but for which COLORING is still
polynomial-time solvable. Nevertheless, on many graph classes, polynomial-time solv-
ability of NP-hard problems stems from the underlying property of having bounded
clique-width. The present paper illustrates this for the COLORING problem, since The-
orem 4 implies that COLORING is solvable in polynomial time on (2P + P3,2P; + Ps)-
free graphs. In particular, by updating the summary of [18] (see also [31]) with the
results of [4] and this paper, we identify the following ten classes of (H;, Hs)-free
graphs, for which COLORING could still potentially be solved in polynomial time by
showing that their clique-width is bounded.

OPEN PROBLEM 2. Is COLORING polynomial-time solvable for (Hy,Hs)-free
graphs when

(1) E S {3P1,P1 + P3} and Hy € {Pl + 5171,3,51,273};
(ii) Hy =2P, + P2 and Hy € {P, + Py + P3, P, + Ps};
(iii) Hy =2P, + Py and Hy € {P1 + P, + P35, P, + P5};
(iv) Hy = Py + Py and Hy = Py + P3;

(V) ﬁl:P1+P4 andH2:P2+P3.

Finally, we note that it may also be worthwhile to consider the consequences of
our research for the boundedness of variants of clique-width, such as linear clique-
width [35] and power-bounded clique-width [5].
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