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1 Introduction and summary

Recently there has been significant progress in probing the structure of quantum gravity
in the context of the AdS/CFT correspondence. This has been achieved by combining the
effectiveness of the large N expansion and the power of CFT techniques. In particular the
large N expansion in N’ = 4 super Yang-Mills theory at large 't Hooft coupling has been
investigated in [1-12]. Natural objects of study in this context are the four-point functions
(Op,0p, 0y, Oy, ) of half-BPS operators O, which are dual to the scattering processes of
four supergravity states of type IIB supergravity on the AdS;xS® background.

In [3] we were able to obtain the full 1/N* contribution to the correlator (Os020205),
i.e. the one-loop contribution to the four-point amplitude of AdS graviton supermulti-
plets.! This was achieved by promoting the leading logarithmic discontinuity to a crossing-
invariant function. The leading logarithmic singularity itself was deduced in [2, 3] by the
consistency of the operator product expansion (OPE), after resolving the tree-level mixing
of long double-trace operators in the singlet su(4) representation [4]. In fact the leading
1/N? corrections to the spectrum of double-trace operators can be completely solved with
surprisingly simple rational functions of the quantum numbers [8]. As observed in [§],
the spectrum exhibits a partial degeneracy which motivated the discovery of a surprising
ten-dimensional conformal symmetry governing tree-level AdS5xS® supergravity [9]. In [7]
we were able to perform a similar analysis for the amplitude of two graviton supermulti-
plets and two Kaluza-Klein states, (O2020303). Both cases involved surprisingly simple
analytic functions based essentially on the two-loop four-dimensional ladder integral.

The approach outlined above does not make any reference to actual one-loop diagrams
of IIB supergravity on AdS5xS°, and in fact this computation in the bulk remains very
challenging. Instead, scalar theories on AdS at one-loop have been discussed in many
references, for example, see [14-19]. Our approach here uses CFT techniques to extract
data in the dual theory, N' =4 SYM, and it is complemented with an understanding of
the possible analytic structure of the one-loop correlators, as functions in position space.
Similar approaches to half-BPS correlators have been applied also in perturbation theory,
both from the point of view of particular diagrams (or integrands) e.g. [24-29] and using
the analytic structure of explicitly evaluated loop integrals [27, 30]. It is natural to ask
therefore if the large N bootstrap can be applied to arbitrary charge half-BPS operators.

In this paper we solve algorithmically the analytic bootstrap program for the four-
point one-loop amplitudes of generic single-particle Kaluza-Klein states. This computation

'Up to a single ambiguity which was fixed recently in [13].



presents itself as a significant challenge compared to our previous constructions in [3]
and [7]. Indeed, the one-loop correlators constructed so far had at least two AdS graviton
multiplet insertions, and therefore had some built-in physical simplicity, stemming from
the fact that the OPE of two graviton multiplets runs over a special set of both protected
and long operators. In general, this simplicity is absent and we have to face a network of
complications, which we will solve in this paper.

First we recall that the 1/N expansion will naturally stratifies the four-point amplitude

in powers of logs of the cross-ratio u, and it leads to an expansion of the following form,?
1 o 1 <
(Op1 Opy Oy Opa) = Giroo + 32 > (logu)” G1m + Ni > (logu) Gpam+ ... (1.1)
n=0 n=0
where
= (p1,p2,P3,p1) (1.2)

comprises the external charges. The expansion in (1.1) goes together with an expansion in
the large 't Hooft coupling A = ¢?N. The string corrections to the above expansion have
been addressed recently in a number of papers [10, 31-33] but here we will restrict ourselves
to the terms of order A° corresponding to supergravity contributions. In very general terms,
the consistency of the OPE places strong constraints on the various different functions G, .
We shall now explain how this abstract information, embedded in the 1/N expansion, can
be used in practice to organise our bootstrap program.

Consider the OPE of single-particle operators (Op, X Oy, ), it contains superconformal
primary operators O of twist 7, spin [ and su(4) representation [abal,

Op; % Opj = Z Cpipj (O7) Oz, (1.3)
@

where 7 = (7,1, [aba]) is a compact notation for the representation labels. The first general
key point is that a four-point function, (Op, Op, Op, Op,) is determined non-perturbatively
by summing over the OPE coefficients C, p, (Oz)Cpsp, (Oz) of common exchanged operators
O=. The sum over operators is in principle a sum over all operators compatibly with
quantum numbers. However, the second general key point is that the 1/N expansion of
Cpip. (Oz) stratifies how operators contributes in (1.1).

Of particular importance for us will be the exchanged two-particle (or double-trace)
operators, which have the schematic form,

Opgir = 0,020 79000, o’ (1.4)

Such operators fall into different series according to their quantum numbers. Half-BPS
operators have [ = a = 0 and 7 = b = p+¢q. Semishort operators have 7 = 2a+b+2 = p+¢q

2The strong coupling expansion of four-point correlators is more properly phrased in terms of inverse
powers of ¢ = (N? — 1)/4. In this paper, we take the freedom to re-expand the latter in 1/N?. We will
explain around (1.8)—(1.9) how to recover one expansion from the other.



and spin [ > 0. In both these cases the [ is necessarily absent. Long operators will
generically obey the unitarity bound 7 > 2a + b + 2, but long operators of the form (1.4)
actually obey 7 > 2a + b + 4. Notice that 7 might be greater than p + ¢ in this case.
Finally, for given 7 the space of operators has a degeneracy which we will label according
to the pairs pq of O,4.7. Geometrically, it is described by a rectangle R, [8]. The formalism
established in [8] will be reviewed in section 3.

In a given su(4) representation [aba|, we can organise semishort and long operators
@)

p
sponds to the unitarity bound. For each operator in this tower we now determine the N

;7 into a tower, whose levels are labelled by the twist. The bottom of the tower corre-

counting of the three-point couplings Cpq(Opy.7)-

Three-point couplings of the form Cpy(O,s.7) with p + ¢ = r + s have a leading order
contribution in the large IV expansion arising from Wick contractions in free supergravity.
For example Cpq(Opy.#). In the protected sector this information will be enough to de-
termine the N counting of all three-point couplings. In the non protected sector instead,
we also have to consider that the true two-particle scaling eigenstates, i.e. the ones with
leading order quantum numbers 7 and well defined anomalous dimension, will be mixtures

of the form

c¥
Koa= D Opg—i—2=+O(1/N?), (1.5)
p’q’GRT p/qrop/q/

containing some contribution from every operator O,z with p + ¢ = r + s, hence these
KCpq will have leading order three-point couplings. We conclude that Cpy(Oyq.7), where
the two-particle operators O,y 7 have twist 7 > p+gq, is also leading order as far as the N
counting goes. That such a three point coupling is non vanishing follows from the explicit
solution of the mixing problem [4]. The reasoning we are using here implies that exchanged
two-particle operators with twist 7 < p + ¢ do not receive any contribution of the form
O,s.7 and thus have 1/N 2 suppressed three-point couplings. Summarising, a three-point
coupling Cp,(Oz) has the large N expansion:

Cral07) = C(02) + 15O (O2) + .. (1.6)
where CI(,S)(O;) = 0 only for 7 > p+q.

The exchange of two particle operators in the common OPE of a four point correlator,
gives a contribution of the form C, ,, 7 Cp,,,, » for different values of twists. As before, we
associate to each three-point coupling, Cp,,, 7 and Cp,,, », an infinite tower representing
the semishort and long operators 0,7 in the su(4) representation [aba]. Putting together
two of these, we obtain a representation of the common OPE coefficient as in figure 1.
Referring the N counting of C,, ,, 7 Cp.p, 7 to figure 1, we read off the following pattern.

For 7 > T;‘ax = max(p1+p2, p3+p4), we find exchanged operators for which both three-
point couplings are leading order, i.e. Clr(;?;)2 and CZSS;M are both non-zero. In particular,
7™M ig the threshold twist for exchange of two-particle operators in disconnected free theory

min —

Gpo,0- In the window 7% > 7 > 7200 = min(p; +p2, p3+pa), we find exchanged operators
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Figure 1. The large N structure of Cp, p, 7 Cpyp,,7 for two particle operators O, in an su(4)
representation [aba], and varying twist.

which have leading order three-point couplings with one pair of external operators, but
1/N? suppressed three-point couplings with the other pair of external operators, e.g. we
have C]g%Q = 0 but CZES;M non-zero. Finally, “below window” will denote the range of twists
2+2a+b< 7 < 7" in which CZ(,?;,Q = I(,;);M = 0 and the OPE contains contributions
coming with 1/N? suppressed three-point couplings. These contributions give rise to a
novel and genuine 1/N* effect which enters Ga .

For any arrangement of external charges there is always a threshold twist such that a
tower of long operators is exchanged. The window itself might be empty if 7" = 7max,

The location of the unitarity bound in figure 1 depends on the external charges. Gener-
ically, the unitarity bound 7 = 2a+b+2 is below window, but there are two other situations
which do occur. The unitarity bound can coincide with 7™, i.e 7" = 2q 4+ b+ 2, in which
case there is no below window region. The unitarity bound can coincide with 77#% in
which case there is an empty window and 778X = 77" = 2¢ 4 p 4 2.

The strategy followed in [3, 7] to bootstrap the order 1/N* one-loop amplitude was
to resolve the mixing problem in the long sector from the knowledge of Gpo and G 1
(focusing on the su(4) representations [000] and [010]) and thereby obtain explicitly the
CFT data needed to bootstrap G22. The double logarithmic discontinuity can also be
obtained elegantly by using the hidden ten-dimensional conformal symmetry of [9].

To complete the double logarithmic discontinuities into full amplitudes requires addi-
tional knowledge about Gy 1 and Go 9. The CFT data entering Ga 1 is obtained only within
the long sector. The CFT data entering Ga is instead obtained from the study of both
protected semishort and long operators. In both cases, the operators we will consider are
two-particle operators.® Extracting this information in complete generality is a central
new result of this paper. In particular, the study of the protected semishort sector at order
1/N* has never been addressed before, except for the case of (O3030303) in [34].

Let us now project the correlator (Op, Op, Op, Op,) into an su(4) representation [abal,
and distinguish between long and protected sector. Following the logic of figure 1, we now

3Higher multi-trace operators will also contribute but only at higher orders in the 1 /N expansion within
the ranges of twists we focus on here.



highlight the main inputs of our bootstrap program. These are extensively discussed in
section 2 and 3.

The leading logarithmic discontinuity G2 (or more generally G, , for n > 1) is only
induced by exchanged long two-particle operators with 7 > max(p; + p2,ps + p4). The
number of fields exchanged in infinite both in twist and spin. The CFT data entering G,, ,,
for n > 1 comprises the O(1) three-point couplings of these long two-particle operators
with the external operators, and their O(1/N?) anomalous dimensions to the power n.

The subleading G2 1 logarithmic discontinuity in the window is also determined only
by the long sector. However, there is only a finite number of operators exchanged in the
window. For this range of twists Go 1 is essentially given by the product of one power
of the anomalous dimension (of the exchanged operators) with the three-point couplings,
let’s say conventionally, ¢ and 0% .. The combination C

p1p2,T P3p4,7 p1p2,T
is O(1/N?) as indicated by the figure. The physical data in the window determines also

Cpyps,7 in the window

Gnn—1, with n = 2 just the first non trivial case. For generic n, we simply increase the
power of the anomalous dimensions to n — 1.
The partial degeneracy of the 1/N? anomalous dimensions found in [8] obstructs the

explicit determination of C(g) in general, and consequently of ! );. Nevertheless, we will

Pq,™ ptlz,
show in section 3.2 that we can obtain explicit expressions for the superconformal partial
wave (SCPW) expansion of Gz 2 above threshold and Gs ; in the window, from the analysis of
Go,0, G1,1 and Gy o of many different correlators. This approach is based on the fact that for a
given twist and su(4) representation we know how many two-particle operators there are [8].

Determining Gs o below the window is more complicated. There are again a finite
number of operators exchanged, but there are both protected and long contributions. These
are all of the form 01512)727;01();;45 for given 7T below window. We will show that in the long
sector, i.e 7 > 4 + 2a + b, we can obtain the contribution to Gz o by rearranging slightly
the method used for Go ;. At the unitarity bound, 7 = 2 + 2a + b, we will have to use a
different approach, which we explain in section 2.4. We will see that the 1/N* semishort
contributions to the protected sector can also be determined by using the knowledge of
the two-particle operators and various different correlators. In particular, for a given
twist 2 4+ 2a + b, we will use input from O(1) SCPW coefficients for correlators with
TN — 7MaX — 9 4 9q 4 b, as well as input from O(1/N?) SCPW coefficients for correlators
with 7m2% > 7min — 2 4 9¢ 4+ b. Finally, we emphasize that multiplet recombination at
O(1/N*) will be very much different from multiplet recombination at O(1/N?).

The functions Go 1 and Gs o, which we bootstrap starting from the leading logarithmic
discontinuity G» o, should therefore be such that the first can accommodate OPE predictions
in the window, and the second can accommodate OPE predictions below window i.e. for
2+2a+b< 1< min,

Having listed all OPE predictions, we can proceed to assemble the four point corre-
lator at strong coupling. Our field theoretic approach has the partial non-renormalisation
theorem [35] as the starting point. This theorem splits the correlator into free theory and

a particular form for the dynamical contribution,

<Op10p20p3op4> = <Op10p2OP30p4>free + PI(% z; Y, Q)Dﬁ(l" Y, g) ) (1'7)



where Z(z,Z;y,y) and P are kinematical factors defined later in (2.9) and (2.20). In
the above decomposition of the correlator, free theory is an input, and will be computed
by actual Wick contractions in free SU(N) N = 4 SYM, having established the precise
definition of single particle operators, already given in our previous work [8]. In this line
of reasoning, the free theory part of the correlator is obtained independently from Witten
diagrams consideration in supergravity.

We will find that the dynamical function in the strong coupling regime has extra struc-
ture, inherited from the way OPE predictions naturally organise themselves in supergravity.
We will write the result as

_ 1

where 7-[;2) meets all the predictions from the OPE at one loop. The function 7 instead
is constructed as an exact function of N by requiring that it is tree-like, in the way we
specify below. A feature of this function is to cancel stringy states present in free theory
but absent in the supergravity spectrum, indeed at any order in N. The leading term of
75 coincides with the tree level function of Rastelli and Zhou [1], i.e.

1
:ﬁ

1

T T 4 mT<2) TR (1.9)

It follows from our construction that the functions Go; are given by*

G = PL(z, %5y, 5) HY o (1.10)
_ o oy [ 7@ @
Gpo1 = PI(x,2;y,7) [ T57 +H; Loglu (1.11)
95520 = (Op1 Op2Opy Optrce| | +PL(2, 739, 9) [ T+ 1) ]1 r (1.12)
m O, u

The function 7—[](32) is what we call the ‘minimal’ one-loop function. As we shall explain
throughout section 3 and section 4 the minimal one-loop function is the unique solution,
up to finite spin ambiguities, of our bootstrap algorithm. It matches the constraints from
the 1/N* OPE predictions, both in the long sector, and at the unitarity bound, and it
is minimal because it can be explicitly separated from 7. In section 4, we describe the
details of our bootstrap algorithm, we discuss a number of non-trivial examples, and we
classify the possible one-loop ambiguities.

The function 7 is studied in more detail in section 5. It is a generalisation of the
tree-level function of Rastelli and Zhou for all NV, and it is defined by the property that,
together with connected free theory, it gives empty contributions to any exchanged long

operators with twist 2 4+ 2a + b < 7 < 7™, In this sense, the function T generalises

4Free theory and Tz can be equivalently expanded in inverse powers of ¢ = (N 2_ 1)/4. The spin and twist
dependence of the OPE predictions at one loop is unchanged, because these are obtained by multiplying
SCPW data at tree level, and the latter is not sensitive to a shift of the expansion parameter. The minimal
one-loop function is thus unchanged. At O(1/ 02) the correlator is given by 7—{.;2) plus the contributions from
free theory and Tz. The logwu stratification has a form similar to that given in (1.11)—(1.12).



the construction of Dolan, Nirschl and Osborn in [36] who obtained tree-level results by
precisely demanding such a cancellation of low twist operators against recombined free
theory. Because of this property, the minimal loop function ’Hz(f) contains all the dynamical
information at O(1/N*%).

Comparing to our previous works in [3, 7], the one-loop functions constructed there
coincide with the minimal one-loop function, and 7; does not upgrade beyond the function
of Rastelli and Zhou. This happens because free theory in those cases is exact in 1/(N?—1).
For the special class of correlators denoted as next-to-next-to-extremal we will find a similar
situation, see sections 4.6 and 5.3. However, there is no such a simplification in general,
and in fact the study of four point correlators with arbitrary external charges, which is the
main subject of this paper, requires non trivially both 7—[1(72) and a novel 7.

@)
D
7 of exchanged semishort operators, which constrain a piece of Gs o, are obtained only

Finally, let us point out a very remarkable feature of H’: the three-point couplings

C

pip2,
within free theory, since these are not renormalized. At the same time, Go 2 and Gy are

determined only within the long sector. In this sense, some inputs in G are obtained
()
13
G2,i—0,1,2, and the coherence of the whole minimal one-loop function across the various

in a completely independent way. Nevertheless, H >’ has to be consistent with all of the
OPE predictions is a non-trivial confirmation of the AdS/CFT correspondence within the
N = 4 bootstrap program.

2 Free theory of single-particle operators

We are interested in correlation functions of protected half-BPS operators which describe
scattering of single-particle states in AdSsxS®. The first task is thus to determine the
operators dual to single-particle states: these are not simply single-trace operators but
can have multi-trace corrections which we must take into account. In [8] we identified the
operators dual to single-particle states as those half-BPS operators which are orthogonal to
all multi-trace operators. In the strict large N limit, our definition reduces to the familiar
statement that single-particle states correspond to operators in multiplets whose supercon-
formal primaries are given by single-trace operators in the [0, p, 0] representation of su(4).
For finite IV instead, our definition automatically picks the correct multi-trace admixtures
which is needed to uplift half-BPS single-trace operators to single-particle operators.®
Single-trace operators in the [0, p, 0] rep can be given as

tr(¢P)(x,y) =y .. yfrtr(og, .. . ¢Rr,) () (2.1)

where the fields ¢ are the elementary scalars of the A/ = 4 multiplet, and the SO(6) null
vector y™ is used to project onto the symmetric traceless representation, ¢(x,y) = y%ér(z).
The p = 2 case corresponds to the superconformal primary for the energy-momentum
multiplet which is dual to the graviton multiplet in AdSs. The p = 3 case is the first
Kaluza-Klein mode arising from reduction of the IIB graviton supermultiplet on S°. In

®See also previous discussions in [5, 37, 38] and more recently [39)].



these two cases, the single-particle operator equals the single-trace operator, even at finite
N, since there are no multi-trace operators of charges p < 4 to mix with.
The single-particle operators we consider explicitly in this paper are:

Oy = tr(¢?)
O3 = tr(¢?)
2 _
O = tr(6") = ez Ty tr(0)°. (2:2)

The coefficients of the higher multi-trace contributions are determined by the orthogonality
conditions, according to our definition. For example Oy is defined by the requirement that
it is orthogonal to the double-trace operator tr(¢?)?:

(Oa(w1,y1)tr(¢%)* (22, 42)) = 0. (2.3)

Notice that since all operators involved are half BPS, the two-point functions entering the
orthogonality conditions can be computed in free field theory in terms of the elementary
propagators

() (o1, m)(@) o2, 2) = (5207~ 0102 ) e, 24)

where®
Yi - Yj

912 = —5 3 (2.5)
L1

We will now consider four-point correlators of the single-particle half-BPS operators,
first in free theory, and then in the interacting regime described by supergravity.
2.1 Free theory four-point functions

Free field four-point functions of single-particle half-BPS operators can be computed simply
by performing Wick contractions between the elementary fields. The result is a sum over
the different allowed superpropagator structures g;; accompanied by their colour factors.
Graphically, the four external operators O, are represented as vertices each with p; legs,
and the propagator g;; is represented as a line between point 7 and point j. We arrange
the four operators at the corners of a square, labelled clockwise from the bottom left.

So for example, for the (O30303503)f¢e correlator

(03030303)free = AQ <D <D
+ AY M + Al (B)
+a3%7) + 4k + 43 @
+Ag% +A5X +A§Z +Agi (2.6)

SThis is just the superpropagator in analytic superspace [40—42] around which much of the following

formalism is implicitly based.



where A,’j are the associated colour factors. The subscript = is the total number of propa-
gators connecting the left half of the graph to the right half, whereas k is the number of
propagators along the top edge of the square. Of course many colour factors are equal to
each other, where the corresponding graphs are isomorphic. Indeed there are only three
independent colour factors in this example and explicit computations of the Wick contrac-
tions yields the all orders in IV factors

9(N? —4)(N? — 1)

A) =AY = A3 =
N2
9
AQ:A;:AozAizAé:AgziNQ_lAg
18(N2 — 12
Al ( ) A (2.7)

1T (N2 1) (NZ—4)

For a general free theory correlator, without loss of generality we can arrange the
external charges as p43 > po1 > 0. The general free theory result is then

Y—P43

min(p1+p2,p3+pa) 139 "’*27’43 9149 k

13924 k[ 914923
<OP1 OP20P3OP4>free =P x Z <> Z Aw ( ) (2.8)

Y =pa3 912934 =0 913924

Y—p43 €27
where As are color factors, and we defined the prefactor
P1+p%7p43 P43£P21 p43;p21 p3

P =912 914 924 934 - (2.9)

Note that the r.h.s. of (2.8) is P times a function of super cross-ratios. We define
space-time cross ratios u, v (equivalently x,Z) and internal cross-ratios &,7 (equivalently
y,y) as follows

2 .2 2 .2
U =T = x;2x34 , v=_1-2)1-2) = x%4x§3 )
i3T5y 13724
1 _ Y1-Y2y3-Ya 7 . Y1-YaY2.Y3
—=yy= —=1-yl-g)=———. (2.10)
g Y1-Y3Y2-Y4 o Y1-Y3Y2-Y4
Inputting the definition of the superpropagator (2.5) we find the super cross-ratios
_ 1— V(1 — 7 .
13924 _ TT _ o guagz _ (1 —x)( ﬂf) - (2.11)
912934 Yy 13924 (1—y)(1—9y) wvo

which we can substitute directly in (2.8)

For single-particle external operators the colour factors of extremal and next-to-
extremal correlators vanish identically. These are correlators whose charges satisfy (with
our choice of py3 > pa1 > 0)

pa=pi1+p2+Dp3 (extremal) ,
pa=Dp1+p2+p3—2 (next-to-extremal) . (2.12)
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Figure 2. [Illustration of the possible su(4) representations exchanged in the overlap of the
(Op, x Op,) and (Op, x Op,) OPEs. The vertical axis represents the possible values of b + 2a.

Notice that extremal and next-to-extremal correlators of half-BPS operator do not vanish
for single trace operators but they do for single-particle operators.

The first single-particle correlators that are non-vanishing are next-to-next-to-extremal,
with charges obeying

pa=p1+p2+ps—4. (2.13)
More generally, we define
. 1 «“ v’
Ky = min <2(p1 +p2+p3— p4),p3> = “degree of extremality (2.14)

and we say that a correlator is a N*E, according to its degree to extremality. Next-to-next-
to-extremal correlators have degree of extremality kg = 2.

The degree of extremality determines the number of available su(4) representations
[aba] in the overlap of the two OPEs (O,, x Op,) and (Op, x O,,).” For example, N*E
correlators have the feature that the superconformal primaries in the long sector have a
single possible su(4) representation. One can visualise the degree of extremality as shown
in figure 2. In this figure, the vertical axis represents the possible values of b + 2a in the
two OPEs. The degree of extremality x; then denotes the size of the overlap in either of
the two cases p1 + p2 > p3 + pa or p1 + p2 < p3 + pa.

Note that, as will be detailed in the next section, the interacting part of the correlator
has a universal structure which reduces the range of su(4) structures by 2.

We now review the technology that allows us to perform the superconformal partial
wave expansion (SCPW) of a generic (O, O,, Op, Op,) correlator. We follow the formalism
of [34], which is group theoretic, manifestly unitary, and has the great advantage of dealing
with all representations in a uniform way.

2.2 Review of the SCPW expansion

To address the SCPW expansion of (Op, Op,0,,0,,) we must first describe conformal
blocks for all supermultiplets that might be exchanged in the OPE of half-BPS operators.

"Notice that an su(4) rep [aba] appearing in both OPEs will have b 4 2a lying in the same range of
values as 7y in (2.8). We can then see that degree of extremality xz is equal to the number of values of
in (2.8), minus 1.
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Following [34] we label the superconformal primaries O,, y by a number v and a finite di-
mensional representation of SL(2|2) which we specify via a Young diagram A = [\, ..., \,]
where ); is the length of the ith row.®

The Young diagrams do not have an arbitrary shape but have to fit into a ‘fat hook’
shape, which amounts to the additional constraint that the third row (and hence any
subsequent rows) cannot be longer than length two, i.e. A3 < 2. The number of rows also
satisfies n < (7 — p43)/2. For example a generic such diagram has the form

— A1 — ]
— Ag —

: = [A1, Ag, 22, 1M (2.15)

with first row of length A1, second row of length A2 and then s rows of length 2 (denoted
2#2) and pp rows of length 1 (denoted 1#1). Such a generic Young tableau corresponds to
a long multiplet.

Short multiplets instead have row 2 of length 1 or 0 and so have the shape of a ‘thin
hook’. The parameters v and A determine the usual quantum numbers of spin [/, dimension
A (or twist 7 = A — 1) and su(4) representation, which here always takes the form [aba].
The dictionary is summarized by the following table

GL(2|2) rep A T=A-] l su(4) labels multiplet type
(0] Y 0 [0, 7, 0] half BPS
[1#] 0 0 [ty y—2p, p1] quarter BPS
A, 1H] (A >2) ~ A—2 [, y—2u—2, p] semi-short
A1, A2, 282 1H1] (Ao > 2) | y+2X0—4 | A= A2 | [pe1, y—2p1—2p2—4, 1] long
(2.16)

Note that the YT representation of a long multiplet is invariant up to the shift-symmetry,
A=A+, A=A+ up—pu—1, y—v—2, (2.17)

under which twist 7, spin [, and su(4) rep [aba] remain fixed. On the contrary, protected
operators require both « and the Young tableau to be fully specified.

We denote the superconformal block corresponding to the contribution of an operator
O, to the four-point correlator (Op, O,,0p,0,,) as

superblock : S (2.18)

D5V, -

8The formalism arises from analytic superspace [40-42] which has SL(2|2) x SL(2|2) x C isotropy group.
A general unitary representation of the A'=4 superconformal group is thus specified via two SL(2|2) rep-
resentations and a weight . For four-point functions of half BPS operators, both SL(2|2) representations
coincide. Remarkably the SL(2|2) representations are always finite dimensional and the resulting analytic
field is unconstrained [43, 44].
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Long superblocks (those with Ay = 2,3,...) will occur often and we will also denote
them by ]Lﬁ, = They have the following factorised structure,

~ B2+35.0)

=S AT P xZIx iﬁ;; L—‘;; = T[aba] s (2.19)

L.
o IR P43
P ¥ e

where P is given in (2.9), and Z by

(z—y)(z -9 (@ —y)(@ -y

Iz, 2,y,7) = - : 2.20
( ) (y7)? (2:20)
Here B and T(4pq) are ordinary bosonic blocks for conformal and internal symmetries.
Explicitly,
B (2,7) = (1) ut [P Fit@F1 (@) — (2 2 7) (2.21)
9 T — i' )
and
— _ e _|_ a
L Pni)Pa(®) — (y = 9) reEma
Yaba) (Y5 7) = — —- , o b—p (2.22)
2 )
where
D12 D34 nly _ 2
Fi(z)=19F (t——,t+—,2t;x), P,(y)=———2  JpPss—palpastr) (—1)
t( ) 211 2 2 (y) (n+1+p43)n y
(2.23)

The notation JP stands for Jacobi polynomial.

Explicit formulae for semishort, +-BPS and 3-BPS superblocks were obtained in [34]
and can be found in appendix A. Especially in these cases, the superblock formalism
naturally provides manifestly unitary representations.

Since the parameters )\; are defined by a Young diagram, they are a priori integer
valued. For long superblocks however in the interacting theory, the scaling dimension A
(or equivalently the twist 7) of an operator becomes anomalous and hence non-integer.
We can thus allow an analytic continuation of Ay and Ay such that the spin A\; — Ao =
remains integer. In such cases we even allow for continuations such that Ay < 2. This
means that the labels of such continued long superblocks can coincide with those of short
superblocks when Ay — 1, uo = 0. To avoid this potential confusion therefore we simply
use the notation for long superblocks, L7, on the Lh.s. of (2.19) and allow 7 > 2a + b+ 2
to be non-integer valued.

When long supermultiplets sit exactly on the unitarity bound, 7 = 2 + 2a + b, they
become reducible and can be expressed as a sum of short multiplets

Lp7 = Sprpr219 + Sprioiprie0y  T=2+2a+b. (2.24)

The first term on the r.h.s. of (2.24) is a semi-short superblock of spin ! while the second is
a semi-short superblock of spin [ — 1 or a quarter-BPS superblock (if [ = 0). We will make
use of this reducibility in section 2.4.
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2.3 The SCPW expansion of the free theory

The SCPW of free theory correlators naturally stratifies by the label v = p43,p4s +
2,..., ™™ = min(p; + p2,p3 + pa) introduced in (2.8). As mentioned in that context,
~ counts the number of propagators connecting operators inserted at points 1 and 2 to
operators inserted at points 3 and 4. In the SCPW expansion, v simply corresponds to
the number of fundamental fields appearing in the operator, O, ) being exchanged in the
OPE. Note that this is a good quantum number only for free theory, and simply reflects

the number of Wick contractions which have occurred in the OPE:

v = # fundamental fields defining O, \
= p1 + p2 — (# Wick contractions in Op, O, ~ O, OPE )
= p3 + ps — (# Wick contractions in 0,0, ~ O, OPE ) (2.25)

The general free theory correlator (2.8) then decomposes as

min(p1+p2,p3+pa)

<Op1 OP20P30P4>free = Z Z Ap N S 5y A (2.26)

v ";745 4€32Z
where each term in the sum over v represents the expansion in SCPW of the analogous
terms in (2.8). Furthermore the Young tableau A have at most (v — p43)/2 rows. Note
also that in free theory all Young Tableau are proper, having both integer rows and correct
shape. Thus the decomposition (2.26) is unambiguous.

But we do not consider the free theory in isolation, rather we will consider it as the
limit of the interacting theory as the coupling vanishes. In the interacting theory, the
OPE of two half-BPS operators contains both operators in short supermultiplets, whose
dimensions are protected, and long operators which have anomalous dimensions. Therefore
we will split the SCPW expansion (2.26) accordingly, and we will distinguish between the
short sector which by definition remains short in the interacting theory, and a free long
sector which will then acquire an anomalous dimension in the interacting theory. For the
short sector we sum over superblocks with the specific form S, ) 14, and for the long sector
we sum over superblocks Lz,

<Op1 Opz Opg Op4 >free = <Op1 Opz O;D:a Op4 >short + <Op1 Opz Op3 Op4 >free long - (2 . 27)

More explicitly, we introduce the SCPW coefficients S, [y 4] and L£ as follows

. 1
Tmin oo 3(v—paz)—1
<Op10p2 Ops Op4>short = Z 'y Q)Sfy 0+ Z Z S’y,[)\,lﬂ S»y,[x,lu]
- pas€2Z
<Op1 Opz Opa Op4>free long = Z Z Z L£ L;- (2.28)

a,be2Z =0 7>2a+b
4+4b42a<m0in T—be2Z
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This split is non-trivial due to multiplet recombination; in the free limit a long multiplet
whose twist lies on the unitary bound is indistinguishable from the direct sum of certain
short multiplets. A consequence of this is the identity of superblocks (2.24). The challenge
then is to relate the SCPW coefficients S, |y 1. and Li: to the original ones A, , in (2.26).

The simplest SCPW coefficients to identify are the coefficients of half BPS ops (A = 0)
which are unchanged. Thus

S%@ = A%@ . (2.29)

The next simplest to deal with are the long representations above the unitary bound.
Here we take into account the fact that v ceases to be a good quantum number for long
operators. This is because long operators with different numbers of fundamental fields mix.
For example 0303 (v = 6) mixes with Q2000 (7 = 4) which both have twist 6. This is
the origin of the ambiguity in the description of long operators (2.17). Thus we need to
collect together all SCPW coefficients with the same quantum numbers 7 (but different
values of ) using the shift symmetry (2.17). Thus

min(p1+p2,p3+pa)

’ =b+2a+4 72 7—;«, +la2+%,2j7b—“—271a]’ fl a+ (2 30)
2l a +

The most difficult SCPW coefficients to identify in (2.28) are the (non half-BPS) short
coeflicients S|y 11) with non-zero A or p and the related long coefficients at the unitary
bound Lz with 7 = 2a 4+ b+ 2. This is because as we deform away from the free theory,
some semi-short blocks combine to become long (as in (2.24)), whereas others remain semi-
short. Thus, a single SCPW coefficient A for a semi-short block at the unitarity bound, can
actually contain the contribution of both short and long multiplets of the interacting theory.

Our next task will be to explain how to properly disentangle physical semishort con-
tributions from the SCPW coefficients of free theory, and find Sy 14]. Let us motivate this
problem further by mentioning that separating the coefficients S from L at the unitary
bound is actually straightforward at O(1/N?). In particular we will show that apart from
the case Sy [y 14 With v = min(p; + pa, p3 + p4), i.e when 7 = 701 all other the coefficients
Sy, a1 vanish. Thus the values of L will be trivially fixed by multiplet recombination.
This feature at O(1/N?) has lead various people to the assumption that the same would
be true for all N (see [45] for a discussion of this point). However, beyond O(1/N?) the
separation of coefficients S from L is a non-trivial problem. We will solve this problem to
O(1/N*) using knowledge about the form of the semi-short operators.

2.4 Multiplet recombination

We now show how to determine, up to order 1/N 4 the genuine semishort sector of the
single particle correlators (O, Op, Op, Op,) in the full interacting theory, purely using free
theory correlators. In particular we provide formulae for all SCPW coefficients — split
according to operators which remain short in the interacting theory and those which are
long (2.28) — in terms of the coefficients Az, \ in (2.26).
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Recall that for long blocks at the unitary bound 7 = 2a + b + 2 we need to resolve the
ambiguity which follows from the reducibility condition (2.24), i.e. that a long SCPW is a
sum of two semishort SCPWs

Lz= 87.7[1_,_271% + ST+2,[Z+1,1“+1] T=2a+b+2. (2.31)

Comparing the two pieces of the SCPW expansion (2.28), and equating the coefficient of
ST,[1+2,1a]v using (2.31), yields
Arpiezne) = Srjpezae) T LA L o1 o 1p0my T =204042. (2.32)

One of the key points allowing us to resolve the ambiguity at the unitarity bound, and
correctly distinguish CPW coefficients of long and semi-short operators, is the following
(already tacitly assumed in (2.28)): a long operator at the unitarity bound necessarily has
twist less than Tmin=min(p; + p2, p3 + pa), i.e. Liﬁ =0ifT=2a+b+2> 7" This is
a non-perturbative statement, a non-trivial consequence of superconformal symmetry for
the corresponding three-point functions [46, 47].

This fact allows us to use equation (2.32) to determine the CPW coefficients of semi-
min

short operators of twist 7™" = min(p; + p2, p3 + p4) in terms of lower twist coefficients

Spiri42,10] = Apir142,10) — L]];T—Q,l—i-l,[a—l,b,a—l] for 7=2a+b+2=7"" a>1

Spiri42] = Apirji42] for T =b42 =m0, (2.33)

It is useful to understand the 1/N expansion® of Sp.pmin (142,10 first, since it will play a
role in our later formulas. Referring to figure 1, when 7™ = 24-2a+b two lines coincide, i.e.
the lower dashed line sits on top of the middle dashed line, thus we find that Sp min 119 14)
in (2.33) is non trivial at O(1/N?). In particular it gets a contribution from leading
order connected propagator structures. In the special case of correlators (0,0,0,0,),
7N — 7% and free theory starts with an O(1) contribution from disconnected diagrams.
For all representations [aba] such that 7" = 2 + 2a + b we find then that all three dashed
lines of the figure 1 coincide and Sprmax 142 1) indeed has an O(1) contribution from
disconnected free theory diagrams.

What about CPW coefficients of semi-short operators of twist less than 7™"? Semi-
short operators generically will sit in the range of twists 7 < min(p; + pa2, p3 +p4), therefore
at the bottom dashed line in figure 1 below the window. It follows that the corresponding
SCPW coefficient is O(1/N?),

Sprfir21a = O(L/NY)  7=2a+b+2<7™". (2.34)

This is the well known statement that at O(1/N?) there are no semishort operators
in the spectrum below the window, which implies a cancellation between free theory and
the interacting part. Using this information we can solve Sy min 149 10] in (2.33) and LJ;

9Note that here and below, ‘order 1/N*’, really means N%(p1+p2+p3+p4)0(1/Nk) because we have not

normalised our external operators.
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in (2.32) explicitly up to order 1/N?2. First we solve (2.32) recursively, thus obtaining the
long SCPW coefficients
a
LL =3 "(-1*A, g iioipes +OU/NY)  7=2a+b+2< 7™, (2.35)
k=0

Then, we plug this result into (2.33) to give the genuine semi-short coefficients at threshold

a

Spriraae) = O _(=D* A o prorkie-s +O(L/NY)  7=2a+b+2=7"". (2.36)
k=0
When a = 0, we obtain correctly Sz 142 given above.

Now, can we determine the 1/N* CPW coefficients of semi-short operators of twist
less than 7™"? The answer is affirmative. We first need to use some non-trivial informa-
tion about the spectrum of semi-short operators, and then we can determine these CPW
coefficients unambiguously using data from many different correlators!

The key point here is that we know the explicit form of the double trace semi-short
operators — or more importantly the number of them. They are twist 7, spin [ operators
in the [aba] su(4) rep of the form

Oy = 0,0'0; (2.37)

as in eq. (1.4) with 7 = ¢+ ¢ = 2a + b+ 2. For fixed twist and su(4) structure we can
enumerate the independent operators as

g-=a+1+r, Gr=a+1+b—1r 7= 0a,0,---,—1 (2.38)
where
Lbﬁj a4+ [ even
_ )L ) 2.39
a {W;Jaﬂodd. (2:39)

Unlike the case of long operators, semishort operators receive no anomalous dimension.
The operators enumerated in (2.38) are therefore degenerate and we may freely take the
04 themselves as our basis. The SCPW coefficients of such operators are then expressed
in terms of the products of three-point couplings as follows,

Sﬁ;f,[l+2,1“] = Z Cp1p2 (qutir)(Mil)rstam (Oqsds) ) (240)

where M is the matrix of two-point functions (which is diagonal at leading order in large N),
M,s = (Omroqsds> =Y 0rs + O(l/NZ) : (2‘41)

We also recall the fact, discussed in section 1, that the only couplings with a leading
order contribution in the large N expansion are the ones of the form Cpq(Opq). From this
it follows that at leading order in large N we have a diagonal structure for the following
three-point couplings,

Coir (Ogd) = 6rsX, + O(L/N?). (2.42)
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Armed with this information we can now predict the CPW coefficients of semishort
operators, Sz 142,141, Of twist 7 < 77 in terms of SCPW coefficients of correlators with
either 7 = 7™, These SCPW are known through (2.36). The formula for Spir14+2,19]5

correct up to and including order 1/N*4, is given by

pn—1
Spr1p2arir Sarirp: _
Sprr21e] = D p“”g;q; qq;‘””sm +O(1/N°)  r7=2a+b+2<7™.  (243)
,r,:0 rYrdryr

For simplicity, we have suppressed labels 7 and [l + 2,1?] in the SCPW coefficients on the
r.h.s. above.

The two factors giving the numerator of (2.43) in the r.h.s. are both O(1/N?) whereas
the factor in the denominator is leading in large N, thus the r.h.s. is O(1/N*) as we stated
already in (2.34). The formula (2.43) may be proven by simply using (2.40) on both sides
and then using (2.42) and (2.41) on the r.h.s. to cancel the denominator.

Finally, with the knowledge of (2.43) to hand, we can improve Lf? in (2.35) and
S pmin 149,10 in (2.36) up to order 1/N*. The results are

a a

LL =3 " (-DFA o prornios) — D (=18, g ryask 1a-r + O(1/N®)
k=0 k=0
T=2a+b+2< M (2.44)
Srirzae) = O (DA o prok ot — O (=18, _op prask,i0-1 + O(1/NP)
k=0 k=1
T=2a+b+2=7"0, (2.45)

Concluding, all SCPW coefficients of (Op, Op,Op, Op,)short and (Op, Op, Op, Oy, )iong
in (2.28) have been obtained to O(1/N*) and therefore we have successfully split the free
theory correlators into a protected contribution and an unprotected one. In general we
can not go further in 1/N since to do so would require input from triple-trace (and higher
multi-trace) operators.

We conclude this section by illustrating our formulas (2.43) and (2.45) for the sem-
ishort sectors of (O3030303), which has been already examined in detail in [34], and
(0404040y), which is new.

In the case of (03030303) we have below threshold twist 2 and 4 semishort predic-
tions. This semishort sector is special because no multi-trace mixing occurs in the large N
expansion. Therefore we can give formulas exact in N. Very explicitly we find that,

sy -
s - GRS e 4
SiD (20 + 6)1((1 +3)(1 +4) + ;) (V2 = 1)
Siian = (Sijgi)Q = , Ul 3)!)2_ —5— ;4 % (2.46)
Syl (204 6)/((1+2)(1 +5) — =53 (N2 1)
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where A) = (3(N2—1)(N?-4)/N)?2. The structure of the CPW coefficients of operators at
threshold, i.e. twist 6, follow straightforwardly by applying (2.45),

6,00 = Ao,
Se,n1 = A1 — Aoy + Sa
Se. a1 = Ae 1, — Aapa gy + Ao gy Sy - (2.47)
In the case of (04040404) we have twist 2, 4 and 6 predictions. The computations
at twist 2 and twist 4 are analogous to the case of (O3030503). We find,

(4444)
527[/\] =0

Gl4444) 16 x 1152 (1 +3))2 14+ (=)' 1

_ ( (
L0+ (143)(1+4) (20+6)) 2 NY
N21 _ (_\!
S<441144> _ 6 x 1600 ((l + 3)) 1 ( ) L (2.48)
A0+21] 7 (14 2)(145) (20+6)! 2 N4
The twist 6 results are new,
glaaat) _ 16 384(29+3(20+9)%) 1+ 4?1+ () 1
6,[i+2] (1+3)(1+6) (20+8)! 2 N4
glaaad) 16 X 72401 + 17421+ 9> + 2L+ )Y ((+ D1 - () 1
6,+2,1] I+2)I+4)I+5)(1+T7) (20+8)! 2 N*
glaaan) 16 x 24000+ 2)(1+7) (I + HP1+ (=) 1 (2.49)
6,i+2,1,1] (I+3)(1+6) (20+8)! 2 N4 ‘

We insisted on (O3030503) and (0404040y) since these two correlators capture
generic features of our discussion about the semishort sector, and furthermore because
they will be investigated in section 4, where we will construct explicitly their one-loop
completion. We will see then how crucial it is the information from the semishort sector
for our bootstrap program.

3 OPE in Ads;xS5: beyond tree-level

We now turn to the study of correlation functions of single-particle operators in the in-
teracting theory. In particular, we consider N’ = 4 SYM in the regime of large 't Hooft
coupling A = ¢2,,N with N > X and A fixed. In this interacting corner of A" = 4 SYM,
the theory sits at the boundary of a classical AdS5xS®. The size of the holographic space-
time is controlled by L*/a’? = 47\, and the action of IIB supergravity is weighted by N2.
Quantum corrections are then organised in a double expansion in 1/N? and A2

The partial non-renormalization theorem [35] is a non perturbative statement about
superconformal symmetry, and restricts the most general form of the four-point correlator

into the sum of free theory, and a particular form for the dynamical function,
(Op, Op, Opy Opy) = (Op, Opy Opy Op, ) tree + P L(x, T3, Y) Dpypopsps (T, T3y, 3 A) (3.1)

where Z(z,Z;y,y) is the same rational function characterizing long superblocks in (2.20),
and P is the prefactor (2.9).
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Contrary to free theory, the dynamical function depends on both N and A. Here we
will be focussing on the order zero terms in the large \ expansion, and consequently we
will drop the A dependence in our discussion. Stringy corrections have been considered
n [10, 11, 31-33].

In the previous section we studied the SCPW decomposition of free theory. In partic-
ular we cleanly split the free theory correlator into the piece with only (semi)-short oper-
ators in the CPW expansion and a piece with only long operators (Op, Op, Op; Op, ) tree long
n (2.27). We will now incorporate the dynamical function, Dp, p,p,p, and specialise to the
long sector. It will be convenient to distinguish the two 1/N expansions,

<Op1 Opg Op3 Op4 >free long = <Op1 Op2 Ops Op4 ) ?ree long <Opl OPQ Op5 Op4 >§re)e long + . (3 . 2)

Do D() 1

@)
y=2205 5Dyt (3.3)

The notation we will use to refer to the SCPW expansion of the long sector of
(0p,0p, 0y, O,p,), (i-e. the long sector of free theory together with the dynamical part)
up to order 1/N4, is

<Op10p20p30p4>1 =
ong
0 1 1 2
log”u > (L;; + L+ 4LQ;> Lyr + (3.4)
log § ERVONRERVION 3.5
o8 U N2 gz T M | e (3.5)

In the above formulae we are omitting terms which are accompanied by derivatives of the
blocks with respect to 7 since these are not important for our purpose here.

The log™Z! terms receive contributions only from the dynamical function, D.

The log” projection (3.4) is subject to non trivial interplay between free theory and
the dynamical function D, since beyond the leading order, both contribute in the 1/N

expansion,
0 0
Lk =157 (3.7)
R A A R (3.8)

In (3.4)—(3.6) we clustered together various contributions within each log strata, and
we did not specify the range of summation. In fact, understanding the range of summation
for different contributions needs extra explanations, which we make precise in sections 3.1
and 3.2. We will summarize all the relevant results in section 3.4 .
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Every SCPW coefficient in (3.4)—(3.6), is predicted by the OPE, however in order
to have control on these predictions we should first have control on the spectrum of the
theory: the spectrum of supergravity consists of single particle half-BPS operators O, and
multi-particle operators built out of single particle operators. Multi-particles operators can
be either protected or long, but regardless of this, multi-particle operators labelled by more
than two particles do not have a leading order three-point function with the (normalized)
external operators, therefore cannot appear in the leading order OPE. It follows that in
the strict large N limit, supergravity describes a free theory of single- and two-particles
states of integer twist 7, which we can then classify.

Recall then, that a basis of long two-particle superconformal primary operators of twist
7, spin ¢ and su(4) channel [aba], has the schematic form [§],

Opgiw = OpalD%(Tipiq)Oq, (r<aq)), (3.9)
where the pairs (p, ¢) are in the set Rz

p=ita+l+r i=1,...,(t=1)

Rz := {(p, q) : for } (3.10)

g=i+a+1+b—r r=0,...,(p—1)

There are in total d = p(t — 1) allowed values, where

:(T—b)_ _ L%Ja%—leven,
b= @ H= |2 a+1 odd. (3:-11)

Plotting the set Rz in the (p, ¢) plane helps visualizing that the pairs fill in a rectangle,
where the 4+ /4 direction contains (¢ — 1) pairs and the —7/4 direction contains u pairs.
For example, we (re)draw here below Ra42n,0.6,

L A=(2,8);
2 .
B = (5,5);
C = (12,12);
4 D = (9,15);
"B«

In general the operators O,, 7 will mix. We will denote the true eigenstates (with well-
defined scaling dimensions) by Cpq.

Considering now a four point function (O, Op, Op, Oy, ), the OPE predicts the following
form of the SCPW coeflicients for the indicated ranges of the twist of the exchanged
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operators

max . 0) _ (0) (0)
T>T L= CipaKpa Crspaking (3.12)
(pg)ER>
@ _ 1 (0) (0)
Mgz = 2 Z Cplplepq " Cp3p4leq (3.13)
(pg)€Rz
@2 1 (0) 2 ~(0)
Nz = 8 Corpakpg "Kna Cpspakp (3.14)
(pg)€Rz
max min . 1 _ (1) 0) 0) (1)
T >T2T : Lﬁ;F - Cp1plepq Cp3p4l€pq +Cp1pzl€pq Cp3p4leq (3‘15)
(pg)ERZ
@2 _1 (1) (0) (0) (1)
M5z = 2 Co1peka Meva Cospasc T Cpipakcyg Mva Cpaparcy  (3-16)
(pg)ER>
min ., ( ) _ (1)
TLT : ﬁF - Z 1P2qu p3p4’Cpq (317)
(pg)ER>

where Cp,p.xc = Cp,p, (K) denotes the three-point coupling,

Comc = C0 4 Lo 4 (3.18)

pip; K N2 PiD;
of an exchanged pure (and unit normalised) operator KCp,.» w.r.t. to the external operators
Op;Op,, and 7 is its anomalous dimensions,

1
The pure operators K,,.» (i.e. those with well-defined anomalous dimensions) are sim-
ply certain linear combinations of the operators O,,.= in (3.9). At leading order the explicit
change of basis is given in terms of the above leading three-point functions as

o)
= 3 Oy p"’cm +O(1/N?). (3.20)

(P'q)ER> pq’(’)/ /

The normalisation of ICp, is fixed (up to a sign) by insisting on unit two-point function.
As before we note that the leading three-point functions with the naive operators are

diagonal, i.e. c© = 0 unless (pq) = (p'¢’), as can be easily verified via explicit Wick

; a0, o/
contractions.

Our next task is to leverage data mined from tree-level four-point functions, specifically
the CPW coefficients L(©, M1 and LM, in order to obtain information about the one-
loop four-point function, in particular the entire double log discontinuity, N, but also
pieces of the single log part M®) and analytic part L(2). The strategy used in our previous
works [3, 4, 7] was to fully solve the mixing problem and obtain complete data for the
leading three-point couplings and anomalous dimensions of long operators in [a, 0, a] and
[a,1,al], by considering the leading (i.e. disconnected free theory) four-point functions and

the (leading discontinuity of the) 1/N? correction of Rastelli and Zhou [1, 5]. However,
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for more general correlators, specifically when b > 1, the anomalous dimensions exhibit
degeneracy [8]. This degeneracy means it is not possible to fully repeat this program in the
same way and determine all leading three-point functions. Nevertheless we will now discuss
how to overcome this problem and bootstrap one-loop data from tree-level correlators.

In order to have better control over the various phenomena taking place in (3.12)-
(3.17), we will distinguish between three types of contributions:

e Above threshold, 7 > T%nax.

We define the threshold twist T;;»nax = max(p; + p2,ps + p4). The leading log CPW
coefficients, L(®, M) and N® have contributions above the threshold only, and
we use L) and MM (for different correlators) to bootsrap the double discontinuity
N®). This analysis is similar to our previous works [8]. For general correlators the
leading log discontinuity alone is not sufficient to fully fix the one-loop dynamical
function consistenly. There are also important pieces of the one-loop functions which
will be fully determined by data below threshold.

e The window 7™ < 7 < 7max,

We define the “window” as the range of twists strictly below T}}lax = max(p1+p2,
p3+p4) and above 7';311“ = min(p1+p2, p3+p4). Clearly the window is absent when

p1 + p2 = p3 + ps. The significance of this region is that the leading three-point
function is absent on one side but not on the other (see diagram below). This allows
us to use tree-level SCPW coefficients L) to predict part of the single discontinuity
of the one-loop correlator, M),

e Below window, 7 < 7™,

Finally, for each su(4) channel [aba] we define the region “below window”, for which
the twist is strictly below T];nin = min(p;+p2, p3+ps). For any su(4) rep we also
require 7 > 2 4 2a + b, i.e. the unitarity bound relative to the rep [aba]. In this
range of twists one can predict a piece of the analytic (in small u) part of the one-
loop correlator, L(2), using lower order data, specifically results from LW for other

correlators.

The three regions described above are shown pictorially in figure 1.
The precise details about how to obtain these predictions are described in the next
subsections.

3.1 Predicting the leading log

Let us begin from the log? u discontinuity N(2). We shall use many different correlators
and it is thus useful to package together the CPW coefficients, and three-point functions,
into matrices. Similarly we want to rewrite the equations (3.12)—(3.17) in matrix form. To
this end we view the space of operators with given twist, spin and su(4) labels as a pu(t —1)
dimensional vector space denoted with the (multi-) index (pq) € R
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Define the pu(t —1) x u(t — 1) square matrix of leading order three-point functions C;O)
which has entries

¢ =G with ,(rs) € Rz, 3.21
( T >(Ts),(pq) T'SICpq;‘T" (pQ) ( ) ( )

and the matrix of leading CPW coefficients LY which has entries

(rt

i ><mp2> (pap1) =Lgy  with  (pip2), (psps) € Re. (3.22)

pT

As argued in section 1 we only obtain a non-zero result at leading order for twists 7 > 7™

i.e. above threshold.
Then, the equation arising from the OPE and the SCPW expansion in (3.12) is written
in matrix form simply as:

0) AT _ 1 (0)
c e’ =1l (3.23)
(where for notational convenience we have also dropped the subscripts denoting the quan-

tum numbers of interest with 7). By construction this matrix is symmetric. Moreover,

it is diagonal, because only correlators on the diagonal have disconnected diagrams. Very
explicitly [8]*°

© _ .. [la+1)(a+2+42r+g—p)(1+1)(+2+7)(A+r+g—p)rs1(2+a+7+g—P)2vatr
L: =d1ag H:Hl+1+: .
T (1=0p,q/2)(p—1—1)(p—2—r—a)!(g+7)(g+r+1+a)lr!(r+1+a)! 2 2 p:2_tg,+21,+r
g=p+b—2r
(3.24)

where (i,7) label the pairs (pg) € R; e, as explained (3.10), and the function Ils can be
given in the form,

_ + b+H2a+2+ + '
. (s— 952! (s+L22)1 y [Ty (s+ B4 —k) y ]ZI (5_19—i—q+m> (3.25)
s = == ‘ ‘
(29)] (s+ 55 s+ 20 (5-5) " pn N 2

The three factors (s + %‘”‘b)(s + 2%b)(s - %) cancel against the numerator for the values

of k=14,i+a+1,i4+ a4+ b+ 2 respectively. Then, for fixed 7, the spin dependent factors
(0)

of the elements of the disconnected free theory matrix L." are the following

(2+2l+27+q—p>1<2+21+27_q+p>' T 20+2+7—b—2a+2k
0 ! : T—b—za
AN ! ?
o PR X (I4+1)(I4+7+ )kl—lo 2
b A4 247 —b+2k Yy 2+247+b+2k
X [1
92 2
k=1 k=2
L (p+q—(b+2a+4
1 (p+q—(b+2a+4)) 20424+7-b-2a—-2-2k\ [ 20+2+7+b+2a+4+42k
) : . (3.26)

k=1

Aside from the factorials in the square brackets, the dependence is a polynomial in spin
of degree (p + g — 2) which is fully factorised into linear factors. It follows that for fixed

YA similar formula was given in [9].
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(0)

7, the highest degree polynomial factor in L." occurs for correlators with p + ¢ = 7. For

(0)

fixed 7 the polynomial depends only on the combination p + ¢. The factorials in qupq-F

instead depend on both p and gq.

Define also the matrix MS) of leading log tree-level CPW coefficients of operators with
given quantum numbers 7, at order 1/N?2, and the (diagonal) matrix of their anomalous
dimensions nz. Then (3.13) becomes

%Cg)) n:COT =MW (3.27)
In matrix form it is straightforward to see that the CPW coefficients contributing to
the log? u discontinuity at one-loop are given by
N® — 1cOp2 ¢
7 g 7 7
i.e. purely in terms of tree-level CPW coefficients. The second equality is obtained straight-
forwardly from (3.23) and (3.27).
In order to have M(Fl) explicitly, we first need an expression for the dynamical function
Dg) at O(1/N?). We obtain Dg) by using the Mellin Amplitude of Rastelli and Zhou [1],

together with the normalisation derived in [8]. Then, we use this to read off its partial

—1
O _ Ly (L;O)) MY (3.28)

7 2 T

wave decomposition and construct M;l). The details of this procedure are discussed in
appendix B.2.
Finally we use (3.28) to obtain the full double log discontinuity at O(1/N*),

_ (2) T
- Z <N-F )(P1p2),(P3p4) Lo (8.29)

T>7max [ aq.b

@)
Dy

log? u

where we recall that the long blocks take the form L =P x T x L as in (2.19).

Note that the above method does not require us to find the leading anomalous dimen-
sions 1 or 3-point functions C(®) themselves. The anomalous dimensions 9> are just the
eigenvalues of

%cf}’) n= (COY-1 = M)

T T

(L(O)) o (3.30)

=
and eigenvalues can always be found unambiguously. The eigenvectors however, are am-
biguous if there are repeated eigenvalues, as turns out to be the case here [8]. This is the
aforementioned degeneracy of anomalous dimensions, which is consequence of a surprising
physical statement about tree-level physics: there is a hidden ten-dimensional conformal
symmetry which prevents the spectrum from being fully unmixed at tree-level [9].

The general solution for the anomalous dimensions is [8]

ne., — _% 5t(4)6§i)l+11+(_)a+l (3.31)
(l+2p—2—a—f)6
where (...)g is the Pochhammer symbol, ¢ = @ — a was defined in (3.11), and!!
s =2t —1)(t+a)t+a+b+1)(t+2a+b+2). (3.32)

" Compared to [8] we added a factor of 2 in the definition of 6,54).
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Since 7,4 depends only on p and not ¢, the anomalous dimensions are in general partially
degenerate. States which all lie on the same vertical line in the figure Rz have the same
anomalous dimension.

Notice that the r.h.s. of (3.30) is rational in spin because it is obtained from Mg) and
L;O) which are both rational in spin. Indeed, we emphasise that the original eigenvalue
problem set up in [4] is more sophisticated than (3.30), since it was set up to have a direct
correspondence between eigenvectors and three-point couplings.

3.2 Below threshold predictions

A feature of four-point correlators of half-BPS single-particle operators with generic charges
is that one can bootstrap one-loop pieces of the log u and analytic part, below threshold. As
well as the double log discontinuity, which is entirely above threshold, there is information
from within the window and below the window which further constrains the four-point
function. Remarkably using all of this available lower order data always fixes the one-loop
four-point function up to certain well understood ambiguities which only have finite spin
dependence in the SCPW expansion.

To begin with consider long SCPW coefficients of the analytic part of the tree-level
correlator L(Y) arising from operators in the window region, 7™ < 7 < 7™max (see figure 1).
For simplicity assume p; + p2 > p3 + psa (the other case is similar), then (3.15) becomes

1 1 0 min max
LY = 3 0;1;)2qu0]§3;4qu TR A ) o > s 4Py (3.33)
(pq)ERz

The key point here is that there are new, leading three-point functions at O(1/N?%) —
;3)2 Kpg with below threshold twist 7 < p; + po.
Fixing (p1p2) and 7, let us consider all values of (psps) € Rz and rewrite (3.33) as a
vector equation

_cOT (3.34)

(1) ) )
<C(p1p2);7_:> (pq) - CP1P2K(pq);; v(pq) € RT (335)

and the row vector of no-log O(1/N?) CPW coefficients, L

1)
(p1p2);
(1)
(L(plpz)ﬂ?) (p3pa)

- With entries
=L V(psps) € R (3.36)

The other ingredient is the matrix of leading three-point couplings C;O) defined
in (3.21).

Consider now the log u part of the one-loop four-point function with SCPW coefficients
M®) (3.16). In direct analogy to L above, define the vector M . The OPE in

(P1p2);T (P1p2);T
the window (3.16) (for varying (psps) € Rz), becomes the vector equation

1
M(Qi o =-cW .m;C(O)T~ (3.37)
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If we know C;O) we can explicitly solve for Cam)_; using (3.34) and plug in here to

get the one-loop SCPW coeflicients Mgim)'?' However even if we don’t, because of the

degeneracy of the anomalous dimensions, we see that by using (3.23), (3.27) and (3.34) we
obtain Mgim)'? purely in terms of tree-level SCPW data as
(2) _1@ (ONSRYES;

M(?po)Q‘F B L(p1p2)§‘?( 7 ) M? ) (3.38)

We thus bootstrap a piece of the single log coefficient of the one-loop correlator from
tree-level data.
In a very similar way, pieces of the analytic part of the one-loop four-point function,

namely the coefficients L) for twists below the window, can be determined purely in terms
of tree-level SCPW coefficients. From (3.17) we find

2 _ ~@ owr @ 0)\—17 ()T
Lz = C(plm)fc(pam);? - L(plpz);?(L71 )L P3pa);T H2atb= T <ps+ps. (3.39)

—~

Recall that the SCPW coefficients L(!) appearing in (3.39) are determined by summing

contributions of DI(;)

nected free theory at order 1/N? can be obtained using results in [8], and was presented

, and connected free theory, as in (3.8). A general formula for con-

already in [9]. In our notation, it is recorded in appendix B.1.

In the above discussion we suppressed the dependence on the spin [ of the exchanged
(2

operator. Let us now be more concrete and describe how the quantities M(p1p2)“7" and
Lg;, obtained from matrix multiplication, depend on spin. In fact, such a spin dependence

follows from a) the knowledge of the spin dependence of disconnected free theory, b) the spin
dependence of tree-level SCPW coefficients [8], given explicitly in (B.23) appendix B.2.3,
and c) reciprocity symmetry [ <> —] — 7 — 3. Proofs of the following formulas are collected
in appendix D.

When b is even we can treat even and odd spins separately. In each of these cases

we find,
<2+2l+7+p43 ), <2+2l+7'fp21 ), (21 +3)
2 : 2 :
M2, ) = g (G147 (3.40)
b7, 7[a a} (2 + 2l + T)' denM(2> (2l + T + 3)
242047+ 242047—
) ( 2 p43)! < I )l numy 2 (2l + 7+ 3)
L ] = X (3.41)
p;7,1,[abal (2420 +7)! deng 2 (20 + 7 + 3)

The polynomials num and den are even in the variable (2 + 7+ 3), with coefficients which
depend on 7. The denominators are fully predicted by the formula (3.26) for p+¢ = 7. In
particular they have degree 7 — 2. The numerators have degree,

degree num ) (1) = (1 —4) +2(ky — 2) + p21 (3.42)

degree numy 2 (1) = 2(7 — 4) — (pa3 — p21) (3.43)
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When b is odd, the symmetry [ <+ —{ — 7 — 3 exchanges even and odd spin. By picking
the sector of even spins as representative, we find

24204 74pas \ | ((242047—
( 7 p45>! ( 7 pm)! (I + 7 +2)*num$ys (1)

(2)
¢ _ 3.44
p;7,even,[aba] (2 T2+ 7_)' X deneve(gl) (l) ( )
24204 7+4pa3 |y [ 242147 —p21 ||
1@ _ ( 2 ) < 2 ) " (147 +2)*num ;) (1) (3.45)
P even,[aba) 2+20+7)! den e (1) '

where the denominators are again predicted by the formula (3.26) for p 4+ ¢ = 7, and

degree num ) (1) = (1 —4) + 2(kyg — 2) + p21 — 2 (3.46)
degree numy 2 (1) = 2(7 — 4) — (paz — p21) — 2 (3.47)

Summarizing, from all the results given above we can determine the following pieces
of the O(1/N?) four-point functions.

e log! u stratum obtained from a finite number of twists, V spin,

Fmax__o

p@| log w3y ( 2 )( Loz + ... (3.48)

1
og" u lab rrmin Pp3pa)

where M(?) is given in (3.38) and we are omitting here terms contributing to twist

T > Tmax

e log” u stratum obtained from a finite number of twist, ¥ spin,

mln 2
(2) @) [
D5 | o Dt Y. Y LY Lyt (3.49)
l,a,b T=442a+b

with L(®) given in (3.39) and we are omitting here terms contributing to twist

7> 7™ There is an extra subtlety which needs to be tackle in order to deter-

mine fully the log® u stratum. It enters the contribution called D}(fo)un 4> and has to do
with multiplet recombination at the unitarity bound, 7 = 2+ 2a+ b, in each channel.

We will discuss this in the next section.

Equations (3.38) and (3.39) show how to obtain SCPW coefficients of the one-loop four-
point functions directly in terms of SCPW coefficients of tree-level functions. Unmixing of
the CF'T data is not necessary to achieve this.

There are cases in which we can unmix explicitly the three-point couplings CO). Re-
ferring these cases to rectangle Rz given in (3.10), they correspond to operators in su(4)
representations [n,0,n] and [n, 1,n], label by u = 1 V¢, and operators K € R4y 9415,aba]s
labeled by ¢t = 2 Vu, for which the rectangle R- collapses into a line, and therefore the
degeneracy has no space yet to show up. Given the knowledge of C(©) we can proceed to
obtain the subleading three-point couplings. A number of examples is given in appendix C,
where we also comment on the so called derivative relation.
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Despite the fact that the explicit three-point functions and anomalous dimensions are
not needed to produce the one-loop OPE predictions described above, we emphasise that
they do follow a significantly simpler pattern, compared to the partial wave coeflicients
they are obtained from. The beauty of the pattern is manifest in the structure of the
anomalous dimension (3.31), but also in the three-point couplings unmixing when possible.
As it was found in [4] and [7], the three-point couplings unmixing always reduces to the
problem of finding unitarity matrices with predicted spin dependence.

3.3 Semi-short sector predictions

As anticipated in section 2.4, we now come back to the delicate point of multiplet recom-
bination at the unitarity bound. In (3.49) we gave the one-loop log® u predictions which
originate from twists above the unitary bound, i.e 4 +2a+b < 7 < T};nin. In addition, we
claim that the dynamical one-loop function must contain a contribution at the unitarity
bound 7 = 2 + 2a + b, which we also predicted. Namely,

2 _ r@f 2D _ _
2)f . k - k
L sarnafasa = 2D Ao s = D (1 Sppaipian (3.51)

k=0 Nt k=0

The coefficient Lf:)]; +2a4p Was obtained in (2.44). Its first term is given by the CPW of
connected free theory Ag o,y o 142+4k,1a-) restricted at order 1/N*. Tts second term
is given by summing over the new coefficients Sy 2,14 ok 1424k 10-+], and it follows non
trivially from the analysis of the semishort sector, which by construction is of order 1/N%.
The contributions to the analytic, log?u part, of D@, which come from twists at the

unitarity bound, combine to give the function Dg))und in (3.49) in the form

2 2)fr
D e =~ > L Ly (3.52)
l,a,b

The reason for (3.50) is the following: the OPE of OO, in free theory runs, by
definition, over all operators of A" = 4 SYM, but supergravity states correspond only to
operators built from half-BPS operators, i.e. they are either half-BPS operators themselves
or multi-particle operators. Other single-trace operators at the unitarity bound, which are
present in free theory, correspond thus to excited string states, and should be absent from
the OPE in the supergravity regime.

Simple examples of operators which correspond to excited string states are the Konishi
operator tr(¢?) in the [000] representation, and twist 3 superconformal primaries of the form
tr(¢3) in the [010] representation. However, these two cases are special because there are
no other existing operators with such quantum numbers. In particular, there will be no
S-type contribution in (3.51). Beyond twist 3, instead, we have to distinguish carefully
between multi-trace semishort operators, which do remain in the spectrum of supergravity,
and excited string states, as was done in section 2.4.

~ 98 —



It is very instructive to compare the new features of 1/N* physics with corresponding
tree-level terms. Let us begin from the analogue of equation (3.50) at tree level. It re-

duces to
a

1) — k 1D —
Lﬁ;2+2a+b,l,[aba] - Z(_l) A[l+2+k,l“—k] 1 +Lﬁ;2+2a+b,l,[aba] =0 (353)

k=0 NZ

_y(Of
_Lﬁ;2+2a+b,l,[aba]

The difference compared to (3.50), is precisely the difference between performing multi-
plet recombination with CPW coefficients of connected free theory — assuming all below
threshold (7 = 2 + 2a + b < 7™) semishort operators are absent — and performing
multiplet recombination with remaining below threshold semishort operators. This is just
because the semishort three-point functions are all of O(1/N?) and so are only visible in
the SCPW decomposition at O(1/N?).

Indeed, the leading three-point function 01(7?7)7]' Koy = 0 whenever p; + p; > 7, thus this

min

vanishing condition extends to the non-semishort “below window” sector, 7 < 7™ at tree
level. Thus
@ _ s 1D _ min
Lyz=Ly" + Lz =0 VT < T (3.54)

with the free theory part, L)/ given in (2.30) when 7 is above the unitary bound
T >4+ 2a+ b and (3.53) when at the bound 7 = 2 + 2a + b.

3.4 Back to the bootstrap

In the previous three sections we have explained how to bootstrap, from tree-level results,
predictions about the dynamical one-loop function of (O, Op,0p,O,,). Summarizing, we
have obtained the leading log? u discontinuity (see discussion around (3.28)-(3.29)). Then,
we have obtained pieces of the single log! u from exchanged operators in the window (see
discussion around (3.38) and (3.48)), and also pieces of the analytic log” u part of the
correlator from below window data (see discussion around (3.49) and (3.39)). Finally,
we understood how to deal with the SCPW coefficient of long operators at the unitarity
bound in (3.51). We emphasize that even though the leading log discontinuity can be
obtained more elegantly by using the hidden symmetry of [9], our approach here allows us
to go beyond that, and compute M @) and L@, which are very important pieces of our
bootstrap program.

The OPE predictions introduced so far were organised according to the log u stratifi-
cation of the correlators given in (3.4)—(3.6). We now point out that the structure of the
O(1/N*) dynamical function admits a further refinement.

Consider first the following observation: looking at below threshold physics at tree
level we found that the analytic sector of the dynamical function D) is subject to the
constraints (3.54), i.e

1D
b7

AT S VA+2a+b< T < 7min (3.55)

augmented by a similar constraint at the unitarity bound, given in (3.53). We claim (and
we will show in section 5) that D is entirely fixed by these constraints, together with the

requirement that its log v discontinuity has threshold twist 77™2%.
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Consider now the analytic sector at one-loop, we find instead

LS;D =IO 4 Lf; 442 +b< T <m0 (3.56)

where L) is the new O(1/N*) prediction (3.39) arising from the tree-level data via the

OPE. It is clear then that the analytic part of D has two separate contributions, one
cancelling free theory contribution, i.e —Lg)f
tree-level data L](f;. Furthermore, at the unitarity bound we find a similar split into a piece

)

, and another one linked to predictions from

depending directly on free theory SCPW coefficients and a non-trivial prediction arising
from correlators of different charges (3.51). Since the log? and log! strata of D?) are
determined uniquely by tree-level data via the OPE (see sections 3.1 and 3.2), and have
no free theory contribution, it is natural to split the one-loop function into

D@ — 7O {4 (3.57)

where 7 and H? have a different interplay with connected free theory.

The function 7 generalises the tree-level function DM, and it will be defined by
the properties that it has log! « discontinuity with threshold twist 7™#, no log? u double
discontinuity, and it fully cancels below window long contributions coming from recombined
free theory, hence the name of generalised tree-level function. Indeed, for any 4+ 2a+ b <

T < 7™ e, strictly above the unitary bound, we expect
@7 _ _7@2)f
Ly: =—Lsz (3.58)

with L)/ the O(1/N*) part of (2.30), and at the unitarity bound

a

T _ k
Lp";2+2a+b,l7[aba] - Z(_l) A[l+2+k,1a_k] L (359)

k=0 N

It follows that the one-loop OPE predictions (3.39), below the window, will be encoded
only in the function H®, i.e.

LM =) 442 +b< 1 <™ (3.60)

and at the unitarity bound
@) 3
2)H _ k
Lﬁ;2+2a+b,l,[aba] =+ Z(_l) S[l+2+k71a7k} (361)
k=0

Our task now is to construct the one-loop correlator D) consistently with the OPE
predictions. We will see that the splitting D) = H?) 4+ 7@ is also strongly motivated by
features of the log? u discontinuity. In fact, we will discover that % is the minimal one-
loop function which consistently emanates top-down from the leading log? v discontinuity.
Furthermore, we will find that 7 can be constructed as an exact function of N. The
interplay of H(? with the semishort prediction (3.61) is very remarkable. When we think
of it as descending from the double logarithmic discontinuity, it is a tangible triumph of
supergravity within our ' = 4 bootstrap program.
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4 One-loop correlators

The discussion throughout section 3 provided us with predictions for the one-loop func-
tion that we now make operative by introducing an ansatz which will suit them all. To
understand this ansatz and impose as many constraints as possible, we will first consider
the consequence of crossing symmetry and those of the OPE on the structure of one-loop
correlators, and secondly we will obtain a (two-variable) resummation of the leading double
log discontinuity. We then go on to assemble this and the information below threshold to
obtain the one-loop correlator.

4.1 Structure of one-loop correlators

From the OPE we expect different parts of the correlator to possess contributions from
operators of different twists (see the previous section). The log? u discontinuity has contri-
butions only from operators above threshold 7 > 78 The log! v part can have contribu-
tions from the window, 7 > 7™"_ Finally, the analytic log® u part, can have contributions
starting from the semishort operators with 7 > py3 + 2 (see figure 1).

Because a long operator of twist 7 gives a contribution to the correlator which goes
like P x T x uz(™P13) for small u, the OPE then dictates that

=)

D hoge = O(us 77

j2
2
Dz(j‘)hogou = O(u) ) (41)
where
1 +p2+p3—
i(TmaX — p43) = max <p37 et 5 b p4)

1 min :
5(7' — p43) = min | ps3,

p1+p2+p3—p4> = k3 (4.2)

2

The latter is precisely the degree of extremality.

Consider now the split D) = 72 + 42 We claim that only 7 has a contribution
at O(u) whereas H?) = O(u?). The reason for this follows again from the detailed under-
standing of the semishort sector: the contributions at O(u) arise from semishort operators
with twist pg3 + 2 in the [a = 0, p43, 0] su(4) representation. In this case there is a single
A-type contribution in the sum of (2.44), which is to be dealt with by 7(®, and a single S
contribution, to be dealt with by #(?). Recall that we deal with the split D2 = 7@ 44
by using (3.59) and (3.61). Then notice that the S contribution itself is obtained in (2.43)
in terms of SCPW coefficients Sy, ,psp, Where ¢ + G- = ps3 + 2. But these correlators
are next to extremal, and they completely vanish when we use the correct definition of
single-particle operators — as discussed below (2.12) — so the S contribution vanishes at
this twist. Thus

T(Q)’logou = O(u) H(2)|log0u = O(u2) : (43)
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Under crossing u <> v, the analysis of the small u expansion in (4.1) translates into
predictions for the small v expansion, which is then useful to understand how to constrain
the ansatz for the full function.

For the correlator itself crossing symmetry very simply implies that

(Opy (21)Opy (22) Oy (23) Opy (24)) = (Opy, (261) Opy,y (€52) Oy (€03) O (204)) 5 (4:4)

for any permutation o € S4. The implications of this taking into account the prefactor P
requires a little care. When defining the prefactor we always made the choice 0 < po1 < pys
which should therefore be maintained under the permutation, whilst sending u <> v. This
requires considering a number of different cases for the relative values of the charges p;. In
all cases however there is a unique permutation o satisfying the above requirements and
one finds that for this permutation

2 uT\ fp 2
DI(>1;>2P3P4 (u,v) = (7) D1(>a)1pa2pa3pa4 (v,u). (4.5)

The small u behaviour of D;,(,i)l PogPospey (U V) given in (4.1) then yields the following small

v behaviour of DI(?Q) (u,v)

D;’Q)‘logzv _ O(v%(p1+p4—p2—p3))
2
D;f}’ )‘1og1 v O(UO)
2 o —
D g0 = O(1/0"7 1) . (4.6)

Further, the different small u behaviour of 7(?) and H(?) in (4.3) implies a different small
v limit, namely

7;7(2)|10g0v = O(l/vnﬁil) H1(3'2)|10g0v = O(l/v,{pqu)' (4'7)

The differences in the v behaviour between H and 7 are crucial in the determination
of our ansatz.

4.2 Resummation of leading logs

Only H? carries the log? u discontinuity in the splitting D) = 73 +H ) by definition.
We can then use the arguments of the previous section to infer that in the small v and v
expansion we expect

7-[1(72) =u

_ P43 | max(p1+ps,p3+pg) P43—P21
> T 2 Olv 2
log?u

) log?v+0(v") logv—i—O(l/v“ﬁ*Z)] (4.8)
As explained in section 3.1, the leading log discontinuity is defined by the sum

_ (2) T
B Z (NF )(p1p2)7(1)3p4) Lﬁ;? (4'9)

T >max

(2)
Dy

log? u

where N(2) = 1nvp(1) (L(O))_1 M®) is the matrix assembled from tree level data.

1
2
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By explicit computation of (4.9) to higher order in 7 we obtained the resummation of
the leading log discontinuity in a number of cases, and deduced that, as function of the
external charges, it always has the structure

(2) _P2,1(x7j70-77-) |: . T 7:| PLQ(‘,I:?'%?O-?T) 2 132 *]
B logQu_—(g:—JE)dﬁJrg Lig(z) —Liy(Z) +—(x—§:)dﬁ+8 Lij(z)—Li{(Z)
P _(x,z,0,7) T, . L P (z,z,0,7) Py(x,z,0,7) 1
oy (L@ L @) = e+ T T
(4.10)
where
dy=p1 +p2+p3+ps—1, (4.11)

for certain polynomials P depending implicitly on the external charges p. These polyno-
mials are obtained by matching the series expansion in x and Z of (4.10), with that on
the r.h.s. of (4.9). The latter is obtained by considering that each conformal block, of
twist 7 and spin I, has a series representation of the form u™(1 — v) f(z, Z) where u = 7,
v=(1-2x)(1—2), and f is an analytic symmetric function in  and . We call an expression
of the form (4.10) a two-variable resummation.

After a case-by-case inspection of (4.10) we indeed verify its consistency with the
—Pa3)/2 factor, which

gives the leading term in the small u expansion. Then, in the small v expansion, the log? v

max

general structure (4.8). In particular, we always find an overall u(7

behaviour is dictated by Pi 2, and goes like vP13=P21)/2 the log! v behaviour is given by
the limit of —P; _ + P; 4, and goes like 02, and finally only the log® v contribution has a

Ky —2

singularity of the form 1/v
In fact a ten-dimensional conformal structure observed in [9] was found to give a direct

formula for these leading logs. We checked in many cases that our results agree, and we

postpone to section 6 a more detailed description of this ten-dimensional structure.

4.3 Minimal one-loop functions

We now have all the relevant information to write an ansatz for the minimal one-loop
function H?), which is consistent with crossing symmetry, and matches the two-variable
resummation of the leading log? u discontinuity.

We consider single-valued transcendental functions up to weight-4 functions antisym-
metric in x <> &. The weight counting follows from the resummation (4.10) in which we
find an overall log? u paired at most with weight-2 anti-symmetric transcendental functions.
Therefore we need a basis for weight-4 antisymmetric transcendental functions, and their
lower weight completion. We can make it very explicit, by introducing the series of ladder
integrals,

14

o0 =3" W(log )" (Ligg—p(x) — Lize—p (Z)) (4.12)
r=0

— 33 —



Then, the basis has the following form
Wi = hy ¢ (@), 2h) + hy 0P (2, 7) + h3 9P (1 — 2,1 — 7)
Ws_ = hy 20,6 (2,2) + hs (z — 1)0,0 P (1 — 2,1 — ) — (z & T)
Wor = (@ — ) (hs 0,62 (@,2) + b1 0,0 (1 — 2,1 7)) + hs G

Way = hglog(u) log(v) 4 higlog?® v + hyq log? u (4.13)
and
Wy = ho ¢V (z, z Wy =
) ¢ (z,7) 0 =ho (4.14)
Wlu = hulogu le = thOgU

The weight -4 and -3 basis have been written in terms of the double box function, which
is the £ = 2 integral in the ladder series. The weight-2 anti-symmetric element is instead
the ¢ = 1 box function. Each coefficient function h;—1 . 11,0,u,0,0 Will be polynomial in the
variables z,Z, &, 7.

From considerations about crossing in (4.7), and the structure of the two-variable
resummations (4.10), we conclude that the ansatz for the minimal one-loop function is

given by
2 Wi+ Ws_ 1 Was
Hﬁ - (fL’ _ .i')dﬁ+8 + (SC _ i.)dﬁ-f-? W3+ + ,Uliﬁ—z
1 Wa_ Wiy + Wiy Wo
4.1
* v | (x —2)3 (2 —2)W T (2 — x)dﬁ+5} (4.15)
where recall
min(p; + p2,ps +
dy=p1+p2+ps+ps—1, Ky = (p1 ];2 P3 + pa) _%. (4.16)

A smaller basis made of just the box function ¢(), together with its weight one and
weight zero completions will be referred to as tree-like. For example, any D function can
be decomposed in such a basis. However, consistently with our splitting of the one-loop
function as P® = T 4 %@ we will point out in which way the tree-like coefficient
functions for Wo_, Wy, Wi, Wy really encode physics beyond tree level.

In the following we describe our bootstrap algorithm, going through the sequence of
steps that need to be performed in order to obtain 7—[2(72).

Crossing symmetry and leading log matching. For any orientation of the external
charges p, we consider the log?u projection of the ansatz and match with the explicit
two-variable resummation described in 4.2. This fixes combinations of coefficient functions
from Wy_, W3y, Way. Note that the power v"7~2 in the denominator of Wo, (4.15) is
consistent with the weight-0 part of the leading log (4.10). Matching all independent
leading log discontinuities actually fixes completely the polynomials hi2 .. 79..11. When

Ky = 2, the correlators are next-to-next-to extremal, for example 2222, and 2233, and there

-----

is no singular v behavior in the ansatz. In these cases our ansatz (4.15) reduces to the
ansatz considered in our previous works [3, 7].
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Absence of unphysical poles. Any leading log discontinuity has itself no poles at
x = Z. However, that only counts the log?u projection of the function H?). In order
for the ansatz to produce a well defined function we have to ensure that globally there
are no unphysical poles. In this way, lower weight coefficient functions become entangled
with those at weights -4, -3 and -2 symmetric. In particular, both the power of (x — Z) in
the denominators, and the coefficient functions of Ws_, Wy, Wy, and Wy, have the right
structure such that all x = Z poles coming from weight -4, -3 and -2 symmetric coefficient
functions can be cancelled. For this reason the ‘tree-like’ coefficients functions of H(®,
ho, hy, hy, hg, have quite different features compared to their counterparts at tree level. In
this process we can keep v"7~2 as the maximum singular power in the denominator.

Matching the OPE prediction in and below window. At this stage of the algorithm
we have found a well defined ansatz with the correct log? v discontinuities. It differs from
7—[](32) because we have not yet imposed the remaining predictions in and below window,
which we have to compute explicitly by using the strategy outlined in section 3.2 and 3.3.
Such OPE predictions come as SCPW coefficients at fixed twist, and varying spin, i.e. from
a sum like

S oepBt 4 4> kB (4.17)
l l

where ¢] stands for M 7(21) or L(T2l), and k < 7% is finite. Given the analytic representation

of the conformal blocks, we can series expand the sum (4.17) in the form

Te—T0 OO

u® Y dya”z™ (4.18)

n=0 m=0

and then resum it as
Tk—T0

x™ Z x"gn(Z), (4.19)
n=0

where the functions g, contain transcendetal functions of one-variable. Indeed the ansatz
for these g,, descends from the two-variable ansatz (4.15), upon performing the same series
expansion as in (4.19). We call an expression of the form (4.19) a one-variable resummation.

The initial number of free coefficients grows with p; + ps + ps + ps4, because of the
denominator factors (z — z) in (4.15), and obviously with the number of su(4) channels.
Cancelling * = Z poles alone still leaves a large number of free coefficients. Imposing
OPE predictions in and below window is indeed crucial to finally obtain the minimal loop
functions.

Ambiguities. Imposing predictions in and below window fixes the majority of the free

coefficients in the ansatz. A sample of this process is illustrated in table 1. The free

parameters left are associated to a restricted class of tree-like functions, which we call

ambiguities. By construction, these ambiguities do not contribute to the log? u discontinuity

in any channel, obey the correct crossing transformations by themselves, have no z = Z
max

poles, and contribute only above window, i.e for twists 7 > 5 Furthermore, we find
the special feature that their SCPW coefficients have finite spin support, I = 0, 1.
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correlator ipitial free coefls. | after leading log matching after OPE predictions
in hg, Ay, by, b1 and pole cancellation in and below window
2222 1 x 378 1 1
2233 1 x 496 16 2
2244 1 x 579 20 2
3333 3 x 579 20 2
4444 6 x 946 68 4

Table 1. Number of tree-like free coefficients across the three steps of our algorithm.

The Mellin amplitude corresponding to the ambiguities is very simple, since it can be
at most linear in the Mellin variables (s,t), for two reasons. Firstly, it cannot be rational,
as any additional pole would spoil our predictions in and below the window. Therefore it
has to be polynomial. Secondly, this polynomial cannot be higher order than linear, as
it would generate tree-like terms with a higher degree denominator than allowed by our
ansatz (4.15) for the minimal one-loop function 7—[1(32).

For a generic correlator without any crossing symmetries, we can parametrise the full

set of ambiguities by

3— 4 Kp—2Kk5—2—1
@) - . (L25) (s i) (435),\ ~ing
Hﬁ ambiguity UP2+P3 %'LLQ V2 Fp ; ]ZO ( S+ Oép—» t) ag T, (420)

where x; is the degree of extremality (2.14), and I'y is the combination of Mack’s Gamma
functions

p1+l2)2—8] r {p3+]294—8} I [p1+§4—t] r {p2+§3—t] r {prﬂ;&a—U} r [p2+1;4—U]'

rﬁ_r[

In (4.21) we have introduced an auxiliary Mellin variable U which makes crossing symmetry
manifest, and it is defined as

s+t+U=p1+p2+p3+ps— 4. (4.22)
3(/{571)%5
2

Thus, for a generic correlator, we find undetermined ambiguities. In cases in
which the correlator has some crossing symmetry, we have to count only crossing symmetric
combinations.

Let us construct explicitly the ambiguities for the correlators we will discuss in the

next sections:

e (03020503). The only fully crossing symmetric combination one can build is the
constant Mellin amplitude 1, so there can only be a single ambiguity: adgg,.'?

2The corresponding function in position space is Dusaa [3]. The value of a2222 = 60 (in the conventions
of [3]) was found by using a supersymmetric localisation computation [13]. Such a non-zero value breaks
analyticity in spin for the twist 4 one-loop anomalous dimension at spin zero, in agreement with the
argument from the Lorentzian inversion formula [6].
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e (02050,0,). This family of correlators is not fully crossing symmetric if p > 2. The
remaining invariance can be understood as invariance under ¢ <> U. As a result, we
are left with two out of three ambiguities,

a%zpp, and a%zpps. (4.23)

e (03030503). This correlator admits up to linear terms in &, and 7, but crossing
symmetry only allows two (fully symmetric) ambiguities,

aé333(1 —+ OA' —+ 72) and OK%333($ + U(} —+ t%) (424)
A correlator with Kk = 3 but no crossing symmetries would admit 9 ambiguities.

o (04040404). The full crossing symmetry of this correlator greatly reduces the num-
ber of ambiguities. With at most quadratic terms in &, and 7, one can construct four
independent ambiguities: two ambiguities with constant Mellin amplitudes

by (1+6%2+7% and o, (6+7+67) (4.25)
and two other ambiguities with linear terms
Qua(s + UG +17%), and  ajy(té + UF + s67). (4.26)
A correlator with £ = 4 but no crossing symmetries would admit 18 ambiguities.

Notice that our analysis here is already in agreement with the observed number of
ambiguities shown in table 1.

Since our bootstrap algorithm has a built-in position space implementation, it will be
useful to rewrite the Mellin amplitude for the ambiguities in such a way that the comparison
with the position space result is simple. This rewriting follows our organisation of the OPE
into above threshold, in and below window, and it is explained in appendix B.2.

4.4 (030350303)

We begin illustrating our bootstrap algorithm with H:%é?, The solution for the polynomial

coefficients hq,...h11, ho, hy, by, ho is listed in a Mathematica notebook attached to the
arXiv submission of this article. For simplicity, the ancillary file contains 7-[%)33 with a
particular value of the ambiguities.

The 3333 correlator has degree of extremality 3 and full crossing symmetry. The long
sector decomposes into three representations, [000], [101] and [020], with threshold twist
T = 6.

The resummation of the log? u discontinuity can be obtained from @3333 and A® ag
explained in section 6.1. With this data we can then initiate the first step of our algorithm,
by matching and imposing crossing symmetry of the ansatz.

In the second step of the algorithm we impose absence of x = Z poles on the ansatz.

Finally, we have to impose OPE predictions in and below window. Here the window is
empty, since all external charges are equals. This implies that upon projecting the ansatz
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onto the log! u stratum we have to set to zero the one-variable expansion up to order O(z?).
OPE predictions below window are instead non trivial.

In [000] the unitary bound is 7 = 2, and no long supergravity states contribute, since
these are all string states. A non trivial prediction comes in at twist 4. Here there is only one

double trace operator Kog.4; 000]- Using (3.39) we thus get a prediction for Lg?;; 4,l,[000]'13
We have
2)H _
L3333;2,l,[000] =0 (4.27)
9 x 4800 ((I+3)H*1+ (1)
L(Q)H-4l _ X (( + ) ) + ( ) ) (4.28)
3333;4,L1000] (1 1) (1 +6) (21 +6)! 2
The one-variable resummation of (4.28) input into (3.49) reads
(2) _ ‘xj VAT (Y L 2 (a e S2NT 20 3
Hiss5 =9x6!x — 5(x — 2)zLiy () + = (6 — 6z + z°)Li{(Z) | + O(z”) . (4.29)
T 000] log% u x 3

In the [101] and [020] sectors, the unitary bound is 7 = 4. There are no predictions
descending from the long sectors at tree level. Instead, this is the first case in which we
need to consider the consequences of protected semishort operators at twist 4, through our
formula (3.61) and the results for Sy, 9 1) and Sy;42 given in (2.46). More precisely, there
is an Sy (1) for [101], which implies

N21 _ (_1\!
L(Q)’H, l _ 9 x 576 ((l + 3)) 1 ( 1) (4'30)
333340101 (1 4 2)(1 +5) (21 +6)! 2
with corresponding one-variable resummation,
(2) ,532 - - N TN o120 3
Hass3 , =9x6!x— |3(2-2)7+ | 6—62+-2° | Liy(2)+ - (2—2)zLif(2) | +O(2°)
T[lOl] lOg u x 5 5
(4.31)
and an Sy ;49 o] for [020] which gives,
2 [+3)2 14 (-1)
L(2)H.4l ool = 9 x 288 (( + 3) ) + ( ) (4.32)
33334110200 (1 4 3)(I +4) (21 + 6)! 2
with one-variable resummation
2
2 X 67 3 _ e 1 _ D
Hé3)33 0 logl =9 X 6! x —1 ng + g(az —2)zLiy (Z) + 0 Lid(z)| +O(z®)  (4.33)
There is an important logical distinction between L%?; 40,]101] and L:(’,?:Z; 41020 W€

should highlight. The twist 4 of [020] lies at the bottom of multiplet recombination, in
the sense that 7 = 2a + b+ 2 with b = 2 and ¢ = 0. This means that the corresponding
SCPW does not get shifted by multiplet recombination in another su(4) representation. In
fact, our formula (3.61) makes explicit that there is no extra summation over a that needs
to be taken into account. This is not the case for the twist 4 of [101], where instead the

13The explicit expression for C§§?4 1,[000) 18 in appendix, given by (C.8).
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SCPW coefficient receives a contribution due to multiplet recombination of [000] at twist 2.
However, there is no Sy, 5 o contribution, therefore Lé?;; 4101 = S4142,11) holds exactly.

Coming back to our ansatz, we match (4.29), (4.31) and (4.33). Recall that we had 20
free coefficients, i.e. coefficients not fixed by demanding absence of x = T poles. However
after matching the OPE predictions below window we are left with only 2 free coefficients.
The functions they span are the final ambiguities. They come out in the form

H2, 3 7{ w$ot T—sPT[—4T[s + t + 5]
ambiguity

X (146 + 7Bk + (s + 7= 505+ 5 +1)Bhs|  (4.39)

By redefining the Mellin variables s,t we obtain a perfect match with our previous discus-
sion in (4.24). Upon inspection, the SCPW of (4.34) only contributes at spin [ = 0 for
twist above threshold.

4.5 <O4O4O4O4)

The next correlator we study is 4444. The solution of our bootstrap problem, written up in
the basis (4.15), is appended in a Mathematica notebook attached to the arXiv submission
of this article. For simplicity, the ancillary file contains ’Hﬁ)M with a particular value of
the ambiguities.

The 4444 correlator is fully crossing symmetric and has degree of extremality 4. The
long sector decomposes into six su(4) channels: [000], [101], [020] and [202], [121], [040].
The threshold twist is 7% = 8.

The leading log2 u resummation is obtained by acting with 734444 and A(S), as explained
in section 6.1. We then initiate the algorithm by matching, imposing crossing symmetry,
and absence of x = Z poles.

We finally come to the OPE predictions in and below window. Being the window
empty, we project the ansatz onto the log! u stratum and we set to zero the one-variable
expansion up to O(z*). Below window we find instead non trivial physics. For the rep-
resentations [000], [101], [020], the discussion is similar to that in 3333 for twist 4, and
continues at twist 6 by including predictions coming from the long sector at tree level. For
[202], [121], [040] we will have to consider non trivial multiplet recombination taking into
account the predictions arising from the semishort sector. We proceed in order.

In the singlet channel [000], there is an empty twist 2 sector, then the 1/N? subleading
three-point couplings Cﬁ; 4,,[000] and 04(126’[’[000
twist 6.'* Recall that there are two double trace operators in Re,1,j000]; therefore the twist

] give non trivial predictions at twist 4 and

6 computation yields a vector three-point function. We find, from (3.39),

(2)H _

L4444;2,l,[000] =0 (4-35)
2)H ~16x 4800 ((I+3)1)21+ (—1)

L4444;4,l,[000] - (l+ 1)(l+6) (2l+6)! 2 (4‘36)

1 @H _ 16 x360(20 +9)*(119 + (20 +9)*) ({ +4))* 1 + (=1)' (4.37)
44446,1,[000] I+ +2)1+7)(1+8) (21 + 8)! 2

MExplicit expressions for Cizll?4,l,[000] and ng)»e,l,[ooo] are given in (C.8) and (C.12), respectively.
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The corresponding one variable resummation is

12, — 16 x 6!

)T[OOO] log® u

z? )
x ( [5(@ —2)aLiy(7) + (6 — 67+ @Z)Li%(:f)] +

i
_ 4.38)
3 47* 7484 (
% [;f?(gz —2) ( ’ Tt 205) + (3440 — 55907 + T# — 2447%)Li3(z)
m —

—300Z(6 — 6% + 72)Lis (%) — 2(1230 — 1210z + 21122)Li; (Z)

) +O(2)

In [101] and [020] there are twist 4 predictions coming from semishorts operators at the
unitarity bound, similarly to the case of 3333 discussed previously. In particular, there is an
Syiy2,1) for [101] and an Sy o o) for [020], computed in (2.48) In addition we have 1/N?
three-point couplings 048:36,1,[101] and 051136717[020] which give predictions at twist 6. Notice
that twist 6 is the first twist available for a long rep [020], but the latter has doubling of
the operators, i.e. = 2.

The list of results in [101] is

16 x 1600 ((I+3)1)?1 — (—1)"

2H _
L4444;4,z,[1o1] - (+2)1+5) (21+6)! B) (4.39)
M 16 % 720000+ 1)(L+8) (1 +4)1)2 1 — (—1)! (w10)
4444;6,1,[101] — (+3)(+6) 20+ 8)! 5 .

with resummation

241
(2) 546!
H ‘ =16 x ——
4444 T[wl] logou 32
72 _ _ _ 7,2 . /o 1, N,
“\ = 3(z—-2)z+ (6—6T+ 5z Liy (z) + 5(:1: —2)zLij(z)| —
4.41)
3| 4 9(z —2)zt 16 (
— | == (15277 — 3014)7% + ————"— + —_(746 — 7667 + 201z%)zLi, (%
= 75( 527x — 3014)z° + 507 — 1) + 75(7 6 — 7667 + 201z°)zLi; (%)
1 - SO\ AT 220 2 - SN 4
+ 1—0(4 — 176z + 87z*)zLii (%) + 5(4 + 4z — 3z%)zLis(7) | | + O(x")
The list of results in [020] is
16x1152 ((1+3)1)2 14 (-1)!
Lﬁﬂu 20] = SxTi? d)) il (4.42)
L0200 (1 43)(1+4) (20+6)! 2
[ OH  16x864(40817+16702(20+9)2+81(21+9)*) ((1+4)1)% 1+(-1)! (4.43)
4444:6,1,[020] 80(1+1)(1+4)(1+5)(1+8) (20+38)! 2 '

40 —



with resummation

| = 16 x 226!
4444 T 020 108" u X
e [6 5 3, 1 o
X (j‘l [5:p + 5(3}—2)1‘L11(x) + 0 Lif(z)| +

5 (4.44)

3
T [5(382 —175%) +

243(7 — 2)z?
z° 1

3
BE 1) g(11358 — 113427 + 19812°)zLi (Z)

1
5—2(164640 — 2469607 + 9879472 — 86677°)Li%(Z) — 722°Liy(Z)

) + O(zh)

Finally we arrive at the representations [202], [121] and [040]. The unitary bound
for all of them is twist 6, and the semishort predictions were computed in (2.49). In
the 4444 correlator, the twist 6 of [040] lies at the bottom of multiplet recombination
because 7 = 2a + b+ 2 with b = 4 and a = 0. The prediction for Lz(124)4?1;6,l,[040]
straightforward. The predictions for [121] and [202] involve further shifts, which we now

describe. From (3.61) we find

is thus

(2)H _

L4444;6,z,[04o] - _54444;6,l+2;[0} (4.45)
2)H

Lz(14)44;6,z,[121] = +51444;6,1+2;1] — S1444:4,143;[0] (4.46)
2)H

Lz(14)44;6,l,[202} = —S4444;6,14+2;2) T Sa44454,143;[1] (4.47)

where in the last line we already implemented the absence of Sy444:142:0)- Formulas (4.46)
and (4.47) correctly include shifts to due to multiplet recombination at twist 4 in [020] and
[101], respectively. Let us give the explicit expressions here below.

For [040] we find

LM 16 x 384(29 + 3(20 + 9)2) (1 +4)12 1+ (—)! (4.48)
4444;6.,(040] — (1+3)(1+6) 2[+8)! 2 ‘
with resummation
3
Hﬁ@‘ L =16%6!x =
Y0407 log” u X (4 49)
1622 112, ., 16 o N
X 208—M+EL11@) (2—2)z —3(78—7895—1—1790 )zLii(z) | +0(27)
For [202] we find
LM 16 [2400(l+2)(l+7) B ( 1600 ) ] (+412 1+ ()
444436,1,[202] (I +3)(+6) (+2)0+5)) ) @8 2
16 x 200 (=83 +3(21 + 9)%) (I +4)12 1+ (—)! (4.50)
B (I+3)(1+6) (20+8)! 2 '

— 41 —



with resummation

3
7-[5344‘ =16x6!x %
T 202] log®u X (4 51)
X §+57‘%2+§L12(5:) fQ(f—2)+§(30—3092+13i‘2)Li (Z) | +0(a*) |
3 "3@z-1 9 ! 9 !
For [121] we find
@M 16w T2(401+174(2149)°+(2049)Y) 1152 (1+4)2 1— (=)
4444:6,,[121] (14+2)(1+4)(1+5)(1+7) (I4+4)(1+5) | (20+8)! 2
16xT72(3+(20+9)%)(167+(20+9)%) (I+4)1% 1—(—)! (4.52)
N (14+2)(1+4)(1+5) (1+7) (20+8)! 2 ‘
with resummation
3 =3 = =2
) x 47°(2 — 2T + &) L 1874 4
=16 x 6! x — —2184%(% — 1) + ——
7104 822 14
= (2184 — 3276 + ?922 = 59;3) Liy (Z) + E(48 — 487 + 73:2)Li%(g;)) + O(zh)

Incredibly all these predictions are consistent with the minimal ansatz (4.15) and
uniquely fix the remaining coefficients, leaving only 4 ambiguities. These are

2
H

_ %usvt T[T~ [s +  + 6]
ambiguity

X [(1 + 6%+ Blyas + (s + 72t — 62(6 + s + 1)) Blama (4.53)
+(F+6+76)Bu + (FL+s+t) —6(5+1t) —67(5+ 5))52444}

Again, we find perfect match with our previous discussion in (4.25)-(4.26), after the redef-
inition of Mellin variables s and ¢. The ambiguities have only spin [ = 0 support in any
su(4) channel, for twist above threshold.

4.6 Next-to-next-to-extremal correlators

In this section we will consider four point correlators (Op, Op, Op, Op,) with external charges
(2244), (3335) and (4424). These correlators are all N?E.

For N?E correlators there are no OPE predictions below window. In particular, sem-
ishort predictions Sp,popsp, vanish because they are determined through (2.43) in terms of
SCPW coefficients Sy, ()q(r)psps> Where p(r) + q(r) = pa3 + 2, and these correlators are next
to extremal, thus completely vanishing as a consequence of our definition of external single
particles states. Because of the split 7 + H 2, it follows Lé?:is’[op“m

An additional peculiarity of (3335) and (4424), which generalises to other N?E corre-
(1)

lators as discussed later on in section 5.3, is the fact that the tree level functions Dgé%

and DSL)% are proportional. This implies that, after taking into account a normalization,
both correlators have the same one-loop log? u discontinuity. Therefore, an ansatz having
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the correct crossing symmetries, and constructed by matching the log? u discontinuity and
imposing absence of x = T poles, cannot distinguish between 7-[%{;5 and ?—[531)24. Very in-
terestingly, this type of degeneracy is actually lifted at one-loop, because of the different
OPE predictions in the window. This illustrates another important aspect of the OPE
predictions in and below window. In general, we expect the situation to be as follows:
pairs of correlators which are degenerate at tree level will have instead different minimal
one-loop functions, distinguished by the OPE predictions in and below window.

For (3335) and (4424) we have log! u twist 6 prediction (in the [020] representation).
Making manifest reciprocity symmetry, we write them in the form (3.40),

Yas + Yams(L+ 9)? (1+4)!(1+5)!
(+DI+HI+5)1+8) (20+8)!

(tr=206) o N (4.54)
Y4(42)4 + Y4(42)4(l +35)7  (+4(+5)
(+DI+4)I+5)+8) (20+8)!
The values of the free Y coefficient above, obtained from the OPE predictions, are
{ Yy, = —4762800 { Vi), = —4628736 (455)
2 0 d 2 0 :
Y3(3:’35 = %Y3(33)5 Y4(42)4 = % Y4(42)4

We proceed as in previous sections. We construct an ansatz which matches the leading
logs, has the correct symmetries and no = =  poles. We then impose the OPE predictions
in the window.

The result for (3335) and (4424) can be obtained in the following instructive way. We
initially normalize both correlators in a way that the leading logs are the same. Thus we
construct one ansatz. Before imposing OPE predictions, this ansatz has six free coefficients.
We now insist that the SCPW coefficients of the ansatz at 7 = 6 have the form (4.54),

where we do not specify the values of Y;E(O) and YV yet. This constraint returns a one-

1
P
parameter ansatz with one additional ambiguity. We go back to the correct normalization
for the correlators, and we keep }/;;0) as the free parameter, isolating the tree-like function
it multiplies. Then, we can write the minimal loop functions in the following form

HY = N H + %Yﬁ(o)ﬁﬁuu 7 = 3335||4424 (4.56)
where Ny04 = 128 and N3335 = 135. Because }3(???25 + Y4(22)4, we find 7—[%)35 # %4(51)24-
Differently from tree level, the minimal one-loop functions are distinct.

The ambiguity has the same functional form for both (3335) and (4424). Written in
Mellin space it reads

7—[5)23)35“4424 —_— :u%%usvtr[—s]l“[—s—1]F[—t]F[—t—1]F[s+t+6]F[s+t+7] By
o (4.57)
Notice the combinations of Mack’s I'5 is the same for both (3335) and (4424).
The result for (2244) is more straightforward. In the window, we have both twist 4
and 6 predictions (in the [000] representation). Again we write them in the form (3.40),

43 —



namely

X ((1+3))?

_4 4.58
=49 TEDu+e @16 (4.58)
o Y tYaul+? (4 (459
A+ )(+2)I+7)(1+8) (2+8)! '
with predicted values,
76
X0, =-8x1920, Y0, =+8x 176400, Y&, = 2751/2(324. (4.60)

In the orientation (2424) the window is empty.
The bootstrap algorithm returns Hos44 leaving only two ambiguities as we discussed
in (4.23). In Mellin space we find

Hha] oy = 0t 0TIl s = 20Tl 4 6 [3hoys + Fpass]  (161)
ambiguity
The minimal one-loop functions corresponding to (3335) and (4424), and (2244), are
given in a Mathematica notebook attached to the arXiv submission of this article. For
(3335) and (4424) we only included H. In both cases, we have fixed some value of the
ambiguities.

5 Upgraded tree level Mellin amplitudes

In previous sections, we showed that the one-loop function D® admits the split D? =
T + H? | where H® encodes all the non trivial OPE predictions at O(1/N*) whereas
7@ is a generalised tree-level function having no log? contribution. Our final task is to
bootstrap 7.

The generalised tree level function 7; is defined as the unique function, within the

ansatz:
ProW(z,z P, log(v 1 P, log(u P
Ty= 22 —(d 2) +— %<d)1 | %(d)l + v (5.1)
P (x — z)d+ (x —z)d+l ks (x —z)d+1 (2 —2)
. + P2+ ps —
dy=p1+p2+ps+ps—1, Ky = min <p3,p1 b2 2p3 p4> (5.2)
such that:

(a) the threshold twist for the log(u) discontinuity is 7 = 7.

(b) the SCPW expansion below window completely cancels free theory contributions as
described in (3.58) and (3.59)

(c) there are no unphysical z = z poles in (5.1).

The coefficient functions denoted by P are polynomials in , Z and o, 7. As functions of z, Z
variables, these polynomials have a Taylor expansion of the form z"z™ with m+n < p; +
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p2+p3+ps. The function 7 is symmetric under x <+ z, therefore a given polynomial P has
the same symmetry as the transcendental function it multiplies. The su(4) decomposition
of 7;7 is obviously the same as for the full dynamical function Dp.

Implementing condition (a) implies

Py= O(u

_P43 4 max(p] +pg, P3+P4)
2 2

(5.3)

&:o@ (5.4)

_Pag 4 max(p1+p2, P3+r4)
2 2

The above conditions in fact define a generalised tree function 7z for any free N' = 4
theory, i.e. for all N. Indeed we can define it in terms of the coefficients A’fy in front of each
propagator structure in (2.8), which we can leave completely arbitrary (other than the rela-
tions between them arising from imposing crossing symmetry). The polynomials P in (5.1)
become function of the free propagator coefficients, P [{Aﬁ}] The precise value of these A,’;
does not affect any step of this algorithm. Furthemore, condition (b) is overconstraining,
and therefore the solution we find is unique, i.e. 75 is unique.

Because of this uniqueness, we expect our function 7; to reduce to known results at
tree level when the propagator coefficients Aﬁ take on their free theory values. Indeed,
when the external charges are equal, our conditions are precisely those imposed in [36],
and for arbitrary charges we expect to recover the tree-level correlators of Rastelli and
Zhou [1]. Notice that in position space the function of [1] is described by the same ansatz
as in (5.1), except for the change dy — dy — 2. (Various examples can be found in [4] by
rewriting the corresponding D representation.) Quite non trivially, T does reduce to the
function of [1] when the coefficients Aﬂ“{ are truncated at O(1/N?). In fact, we find that all
polynomials nguw’l[{Al;}] acquire an extra double zero (z — Z)2 when we restrict the Aﬁ
to their tree level value.

At tree level, the free theory coefficients Avh /N2 are all proportional to each other,
and thus satisfy linear relations. Therefore, we can understand the tree-level degeneration
as the result of imposing on P y.,1[{A%}] these tree-level linear relations. However, the
non-planar values of the Alfy are not as simple, and the corresponding relations become
non-linear.

Similarly to the function of Rastelli and Zhou [1] the most transparent representation of
T is given in Mellin space. We thus define the corresponding Mellin amplitude M[7;](s, t)
of the generalised tree similarly to that of the tree-level function of [1]. Amazingly all the
generalised tree-level functions 7; — defined by the above conditions (a), (b), (¢) — can be
written in this form with a simple rational Mellin amplitude with only simple poles.

The specific form of M[Tp](s,t), i.e. finiteness and rationality, translates into the ob-
servation that the entire function 7; is determined uniquely in terms of the coefficient P
in from of the box function. This can be understood from the fact that the box function
contains a log u log v term, which on the other hand arises only from a double pole in both s
and t in the Mellin transform. More details about this statement are given in appendix B.2.

In the next sections we make our discussion concrete by considering 73333 and Ti444.
As a bonus of our definition of single-particle operators, we will also show that 7z for
next-to-next-to extremal correlators coincides with the function of Rastelli and Zhou.
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5.1 (03030303)

The result for connected free theory was given in (2.6). We rewrite it here below for
convenience,
9(N?% — 4)2(N?2 -1)
N2
y [9 (u& N ut I u?7? N ud627 N u3&%2) 18(N? — 12) u?67
v v? v2 v2 (N2—-4) v

Crossing invariance of (O3030303) restricts the total number of connected coefficients

(O3030303) conn. free =

(5.5)

{Ak A% A’g}, in the generic sum over propagator structures (2.8), to only two independent

ones. We have indeed
9 0

18(N? —12)
A = A 7
NN -1 (5.7)
where A = —9<N2_4x§N2_1)2.
The generalised tree level function in Mellin space is
Tazzs = ud j[ w*v T[=s)*T[—1]T [s + t + 5] "M [Ts333] , (5.8)
with
1 1
= —AY 4+ — (s +2)(A] — 243
T 1
—AJ+ ~(t+2)(A] — 249 :
(s+1)(t+2)(s+t+4)[ 2+ 2)(4 2)]+ (5.9)
o

[_Ag + 1(s +t+3)(Af — 2A3>] :

G+D(E+1D)(s+t+3) 4

Notice that M |T3333] = misas(s,t) + mGsss(s, t) + Fmlsas(s, ). Exploiting full crossing of
T3333 it also useful to write

A5
T3333 = % <.7-“(u,v) + 6uS F(1/v,u/v) + 7—:5.7-"(1),u)> , (5.10)

with F such that F(u,v) = F(u/v,1/v). The amplitude miss(s,t) is indeed the Mellin
transform of F. Then, crossing invariance of F under u — u/v and v — 1/v corresponds
to the identity

M3333(s,t) = Migas(s, —t — s = 5). (5.11)

The other two identities which follow from (5.10) are

MGa33(s,t) = miggs(—s —t — 5, 5), Mi3s3(s,t) = miges(t, ). (5.12)

In our notation, the amplitude of Rastelli and Zhou would correspond only to the term
multiplied by Ag in (5.9). Indeed, the new contribution, proportional to Ai - 2A8, vanishes
when we plug in (5.6) and (5.7), and we expand at order 1/N2. In the next example, i.e.
the generalised tree-level correlator Ty444, we will see similar features showing up, and we
will comment more in general about what is the pattern of M[T].
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5.2 (04,04,0404)

There are in total 3 + 12 propagator structures in free theory. The first three are discon-
nected and not relevant here. We quote the result for connected free theory,
16(N?—9)2(N2—4)?(N?—1)?
(N241)2
323 423~ 4

" 16 A—I-U%—i- 3A3+u7 +uaT+u 673
—— | uc+—+u’c
N2-1 v v3

<O4 04 04 O4> conn. free =

v v3
27 9 TN?+4 9. u???  ute?p?
8 3773 +t= e 3 uwott—5t+——75 +
N?2(N2-9) NZ241 (N?—4)(N2-1) v v
54 18 16N2+25 267wt uler?
16 n B + UJT+’LLO'7'+U oT . (5.13)
N2(N2-9) N2+1 (N2—4)(N%2-1) v v v?

Written as a sum over propagator structures as in (2.8), connected free theory is constrained
by crossing symmetry to three independent classes,

16
AQ:A%:A%:A%:A%:A%:W, (5.14)
27 9 TN? +4
A0:A2:A2: _ 1
1= A=A =8 N?(N2—9)+N2+1 (N2 —4)(N2-1) )" (5.15)

54 18 16N2 + 25
Ab=A2=4Af=1 - - 1
6=Ag=A1=10 N2(N2—9)+N2+1 (N2 — 4)(N2 - 1) (5.16)

We will consider {49, A, AL} as independent.
The generalised tree level function 74444 can be written conveniently in terms of just
two independent functions F and F, in the following way,

Ta444 = % [.F(u,v) + 62uS F(1 /v, u/v) + 712;:6.7:(1),u)} (5.17)
+ % [6%,%(% v) + i}fﬁ(v,u) + 7uSF(1 /v, u/v)] , (5.18)
where both F and F are invariant under u — /v and v — 1/v. Given the Mellin trasform,
Tiasa = 7{ Wbl D[ slPT 2T [s + t 4+ 6] M [Taaa] (5.19)

with
M Taaaa] = Migaq + 62 mGas + F2mipy + 6Fmag + 6mias + Fmisy (5.20)

we will specify ml,(s,t) and mgf,,(s,t), which are the Mellin transforms of F and F,
respectively, and reconstruct M|[74444] by using symmetries, similarly to (5.17) and (5.18).

The Mellin transforms of F and F are

mlo— AY B Ll B Lhast L (s+1)
ML (s 43)(t+1) (s+t45)  2(s+2)(t+1)(s+t+5) 6(s+1)(t+1)(s+t+5)’
57 AS L L
o _ 5.21
M = ) D) 26 D ) D) 2D (s Y
B L1aa(s+3) _341444—342444+(2$41444—342444)(3"‘1)
3(s+1)(t+1)(s+t+5) 3(s+1)(t+2)(s+t+4) ’
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where we defined

3 1
Ly = A — A} Lirag = 5143 — Aj - ZA%’ (5.22)
Finally,
Mig4(5,1) = migu(t, s) Migaa(8,t) = miyy(—s—t—6,5)
72 _ 1 62 _ 1 (5.23)
Maga4(8,t) = Mmygu(t, s) M444(8, 1) = mygqy(—s —t —6,5)

The terms in mj,,, and mZLA, proportional to AY, give the amplitude of Rastelli and
Zhou. The combinations %}, in (5.22) vanish at order 1/N2.

Let us highlight some new features of M|[T4444] beyond tree level. Recall that the result
of Rastelli and Zhou [1] can be obtained by considering an ansatz in Mellin space such that
each monomial 7/ is accompanied by a single pole in the plane (s,t). In comparison,
the upgraded tree level amplitude has more structure than this. In particular, poles like
(s+2)(t+1) and (s+1)(t+1), corresponding to powers of u2and u? in the small u expasion,
and therefore corresponding to allowed twists below window, are also turned on. We see
now that their residue is proportional to the linear constraints fi;lf, which indeed vanish

at order 1/N2. We also notice that by writing each pole in the form I +7112)(S g
with integers n;—1 23, the numerator is at most linear in s and ¢. Therefore, we infer that
the limit s — Bs and ¢t — St with large 3 scales like O(372), i.e. one more power than the
O(B73) of the tree level function of Rastelli and Zhou.

The case of M|[T4444] exemplifies well what is the general pattern of M[T5] in Mellin
space. In fact we expect M[T;] to be a rational function in which all allowed poles in
the plane (s,t) are turned on, eventually decorated by a non trivial numerator, which is
nevertheless constrained by the large s and ¢ behavior. Similarly to our position space
algorithm, the free coefficients in this ansatz will be fixed by demanding that the SCPW
expansion below window completely cancels free theory contributions as described in (3.58)

and (3.59).

5.3 Next-to-next-to-extremal correlators

A next-to-next-to-extremal correlator is defined by k5 = 2, i.e. a vector of external charges
such that ps = 2 or p; + p2 + ps — p4 = 4. There are only six propagator structures
available, and indeed these correlators only contribute to a single su(4) channel, namely
[0, p4a3, 0]. The definition of single particle states has two non trivial consequences. Firstly,
it was proven in [8] that the number of connected propagator structures actually reduces
to three. Secondly, connected free theory is given by the exact formula,

+ ur + + u’or
P F5(N?) p1papspa [(1+p432pz1> —+ <1+p132p42) " <1+|p23 21914 |> ‘ }

(5.24)

where F asymptotes N(P1FP2+Ps+P1=4)/2 iy the large N limit. For example,
[Ti i (V? = #?) [Tii (V? = &)
(N2+1) 7 N(N2+5) '’
[T_ (N? — k?)(N* — 20N +9)
N(N2+1)2

F3335 = F3504 =

Foouq = F3304 =

Fug94 =
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Thus, for next-to-next-to-extremal correlators, the non-planar result (5.24) is the fac-
torized product of the 1/N? connected free theory, uplifted to all N by the factor Fz(N?).
It follows that the all N relative coefficients among the three propapator structures, was
already captured by the 1/N? result. Notice also that F(N?) manifestly vanishes when
the number of colors NV is less than the charge of any of the external operators. Both
these statements would be false if we replace our single particle operator O, with the
corresponding single trace half-BPS operator, thus dropping the admixture of multi-trace
operators.

The particular structure of connected free theory in (5.24) implies the following exact
relation on the SCPW coefficients,

! _ N2 f _ a2y O
Lﬁ72+p437[0p430] - Fp(N ) |:A[l+2}‘12:| ) Lﬁ3724+p437[0p430] - Fp(N )Lﬁ177[0p430}' (5'25)
N

Therefore, for the purpose of constructing generalised tree-level functions, the defining
condition (b) becomes

1} =0 (5.26)

N2

T 2
Lﬁ72+P437[0P430] + Fﬁ(N ) |:A[l+2}

and by uniqueness we conclude that for next-to-next-to-extremal correlators the generalised
tree level function 7Tz equals the function of Rastelli and Zhou, properly normalized as in [8],
multiplied by the factor Fy(N?).

Building on the property that 7z is uniquely defined by the conditions (a), (b), (c)
it is simple to see that next-to-next-to-extremal correlators sometimes have an additional
feature. In fact, there are sets of external charges g;=1,.4 and ¢;_; _, such that the corre-
sponding 1/N? free theories will be proportional. For example, the following two families

g =p+2 ¢ =q+2
@2 =p+2 Gy =q+2

2 (5.27)
g3 =2 95 =ds — 29

u=2q+1) ¢=q+@@+2)

Notice that both have the same value of the exponent d = p1 + ps + p3 + p4 — 1, and
both have the same threshold twist. This happens because the next-to-next-to extremality

P1+pP2—p3—p4
0, BPRoPa=b)

condition, which we can rewrite as p3 + min( = 2, is achieved by the two

different conditions on the minimum. Therefore,

! /_ /_ / _ _
q5 + max (O, Ot 0 5 43 q4> = ¢3 + max (0, Ot g ) 4 q4> . (5.28)

In the case p = 2 and ¢ = 1, we obtain the correlators 4424 and 3335. Indeed, it is simple
to verify that the corresponding tree level function from [1] are proportional to each other.
This ‘degeneracy’ is lifted at one-loop. As we explicitly showed in section 4.6, the minimal
one-loop functions Hg)% and Hﬁ)m are genuinely distinguished by OPE predictions in the

window.
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The constructions of 7 in this section, and the one of the minimal one-loop function
in the previous section, conclude our journey through the determination of the dynamical
one-loop function D@ = 7@ 4 #2) The subject of the next section is instead inspired
by the existence of the hidden tree-level symmetry found by [9].

6 Explorations of the 10d symmetry at one-loop

A tree level correlator Dz%)rs is obtained by acting with a differential operator ﬁpqrs on the

stress-tensor four point correlator Dé12)22~ The existence of these operators is a consequence
of the hidden tree level 10d conformal symmetry, unveiled by Caron-Huot and Trinh in [9)].
The structure of the anomalous dimensions (3.31), both numerator and denominator can
also be understood in terms of this hidden symmetry. In particular, the numerator is the
eigenvalue of an 8-th order operator which annihilates protected multiplets, A(® and the
structure of the denominator is in correspondence with that of the partial-wave decom-
position of the 2 — 2 flat space S-matrix of the type IIB axio-dilaton. Then, the hidden
symmetry explains the residual degeneracies of the anomalous dimensions found in [8],
and the proportionality of some the next-to-next-to-extremal tree level correlators, as we
observed in section 5.3.

An interesting question to ask is whether an organising 10d principle persists at one-
loop. We begin investigating this problem by showing that we can recast the expression of
our minimal one-loop functions by using the operators A®) and @pqm. We shall see that
even though it is possible to achieve such a result, the way it happens departs slightly from
the way we understood the physical properties of Hg) in section 4.1 and 4.3.

6.1 Leading logs from A® and ’IA?pqrs

We introduce the operators A® and ﬁpqm by recalling few important facts.

It was noticed in [8] that the computation of the one-loop leading log? u, i.e (4.9), could
be reorganised and simplified drastically by introducing an 8-th order differential Casimir
operator. It is indeed possible to rewrite the log? v discontinuity as

T
(2) . [abal) _P43  , (8) 4 P43 (2)
Dy log?u %; u2 [“ ? A[aba] w2 } ‘Fﬁ[aba} (6.1)
(0)y—1 (2+2.0)
@ _ (L) M BT
Fofaa = 2. | Mz 5 50 M- T (6.2)
TR Hr) ")+ (p1p2),(p3pa)

where the Casimir Afjga}

anomalous dimensions in (3.31), i.e.

is precisely such that its eigenvalue is the numerator of the

0 =20t~ 1)(t+a)(t +a+b+1)(t+2a+b+2) (6:3)
A[(sl),a] BZ—H’,Z _ +5§4)51§i)l+1 82+T,l (64)

It turned out that the resummation of F ;;2[211;@] was remarkably simpler. (Notice that F }gﬁlba]

here has a series expansion in integer powers of wu.)
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A further improvement of (6.1) was achieved in [9].

(8)

Firstly, it is possible to repackage the action of the su(4) dependent operators A[aba}

into a single compact operator
2

® _ myy Clratso] _ gl-a-po) & =2y —7)
2 (x—2)(y—17) H ( ~Cy ) TTYY (65)

where av = po1/2, 5 = pss/2 and C:E?’B 7 is the elementary 2d casimir
CloBN = 221 —2)2 + 2(y — 1+ a+ B)x)d, — bz (6.6)

Secondly, this A®) has the property that

(ua)_p%A(g) (ud)p% [}—(}) Ta,b] = Tlaba) [u_p% AB®) | 72

p; [aba] [aba] ; [aba} ) (67)

where F. [) ba] does not depend on the su(4) cross ratios. We can then commute T;, and

obtain the log? v discontinuity from the action of A® on a prepotential ]-"1(72), namely

P43

UQD(—?) = (uo’)_TA(g)( );043 [.F(Q) :| Z 7, [aba T[aba] (68)

Notice that the conjugated operator (uo’)_MTSA(S) (uo’)*'p% is invariant under the symme-
try, u — u/v and v — 1/v, which in our conventions holds when py; = 0. We remark here
that the expression of A® depends on the choice of external charges!

The remaining dependence on the external charges P, can be absorbed into the action
of the operators 135. These operators are defined at tree level by the relations

Dy =Dy (w D) VO= (pipapspa) (69)

and are used at one-loop to compute
2 ~ 2
FP =Dy Fiy (6.10)

(2)

once Fopyo is known [9]. The latter can be written in the form

— 7
FD, =16 (;_:;) [%(x,x) T3, az)} (6.11)
x? 2 7 — ] 292 z—2)(1—=x 1—x)°_ .
] ;)[ xz ] z'!<51>z-” <( - B

MLiQ(:):) + (1= a;)(78;47x - 2x2)Li1(90)> -

In writing (6.11) we have highlighted the max power of (x — Z) in the denominator. This
has to be the same power of the tree-level function Délz)m by construction.
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In this paper we considered

~ 3
Daoss = % 2(4 —udy)
Doszs = 12 (u0y + v0y)

~ 1
D2244 = 1(5 — u@u)(él — u@u)

~ 1

Dasoy = 1(1 + udy + v0,) (udy, + vy)
3\F(
4 x4

Doy = 2?{(4 — U0y )00y (—u0y, — v0y)

9
4

X
[(5—uau)2+4[%(va) + w0 (udy + vdy) H 4— udy)
1
4

ﬁ3335 au)vav(_uau - Uau)

Dysss = [(4 —udy)? + %(v@ )2 + uo (udy, + vdy,) 2]

4

~ 1
Dygas = 1

[(U;)Q (1 — v0y)%(v0y)? + (u0)?(udy + v0y)? (1 + udy + v9,)?

+ %T(ug)(vav)?(vav + udy)? (6.12)

For these correlators we have verified explicitly that the prescription (6.10) agrees with
the more standard two variable CPW resummation obtained through (4.9). This amazing
computation shows a very non trivial outcome of the ten-dimensional conformal symmetry.

More generally, the operators ﬁﬁ have the unique form

min(p1+p2,p3+pa)—4 v 2 k
~ o\ Y—P43
5= Z (ug) 3 (914923> d}k (6.13)
Y=pa3 o \J13924

where d}k is a polynomial up to degree 5 >°.(p; — 2) in the letters ud, and vd,. The top

degree is fixed by the difference of denominator power, compared to Dé;)%. Each monomial
677 in the amplitude of Rastelli and Zhou corresponds to a propagator structure in (6.13).
Finally, the sum over v contains at most propagator structures with (7/v) to the power
ky — 2. As we show in appendix B.2.2, the differential operator 235 can be found just by
considering the rational function multiplying the box function ¢(!)(z,Z) in the position
space representation of the tree level correlator D;?.

The upgraded tree level functions we constructed in section 5 can be written by gen-
eralising the operators Dy given in (6.13). In particular, the polynomials d;ﬁk become
function of free theory data {A,’j} and have degree bounded by 1+ 1 >, (p; — 2). We quote
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the example of 73333 for illustration,

1 8%
T3333 = E(‘l — udy)? [Ag B (3 - Uau)] UQD%)m
1 8%
+ 1—6%(1)81,)2 [AS I8y vav)] w*DiL), (6.14)

L3333

+ iua(u@u + 00, )? [Ag -

16 (1 —udy, — v@v)] uzD%)QQ.

6.2 A pre-amplitude study

In this section we will explore the question: “Can we pull out of our minimal one-loop
functions the operators ﬁpqrs and A(®)?”

Consider first the one-loop correlators (22pp) for p = 2,3 and 4. (The cases p = 2,3
have been determined in [3] and [7], respectively.) We have managed to rewrite these in
terms of certain pre-amplitudes £§22)pp such that the following equations are satisfied

1 _

Highy = ﬁﬁ@)ﬁ%)zz + 4u” Dasgy (6.15)

1 2u? — — — —
Hiohs = EA(S)Eé?gg oz T 4u® (D423 + Diaz2) + 24u* Daszy — 30u* Dson (6.16)

@ _ 1l ®p@ 8¢ o a5 5 5 55 -

Hooyy = ?A Lo — el + 24u’(Daso3 + Das32) + 40u”Dagos + 48u” (D350 — uD4622)
(6.17)
The r.h.s. of (6.15)—(6.17) consists of functions £§22)pp such that A(S)Eg)pp reproduces

the minimal one-loop function on the Lh.s. up to some tree level remainders. There is a
single remainder for p = 2, which happens to have the same structure of Dé?ﬂ' For p = 3,4,
there is more structure in the remainders than the corresponding tree level correlators. The
origin of these remainders goes together with A®) as we now explain.

The ansatz for the functions £

5opp has the same form the one for Hj in (4.15), with
the substitution dy — dy — 8, i.e.

r® _ Wy +Ws_ Wi+ Woy [ Wo_ Wiv+ Wiy Wo } (6.18)
22pp (:L‘—i’)dﬁ (."L‘—i)dﬁ_l (;p—j)dzf (x—.%)dﬁ_l (:U—g_:)dﬁ—?’ .
The basis of transcendental functions is unchanged
Wi =l ¢ (2, 25) + ho 0P (2, 2) + hy 6P (1 — 2,1 — )
Ws_ = hy 20,0 (2,7) + hs (z — )00 P (1 — 2,1 — ) — (z > T)
War = (2= ) (h 0,62 (@,2) + h1 0,0 (1 = 2,1 7)) + hs Ga
Way = hglog(u)log(v) + higlog?® v + hy1 log? u (6.19)
and
Wy = ho oV (z, z Wy =
> 0o (z, ) 0 = ho (6.20)
Wlu = huIOgu le = thIOgU
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Each coefficient function hj—1,.. 11,0,u,0,0 Will be polynomial in the variables z, Z, since we
are studying next-to-next-to-extremal correlators.

By construction, we make manifest the log? u discontinuity

2) - 9H (2)

£22pp 2, D22ppf2222 (6-21)
and impose x; — x;/(x; — 1) crossing symmetry, because this is a symmetry of the (22pp)
correlators, and it is a symmetry of A®). Then, we impose absence of z = Z poles.

In our algorithm for the minimal one-loop function H22,, we would cross the ansatz to
the orientation 2p2p and match the corresponding log? u discontinuity. But A®) depends

on the orientation of the external charges, and we cannot proceed this way. Instead, we
(2)

22pp-
now be understood as the starting point for the construction of our one-loop function, In

stay within the orientation 7 = 22pp, and apply A® on £ The resulting ansatz can
particular, after crossing to p’ = 2p2p, and matching the corresponding leading log, the
weight four, three and two-symmetric coefficient functions are fixed.

Moving to the tree-like part, we encounter a major difference compared to our algo-
rithm of section 4.3: the action of A® brings Eg)pp outside the minimality of Hg)pp! We
thus expect the presence of extra tree-level contributions with additional singular terms
in v.1° Indeed, looking at the relations (6.15)-(6.17), both A(B)Eg)pp and the remainders
have additional singular terms compared to our minimal one-loop function (4.15), but these

cancel in the sum, in such a way that the r.h.s. is indeed our minimal one-loop function.

It is important to realise that the free coefficients we can play with, in order to obtain
the remainders on the r.h.s. of (6.15)—(6.17), are the free coefficients in A(S)Egi)p, and the
aj—1,... labeling the ambiguities of Hag,,. Indeed, for the purpose of this section it is useful
to think of the ambiguities as a sort of ‘gauge’ parameters which we eventually fix to some
particular value. (Of course, the most general form of the ambiguities on the r.h.s. of (6.15)—
(6.17) can be added in afterwards.) Operationally, the idea is to fix free parameters in such
a way that the resulting tree-like part in the difference Hé%)pp — u_QA(B)EgLP has a lower
power of (x — Z) in the denominator, compared to dz + 8.16

Being a differential operator, A(® has a kernel, therefore any construction of Looyy, is
only unique up to such a kernel. The kernel does not show up in the log? v discontinuity,
because in that case the use of A®) is specified by the OPE, and in particular by the form
of the anomalous dimensions [8].

So far, the determination of L2, did not follow strictly the rules of our algorithm,
especially regarding the minimality of our ansatz for H;. However, it will be very surprising
how the complexity of L2, is reduced in comparison to Hazpp.

5This is because weight four and three contributions in the preamplitude Lz, upon the action of A®),
produce a cascade of tree level contributions with non minimal denominator. Some of these contributions
in Lz are fixed by matching the pre-amplitude log? u discontinuity.

18Tn order to achieve this result it is useful to impose as many ¢ = Z zeros as possible in the difference
between 7—[(222)1,1) — uiQA(S)E;QQLp. Similarly, we impose as many x = 0 zeros as possible.
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The coefficient functions for Lag22, listed here below in the basis (6.19)—(6.20), are
Ye=140o):

hy = +utv?(u—1+v),
hy = —4ut (u+1-v),
hg = —4v(u® —5u' Y} — YAV, +5u3 (2V2 —v) +uY2(5Y 2 —20) —u* Y, (102 —19v)),
1
ha= —§u3(u4—|—Yi1 —4u3Y, +8uY Y, —2u?(3Y2 —20)),
1,1
hs=+5ha+ Y- (5u® —39u°Y, +3Y 4 (Y2 +4v) +u* (T3YE —4v)
—uY Y (19Y7+320) - 2u*Y, (37Y] —8v) +u’ (51Y ! —56vY 7 —88v7))
1
he = —gu?’Y_ (W +Y2+10uYy),

5. 1
hy = —Ehg+7(—4u5Y_2+3Yf(Yf+4v)—|—u4(19+48v—|—9902) —4uY2Y, (4Y2 4+ 110)+

6
—4u? (94390 +450% +Tv®) + 20 (17Y} +110Y 2 —640%))
2
hg = —5u2(u4+Y,4—2u(2+7v)(u2+YE)+u2(6+24v—94v2)) ,

hy = —%(14u5—2u6—3Y,5Y+ —14u*(24+v—30v?) +2uY 3 (8Y 2 —5u)+
+udY_ (38Y2 +1350) — Tu? (5 —v+v® —5v?))
hip = —év(7u5 —3Y4(34v) —ut(37+350) +uY (43 +49v+160?) +
+u3 (78 +99v+4380?) —u? (82 4+60v+75v% +350°))

1
hiy = —§u4(2u2—7Y3—7uY+), (6.22)
for weight four, three, and two symmetric, and

~ 1
ho=+125 (572u" —2939u0Y +234Y 0V, —3uY(379Y2 — 4v) +u®(5295Y 2 —2320v)

+9u?Y2Y, (193Y2 —64v) — 4u' Y, (974Y 2 —2087v) +2u® (67Y — 13220V 2 +40002) )
~ 1
Py = —gu(29u5 —114u*Y; —10Y 4V, +2uY2 (312 — 34v)

+u3(193Y2 —174v) — 10u?Y 4 (16Y2 —43v))

hey

1~ 1
— 5= %Y_(317u5— 1115uY; —90Y Y, +uY?(569Y72 —656v)

+2u3(879Y 2 —917v) —u?(1439+451v+451v% +14390%))
~ 1
ho = Eu(47u3—79u2Y+— 15Y2Y, +u(77—4v+T770?)) (6.23)
for the weight two anti-symmetric, weight one and weight zero parts. The full tree-like

function is given by combining h;—n 4 0,0, and the following function

A = Baga u(2 — udy)*Diant + K (6.24)
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The first term proportional to (2992 will span the ambiguity of 7-[522)22 The function KA s)
is the kernel of A(®. A restricted choice of K A Which is compatible with the symmetry
u — u/v,v — 1/v, and the way we construct 5%)22, is

Ka902 = k1 uD1111 + ko (1 +u+v) D111 + k33 + kg log? v+ ks(2logu —logv) + kg (6.25)

We will now present the results for L9933 and L9244, and to do so we will make use of
the operators Dpgrs. The result for £g22)33 is

~ 1
£g22)33—'D2233£(222)22 = §R3 +R5 (.f(}—l)az ¢(2)(1—$, l—a_c)—(x — i’)-i-

+(2—&) Ry 9,0P (1—,1—2) —32(3+ Ry log(u) log(v)+ Ryg log?v,

(6.26)
where
R3 = —m(u3 + u(7Yf + 20) — 5u?Y, — 3Y£’)
Rs = +(x_1x)gy_(7u2 — 15uYy + 8(YE — )
Ry = +(x_1x)2(5u2 —13uY; + 8(Y? —v)) (6.27)
Ry = +($1x)2Y_(6Y_ — 5u)
Ry = +2(:E1_j)2(5u(5 + 3v) 4 60v — 13u® — 12)

The log? u discontinuity of £§22)33 is captured by ﬁ2233£g22)22, as it should. Indeed the r.h.s.

of (6.26) has no overlap with the log? u projection. Surprisingly, 232233592)22 also captures
relevant parts of the full £§22)33, but for the r.h.s. of (6.26). The latter has no spurious
poles by construction, and it can be shifted by the kernel of A® without changing Hg)g?),
or (6.16). Notice that in £§22)22 we have included o990 as given in (6.25), and 132233ng222
now produces non-kernel functions proportional to k1 and ks. In particular, the r.h.s.
of (6.26) holds for specific values of ki1 .

The result for 5522)44 has the same level of complexity, once we use the property that
232244 and 232233 concatenate, i.e 732244 = %(5 - u@u)ﬁmgg, and therefore we use the whole

5%)33 as starting point, rather than £;22)22. Then,

2 1
L5 (5—udu) Ly = | 3 Ra+ Rs (2=1)0, | 7 (1—2,1-2)— (2 ¢ )+

+(2—Z) Ry 0,0P (1—2,1—2) —88(3+ Ry log(u)log(v)+ Rig log? v+
+ R oW (2, %)+ Ry logu+ R, logv, (6.28)
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where

4
2
Ry = +WY,(6U2 — 17uYy + (11Y7 + 16v))
2 2 2
10
Ry = +————Y_ (3Y_ — 2u)
( . z) (6.29)
2
Rio = +m(u(13 + 9v) 4+ 30v — Tu” — 6)
72
R
36
R, = +W(U(Y+ —u))
18
R, = +m(y+ —u)(Y- —u))

The use of £§22)33 as starting point, instead of 592)227 has the effect of keeping (z — z)3
the maximal power of the denominator in the functions R given above. Again, the r.h.s.

of (6.28) holds for specific values of ki1 .

The construction of Eg;p depends on the initial orientation of the external charges we
choose, since the latter goes along with A®) through the values of pa; and pss. In order to

obtain 5(2)

5y2p We simply repeat the previous construction with minor modifications.

Consider the case of ﬁg?% for illustration. We define L9303 by the equation which

extracts A® out of Haszos,

_ w?(1+0)3+u—wv
H Y = (1) 280 () 2L, - LU T

+ 4u4(ﬁg431 + 33421) + 24u4ﬁg422 — 3OU4E3421 (6.30)

Then we write /5223)23 as follows

~ 1
uﬁg?% — u'Dngg,CgQZ)QQ = 533 + Rs (a: — 1)05,; ¢(2)(1 —z,1— i) — (:C — f)—i—

+ (z — Z)R7 0,0P (1 — 2,1 — &) + Ry log(u) log(v) + Rig log? v+
+ RooW(x,z). (6.31)

Notice a feature of E%)Qg, which did not show up in Lagp,: this is the presence of the relative
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1/u factor between the r.h.s. and the Lh.s. of (6.31). Indeed the Lh.s. is

R3 = +M(u3 —u%(50 + 8) 4+ u(13 4 28v — 5v%) + 3(3v® + 8v? — 9v — 2))

Ry = +<x i o) (1—v)Ry + (:E_lg_j)guY_(17 —18v + v* +u? — 2u(v +9))

R; = —8(:51_3?)2(41 + 150 — 570% 4+ 03 + u? (v + 17) — 2u(29 + 6v + v?))

Ry = —M(mi” —u%(51 + 5v) + 12u(5 + 11v) — 3Y3)
Rig = —M(Y_(QOQ + 17v(v — 2)) 4 2u® + u?(197 — 13v) — u(408 + 388v — 28v?))
Ro = +8(551—33)(3U2 —3Y2 —u(31+5v)) (6.32)

and is not possible to use the freedom in the construction of Lz to reabsorb the extra 1/u.
Determining ﬁ;g])rs for other N2E correlators can be done in a similar way. For such
correlators, we can also reverse the procedure and bootstrap directly H,qrs, by making a
simpler ansatz for »61(7?12"& apply A®) and complete it with a tree like function, Indeed, for
a large value of p1 + pa + p3 + pa, i.e. a large denominator power (x — Z)#, therefore a large
number of initial free coefficients in the polynomial ansatz for h;j—; . in (4.15), the use of
A®) in combination with ﬁpqm reduces considerably the complexity of the computation.
As far as we investigated, pulling A®) out of Hpgrs is possible even for multi-channel
correlators. In a first instance, this problem reduces to a collection of single channel
computations, because A® acts diagonally on the su(4) harmonics T 44, However, some

extra care is needed in defining the ansatz for ﬁz(fz)rs’ since the latter does not manifestly
obey the rules of Hp,s. For example, already in the case of E%)% we have found the need of
1/u terms in the coefficient functions. This behavior is generic in multi-channel correlators.

Despite discrepancies, it would be fascinating to take full advantage of A(®) and ﬁpqrs
at one-loop. Perhaps, understanding the fate of the hidden 10d symmetry at one-loop for
generic correlators, would provide a major insight on our construction of the preamplitudes
EI(,%)TS, thus on our bootstrap program. We leave this for a future work.

Before concluding, we mention a special property of (2222), or “How to bootstrap

!” In fact, only in this case it is possible to carry out the

following procedure on the ansatz (6.19) for 5222)22: impose  — z/(z—1) crossing symmetry,

/H§22)22 without really trying
impose absence of x = Z poles, apply A®) and impose the remaining crossing invariance
under x — 1/z. Without any reference to the log? u discontinuity, the above procedure
returns a function with only three independent coefficients. (A fourth one is proportional
to u?/v? and can be set to zero.) If we furthermore impose analiticity in spin of the log? u
discontinuity, we end up with two independent coefficients. One is multiplying a weight four
anti-symmetric function, and the other one is multipling a tree-like function. By looking at
the minimality of the weight four anti-symmetric function, we immediately conclude that

the result is a linear combination of 7—[%22 — 4u®?Daugo and u?Dygus.

— H8 —



7 Conclusions

In this paper we have given a general algorithm for computing all one-loop quantum gravity
four-point amplitudes in IIB supergravity on AdSsxS°. It works for arbitrary external
states, i.e. arbitrary KK modes on the five-sphere, and has been tested explicitly for (2244),
(3333),(4444),(3335) and (4424). These results are available in a Mathematica notebook
attached to the arXiv submission of this article.

The amplitudes we studied are dual to four-point correlators of single-particle half-BPS
operators, which we have properly identified in N’ = 4 SYM, in the regime of strong 't Hooft
coupling, at order 1/N* in the large N limit of the gauge group SU(NN), Our bootstrap
program has its foundations in the detailed understanding of the spectrum of two-particle
operators, and OPE arguments on the CFT side. We first determine well-defined pieces
of the one-loop correlator by extracting all relevant data from many four-point tree-level
correlators. Then we rearrange this data to determine the combination which appear at
one-loop, and sum up the result. These pieces of the result are fed into an ansatz for
the full function, which yields the final result upon demanding no unphysical (euclidean)
singularities, i.e. no poles when = — Z.

Our algorithm generalises in a non-trivial way the one developed in our previous
works [3, 7], where the explicit results for (2222) and (2233) were obtained. There are
indeed a substantial number of new features which emerge. In fact, the one-loop ampli-
tude for a correlator of KK modes with arbitrary weights, cannot be fixed just by the
knowledge of the log? u discontinuity, as was the case for (2222) and (2233). Fortunately
there are more pieces of the one-loop amplitude which are determined via tree-level data.
These come from window and below window OPE analysis, as illustrated in figure 1, and
explained in section 3. They contribute to the single-log and no-log pieces of the one-loop
amplitude, respectively. With the addition of this information the one-loop correlators are
then completely determined up to well-understood ambiguities with finite spin support.

Two novel and note-worthy features of generic one-loop amplitudes, which originate
from the analysis of CFT data in and below the window, are: 1) the natural splitting of
the one-loop dynamical function into two independent pieces, D@ = 7@ 4 4@ and 2)
the need of a proper understanding of semishort operators contributions at order 1/N*,
and multiplet recombination.

The splitting of D@ = 73 + 1 introduces what we call the “generalised tree-
level amplitude” 7. It is uniquely defined in terms of free theory.!” It is tree-like, since
it is built out of polylogarithms with maximal weight 2, and does not contribute to the
log? u discontinuity of H?). It has no logu contributions below threshold, and crucially it
completely cancels the contribution of recombined free theory below window. Within the
ansatz (5.1) this generalised tree-level amplitude has a unique solution.

All the novel and interesting OPE dynamics is neatly combined into #(?), which we
call the “minimal one-loop function”. This function has to match the double logarithmic
discontinuity and below threshold predictions (excluding those arising from free theory), as

"Indeed it can be defined in terms of any generalised free theory with arbitrary coefficients in front of
the propagator structure.
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explained in section 4. In a very non-trivial way this is always possible within the minimal
ansatz (4.15). A much wider ansatz would be needed if 7 was not included in the first place.

The semi-short sector on its own has a completely independent story, which we deter-
mine at order 1/N* purely from free theory correlators. This is done in section 2, where we
also clarify some important issues about the way the protected sector actually contributes
in the 1/N expansion. Then, through multiplet recombination, we obtain predictions for
H? below window at the unitarity bound. What is truly remarkable is the fact that this in-
dependent input is consistent with our construction of #(?), which from the very beginning
descends from the double logarithmic discontinuity. In this sense, it would be interesting
to have a fuller understanding of the meaning of the generalised tree-level amplitude and
the split D) = 7@ 4 42),

The remaining ambiguities have a clear description in Mellin space, and simply span
the space of arbitrary linear functions in the Mellin variables s, t, consistent with crossing
symmetry, as described around (4.20). These ambiguities are manifest in our algorithm,
because we have chosen the minimal ansatz. Widening our ansatz would allow in principle
more freedom. However, we expect true stringy ambiguities to be in one-to-one correspon-
dence with polynomial Mellin amplitudes of some degree [48, 49]. Indeed, a polynomial
Mellin amplitude of order r has at most a spin r contribution in its SCPW expansion, and
counts as a contribution in a bulk 10d effective action which involves 9?"R*. The case
r =0, i.e. the R* term, appears at one-loop order with (o/)~!. Dimensional analysis then
implies that the %" R* term comes with coefficient (o/)~'*". In summary

M(s,t) = O(s""%%)  maxspin: r < OR' & (o)7HT. (7.1)

The minimal ansatz naturally gives ambiguities that contribute up to order (a/)° only.
Widening it would include ambiguities corresponding to higher order o’ corrections (7.1).'%
Although within our bootstrap program we cannot fix the value of the ambiguities, it
may be possible that a combination of different techniques will. For example, by using
localisation techniques [13] obtained the value of the (2222) ambiguity.

Finally we come to the question of ten-dimensional conformal symmetry [9]. This
symmetry implies a beautiful structure for the leading logs at any order. At one-loop
the double logarithmic discontinuity for any correlator can be written as A(®) acting on a
much simpler object. Furthermore this object can be simplified further by pulling out the
differential operators ﬁpqrs. In section 6 we have examined the extent to which this hidden
structure transfers to the full one-loop function itself. We have found that the one-loop am-
plitudes can be written as A(®) acting on a pre-amplitude L’g])rs up to a tree-like remainder.
Although the resulting pre-amplitude cannot be written in the way the double logarith-
mic discontinuity can, i.e. directly as ﬁpqrsﬁg)m, we have found in a number of examples
that the difference Cﬁ}s - ﬁpqrsﬁgzz)m can be put in a very simple form, i.e. (6.26), (6.28)
and (6.31). This pattern may hint at more structure in the result than is currently appar-

ent, and we hope to investigate this possibility in the future. In a similar vein there are hints

18 At one-loop there are also stringy corrections which can be obtained from tree-level string corrections.
See [11] for initial work in this direction.
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that the ten-dimensional symmetry also controls the leading order corrections in A"7 at tree
level [33]. Perhaps it can be used to study these four-point functions much more generally.

Future directions include a more detailed investigation of the Mellin space representa-
tion of our one-loop functions, which would extend the analysis of (2222) in [11], as well
as the possibility of pushing our bootstrap program to two loops. It would be fascinating
if the results we obtain in the large N expansion could be compared (possibly taking into
account also the o’ corrections) to the results based on integrable methods [53-57]. We
also emphasise that our fresh new look at free N' =4 SYM, especially our understanding
of single particle operators and generalised tree-level functions, suggests a different way
to approach the mysterious six-dimensional (2,0) theory, which has been recently studied
from a holographic perspective in several papers [58-61].
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A Superblocks

Here we give the explicit definition of the superblocks Sp 102P3P1 following [34]. They are
defined by a determinantal formula. Let us introduce ﬁrst the function

FoPA = (—1)ptl (@ —y)(z - ?)(j _ Zi)(j —9) det (Fi{ A ) ) (A.1)

(z—7)(y —9) Ky FY
where the determinant is taken on the (p +2) X (p + 2) matrix (where p = min(c, 3))
(F)ij = ([:c?j‘szl(Aj 11—+ \j+1—5+8204+2—-2j+7; xz-)])
(F)ig = () ™' Fi = i = B;2i = 7i1y))
(K))ij = ( 0 = )
(R)ij = ( , !

Li =Yy > 1<4i<2,1<5<2

1<i<2,1<5<p

1<i<p, 1<5j<2

1<i<p, 1<5<p

(A.2)

(The brackets in the definition of Ff( mean deletion of the singular terms in the Taylor
expansion in z; around z; = 0 when \; < j and we have defined here z; = (z,%) y; = (v, 9)
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in the matrix.) Then

Tx
SP1p2p3p4 — 7) (_
VA Yy

Lo,
‘> 20T e a=3(y—p1+p2), (A.3)
’ B=3(v+ps—pa).

The prefactor P is that of (2.9).

B Trees and amplitudes

B.1 1/N? connected free theory

We quote a formula for connected free theory at order 1/N?, of a generic four-point function
(Op,0p, Op, Oy, ). The same formula is described in a different notation in [9].

Each propagator structure in free theory is labelled by monomials of the form P&*—777
where 4, j belong to T' = {(4,7) | 0 <i < kp, 0 < j < i}, and the bound kj is precisely the
degree of extremality. The lattice of points described by T' is schematically depicted here
below. We shall distinguish the three edges from the interior.

o (B.1)
Vertices at the intersection of the edges correspond to disconnected diagrams, when

they do not vanish according to our definition of single particle states. In [8] we determined
the value of the following connected propagator structure

<Op1op;§9p3op4> 5 \/pljz\)[221931?4 {1 L Pas ‘;'p21:| ut (B.2)
v

Looking at the diagram of T, we have determined the coefficient associated to the point
(1,1) on the diagonal edge of the triangle. From crossing on the other edges we find

P43+ P21 = (ui\F P13+Pa2 =
I e - Flo T Fas Nk
(1+ : >Z<v> +<1+ : )Z(ua)-l—
k=1 k=1
t—1 AN tH1—F
D23 +Pi4 R uT
(1+2 |> > (uo) (U> ] (B.3)

k=1

<Op10p2 Ops Op4> 5 \/m
P N?
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By including propagator structure in the interior of 7" we finally obtain the general formula

1

t—1 N\ k t—
P43+ P21 ut P43 —P21 Ak
<1+ : >Z( . ) +<1+2 >Z(u0) +

(Op,0p,0p,0p,)  \/P1D2P3P4

2
P N k=1 k=1
t—1 AN\ tH1—Fk AN\ F2
DP1+p2—D3—p4 NG gy (U
<1+]2 |> Z(ua) <v> +2 Z (uo)™* <v> ]
k=1 T\edges

B.2 Generalised tree level amplitudes

The Mellin transform of generalised tree level functions has the same form of the Rastelli
and Zhou integral. By using the conventions of [8] we obtain,

b3 —P4q
u 2 st
T= 5 7{“2“2 Ly M[T1(s,t),  paz = pan > 0. (B.5)
2

[

In order to make manifest how the pole structures of I'5 relates to the OPE expansion
in twists, and the log stratification of the tree level dynamical function, it is convenient to
make manifest the location of the double poles in s and ¢ and extract

2 2
P1+Pp2 p3+ P4 5 p1+ D4 p2+p3 t
r [max( 5 5 ) 2} r [max( 5 5 > 2} (B.6)

In our conventions p; + ps > p2 + ps, therefore the max of the second I" in (B.6) is fixed.
By changing variables to

s P1+p2 p3+p4 t p1+ps
= — te - — B.
s max<2,2), S-nth (B.7)
and introducing
PE‘Pl-QFm_szQrm’ QEP4—p342rp1—P2, (B.8)

we rearrange 7 into the form

= umax(p1+p%7p43 7p3)vp43;p21 Wt T[—s — (_)P (_)Q S
T = 7{ T[—s)20[—¢]? [(s+1)p (t+1)QMm( )| (B.9)

X F[Q—i—s—l—t—l—max(pl,pg—|—Q)]F[2—|—s—|—t—|—max(p2+Q,p4)]

The object highlighted in brackets [...] in the first line, which includes the amplitude
and two Pochhammer symbols in the denominator, has only simple poles. The sequence of
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double and simple poles splits in three sectors as follows

pole in s power of u# pole in ¢ power of v#
0 3+ max(O, P1+p2§P3*p4) 0 p435P21
-1 -1 (B.10)
—P | p3+min(0, W#) —Q 0
—p* 1 —Q* |—p3+ 1 — min(0, BLER2PI=P1)
Notice the symmetric relation
P*—P:Q*_Q:p3—1+min<0,p1+p2;pg_‘m). (B.11)

The first two sectors of the table above contain information only from I'y. We have
double poles of the form I'[—s]? and I'[—#]?, which originates from I'; in the region where
simple poles of the individual Gamma functions in (4.21) overlap. Then, we have remaining
simple poles of the form (s + 1)p(t+ 1), in our notation. The third sector instead arises
only from M([T]. A general subtlety in defining the (rational) Mellin amplitude is due to
the choice of contour of integration. This contour should separate poles in s and t from
those in s+ ¢, in order to have a well defined residue integration a la’ Mellin-Barnes. This
is achieved by rewriting M[T] in the form,

mp7q7/r (S’ t)

MITI =3 (s+p)t+q)(s+t+r)

poles

r>-—-p—gq, (B.12)

and paying attention that when M[T] is restricted to a single complex variable, let’s say
(—n, t) for example, the only poles in ¢ that count, are those of the form (¢ +m) in (B.12),
and those of the form (s + ¢+ r)|8:_n are discarded.

In the special case of equal charges, p; = p, the Mellin integral simplifies to

T

pppp

=P ]{ w$ot T[—s]>T[—t]’T [s + t + p + 2% X M[Tpppp] (B.13)
Our new Mellin amplitudes (5.9) and (5.21) are presented in this way.

B.2.1 Mellin-Barnes integration

We now perform the residue integration of (B.9) in detail.
The computation will be organised as follows: firstly, we pick double poles in s and
double poles in t. Then, we pick two sequences of poles: we pick double poles in s and
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simple poles in ¢, and we pick double poles in ¢ and simple poles in s. Finally we pick only
simples poles in both s and ¢t. We will make the symmetry s < ¢ visible.
The main input is a well known formula for Gamma function

1 1 1 %

Proceeding in the order described above:

Double poles and double poles. The result of contour integration is

_ypea Z '” o™ F[2+n+m—fiA] [24—1n+m+B]M[n’m]
R (n!) (n+1)p(m+1)g
OsM M
X ( [logu+\1’n[m]+(¢n+1—@bn+1+p)+M] |:10g1)+\11m[n]+(1/)m+1—1/1m+1+Q)+ j\/l
0;0s M O M O M
VA — B.1
+[ MM M D (B.15)

For convenience we have defined A = max(p1,ps + @), B = max(ps + Q,p4) and the
following two polygamma quantities,

U [t] = Yornttra + Voyniir B — 20011 (B.16)
Upnls] = Y2rsimia + VorsimiB — 2¥Vmi (B.17)

Notice that U/ = 9;V,,[t] = Os¥,,[s] and the terms 9s MM cancel out.

Simple poles and double poles. The result of contour integration is

v T[24n+m+ AL[2+n+m+ B|
P+Q s
;m; N2 T[—m] 2 (n+1)p (B.18)
oM Min,
[logu + Wulm] + (Vi1 — Yntr14p) + M} Res [(tv[Lnl)t]QL m
and
U m F[2+n+m+A] [2+n+m—|—B]
_yP+Q Z Z ! 5 %
2 2 ml) (m+1)q (B.19)

e

Notice that the leading log(u) discontinuity is obtained by picking, for each double poles

[log v+ Y [n] + (Vme1 — Ymi14+Q) +

in s, both double and simple poles in t.

Simple poles and simple poles. The result of contour integration is

m

_)PHQ Z Z e v ol 2F[2+n+m—|—A]F[2+n+m—|—B]x

n=—Prm== (B.20)
M(n, t] }

(s+1)p(t+1)g

Res [

t=m
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B.2.2 Properties of the tree level Mellin amplitude

We record here an intriguing mathematical observation: the location of the double poles
is encoded in the form of Mack’s I', and the residue on these poles depends on the Mellin
amplitude M([T;]. Thus double poles are found to be in one-to-one correspondence with
the polynomial P, in the position space representation of the function (5.1), because by
residue integration, Pn is the numerator of the term log(u) log(v) C ¢,

Py(x,z,6,7) _ umax(erp%fms 7173,+p%ﬂ?43)1}1?43,;@1 j{usvt I[—s|'[—t] o
(x — z)d+l [[s+ 1]t + 1]

F24+s+t+AL[2+ s+t + B]
(D)FFst@t (s + Dp(t + 1)q

MIT5] [s,t]] (B.21)

with P, @, A and B as in the previous section. Equation (B.21) implies that the Mellin
amplitude of 7 can be obtained from F5 upon assuming I's, and viceversa. In particular,
the conversion makes use of the formula (valid for any d),

u®vb B d! < . T[—s|T[~1]
e o O e

|:(_)a+b (_S)a(_t)b
(s+1)da—a(t+1)a-s

(s+t+X)ar1-a—b-x(5+t+X)d/241-a—b—x
(B.22)

applied to each monomial in P5. The value of X can be tuned afterwards by putting the
final result in a canonical form.

Summarizing, there is a bijection M[T] <> Po/(z — z)4 71, which assumes I';. This
bijection also implies that the operators @pqrs introduced in [9] and discussed around (6.13),
can be simply obtained from P, thus reducing a computation about tree-level functions,
to another one involving only rational functions. It would be fascinating to know what is
the uplifit of I'y at one-loop.

B.2.3 On tree level SCPW

Having obtained the explicit tree-level four-point functions in position space as detailed in
the previous section we then perform a SCPW decomposition to obtain the corresponding
SCPW coefficients M%),

As a function of twist and spin, M z(?lTZ fits the ansatz

(2+2l+7+p43 ) | (2+2l+r—p21 ) ' <T+max(p1 +p2,p3+pa) ) ' <T+min(p1 +p2,p3+p4) ) |
2 : 2 : 2 : 2 :

(1)
MY =
T (2+20+71)! 7! %

max(p1+p2,p3+pa)/2—E2L min(p1+p2,ps+pa)/2— 242

4 _
T — P21 . T + P43 .
X H ( 5 —z—i—l) H <2 -I-J)

i=1 j=1

deg deg

« 33 g e (B.23)

m=0n=m
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1)

where X, are constants, depending only on a,b and p. The same ansatz works for LéT

The degree of the polynomial is
deg = —4 + min(p1 + p2,p3 + p4) — paz + p21 = 2(ky — 2) + pa1. (B.24)

When b is even, reciprocity symmetry implies that the polynomial in spin, in the last
line (B.23), is even in the variable 2l +7+3. When b is odd we find the following reduction.
For | € 27, the polynomial in spin is of the form

deg deg deg—1deg—1
53 w42 xS 3 Al (b
m=0n=m m=0 n=m

Consequently, the polynomial for [ € 2Z+1 is obtained from the latter upon £ - —¢—71—3.
Notice that the first factor in the second line of (B.23) vanishes for long superblock of
max

twist T=D21,---, P43, T

As function of spin, the analitic part of the tree level correlator fits into
(2+2Z+T—p21 ) | <2+2I+T+P43 ) | deg
! (7,p,a,b) 1™ B.26

(2+21+7)! T;gm” p.a.b) (B-26)

1 44-2l4+7—p 4420+7+p
e, [o (R e (R ) mtasain | g,

— 1, where p43 > poi.

i

B+ [u2+p43 7% faba] ‘ N ] _
N2

for some coefficients £ . The notation BZ*+7) [f] means the CPW coefficient of BZ+7H in

max

the expansion of f. If 7 < 7 we are in the window and we are computing L](;). The

derivative relation holds only for N?E correlators, and it is false otherwise.

C Some subleading three-point couplings

. (1)
Let us begin from C(pp),4,l,[000}

studying (3.34) in the simplified form,

and C(l)

(pp-+1),5,1,[010] with p = 3,4..., In both cases, we are

W _ (A0 Y
CpplC4 - (0221C4) L22pp77':4,l’[000} (C.l)

W _ (@ Yo
Cpp+1’C5 - (023IC5) L23pp+1,7‘:5,l,[010] (C.2)

because only one long operator is exchanged. In [010] we should also distinguish between
even and odd spins. However, the knowledge of the even spin sector determines the odd
sector through the reciprocity symmetry.

Proceeding in the order, we can use results from [4] and [7], to obtain

(1)

Lospp,r=a,000] 6p 1(1+3))* (p+Dp+2)((1+3))?
8 2 B [ (p_fl) L. 2} 320+6)!  3(p—2) (20+6)! (C-3)
Lé?pp+l,7—:5,l,[010] B 4(2p+1) ((1+4)1)?
6p(p+1) [(in_le p—2 }(l+7)5(2l+8)!
. (p+2)(p+3) (1+4)1)?
= T ap-2 @) (C-4)
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These same expressions follow from the derivative relation, once analitically continued to
the relevant twist. It is interesting to see how this happens: consider first

1) 2p 2 ED2((t+ 1+ 1)1)?
M = [ = (=)P(t — 1
22pp,t=T7/2,even,[000] (p _ 2)' p! ( ) ( p+ )2]7 (2t)'(2t + 21 + 2)'

(C.5)

We should now take a 0y of (C.5), and evaluate the result at ¢ = 2, which is above the
regime of validity of the formula, i.e. T5555 =

will contribute comes from (t —p + 1)op, = (t —p + 1)p—3(t — 2)(t — 1)p+2. Indeed one

= 2p. Quite non trivially, the only term that

effect of the derivative is to drop the factor (¢ — 2), which otherwise would make the result
vanishing. Then, we find precisely (C.3),

A _ 2p(p+ 1) (p+2) ((L+3)1?
22pp,t=T/2,even,[000] |, 3(p _ 2) (2l + 6)!

O M,

Similarly,
M = (C.7)

23pp+1,t:%,even,0,1
6p(p+1) [ 2(—)P i+ DI+t +2))?2
-2 |[(p+1) (2t + D)I(20 + 2t + 4)!

will have a contribution from (¢t — p + 1)2,4+1 after taking the derivative at ¢ = 2, and the

(t=p+1)2pra(l+2t +3)

result will match non trivially (C.4).
The subleading three-point functions we looked for are

) _ pp+1)z  (+3)! 1 {“(—)l] (C.8)
PPRa = /3(p—2) 1/ (21+6)! 1/(I+1)(1+6) 2 '

e V2p(p+1)(p+2)2  (I+ [1+7)1 1 ] ©9)
+1

3)!
PPHIKs = T ) 9) V(2I+7)!
A first example with more than one operator is given by C( 414),6,1,(000]° In the following,

we refer more directly to the two operators labelled by Rg; j0oo], With IC6 1 and IC6 2. Then

CEBL) 6,0,[000] is the vector made by Czi43€ . The inputs we need from [4] are
6,i=1,2
! !
O |tV s (C.10)
6,even,[000] — s + 142 '
20+9 2[4+9
o 0D+ D+8) | g 0| (+4)) (C.11)
6,even,[000] 40 0 1| (20+8)! ’

. (1)
Obtaining Lpp44,T:6,z,[000]

3-pt functions and get the result

for p = 2,3, at twist 6, we can finally solve (3.34) in terms of the

n 20+9) [1+8) (1+4) [(1A+(=)H
Clike, = 6v10 (+2)\ (+1) (21+9)![ 2 } (C.12)
1y 20+9) [(1+1) (1+4) [Q+(—)H
C44k6,2—+6m ((+7)\ (+8) (21+9)!{ 2 } (C.13)
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We finish with our list of examples by computing Cg 431) 6,0,[020] and CEB;) 6,0,[020] in [020],
in the even spin sector. We need the results
I+5 I+4
RO _ | TV aTs TV (C.14)
6,even,[020] — n 4 145 ’
2119 2049
2
L© _ (+DI+D)T+5)+8) g 0 | (+3)(+4)! (C.15)
6,even,[020] 30 0 7(l-§9-5) (2l + 8)' .

This case has g = 2. (The odd spin sector in [0, 2, 0] has 4 = 1 and can be studied as in our
first example.) The CPW data entering the r.h.s. of (3.34) for V45 1020] and Vs 57 020]5
is extracted from different correlators. In the first case we consider the CPW data

1) (1)
L i454,6.1,j020] 84 (1+4)!(1+5)! L 1433.6.1,020] ~9(80+31(1+9)) ((1+4)1)?

_ o , - . (C16
V128 5  (21+38)! V144 5 (204-8)! ( )
In the second case,
(1) (1)
Lossseajon0)  7(32+1(149)) (1+3)1(1+5)!  Lassseij000) 52 (I+4)!(1+5)! (c.17)

V1200 5 (20+8)! 7 V135 15 (20+8)!
For convenience we again refer to the operators labelled by Rg even spin,[020] With K1 and
IC6.2. Then, by using (3.34) we obtain the results

and
=i el ¢ (U
= 2 [0 (BTS00 o

D Spin structure of M® and L®

We discuss the spin structure of our predictions in and below window, focussing directly
on the SCPW coefficients. This will provide information on how reciprocity symmetry
(see [50-52]) is realised.

Given a pair of external charges (p1p2)(p3ps) with pgs > po1, consider a twist 7 such
that 7 belongs to the window or below the window. Then, the SCPW coefficients we
extract from M® or L have the form

Z <p1p2pq>conn. <pqp3p4>conn (Dl)

(PQ)ER [aba] <pQPq>disc.
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where (... )conn. refers to M) or L) depending on the situation. The form of (D.1) is
actually too schematic, because it assumes ¢ — p > po1 and p43 > ¢ — p, in the summation
over pq € Ry (4p4), and this is not always the case.

In order to have better control over the summation, it is useful to visualize it geomet-
rically. Consider first M), In the plane (n,m), draw the two lines p; + po = n + m and
p3 +pa =mn+m, and the rectangle R, |44 Since we are considering a 7 in the window, a
pair of external charges sits inside R [4pq)-

n +m = max(p; + p2,p3 + pa)

n+m = min(p1 + p2,ps + pa) (D2)

In the figure, R; 444 is given in red, and each pair (pq) € R aba) 18 Tepresented by a
black dot. The rightmost edge of R; 4, lies on the line n +m = 7. In fact we can foliate
R; {aba) Dy the lines n +m = 7’ for 7/ = 4 + 2a +b,...7. Running on any such line, the
difference m —n increases in the direction +37/4 and decreases in the direction —m/4. The
two pairs of external charges py1ps and psp4 are represented by a dot encircled.

There are at most three cases to be taken into account. For a pair (pq) € Ry qpq)

belonging to the line p + ¢ = 7/, we can have

(I) par<psz<qg—p (II) po1 <q—p < pa3 (III) g—p <pa1 <ps3 (D.3)

These are the three regions in which the blue rectangle divides R [qyq]-
We shall now analyze the spin structure case by case, given that for any correlator
(q192q3q4) we know the common factor,

<2+2l+7+q43 ) | (2+2z+7—q21 ) |
2 : 2 :
(2420 +7)!

and the degrees in spin of all the SCPW involved.
Let’s assume without loss of generality that p; + po < p3 + p4.

(D.4)

Configuration (II) is the simplest, giving a contribution of the form
(P1P2Pg) conn. (PgP3P4) conn
(Pgpq) disc.
in the numerator. The total degree of the numerator is

, in which the factorials in disconnected free theory cancel with those

(p1p2pq) (pgp3pa)
min(py + p2,p+¢q) —4— (¢ —p —p21) +min(p + ¢, p3 + pa) —4 — (paz — ¢+ p)
=min(p1 +p2,p+q) —4— (paz —p21) +(p+q—4) =¢" (D.5)

We deduce that any configuration of type (II) contributes in the large spin limit as

<2+2l+7+’p43 ) | (2+2l+7——p21 ) |
2 : 2

<p1p2pq>conn. <pqp3p4>conn N .le*_(p_t,_q_g)(l + O(l/l)) (DG)

(Papq) dise. 2+20+7)!
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Let’s consider now a contribution from configurations of type (I), i.e.
(p1P2Pq) conn. (P3P4PG) conn
(Pgpq) disc.

24+2l+7—p21 | 24-2l4+7+q—p | 242l+7—pas3 |
2 : 2 : 2 :
242l47—
(%ﬁﬂ) (2 + 20 + 7)!
(2+2[+T+p43 > | (2+2l+Tfp21 ) | (2+2z+r+q—p) | <2+2l+'rfp43 ) '
2 : 2 : 2 : 2 :

= D.
(2 + 21 + 7’)! <2+21+2T—p+q)! <2+2l+27+p43 )! ( 7)

. In this case the factorials come out misaligned. In particular we find

Notice that the term between square brackets is polynomial of degree ¢ —p—p43 > 0, which
is positive for type (I) configurations. There are small changes also in the computation of
the degree of the numerator, i.e.

(p1p2pq) (pszjilp@
min(py + p2,p+q) —4— (¢ —p—p21) +min(p+ ¢,p3 +pa) —4 — (¢ — p — pa3)
=e " +2(pa3—q+p) (D.8)

The result is that a configuration (I) in the large spin limit contributes as

24204+7+pag \| [ 24+2047—p21 ) . _
<p1p2PQ>Conn‘<p3p4PQ>conn ( 2 )( 2 )'le (r+a—2)

(Papq) aise. (2+20+7)! Ja+p—pis

(1+0(1/1)) (D.9)

The case of configurations of type (III) mirrors the case of configurations of type (I).
Repeating the previous derivation with minor modifications we obtain that in the large
spin limit a configurations of type (III) contributes as,

2420+ 7+pag \y [ 242047=p21 V1 . B
<pqp1p2>conn.<pqp3p4>conn N ( 2 ) ( 5 > 1¢* —(p+q—2)
(Papq) disc. (24+20+7)! [p21—atp

(1+0(1/1)) (D.10)

The first conclusion we draw is that when summing over pairs in (pq) € R jaba) such
that p+ ¢ = 7/, the large spin limit is dominated by configurations of type (II), because
compared to [¢"~(P+7=2) both (I) and (III) are further suppressed.

In order to decide which line p + ¢ = 7/, in the range b+ 2a +4 < 7/ < 7, gives the
leading power law contribution, we further distinguish the two cases: p; + ps < 7 and
442a+b<7 <p;+ps. We find

if pr4+p2<7 then e — (" —2) = (p1 +p2) — (pa3 —p21) — 6 (D.11)
if 7/ <p;+ps then e —(1"=2)=1"— (pazg —pa1) — 6
Thus, in the expression
o <2+2l+27'+p43>! <2+2l+2‘r7p21>! o (1)
M52 aba) = (2420 +7)! den ;) (1) (D-12)

the power law asymptotics of num ;) /den, 2, is [~ (Pa3—p21)—6 [l(p1+p2) NENY (T ]
and [P1TP2 gives the leading contribution. Since we know independently that the greatest
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denominator factor in the summation over (pq) € R (4bq) 15 given by disconnected free
theory for p 4+ ¢ = 7, we conclude that the degree in spin of num,,@) has to be that of the
greatest denominator, i.e (7—2), plus (p1+p2)—(pag—p21)—6. This implies the general result

degree num ) (1) = (7 —4) + (min(p1 + p2, p3 + pa) — 4 — (paz + p21))
= (17 —4) +2(ky — 2) + p2u (D.13)

after using the relation xz = min (%(pl +p2+p3— p4),p3).
2

7,(p1p2);(P3p4
but for an important detail. Since the twist 7 belongs to the below window region, the

The details of the computation of L ) are very similar to those of M®),

rectangle R (434 over which we are summing, is foliated by lines n +m = 7 with 7 =
4+2a+b,...7 <min(p; + p2,p3 + pa). Pictorially, the situation is as follows,

«
s

N
'Y
n 4+ m = max(p1 + p2, p3 + p4)

N
4

n+m = min(py + p2,p3 + pa) (D 14)

Therefore, comparing with (D.11), we now get for

<2+2l+’r+p43 ) | (2+2l+7'—1721 ) |
(2) . 2 . 2 : % numL(z)(l)

pir.d,[aba] (2+20+7)! den (1)

(D.15)

that the leading asymptotic of num; 2y /den; ) only counts twists in the region 7/ < p1 +pa,
as it should, thus it is has the form [~ (P43—p21)—6 [ZT + .. ] We obtain the general result,

degree numy ) (1) = 2(7 — 4) — (paz — p21), degree den;» (1) =(r—2). (D.16)

Formulas (D.13) and (D.16) summarize our proof of the spin structure of the SCPW
coefficients M?) and L(2).

Finally, we distinguish between even and odd b.

In the even b case, even and odd spin cases go separately. Reciprocity implies that in
both cases num is an even polynomial of the variable 21 + 7 + 3,

(2+2[+T+p43 ) | <2+2l+77p21 ) ‘

piml,[aba] (24204 7)! deny ) (20 + 7+ 3) ’
24-204+7+pas | 24-2l4+7—p21 |

pirblaba] (2420 +7)! deny (2l 4+ 1+ 3) '
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In this odd b case, the polynomials num and den, for both M 2 and L® depend on
the spin, whether it is even or odd. Picking

24-2l4+T7+pa3 242l+7—po1
( o) )! ( 3 ' pumeven (1)

M@ _ M) D.19
piTeven,[abal (24204 71)! % den{i( () ( )
<2+2l+7+p43 ) | (2+2l+r—p21 ) !
(~2) _ 2 2 numy 2 (l) (D.QO)
p;T,even,|[abal (2 + 21 + 7-)' deTLL(z) (Z)

the SCPW coeflicients corresponding to odd spins is then obtained by considering

numcﬁ%) (1) = num$@) (=1l — 17— 3) den‘j\f}%) (1) = denf (=1 — 7 = 3),
num‘z((i% (1) = num %) (=l —7—3) denﬁ% (1) = den{&) (=1 — 7 = 3).

The factorials do not transform.

Because of (B.25) and (3.26) we can say that the ratio num®"(l)/den¥*" (1) for both
M®@ and L® will always have a factor of (I+7+2), thus reducing the degree of numerator
and denominator. In particular, once (I 4+ 7 +2) is factored out, the degree of the auxiliary
numerator is down by —2 and that of the denominator is down by —1.

D.1 Refining the one-loop ansatz with reciprocity

We conclude by illustrating the use of reciprocity symmetry in our bootstrap algorithm.

The starting point is the ansatz at the stage in which the leading logs have been
matched, and there are no x = I poles. The idea is that whenever an OPE predictions in
and below window is non trivial, rather than immediately input the prediction, we first im-
pose the correct spin structure of SCPW coefficients on the ansatz, by using (D.17)—-(D.20).
Recall that in (D.17)-(D.20) we know the denominators. The corresponding numerators
instead will be parametrized by a polynomial in [, according to the degree and the parity
under | «+» —I — 7 — 3, as we understood in the previous section. We will leave the pa-
rameters in these polynomials free. We expect that imposing the spin structure solves a
number of free parameters in the ansatz, and trade some of them for the new ones in the
various numerators. We shall see in this way how much constraining is the spin structure
of the SCPW alone.

3333. As we saw in section 4.4, there are non trivial OPE predictions below window at
twist 4 in all su(4) channels. We impose twist 4 SCPW of the form (3.41) of the form

X1000] XT101] X020] (D.21)
(I+1)(1+6) (1+2)(1+5) (I+3)(1+4) '
In the table below we report the results of imposing (D.21) on the ansatz,
_ # free coef. autofit | # free coeff. left over

rep | twist in the ansazt in numerator
[000] | 4 3 0 (D.22)
[020] | 4 3 0
[101]| 4 1 0
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What happens here is that the constraint from reciprocity is so strong that at the
same time Xjgo], X[101]; X[o20] are fixed to their predicted values, and furthermore, the
ansatz is left with no more free coefficients than the ambiguities, i.e. reciprocity fixes 7—[%)33
completely. However, we should highlight that the case of twist 4, and so 3333, is actually
very special because all numerators entering (D.21) have just zero degree in spin.

We shall see in the next example that reciprocity is still powerful but the ansatz will
not be completely fixed.

4444. This correlator exemplifies well the general story about reciprocity symmetry. For
given rep [aba] there are non trivial OPE predictions below window, either 7 =4 or 7 = 6.
We will impose that the ansatz has SCPW coefficients of the form

T [000] [101] [020]
4 X[000] X1 X[020]
(+1)(+6) +2)(+5) (1+3)(1+4)
6 | Y0001 Yiooo, 030+ Vioon, ()" | Yiion+V3ion () +¥fio (45)* | Yigaer +Yioaey (143)*+ Viomr) (+3)°
(I4+1)(1+2)(I+7)(1+8) (I4+1)(1+3)(1+6)(1+8) (I+1)(1+4)(1+5)(1+8)
(D.23)
and
7| [040] | [121] | 202]
6 | Yiosor Yioaoy 08+ (4 )* | Yy +i00 (4 §)*+Y7150 (4 )* | Vigon Vs (4 3+ Vo (14 9)*
(I4+3)(1+4)(I+5)(I+6) (I4+2)(1+4)(I+5)(1+7) (I4+2)(1+3)(1+6)(1+7)
(D.24)

with unknown coefficients in the numerators.

The actual OPE predictions give particular polynomials in the various entries of the

tables (D.23) and (D.24). Comparing with the results in section 4.5, we see that in some

cases the rational functions simplify further. However, according to our discussion about

the spin structure, (D.23) and (D.24) are the most general.

The way the ansatz is refined by imposing reciprocity is reported in the table below.

What happens is quite remarkable.

74—

| # free coef. autofitted | # free coeff. left over
rep | twist in the ansazt in the numerator
[000] | 4 4 0

6 4 1
[101] | 4 4 0

6 3 1 (D.25)
[020] | 4 4 0

6 3 1
[040] | 6 3 1
[121)| 6 1 0
202]| 6 2 0



Firstly, at twist 4 reciprocity fixes completely the one variable resummation to its OPE
prediction. Secondly, at twist 6, almost all free coefficients in the ansatz are fixed just by
the symmetry. We can trade the 4 free coefficients left in the ansatz for those in (D.23)

and (D.24). For example, Y[(()%)U}’ Y[g%)l], Y[(()g)o]’ Y[(()Z)O]. Summarizing, there is (only!) a 4 free-
(2)

coeflicients ansatz (with ambiguities) which can potentially describe H,,,,. By matching
the value of these remaining free coeflicients in the ansatz to the OPE predictions below
window, we obtain 7—[5344.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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