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1 Introduction

In the limit in which the squared center-of-mass energy is much greater than the momentum
transfer, s > |[t|, any QCD scattering process is dominated by gluon exchange in the
t channel. Building upon this fact, the Balitsky-Fadin-Kuraev-Lipatov (BFKL) theory
models strong-interaction processes with two large and disparate scales, by resumming the
radiative corrections to parton-parton scattering. This is achieved to leading logarithmic
accuracy, in In(s/[t|), through the BFKL equation [1-3], i.e. an integral equation which
describes the evolution of the t-channel gluon propagator in transverse-momentum space
and Mellin moment space. The integral equation is obtained by computing the one-loop
leading-logarithmic corrections to the gluon exchange in the ¢ channel. They are formed
by a real correction — the emission of a gluon along the ladder [4] — and a virtual
correction — the so-called one-loop Regge trajectory. The BFKL equation is then obtained
by iterating these one-loop corrections to all orders in ag, to leading logarithmic accuracy.
For agln(s/|t]) > 1, one can provide an analytic solution to the BFKL equation in the
saddle-point approximation [2]. The next-to-leading logarithmic (NLL) corrections to the
BFKL equation are also known [5-7].



The amplitude for any QCD scattering process factorizes at leading-logarithmic ac-
curacy into a gauge-invariant effective amplitude formed by two scattering centers, the
leading order impact factors, connected by a Reggeized gluon exchanged in the crossed
channel. The leading order impact factors depend on the particular scattering process.
The Reggeized gluon exchange in the ¢ channel is process-independent, and it is described
by the BFKL equation. Since the exchange of a gluon in the ¢ channel is required, for an
arbitrary scattering the leading-order term of the BFKL resummation is often contained
in the higher-order terms of the expansion in «g. (For example, in Drell-Yan production
gluon exchange in the ¢ channel occurs at O(a2), two orders above the leading order term
of the expansion in ag.) For dijet production in hadron collisions, the leading order term
in BFKL resummation occurs already in the leading order term of the expansion in ag.
In this respect, dijet production in hadron collisions is the simplest process in which to
consider BFKL resummation.

Long ago, Mueller and Navelet [8] suggested to look for evidence of BFKL evolution by
measuring the dijet cross section at hadron colliders as a function of the hadronic centre-
of-mass energy /S, at fixed momentum fractions Zqyp of the incoming partons, and fixed
minimum jet transverse momentum. This is equivalent to measuring the rates as a function
of the rapidity interval Ay between the jets. In fact, at large enough rapidities, the rapidity
interval is well approximated by Ay =~ In(s/[t[), where s = 2,25 and [t| ~ p1 ps , with
p1, and po  the transverse momenta of the two jets. Thus, since the cross section tends
to peak at the smallest available transverse momenta, Ay grows as In S at fixed z,5. A
measurement of the dijet rate at different centre-of-mass energies allows in principle for a
measurement of the leading eigenvalue appearing in BFKL resummation, i.e. of the BFKL
intercept. Conversely, in a fixed-energy collider, Ay grows with z,; at fixed S. Then
evidence of the BFKL resummation may be looked for by studying dijet production cross
sections at large rapidity intervals [8-10], as well as the distribution in azimuthal angle
between the two jets with the largest rapidity separation [9-13].

The initial computations of radiative corrections to these observables were performed at
leading-logarithmic (LL) accuracy in Ay. Improvements in several directions then followed,
most notably in treating the BFKL resummation numerically using Monte Carlo event
generators [13-16], and in including the NLL BFKL corrections to dijet production [17]. A
phenomenological analysis of dijet production at large Ay at NLL accuracy can be found
in ref. [18]. The dijet cross section as a function of the rapidity interval Ay has been
measured experimentally by the DO experiment [19] at the Tevatron at different centre-
of-mass energies, and by the ATLAS [20] and CMS [21] experiments at the LHC at a
fixed centre-of-mass energy v/S = 7 TeV. The azimuthal-angle distributions of pairs of jets
with wide rapidity separations have been measured by the DO experiment [22], and quite
recently by the CMS experiment [23].

In this paper, we use Mueller-Navelet jets as a template to examine the analytic de-
pendence of the LL BFKL equation on the transverse momenta of the partons that delimit
the BFKL ladder. The partons’ transverse momenta equal the transverse momenta of the
two tagging jets in dijet production at large Ay. By writing the dijet cross section as an
expansion in agAy, Mueller and Navelet were able to integrate analytically over the trans-



verse momenta of the two tagging jets in the first few orders of the expansion. However,
for the fully differential dijet cross section only a numerical solution could be provided,
through either a direct integration or a Monte Carlo event generator. Recently it was
found [24, 25] that the six-gluon amplitude in N = 4 super-Yang-Mills theory in multi-
Regge kinematics can be described purely in terms of a class of mathematical functions
known as single-valued harmonic (or multiple) polylogarithms (SVHPLs) [26]. Motivated
by these developments, in this paper we use these functions to write the BFKL ladder
in transverse momentum space, and thus the fully differential dijet cross section, as ex-
plicit analytic functions of the transverse momenta of the two tagging jets. More precisely,
we introduce a generating function for the coefficients of the LL BFKL Green’s function,
which allows us to express the Green’s function, order by order in perturbation theory, as
a combination of polylogarithmic functions of one complex variable — the complexified
transverse momentum — that are single-valued in the complex plane.

The paper is organized as follows: in section 2, we recall the BFKL Green’s func-
tion and the Mueller-Navelet dijet cross section. In section 3 we introduce our toolbox,
the single-valued harmonic polylogarithms. In section 4, we introduce a generating func-
tion for the coefficients of the BFKL Green’s function in transverse-momentum space at
leading-logarithmic accuracy, and we display the coefficients explicitly up to the seventh
loop. In section 5, we sketch how our results for the BFKL Green’s function can easily
be integrated over the azimuthal angle or the transverse momentum, and we provide fully
analytic azimuthal-angle and transverse-momentum distributions for the Mueller-Navelet
jet cross section in terms of harmonic polylogarithms up to the sixth loop, as well as a
generating function for the transverse momentum distribution to any number of loops. Fi-
nally, in the same section we explicitly perform the integration of the transverse momentum
distribution to obtain the total cross section, and we present a generating function for the
Mueller-Navelet coefficients to any number of loops, as well as explicit results in terms of
multiple zeta values up to 13 loops. In section 6, we draw our conclusions.

2 The BFKL equation and Mueller-Navelet jets

The cross section for dijet production in the high-energy limit is dominated by gluon
exchange in the crossed channel. Thus, at leading order in ag the functional form of the
QCD amplitudes for gluon-gluon, gluon-quark or quark-quark scattering is the same; they
differ only by the color strength in the parton-production vertices. Hence the cross section
takes the following factorized form,

do _ doyg
dp3 dp3  de;jdyrdys dp}, dp3, dé;;°

where 1 and 2 label the forward and backward outgoing jets, respectively, p; | and y; are

- ngeff(xguu’%) ngeff(xgaﬂ%) (21)

the jet transverse momenta and rapidities, and ¢;; denotes the azimuthal angle between
the jets. In the high-energy limit, the parton momentum fractions are given by,
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and the effective parton distribution functions are

4 _
fest (@, 1) = G, ) + 5 > (@ 1) + Q3] (2.3)
f
where the sum is over the quark flavors, and pp is the factorization scale.
The gluon-gluon scattering cross section in the high-energy limit becomes,

ddgg ™ [CAOZS] O Caos
=92 192 3. o f(qlJ_a q21, Ay) ) (24)
dp} dps, déj; 2 | pY, P5y

where Ay = y1 — o is the rapidity difference between the two jets. The variables ¢;| that

enter the Green’s function f(q1.,¢>1,Ay) are related to the transverse momenta of the

jets by ¢11 = —pi1 and g2 = p>, . Fixing
Chag

Ay, (2.5)

at leading logarithmic accuracy the Green’s function is given by

f(@1L, @21, Ay) = e"? <qu>“’ enxvm (2.6)
180 = e > e [T

1193 n=-o0

where ¢?, = |g;1|?, and ¢ is the angle between ¢, and g5, (and therefore ¢ = m — ¢;).
The exponent in eq. (2.6) is given by 1 x,.n = Ayw(v,n), where

Caas

w(v,n) = Xvn s (2.7)

is the LL BFKL eigenvalue, with

xy,n——sz—w<2+’n2’+ > w<1+|"|—z'u>. (2.8)

2.1 The saddle-point approximation

For n > 1, we may perform a saddle-point approximation to the integral over v in the gluon
Green’s function (2.6). The saddle point is near v = 0. We use the small-v expansion of
the BFKL eigenvalue, eq. (B.2),

Xvon = 2 (a0n + CLan2 +-- ) N (29)
with the coefficients given in eq. (B.7). Then we can write the gluon Green’s func-
tion (2.6) as
24},

2

2 _ q2L
1 +00 XP | 2ol 4(—2a1,)n

F@1, @1, Ay) = ———=—= > " . (2.10)
4T 4/ qi q%J_ n=—o00 Tr(_2a1n)7]

Note that ain, as given in eq. (B.7), is always negative; thus the saddle-point approxi-

In

mation is well defined. Integrating out the azimuthal angle, which singles out the n = 0
contribution, and using agp and ajg as given in eq. (B.4), we obtain the usual saddle-point
approximation of the BFKL Green’s function.



2.2 The azimuthal angle distribution

Integrating out the jet transverse momenta over £, <p < 00, eq. (2.4) becomes

5(¢s5 — Z (nz_:oo ) ] : (2.11)

dcgg _W(CAaS)Q
doj; —  2E}

with
11 /= Xyn
2 k! J_o y2 —|— =

frnk = (2.12)

The Born term has been singled out by performing the integral in f,, o, which yields f,, 0 = 1,
and furthermore by using,

— > =5y — ). (2.13)

In the limit asAy — 0, eq. (2.11) reduces to the azimuthal distribution at leading order.
Note that by using the recursive formula (A.3) for the x, , coefficients, we can obtain a
recursive formula for the Fourier coefficients f, 1, in terms of a one-dimensional integral
over v.

2.3 The Mueller-Navelet dijet cross section

When the azimuthal angle is integrated out over the full range 0 < ¢;; < 27, only the zero
mode of eq. (2.11) survives,

2m
/ d;je™? = 2méy 0, (2.14)
0

and we obtain the Mueller-Navelet dijet cross section,

R m(Caas)
Ogg9 = 2E25 ZfOkﬁ (2.15)

Mueller and Navelet [8] computed analytically the first few coefficients of the expan-
sion (2.15),

foo =1,

foq =0,

fo2 =2C2,

foz = =33, (2.16)
53

foa = 5 G4,

fos = 5 (11565 + 48G:Gs)

However, for the fully differential dijet cross section (2.4), so far only a numerical
solution could be provided, through either a direct integration or a Monte Carlo event
generator.



3 Single-valued harmonic polylogarithms

In this section we give a short review of the main tools that allow us to solve the Green’s
function perturbatively, namely harmonic polylogarithms (HPLs) and their single-valued
analogues. We start by reviewing the multi-valued case, and we then briefly recall the
construction of the single-valued analogues of ref. [26] (see also ref. [27]).

Harmonic polylogarithms were first introduced in the physics literature in ref. [28].
They are defined iteratively through the differential equations’

d Hw z d Hw z
£H0w(z) = z( ) and £le(z) = (2)

(3.1)

where w denotes any word formed out of the letters ‘0’ and ‘1’. The length |w| of the word
w is called the weight of H,(z). The solutions of the differential equation are subject to
the constraints,

H(z)=1, Hj (2) = %ln” z, and ?_r)r(l) H,,5,(2)=0. (3.2)
It is easy to check that the solutions to these differential equations are given by the iterated
integrals ;
Huol2) = [ dt ) 1) (33)
with 1 1
fo(z) = 2 and fi(z) = 15" (3.4)

HPLs enjoy many properties. In particular, they form a shuffle algebra, i.e.,

Hyy(2) Hop(2) = Y Hu(2), (3.5)
WEW w2
where wIllws is the set of mergers, or shuffles, of the sequences wy and ws; each element of
the set is an interleaving of the two sequences such that the orderings of the letters inside
w1, and of those inside ws, are preserved. Furthermore, the HPLs contain the classical
polylogarithms as special cases,

Lip_1(t)

; , (3.6)

N——r

m—1

Hy. . 01(2) = Lin(2) = /Ozdt

with Lij(2) = —In(1 — 2).
Due to the singularities in the differential equations (3.1), HPLs in general define multi-
valued functions on the punctured complex plane C/{0,1}. In ref. [26] it was shown that
for every HPL H,(z) there is a function £, (z) that is real-analytic and single-valued on
C/{0,1} and that satisfies the same properties as the ordinary HPLs.2 That is, the £, ()

satisfy the differential equations
0 L,(z) 0 L,(z)

%ﬁ()w(z) = and %ﬁlw(z) =

"We only consider here the case of poles at 0 or 1.
*We will drop the explicit Z argument from L, (z, Z) henceforth.

— (3.7)




subject to the conditions

1
L(z)=1, Ly (2) = mln" |2|? and lim £ .z (2)=0. (3.8)

n z—0 w#0n

In addition, the SVHPLs £, (z) also form a shuffle algebra,

Lo (2) Luy(z) = D Lul2). (3.9)
wWEW1 IMwa
SVHPLs can be explicitly expressed as combinations of ordinary HPLs such that all the
branch cuts cancel. In order to understand how these combinations can be constructed,
and also to understand the solution for the BFKL Green’s function in section 4, it is useful
to first get a new viewpoint on ordinary HPLs.
It is clear from the previous discussion that for every word w formed out of the letters
‘0" and ‘1’ there is a harmonic polylogarithm H,(z). Let us therefore denote the set of all
words formed out of the non-commutative variables z¢ and x; by X*, and let C(X) be the
complex vector space generated by the elements in X*, i.e., the vector space of all formal
C-linear combinations of elements in X*. C(X) can be turned into an algebra by equipping
it with the concatenation of words as multiplication. The set of differential equations (3.1)
can then be conveniently summarized by a single differential equation for a generating
function L(z), often referred to as a Knizhnik-Zamolodchikov (KZ) equation [29]

L) = (xo 4+ > L(z),  L(z) € C(X). (3.10)

dz z 1—=2
It is easy to see that a solution to the KZ equation is given by
L(z) = Z H,(z)w, (3.11)
weX*

where obviously for the empty word e we have H.(z) = H(z) = 1. We can then define the
single-valued analogues of the ordinary HPLs by constructing a single-valued generating-
function solution

L(z)= ) Lo(z)w (3.12)

weX*
of the analogous KZ equation,
0 EL 1
@ﬁ(z) = ( p, + 1 z> L(z), L(z) € C(X), (3.13)

subject to the conditions (3.8). We briefly review the construction of £(z) of ref. [26] in
the rest of this section.

We start by defining a second alphabet {yo,y1} (and a set of words Y*) and a map
~:Y* — Y™ as the operation that reverses words. The alphabets {z¢, z1} and {yo,y1} are
not independent but they are related by the following relations,

Yo = To

7 7 1

! B (3.14)
Z (Yo, y1)y1Z(yo,y1)” = Z(xo,x1) x1Z(70,21) ,



where Z(xg, 1) denotes the Drinfel’d associator, defined by the series,

Z(xo,x1) = Y ((w)w = L(1), (3.15)

weX*

where ((w) = H,(1) for w # 21 and ((z1) = 0. The ((w) are regularized by the shuffle
algebra [30]; that is, we use the shuffle algebra to define the naively divergent cases. Using
a collapsed notation for w, in which zero entries are removed according to Om_11 — m,
these ((w) are the familiar multiple zeta values. The inversion operator is to be understood
as a formal series expansion in the weight |w| (also known as the length of the word w).

We can solve eq. (3.14) iteratively in the length of the word. This yields a series
expansion for y;. Next, let ¢ : Y* — X* be the map that renames y to x, i.e. ¢(yp) = xo
and ¢(y1) = x1, define the generating functions

Lx(z) = 3 How,  LIy(3) = 3 Hyw(2)2, (3.16)

weX* wEeY *

where Z denotes the complex conjugate of z. It was shown in ref. [26] that the generating
function (3.12) for the single-valued analogues of HPLs is then obtained by

L(z)= Y Lu(z)w=Lx(z)Ly(2). (3.17)

weX*

Expanding the right-hand side of eq. (3.17), the coefficient of each word w € X* is a
combination of HPLs such that the branch cuts cancel, i.e. it is single-valued on C/{0,1}.

4 The BFKL equation and single-valued harmonic polylogarithms

We now apply the ideas of the previous section to the BFKL Green’s function. In particular,
we provide (at least conjecturally) a generating function for the coefficients appearing in the
perturbative expansion of the BFKL Green’s function. The Green’s function is a function
of the (two-dimensional) transverse momenta p;; and po . For the rest of the discussion,
it turns out to be convenient to encode the information on each transverse momentum by
a single complex number, py, — pr = py + z'pz. Furthermore, we introduce a complex
variable w by

~ ~x
w = 13—1 and w* = %, (4.1)
P2 )
such that
~ 2 2 2 1/2 A ,
uf = B =B B (2 e
P2 D5 q5 | w

The Green’s function can be expanded into a power series in 7,

f(Gi1, o, Ay) = 55(2)(Qu — 1) + ———— > 0" fr(w,w"), (4.3)

2m i Gy k=1



where the coefficients fj are given by the inverse Fourier-Mellin transform,

+o0
% 1 n (W2 [Ty oy
Si(w,w*) = k'nz (1) (E) /_OO o 1017 X (4.4)

These coefficients should be real-analytic functions of w; that is, they should have a unique,
well-defined value for every ratio of the magnitudes of the two jet transverse momenta and
angle between them.

The invariance of eq. (4.4) under n <> —n and v <> —v implies that f; is invariant
under conjugation and inversion of w:

fr(w, w*) = fr(w*, w) = fr(1/w,1/w"). (4.5)

In other words, the perturbative coefficients are eigenfunctions under the action of the
Zo X Zo symmetry generated by

(w,w*) < (W', w) and (w,w") <> (1/w,1/w"). (4.6)

From eq. (4.1) we see that a special point in the (w,w*) plane is at w = w* = —1. This is
the configuration of Born kinematics, where the two jets have equal and opposite transverse
momentum. A second preferred point is the origin, w = w* = 0, when one jet has much
smaller transverse momentum than the other jet. The point at infinity is related to the
origin by the inversion symmetry, while w = w* = —1 is a fixed point of the Zo X Zo
symmetry (4.6). We anticipate that the SVHPLs L, (z, z) will play a role. However, their
poles are at z =0 and 1, not w = 0 and —1, so we will need to identify (z, z) = (—w, —w™).

In the rest of this section we argue that one can use SVHPLs to write down a generating
function for the perturbative coefficients fi(w, w*) to all orders in the expansion parameter
7. In order to present the generating function, we need to introduce some definitions. First,
similar to the vector space C(X) defined in the previous section, we define C(L) as the
vector space generated by all SVHPLs L, (z) = L,(—w). Note that there is a natural linear
map P, : C(X) — C(L) sending a word w to the SVHPL L,,(z). In order to incorporate the
expansion parameter 7, we enlarge the vector space C(X) to the ring C(X)[[n]] of formal
power series in 7 with coefficients in C(X). The ring C(L)[[n]] is defined in a similar fashion,
and the map P, extends in an obvious manner to a map from C(X)[[n]] to C(L)[[n]]-.

By observing patterns in the coefficients of the SVHPLs that appear at low orders in
the 1 expansion (see e.g. eq. (4.12)), and inspired by a very similar problem in ' = 4 super-
Yang-Mills theory [25] (see below), we have found an all-orders formula that reproduces
the first 10 orders of the expansion. In order to describe this formula compactly, we define
the following elements of C(X)[[n]],

e "0 —1 !
X(xo,x13m) = [1 - <> 96‘1] ;

0
oo [k—
Z(zoim) = Y [

=1 Ln=0

—_

(_xo)k—n—l Z (kin;n)' 3(n7m)] nk’ (47)
m=0



where the 3(n,m) are particular combinations of ¢ values of uniform weight n. They are
related to partial Bell polynomials, and are generated by the series,

exp {—% 2ve+¢v(1+x)+ (1 - x)]} = exp [yz C2k+1x2k+1]
k=1

= Z Z 3(n,m)x"y™.

n=0m=0

(4.8)

We are now in the position to state our main conjecture: the BFKL Green’s function
can be written, to all orders in the perturbative expansion parameter 7, as

1

WPL [X(wo,xl;n)z(ﬂﬁo;n)] . (4'9)

- 1 - -
@i, 1, Ay) = 55(2) (i — 1) +

Equation (4.9) can be interpreted as a generating function for the perturbative coefficients
fr(w,w*). We checked that our conjecture agrees with the integral representation (4.4) up
to 10 loops, by performing high order series expansions of both sides around |w| = 0.

We can separate out a power-law prefactor in f; by writing

= ——— Fip(w,w"), (4.10)

where the pure transcendental functions Fj are given by,
oo
F(w,w*;n) = P [X(x0, x15m) Z(w0;m)] = D Fi(w,w*)n". (4.11)
k=1

We obtain for the first few loop orders,
Fi(w,w*) =1,

1

Fg(w,w*) = —£1 - 5[:0,

. 1 1
Fy(w,w") = L11+ 5(Lox + L10) + Lo, (4.12)

. 1 1
Fy(w,w*) = ~Ly11 — 5(50,1,1 + L1031+ L1,10) — 150,1,0

1 1 1
- 6(50,0,1 + L100) — ﬂﬁop,o + §C3 .

Note that in eq. (4.12) we suppressed the dependence of the functions on their arguments,
ie, L, = Ly(—w,—w*). In practice, the form of the generating function (4.11) was
conjectured by explicitly evaluating the inverse Fourier-Mellin transform (4.4) for the first
few values of k in terms of single valued HPLs, and then conjecturing a generating function
that reproduces not only the results for small k&, but in addition also correctly predicts the
functions fi for larger values of k. While for large values of k£ an analytic evaluation of

eq. (4.4) in terms of SVHPLs may become prohibitive, it is possible to evaluate the inverse
Fourier-Mellin transform numerically.

,10,



We can write a few more loop orders if we first introduce some more compact notation.
Since every word that appears is a binary number, we can write it as a decimal number.
Because there can be initial zeroes in the binary string, we keep track of the length of the

original word with a superscript in brackets. For example, £1 01 — 6[53] and Lo 10,11 — E[ }

In this notation, we have,

Po=1,

= A 14)” ,

Fy =0+ %(6[2] + 65 + 6[2]

Fom L@ - L L oy - L Lo,

n é(gw 04y 4(5[1 YOyl
1205[4]—% <€[1 n gm>

Fy = ) — L o8] ) a4 ) - (f[f’ﬂ Ry I Oy a0

Py =494 2(5”+£” + Oty

1
+ ﬂ(6[4] + A 4 —(eﬂf‘] + i 4

2
1
——(6[5]+£[f§;+€[5]+€”) ge[fg—EME]+€é]+£g5]+£§5§+££5§+€[5])
1 1
L sl sl b 6[5]_7 /51, i /5l /5
(++)36 48(+)120(+)720

+ C<€[2+ —oPy em 55t ) —g,

Fro= 09+ 208 4+ 09 4 z[fg . 7y oy

2
+ O] 4 ) ) fB 4 S

4
A8 4 g8y g8 gl6) ]
6( + U39 + ls) + ls7 + Lgp)

f(z[ﬂ Ny ]) (e[fj Sy ey Sy ey ey

. (5[61 Mw] Mw) (2[6] M[ﬁ] M[ﬁ] Mw] Mw] H[ﬁ})

36
e e 6] 1 6] 6y, 1 e g6y, L e, L)
+120(e O+ 00 + 144(5 + 05 )+240(e + O )+720(e +00)
L I R = N s I | NS 3 R O I & B Ly, 1
+5o4o£ 43(67 +2(e3 i )+4€6 +6£1 +8£2 20£ +1zo€ )
e Loy 1

(4.13)

In eq. (4.13) we have not yet made use of the Zgo X Zg symmetry defined in eq. (4.6).
Also, we have not applied any shuffle identities in order to reduce the number of L,
functions to a minimal set. In the first step we define [24] the projections onto definite
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eigenstates under conjugation,?

Lo(2,%) = [ﬁw(z, 2) = (—1)l £, (3, z)} : (4.15)

where |w]| is the weight or length of w. Then we construct the eigenstates with eigenvalues

NN

1 under ilwersion,
Li(z z) = 1 Ly,(z,2) £ L, (71 71) . (4.16)
w ) 2 ’ ’ =

For a given word w, only the sign (—1)“*% in eq. (4.16) leads to an irreducible function.
Here d, is the depth, or number of 1’s in w, or the length of w in the collapsed notation we
employ below. In this notation, repeated zeros in a word are removed by letting Op_11 —
m, so for example Lar,l,O,l,l — L2+,2,1- Finally, we can use shuffle identities, based on eq. (3.9),
to express as many functions as possible in terms of functions of lower weight (which are
considered simpler). It is known that a convenient basis of a shuffle algebra that enjoys this
property is given by the so-called Lyndon words. A Lyndon word is a word w such that for
every decomposition into two words w = uw, the left word is lexicographically smaller than
the right, u < v. Every element of a shuffle algebra can be represented as a polynomial in
the Lyndon words. The number of Lyndon words, and hence the number of functions that
are irreducible with respect to the shuffle identities, are rather small at low weights. At
weight 1,2,3,4,5, there are respectively only 2,1,2,3,6 such functions. For the LjE basis these
functions are: Ly, Ly; Ly; L s Loys Ly Ly Loy a5 L3 Lay Ly, Ly 10 La o 1 Loy g -

s byt

Applying this procedure to eq. (4.13), we obtam

Fi(w,w*) =1,
Fy(w,w*) = —Lf,

Fy(w,w*) = (L2 — = (L5)?,

2 Y
1 1 1
Fy(w,w*) = L3 — *(Iﬁ)g + *C:s?
6 6
1 1 1 1
N o o — 2 Lo L2 72
Fs(w,w*) = 6L3 Ly L21L0 +24(L ) +24(L1) +32(L0) (L) (4.17)
11
e (L)Y =G L
* 380 (Lo 3C3 ’
Folw,w") = —~LF — SLF = S0y + L (L) + — L (L7 )2
w,w) = —— = —
S 10 37311 221 T 1o 144 0
1 1
L LT Ly — L)Y — — (L) (L) — —— (L) LT
+ 2.1 120( 1) 48( 0) (L) 1152( o) L]

_ 1
+ 6(3 (Lf)2 - ECS (Ly )2 + TOCE) .

Again in eq. (4.17) we have suppressed the dependence of the functions on their arguments,
ie., LT = LE(—w, —w*).

3Note that we could also define eigenfunctions with opposite parity under conjugation by

Tu(z2) = % [£o(e,2) + (-1 (2, 2)] - (4.14)

However, these functions are always products of the functions defined in eq. (4.15) [24].
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Let us illustrate the procedure of passing from the £, functions in eq. (4.12) to the
L functions in eq. (4.17) with the example of the functions F, and Fj. Since

Lo(—w) = ln\w[z =Ly=1L,,

1 (4.18)
Li(—w) =—In|[l+w|> =L, = Li - ELE’
we immediately obtain, using also eq. (4.16),
* 2 1 2 1 2, 1 2
F(w,w*) =In[l+w|"—-Injw|*=-In|l+w|*+ = In|l + 1/w|
. 2 2 2 (4.19)
= ——Li(~w) — = Li(~1/w) = - L.
2 2
For F3, we can use the shuffle identities
1 1
£171 = §£% and £0,1 + £1,0 =Ly L7 and ﬁo,o = 55(2), (4.20)
and from eq. (4.18) we obtain
)3 NP 21 2 2, Loy o
s(w,w*) = = 1n” |1 + w| In|1+w|® In|w|*+ — In® |w|
2 2 12
11 S
:2[2(ln|1+w|2+ln|1+1/w|2)} —ﬂha?|w|2 (4.21)
1 1
i L+ 2 - L= 2.
S~ o ()

Finally, we observe that eq. (4.9) is strikingly similar to the corresponding formula
describing the multi-Regge limit of the six-point MHV and NMHV amplitudes in N' =
4 super-Yang-Mills theory [25] in the leading-logarithmic approximation. In fact, that
formula inspired the form of eq. (4.9). The corresponding factors of X and Z are slightly
different in the two cases. There is an overall factor of 1 in the expressions for ZMHY and
ZNMHV i ref. [25]; this factor causes the leading behavior of the LLA MHV and NMHV
remainder functions in the limit |w| — 0 to be power suppressed. In the present case the
|lw| — 0 behavior of the pure functions Fy is power-unsuppressed. (There is still power
suppression coming from the rational prefactor |w| in eq. (4.10).) The ordering of the z
and z; factors, and the coefficients of the exponentials in zgn, are slightly different in the
formula for X' in the N/ = 4 super-Yang-Mills case, and there are also slightly different
signs and factors of two in the Z formulae. Overall, however, the two types of formulae
bear a remarkably close resemblance.

The limiting behavior of Fi(w,w*) as |w| — 0 is particularly simple. This limit
corresponds to the region in which one tagging jet has much larger transverse momentum
than the other. If we neglect all terms that are suppressed by at least one power of |w],
then we can drop all terms in eq. (4.7) that contain a z;1. In other words, we can set X — 1.
We can also replace xf, — Lg, = (In |w[?)P/p!, obtaining from Z,

ok (CnfwP)r ot g o
(w,w*;n) Zn Z -1 z_:o(k_m)!B(n,m) + O(Jw|). (4.22)
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We can go further and resum this formula in the variable x = —71n |w|?,

F(w,w n) =Y @)™ 3(m—1,m—j)2va) /Ii@2vz) + O(lw|),  (4.23)
m=1 j=1

where the I; are modified Bessel functions.

5 Analytic distributions for Mueller-Navelet jets

In the previous section we have derived an all-orders expression for the perturbative expan-
sion of the LL BFKL Green’s function. Using eq. (2.4), we can immediately write down the
explicit expression for the gluon-gluon cross section in the high-energy limit to any loop
order, in LL approximation. In particular, for k¥ = 1 the dijet partonic cross section (2.4)
with the Green’s function (4.3) becomes

(1
daég) B (Cpas)? CaasAy
2 2 L 2 2 )
dpy, dpz, ddj;  4mp Py, P +p3 +24/pt, 3, cosdyj

in agreement with ref. [11]. Note that eq. (5.1) is divergent when p? | = p2, and ¢;; = T,

(5.1)

i.e. when the jets are back-to-back.

While the results of the previous section are sufficient to obtain the fully differential
partonic dijet cross section in the high-energy limit to any loop order, we show in the
rest of this section that the resulting expressions in terms of SVHPLs are particularly well
suited to performing the integration over the azimuthal angle and the magnitude of the
transverse momentum. Thus we can obtain explicit expressions for the dijet cross section in
the high-energy limit at leading logarithm that are inclusive in the transverse momentum

and exclusive in the azimuthal angle, or vice-versa, or inclusive in both.

5.1 The azimuthal-angle distribution

The azimuthal-angle distribution is obtained by integrating the fully differential cross sec-
tion over the transverse momenta above a threshold £, . It admits the perturbative ex-

pansion,
dogg m(Caas)® = ar(®55) &
= 6(pjj —m)+ ) ———=n"|, (5.2)
doj; 2EJ2_ I ; s
where the contribution of the k' loop is given by the integral,
E2 00 dp2 dp2
ooy = o [ S fuw ). (53)
P2 g (pf ph) )3
Changing variables to
2
p
PP = ol =5+ and @ =pi pd, (5.4)
Dy
the integration over x becomes trivial, and we obtain
o d‘w| * ! dp —1
ap(dis —/ — fr(w,w —2/ —Fy (pe,pe , 5.5
@)= J, Tup 0D =2 | T ey o) B

with ¢ = e~ and where the last step follows from eqgs. (4.5) and (4.10).
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In the following we argue that the integral (5.5) can be evaluated easily if Fj(w,w™)
is given in terms of SVHPLs. From the definition of the SVHPLs, it is easy to see that we
can always write

Fk(wa w*) - Z Cij Hwi(_w) ij(_w*) ) (5'6)
i,J

for some constants c;;. In order to perform the integration over the modulus of w, it is
convenient to introduce a more general class of functions, namely the so-called multiple
polylogarithms defined as the iterated integrals,

G(al,...jan;z):/ tdt Glag,...,ap;t), a; € C. (5.7)
o t—al

Clearly, HPLs correspond to the special case of multiple polylogarithms with all a; € {0, 1},
Hgy o0, (2) = (=1D)PG(a1,...,an;2), a; € {0,1}, (5.8)

where p = #{a; = 1}. Multiple polylogarithms fulfill many identities among themselves.
In particular, they form a shuffle algebra (similar to HPLs) and they satisfy the relation

Gkay,....,kan;kz)=Gl(ay,...,an;2), ifan,k#0. (5.9)
Using eq. (5.8) and this identity, F} in eq. (5.6) may be written as

Fi(pe, peh) = Z(—l)piﬂ’j cij G(—e 1 wi; p) G(—cwj;p), (5.10)
Y]

where p; and p; denote the number of non-zero letters inside w; and wj, cf. eq. (5.8).
The indices of the multiple polylogarithms appearing inside are obtained by multiplying
every letter (0 or 1) in the word w; (wj) by —e~! (—¢). Inserting eq. (5.10) into eq. (5.5),
performing a partial fraction decomposition of 1/[(1+4 pe)(1+pe~1)], and using the shuffle
algebra properties of multiple polylogarithms, we see that the integration over p can easily
be performed using the recursive definition (5.7). As a result, we can write a;(¢;;) as a
linear combination of multiple polylogarithms G (ay, ..., an;1) with a; € {0, —&, —~1}.

It turns out that the results for the functions ay(¢;;) can be recast in a form that only
involves harmonic polylogarithms. Indeed, multiple polylogarithms satisfy various intricate
identities, and recently a lot of progress was made in simplifying complicated expressions by
using the so-called symbol of a transcendental function [31-35]. In particular, the symbol
of ay(¢;;) can always be written such that all its entries are drawn from the set {€?,1—¢£?},
which are symbols of HPLs with arguments g2 = e~ 2i%is, Defining H; ;. .. = Hi,j7,,_(52), we
find explicitly up to six loops,

ax(dj;) = wa (5.11)

sin ¢jj
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with

Ar(gjj) = —

As(9j;) =
As(d55)
Aq(9j5)

As(9j5) =

As(9j5) =

1
—H,
2 0>

Hl,Oa

3
4

2 5 .
= 5 Hop0 —2H110 + §C2HO —im (s,

4 10
= _gHO,O,l,O — Ho1,00 — 5 H1000+4H11,10 — G2 (2H0,1 + 3H1,0>

3

4 .
+ §C3 Hy +im (2C2H1 - 2C3> ;
46

8 8
Hy 0,000 + 5Ho,0,1,1,0 + 2Ho,1,0,1,0 +2Ho,1,1,00 + 5H1,0,0,1,0 + 2H10,1,0,0

- 15 3 b ] b b ] 3
8 33 20
+ §H1,1,0,0,0 —8H11,11,0 — (2 (5 0,00 —4Hp11 —4Hy1 01 — 3H1,1,0>
8 217
— (3 <2H0,1 + 3H1,0> + EQLHO

. 10 10
+im [Cz <3Ho,o - 4H1,1> +4¢3H, — 3C4] ;

92 17 52 16

il “TH “h ~H

15 110,0,0,0,1,0 + 3 11000,1,00 =+ g 1100,1,000 = 5 £0,0,1,1,1,0
17 92

+ 3 Ho10000 — 4Ho1,0,1,1,0 —4Ho1,1,01,0 —4Ho1,1,1,00 + BHLO,O,O,O,O
16 16

- §H1,0,0,1,1,0 —4H101,01,0 —4H10,1,1,00 — §H1,1,0,0,1,0 —4H11,0,1,00
16 34 112

— §H1,1,1,0,0,0 +16H1 11,110 — (2 (—3H0,0,0,1 — 5 Hooro - 12Hy 10,0

66 40
+8Hp 1,11 — EHLO,O,O +8H1,0,11 +8H110,1 + 3H1,1,1,0>

92 16 77 434
— (3 22 Hooo — 4Ho11 —4H 01 — —H — | = Hor + —H
C3(15 0,0,0 0,1,1 1,0,1 3 1,1,0) C4< 3 0.1 + 15 1,0)

4 262 . 20 20
- <5C5 - 15C2C3>H0 + 4 {Cz (—3Ho,o,1 —6Hp 10— gHLo,o + 8H1,1,1>

20 20 8
+ (3 <3H0,0 - 8H1,1> + §C4H1 - 3C2C3] .

(5.12)

Similar results can be obtained at higher loop orders in exactly the same fashion.

A few comments are in order about the behavior of ay(¢;;) in eq. (5.11), in the limits
¢j; — 0 and ¢;; — 7, and at the value ¢;; = 7/2.
The limit ¢;; — 0 should be nonsingular in perturbation theory, since the configura-

tion in which both tagging jets are at the same azimuthal angle requires a large amount

of additional transverse momentum radiated from the ladder. Naively, eq. (5.11) would

appear to diverge as ¢;; — 0, from the factor of sin ¢;; in the denominator. However, the

numerator factor Ay(¢;;) also vanishes linearly with ¢;;, resulting in the following finite
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values:

a1(0) = 1,
CLQ(O) = 2,
4
as(0) 24—§C27
8 5.13
a4(0)=8—§C2—2C3, (5.13)
16 8
as(0) =16 — FRC R A
32 16 58 128
=32 0 —8(C— — (i — = (54 —— (a3
ag(0) =3 3 G — 8¢ 3 @ 9 G+ 15 23
The case of jets at right angles, ¢;; = 7/2, is also nonsingular and can be given
analytically in terms of simple constants for low loop orders, using eq. (5.12). We find,
7r
CL1(7T/2> = 5 )

az(m/2) =7 In2,
az(m/2) = 7 In?2,

2 1
ag(m/2) =m 3ln32+6C3], (5.14)
1 1 1
a5(7r/2):7r_§ ln42+§C3 ln2—8(4],
[ 2 1 1 7 19
N=n|—In"2+=-GIn?2-=-( n2+ — N —
ag(m/2) 7T_15 n +3C3 n 4C4 n +60C2C3 120C5

The limit ¢;; — 7 behaves differently because it has a J-function singularity at Born
level. The fixed-order expansions should be singular in this region, even in the LL approx-
imation. On the other hand, the BFKL resummation can cure the fixed-order divergence,
as often happens in many other contexts. We can see this explicitly by analyzing the be-
havior of Fi(w,w*) in eq. (4.17) as w — —1, corresponding to the Born configuration with
pi_ = pgj_ and ¢j; = m. For this purpose we need the values of SVHPLs at w = —1 (2 = 1).
These values have been studied in a recent paper [27]. In general, they are either zero or
multiple zeta values. Using the Lyndon basis for LE, the only divergent basis function

is L7 = —In|1 + w> + In|w[?> # —In[1 + w|?. Then, from eq. (4.17) we see that the
dominant behavior of F} as w — —1 is
+yk—1 2\ k=1
, oy _ k-1 (L) _ (1 +w?)
wlgrlle(w,w )=(-1) = 1) +...= 1) +..., (5.15)

where we neglected terms that are subleading as w — —1. Then the most-singular contri-
bution to the coefficient ay(¢;;) at the k'™ loop order becomes,

U dw| (o)1 4 wf?)*!
li ) =2 + ... 5.16
S ax(9;5) /0 T+w? (k-1 (5.16)

Once we insert eq. (5.16) into the azimuthal-angle distribution (5.2), we can resum the

loop expansion for the most singular behavior. We obtain,

dogy  m(Caas)? 2 Caa /1 o\ —1+7
= The - A 1 1
Qo ~ oz |M0nmmE T Ay | dul (L ul) B
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where w = |w|e™ii. The would-be divergence in the azimuthal-angle distribution for
¢jj = m, from w = —1 in the integral, has been regulated by the factor of n in the
exponent. This is in agreement with the finiteness of the resummed saddle-point expression
in section 2.1.

5.2 The transverse-momentum distribution

In this section we show how one can compute in a similar way the transverse-momentum
distribution, obtained by integrating the fully differential cross section over the azimuthal
angle. It admits the perturbative expansion

dé 7(Cpas)? 2 2 1
P11LOP3 1 P1iP2y 2m\/P3 P53y

where we used the same parametrization as for the azimuthal-angle distribution (with

¢ = —¢;j; here),
P :
w=pe, p=wl = %, £ =€, (5.19)
Py

The function b(p;n) admits the perturbative expansion

b(psn) | (5.18)

(e e
b(pin) =Y bi(p)n*, (5.20)
k=1
and the contribution of the k™ loop is

be(p) = / " dg fulw,w)

—T

- 2/0 d fi(w, w")
de

Z—Qi/fk (pe,pe™t)
I g
de
=2 F -1
o | Graaes e

where the second equality follows from the fact that fi(w,w®*) is real, i.e., an even function

(5.21)

of ¢. The integration contour is given by
C={e€Cl|le|] =1 and Im(e) > 0} . (5.22)

In the following we use the symmetry under inversion of w to let 0 < p < 1. The inte-
grand (5.21) has singularities at ¢ = —p and ¢ = —1/p. Our goal is deform the contour C to
the straight line [—1, 1]. Then, after the contour deformation the singularity at ¢ = —1/p
lies outside the integration region, but the singularity ¢ = —p does not. The correct way
to avoid the singularity is to assign a small positive imaginary part to p,

p— p+i0. (5.23)

,18,



In particular, we need the identity
In(p+i0—1)=1In(l —p) +im. (5.24)

We can thus rewrite eq. (5.21) as

1
de
bi(p) = —2i : Fi (pe,pe™), 0<p<l. 5.25
k(p) p/_l(p—i—z(]—i—s)(l—l—ps) k(pe,pe™) p (5.25)
The remaining integral is easily performed in terms of HPLs, by following the same strategy
outlined in section 5.1. Writing H; ; = = Hi,j,__(pQ), we obtain explicitly for the first six
loops,
2mp 27 P — i
blpsn) = 5 Blosn) = 5 ) Brlp)n", (5.26)
P 1=
with
Bl(p) - 17
1
BQ(p) = _5 HO - 2H1 )
1
Bs(p) = gHoo+2Hoy + Hip +4H, 1,
1 4 1
Bu(p) = _ﬂHO,O,O - §H0,0,1 — Hop10—4Hp1,1 — §H1,0,0 —4H101 —2H110
1
—8Hy11+ 3 3,
Bs(p) = — Ho000+ ~Hooo1 + = Hoo10 + SHoowt + ~Ho100 -+ 4H,
5(p) = 550000 + 5Hoo01 + 5Hoo10 + 5Hoo11 + 5 Hor00 0,1,0,1
1 8
+2Hp11,0 +8Hoj,1,1 + EHLO,O,O + §H1,0,0,1 +2H101,0+8Hi0,1,1
2 1 2
+ §H1,1,0,0 +8H1,101 +4H1 11,0 +16H1 111+ (3 _EHO - §H1 ;
1 4 1 4 2 (5.27)
Bs(p) = ——H ~ - _ 2 -~z
6(p) 790 00000 = 75 Ho0001 = 5Ho0010 — 5Ho0011 = GHoo100
8 4 16 1 8
_° _2H _ _~H _°
s Ho0101 = 3Hoo110 = 5 Hoo111 = 15 Ho1000 = 5Hoa001
2
—2Hp 1,010 —8Ho1,0,1,1 — §H0,1,1,0,0 —8Hop 1,101 —4Ho1,1,1,0
1 4 4 16
_16H, -~ H ‘H ~CH 2
01,111 ~ g Hr0000 = 5Hi0001 = 5H10000 = 5 H10011
2 1
- §H1,0,1,0,0 — 8H1,0,1,01 —4H1 01,10 — 16H101,1,1 — 6H1,1,0,0,0
16 4
— §H1,1,0,0,1 —4Hq 10,10 — 16H11,0,1,1 — §H1,1,1,0,0 —16H11,1,0,1
8H 32H bl S Hpo+ 2Hor 4 2 Hy o+ 21
1,1,1,1,0 L+ G| grHoo + s Hoa + G Hio+ g Hig
1
+ @%

Remarkably, these formulas for By (p) follow from essentially the same generating func-
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Figure 1. The transverse momentum distribution b(p;7n) in the high-energy limit as a function of
the rapidity for p = 0.5 evaluated perturbatively through twelve loops (red), and compared to the
exact Mellin integral (blue) and its saddle-point approximation (green).

tion (4.11) that we found for Fj(w,w*):
B(p;n) = Pu [X(x0,21;21) Z(z0;1)] - (5.28)

The only two differences with respect to eq. (4.11) are that 27, not 7, appears as the
argument of X, and the map Py sends a word w to the HPL H,(p?) instead of to the
SVHPL L, (—w, —w*). We have not proven this result to all orders, but we have checked
that it reproduces the analytical results for the coefficients By (p) through six loops shown
in eq. (5.27). In addition, we have checked eq. (5.28) up to twelve loops numerically, by
performing the integral in the Mellin representation of b(p,n),

+o00 ) 1112[)2
b(pin) = dv p?¥ emxovo ~ | T 4nIn2 — 2
(p;m) /OO vp™e 14C3nexp[7] n 56(37)] , (5.29)

obtained from egs. (2.6) and (2.10) by integrating the azimuthal angle over the range [0, 27].

More precisely, we have computed the Mellin integral order-by-order in n by closing the
integration contour in the upper half plane and numerically summing up the residues.
Finally, we compare the transverse momentum distribution b(p;7n) truncated at twelve
loops, as obtained from the generating functional (5.28), with the exact Mellin integral
and its saddle-point approximation given in eq. (5.29). We perform the comparison as a
function of 7 (i.e. the rapidity) for two selected values of p in figure 1 and 2. We observe that
there is a very good agreement between the exact integral and its perturbative expansion
over a wide range of rapidities.
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Figure 2. Same as figure 1, but for p = 0.7.

5.3 The total cross section

We can now perform a final integration over the transverse momentum variable p. The
coefficients in the perturbative expansion contain a logarithmic divergence as p — 1, so we
will cut off the integral at p?> = 1 — §, after mapping the integral to the region p% 1 < pg B
or 0 < p < 1. We define the regulated total cross section,

& 5;2/ dp2/ d2799
50 0) B3 " p?, /(1-0) dpud 51

o 1—s (5.30)
_2/ dpipﬁ/ d%%-
B2 o p°dpidpy,
Using eq. (5.18), we have
. 0 dp2 1-6 b(p)
Ggq(0) = (CAQS)Z/ (pliLg / dp* 2
(5.31)
CACVS Z / 2 Bk )
2
Comparing with eq. (2.15), we see that
1-6
B
1,(6) = 2/ dp’ 5 ’f(pl (5.32)
0 -p

should correspond to the coefficients fp 5, in the Mueller-Navelet dijet cross section (2.15).
However, at fixed order k there will be a logarithmic divergence as § — 0, for the reason
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discussed at the end of section 5.1. As we did there, we will have to perform the sum over
k for the divergent terms, which will regulate the divergence. Then we can take the limit
0 — 0. Whereas the discussion in section 5.1 concerned only the leading logarithms at a
given order in the 1 expansion, here we will provide a (conjectured) expression accurate to
all logarithmic orders.

Because the By(p) are linear combinations of harmonic polylogarithms with argument
p?, the integral can be performed for any value of §, according to eq. (3.3), by prepending
a “1” to each HPL weight vector and setting the argument to 1 — §. We then expand the
result for small d, neglecting power-suppressed terms in §. We find the following result

through nine loops,
k

&@Iﬁw—ijﬂz
m=0

W +0(5), (5.33)

m)!
where fo are the Mueller-Navelet coefficients (2.16) and the Z,, coefficients are given
through seven loops by,

Zo =1,
Zy =0,
22:<27
8
Z3:§<37
19
7, = ZC“’ (5.34)
32 8
7. — 22 e
5 5®+3@®7
275 32
Zs = 2+ =63
6 m%+9@,

128 38 32
Ty = 20+ 2 s
7 7Q+3@Q+5@®

These coefficients are consistent with the following all-orders expression:

Z(n) = mzzo Zmn™ = exp[kzzznk <2k— 1— (—1)’“) Clﬂ = e 2EN I I_‘(;)_F??:_ mE (5.35)

where vg = —I'(1) denotes the Euler-Mascheroni constant. We explicitly checked that the
all orders expression reproduces the correct coefficients Z,,, through 13 loops.

While each perturbative coefficient is logarithmically divergent, when we resum the
series the divergence goes away:

[e.e]

0o 00 ) !
16) = Y R0t =Y foan* = Y Zun™ S0 B 0(s)
k=0 k=0 m=0 :

=0 (5.36)

=" foxnt — Z(m)8 + 0(6).
k=0
We now take the limit 6 — 0 in the last form of this equation. This limit allows us to

identify the coefficients fy in eq. (5.33) with the Mueller-Navelet coefficients defined in
eq. (2.15).
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Finally, the next few Mueller-Navelet coefficients can be determined analytically in

this way,
13 3737
fos = 4 2+ C6,
3983
fo,?——ngCzL— C2C5 Tid 7,
37 369 50606057
fo,s——*C53+*C2C3 CBCS m(&
139 15517 3533 557 5215361
foo = Cg 63— —5 G — Cz Cr— 60430 o,
2488 94721 1948 2608 12099
fo,i0 = ~ 17 (5,3 C2 — 211630 Cr3+ C4 G+ C2 GGB+ —— (3
1335931<2%_25669936301C
47040 > 63504000 'O
62 83 2872 13211 661411
for = 30E (53C3 + —= 120 (5,33 — C2C3 on (52— 3004 (8¢C3
242776937 605321 2583643 28702763
~ Tas760 M T 3022 T Tea00 ST 30200 20
74711 13793 3965011 33356851
_ _ 29990891 5.37
fo,12 162000 (5,3 Ca 7560 C6,4,1,1 93800 Cr3G2 — 1082400 (9,3 (5.37)
9252163 620477, , 8101339 342869
181440<3 10080 6% + g0 B T 37z @206
101571047( b 71425871C 2y 904497401571619C
680400 >3 T 1587600 25 T 620606448000 M2
| 481414571
2721600 > °77
4513 97248 97003 13411
fo13 = 1890 (5,3C5 + 53625 (5,3,3C2 — 935200 (5,53 + 75600 (7,3C3
7997743 187318 125056 17411413
12700800 °7*3 14175 GG = 4725 G265 G5 302400 7%
| 5724101 , 1874972477 2418071698069
100800 7% 7 T2376000 ~°'°>® T 2235340800
2379684877 297666465053 1770762319
6043000 ''°% 7T 7523008000 °°7 2494800 °°°
—-2297172249734 ¢
628689600 1Y

The results have been reduced to a minimal set of multiple zeta values using the multi-
ple zeta value data mine [36]. We have checked the values (5.37) through 19 digits by
numerically evaluating eq. (2.12) for n = 0.
The Mueller-Navelet coefficients can again be obtained from a generating function

similar to the one for the transverse momentum distribution,

. 7 (Caas)?

Ogg = (2E2) {Z(U) +2P¢ [1 X (20, 213 21m) Z(0;7)] } ; (5.38)

1

where P¢ is the linear map that sends a word to the corresponding multiple zeta value
regularized by the shuffle multiplication [30] (cf. the definition of the Drinfel’d associator
in section 3). We checked that the generating function reproduces the results of eq. (5.37).

— 23 —



k fok for
8 145.13975384008912 145.12606589694502
9 | -290.25988683555143 | -290.26382715239066
10 580.53650927568371 580.53545121044840
11 | -1161.07585293954502 | -1161.07610035800818
12 | 2322.15572373880091 | 2322.15566600742394
13 | -4644.31363149936796 | -4644.31364220911962

Table 1. Numerical values of the exact coefficients fy  from eq. (5.37), compared with the ap-
proximate values fy 5, for asymptotically large k from eq. (5.39).

The structure of the generating function can be understood as follows: the integral (5.32)
adds a “1” to every HPL in B(p;n), which in terms of the non-commutative variables
{zg, 21} corresponds to multiplying by x; from the left. The regularized version of the in-
tegral (5.32) is obtained by dropping all logarithmically divergent terms, i.e., by replacing
all zeta values by their shuffle-regularized version. Finally, we need to partition the reg-
ularized version of the integral into its contribution from the Mueller-Navelet coefficients
and the contribution from eq. (5.35). The need to perform this partitioning can be seen
by examining the first line of eq. (5.36), in which the terms at order k with no powers of
Ind are for — Zi. These are the terms generated by the shuffle regularization. Therefore
we have to add the Z(n) term in order to obtain eq. (5.38), the generating function for the
Mueller-Navelet coefficients fo 1.

Mueller and Navelet [8] also gave an asymptotic formula for the behavior of fyj as
k — oo:

- 1 1 1
r k
E 0kl = — [ - , (5.39)
— mvo [1+2n 831+ 2n)

where vy = e77E and g is the Euler-Mascheroni constant. In table 1, we compare the
numerical values of the exact coefficients fjj from eq. (5.37) with the approximate values
fo,k from this formula. We see that by k& = 13 the exact and approximate values agree to
2 parts in a billion.

6 Conclusions

In this paper, we have introduced the generating function (4.9) which allows us to ob-
tain, at each order in perturbation theory, the coefficients of the leading logarithmic BFKL
Green’s function in transverse momentum space. In eq. (4.17) we have explicitly shown the
coefficients of the first six loops of that ag expansion. This allows us to exhibit analytically
the dependence on the jet transverse momenta of the dijet cross section in the large ra-
pidity limit, i.e. the Mueller-Navelet jet cross section. Accordingly, we have provided fully
analytic azimuthal-angle and transverse-momentum distributions of the Mueller-Navelet
jet cross section in terms of harmonic polylogarithms. We have also obtained the Mueller-
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Navelet total cross section through a generating function, and have computed its coeflicients
explicitly up to 13 loops.

It would be interesting to know whether the analysis presented above can be extended
to the BFKL Green’s function at next-to-leading logarithmic accuracy, either in QCD or
in N' = 4 super-Yang-Mills theory, for which we know that new classes of single-valued
harmonic polylogarithms will appear. That is left to future work.

Acknowledgments

VDD is grateful to the Institut fiir Theoretische Physik, Universitat Ziirich, and to the
CERN Theoretical Physics Unit for the hospitality at the later stages of this work.
This research was supported by the Research Executive Agency (REA) of the European
Union through the Initial Training Network LHCPhenoNet under contract PITN-GA-2010-
264564, by the ERC grant “IterQCD”, by the ERC grant 291377 “LHCtheory: theoretical
predictions and analyses of LHC physics: advancing the precision frontier”, and by the US
Department of Energy under contract DE-AC02-76SF00515.

A A recursive formula for the Fourier coefficients x,

Using the recursive formula for the 1 function

W1+ 2) = p(z) + ©, (A1)

z
we obtain a recursive equation for x, n,

(1+n)

_ddn) s, (A.2)
1/2 + (l‘zn)Q

Xvn4+2 = Xvn —

By iterating it, we can make the x function explicit for the even and odd modes,

n—1 .
1+25
Xv2n = Xv,0 — <5
jgo V2 4 (1+f])
n—1 .
2(j +1)
— _ E . A3
Xv,2n+1 Xv,1 pa V2 1 (] i 1)2 ( )

for n > 1. Note that we have in addition x,, —, = Xu.n. Then one can substitute eq. (A.3)
into eq. (2.12) and obtain a recursive formula for the Fourier coefficients.

B The small v expansion of the BFKL eigenvalue x, .

For small v, we can use the expansion

Y(l+z2) —p(1) = Y (~DFG A (B.1)

k=2
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valid for small z, and the doubling formula,

20(2z) =2In2+Y(z) + ¢ (24—;) ;

to obtain
[o@)
Xvn = 2 Zakny2k7 (B.2)
k=0
with coefficients
P — (—1)k (92k+1 _q
aoo - n2, a0 - ( )k( ) Gkt for k#0. (B.3)
apy =0, akr = (=1)" a1 -

For n = 0, that yields the usual expansion of the eigenvalue of the BFKL equation,
Xv0 = 2(2ln2—7C31/2—|—---). (B.4)

Eq. (A.2) allows us to obtain a recursive formula for the coefficients of eq. (B.2),

92 2k+1
Qk.n+2 = Qkn + (—1)k+1 <1_+_‘n‘> . (B5)
For £k =0,1, eq. (B.5) yields
2 2 \?
= agn — ——— = — B.6

in agreement with ref. [10].

We can solve the formulae of eq. (B.6) explicitly, and write
n

ap2n Zaoo—z 2]{:27 1 =Y(1) -1 <n+;>

k=1
n 3
B 2\ 1, [ 1
a1,2n—a10+]§1 (%_1) —21/1 <n+2>

a0 2n+1 = Gp1 — Z% =9Y1) =y (n+1)
=1

1)1
a12n4+1 = @i + Z (k> =3 P’ (n+1)

k=1

with n>1, (B.7)

and with ago, a1, a10,a11 given in eq. (B.3).
Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

— 26 —


http://creativecommons.org/licenses/by/4.0/

References

1]

E.A. Kuraev, L.N. Lipatov and V.S. Fadin, Multi-Reggeon Processes in the Yang-Mills
Theory, Sov. Phys. JETP 44 (1976) 443 [Erratum ibid. 45 (1977) 199] [INSPIRE].

E.A. Kuraev, L.N. Lipatov and V.S. Fadin, The Pomeranchuk Singularity in Nonabelian
Gauge Theories, Sov. Phys. JETP 45 (1977) 199 [inSPIRE].

I. Balitsky and L. Lipatov, The Pomeranchuk Singularity in Quantum Chromodynamics,
Sov. J. Nucl. Phys. 28 (1978) 822 [INSPIRE].

L. Lipatov, Reggeization of the Vector Meson and the Vacuum Singularity in Nonabelian
Gauge Theories, Sov. J. Nucl. Phys. 23 (1976) 338 InSPIRE].

V.S. Fadin and L. Lipatov, BFKL Pomeron in the next-to-leading approximation,
Phys. Lett. B 429 (1998) 127 [hep-ph/9802290] [INSPIRE].

G. Camici and M. Ciafaloni, Irreducible part of the next-to-leading BFKL kernel,
Phys. Lett. B 412 (1997) 396 [Erratum ibid. B 417 (1998) 390] [hep-ph/9707390] [INSPIRE].

M. Ciafaloni and G. Camici, Energy scale(s) and nezt-to-leading BFKL equation,
Phys. Lett. B 430 (1998) 349 [hep-ph/9803389] [INSPIRE].

A H. Mueller and H. Navelet, An Inclusive Minijet Cross-Section and the Bare Pomeron in
QCD, Nucl. Phys. B 282 (1987) 727 [InSPIRE].

V. Del Duca and C.R. Schmidt, Dijet production at large rapidity intervals,
Phys. Rev. D 49 (1994) 4510 [hep-ph/9311290] [INSPIRE].

W.J. Stirling, Production of jet pairs at large relative rapidity in hadron hadron collisions as
a probe of the perturbative Pomeron, Nucl. Phys. B 423 (1994) 56 [hep-ph/9401266]
[INSPIRE].

V. Del Duca and C.R. Schmidt, BFKL versus O(a2) corrections to large rapidity dijet
production, Phys. Rev. D 51 (1995) 2150 [hep-ph/9407359] [INSPIRE].

V. Del Duca and C.R. Schmidt, Azimuthal angle decorrelation in large rapidity Dijet
production at the Tevatron, Nucl. Phys. Proc. Suppl. B 39 (1995) 137 [hep-ph/9408239]
[INSPIRE].

L.H. Orr and W.J. Stirling, Dijet production at hadron hadron colliders in the BFKL
approach, Phys. Rev. D 56 (1997) 5875 [hep-ph/9706529] [INSPIRE].

C.R. Schmidt, A Monte Carlo solution to the BFKL equation,
Phys. Rev. Lett. 78 (1997) 4531 [hep-ph/9612454] [INSPIRE].

J. Andersen, V. Del Duca, S. Frixione, C. Schmidt and W.J. Stirling, Mueller-Navelet jets at
hadron colliders, JHEP 02 (2001) 007 [hep-ph/0101180] [InSPIRE].

J.R. Andersen, On the role of NLL corrections and energy conservation in the high energy
evolution of QCD, Phys. Lett. B 639 (2006) 290 [hep-ph/0602182] [INSPIRE].

D. Colferai, F. Schwennsen, L. Szymanowski and S. Wallon, Mueller Navelet jets at LHC' -
complete NLL BFKL calculation, JHEP 12 (2010) 026 [arXiv:1002.1365] INSPIRE].

B. Ducloue, L. Szymanowski and S. Wallon, Confronting Mueller-Navelet jets in NLL BFKL
with LHC experiments at 7 TeV, JHEP 05 (2013) 096 [arXiv:1302.7012] INSPIRE].

— 27 —


http://inspirehep.net/search?p=find+J+Sov.Phys.JETP,44,443
http://inspirehep.net/search?p=find+J+Sov.Phys.JETP,45,199
http://inspirehep.net/search?p=find+J+Sov.J.Nucl.Phys.,28,822
http://inspirehep.net/search?p=find+J+Sov.J.Nucl.Phys.,23,338
http://dx.doi.org/10.1016/S0370-2693(98)00473-0
http://arxiv.org/abs/hep-ph/9802290
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9802290
http://dx.doi.org/10.1016/S0370-2693(97)01073-3
http://arxiv.org/abs/hep-ph/9707390
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9707390
http://dx.doi.org/10.1016/S0370-2693(98)00551-6
http://arxiv.org/abs/hep-ph/9803389
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9803389
http://dx.doi.org/10.1016/0550-3213(87)90705-X
http://inspirehep.net/search?p=find+J+Nucl.Phys.,B282,727
http://dx.doi.org/10.1103/PhysRevD.49.4510
http://arxiv.org/abs/hep-ph/9311290
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9311290
http://dx.doi.org/10.1016/0550-3213(94)90565-7
http://arxiv.org/abs/hep-ph/9401266
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9401266
http://dx.doi.org/10.1103/PhysRevD.51.2150
http://arxiv.org/abs/hep-ph/9407359
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9407359
http://dx.doi.org/10.1016/0920-5632(95)00058-H
http://arxiv.org/abs/hep-ph/9408239
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9408239
http://dx.doi.org/10.1103/PhysRevD.56.5875
http://arxiv.org/abs/hep-ph/9706529
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9706529
http://dx.doi.org/10.1103/PhysRevLett.78.4531
http://arxiv.org/abs/hep-ph/9612454
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9612454
http://dx.doi.org/10.1088/1126-6708/2001/02/007
http://arxiv.org/abs/hep-ph/0101180
http://inspirehep.net/search?p=find+EPRINT+hep-ph/0101180
http://dx.doi.org/10.1016/j.physletb.2006.06.028
http://arxiv.org/abs/hep-ph/0602182
http://inspirehep.net/search?p=find+EPRINT+hep-ph/0602182
http://dx.doi.org/10.1007/JHEP12(2010)026
http://arxiv.org/abs/1002.1365
http://inspirehep.net/search?p=find+EPRINT+arXiv:1002.1365
http://dx.doi.org/10.1007/JHEP05(2013)096
http://arxiv.org/abs/1302.7012
http://inspirehep.net/search?p=find+EPRINT+arXiv:1302.7012

[19] DO collaboration, B. Abbott et al., Probing BFKL dynamics in the dijet cross section at
large rapidity intervals in pp collisions at /s = 1800 GeV and 630-GeV,
Phys. Rev. Lett. 84 (2000) 5722 [hep-ex/9912032] [INSPIRE].

[20] ATLAS collaboration, Measurement of dijet production with a veto on additional central jet
activity in pp collisions at \/s =7 TeV using the ATLAS detector, JHEP 09 (2011) 053
[arXiv:1107.1641] [INSPIRE].

[21] CMS collaboration, Ratios of dijet production cross sections as a function of the absolute
difference in rapidity between jets in proton-proton collisions at /s =7 TeV,
Bur. Phys. J. C 72 (2012) 2216 [arXiv:1204.0696] NSPIRE].

[22] DO collaboration, S. Abachi et al., The Azimuthal decorrelation of jets widely separated in
rapidity, Phys. Rev. Lett. 77 (1996) 595 [hep-ex/9603010] [nSPIRE].

[23] CMS collaboration, Azimuthal angle decorrelations of jets widely separated in rapidity in pp
collisions at /s =7 TeV, CMS-PAS-FSQ-12-002 (2013).

[24] L.J. Dixon, C. Duhr and J. Pennington, Single-valued harmonic polylogarithms and the
multi-Regge limit, JHEP 10 (2012) 074 [arXiv:1207.0186] INSPIRE].

[25] J. Pennington, The siz-point remainder function to all loop orders in the multi-Regge limit,
JHEP 01 (2013) 059 [arXiv:1209.5357] [INSPIRE].

[26] F.C.S. Brown, Single-valued multiple polylogarithms in one variable, C. R. Acad. Sci. Paris,
Ser. I 338 (2004) 527.

[27] F. Brown, Single-valued periods and multiple zeta values, arXiv:1309.5309 [INSPIRE].

[28] E. Remiddi and J. Vermaseren, Harmonic polylogarithms,
Int. J. Mod. Phys. A 15 (2000) 725 [hep-ph/9905237] [INSPIRE].

[29] V. Knizhnik and A. Zamolodchikov, Current Algebra and Wess-Zumino Model in
Two-Dimensions, Nucl. Phys. B 247 (1984) 83 [INSPIRE].

[30] K. Thara, M. Kaneko and D. Zagier, Derivation and double shuffle relations for multiple zeta
values, Compositio Math. 142 (2006) 307.

[31] K.T. Chen, Iterated path integrals, Bull. Amer. Math. Soc. 83 (1977) 831.

[32] F.C. Brown, Multiple zeta values and periods of moduli spaces My, Annales Sci. Ecole
Norm. Sup. 42 (2009) 371 [math/0606419] INSPIRE].

. Goncharov, stmple construction of Grassmannian polylogarithms, arXiv: .
33] A. Gonch A simpl tructs G ) lyl ith Xiv:0908.2238
[INSPIRE].

[34] A.B. Goncharov, M. Spradlin, C. Vergu and A. Volovich, Classical Polylogarithms for
Amplitudes and Wilson Loops, Phys. Rev. Lett. 105 (2010) 151605 [arXiv:1006.5703]
[INSPIRE].

[35] C. Duhr, H. Gangl and J.R. Rhodes, From polygons and symbols to polylogarithmic
functions, JHEP 10 (2012) 075 [arXiv:1110.0458] [INSPIRE].

[36] J. Bliimlein, D. Broadhurst and J. Vermaseren, The Multiple Zeta Value Data Mine,
Comput. Phys. Commun. 181 (2010) 582 [arXiv:0907.2557] InSPIRE].

— 28 —


http://dx.doi.org/10.1103/PhysRevLett.84.5722
http://arxiv.org/abs/hep-ex/9912032
http://inspirehep.net/search?p=find+EPRINT+hep-ex/9912032
http://dx.doi.org/10.1007/JHEP09(2011)053
http://arxiv.org/abs/1107.1641
http://inspirehep.net/search?p=find+EPRINT+arXiv:1107.1641
http://dx.doi.org/10.1140/epjc/s10052-012-2216-6
http://arxiv.org/abs/1204.0696
http://inspirehep.net/search?p=find+EPRINT+arXiv:1204.0696
http://dx.doi.org/10.1103/PhysRevLett.77.595
http://arxiv.org/abs/hep-ex/9603010
http://inspirehep.net/search?p=find+EPRINT+hep-ex/9603010
http://cds.cern.ch/record/1547075
http://dx.doi.org/10.1007/JHEP10(2012)074
http://arxiv.org/abs/1207.0186
http://inspirehep.net/search?p=find+EPRINT+arXiv:1207.0186
http://dx.doi.org/10.1007/JHEP01(2013)059
http://arxiv.org/abs/1209.5357
http://inspirehep.net/search?p=find+EPRINT+arXiv:1209.5357
http://arxiv.org/abs/1309.5309
http://inspirehep.net/search?p=find+EPRINT+arXiv:1309.5309
http://dx.doi.org/10.1142/S0217751X00000367
http://arxiv.org/abs/hep-ph/9905237
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9905237
http://dx.doi.org/10.1016/0550-3213(84)90374-2
http://inspirehep.net/search?p=find+J+Nucl.Phys.,B247,83
http://arxiv.org/abs/math/0606419
http://inspirehep.net/search?p=find+EPRINT+math/0606419
http://arxiv.org/abs/0908.2238
http://inspirehep.net/search?p=find+EPRINT+arXiv:0908.2238
http://dx.doi.org/10.1103/PhysRevLett.105.151605
http://arxiv.org/abs/1006.5703
http://inspirehep.net/search?p=find+EPRINT+arXiv:1006.5703
http://dx.doi.org/10.1007/JHEP10(2012)075
http://arxiv.org/abs/1110.0458
http://inspirehep.net/search?p=find+EPRINT+arXiv:1110.0458
http://dx.doi.org/10.1016/j.cpc.2009.11.007
http://arxiv.org/abs/0907.2557
http://inspirehep.net/search?p=find+EPRINT+arXiv:0907.2557

	Introduction
	The BFKL equation and Mueller-Navelet jets
	The saddle-point approximation
	The azimuthal angle distribution
	The Mueller-Navelet dijet cross section

	Single-valued harmonic polylogarithms
	The BFKL equation and single-valued harmonic polylogarithms
	Analytic distributions for Mueller-Navelet jets
	The azimuthal-angle distribution
	The transverse-momentum distribution
	The total cross section

	Conclusions
	A recursive formula for the Fourier coefficients chi(nu,n)
	The small nu expansion of the BFKL eigenvalue chi(nu,n)

