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Abstract

Fix integers d > 2 and k > d — 1. Consider a random walk Xy, X1,... in R? in
which, given Xo, X1,..., X, (n > k), the next step X,,4+1 is uniformly distributed
on the unit ball centred at X,, but conditioned that the line segment from X,
to X,41 intersects the convex hull of {0, X,,_g,..., X, } only at X,,. For k = oo
this is a version of the model introduced by Angel et al., which is conjectured to
be ballistic, i.e., to have a limiting speed and a limiting direction. We establish
ballisticity for the finite-k model, and comment on some open problems. In the
case where d = 2 and k = 1, we obtain the limiting speed explicitly: it is 8/(972).
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1 Introduction and main results

Random walks in Fuclidean space whose evolution depends not just upon their most
recent state but upon their previous history have recently attracted much interest. Such
non-Markov processes arise naturally in systems where there is learning, resource deple-
tion, or physical interaction. For example, a roaming animal performing a random walk
may tend to avoid previously visited regions to access new resources [25, §4]. Another
major motivation is to provide models in polymer science, where linear chain molecules
naturally appear both in collapsed and extended phases [2].

A broad class of models is provided by random walks (or diffusions) that interact
with the occupation measure of their past trajectory. This interaction can be local, such
for reinforced [21] or excited random walks [5], in which the walker’s motion is biased
by its occupation measure in the immediate vicinity, or global, such as for processes
with self-interaction mediated via some global functional of the past trajectory, such as
a centre of mass or other occupation statistic [4,9,18,20,26-28]. In either case, the self-
interaction can be attractive, corresponding to the collapsed polymer phase, or repulsive,
corresponding to the extended phase. An important distinction exists between dynamic
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models, that are genuine stochastic processes, and static models, such as the self-avoiding
walk [16], which is the extreme case in which repulsion is total.

Locally self-repelling walks in continuous space also appear in queueing theory, as
models of customer-server systems with greedy strategies: customers arrive randomly
in time and space and the server moves toward the closest customer between services.
Questions of interest include stability when the space is the circle [24], and transience and
rate of escape on the line [12,23]. Analogues in discrete space are considered in [10, 14],
where it is shown that in different regimes the server’s trajectories mimic either the
self-avoiding or correlated random walk [8].

The inspiration for the work in the present paper originates with a model of Angel et
al. in which the random walk is forbidden from entering the convex hull of its previous
trajectory [1,29]. This model, known as the rancher process, is believed to be ballistic
(see below), but no proof of this exists at the moment. A lattice-based model which
shares some common features with the rancher process is the prudent random walk [4] in
which the walker avoids travelling in a direction towards a previously visited site. It is
worth noting that the scaling limits of the prudent walk in its kinetic version [4] and its
static (uniform) version [7,22] are quite different. In this paper we consider a variant of
the rancher model in continuous space for which we can establish ballisticity.

Let us describe our model, a version of the rancher problem which retains memory
only of a fixed number of its recent locations together with its initial point (the origin).
Fix d > 2 (the ambient dimension) and k € N (the length of the memory of the walk)
with & > d — 1 (this condition rules out degenerate cases, as we explain below). Our
object of interest is the stochastic process X = (Xo, X1, Xo,...) in R? where, roughly
speaking, given Xy, ..., X,,, the next position X,,,; is uniformly distributed on the unit
ball centred at X,, but conditioned so that the line segment from X, to X, does not
intersect the convex hull of {0, X, ¢, Xp,_+1, ..., X, } at any point other than X,, (which
is necessarily on the boundary of the hull).

To give the formal definition, we write Conv X for the convex hull of a subset X C R¢,
that is, the smallest convex set containing X. Let B(z;7) denote the closed Euclidean
d-ball centred at € R? with radius 7 > 0, and for z,y € R? let (z,y] := {\x + (1 = Ny :
A € (0,1]}, which for = # y is the line segment from z € R? to y € R? excluding x. The
set of admissible states from x € R? with history X C R? is

A(X;z) :=cl{y € B(z;1) : (z,y] N Conv(X U{0,z}) = 0}; (1

~—

where taking the closure (‘cl’) is convenient for some measurability statements.
Let Vol denote Lebesgue measure on R, and set X, 1, := {X; : max(1,n — k) < j <
n — 1}. We define the law of X by taking Xy = 0 and declaring that, for n € Z,

]P)(Xn+1 € A ‘ XO7X17 cee 7Xn) = /p<y ‘ Xn,kaX’n)dya (2)
A

for all Borel sets A C R?, where p is the transition density defined for y € R? by
1
ply | X;z) = mlA(x;x)(y) (3)

if Vol A(X; ) > 05 i.e., given Xy, ..., X, the next step X,, 11 is uniform on A(X,, x; X,,).
We call X the random walk with memory k. The definition is analogous to the ones
in [1,29] for the ‘infinite memory’ case. See Figure 1 for an illustration in d = 2.
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Lemma 2.1 below shows that we only need to define p(y | X'; x) when Vol A(X; x) > 0;
hence the process X, X1, ... is well defined.

Note that we do not allow k£ < d —2. Indeed, in that case Conv (&, ;U{0, X,,}) has at
most d vertices, so it is contained in a (d—1)-dimensional hyperplane, and A(X,, x; X,,) is,
up to a set of measure zero, the whole of B(X,,;1): the random walk has no interaction
with its history, and has independent jumps.

Figure 1: Simulation of the d = 2, k = 1 process for 50 steps (left) and 1000 steps
(right). The trajectory is in blue, the convex hull in red, and the black arc describes the
disk sector on which the next position is distributed.

The main aim of this paper is to prove that this random walk is ballistic, i.e., it has a
positive asymptotic speed and a limiting direction. Here is the theorem. Write || - || for
the Euclidean norm on R? and set S¢! := {u € R?: |ju| = 1}.

Theorem 1.1. There exist a positive constant vqy, and a uniformly distributed ¢ € S
such that

X, E X,
lim — =v44¢, a.s., and hence lim [l =

UdJﬁ.
n—oo N n—00 n

Note that including the origin in the definition of the convex hull to be avoided at each
step is crucial; if the process instead just avoids the convex hull generated by its most
recent k steps, then it will be diffusive, like the Gillis-Domb—Fisher ‘correlated random
walk’ [8] that is repelled by its immediate past but effectively has zero drift over long
time scales. Another model whose dynamics, like ours, are influenced by both its very
distant and very recent past was considered recently by Gut and Stadtmiiller [13] and is
a variant of the ‘elephant random walk’ [3,6]. For their model on Z, Gut and Stadtmiiller
obtain a ballisticty result reminiscent of Theorem 1.1: see Theorem 10.1 of [13].

The constants vgy in Theorem 1.1 are characterized in (37) below, but seem hard to
evaluate in general. It is obvious that vy, < 1, and we show (cf. Corollary 2.8) that
Vg > 0. It is likely that one can show that v, > v > 0 for all d, k, perhaps by adapting
the arguments of [29]; this fact would also follow from Conjecture 1.3 below. We can
compute vq;, explicitly in one particular case.

Theorem 1.2. Ifd =2 and k =1, then

~ 0.09006327.

V21 = 7>
972



Simulations suggest the following.
Conjecture 1.3. We have vqy < vgp41 for all k > d —1.

It is natural to seek a coupling to establish Conjecture 1.3. There is an obvious
coupling of one step of the k£ and k + 1 processes started from a common configuration,
but extending this to a process coupling seems difficult.

The inspiration for considering our model comes from the case of infinite memory,
when the walk avoids its entire convex hull Conv{Xy, X1,..., X, }. This ‘k = oo’ walk
is a variant of the model introduced by Angel et al. in [1], in which the increments are
uniform on the unit sphere (rather than the unit ball) excluding the convex hull; for
the d = 2 case of that model, Zerner [29] showed that liminf, .. n || X,]| > 0 as.
Just as for the model in [1], one conjectures that the k& = oo walk that avoids its entire
convex hull is ballistic (cf. Conjectures 1 and 5 in [1]); in particular, one expects that
lim,, 0o 7| Xy|| = vae0 exists. Our Conjecture 1.3 would imply that limy_, v4 exists.
It is then tempting to propose the following.

Conjecture 1.4. We have limy_ o Vg = Vd,c0-

Simulations are reasonably consistent with Conjecture 1.4, but not entirely convincing.
Another open problem concerns the second-order behaviour of X,, in the finite-memory
model: we expect that n~Y 2(Xn — vdJan) converges to a non-degenerate normal dis-
tribution; this is to be contrasted with the conjectured n/*-order fluctuations (in d = 2)
for the k£ = oo model [1]. It is also open to prove ballisticity for the version of the finite-
memory model (X say) in which the increments are supported on a sphere rather than
a ball: our proof (particularly the renewal construction in Section 3) uses the fact that
the increments have a density in R?. In the case d = 2, k = 1 of this variant of the model,
the argument of Section 6 goes through with minor modifications to show that

4
lim n 'E||X/| = =— & 0.13509491.
n—o0 377'2

The plan of the paper is as follows. In Section 2 we collect some initial observations,
which include a description of the process via a (k4 1)-component Markov chain and the
fact that there is a uniformly positive radial drift for the process over a finite number
of steps, which entails a liminf-speed bound. The core of our proof of ballisticity is a
renewal structure described in Section 3, which identifies events that occur frequently
and between any two of which the process has uniformly positive radial drift and has
symmetric transverse increments. This is essentially already enough to prove a limiting
direction, but to identify a limiting speed it is necessary to show that the radial drift
between renewals has a limit, and that the expected time between renewals also has a
limit. We establish these limiting statements via a coupling argument to a variant of
the process which is spatially homogeneous. The homogeneous process is introduced in
Section 4, and the coupling argument is presented in Section 5. This completes the proof
of Theorem 1.1. The proof of Theorem 1.2 proceeds via an essentially self-contained ar-
gument in Section 6, which shows that n=* E || X,,|| has the specified limit. The argument
goes by showing that the global speed is asymptotically equal to the local drift, and the
local drift is evaluated as an average with respect to the limit distribution of the interior
angle of the convex hull; the limit distribution of the angle is identified in Lemma 6.3 as
the limit of the stochastic recursive sequence

9n+1 = ‘(271' - Qn)Un+1 — T
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taking values in [0, 7], where Uy, Us, ... are i.i.d. uniform. The technical results required
to deduce limiting speed and direction from statements about increments are collected in
the Appendix.

2 Preliminaries
For any finite non-empty X C R% and any x € R, let
Cone(x; X) ;== Conv{z +a(y —z) :a >0,y € X'}.

Excluding the degenerate case Cone(z;{z}) = {z}, Cone(x;X) is the convex hull of
finitely many closed rays emanating from z, and, if z is not in the interior of Conv X,
then Cone(z; X) is the smallest closed convex cone with vertex x containing the set X
(equivalently, Conv X). It is not hard to see that (1) is equivalent to

A(X;z) = cl(B(z;1) \ Cone(z; X U{0,z})), (4)

which is a form that will be useful later on.
Our first result of this section shows that our process is well defined. Here and
subsequently, v4 := Vol,; B(0; 1) is the volume of the unit-radius d-ball.

Lemma 2.1. The process Xy, X1, Xs, ... is well defined, and for alln € Z., a.s.,
% < Voly A(X,, 1; X)) < vg. (5)

Proof. The proof goes by induction. Starting from X, = 0 we have that A(Xx; Xo) =
A(0;0) = B(0;1) by (1) or (4). Hence Vol A(D;0) = v4, so (5) holds with n = 0. For the
inductive step, suppose that the law of Xy, X1, ..., X,, is well defined, and that (5) holds
for all 0 < n < m. Then the transition density p(y | X, x; X,,) at (3) is well-defined for n =
m, and so we can generate X,,,1 according to (2). Thus Xo, X1, ..., X,,41 is well defined:
see Figure 2 for an example. Moreover, the upper bound on Volg A(X 11k Ximt1) is
trivial. Also, by construction, X,, 1 is not in the interior of the previous convex hull
Conv(X,,, U {0, X,,}), and so X, is extremal for Conv(X,,11 U {0, X;41}). Hence
there exists a tangent hyperplane at X,,;; to the convex hull, and the opposite half of
the ball B(X,,+1;1) is contained in A(X,,41k; Xm+y1). Hence the latter set has volume at
least v4/2, and so (5) holds for n = m + 1. This completes the inductive step. O

For m € Z, define
Ym = (ka7 ka+17 s 7X(m+1)k)-

Let @, ..., 7, € RL A sequence (y,...,yx) of points in R? is called an admissible path
from history xo, z1,...,2, if y1 € A(zo, ..., Tk 1;2), Y2 € A(T1,. .., Tp_1, Tk Y1), Y3 €
Az, ...,z y1;92), and so on, up to yx € A(Tk, y1 .-, Yp—2; Ys—1). Let P(xo, z1,...,xx)
denote the set of all admissible paths from history xg, x1,..., ;. To describe the initial
steps of the process, we say y1,...,y, € R? is an admissible initial path if y; € A(0;0),
yo € AD;11), ys € A(y1;y2), and so on, up to yx € A(y1, ..., Yk—2;Yr—1). Let Py denote
the set of all admissible initial paths.

The P(xg,z1,...,7;) are Borel (in fact, closed) subsets of (R?)*. To see this, take
(Y1 -+ Ykm) € P(xo, 21, .. xk) With (Y1, Ykn) = (Y1,...,Yk) as n — oo. Since



Figure 2: An illustration of the proof of Lemma 2.1 with d = k = 2. Left: the new point
Xt sits outside Conv (X, ;U {0, X,,}). Right: Indicated is half of the disc B(X,4+1;1)
which falls outside the updated convex hull Conv(X,, 41 U {0, X;41}), giving a lower
bound on the area of A(X, 11 %5 Xint1)-

A(xg, ..., xx_1;xx) is closed, y; € A(wo, ..., xx_1;x). Moreover, as a function taking val-
ues in the non-empty compact subsets of R? endowed with the Hausdorff metric (denoted
pu)s y1 — A(xq, ..., Tp_1, Tk y1) is continuous, and so lim, oo A(Z1, ..., Tpo1, Tk Y1.n) =
A(xy, ... zk_1, 2 y1). Given € > 0, we can (and do) choose n sufficiently large so that
Y2, — vo|| < € and pr(A(z1, ..., Tp—1, Tk Y1n), A(z1, ..., Th—1, 255 71)) < €. Then since
Yon € A(T1,. .., Th—1, Tk Y1.n), there exists z, € A(z1, ..., Tp_1, Tk y1) With ||ye, — 2| <
g, so that ||z, — y2|| < 2¢. Hence yo = lim, o 2, € A(x1,...,T5_1, 2k Y1), since the
latter set is closed. Continuing this argument shows that (yi,...,yx) € P(xo, 21, ..., Tk),
so the latter set is closed. Similarly, P is a closed subset of (R%)*.

Lemma 2.2. The process Y = (Yy,Y1,Ys,...) is a Markov process on (RY)*+1 with trans-
ition function defined for all Borel sets B C (R by

P(Yini1 € {2} xB | Vi = (20, .., 71)) :/ S,y | o, wp)dys - - - dyg,
BAP(

mOv"'vxk)

where for all (y1,...,yx) € P(xo,...,xx), with p(-|-) given by (3),

f, o ue | @o, z1, - xk) = p(yr | ®o, T1y oo Tp_1; k)
X p(ya | 1,0, Tr; Y1)
X p(ys | T2, ., Tk, Y15 y2)
X X DUk | Thy Yoo -+ -5 Yk—23 Y1), (6)

and elsewhere we set f = 0. Moreover, the initial distribution is

B(Y, € {0} x %B) = / o, g)dyn -y
BNPo

where for all (y1,...,yx) € Po,
Jo(yr, - ue) = p(ya | 0;0)p(ya | O;y0)p(ys | yasy2) - Wk | Y15+ - -5 Yo—2; Y1)

Proof. It suffices to suppose that B = Hle B, for B; Borel sets in R%. By (2) and (3),
P(X(m+1)k+1 S \ Y, = (l’o, cen Jk)) = / p(yl \ Lo, L1y - - >$k71;$k)dy1,
B1NA(xo,...,Te—1;Tk)
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which gives the result if £ = 1. Otherwise,

P((X(ms1yhr1s Xminrrz) € B1 X By | Yy = (20, ..+, 7))

= / P(X i1kt € Ba | Xonkgr = 71, -+, Xoma1)k = Ty XmaDkt1 = Y1)
B1NA(Z0, T —15T)

-----

= / / p(y2 | $17---7$k§y1>p<yl | an"ka—l;xk)ddeyh
B1NA(Z0,..,Tk—15T%) ¥ B2aNA(Z1,-..,2591)

..........

which gives the result if & = 2. Iterating this argument gives the transition function for
general k. A similar argument gives the law of Y. O]

For n € Z, define the o-algebra F, := o(Xo, X1,...,X,). For z € R?\ {0}, define
& := x/||z||. For convenience, set 0 := 0. We write ‘-’ for the scalar product on R?. The
following important result says that the radial component of the drift of the process is
always non-negative.

Proposition 2.3. We have that, for alln € Z,,
E[(Xn-‘rl - Xn) ' Xn ’ Fn] > 07 a.s.

Proof. Given that 0 = 0, it suffices to suppose that n > 1, in which case X, # 0, a.s. On
the event {X,, = x}, for x # 0, by (2) and (3) we can write

1

E[(Xp41 — Xo) - X = —z)- &
(0 =500 5| ) = 7] )0

_ 1 / (y— ) - ddy
Vola(A(X k7)) Jar(x, i) 7

where the open set
A/(X;2) = int (B(x; 1) \ Cone(a; X U{0,2})), (7)

differs from A(X; x) as given by (4) by a set of measure zero (‘int’ stands for ‘interior’).
For x # 0, define S, : z — 2z — 2((2 - ) - j:)i, the orthogonal transformation of R?
induced by reflection in the hyperplane at x orthogonal to . We claim that

y €A (X, x;2) and (y — x) - 2 < 0 imply that S,(y) € A" (X, x; 2). (8)
Write AT = {y € A (X, p;2) : (y—2x)-& >0} and A~ = {y € A (X p;2) : (y—x)-& < 0}.

Then by (8) and the fact that (S;(z) —z) -2 = —(z — x) - T, we have S, (A7) C A" and,
using also the fact that S, is a measure-preserving bijection,

/S(A_)(?J—ZE)-:i"dyZ/_(Sx(Z)—x).:%dz:—/ (2 — ) - 2d. (9)

Hence, partitioning A into S,(A~) and A*\ S,(A7), we get

/ (y—x)~f:dy=/ (y—:c)':%der/ (y —x) - 2dy
A (X i) - (A7)



+ / (y —z) - 2dy
AT\Sz (A7)

[ w-a)-a (10
AFT\Sz (A7)

using (9). Moreover, the integrand in the final integral in (10) is positive, by definition
of AT. Thus we conclude that the final integral in (10) is non-negative.

It remains to prove the claim (8). To do so, we use a finite-dimensional version of
Hahn-Banach theorem: for all y € A'(X, x;x), there exists a hyperplane H separating
{y} and Cone(x; X, U{0,z}) such that y ¢ H and

Hﬂ Cone(z; X, U{0,2}) = {z};

here it is important that we used A" defined at (7). Consider the unit vector h perpen-
dicular to H and such that h - Z > 0, and denote by H*, H~ the half-spaces

H* ={zecR%: +(z —2)-h > 0}.

Then, for y € A'(X,4;2) and (y —x) - & < 0, we have y € H' and S,(y) € H" though
Cone(X, ; U {0,z2}) € clH~. Since also S,(y) € int B(z;1), we have from (7) that
S:(y) € A(X,x;x). Thus we have proved (8). O

We would like to improve Proposition 2.3 to show that the radial drift is uniformly
positive. However, it is not hard to see that there are configurations for which this is not
true if we compute the drift in a single step. Thus we are led to consider multiple steps.
In order to control the possible configurations of the walk’s history, we can demand that
the walk first makes a chain of jumps away from the convex hull, and then makes another
chain of jumps in the radial direction. These two constructions will be central to our
renewal structure that we describe in the next section, and they are the focus of the next
two results.

For z € R%, 6 € (0,1/8), and any unit vector u € S*!, define

(z) := [[ Bz + 4u;6) € (RY)". (11)

i=1

Given F,,, consider a tangent hyperplane at X,, to Conv(X,, ,U{0, X,,}), and let i be the
perpendicular unit vector to this hyperplane, pointing opposite to the convex hull. We
show that from any configuration, the walk will follow the chain laid out by I1*(X,,) with
uniformly positive probability.

Lemma 2.4. We have that
B(Xnsts o Xoa) € IP(X,) | F) > 6%, as.

Proof. Suppose that X,, = x; note that z - h > 0. Let x; = x + %h for 0 < ¢ < k. Define
the events A; = {X,4; € B(x;;0)}. It is easy to see that B(xy;0) C A(AX,x; X,,). Hence,
by (2) and (3),

Vol B(x1;0)

P(A = > §¢ 12
( 1 | fn) VOldA(Xn’k,Xn) - 0 ) ( )




by Lemma 2.1. If k = 1, this completes the proof. In general, we claim that
P(Air1 | Fyi) > 6%, on My A (13)
Then, for instance,
P(A; N Ay | Fo) = E[P(Ay | Foy1)1(A)) | Fo] > 0%, as.,

by (12) and (13). Iterating this argument proves the statement in the lemma.

It remains to prove the claim (13). For 1 < i < k, consider the hyperplane H; = {y €
Re: (y — ;) - h=0}. Any 2z € Conv(X,; U {0, X,,}) has (z — z;) - h < —i/2 < —6, and,
for j <, (z; —z;)-h < —1/2 < =6, while (z;41 — ;) - h = 1/2 > . Hence z; lies on
H;, and the hyperplane separates Conv (X, , U {0, X,,}) and all the B(z;;0), j < 4, from
B(xi41;0). Thus, B(zi1;0) € A(Xppip; Xnsi) on Ni_ A;. The claim (13) follows. O

With the notation at (11), define I(z) := IT*(z) = [[_, B(z + 1#;6). The key to our
renewal structure is the following definition:

G = {(zo,...,zx) € RN 1z, #0, and () € P(zo,...,Tk)} - (14)

For n > k, let G,, € F, denote the event G,, := {(X,,—x,...,X,) € G}; if G, occurs, we
say that X has good geometry at time n.

Roughly speaking, the process has good geometry if the configuration is such that, in
the next k steps, all trajectories through the sequence of balls laid out by II are admissible.
More precisely, the next result shows that, if the process has good geometry, then the
law of the next k steps has a uniform component on the balls laid out by II.

Lemma 2.5. For all n >k and all Borel 8 C (RY)*, on the event G,

VOldk B
(Voly B(0;6))*

Proof. For n > k suppose that B C II(X,,), where B = Hle B, for B, Borel subsets
of R%. On the event G, we have that I(X,) € P(Xuk,--.,Xp). In particular, B; C
B(X, + 3X,;6) C A(X,x; X,,), so that, by (2) and (3) we have, on G, N {B C II(X,)},

VOld B 1 > VOId B 1

P(X =
( ntl € By | ]:n) Voly A(Xn,k:;Xn) - VOldB(O; 1)’

by Lemma 2.1. Hence
VOld %1
Voly B(0;6)

If k& =1 this ends the proof. Otherwise, on G, N {B C II(X,,)} N {X,41 € B}, we have
that B, C B(X,, + %Xn; 9) € A(Xq1.4; Xnt1), so that

o VOId %2 > d VOld %2
~ Volg A(Xpi1; Xni1) — Volg B(0;0)’
as before. Hence, on G,, N {B C I1(X,,)},
P((Xn+1,Xn+2) € B x By ’ JT"n> > E[P(XnJrQ € B, ’ Fn+1)1{Xn+1 € %1} ‘ .Fn]

deolgd(%l X %2)
— (Volg B(050))*

[terating this argument gives the result. O

P(X,1 € 9B, | F,) > o6

]P(XnJrQ € EBQ | ]:n+l)




Recall the definition of A from just before Lemma 2.4. The connection between the
last two lemmas is the following.

Lemma 2.6. We have that (X, 41,..., Xnsx) € IM(X,,) implies Gy

Proof. Suppose that (X, 1, ..., Xp4x) € (X)) Let 2 = X,4p. Let (y1, ..., ) € H(2).
We must show that (y1,...,yx) € P(X,, ..., Xuik). For convenience, set z; = x + %i for
0<t<k,and set z; = X, p; for 1 <7 < k.

It is not hard to see that y; € A(zg, ..., 21;2). We have ||y; — x| <6 for 1 <i <k,
and ||z; — 2}|| < 26 where 2z = x — h. For 1 < i < k — 1, consider the hyperplane
Hi={yeR%: (y—y;) -2 =0}. Then (z —x;)-& = —2% so (z —y;) - & < 0. For all j we
have (2} — ;) & < —% < —46, 50 (z; —y;) - & < 0. Also, for j < i we have (z; —y;)- <0,

while (x;11 —v;) - & > 0. Thus H; contains y; and separates , z1,..., 2 and any y;,
Jj <1, from y;1. In particular, for ¢ = 1, this shows that yo € A(zx_1,..., 21, 2;y1), and
SO on. 0

Now we can state our result on positive radial drift over a number of steps.

Proposition 2.7. Suppose that d > 2 and k > d — 1. Then there exists a constant cq,
with 0 < cqp < 2k +d+ 1 such that, for alln € Z,,

El| Xnsorrarll = [[Xnll | Fu] > cap, a.s. (15)

Proof. We will show that there exist constants a,p > 0 (depending on d and k) and an
event A € F,, 1 or14, such that

P(A | F,) > p, as., and (16)

E[(Xn+2k+d+1 - Xn+2k+d) - Xngoktd | ]:n+2k+d] > a, on A. (17)

Note that for all z, A € R%, ||z + Al > (z +A) -2, so ||z + Al — ||z|| > A - 2. Hence, by
Proposition 2.3,

B[l Xntartarll = [ Xall | Fo]

2k+d
~ B[ 3 Bl arsnal = Xl | Fur] | 2]

1=0
2k+d

> E [ Z E[(Xntiv1 — Xngi) - XnJri | Fotil
=0

}"n]
> E[E[(Xntoktdar1 — Xnsokra) - Xosorrd | Frsonra)1(A) | Fal,

which is bounded below by ap, by the claims (16) and (17). This gives (15) with ¢4 = ap.
The rest of the proof establishes (16) and (17).

We describe the event A, which will comprise three successive events. Given F,, let h
be the perpendicular unit vector to a tangent hyperplane at X,, to Conv (X, , U{0, X,.}),
pointing opposite to the convex hull. Define the events A; = {(X,y1,..., Xnix) €
(X))} and Ay = {(Xpsrs1y---5 Xnsor) € H(X,ix)}. Then by Lemmas 2.4, 2.5,
and 2.6, we have that P(A; N Ay | F,) > 6% ass.

Suppose that A;MNAs occurs and consider the situation at time n+2k. Let x; = X, 1 p1s
for 0 <i <k, and let o} = zg + £&y. On A,, we have ||z; — zf|| < J. Set e; = &y, and let
{e1,€,...,eq} be an orthonormal basis for R? containing e;.

10



Next set f; = 23:1 e; and let y; = xp + %fz for 0 < ¢ < d. The idea is that,
with positive probability, the process will follow close to the path yo, y1, ..., yq4, at which
point it will have strictly positive drift after producing a convex hull which contains,

approximately, a simplex. Set z; = X, 10ry; for 0 < i < d. Define the events
Ei = {XnJernJri € B(yl,é)} (1 S 1 S d), and Ag = ﬂflzlEl

Then, on B, ||z — yi|| < 8. Suppose that § > 0 is small enough so that 86v/d < 1.
Define hyperplanes H; = {y eR%: (y—2)- fiz1 = 0}, First note that zg = x, and, for
0<j<k,(vj—zg)-e1 < =k 4 95 < =6, while (y; — ) - € > 0, so the hyperplane
H, contains zj, and separates 0,20, 1, ..., 21 from B(y;; 5) So on A; N As, we have
P(E, | F,,) > 6% Now suppose that 1 < § d—1 and that ﬂ;'-:lEj occurs. For 0 < j <k,

given Ay N E;, we have, noting that f; - f; =i A j and || fi|| < V/d,
( - Zz) fz—i—l < (ZL’; - yz) ' fi—&-l + 26
o 1 ~
< (af — x;) “fivr — _fi fiyr +30
]

i
i + 36
f—l—l 2\/3

IN

IA

_5’
provided that 85v/d < 1. Similarly, for 1 < j < 4, given E; N --- N E;,
. . 1
(25— 2) - firn < (Y5 —wi) - fin +20 < Tovi +26 < —0.
On the other hand,
. 1 .
(Y1 — 2i) * firr 2> Gt fix1—0>0.

Thus the hyperplane H; contains z; and separates 0, xg, x1,...,2; and zq,...,2;_1 from
B(yis1;0). Hence, on A; N Ay N (ﬁézlEi), we have that P(E;, 1 | Fryorss) > 09 Setting
A= AN Ay N Ag, it follows that P(A | F,) > 02k4+% = p as required for (16).

It remains to prove (17), i.e., to show that on A there is a uniformly positive radial
drift. As above, let 2} = 2o + 22 where 29 = X,4x. Also let ¢} = 2, + 3 f;. Define the
simplex A’ to be the convex polytope with vertices xk, Yi,-- -,y Define the barycentre
of the vertices w = 25 () + Sy =2, + 3L, el Note that g, = ([|zol| +

=1 2d+2
Eei+ 1 23:1 e;, and so

d .
i d(d—l—l)
(0= vh =~ Y g = 57 (ool + 5 + D).

Since ||yl < |lzoll + £+ ¢ < ||lzof + £+ d(dfl), it follows that

1
)< -
(W —yy) Uy < 2d + 2
Let A denote the ‘approximate simplex’ with vertices X, 1o, ..., Xyiorrq- Then on A we

have that || X, 1or — 2} || < 0 while || Xy orri — vl <26 for 1 <i <d. Now (w —y)) - 9

11



is continuous as a function of z} and v/, ..., y, away from 3/, = 0, so in particular we can
choose 0 > 0 small enough so that

(z — Xnaoksd) - Xn+2k+d < =4 for all z € B(w';6), (18)

where w’ is the barycentre of the vertices of A.

We claim that for § small enough, B(w’;d) is in the interior of A. Indeed, w’ is in
the interior of A unless it degenerates to a polytope of lower dimension. But Vol; A
is a continuous function of its vertices, and the volume is strictly positive when 6 = 0
(since then A is a genuine simplex), so we can find 6 > 0 small enough so that the
claim holds. Hence, for small enough §, B(w';d) C Conv (X, 12k, - - -, Xniokra) and hence

B(w'; ) € Conv(Xpi2k+ax U {0, Xn+2k+d})
Setting © = X,,19x+4 and using analogous notation to the proof of Proposition 2.3, we

have that S,(B(w';d)) € A* \ S.(A7). Hence from (10), on A,
1 . 1
E[(Xn+orra+1 — Xnvowta) - & | Fotorra) 2 —/ (y — ) - idy > —d"*,
Sz (B(w';0)) Va
by (18). This gives (17) with a = §%*! /v, and completes the proof. O

Having established a strictly positive radial drift, we can deduce that the process has
a positive ‘liminf’ speed. This is the next result.

Corollary 2.8. Suppose that d > 2 and k > d — 1. There exist constants p := paqr > 0
and ng, € N, depending only on d and k, such that

P(|| Xl < pn) < e, for alln > ngy. (19)
Moreover, liminf, ., n7'|| X,|| > p, a.s.
Proof. Define the process Z,, = || Xin(2k+d+1)|| — carm. Then, since d < k + 1,
| Zims1 — Zm| < 1 X mt1y@krasn) | = ([ Xm@rrar ||| + cap < 4k +2d+2 < 10k, as.
Also, writing F), = Fpn(2k+d+1), We have
E[Zni1 = Zm | Fr] = Elll Xy @rrarnll = [ Xmeksainll | Forrarn] — car >0, as.,

by (15). Hence Z,, is a submartingale with uniformly bounded increments, and we can
apply the one-sided Azuma-Hoeffding inequality (see Theorem 2.4.14 in [17]) to obtain

]P’(Z — 7 <_Cd_k ‘]—“’) exp Carm”
0 - 800mk? )

Hence, since Zy = || Xo|| = 0, for some p > 0 depending on d and k, for all m € Z,,

¢

P Xmrsasnll < 52m) < 7o (20)

Let m = Lmj Since n — 2k —d — 1 < m(2k + d + 1) < n, it follows that
P([1Xl] < 250) = P (|1 Xneesaryll < X0+ 2k +d+ 1, |1 X]] < 50)
¢
<P (I Xmiarrarn || < 5m)

for all n sufficiently large. Then (20) yields (19). Finally, it follows from (19) and the
Borel-Cantelli lemma that liminf,, ., n7'[|X,| > p, a.s. O
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3 Renewal structure

Our strategy for establishing ballisticity is to show that, up to smaller order terms,
there is a limiting positive radial drift and the transverse fluctuations are not too big
(cf. Lemma A.1 below). As in Proposition 2.7, it is clear that this property cannot be
the case at every step of the walk. Our strategy is to find an embedded process which
has these properties at random times. We call these random times ‘renewals’. They
are such that process executes a chain of approximately radial jumps (cf. Lemma 2.5).
Such times exhibit a symmetry which entails a positive radial drift, and these times
occur rather frequently, as we show in Lemma 3.3 below. With Corollary 2.8, this is
already essentially enough to establish a limiting direction. To establish a limiting speed,
it is required in addition that the radial drift at these renewal times, and the expected
time between renewals, have limits; these quantities are not constant because the special
role played by the origin means the process lacks homogeneity. We address this with a
coupling to a homogeneous modification of the process, which, roughly speaking, sends
the origin away to infinity, as described in Section 4.

From this point on, we fix the constant 6 € (0,1/8). Recall the definition of II(z) =
[1*(z) from (11) and of f from (6). First we state a consequence of Lemma 2.5.

Corollary 3.1. Let n > k. Set o := §%. For all (yy,...,y), on the event Gy,

alux,) (Wi, k)

Xopoooo. X)) >
f(yb 7yk‘ n—k; ) n>— (VoldB(O;5))k

Proof. Similarly to Lemma 2.2, on the event G, N {8 C II(X,,)},

P(Xni1,-, Xosk) €EB| Xopy oo, X)) :/ Fyr, oy | Xk, oo, Xo)dys - - - dyg.
»

Combined with Lemma 2.5, this means that, on G,

VOldk ‘B
(Voly B(0;0))

/ f(y17"'7yk | Xn—ka'--7Xn)dy1 dyk Z 87 kl{% g H<Xn)}7
B

which gives the result. O

Now we construct a version of Y which exhibits the required renewal structure, by
introducing an additional source of randomness via a sequence Vi, V5, ... of i.i.d. Bernoulli
random variables with P(V; = 1) = a =1 —P(V; = 0), where « € (0,1) is the constant
in Corollary 3.1. For now we call this new process Y’ = (Y{,Y/,...) with Y/ € (R%)k+1;
we will soon show that Y’ has the same law as Y. The process Y’ will be adapted
to the filtration Fj, Fi,... defined by F,, = o(Yy, V1, Y/,...,V,,,Y.)). At the same
time as constructing the process, we generate a sequence of renewal times as we shall
describe. Roughly speaking, m is a renewal time if X has good geometry at time mk and
Vine1 = 1; it allows a construction of the process such that its future evolution after a
renewal depends only on the current location X,,;, and not on the past. Define the event
G, ={Y €G}.

To start with, we take Y to be distributed exactly as Yy, as described in Lemma 2.2.
Given Yy, Y/, ..., Y, . suppose also that we have generated renewal times 73 < 75 < ... <

I m?

Tjm)- Then we generate Y, ., as follows.
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1. If G7, does not occur, then generate Y, ., from Y, using the transition function de-
scribed in Lemma 2.2.

2. If G/, does occur, then do the following.

(a) If V41 = 1, then declare that 7;(,)11 = m is the next renewal time, and set

Vi1 = (Yo ki1 Zmy1), where Y, is the ith component of Y, and the vector

Zmt1 € (R is uniformly distributed on II(Yy, ;)

(b) If Vi = 0, then set Y,y = (Y, ; 11, Zmy1), where now Z,,;y is generated
according to the density f(y1,...,yx | Y,,) on P(Y,) given by

1H(Y k+1)(y1a v 7yk;)
(Voly B(0;0))*

R 1
f(y177yk|Yr:7,):Ta f(y177yk|Yn/7,) ) (21)

1

where f(-|-) is defined at (6) and « € (0, 1) is the constant in Corollary 3.1.

By Corollary 3.1, f as defined at (21) is non-negative on G, and since, by Lemma 2.2,

/ Fr, ey | Yo )dys -+ - dye = P(Yigr € {Yiks1} X P(Yan)) =1,
P(Yim)

where Y, ; is the 7th component of Y,,, we have that, on GJ,,,
/ f(yb)yk’len)dyldyk:la
P(Y)

SO f is indeed a probability kernel.
Lemma 3.2. The process Y' has the same law as the process Y described at Lemma 2.2.

Proof. By construction, Y has the same law as Yy. Also by construction, we have that
for Borel B C (R%)*,

P(Y,, 1 € {zx} xB|Y,, = (z0,...,7x))

:/ f(y17"'7yk|x07"'?xk)dyl"'dyk> (22)
BNP(x0,...,Tk)

.....

on the complement of G),. It remains to show that (22) also holds on G!,. For Borel
B C (RY)*, we have

P(Y,, ., €Y, k+1}><%|]:,)
=PV, €{Ypii} X B, Vi =1 | F ) + PV, € {Y i) X B, Vi =0 | F)
Vol (B NI(Y,, 111))

=« +(1—a)/ Fyre oy | V) dy - dyy
Volg, 11(Y,,, k+1) BAP(Y,)

BOP(Y}))

by equation (21). This completes the proof. ]
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Since from Y we can recover X, in view of Lemma 3.2, we will from now on work on an
enlarged probability space and assume that the process Y (and hence X)) is constructed
as Y', along with its renewal times. We finish this section by showing that the renewal
times must occur rather frequently.

Lemma 3.3. With a € (0,1) the constant appearing in Corollary 3.1, we have

P(Gpik | Fn) > @, a.s., for alln € Z,. (23)

C

Moreover, with ¢ > 0 given by e ¢ =1 — o, we have

P(Tpp1 — 7 = 2r | FL 1) < e, as., forallr >0 and all n € N. (24)

Proof. The statement (23) follows from Lemmas 2.4 and 2.6. To prove (24), first note
that 7,, + j is a stopping time for F}, F{,... for all j > 1. Also, constructing X and Y
as described above, we have G!, = G(mi1yk- Let Ay, = G, N {Vyq1 = 1} € F), . Then
by (23) we have that, for all m € Z,

P(Apit | Fl) = aP(Guniop | Foninr) > o, ass. (25)
Hence for r > 1,
Py — T 2142 F, 1) < E[ (A o | FL ) H T — 7 > 1} ’ ]:;nﬂ]'
< (1= a®)P(Tps1 — T 27 | Fy 41),
by (25). Then (24) follows. O

Thus Lemma 3.3 shows that the sequence 71, 79, ... does not terminate, and its incre-
ments have exponentially bounded tails. Consider the sequence Y, . This is a Markov
chain, but its law is not translation invariant, due to the role of the origin. The next sec-
tion introduces a related process, whose increment law is translation invariant, and which
therefore has i.i.d. increments. In particular, it has a well-defined radial drift which en-
tails ballisticity, and, crucially, it is close enough in behaviour to Y, to be able to deduce
our theorems.

4 A homogeneous process

For any fixed vector £ € S* ! we construct a homogeneous process in the direction /.
Loosely speaking, it amounts to replacing the origin by a point at infinity in the direction
—/{. Let us give a precise definition.

For X C R?, we consider a semi-infinite cylinder with direction —¢,

Convy(X) :={z—rl:ze ConvX, r>0}. (26)
The set of (-admissible states from = € R? with history X C R? is

A'(X; ) = cl{y € B(z;1) : (z,y] N Conv,(X U {z}) = 0} (27)
= cl (B(z;1) \ Cone(z; Convy(X U {z}))). (28)

We start with an observation relating the admissible states.
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Lemma 4.1. Suppose that x # 0 and X C R?. Then it holds that
AYX; ) = A(X;2), for b =3 (29)

Proof. When ¢ = &, the origin belongs to Conv,(X U {z}), which is a convex set. Then
Conv(X U {0,2}) C Convy(X U {z}) and so comparison of (1) with (27) shows that
Al(X;x) C A(X;2).

Conversely, consider the convex cone C' = Cone(z; X U {0, z}); the cone C' has vertex
x and contains 0, so that the translate C'— Az (A > 0) is contained in C. That is, for any
z € Conv(X U{zx}) we have z — Az € C. In other words, C'is a convex cone that contains
the cylinder Convy(X U {z}), and hence Cone(x; Conv,(X U {z})) € C. Comparison
of (4) and (28) shows that A(X;x) C A%(X;z), and the lemma is proved. O

We define the process X := (X§, X},...) analogously to X. Specifically, we set
Xék = {Xf cmax(1,n — k) < j <n—1}, take X = 0, and suppose that, for n € Z,

P(X.,, € A| XL X!, ... X!) = / Py | XL XE)dy,

for all Borel sets A C R?, where

Py | X;z) = %M@(mz)(y) (30)

~ Vol A
if Volg A“(X; ) > 0. This process is well defined, as shown by the following analogue of
Lemma 2.1; the proof is similar.

Lemma 4.2. The process X§, Xt, X5, ... is well defined, and for alln € Z.,,
Vd et L xt

A sequence y1,...,yr € R? is called an (-admissible path from history xg,xq,..., Ty
if y1 € A(xo, ... xp—1;2), yo € A1, Tpm1, T 1), Y3 € Ao, ... T, Y13 Y2), and
so on, up to yx € A(xr, Y1 ..., Yr_2;Yp_1). Let P(zo,x1,...,2;) denote the set of all
(-admissible paths from history zg, z1,. .., zg.

Let F! = o(X{, ..., X!). For § € (0,1/8) and z € R?, recall from (11) that ITI*(x) =
[T, Bz + 10;6). Also, define

G" = {(zo,...,zx) € (RN 2y, £ 0, and I(zy) C Pz, ..., 24)} -

For n >k, let G € Ft denote the event G*, := {(X!_,,..., Xt) € G*}; if GY occurs, we
say that X* has good geometry at time n.
The following analogue of Lemma 2.5 is proved in the same way.

Lemma 4.3. Let a € (0,1) be the constant appearing in Corollary 3.1. Then for all
n >k and all Borel B C (R, on the event G¢,

VOldk B

l 4 {
X o, X B | Fo) >
P(( n+1» ) n+k) € | n) - Oé(‘ roldB(O,(;))k

1{%B C II(X,)}.
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For m € Z, define
‘. ¢ ¢ ¢
Ym = (ka7 ka+17 s 7X(m+1)k:)‘
Now Y* = (Y{,Y{,...) is a Markov chain and satisfies a version of Lemma 2.2. Moreover,
we may assume that Y* is constructed along with its renewal times 7{, 74, . . ., analogously
to the construction of Y described in Section 3, with II¢ replacing II, f¢ replacing f, and

f’f replacing f , where f* is defined by the analogue of (6) with p’ instead of p, and

. 1 alpeiz (Y1, - Yk)
¢ _ ¢ . (z)\ILs - - -5 Tk
f(yl,...,yk\xo,...,xk)——l_a iy, ok | oy -y xp) (Voly B(0:0))F
Let Y,f;i denote the ith component of Y, and set W/ := Yf,{,kﬂ = X1€75+k'

Proposition 4.4. The sequence (W':n > 1) is a homogeneous random walk, that is,
(W —Whn > 1) is an i.i.d. sequence. Moreover, E ||WE,, — W/|| < co and

E Wiy — Wi = uaxl,

for a constant uqy, which does not depend on {. Finally, the inter-renewal times (5., —
thin > 1) are ii.d. with B[zt — 7t] = Ay for a constant Mgy € (0,00) depending only

on d and k, and such that, with ¢ > 0 the constant from Lemma 3.3,

P(rl, — 7t >2r) <e™, for allr > 0. (31)
Proof. By the renewal construction and the fact that for the ¢-process the transition
function is translation invariant,
(Yf;g+1 — VVf, YT?H — I/Vf, . ’YT?H — Wf) is an i.i.d. sequence over j > 1,
where e.g. Y/, — Wf is the vector with components Y4 ~ — W¢. Thus W¢ , — W¥is
Tit1 Tit10 J J+ J

also i.i.d. Similarly, 7/, , — 7/ are i.i.d., so that E[7},, — 7] = Agx does not depend on n,
and essentially the same argument as Lemma 3.3 gives the exponential bound (31).
Next observe that

E||Wy — Wi|| < kE[r — 7{] < <.

The distribution of Wi — W/ is symmetric with respect to £, i.e., invariant under any
orthogonal transformation of R? that leaves ¢ fixed. Hence E[Wy — W{] = ugl for some
uqr € R, which does not depend on /. O

5 Coupling the processes

In this section we describe a coupling construction used to approximate the process Y,
between times 7,, and 7,,,1 by the process Yn‘;, where £ is fixed as / = f@mkﬂ. We simultan-
eously construct the processes Y and Y*, and their subsequent renewal times, essentially
via the constructions described in Sections 3 and 4, but with ‘maximal’ exploitation of
common randomness.

Our primary process we again denote by Y, where Y, € (Rl and we denote
Y = (Xok, - s X(ma1)k) in components, so the process Y yields the process X. Let
Yy denote the ith component of Y, so Y, = Xpppio1. Given F. (recall that

7, + 1 is a stopping time), we will generate Y7, io,...,Y: 11, and, at the same time,
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generate Yf; FETI Y where we couple the two processes and their renewal times

Tn+1+12
in a maximal way (see below for formalities) starting at YK = Y, and using the same
underlying sequence Vi, Vs, .... We stress that ¢ =Y, ;.1 is kept fixed.
Before describing the couphng formally, we recall the following fact (see e.g. [15,
p. 19]): If X and Y are random variables on RP then there exists a mazimal coupling,
e., a law on (X,Y) such that 2P(X # Y) = |P(X € ) —P(Y € -)|1v, where
| - |lrv denotes total variation distance, which for measures p; and ps on R? is defined
by |1 — pe2l||rv := supg |1 (B) — pu2(B)| where the supremum is over Borel sets B C R?.
Here is the coupling construction. As before, let Vi, V5,... be a sequence of
i.i.d. Bernoulli random variables with P(V; = 1) = a =1—P(V; = 0), where « € (0,1) is
the constant in Corollary 3.1. The joint construction of (Y,,,Y,?) will be adapted to the
filtration F, .|, F, |5,... (thus we enlarge the previous filtration as necessary). Recall
that G, = {Y € G} and G, = {Y! € G*}.
We begin by taking Y =Y, . Let m > 7,. If Y,,, # Y}\,, we generate Y41, Vorio, . ..
and Y 1 Yt 42, - - -, and any associated renewal times, independently using the construc-
tions described previously in Sections 3 and 4. If ;, = Y/, then we generate Y;,,; and

V!, as follows.

1. On the event G¢,N(G*)¢, when neither process exhibits good geometry, generate Y,
and Y,/ 41 via the maximal coupling of the corresponding marginal transition laws from

2. On the event G,, N G* , when both processes exhibit good geometry, then:

(a) If Vje1 = 1, declare that a renewal occurs for both processes (7,41 = 7/ =
m) and set Y11 = (Yikt1, Ze+1) and Y,‘,;H = (Ym7k+1,Zﬁ+1) where 7,1 and
VA 41 are generated via a maximal coupling of the uniform laws on II(Y, 541)
and I1(Y,, x+1), respectively. Generate the subsequent trajectories of Y and Y*
independently.

(b) If Vm+l = O, set Ym+1 = (Ym,k+17Zk’+l) and Y'rfL-i—l = (Ym,k+1,Z£+1) where now
Zyw1 and Zf 41 are generated via a maximal coupling of the laws corresponding
to the densities f(- | Y;n) and fE(- | V).

3. On the event G,, AGY, (where ‘A’ denotes the symmetric difference), generate
Yoit, Yigo, ... and Y 1 Y 42, .-, and any associated renewal times, independently.

This construction gives (Y,,,Y,t) for m > 7, with the correct marginal distributions.
Let E, denote the event that the coupling ‘succeeds’ between times 7,, and 7,41, i.e.,

E, = {Ynﬁ =Y, forallme {r, +1,..., 71}, and 7y = Tyy1} . (32)

The effectiveness of the coupling is based on the following result, whose proof we defer
to the end of this section. Write log®n := (logn)?.

Proposition 5.1. Let E,, be as defined at (32). There exists a constant C € R, such
that a.s., for all but finitely many n € N,

C'log*n
P(E, | Fp) 21— — 2t
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The fact that the coupling succeeds with high probability leads to the following key
result, which quantifies how well the homogeneous process approximates the real process
between renewal times.

Corollary 5.2. Let W), := Y, 11 x+1. Then the following hold.

(i) Let Ay be the constant appearing in Proposition 4.4. Then, for all v € (0,1),

: /
lim 0 [E[fp1 — 70 | Fr] = Aaw| =0, as.
n—oo

(ii) For all p > 0, there is a constant B € Ry (depending on p, d, and k) such that

E|Whi1 — Wil | F. 4] < B, a.s., for alln e N.
(11i) Let uqy be the constant appearing in Proposition 4.4. Then, for all v € (0,1),

E[Wop — W, | f;n+1] - ud,kWn

lim n”
n—o0

=0, a.s.

Proof. For part (i), with E,, as defined at (32), we have that
E[ru41 — 7 | f;'n+1] = E[(Tn11 — ) 1(ER) | ‘F;/'n+1] + E[(Tn1 — ) 1(EY) | ]:;nJrl]-
Then, the (conditional) Holder inequality implies that for all p,q > 1 with p~ ' 4+¢7! =1,
c 1/ c 1/
El(ris = 7 LED) | Fy ]| < (Ellru = 1) | 7)) (BES | 7))

log? 1/q
<G, < 08 n) , a.s., (33)
n

for some constant C, and all but finitely many n, by (24) and Proposition 5.1. In
particular, given v € (0, 1), we may choose ¢ close enough to 1 (and hence p sufficiently
large) so that this last bound is o(n~7). On the other hand, on the event E, we have
Togl — Tn = TﬁH - 7'£ where ¢ = YkaH, SO

El(Tur1 — ) W(En) | Fr 1] = Bl — 70 | Fa] = El(mp — m)1(ER) | F7 ),
where, similarly to above, n?|E[(1f ., — 75)1(ES) | F. ,1]] — 0, a.s. Moreover, by
Proposition 4.4, E[} , — 7} | F. 1] = Aax. This establishes part (i).

To prove part (ii), observe first that, for all n € N,

W1 = Wall < k(Tps1 — 7a), ass. (34)
Then the statement in part (ii) follows directly from (24). For part (iii), we have that
E[Wn—l-l - W | F;nﬂ] - E[(WnH - Wn)l(En) ‘ ‘F;—n+1] + E[(Wm—l - Wn)l(EﬁL) ’ ]:;nﬂ]‘
Then (34) and an argument similar to (33) shows that

W E[(Wasa — Wa)L(E) | 40l = 0, as,
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for all v € (0,1). On the other hand, on the event E,, we have W, .1 —W,, = Wfﬂ - Wt

N

where { =Y, i1, S0
E[(Wasr = Wa)1(En) | ] = EWy = Wi | 7] = E[(Wiy — WOL(E) | 7,40l

where, again similarly to (33), we have that n?||E[(W.,, — W)L(ES) | F. ]|l — 0,

a.s. Moreover, by Proposition 4.4, E[W/}. , — W! | F. .|] = ugrYr, ne1. To compare
Yo k1 = Xegrr to Wi, = Yo 11 k41 = Xorkqor, note that || X, krr — Xrkporl| < k. For
x,y € R with x # 0 and z + y # 0, we have
T+ T x(||x|| — || +
v oy el —letal) .
lz+yll Azl llz+yl [}z + y

Applying (35), we see that ||Vs, sp1 — Wal| < 2k/||[W,|. Since 7, > n a.s., we have
from the final statement in Corollary 2.8 that liminf, ,o, n7!|WW,|| > 0. Part (iii) now
follows. O

We can now complete the proof of Theorem 1.1. We use two results from the Ap-
pendix: Lemma A.3 which gives a law of large numbers for a process on R, under a drift
and variance condition, and Lemma A.1 which implies ballisticity for a process on R?
given suitable radial drift asymptotics and a lim inf speed bound.

Proof of Theorem 1.1. By Corollary 5.2(i) and (24), we may apply Lemma A.3 with
(o = Tn + 1 to obtain lim,, ,o, n™'7, = Agy, a.s. Moreover, by Corollary 5.2(ii) and (iii),
we may apply Lemma A.1 to the process W, to obtain n='W, — ugq !l for some random
(e st

Let J, = max{j € N : kt;4+2k < n}, so that kr;, +2k < n < k7;,11+2k. Then by an
inversion of the fact that 7,/n — Agx, we obtain n='J, — (kAgx)~"', a.s. In particular,
Jn — 00, a.s. Then, since Wy, =Y, 11,11 = Xpr, 421, we have

1
< — — < = — )
= n kTJn+2kSI7r'flli}kajn+1+2k HXm XkTJn-i-?kH = (TJn+1 TJn) (36)

From (24) and the Borel-Cantelli lemma we have that there exists b < oo such that
Toni1 — Tn < blogn, for all but finitely many n, a.s., and since J,, = O(n) this implies that
Tiwer — T, < 2blogn for all but finitely many n, a.s. Thus (36) yields

. _ Ud J;
lim n X, = —"/, as., 37
n—oo k)\d,k ( )
which is the required a.s. convergence result when we set vgq) = =£. The bounded

Xk
convergence theorem yields n ' E || X,,|| = vgx, and the fact that vz > 0 follows from
Corollary 2.8. Finally, note that the law of X is invariant under orthogonal transforma-
tions of R?: for any orthogonal matrix U, the sequence U Xy, UX;,UXos, ... has the same

law as the original Xy, X7, X5, ..., and so the ¢ in (37) satisfies U/ L ¢, and the fact that
¢ is uniform on the sphere follows from uniqueness of Haar measure. O

It remains to prove Proposition 5.1. To establish this result we need the following
observations. We denote by Unify(A) the uniform law on measurable A C R¢ with
Vol A € (0, 00).
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Lemma 5.3. There exists a constant C € R, such that, for any x # 0,
[Unif g, (1)) — Unifer(I(2)) | vy < CJI¢ = 2. (38)
There exists a constant C € R, such that for all ¢ € S¥ and all o, . .., x4,
1FC 1o, smn) = fC Lo, o) lov < CIE— @yl + Ol |7 (39)
FC- o, yaw) = PO Lo, a)lley < CE = @l + Cllag ]|~ (40)
Moreover, there exists C € R, such that for all £ € ST and all o, . .., x4,

P(Yini1 € G | Yo = (20, -, 23)) = P(Yppy € G| Yy = (20, ., )|
< C (16— @l + laell ) - (41)
Proof. First it is straightforward to show that for measurable A;, A, C R¢,

2 VOld(Al A AQ)
VOld(Al) A Vold(Ag) '

[Unify(Ay) — Unifg(Ag)||rv <

In particular, the bound (38) follows from (42) and the fact that Volg,(I1%(z) Al (z)) <
C||¢ — z||, since the centres of B(z + £2;6) and B(x + %(;6) are at distance at most
sl1¢ — z]].
2

Next we claim that there exists a constant C' € R, such that for all £ € S}, all
r € RY\ B(0;k+1) and all X C B(x; k) of cardinality k such that A(X;x) and A*(X;x)
have volume not smaller than g,

I | X52) = p'(- [ Xy2)|lov < Ol — 2. (43)
By Lemma 4.1, p(- | X;2) = p*(- | X;x) for £ = &, so (43) is equivalent to
I (- | X5 2) = (- | Xs2)|lrv < CJlC— 2.

Moreover, it follows from (42) that there exists a constant C' such that for all A;, Ay C
B(0;1) with volume not smaller than g,

||Un1fd(A1) — Unifd(AQ)HT\/ S CVOld(AlﬂAQ) (44)

It remains to estimate the volume of A*(X;1)AA®(X;z). Taking a parametrization of
the segment from & to ¢, say £(\) = &+ A({ — &), A € [0, 1], we can control the derivative
of the volume by the surface measure of the boundary of the admissible set,

%Vold(Az()‘)(X; ) AAY(X;2))| < Swrf (0A™(X;2)) x ||€ — 2. (45)

But the set Cone(z; Conv,(X U {z})) in (27) has a finite number of hyperplanar faces,
uniformly bounded for a fixed k. Since A‘™ (X z) has diameter less than 1, we conclude
that the surface term is bounded, and further, that (43) holds.

We claim that (39) follows from (43). Indeed, fix x, ...,z and let Z = (Z4,..., Z)

be a random vector in (R?)* with

P(ZlaaZkE%):/f(yh7yk|x07axk)dy1dyk7
B
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and let Z° = (Z{,...,Z;) have the same distribution but with f* instead of f. To
estimate ||Z — Z*||tv we couple Z and Z° component by component. Then (43) shows
that we can couple Z; and Z{ such that P(Z; # Z{) < C||f — 24||. Given Z, = Z} =y,
the conditional densities of Z, and Z§ are p(- | x1,..., 2k 91) and p*(- | 21,..., 2p;91),
respectively, so by (43) we may again couple so that P(Zy # Z£ | Z) = Z{) < C|[0— || <
C|¢ — x| + C|lzg|| 7t Tterating this argument yields a coupling of Z and Z* that fails
with probability at most C||¢ — #4|| + C||zx]| ™!, which implies the total variation bound
in (39).

Next, we claim that (40) follows from (38) and (39). Indeed, by the definitions of f
and f*,

/f(yla"'ayk’xﬂw"axk)dyl"'dyk_/fg(ylw"ayk‘xOV":xk)dyl"'dyk
B B

1
S]_ /f(y17;yk|x0;7xk)dy1dyk—/f€<y1,7yk’.ﬁlj‘0,,xk>dy1dyk
—allg ;

1 ) .
+ aHUmfdk(H(xk)) — Umfdk(l_[g(xk))HTV,

which gives the result.
We now turn to the proof of (41). It is sufficient to consider the case ||zk|| > 2k. We
decompose

T=P(Yii1 €G | Y= (0,...,23)) =PVt , € G| Y = (w0,...,21))]|
< P(Yos1 €G | Yo = (w0, .. 21)) =PV, € G| Y = (w0,...,21))]
FIP(Yiy1 €G | Yoo = (20, s ) = P(Ypy € G| Yy = (30, -, a)|
=T+ T5.

Here T} < C||¢ — || + Cllzx|| = by (39). For the other term we see from (44) that
Ty < CVolg ((GAG")(x1)),
where we have used the notation
H(z) ={(y1, - u) : (@,91,-..,9) € H}, for H C R 2 c R
It remains to prove that
Vola, ((GAG")(xx)) < C(I€ — | + law] ™), (46)

for some constant C'. For k = 1 we simply use (45) to conclude (46). For general k, we
observe that the set G*(x;) has a smooth boundary with bounded surface measure in R*?.
Then

Vol ((GAGY) (1)) < Csup{[|1 = Gill = (w1, -+ wx) € Glaw)},
which yields (46). This ends the proof. O

Proof of Proposition 5.1. For r € N define the event

Tn=+Tr

Furim (] (VA= Y} N(GnAGLY).

m=7np+1
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Note that F, ;. ,,—-, C E,. Then, for r, := [Alogn]| where A > 0,
]P(Efz | ‘/—-:;n—i—l) S ]P)(Efw Tn+1 — Tn < n | JT_;"_H) + P(Tn+1 — Tp > Ty | ‘F7,'n+1)

S P(FC | ‘F7/'H+1) + P(Tn-l-l —Tn > Tn | f;—n+1)~

n,rn

By (24), we may (and do) choose A sufficiently large so that P(7,,41 — 7, > 7 | FL. 1) <
C'/n, a.s. The result now follows from the claim that there is a constant C' € R, such
that, for all n € N and all r € N,

02
P(FS, | Fl o) < ———0

S oo &S, (47)
Yo+

and the fact that, by Corollary 2.8, ||Y7, +164+1] = | X(r42)k]| > ¢ a.s. for some ¢ > 0
and all but finitely many n, with the simple bound 7,, > n a.s. It thus remains to prove
the claim (47). Since F),,+1 C F,, for r € N, we have
PO ir | Frpn) S Py N Py | Fr) + PO | T 1)
CE[P(ES, .y | F )U(Far) | Foi] +PIES, | P,

so to verify (47) it suffices to prove that, for all n € N and all » € N,

. Cr
P(Fn,r—i—l ‘ ‘Fén—&-’r) <

<— ' onF,,. (48)
[Py

To this end, note that, on F,, ,,

P(Fy i | Frir) SPYnirin # Yoot | Frir) + P(Grrn AGE i | Fr ).
N (G"

Tn+T

On F),, we have that either (i) G¢

Tn+T

P<an+r+1 7£ an+r+1 | ]-"7'_n+r) < “f( ‘ YTnJrT) - fg( ‘ YTnJrT)HTV
< CW - Ym+r,k+1H + C’|Y7'n+r,k+1|‘717

)¢ occurs, in which case

by (39), or (ii) G+ NG . occurs, in which case

P(Yr i1 #YS i | Froir) < af|Unif g (T1(Ys, 1)) — Unif g (IT(Y7, i) [Ty
+ Q=) f( | Yopar) = FC | Youan) Iy
<O =Ygl + Cl Yo

by (38) and (40). Moreover, on F, ., by (41),
P(Grir 1 AGT, iy | Fr i) S CIE= Yol 4+ Ol Ve |7

+1k+1]] < 7k, we thus obtain (48). This completes
the proof. 0

Since 6 = YT-7L+11k+1 and ||Y7—n+7’7k+1 _Y;'

6 The planar case with unit memory

This section is devoted to the proof of Theorem 1.2, and so we take d = 2 and k = 1
throughout this section. For n € N, denote by 6,, € [0, 7] the magnitude of the interior
angle of Conv{0, X,,_1, X,,} at X,,: see Figure 3.

First we express the ‘local drift’ in terms of 6,,.
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Figure 3: The definition of ,, (left) and the construction of 0,1 (right). In the right-hand
diagram, the double-ruled angle is 27 — 0,, — ¢ 11.

Lemma 6.1. Let d =2 and k = 1. Then forn € N,

E[(Xpp1 — X)) Xo] =E { 25in 0n ] .

6w — 30,

Proof. Suppose that n € N; note that X,, # 0 a.s. Given X,, and X,,_1, let (7, ¢) be polar
coordinates with origin (r = 0) at X,, ¢ = 0 in the direction X,,, and oriented so that
X,_1 is at angle ¢ = 6, — 7 relative to X,,. See the left-hand part of Figure 3.

The area of the disk sector on which X,,;; is uniformly distributed is 7 — (6,,/2), so

. 2) 1 T
E[<Xn+1 - Xn) - Xy | Xn; Xn—l] - / / (T COS ¢>d¢ rdr
27T — en 0 Op—1
_ 2sind,
© 6m— 36,
which gives the result. O]

Lemma 6.2. Let d =2 and k = 1. Then forn € N,
8n+1 = |<27T - 0n>Un+1 - 7T| — Qp41,
where Uy, Us, ... are i.i.d. U0, 1] random variables, and «,, — 0 a.s. as n — oo.

Proof. Let n € N. Given X,, and X,,_1, once more use the polar coordinates described in
the proof of Lemma 6.1. The angle ¢ of X, in these coordinates is 6,, + ¢, 1 — 7, where
®n+1, the angle between vectors X, X,,_; and X, X, ;1 measured outside the convex hull,
is uniformly distributed on [0, 27 — 0,,]; say ¢ny1 = (1 — Upy1)(2m —6,,) for U,y ~ UJ0, 1]
independent of X, X,,_;. See the right-hand part of Figure 3. The angle at X, in the
triangle T" with vertices 0, X,,, X,,11 is 0,41; denote the angle at 0 in T" by ay,+1. The
angle at X, in T is either 0,, + ¢, 11 (if 0,, + i1 < 7) or 27 —0,, — Ppy1 (if 0+ Pryq > 7).
In the first case
Opi1=m— 0, — ¢n+1 — Qnt1;

and in the second case

en—f—l =T = (27T - Qn - ¢n+1) — Qpy1 = Hn + ¢n+1 — T — Opqa-
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Combining these we get
en—‘rl - |0n + ¢n+1 - 7T| — Opy1 = |(27T - gn)Un-i—l - 7T| — Opy1-

Since || X, 41 — X,,|| < 1, it is not hard to see that 0 < a,,,; < C(1+ || X,||)~!, and this
tends to 0 since || X, || — oo by Corollary 2.8. O

Lemma 6.3. We have that 6, —— 0 as n — oo where 0 € [0, 7] has the distribution
uniquely determined by the distributional fized-point equation

0L |(2r —0)U —7l, 0 €R, (49)

where U ~ U|0, 1] is independent of the 6 on the right. Moreover, the random variable 0
has probability density given by

_ %(zﬁ — 1), forte 0] (50)
Remark 6.4. It is not hard to check that (50) provides a solution to (49): see the proof
below, which also establishes uniqueness. To come up with (50) in the first place, one can
deduce that the density f of 8 solving (49) satisfies the differential equation (7w +t) f'(t) =
—f(m —1t) for all t € (0, 7) (by differentiating (54) below), and we observed that a linear
f solves this.

f(t)

Proof of Lemma 6.3. Define
T(x,u) = |27 —x)u — 7|.

Then the fixed-point equation (49) reads T'(0,U) £ 9, while Lemma 6.2 shows that

9n+1 = T<9n7 Un+1) — Opy1.
Let 0 satisfy (49). Then clearly 6 > 0, a.s. Moreover, for any ¢ > 0,

PO >t)=P(TO,U)>t)=P(2r—0)U >7+t)+P(2r — ) U <7 —1t). (51)
In particular, taking ¢ = r7 for r € N, using the fact that § > 0 and U € [0, 1],

PO > rm) <PQ2nU > (1 +7r)m) + PO > 27, (0 —2m)U > (r — 1)7)
<0+PO > (r+1)m),

so that P(0 > rm) =P(0 > (r + 1)7) and hence P(6 > 7) = lim, o P(# > r7) = 0. Thus
any (finite) solution € to (49) has 6 € [0, 7], a.s.

Define a Markov transition operator ) on state-space [0, 7] by Q(x, A) = P(T(x,U) €
A) where U ~ U|0,1], z € [0, 7] and measurable A C [0, 7]. Then (49) is equivalent to the
statement that E Q(0, A) = P(0 € A) for all measurable A C [0, 7], i.e., the distributional
solutions to (49) are precisely the invariant measures of (). Note also that

1
Qz,dy) > P(mr — (2 — x)U € dy) > Q—dy, for all z,y € (0,7),
7r
so that for any measurable A C [0, 7], inf, Q(x, A) > $g(A) where g is uniform measure
on [0,7]. This is a version of the Doeblin condition, and it ensures (see e.g. [19, The-

orem 16.0.2, p. 394]) that @ is uniformly ergodic: there is a unique invariant measure g
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such that sup,¢jo 1 [|Q™ (2, -) — p(+)|lrv — 0 as m — oo. In particular (49) has a unique
distributional solution. Moreover, if P[0, 7] denotes the set of probability measures on
[0, 7], then
lim sup ||[v@Q™ — pllrv =0. (52)
M= ,cP[0,7]

Let v, denote the law of 6,,. If (¢y, Y¥xi1, . ..) is the Markov chain started from ¢, = 6y,
and with evolution ¥gymi1 = T (Ukim, Uktms1), then (g, Y1, ...) lives on the same
probability space as (0k,Oki1,--.), and g, has law 1,Q™. Let p denote the Lévy—
Prokhorov metric on distributions. Then

p<yk+m7 ,LL) S p(Vk—i-m, Vka) + p(Vkaa M) (53)

Here by (52) we can choose m sufficiently large so that p(v,Q™, 1) < [|[1Q™ — p|lrv < €
for all k. On the other hand, we see that |T'(z,u) — T'(y,u)| < |z — yl, so

[Ukttr1 = Orgosr| <AT (Urat, Ungesr) = T(Onses Ungogrr) = Qposr| < |[Ungr — Orre] + Qpgrgrs

which shows that |Vgim — Oprm| < Zfi;:‘ a;. Thus, since o; — 0, for any m we have
limy o0 [Vkem — Orem| = 0, a.s., and so p(Vgim, vk@™) — 0 as k — oo. Thus in (53) we
may take both m and k large to see that lim,, o p(v, 1) = 0. Thus 6,, converges in law
to u, the unique distributional solution to (49).

It remains to identify the law p. To this end, we check that if # has density f as given
by (50), then

2t T4+t—0
< = < — - _
P(T(0,U) <t) ELW—QI{H_W t}]—l—E{ SY— 1{60 > 7 —t}
mT—t T _
0 27T_y T—t 27T—y
4t(m —t) 2 [T

ai = IR RILY

Cdt(m—t)  # tdr 1)

32 2 3wz

which is fot f(s)ds. Hence f provides a solution to the distributional equation (49). [
Finally, we can complete the proof of Theorem 1.2.

Proof of Theorem 1.2. By Lemmas 6.1 and 6.3 and the bounded convergence theorem,

5 2sinf
lim E[(X, — X,,) - X,] = E ,
A E{(Xni1 = Xn) - Kol {M - 39}
where 6 has the density given by (50). Then we compute

g | 2sm0 _i/ sintdt = -
6m — 36 972 Jo 972

Comparison of Theorem 1.1 and Lemma A.5 shows that this quantity is indeed vy 1, which
ends the proof of Theorem 1.2. O
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A Auxiliary results: speeds and directions

The next result, which will be our tool for establishing ballisticity, is an important in-
gredient in the proof of Theorem 1.1.

Lemma A.1. Let d € N. Let &,&1,&, ... be a stochastic process in R? adapted to a
filtration Fo, Fi, Fo,.... Let A, := &1 — & Suppose that liminf, oo n™t| &, > ¢ a.s.,
for some constant ¢ > 0, and that for some B < 00, ¢ >0, and v € (0,00) we have

]E[||An||2 | ]l < B, a.s., foralln € Z,; (55)
E[A, | Fo] —véa|| =0, a.s. (56)

lim n®
n—oo

Then lim,,_,oo n ', = vl a.s. for some random ¢ € ST 1.

The proof of this result will go by establishing in turn a limiting speed (Lemma A.3)
and a limiting direction (Lemma A.4). First we need a couple of elementary bounds.

Lemma A.2. For all x,y € R?,

. 2||yl?
e+ gl - llell & -yl < |'|'—"J|'|' (57)

Moreover, for all x,y € R? with x # 0 and x +1vy # 0,

Proof. First we prove (57). It suffices to suppose that = # 0. We have

(58)

vty x y—(-y H 3[lyll?
lz+yll =l ] ([l + yl]

2+ yll* = ll=[® _ 2y + [yl
[ +yll +llzll e+ yll+ =]

Iz +yll = [l =

Hence 9
[yl
el

2z -y
2+ yll + =]

Iz +yll = ll=ll -

Moreover,
1 1 [z +yll = ll=lll _ _llyll

e +yll +llzll 2l el = 2l
By the triangle inequality, |||z + y|| — ||z|| — & - y| is bounded above by

1
+ yH 2]l 2]2]|’

2z -y
[l +yll + [l]

and then combining (59) and (60), we obtain (57).
For (58), suppose that = # 0 and = + y # 0. Then, by (35) and (57),

Now we use the fact that ||y — Z(z - y)|| < |ly|| and

1 1
lz+yl ]
to get (58). O

[z +yll = =l =

oy 'H

vty x y—i(@-y H lle+yll = llel =2yl _ 2]yl
lz+yll -zl e+l [+ — il +

_ Mz A+l =1l oyl
lellllz+yll — fllllz +yl
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Lemma A.3. Let (y,(1,(o,... be a stochastic process on R, adapted to a filtration
Fo, Fi,Fa,.... Suppose that there exist B < oo and v € R such that

E[(Cn-‘rl - Cn)z | Fn] S 37 a.s.; (61)
nh—glo |E[Cns1 — G | Ful —v| =0, a.s. (62)

Then lim,_,oo 1 = v, a.s.

Proof. As in the Doob decomposition, let Ay := 0 and A, := S." " E[¢ni1 — Cm | Fon)

m=0

for n € N, so that M,, := (, — A, is a martingale with My = (. Moreover,

E[Mp, — My | Fol = E[(Mny1 — M,,)? | F
S E[(Cn—i—l - Cn)z ’ fn} S 87 a.s.,
by (61). It follows that, for any ¢ > 0, |M,| < n/2+ for all but finitely many n, a.s.:

to see this one may apply e.g. Theorem 2.8.1 of [17] (take f(y) = %* and a(y) = y*™* in
that result). Hence, a.s., lim,, o, n7'(, = lim, oo n"'4, = v, by (62). O

Lemma A.4. Let d € N. Let &, &1, &, ... € R? be adapted to a filtration Fo, Fi, Fo, . . ..
Let A, := &1 — & Suppose that for some B < oo, (55) holds. Let AL := A, —
En(A - E). Suppose also that 300 n~ Y| E[AL | FJ|l < oo a.s., and, for some ¢ > 0,
liminf, oo n Y& > ¢ a.s. Then lim,, o &, =0 a.s. for some random ¢ € S,

Proof. First note that, by Markov’s inequality and (55), for any ¢ > 0,
E[[nsr = &l LA > 31ElY | Fal < 2P| AL > 116117 | Fo)

< 2*M4B|&,) 73, as. (63)
On the other hand, we apply (58) with x = &, and y = A, to get, on {, # 0},
. . Ay 6[|A,
Ent1 — & — 7 | LA < 3ll&1} < :
" I ’ Bk
Noting that E[JJAL[[1{[|Anl > 3111} | Fu] < 201& 7 E[Anll? | Ful, by (55) we get
A A E[AL | F, _
[ - &1 70 - 2P <vomien on e zon o0
using the ¢ = 1 case of (63). It follows from (35) that ||€,1 — & < 2”£|7|ﬁ”A”n”, SO

E[l|€ns1 — &l {1 An]l < 5ll€all} | Fu] < 16B]l6a]17%, aus.
Together with the ¢ = 2 case of (63), this implies
Ellléni1 = &l | Fo) < 32Bl) 72, as.
Define A,, := Z”_l E[émH —ém | Fin], so that M, := én — A, is a martingale in R?. Now

m=0
El| M1 — Ma|® | Fol < E[énsr — &all® | Ful < 32BJI&] 7

But [|&,]] > (¢/2)n for all but finitely many n, so we get >~ E[|| M1 — M, ||* | F,] < oo,
a.s. It follows that M, — M, a.s. for some M, € R%, by e.g. the d-dimensional version
of Theorem 5.4.9 of [11]. Hence for é’n to converge a.s., it is sufficient that lim,, ., A,
exists a.s., and, by (64), sufficient for this is that > > n7'||E[AL | F.]|| < oo a.s. Also,

since [|€,]| — oo, the limit of &, is non-zero. O
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Now we can complete the proof of Lemma A.1.

Proof of Lemma A.1. Taking x = &, and y = A,, in (57), taking conditional expectations,
and using (55), we obtain

E([|€nsll = ll€all | ol = & - E[A | Fal| < 2B]I&all 7"

Then by assumption (56) and the fact that ||&,|| > (¢/2)n for all but finitely many n,

Tim Bl = 6 | ) =] = 0, as.
So we can apply Lemma A.3 with ¢, = ||&,]| to deduce that lim, ., n7'||&,| = v, a.s.

Moreover, it also follows from (56) that n°|| E[A; | F]|| — 0, a.s. Hence the conditions of
Lemma A.4 are also satisfied, and we copclude that lim,, . &, = £ a.s., for some £ € S9!,
Then lim,, o n1E, = lim,, 0o n 7 1|,]|En = V2, ass. O

The next result, which shows how local speed translates to global speed, is an import-
ant ingredient in the proof of Theorem 1.2.

Lemma A.5. Let d € N. Let &y, &1,&, ... be a stochastic process in R? with & = 0, such
that, for some constant B < oo,

P(|€nt1 — &ll < B) =1, for alln € Zy,

and suppose that ||&,|| — oo, a.s. Then

n—o0

‘ 1 1 n—1 .
lim EEH@@H—E%E[@mﬂ—ﬁm)-gm] = 0.

In particular, if limy, o0 B[(Enst — &) - &) = v € [0,00] then n ' E||&,]| — v as well.

Proof. Let A, :=&,41 — &,. We have from (57) that for any y with [|y|| < B,
Nz +yll =zl =2 -yl < CO+Jlz])7" (65)

It follows from an application of (65) with x =&, and y = A,, that

n—1 n—1 n—1
Bll&all = Y Ellén + Anll = 1mll] = D Blém - Aml + D EGn,
m=0 m=0 m=0

where |(,] < C(1+ [|€x])7E. Since ||&n]| — oo a.s., the bounded convergence theorem
implies that E (,,, — 0, and the claimed result follows. O
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