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ABSTRACT

In this paper, we construct indefinite theta series for lattices of arbitrary signature (p, q)
as ‘incomplete’ theta integrals, that is, by integrating the theta forms constructed by the
second author with J. Millson over certain singular g-chains in the associated symmetric
space D. These chains typically do not descend to homology classes in arithmetic
quotients of D, and consequently the theta integrals do not give rise to holomorphic
modular forms, but rather to the non-holomorphic completions of certain mock modular
forms. In this way we provide a general geometric framework for the indefinite theta
series constructed by Zwegers and more recently by Alexandrov, Banerjee, Manschot,
and Pioline, Nazaroglu, and Raum. In particular, the coefficients of the mock modular
forms are identified with intersection numbers.

1. Introduction

The theory of theta series attached to an integral lattice L in rational quadratic space with
bilinear form ( , ) of signature (p, q), p, ¢ > 0, has a long history including fundamental work of
Hecke, Siegel, Maass, and others. In particular, Siegel constructed theta series for such indefinite
lattices by using majorants and hence obtained functions depending on both an elliptic modular
variable 7 and a point z € D, the space of oriented negative g-planes in V = L®zR. These Siegel
theta series have weight p—gq in 7, but, unlike the classical theta series for positive definite lattices,
they are non-holomorphic. In joint work of the second author and John Millson, [KM86], [KMS87],
and [KM90], a family of theta series valued in closed differential forms on D was constructed; we
will refer to these as theta forms. The series obtained by passing to classes in the cohomology of
the locally symmetric space I'\ D, where T is a subgroup of finite index in the isometry group of
L, were shown to be holomorphic modular forms of weight 252 valued in H%(I'\ D). The resulting
theory provides one analogue of the classical holomorphic theta series in the indefinite case.

However, it is still an attractive challenge to define theta series for indefinite lattices more directly
by restricting the summation to lattice vectors in suitable subsets W of V' where the quadratic
form is positive so that the series

(1.1) > (W) q@@), a=e(r) =", Qz) = =(x,z),
r€h+L
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is termwise absolutely convergent and hence defines a holomorphic function of 7. Here the co-
efficient function ®(-;)V) is supported on W, perhaps with values +1 on the interior and with
rational values on the boundary. Unfortunately, such series are typically not modular.

In his thesis, Zwegers [Zwe02] introduced a series of this type for V' of signature (m—1,1), where
1
O(z; W) = 5 (sgn(x,C") —sgn(z, C)),

for C and C’ € V negative vectors in the same component of the cone of negative vectors in
V. He showed that the resulting holomorphic series is not modular in general, but that it can
be completed to a (non-holomorphic) modular form of weight %% by adding a suitable series
constructed using the error function.

Alexandrov, Banerjee, Manschot and Pioline, [ABMP16], proposed a generalization of Zwegers’
construction to the case of arbitrary signature (m — ¢, q) where ®(z; W) = @E(m; C) is given by

q
(1.2) o2 (a;€) = 271 [ (sen(a, C) — sen(x, Cy)),
j=1

for a collection

C=C"={{C1,C1},{C2,Cy},...,{Cy, Cy}}
of pairs of negative vectors satisfying certain incidence relations. They introduced generalized
error functions and, in the case ¢ = 2, used them to construct a (non-holomorphic) modular
completion of the series (1.1). Shortly thereafter, Nazaroglu [Naz16] handled the case of general
signature along the lines suggested in [ABMP16]. In both [ABMP16] and [Naz16|, the modularity
of the non-holomorphic completion is established by using a result of Vignéras, [Vig77], which
asserts the modularity of theta like series built from a certain class of functions. The essential
step is to show that suitable combinations of generalized error functions define functions in this
class and, at the same time, are suitably linked to the function CDQD(-, C). Sums of lattice vectors in
more general positive polyhedral cones were considered by Westerholt-Raum, [Raul6]; he again
uses the Vignéras criterion to deduce modularity. Both [ABMP16] and [Raul6] discuss some
degenerate cases where edges of the cone are allowed to be rational isotropic vectors.

In this paper, we show that the indefinite theta series of [Zwe02], [ABMP16], and [Naz16] can
be obtained by integrating the theta forms for V' of signature (p, ¢) over certain singular g-cubes
determined by a collection C which is in ‘good position’. We also consider the analogous integrals
over singular simplices, where the input data is now a collection C = C® = {Co,Ch,...,Cq4} of
negative vectors in V in ‘good position’. In particular, any ¢ of them span a negative ¢-plane in
V' and these g-planes give the vertices of a singular simplex in D.

We refer to such integrals as incomplete theta integrals. The idea is that, since the theta forms
are closed g-forms invariant under an arithmetic group I" associated to the given lattice, it is most
natural to consider their integrals over g-cycles in the quotient I'\D. As explained above, such
integrals’ produce holomorphic modular forms whose Fourier coefficients have a cohomological
interpretation. The integrals over more general g-chains, for example, those arising from singular
g-cubes or g-simplicies, can be viewed as ‘incomplete’ versions. The situation is analogous to the

Lover compact cycles
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relation between the classical elliptic integrals, which are periods of holomorphic 1-forms, and
their incomplete versions, which are integrals of such 1-forms over more general arcs.

In any case, our result shows that the holomorphic theta series of [KM86], [KM87], and [KM90]
and the indefinite theta series of [ABMP16] and [Naz16] have a common source.

To state our results more precisely, we need some notation. Let L be an even integral lattice in V'
with dual lattice LY. For 7 = u+iv € § and u € LY /L, the theta form is the closed I';-invariant
g-form on D given by

Ou(miorn) = > erum(T ).
repu+L

Here the Schwartz form

_pta
prm(r, @) =071 (w(gh)prm)(@).
is obtained by the action w(g..) of the Weil representation on the basic Schwartz form g (),
cf., section 2.2. A precise formula for ¢ () is given in section 5.

First consider the ‘cubical’ case. For a collection C = C” of ¢ pairs of negative vectors, we can
define a g-tuple of vectors

B(s) =[(1—-51)C1 4+ 51C1r,...,(1 —54)Cq + 54Cy] € VY,

for each s = [s1,...,54] € [0,1]9. We say that C is in good position if the collection B(s) spans a
negative g-plane for all s € [0,1]%. If C is in good position, we obtain an oriented singular g-cube

ek [07 1](] — D7 S — Sp&n{Bl(Sl)a SRR Bq(sq)}p-0-7

where the subscript ‘p.o.” indicates that the given ordered g¢-tuple defines the orientation. Let
S(C) be the resulting singular g-cube.

Next consider the simplicial case. In this case, we suppose that the set of vectors C = C* is
linearly independent over R and that any ¢ of them span a negative g-plane. Their span U is an
oriented ¢ + 1-plane of signature (1, ¢) and the dual basis C¥ = {C{/, ..., C’;/} consists of positive
vectors. We say that C is in good position if, for all

q
$=[50,...,80] € AT={s€ 0,177 |> 5, =1},
i=0
the vector
CY(s) = Z 5, CY
i

is positive. For example, it suffices to require that all entries of the Gram matrix ((C/, CJV)) are
non-negative?. For C in good position, we obtain a map

pc: A1 — D, s CV(s)t,

where the L is taken in U and the orientation of p¢(s) is determined by the normal vector CV(s).

2This was pointed out to the second author by Sander Zwegers at the Dublin Conference in June, 2017.
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We write S(C®) for the resulting singular simplex. We also define

q

(1.3) <I>qA(x;C) =921 ( H(l —sgn(z,Cy)) + (—1)4 H(l + sgn(z, Cj)) >

j=0 j=0
For S(C) = S(C”) or S(C*), we consider the theta integral
(1.4 L(ri0) = [ Burivion).
s(C)

Note that, by construction, 1,(7;C) is a (typically non-holomorphic) modular form of weight pzﬂ
with transformation law inherited from that of the theta form.

Our explicit formulas involve the generalized error function introduced in [ABMP16] which is
defined as follows. For 1 < r < ¢ and for a collection of vectors ¢ = {ci,...,¢,} spanning an
oriented negative r-plane z in V', let

(15) Biwic) = [ e mre 0w sgnyic)dy,

z

where x € V, pr,(z) is the projection of x onto z,

(1.6) sgn(y; ¢) = sgn(y, c1) sgn(y, c2) - - -sgn(y, ),

and the measure dy is normalized so that

/e”(y’y) dy = 1.

Note that E,(x;c) is a C*°-function of = € V, c¢f. [ABMP16], section 6.1. In various inductive
arguments, it will be convenient to let Ey(x;¢) = 1.

Finally, for x € V, x # 0, let

Dy,={z€D|x 1z},
and note that, if Q(x) > 0, then D, is a totally geodesic sub-symmetric space in D of codimension
q. Otherwise, D, is empty.

Our main result is then the following.

MAIN THEOREM. Assume that C is in good position and let ®4(x;C) be @E(m;C) (resp. <I>qA (z;C))
in the cubical (resp. simplicial) case.
(i) The series

(1.7) D By(x;C) g9
repu+L

is termwise absolutely convergent and hence defines a holomorphic function of 7.
(ii) If ®4(x;C) # 0, then

Dy 0 S(C) = pe(s(x))
for a unique point s(z) € [0,1]? (resp. A?), the map p¢ is immersive at s(z), and

®,(z;C) =1(D,, S(C))
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is the intersection number® of D, and S(C) at pc(s(z)).
(iii) In the cubical case, the theta integral (1.4) is given explicitly by

(1.8) L(mic%) = > (-1)72° qz D E,(2v/20;C1) q9@),
rep+L
where for a subset I C {1,...,q}, C! is the q-tuple with C’Jl =C;ifj¢ I and C][ = CJ’. ifjel,
ordered by the index j.
(iii) In the simplicial case, the theta integral (1.4) is given by

la/2]
(1.9) I(r;C%) = > (~1)7277 Z > Egar(zv2u;¢0) ¥
zeu+L = 1
|I\ 2r+1
where, for a subset I C {0,1,...,q}, CY) is the collection of q + 1 — |I| elements obtained from
C» by omitting the C; for j € I. Here Eo(...) = 1.

We can view I,(7;C) as a modular completion of the series (1.7) in the sense that taking the
limit v — oo termwise in the Fourier coefficients of (1.8) resp. (1.9) yields ®,(z;C); i.e

(~1)727 tim 37 (~1)" E(ev/20: CT) = @7(a:0),

V—00

and the same for <I>qA(:c; C).

We also note that the mock modular forms Zz€u+L Py (z;C) q%® we are considering do not in
general involve taking I'-orbits of lattice vectors in a cone and hence are structurally different

than the classical cases mentioned above which arise as ‘complete’ theta integrals.

REMARK 1.1. (1) The series on the right side of (1.8) coincides with that in [ABMP16] and
[Naz16], at least when the collection C satisfies their incidence conditions. The incidence condi-
tions they impose on C, i.e., conditions expressed as requirements on the entries of the Gram
matrix of C, imply that C is in good position. On the other hand, the ‘good position’ condition,
which is a condition on the Gram matrix of the collection B(s) for all s € [0,1]?, is sufficient for
our results. We leave aside the, perhaps subtle, problem of expressing this condition on B(s) in
terms of necessary and sufficient conditions on the Gram matrix of C.

(2) Part (ii) of the theorem provides a geometric interpretation of the coefficients of the holomor-
phic generating series as intersection numbers. It would be interesting to see if this interpretation
has any significance in the physics context which was the original motivation for [ABMP16].
(3) The proof of (i) is already given in the general case in [Kud18]. That the right side of (1.8) is
a modular completion of the series (1.7) is, of course, a main result of [Zwe02], [ABMP16], and
[Naz16].

(4) It is interesting that generalized error functions for negative r-planes with r < q occur in the
explicit formula in the simplicial case. This phenomenon was pointed out by Westerholt-Raum
for more general cones, [Raul6]. The indefinite theta series associated to collections C* were also

discussed by Zwegers in his talk at the Dublin conference on Indefinite Theta Functions in June
2017.

31f s(x) is on the boundary of [0, 1], this quantity is defined in (11.1) in section 11.
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Since the theta integral (1.4) can be computed termwise, the formulas of parts (iii) and (iv)
follow immediately from the formulas for the integral of p g /() over S(C) given in Theorem 4.1
and Theorem 8.3 respectively. These results are, in turn, proved by induction on ¢, where the
case ¢ = 1 is an elementary calculation. The key points are the following. First note that both
sides of the identities in Theorem 4.1 and Theorem 8.3 are smooth functions of z and C, so that
it suffices to consider the case where x is regular with respect to C, i.e., where (z,C) # 0 for all
C € C. As already noted in [FK17], the Schwartz form ¢/ (x) comes equipped with an explicit
primitive ¥(x), defined on the set D — D,. Taking care of the possible singularity, which under
the regularity assumption occurs at most at a unique interior point of S(C), we can apply Stokes’
theorem. The boundary of S(C) consists of singular (¢ — 1)-cubes (resp. simplices) in totally
geodesic subsymmetric spaces of the form

r_
D,={zeD|yez}

for y = Cj or C} in C. Note that D, will then be isomorphic to the space of oriented negative
(¢—1)-planes in the space V,, = yt, of signature (p, ¢g—1). Now the crucial (and remarkable!) fact
is that the pullback of the primitive W(x) to such a subspace D; can be written as an integral

transform of the Schwartz (¢ — 1)-form cp}/é’M(prVyx) for V,,, cf. Proposition 6.3. By induction, we
obtain an expression for the boundary integral as a sum of the corresponding signature (p,q— 1)
theta integrals. Finally, we invoke an inductive identity for generalized error functions from
[Naz16], Proposition 7.3, to conclude the proof.

REMARK 1.2. (1) One can consider the theta integral I(r;S) over any oriented g-chain S in
D, and, if S is compact, this can again be computed termwise. If, moreover, the boundary of S
consists of (¢q—1) chains lying in D; ’s, one can proceed by induction. In particular, our result gives
an explicit formula for any g-chain written as a sum of simplices of the form S(C*). Moreover,
since the theta forms are I'p-invariant, their integrals over I';, equivalent q-chains coincide.

(2) We can also consider the theta integral I(7;C) in the degenerate case, when some of the
elements in C are rational isotropic vectors. Geometrically, this amounts to the g-chain S(C)
going out to some of the rational cusps (of the arithmetic quotient) of D. However, while the
theta integral over the non-compact region S(C) still is convergent by the results of [FM13]
(for signature (m — 1,1), see [FM02]), it is in general no longer termwise absolutely convergent
(unless one imposes a “non-singularity” condition as in [Kud81], see also [Raul6]). One interesting
example is signature (1,2), where one can realize the standard fundamental domain for SLs(Z)
as a surface S(C) for a certain C, and the associated theta integral I(7;C) gives Zagier’s non-
holomorphic Eisenstein series of weight 3/2, see [Fun02, BF06].

(3) In the companion paper [FK17], we consider the theta integral [, n A 0,(T; ¢k ) against a
compactly supported (p — 1)q differential form n on D. In particular, we establish the properties
of the primitive V(z) as a current on D.

Our construction yields a formula for the image of the (typically non-holomorphic) modular

form I,,(7;C) under the lowering operator —21’1}2% and hence for its shadow, its image under the

operator & = 22'21]“%, with k = %(p + q). This formula implies the following, cf. section 9.

COROLLARY 1.3. Suppose that C is rational collection, i.e., that C' € L ®7 Q for all C' € C. Then
the shadow of I,,(7;C) is a linear combination of products of unary theta series of weight % and
complex conjugates of indefinite theta series for the spaces Vo = C+ for C € C.
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Here is an outline of the contents of the various sections. Section 2 contains an overview of
the construction of theta forms, their modular transformation properties, and their relation to
geodesic cycles. There is considerable overlap with the material in [FK17], although our notation
and perspective here differ somewhat. Section 3 explains the singular g-cubes associated to
collections C in good position and their intersection with the cycles D, in the regular case. It
should be noted that the role of the symmetric space D and the singular g-cubes is not so evident
in [ABMP16] and [Nazl16]. The use of the ‘good position’ condition streamlines the treatment,
although the important problem of finding equivalent incidence relations is left open. The explicit
formula for the ‘cubical’ integrals of @ () is given in Theorem 4.1 of Section 4. In Section 5,
we give a more detailed discussion of the Schwartz forms px s and their primitives. In Section 6
we prove the key formulas for the pullbacks of these forms to the spaces D;. Section 7 contains
the proof of Theorem 4.1. Section 8 contains the computation of the shadows. Section 9 contains
the analogous computations in the simplicial case, where the are several crucial and interesting
differences. Some technical details are provided in the Appendix.

1.1 Acknowledgements

The second author benefited from the Banff workshop on Modular forms in String Theory in
September 2016, as well as from discussions with B. Pioline and S. Zwegers at the conference,
Indefinite Theta Functions and Applications in Physics and Geometry, at Trinity College, Dublin
in June of 2017.

1.2 Notation

For vectors x and y in a non-degenerate inner product space V, (1, ) with Q(y) = %(y,y) #+0,
we write

_ (=)
(1.10) Tiy=w=
Note that
(1.11) (T1y,2'),) = (z,2") — W

For a non-degenerate subspace z in V, we write pr, for the orthogonal projection to z.
We write e(x) = e2™2.

For our collection of vectors
C=C"={{C1,C1},{Ca,Cx},....{Cy,Cy}}

we are following the convention of [ABMP16] and writing Cjs for the second vector of the jth
pair. This is convenient as it allows, for example, to expressions like C; | j is the projection of C;
to the orthogonal complement of C}/, etc.
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2. Theta forms and their integrals

2.1 Preliminaries

We begin by reviewing some standard notation and constructions. A good reference is [Shi75].

Suppose that L, (, ) is a lattice of rank m = p + ¢ with an even integral symmetric bilinear

form of signature (p,q) with p, ¢ > 0. Let LY D L be the dual lattice and set Q(z) = %(:c,x)

Let V=L ®z R and let G = O(V') be the orthogonal group of V. Let
'p={~veG[rL=L, vlpvyp =1d }.
We denote by Grg(V) the Grassmannian of oriented g-planes in V' and let
D=DV)={zeCV)| (.): <0}
be the space of oriented negative g-planes in V. For z € D, the associated Gaussian is

polx, 2) = e @,

where for
R(z,z) = =(pr,(2), pr.(2)),
(:L‘a :Z:)Z = (:L‘a IE) + 2R($7 Z)
is the majorant determined by z. For fixed z, ¢o(-, 2) = ¢o(2) € S(V) is a Schwartz function on
V, while, for fixed x € V, po(z,-) = po(x) € AY(D) is a smooth function on D satisfying the
equivariance
@0(9x7 gZ) = 900(‘%7 Z)

for g € G, or equivalently

g po(z) = po(g ™ z) =t w(g)po(),

where g* denotes the pullback of functions on D and w(g) denotes the action of g on S(V'). Thus
(2.1) w0 € [S(V)® A°(D)]°.

The action w of G on (V') commutes with the Weil representation® action of the two-fold cover
G’ = Mpy(R) of SLa(R) on S(V), and hence there is a representation of G x G’ on this space,
which we also denote by w. Recall that for b € R and a € R*, there are elements n’(b), m/(a),
and w’ in G’ projecting to

=" 1) m@= (" a)s maw= ()

in SLo(R) whose Weil representation action is given by
w(n'(b)p(x) = e(bQ(x)) ¢(x)
w(m/(a))p(z) = || p(az)

w(wp(x) = e(r5?) p(x) = e(25?) /Vw(y)e(—(w,y))dy-

10f course, if m = dimV is even, this representation factors through SLa(R) and we can dispense with the
metaplectic group.
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Then, for 7 = u+iv € § and ¢. = n’(u)m’(v%), we have
pPTq

Q(z)

—27vR(z,2) q ’ q= 6(7’) _

w(gl)po(z,2) = vt e

The following invariance property gives rise to the modularity of the theta series. Define a vector
valued tempered distribution

0, :SV) —CILY/T), ¢ 0@l = 3 Ou)en
neLY /L
where ¢, € C[LY /L] is the characteristic function of the coset y + L and
Oulp) = > o).
zepu+L

Let IV be the inverse image of SLy(Z) in G’. Then there is a finite Weil representation py, of I”
acting on C[L" /L], and the theta distribution ©, satisfies

Or(w(®)e) = pL(v)OL(p).

Let K’ be the inverse image of SO(2) in G/, and suppose that ¢ is eigenfunction of weight ¢ € %Z
for the Weil representation action of K’, i.e.,

(ke = e(19) ¢, k9=<“’59 Sme),

—sinf cos6

for a suitable preimage kj of kg in G'.

Then the invariance of the theta distribution together with a standard calculation, [Shi75], pp.
90-98, implies that the C[LY/L]-valued theta series

_Z
D Ou(rip)en =7 Op(w(g))p)
weELY /L

is a (non-holomorphic) vector-valued modular form of weight ¢ and type (pr, C[L"/L]).

The Gaussian g is an eigenfunction of K” of weight 54 so that the Siegel theta series 0,,(7, z; ¢o)
are components of vector valued modular forms and, moreover, via equivariance (2.1), are I'r-
invariant as functions of z, i.e.,

0,(7, 5 00) € A°(D)'E.

For this semi-classical reformulation of Weil’s construction of theta functions we are following
Shintani [Shi75], cf. also [BFO04].

2.2 Theta forms

The basic idea is to replace equivariant families of Schwartz functions by equivariant families
of Schwartz forms, i.e., Schwartz functions valued in differential forms on D. Let A"(D) be the
space of smooth r-forms on D. A main result of [KM86], [KM87] is the explicit construction of
a family of Schwartz forms

(2.2) v €[S(V)® AY(D)1C.
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Thus, for x € V and g € G,
g oxm(z) = exmlg”'w) € AY(D).

In particular, for fixed x € V, pgar(z) is a Gy-invariant g-form on D. For example: ¢ r(0) is
a G-invariant form. Under K’,

w(kp)eram = e(2520) i
Note the shift in weight! Moreover, the g-form g pr(z) is closed,
dorm =0,
where d : AY(D) — A91(D) is the exterior derivative.
Define the theta form

_(rt9)
0u(T5px0) =07 1 Hu(w(g;-)LPKM)-

Then, by construction, 6,(7; pxn) is a closed I'p-invariant g-form on D and hence defines a
closed g-form on the (orbifold) quotient M}, = [I'z\D]. Moreover, as a function of 7, 6,(7; ¢ )
is a component of a (non-holomorphic) modular form of weight p2ﬂ and type (pr, C[L"/L]).

2.3 Relation to geodesic cycles

To avoid orientation issues, we take I' C I'r, to be a neat subgroup of finite index. The theta
forms define cohomology classes for the locally symmetric space Mp = I'\ D which are related to
totally geodesic cycles. This was the original motivation for their construction. We recall briefly
the basic facts. For z € V with = # 0, let V,, = 2, and let

Dy ={2€ D | R(z,z) =0,ie., 2 C Vz}.

In particular, D, is empty if Q(z) < 0, and is a totally geodesic sub-symmetic space of codimen-
sion ¢ if Q(x) > 0.

Let prp : D — I'\D = Mr and, for z with Q(z) > 0, let

Z(x) = prr(Dz),

a totally geodesic codimension g-cycle in Mpr with an immersion
iy : Tp\Dy — Z(z) C T\D.

Notice that Z(z) depends only on the I'-orbit of x.

The following results are special cases of those obtained in [KM86], [KM87] and [KM90]:

(i) Suppose that 71 is a closed and compactly supported (p — 1)g-form on Mp. Then

/ nAﬁu(T;WM)=/ nAeru(0)+ Y (/ n)qQ(“’”)-
My My Z(z)

zeu+L
Q(x)>0
mod T’

10
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(ii) Suppose that S is a compact closed (i.e., S = 0) oriented g-cycle on Mp. Then

o) ). §) @@
/Sau( S OKM) /S<PKM(0)+ xe;r[z I(Z(z), S) q*\",

Q(z)>0
mod T

where I(Z(x),S) is the intersection number of the cycles Z(x) and S.

In particular, both series are termwise absolutely convergent and define holomorphic modular
forms of weight 2.

Note that these results exactly fit into the framework of (1.1). Additional discussion is given in
[FK17]. Many interesting variations are possible! For example, the case of certain non-compact
cycles S in Mr is considered in joint work of the first author with John Millson, [FM02], [FM11],
[FM14].

2.4 Non-closed compact cycles.

Suppose that S is a piecewise smooth compact oriented g-chain in the symmetric space D. Then,
from the general machinery sketched in the previous sections, we obtain (non-holomorphic)
modular forms, which we will refer to as indefinite theta series, or incomplete theta integrals, as
explained in the introduction,

(2) Iu(7i8) = [ Bulrionn)
S
of weight . Since S is compact, we can compute such integrals termwise. Define an operator
(2.4) Is: S(V)® AY(D) — S(V), gpr—>/<p,
S

from Schwartz forms to Schwartz functions by integrating out the form part. This operator
commutes with the Weil representation action of G’. Thus, we have

_(p+9)
L(r:S) = /S o= 0, (gl orcar)

= oI, w(e) (Is(oman)).

so that the indefinite theta series (2.3) is just the theta series defined by the Schwartz function
Is(¢rar). We obtain explicit formulas for the modular forms I,,(7; S) whenever we can compute

the Schwartz function
(2.5) Is(prm) € S(V)
for a given g-chain S.

The remainder of this paper is devoted to the explicit computation of the Schwartz functions
Is(pgar) in two cases: (1) the case of the singular g-cubes defined in the next section, and (2)
the case of singular g-simplices defined in section 8.

11
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3. Singular ¢-cubes

The data® C = C" introduced in [ABMP16] section 6 and recalled in (3.1) below determines a
singular g-cube S(C) in D, whose geometry we discuss in this section. We give an explicit formula
in terms of generalized error functions for the integral (2.5) in the case when S = S(C) for C in
‘good position’.

3.1 The singular g-cube S(C) and its faces

Let
(3‘1) C:CD = {{Cl’cl’}7{02702’}""7{011’011/}}

be a collection of ¢ pairs of negative vectors in V. For a subset I C {1,...,q}, let C be the
ordered set {C{,...,CI} of ¢ vectors where we take C]I =C;if j ¢ I and CJ[ =Cypifjel
The vectors are ordered according to the index j. Thus, C? = {C1,...,C4}, etc. We would like
to have the following ‘incidence relations’:

(Inc-1) Each collection C! spans an oriented negative g-plane
21 = span{C'},,.

(Inc-2) The oriented negative g-planes z! all lie on the same component of D.

These relations, which can be achieved by imposing conditions on the determinants of minors of
Gram matrices, should allow us to construct a singular g-cube with the points 2! as the vertices.
However, as already seen in [Kud18], it will be more convenient to work with the following
formalism.
For s = [s1,...,54] € [0,1]9, let

B(s) = [Bi(s1), - - -, Bq(sq)],
where

Bj(sj) = (1= 5)Cj + 5;Cjr.
DEFINITION 3.1. A collection C is said to be in good position if, for all s € [0, 1]9,

span{B(s)}p.o. = span{Bi(s1), ..., Bq(sq) }p.o. € D.

If C is in good position, then relations (Inc-1) and (Inc-2) hold, and we obtain an oriented singular
g-cube

(3.2) pc 10,17 — D, s=[s1,...,5q = span{Bi(s1),...,By(sq) }po. € D.
with the 2! as its vertices. Let S(C) = pc ([0, 1]9) be its image in D. Note that the most degenerate
case, in which C; = C}: for all j and S(C) is a point in D, is allowed.

From now on, unless stated otherwise, we assume that C is in good position, so that p¢ and S(C)
are defined.

5We abbreviate C7 to C unless it is useful to emphasize the case at hand.

12
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As in [Mas91], we define the front j-face

a;pc -

and back j-face
Bipc : 10,1171 — D,

[07 1]q71 — -Da

ajpc(st,. .-

Bipc(si, .- -

7Sq—1) = PC(517 v

73q—1) = pC(Sl7 s

7Sj—1707 Sgy.e- 78q—1)7

y S5—1, 1,8]', v ,Sq_l).

We write 3]*5 (C) (resp. 0; S(C)) for the image of ajpc (resp. Bjpc), viewed as an oriented
(¢ — 1)-cube. With this convention, the boundary of the oriented g-cube S(C) is given by

(3.3)

0=3 (-

]:

1

Note that, if y € V with (y,y) < 0, then V,, :
the space of oriented negative (¢ — 1)-planes in Vy, and we have an embeddmg

(3.4)

ky : D(Vy) — D,

8*5

= y* has signature (p, g

2 span{y, C/}p.o.a

whose image D; is the space of z € D such that y € z.

We define collections

(3.5)
and

(3.6)

Cljl = {{CuLj; Cruy}s -

Cli'T={{C11j,Crij},...,

{0, Cpls

{C;,Ci},...

—975(C)).

1). We write D(V,) for

' = span{('}p.o.,

ACq1j, Cyajth

ACq1y, Cyryrt}

of (¢ — 1) pairs of negative vectors in V; = C'jl and Vjr = C'j% respectively. Here recall that C; | ;
is the orthogonal projection of C; to Vj, cf. (1.10).

The following easy fact illustrates the advantage of the ‘good position’ formalism.

LEMMA 3.2. If the collection C is in good position for V and D, then the collections C[j] and

Clj'] are in good position for Vj, D(V;) and Vj,

D(V}) respectively.

Proof. Note that, if we set s’ = [s1,..., s4-1] € [0,1]97 ! and write ajs’ = [s1,...,8j-1,0,8j,...,84-1],
then, since C is in good position,
ajpe(s’) = pc(ays’)
= span{Bi(s}), ..., Bj-1(sj 1), Cj Bi4+1(s)), - - -, By(sq-1) }peo.
= span{Bi(s})1j,..- ,Bj,l(s;-_l)Lj, Cj, Bj+1(8/')Lj, ..., B (5;_1)Lj}p.o‘ e D,
which implies that C[j] is in good position for V; and D(V;). Similarly for C[j’]. O

We write S(C[j]) and S(C[j']) for the corresponding oriented singular (¢ —

D(Vj) with parametrizations analogous to (3.2),

pegj) 10,1771 — D(V))

and

Pelin

:[0,1]7

13
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We let k; = K(—1)i-1¢; and K = K(-1)i-1c, SO that

(3.7) Kj © pefj] = Qjpe,
and
(38) Kjr O pC[j’] = ﬁjpc

Here the key point to note is that
span{Bi(s1), ..., Bg(s¢) }p.o. |5j:0
=span{B11;(s1);---, B-1)1(8j-1), Cjs B(j1)1(8j41)s - - - Ba1i(5¢) }p.o.
=span{(—1)'"'C;, B11;(s1), -, B(j—1)1(5j-1), Bj+1)1;(8j+1); - - - Ba1(5¢) }peo.
= K; opcm(sl,...,@,...,sq),
where, for example,

Bi1j(s1) = (1 = 51)C11j + 510115

3.2 The regular case

Recall from [Kud18] that a vector € V is said to be regular with respect to C if (z,C') # 0 for
all C' € C. Parts (i) and (ii) of the following are an analogue of Lemma 4.2 in loc. cit. and the
proofs given there extend immediately to the general case. Part (iii) will be proved in Appendix
I, where the definition of the local intersection number will also be reviewed.

LEMMA 3.3. Let C be a collection in good position. For a vector z € V, let ®,(z;C) = @E(m;C)
be as in (1.2).
(i) If x € V is regular with respect to C, then D, N S(C) is non-empty if and only if ®,(x;C) # 0,
and, in this case Dy NS(C) = pe(s(x)) for a unique point s(x) € (0,1)? given by

(z, C])
z,Cj) = (¢, Cy)
(ii) If z € V is any vector with ®4(x;C) # 0, then D, N S(C) consists of a single point pc(s(x))
with s(x) € [0,1]7 given by (3.9).
(iii) If z € V' is any vector with ®,(x;C) # 0 and s(x) is as in (ii), then the map p¢ is immersive
at s(z), and the quantity ®,(x;C) is the local intersection number of D, and S(C) at s(z). A
precise definition of this quantity is given in (11.1) in section 11.

(3.9) s(z); = (

4. Cubical Integrals and generalized error functions

In this section, we state our main result, an explicit expression for the Schwartz function (2.5)
defined by the integral

I(z;C) := /S(C) wrm(T)

of the g-form ¢xpr(x) over the singular g-cube S(C) in D in terms of generalized error functions,
as suggested in section 5 of [Kud18].

14
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THEOREM 4.1. Suppose that C = C" is in good position. Then

(4.1) I(z;C) = (—1)72~ qz II\E l,\[ 2:.01) e T@)

where, as in section 3.1, for a subset I C {1,...,q}, C! is the g-tuple with CJI =Cjifj ¢ 1 and
C]l = Oy if j € I, ordered by the index j.

The 29 terms in the sum on the right side of (4.1) are generalized error functions associated to
the vertices 2! = span{C’},,. of S(C) of the singular g-cube evaluated on the projections of
to those ¢-planes.

REMARK 4.2. In the case ¢ = 2, the expression given in Theorem 4.1 is the negative of the
expression found in [Kud18]. But there is a simple explanation, namely the orientation of S(C)
used there is defined by the ‘loop’ in (3.11), but this is the opposite of the orientation we use
here, defined by the singular square pc.

The proof of Theorem 4.1 by induction on ¢ is given in section 7.

5. Review of the Schwartz form ¢g;; and its relatives

In this section, we review the basic facts about the Schwartz forms ¢ /() that we need.

5.1 Local formulas
We fix a base point zgp € D and an orthonormal basis {ei,...,en}, m =p+q, (er,€s) = €:0rs,
e =—+1for 1 <r <pande =—1for r > p, with
20 = span{ept1, ..., em}p.o.-
In particular V' ~ R™, and the associated to zg Gaussian is given by

(5.1) wo(z) = polz, 20) = e ™ 2 7 e S(V), x = inei.

Let K be the stabilizer of zp in G and write g, = Lie(G) = &, + p, where ¢, = Lie(K) and p,
are the +1 and —1 eigenspace for the Cartan involution at zg. There is a canonical isomorphism
T.,(D) ~ p,. Under the identification

VeV = End(V), (v ®v)(v) = (va,v)v1,
a basis for p, is given by
Xop=ea®e, +e,® eq, I<as<p<pu<p+y.
Let wqy, be the dual basis for pj.

By the equivariance property (2.2), px () is determined by the element of the complex®,
[S(V)@ A(p)]*

®Note that K = O(zg") x SO(20), so that the character a appearing in [KM86], Theorem 3.1, is trivial on K and
hence does not appear here.

15
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obtained by restriction to the point zg.

For 1 < < ¢ and forz =3, zje; €V, let

P
w(s) =w(w;s) =D zjwiprs € P,
j=1
and

P
Q(s,t) = Z"Jj,ers ANWjptt € /\Q(pZ)-
j=1
For A with 0 < A < [g/2], we define g-forms
(5.2)  AOx(q) = A[w() A Aw(g—=2X)AQqg—2X+1,g—2X+2)A---AQ(g—1,q) ],
where A is the alternation
(5.3) Alw() A AQt—1,t) ] Z sgn(o A AQo(t —1),0(t)).
' oESt
Note that these are homogeneous of degree ¢ — 2\ in x, and it will sometimes be useful to write

AO)(q)(z) to indicate this dependence. With this notation, we have the following formula for
the restriction of ¢/ (x) at the point zg, cf. [KM86] p. 371,

[a/2]
(5.4) prm(x) =292 " C(q, ) AOx(q)(x) po(w),
A=0
where
1 t!
(5.5) C(t,\) = (_E)AM'

There are two auxiliary (¢ — 1)-forms associated to ¢/ (z) that will play a fundamental role in
our calculations. We will recall their relation to i () in a moment. The first of these is given
by

(e=1)/2] ¢

(5.6) Prear(z) = 29271 Z Z ) Tpts Cqg—1,X) AOx(g; s)(x) po(x),

where the (¢ — 1) form AO,(q; ) is defined by the alternation analogous to AO (¢ — 1) but for
the index set {1,...,8,...,q} replacing {1,...,q — 1}. For example, AO,(q;q) = AOx(q —1).

Now we include the parameter 7 = u + v. Writing

prm(T) = Phepr(a) e ™),
Yrcwr () = Yy () e,
we have, for q = e(7) and Q(z) = %(z,z),

+
(5.7) i (r, @) = s (v22) @@ = v w(g ) prem (),
and
(5.8) Grear (7, x) = 0y (v2) g2,

16
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Note that

.0
-2 ESOKM(T, = {(PKM }q
On the set of = such that R(zx, z9) > 0, let

(5.9) ¥l / WO(tzz)t L dt.
The point here is that
—27tR(x,20)

Y (t%:c) = (form valued polynomial in t%x) e

so that the integral only makes sense when R(z, z9) > 0. For x with R(z, zp) > 0, let

(5.10) Uy (T, 2) = \P%M(v%x) Q) = / PO( t2:U t~tdt q9@).

The following basic relations between the primitives ¢ s (7, ), ¥ g ar (7, ) and the form pras (7, )
are given in [FK17], Section 3, Proposition 3.2, cf. also, [KM90], section 8.

LEMMA 5.1. (i)

8 =
—2iv? 8*<PKM(7',:B) =dgp(T,z) = wa(l)(M(U;IE) qQ(z)‘
(ii)
AV iy (T, ) = orpm (T, ), R(z, 2) > 0,
and

dV% () = enr (@), R(z, z9) > 0.

Taking homogeneity in = of various terms into account and writing R = R(z, zp), we have the
explicit formulas

[(¢—1)/2] ¢
(5.11) (o) =251 > 3 (=1)* layy Clg— 1,0) AOL(g: 9)
A=0 s=1

x (21 R) 204~ 2A>r(2(q—2A) 21 Rv) q9),

and
lq/2] )

(5.12) pra(r, ) =212 " C(q,\) A, (q) v2 (172N 2R gR),
A=0

Here I'(s,a) = [~ e~ 't*~!dt is the incomplete I'-function.

5.2 Global formulas

We now explain how the formulas of the previous section define global differential forms on D.
We will use the notation and conventions explained in [Kud18], especially the Appendix, which
we now briefly recall.

17



JENS FUNKE AND STEPHEN KUDLA

Let
FD={¢=1[C,....¢) € VI (¢, €)== ((Gi¢)) <O},

be the bundle of oriented negative frames, and let

OFD ={ ¢ =[C1,---, ¢ € VI (¢,¢) = —1q },

be the bundle of oriented orthonormal negative frames. Let 7 : FD — D be the natural projection,
taking ( to its oriented span. Then, for ( € OFD, we have an identification of tangent spaces

V>~ Te(FD) D Te(OFD) = {n = [m,...,ng) € VI | (n,¢) + (¢,n) =0}

For z € D, we let U(z) = 2. Then the ‘horizontal’ subspace U(2)? C T;(OFD) is identified with
T.(D) under dm¢. Note that, while the space U(z)? depends only on z, the identification with
T.(D) depends on (. The identifications for different choices of ¢ differ by the action of SO(q).

A priori, the expressions given in (5.12) and (5.11) are elements of S(V)® A"(p}) with r = ¢ and
q — 1 respectively, where p, is identified with the tangent space to D at the base point
z0 = span{epi1, ..., €ptqtpo. € D

determined by our chosen orthonormal basis. They yield global formulas as follows. For any
¢ € OFD, the function R(z, z) is defined by R(z,z) = (x,()(¢,z). For vectors n = [m,..., 14
and p = [p1,..., i) in U(2)9, define

(5.13) w(s)(n) = (z,ns), s, )0, 1) = (s, 1) = (0, prs)-
Also note that, in the global version of (5.11),
(5.14) Tpts = —(l’, Cs)

LEMMA 5.2. With these definitions, the g-forms AO)(q) and (¢ — 1)-forms AOy(¢;s) on U(z)?
are invariant under SO(q) and hence define forms on T,(D).

Proof. We observe that for some non-zero constant c,

(5.15)
) @ 150) -+ @ pgan) Tagoartyy o Togg)
AON(@)(n's..n") = ¢ > sgn(o) det : : :
€Sy (z, ncqf(l)) e (= nz(q—%\)) ng(q—%\H) T UZ(Q)'
where, in expanding the determinant, the product of vectors is taken using ( , ). O

Thus (5.12) (resp. (5.11)) defines a global g-form g (7, 2) on D (resp. a global (¢ — 1)-form
Ui (r,2) on D — D,) and these forms satisfy

dVgn (T, 2) = erm (T, )

onD — D,.

REMARK 5.3. The formula for the pullback for these forms to OFD involves additional terms
determined by the requirement that the forms vanish if one of the input tangent vectors is
vertical, i.e., in the kernel of dm;. We will not need these expressions.

18
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6. The pullback to certain sub-symmetric spaces

Recall that for a negative vector y € V' we have V,, = yt,
(6.1) D,={zeD|yez},
and
D(V,) = { z = oriented neg. (¢ — 1)-plane in V}, }.
For the properly oriented orthogonal frame bundle OFD(V,) — D(V}), there is an embedding
(6.2) ky : OFD(V,) — OFD, ¢ [y, ¢,
where y = y|(y, y)|7%, and the resulting embedding

(6.3) ky : D(V,) — D, C D.

A fundamental result is the following pullback formula, which we find rather striking.

PROPOSITION 6.1. For x € V', write x = —(x,y)y + =1, so that x|, is the V;-component of x.
Then

(i)
* _1 —2m(x Y
KW () = 272 (2,y) e 2@ v ().
(ii)
1

* _1 3 _ 2 _1 2V
,iy(quM(T,g;)):g 202 (z,y)e 2mv(z,y) q 3(zy) i (T Ly):

Here QDI‘?]’\E)[(T, ) is the %, Schwartz (q — 1)-form on D(V,).
(i)
Ky (Prm(T,2)) = 0.

REMARK 6.2. The vanishing in (iii) is a fundamental property of ¢y (7T, x) which does not seem
to have been observed before.

Proof. The map on tangent spaces is given by
(64) d/{y : TC(OFD(Vy)) — Tﬁy(c)(OFD), n = [7’]1, c.. ,nq_l] — [O, My 777q—1]7

and this map is compatible with the ‘horizontal’ subspaces. It follows that any term in w% v (@)
involving an index s = 1 in the differential form will vanish under pullback. Thus, by (5.6), we

have
. 2[(q—l)/2}
Ryl (@) =287 (2,9) e 2TV N Clg = 1,0) AOA(g — D)(ary) e >0
A=0

_1 —or 2 V,,0
=272 (z,y) e 2@ o0 ().

Passing to ¢ (7, ) via (5.8) and noting that
Qz) = —(z,9)* + Q(zy),
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we obtain the claimed formula.
Finally, (iii) is immediate due to (5.4), (5.15), since when we evaluate on a g-tuple of tangent
vector in the image of the map (6.4), there will be a null column in every term in (5.15)! O

Next consider the (¢ — 1)-form W%, (). Using the expressions just found and Lemma 5.1, we
have the following.

COROLLARY 6.3. On the subset of D(V,) for which ry(z) ¢ Dy,

. 1 ot (za? Vi,
“y‘y%M(fﬁ) =22 (x,y)/l eI oy (t ) dt.

In the next section, it will be useful to have the following variant, which involves a shift in the
orientations. For an index j, 1 < j < ¢, define

(65) ﬁy[j] : OFD(Vy) — OFD, Q — [Clu . ,Cj_l,y, Cj, ey Cq—l]a

and write ky[j] : D(V,) — D for the corresponding embedding of symmetric spaces. Here note
that

Span{clv v 7<j—1ay7 C]v R Cq—l}p-o- = Span{(_l)jily7 Cla s 7Cj—17 C]a sy Cq—l}p.o.a

so that ky[j] is well defined on D(V})). Of course, k, = k,[1] and the embeddings of symmetric
spaces only depend on the parity of j.

COROLLARY 6.4. (i) On the subset of Dy, for which r;(z) ¢ Dx,

+1% il * —27mt2(x.y)? Vi ,0
by W0y () = (—1) 25 (2,) / 2@ Vel (0 Y gy,
(ii) On Dy,
- 1
Ky rear(r, @) = (171277 02 (2, y) e 20 q 3 @0 O (7 2.

7. Proof of Theorem 4.1

As before, for convenience, we remove a factor independent of z and write
prm () = Phepr(a) e ™),

In this section, we compute the cubical integrals

O/ .. _ 0 ).
19(x:C) = /S o P

Note that both sides of the identity (4.1) to be proved are C*°-functions of 2 € V. Since the set
of x € V that are regular with respect to C is open and dense, it suffices to prove the identity
for x regular.

7.1 The regular case

Suppose that z is regular with respect to C, so that, by Lemma 3.3, the intersection D, N S(C)
is either empty or consists of a single interior point pc(s(x)) depending on whether ®,(x;C)
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vanishes or not. If ®,(z;C) # 0 and for € > 0 sufficiently small, define a collection
C(z) = {{Bi(s(z)1 =€), Bi(s(@)1 + €)}, ... . {By(s(x)g — €), By(s(x)q + €)}}.
For simplicity, we will abbreviate this as

= Ce(x) = {{Cf,Cf/}, R {Cfvcg’}}

LEMMA 7.1. The collection C*(x) is in good position.

Proof. We note that, for ¢ € [0, 1],
(1=1)C; +tC5 = (1 —s(z); + € — 2te)Cj + (s(x); — € + 2te)Cyy
so that, for ¢ € [0, 1]9,

pee(z)(t) = pe(s(x) — €+ 2et) € D,

i.e., C(z) is in good position. O

By construction, the singular g-cube S(C¢(z)) contains the point D, N S(C). For x regular with
respect to C and ®4(x;C) = 0, we let S(C*(x)) be the empty set. In general, we let

S¢(z;C) = S(C) —int S(C°).
Then Stokes’ Theorem and the inductive relation of Corollary 6.3 imply the following inductive

formula.

PROPOSITION 7.2. Suppose that x is regular with respect to C. Then the set D, does not meet
0S(C), the integral

ﬂ%wc):i/ W0 ()
85(C)

is well defined, and

I°(z;C) = 1"(x;C) — lim 1% (2;C(2)).

el0

Moreover,

(7.1) IOO(CE;C) _ ot zq:(:v,(]j)< /00 o 2mt% (2.C;)? Io(thj;C[j]) dt>

1

e [T Py ).

1

where C[j| and C[j'] are given by (3.5) and (3.6),
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Proof. Combining (3.3), (3.7), (3.8), and Corollary 6.4, we obtain

IOO (z:C) </ o (x —/ vl (x )
Z ot 50 k() o Fm ()

q
s S(Cl5'])
q
= %Z (x,C;) ( / 2 (#.C;)* Io(tﬂuj;c[ﬂ)dt)

. (1,7QJ/) < / 6—27Tt2(17,Qj/)2 Io(tﬂij’; C[j,]) dt )’
1

as claimed. 0

7.2 The case ¢ =1

As a basis for the inductive proof of Theorem 4.1, we first suppose that ¢ = 1, so that sig(V') =
(m—1,1). This case is discussed in several places, [Kud13], [FK17], [Liv16], etc., but we give the
calculation for convenient reference. We have

D={CeV|Q()=-1},  z=span{C}po.,
and the tangent space at z € D is
T.(D) ~U(z) := z*.
For any x € V' the 1-form w(1) on D is defined by
w(1):(n) = (z,n),  neU(z) =T(D),
and the Schwartz form is given by
Phen(e) =22 w(1)e
with R(z,2) = (x,¢)% Take C, C' € V such that
QC) <0, QEC")<o0, (C,C")<0
where the third condition insures that
{Chho=C=ClC.OI: (o =C
lie on the same component of D. For s € [0, 1], we define

B(s) = (1 —s)C + sC’,

—27R(z,z)
)

and note that
(B(s), B(s)) = (1 — 5)%(C, C) 4 2s(1 — 5)(C,C") + s*(C', C") < 0,
so that the collection C = {{C,C"}} is in good position. Writing
_1
¢ =¢(s) = B(s)[(B(s), B(s))| "2,
we obtain a geodesic curve

pc :10,1] — D, s = {B(8)}p.o. = ((s)
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joining C and C’. The tangent vector to this curve will be (= d%{’ , and

1
1°(z;C) = 22 / (z,{(s)) e 2m@L()? gg
0
1 (%)
:2%/ 9 _/ =2 g1 | ds
0 Os (@:(5))
1 o0 2 o0 2
=22 / e~ 2mt dt/ e 2 gt | .
(@.C) (@.C")
Since
/ e 2 gt = 273 (1 — BE(uV/2)),
for

u Jul
E(u) = 2/0 e ™ dt =2 sgn(u) /o e ™ dt,

as in [Zagl0], we obtain the expression
1

I(2:€) = 5 (E((x, C)V2) - B((2,C)V?2))

_ 1!

2

which is the ¢ = 1 case of Theorem 4.1. Here we use the fact that, for C € V with Q(C) < 0,
a simple calculation shows that Ei(x;C) = E((z,C)). Note that in this calculation we have not
used the Stokes’ theorem argument. However, it is instructive to note that

o) =273 (2,¢) e 2707,

so that, for z = span{C'},, € D — D,, the primitive is given by

(E1(2v2;C") — E1(2v2;0)),

‘P%M(fﬂ) = —2_% ([L"C)/ 6—27rt(g:,g)2 t‘% dt
1

— 923 (m,C)/ e~ 2 (@0 gy
1

o0

= —sgn(z, () / e*ﬂtz dt
V2|(z,0)]

1 V2|(z,0)] )
= 3 sgn(z,C) <2/ e ™ dt — 1)
0

LBV O) - s, ).

Thus the Stokes’ theorem calculation gives
1
Ioo(x;C) = / ‘Ilg{M(x) = 5( El(m\/i Cy) —sgn(z, Cyr) — El(x\@; Cy;x) + sgn(z, Cy) ),
aS(C)

so that the basis for Zwegers ‘completion’ construction emerges.
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7.3 Induction

Next we consider the inductive step. Note that we are assuming that x is regular with respect
to C so that (7.1) holds, and we suppose that the 1dent1ty (4.1) holds for all ¢ < ¢ and all C’
in good position. Let I[j] and I[j] be subsets of {1,....,7,...,q} and let C[j]'V! (vesp. C[;"]'U']
be obtained by the recipe defining C! in Theorem 4.1, starting with the set C[j] defined in (3.5)
(resp. the set C[j'] defined in (3.6) ). Then (7.1) becomes

1°(2/v/2;0) Z < / Ooe7”52(’”’01')2Io(t:rLj/\/i;C[j])dQ

J=1

— (-T,Cj/)< / e—ntQ(I,Qj/)Q IO(tIEJ_j//\/i;C[]’/]) dt >
1

q o)
(7.2) ya—lol- qz< S (~1)Hl < (x,Cj)/ (@) Eq_l(mj;C[j]”j])dt>
1

=1\ 1[j)

_ Z(_l)ll[j’ﬂ <(x’oj,)/1 et (@,C ) Eq_l(txlj/;C[j’]I[j'])dt) >

175']

We want to compare this to the expression

_9— qz II\E (z;0T).

The key is to relate the individual quantities E,(z;C’) in this sum and the terms on the right
side of (7.2) where I = I[j] or I = {5} U I[j"]. Note that, if I = I[j] then the collection C[;j]*l!
spans a negative ¢ — 1-plane in V; which maps to 2! under x;. Similarly, if I = {j} U I[5'], then
the collection C[j/}lm spans a negative ¢ — 1-plane in Vj which maps to 2! under kjr. Thus,
we are collecting all of the terms which ‘correspond to’ a given vertex of the g-cube S(C). The
required identities are all consequences of that for I = (), and thus the main identity needed is
the following.

PROPOSITION 7.3. Suppose that the set of vectors ¢ = {c1,...,c,} spans an oriented negative
r-plane in V and that z is regular with respect to c. Then

(7.3) E.(z;c) —sgn(x;¢) = —2 Z / e~ (@55)? E,_1(Cljl;tx ;) dt,

where c[j] = {c114,...,Cj,...,¢r1;}, and sgn(z; c) is defined in (1.6).

REMARK 7.4. This result is just an integrated version of equation (25) in Proposition 3.6 in
[Naz16]. For convenience, we give the proof, taken from [Naz16], in our notation.

Proof. Let z be the negative r-plane spanned by ¢, and, for y, ' € z, let (y,9') = —(y,y’). We
also suppose that z = pr,(z). If f is a smooth function on z, then

(74) - [t yi =~ [ Ly
~ f(a)~ Jim f(t)
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Here V is the gradient operator and we assume that the radial limit of f exists. On the other
hand, by (25) Proposition 3.6 of [Naz16],

(75) ~(VE(w;¢),2) = 22 L By (x jreli]).

Moreover, for z regular with respect to ¢, we have, [ABMP16] and [Naz16], Remark p.7,
(7.6) lim E,(tx;c) = sgn(z;c).
t—o0

For convenience, we will give the proof of (7.5) in the Appendix. Combining them and noting
that the identity (7.4) is valid for the function f(x) = E4(x;c) when z is regular with respect to
¢, we have

E,.(z;¢) — sgn(z; c) —22 ¢ / e @) Er_1(txyj;elj]) dt,
as required. O

COROLLARY 7.5.

1%(z;0) 1)92~ qz \II E (xv2;C) — sgn(z; CT) ),

and

1°(2;C) = I"(;C) + (—1)1®(; 1)72~ qz |I‘E (zv2;Ch).

Note that the second identity in Corollary 7.5 follows from Proposition 7.2, since the first identity
implies that

lim 1°°(: C*(x)) = =(=1)",(2:0).

The identity of Theorem 4.1 follows immediately from this and the continuity of E(z;C!) with
respect to C7.

Summarizing, if we include the parameter 7 by using (5.7), we have now established the basic
formula

(7.7) I(r,z;C) := /S(CD) orMm(T, )

1)72- qz IIIE (zv/20;CT) qO@),

8. The case of a simplex

In this section, we work out the theta integral over a simplex. The general inductive procedure
is the same as in the cubical case, but some interesting differences arise.
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8.1 Some geometry

For V of signature (p, q), we consider a collection of vectors
C=C"=1Co,...,C,
C; € V with (C;, C;) < 0. We suppose that, for all j,
P = span{Co,...,@,...,Cq}
is a negative ¢g-plane. We assume that the collection C is linearly independent and let U = span(C).

Note that sig(U) = (1,q), and let D(U) be the space of oriented negative g-planes in U.

Let
¢ =[cy,....c)1=c(c,0)
be the dual basis of U with respect to (, ). Since C} then spans le7 we have (CY,CY) > 0. Let
Ag={s=s0,...,8] €R| 5;>0,forall j, Y s; =1},
J

and, for s € Ay, let
q
CY(s) = Zst]\/ =CV's.
=0
Note that s; = (CY(s),C;). We say that C is in good position if

0 < (CV(s),CV(s)) =s(CY,CY)s =s(C,C) s

for all s € A,. For example, if all entries of (CV,C¥) = (C,C)~! are non-negative, then C is in
good position.

Given C in good position, we define

z(s)=CV(s)* e D,
with orientation v,(5) € A? z(s) defined by
(8.1) CY(s) Avys) = v,
where we have fixed an orientation

vy =CoNCiN---NCy
in A“ U. For example,
zj=2(0,...,1,...,0) = (C’]\/)L :span{Co,...,@,...,Cq}

with orientation given as follows. Let R; be the jth column of the matrix (C,C)~!, so that
(8.2) Cy =CR; =) RyCi.

Then
C/NCoN---NCjA-ANCq=(=1)R;; Co NCL A+ NCy.
Since Rj; = (CY,C}) >0,

(83) Zj :Span{COw-'aé;a"'qu}[j]
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where the ‘twist’ [j] indicates that the given basis gives (—=1)7v,().
For example, for ¢ = 1 we have
(8.4) 2o = span{C }p.o., 21 = span{—Cp }p.o..
In particular, good position requires (Cp, Cy) > 0 in this case! For ¢ = 2, we have

(85) z20 — span{C’l, Cg}p,o., zZ1 = span{—Co, CZ}p.o.7 zZ9 = span{C’o, Cl}p.o.-

By construction, all the z;’s lie in the same component of D and, by linear independence, the
map

pc: Ay — D, s z(s)

is an embedding. Let S(C) = pc(4A,) be its image. The jth face of this tetrahedron is given by
restricting to the subset of s with s; = 0, so that it is given as

{z€8(C) | (CV(s),C;) =0} ={z € S| Cj € 2}

Moreover, in the image U; of U under the projection to V; = C]-L, we have

CY,....,CY,....C)]

is the dual basis to

CJ_]' = [C()J_j,.. . ,CqJ_j].
Thus, up to orientation, to be discussed in a moment, the restriction of pc to a face of A, is
again a simplex pc, ; in D(V;)! Note that, in particular, C in good position implies that C| ; is in
good position for all j.

Next consider D, N S(C). This set depends only on pry;(z) and is given by
D(U)pr, @) N S(C)  if Q(pry(x)) > 0,
D,NS(C)=40 if pry(z) # 0 and Q(pry(z)) <0,
S(C) if pry(z) = 0.

Here, when Q(pry (7)) > 0 so that pry(z) is a positive vector in U, D(U)p,, (
oriented negative g-planes in U given by the orthogonal complement to pry(z) with its two

) is a pair of

orientations. One of these has orientation determined by pry;(z) by the analogue of the recipe
(8.1). Then D, N S(C) = pc(s(x)) is the same g-plane with orientation shifted by

sgn(pry (@), €Y (s(x))? = sgn(z, C¥(s(x)))".
To determine s(x), we solve
pry () = ACV(s), self,;, MNeR®
ie.,
(z,C;) = Asj, 0<j<q
The existence of a solution implies that sgn(x, C}), if non-zero, is independent of j and that

q

(8.6) > (z,Ch) = A

Jj=0
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Thus we have the following simple description.

LeMMA 8.1. Suppose that Q(pry(x)) > 0. If sgn(x, C;) is independent of j when it is non-zero,
then

Dy 0 5(C) = pe(s(x)),
where

s(2); = (2, C)A(@;:0) 7
with

Az, C) =) (x,Cy).
J

Otherwise D, N S(C) is empty.

When D, N S(C) is non-empty, we determine the intersection number of the oriented g-simplex
S(C) with the oriented codimension ¢ cycle D,. The claim is that this is determined by the sign
of the inner product of pry(z) with CV(s(z)).

PROPOSITION 8.2. Let <I>qA(m; C) be as in (1.3). Then, if x is regular with respect to C,

(8.7) I(D5, S(C)) = @5 (x;C).

Suppose that pr;(x) # 0. Then <I>qA (x; C) is non-zero precisely when all of the non-zero sgn(z, C;)’s
coincide. Suppose further that s(x) lies on r ‘walls’; i.e., that exactly r of the inner products
(x,C}) vanish. Then

<I>qA(x;C) =2""(=1)%sgn(A(z,C))1.

When pry;(z) = 0, then CIDqA(x;C) = 277 for q even and vanishes for ¢ odd. Note that, if = is not
regular with respect to C, then the intersection number is not defined.

Proof. Recall that, if ( € OFD is a properly oriented g-frame projecting to z € D, then T, (D) ~
U(z)9, where U(z) = 2+ in V. Also note that, under this isomorphism, the natural metric on
T,(D) is given by ((n,7")) = —tr((ni,n})) where n = [n1,...,ng and 1" = [m,...,n}]. For our
fixed collection C with U = span{C}, we have an embedding D(U) — D, where D(U) is the
space of oriented negative g-planes in U. Recall that sig(U) = (1, q). For z € D(U), write W (z)
for its orthogonal complement in U. Again supposing that ( € OFD with projection z is given,
we have

T.(D(U)) ~ W(2).

Note that dim W (z) = 1, and suppose that w = w(z) is a properly oriented basis vector. Then
T.(D(U)) is spanned by the vectors 71 (w) = [w,0,...,0], 72(w) = [0,w,0,...,0], etc. Similarly,
if z € D,, then the normal subspace to T,(D,) is spanned by the vectors 7;(z), 1 < i < ¢. For
z = pe(s(x)), we have w = CV(s(x)), and the intersection number of these two cycles is then
given by

sgn((mi(z) A Arg(x), Ti(w) A ATg(w) ) = (=1)?det((7(x), 75(w)))
(—1)%sgn(z, CY(s(x)))".
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But now
CY(s(x) = AMx;0) Y (2, Cy) O,
J
and, recalling (8.2),

(. 0¥ (s(2))) = Ma: €)™ (2, C)) (@, C)) = Maz €)™ 3 (. O Riy (. ).
J 4.J

If we assume that all of the non-zero (z,C;)’s have the same sign, and recalling that R;; > 0,
we see that

sgn(z, C(s(x))) = sgn(A(z;C)).

For ¢ = 1, and = regular with respect to C,
1
I(D,,S(C)) = —E(sgn(a:,C'o) + sgn(z, C1)).

Note that, due to the ‘twist’ occurring in (8.3), our negative lines are zp = span{C1}p.,. and
21 = span{—Cp}p.o. Thus the ‘cubical’ data is C- = {C1, —Cy}, and I(D,, S(C)) coincides with

BV (a: C7) = %(Sgn(m, —C) — sen(z, C1)).

8.2 The integral of the theta form

We now compute

Oa;02) = / ens ().
5(C)

The case ¢ = 1, coincides with the Zwegers case for C= = {C1, —Cp}, and we have
1
(8.8) IO<$/\/§;C) = _i(El(xSCO)‘i‘EI(«T;CI))-
As a check on signs, note that, since
tli>I£10 Ey(tx;C) = sgn(z, C),
this is consistent with the value of I(D,, S(C)) for ¢ = 1 above.

For the general case, we suppose that x is regular with respect to C and proceed by induction.
Due to regularity, D, N S(C) is either empty or is a single point pc(s(x)) on the interior of S(C).
Recall that

q
(8.9) 9S(C) = (~1)/5(Cyy).
Then by Remark 3.4 of [FK17], we have

(8.10) 1(x;0) = /3 o) () = 1D 50) + /8 o o 2)
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Since lim¢ o0 U9, (tz) = 0, this identity gives the limiting value

: 0 . . 0 _
Jim IP(t;C) = lim s e (tz) = 1(Dg, S(C)).

Now using Corollary 6.3, we have the inductive formula

(8.11) / / KEUY 0 (2)
95(C) z% seyy
q

Zz

j=0

[N

/ o 2mt (2.C;)? jo(thj;CLj) dt.

Using this, we obtain the following explicit formula.

THEOREM 8.3. For a subset I C {0,1,...,q}, let CY) be the collection of q + 1 — |I| elements
where the C; with 1 € I have been omitted.

la/2]
I°(x/vV2;0) = (-1)7279) Z Eq_op(x;CD).

r=0

\T|= 2r+1
Here Ey(...) = 1.
REMARK 8.4. (i) Note that if this formula is proved for = regular, then it holds for all x by

continuity.
ii) Substituting tx for x and letting t go to infinity, we obtain the ‘holomorphic’ part:
g gl g Y P p

la/2]
(8.12) 1)92~ qz Z sgn(z; C1),
B |1\ b1
where sgn(x;0) = 1. In the case of x regular, (8.10) implies that this must coincide with

I(D;,S(C)). In fact, it is easily checked that (8.12) is equal to @qA(ac;C) for all x. Thus our
theta integral is the non-holomorphic completion of the series

Z <I>qA(x;C) q?@).

rep+L

Proof. The case ¢ =1 is (8.8). In the induction, we use the notation
Clil = [Coijs---+Cj—114,Cj4115, - - Cqujl-

Let A={0,1,...,q} and for a subset I C A, let C! be the collection of ¢-+1—|I| vectors obtained
by omitting the C; with i € I. Also denote by I[j] a subset of A[j] := {0,1,...,7,...,q}.

We have
19(2/v/2;C) — I(Ds, S(C)) = /8 o V@V

q 00
_ (x7C])/1 e—7rt2(m,Q]~)2 Io(tmj_]/\/i,C[j]) dt

j=0
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q 00 [(¢—1)/2]
=(-1)7277) " —2(x,C) / e @ Cy)’ Z Z Bq-1-2,(tz 15 C[j)"V) at

=0 1 A

J J1CA[]
|I[J]| 2r+1

[(¢—1)/2] 00 ) )

OEAED DD DD Dl / e HEC) By gy (b Cl)) dt
r=0 jeA ICA 1
[[|=2r41
j¢l
[(¢—1)/2]

Dy S gy [T By e )

r=0 ICA j€eA

|I|=2r+1 ]¢1
[(a-1)/2]
1)9274 Z Z E,_ ger)—sgn(x;CI))
r=0 ICA
|I|=2r+1
la/2]
S Y Bt
r=0 ICA
[I|=2r+1
[(q—1)/2]
17279 Y Y sen(@iCh) = (—1)927 Sgeven-
r=0 ICA
[T|=2r+1
Thus, to finish the proof, we note that
[q/2]
(8.13) I(D,,S(C)) = (—1)92~ qz Z sgn(z; C1),
r=0 ICA

[I]=2r+1

where we use the convention that sgn(z;()) = 1. Here recall that we are assuming that x is regular
with respect to C. To check this, observe that

la/2]
ey Y e =12 Y Lo
r=0 ICA JCA jeJ
[I|=2r+1 [J1=4q(2)
— (_1)‘12—‘1—1<H( +o)+ (=) ][ - 0y) >
jEA jeA

9. Shadows of indefinite theta series

In this section, we discuss the shadow of I,,(1;5), i.e., the complex conjugate of its image under
the lowering operator L = —2iv? 8* Of course, the lowerlng operator can be applied directly to
the explicit expressions given in the Main Theorem. Alternatively, a more conceptual formula
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can be obtained by applying the operator L inside the integral. The key point is relation (i) of
Lemma 5.1,
L(pKM(T, x) = dl/JKM(T, .fL‘)

Then, for any compact oriented g-cell S in D with nice boundary, we have

(9.1) LI(r8) = ¥ /BSWMM /ase’"”(WKM)'

repu+L

Here note that the (¢ — 1)-form g pr (7, z) defined by (5.6) and (5.8) is again a Schwartz form so
that the integral is again a type of indefinite theta series of weight ”Qﬂ — 2. In the cubical (resp.
simplicial) case, one can say more since the faces are themselves singular cubes (resp. simplicies)
lying in Dj’s. Then the pullback identity (ii) of Lemma 6.4 and the argument from the proof of
Proposition 7.2 yields, in the cubical case,

q
(9.2) / (T, x) =27 % 3 Z < (x,Qj/) e—27rv(oc,Qj/) q —5(@,C;0)? I(r, Ty C[j/])
8s(co) =

_ ($’Qj)€—27rv(x,gj) q —3(@,C;)? I(r, fELj;C[j]) >7

where we use the notation introduced in (7.7). The combination of (9.1), (9.2) and (7.7) yields
an explicit formula for the shadow of I,(7;C), a (typically non-holomorphic) modular form of
weight 2 — pzﬁ.

Now suppose that the collection C is rational. For each j, write M; = LN QC}; and N; = LNV
so that

(9.3) M;+N;cLcLYcM/+Ny.
Thus
(9.4) p+ L= || ((Vj + M;) & (1 +Nj)>,

(vjomi)EMY [Mjx NY /N;
vi+pj=p mod L

and similarly for Cj. Using this decomposition and writing I, (7;C, L) in place of I,(7;C) to
make explicit the dependence on the lattice L, we obtain the following.

PROPOSITION 9.1. If C” is rational, and with the notation of (9.3) and (9.4),

q

L(riC.L) = %Z(vaumMuw[ 1)

Virspgr

— 3" 03 8y, (75 My) I, (5 CLjL, N )),

Vjskj
where
0, (M) = > (w0.Cy)qr 0
ro€V;j+M;

is a unary theta series of weight %
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Thus, the image of I,,(7;C) under the &-operator is a linear combination of products of unary
theta series of weight % and the conjugates of cubical indefinite theta series for spaces of signature
(p,q — 1), as asserted in Corollary 1.3.

Analogously, in the simplicial case, we have, using (8.9)

q

Z(—l)j/ Kk (T, )

i=0 S(C1y)

(9:5) /as(cA) vra(n, @) =

<

N

o 4q
v% Z(x, Q]) e—27rv($,Qj)2 q_%(w’gj)2 I(T, T1j; CJ_])

J=0

90—

Note that there is a sign shift due to the fact that j now runs from 0 to gq.

In the rational case we obtain the following.

PROPOSITION 9.2. If C = C* is rational and with the notation of (9.3) and (9.4),

q
1 33—
LI,(r;C® L)=2"2 § § v2 0, (1, M;) I, (1;C1j, N;).
J=0vj,pj

Thus, the shadow of I”(T;CA,L) is again a linear combination of products of weight % unary
theta series with conjugates of indefinite that series associated to (¢ — 1)-simplices in the spaces
D'

J

10. An example

In this section, we write out a very simple example, which illustrates the relation between the
(degenerate) cubical formula and the simplicial formula in the case ¢ = 2.

Let A = {Ayp, A1, A2} be the data for a 2-simplex. The vertices are:
20 = Span{Ala A2}p.0.7 z1 = span{—Ao, A2}p.0.7 z9 = span{AO, Al }p.o.a

and the theta integral is

( Ey(x; A1, Ag) + Es(x; Ag, A2) + Ea(x; Ao, A1) + 1 )

=~ =

We can consider the related cubical data C = {{C1, Cy/}, {Ca, Cy }}, where
Ci =4, Co =Ay, Oy =—Ay, Cv =Cy —Cr=—-41 — Ay,
so that the associated (degenerate) 2-cube has vertices

22 = {C1,Ca}, 21 = {C1,Ca}, 20 = {Cy,Cor} = {Cr, Ca},
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and theta integral
1
Z( Ey(x;C1, Ca) — By(x;C1, Cor) — Ey(x;Cyr, Ca) + Ea(x;Cyr, Cy) )

1
:Z( Ey(x; Ao, A1) + Ea(x; Ao, Ag) + Ea(x; A1 + As, Ay) + Ea(z; Ap + As, Ap) ).
Coincidence of the two theta integrals is the equivalent to the identity

Eg(x; A+ Ao, A1) + Ez(x; A1+ Ao, Ag) = EQ(CL‘; Al,Ag) +1,

where all terms are given by integrals over the negative 2-plane zg. Writing y € 29 as y =
aAY + bAY, with respect to the dual basis, and noting that

sgn(a + b)(sgn(a) + sgn(b)) = sgn(a)sgn(b) + 1,

for @ and b not both 0, the identity follows. Note that there are a vast number of such identities
for combinations of generalized error functions.

11. Appendix: Some proofs and details

11.1 Proof of part (iii) of Lemma 3.3

Suppose that C is in good position and that x € V with ®,(z;C) # 0. Let so = s(z) be the
unique point of [0, 1]¢ such that pc(so) = Dy N S(C). Note that the map p¢ extends to an open
neighborhood of [0,1]7 so that, even if s¢ lies on the boundary, we can define p¢ on an open set
U around sg. We lift p¢ to a map p¢ : U — OFD, defined by

feism C(s) = B(s)P™',  PeSymy(R)so, P*=—(B(s),B(s)).

For convenience, we write B = [By, ..., By = B(s). Then
0 . . . 0 . 0
pc)(5—) = B;P~t — (PPt Bj:=-—B=[0,...,—C;j+Cy,...,0], Pj:=——P.
(pC) (8Sj) J C J ) J 8Sj [ ) 5 J + g ) ]) J asj

The components in the connection subspace U(z)? of T¢(OFD) are then

0 -
(pc)*(g):TjP 1, Tj:[O""7prU(z)(_Cj+Cj’)a""0]
J

and these are linearly independent provided prys(,)(—Cj + Cy) # 0 for all j. But at the point
20 = pc(so), we have x € U(zp), and the g vectors

n(xz,j) =10,...,0,,2,0,...,0],

with z in the jth component, span the normal to T, (D). Note that the metric g on T,(D) ~
U(z)? is given by

g(n,n') = tr((ni,m;) )-
Then we have

g(n(,i),7) = [ (x,Cy) = (x,C;) ] 6ij.

This shows that 7; # 0 for all j and hence p¢ is immersive at s(x). We can choose the open
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neighborhood U of s(x) in R? so that the restriction of p¢ to U is an embedding. The orientation
of the codimension ¢ cycle D, is defined by an element of v, , € AP—Da T.(D,) such that

Vp Ny g € NPU(TL(D))
is properly oriented, where

Here we have fixed an orientation of D. Thus the intersection number at zo of D, with pe(U) is
I(Dy, pc(U)) = sgndet(g(n(x Hsgn (z,Cy) — (z,Cy)).
If x is regular with respect to C, then this quantity is
q

H sgn(z, Cjr) — sgn(z, Cj)) = (—1)1®4(x;C).

J=1
In general, we have
(11.1) (—1)1®y(x;C) = 27" I(Dy, pc(U)),

where 7, 0 < 7 < ¢, is the number of walls passing through s(x). Thus, ®,(x;C) is a ‘weighted’
intersection number.

11.2 Proof of (7.5)

For y, y' € Z = span{C}, we write ((y,y") = —(y,vy’), and we assume that = € Z. We let
Y = [CY,....CY] = C(C.0) !
be the dual basis. We write

T = le ¢, = (=,G)).

For a fixed index j, we write

g’E:ILj+$/Cj, Tij= Zl‘z a:jz((x,Cj))zx/((Cj,Cj)),
i#]

and similarly for our variable of integration y € Z. Note that, in particular,

sgn((y, Cy)) = sgn(y’).
We can write

dy =dy,jdy

1= / e W) gy = / / e~ (WL502i) =7 (€D gy |y,
Z Z,; JR

where dy' is (Cj,C; ))% times Lebesque measure, so that

/ e W(CHC) gy = 1.
R

where
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We write”

(—1)1E,(w; C) = / ~rl(y=rp—) Hsgn (y,Cy) dy

But then,

/ / sy 1505=015) =m0 =505 T sgn(y, o) sen(y’) dy.; dy’
214 i#]

— (—1) By (21 OT)) / W =220 sgn(y) dyf
R

= (N Epa(ei L) [ e sy + ) dy
R

taking into account that dy’ = ((Cj, Cj))_% dreby;j, we have
0

i g {0} = (@ C5) (1) Eya (05T

g /Re_ﬂy?((Cj’Cj))l 20(y; + ) (C, C5) "2 dueny;

= 2((z, C)) (- 1) Eqoy (2155 C[jl;) e " C)7,

Here recall that C'; = C;((Cy, C’j))_%. Summing on j, we obtain (7.5).
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