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ABSTRACT: A four-dimensional Abelian gauge field can be coupled to a 3d CFT with a
U(1) symmetry living on a boundary. This coupling gives rise to a continuous family of
boundary conformal field theories (BCFT) parametrized by the gauge coupling 7 in the
upper-half plane and by the choice of the CFT in the decoupling limit 7 — oco. Upon
performing an SL(2,Z) transformation in the bulk and going to the decoupling limit in
the new frame, one finds a different 3d CFT on the boundary, related to the original one
by Witten’s SL(2,7Z) action [1]. In particular the cusps on the real 7 axis correspond
to the 3d gauging of the original CFT. We study general properties of this BCFT. We
show how to express bulk one and two-point functions, and the hemisphere free-energy, in
terms of the two-point functions of the boundary electric and magnetic currents. We then
consider the case in which the 3d CFT is one Dirac fermion. Thanks to 3d dualities this
BCFT is mapped to itself by a bulk S transformation, and it also admits a decoupling
limit which gives the O(2) model on the boundary. We compute scaling dimensions of
boundary operators and the hemisphere free-energy up to two loops. Using an S-duality
improved ansatz, we extrapolate the perturbative results and find good approximations
to the observables of the O(2) model. We also consider examples with other theories on
the boundary, such as large-N; Dirac fermions — for which the extrapolation to strong
coupling can be done exactly order-by-order in 1/Ny — and a free complex scalar.
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1 Introduction

The objective of this paper is to study conformal invariant boundary conditions for free
Abelian gauge theory in four-dimensions. A striking property of these BCFTs is that
they are typically well-defined on some open patch in the space of the four-dimensional
gauge coupling.

The simplest way to produce such boundary conditions is to couple the four-
dimensional gauge fields to a three-dimensional CFT with a U(1) global symmetry. This
is sometimes called a “modified Neumann” boundary condition [2]. Assuming that cer-
tain mild conditions are satisfied, one obtains a BCFT which is well-defined as long as
the four-dimensional gauge coupling is sufficiently small [3-9]. The conformal data of the
BCFT can be computed from the data of the original CF'T by perturbation theory in the
four-dimensional gauge coupling.

Conversely, there is a general expectation that any BCFT B defined at arbitrarily small
4d gauge coupling will be either a Dirichlet boundary condition or a modified Neumann
boundary condition associated to some 3d CFT T [B] with a U(1) symmetry. Because of
electric-magnetic duality, the same statement applies to any other “cusp” C' in the space
of the complexified gauge coupling, where some dual description of the four-dimensional
gauge field becomes arbitrarily weakly coupled. If the BCFT B is defined around the
cusp C, we can associate to it another 3d CFT T¢[B], which is obtained from T, [B] by
applying the SL(2,7Z) transformation [1] that maps the cusp at infinity to C. Therefore, the
theories living at the other cusps can be thought of as 3d Abelian gauge theories obtained
by gauging the U(1) global symmetry of T [B].

In the absence of phase transitions, a given BCFT B can be defined on the whole space
of 4d gauge couplings and is thus associated to an infinite family 7% [B] of 3d CFTs. The
conformal data of the BCFT will admit a similar collection of perturbative expansions in
the neighbourhood of each cusp.

In the first part of this paper we study general properties of this family of BCFT’s. A
universal feature is the presence in the spectrum of boundary operators of two conserved
U(1) currents, the electric and the magnetic currents, that arise as a consequence of the
electric and magnetic one-form symmetries in the bulk [10]. The endpoints of bulk line
operators carry charge under this U(1) x U(1) symmetry, while all the local boundary
operators are neutral. By matching the bulk and boundary OPE expansions of correlators
of the bulk field strength, we show that several BCFT observables — including non-local
ones such as the free-energy on a hemisphere background — can be obtained in terms of
the coefficients ¢;; in the two-point correlators of these currents, and of the coefficient Cp
of the two-point function of the displacement operator. The latter relations hold for any



7, provided B exists. We also show that the leading perturbative corrections to ¢;; and
Cp around a cusp are captured universally in terms of the two-point function of the U(1)
current of the 3d CFT living at the cusp, in the decoupling limit.

In the second part of this paper we turn these abstract considerations into a very con-
crete computational strategy: if some T is simple enough for perturbative computations
to be feasible, we may study the properties of other T theories by re-summing the pertur-
bation theory. If we happen to know, or conjecture, that there are two cusps C' and C’ such
that T and T are both simple, we may be able to implement an enhanced re-summation
which uses both piece of data to predict the properties of the other T theories.

This approach gives a new approximation scheme, orthogonal to previously known
perturbative approaches to 3d Abelian gauge theories such as the e-expansion [11-18] or
the large-N expansion (see e.g. [19-25] for recent results and the review [26]). We will
apply this strategy to a very nice boundary condition for a U(1) gauge theory, which is
conjecturally associated to a free Dirac fermion at two distinct cusps and to the O(2) model
at two other cusps [27-31]. The fact that these theories appear at the cusps can be seen as
a consequence of the recently discovered 3d dualities [27, 32, 33], and it entails the existence
of a Zy action on 7 that leaves B(7,T) invariant. We will do a two-loop calculation at the
free-fermion cusp and then extrapolate to the O(2) cusp, finding good agreement with the
known data of the O(2) model.

We also consider other applications: taking the boundary degrees of freedom to be
an even number 2Ny of free Dirac fermions, setting the gauge coupling to g*> = \/N + and
taking Ny to infinity with A fixed, we argue that the theory admits a 1 /N g-expansion, which
interpolates between the free theory at A = 0 and large-Ny QED3 at A = oo. The exact
A dependence can be easily obtained order-by-order in the 1/N; expansion. Applying the
general strategy to compute the hemisphere partition function to this case, and taking the
limit A — oo, we obtain the 1/Ny correction to the sphere partition function of large-N¢
QEDj3. Another example with a Zo duality acting on 7 is conjecturally obtained in the case
where the theory on the boundary is a free complex scalar, or equivalently the U(1) Gross-
Neveu model [34, 35]. We consider perturbation theory around the free-scalar cusp, and
show the existence of a stable fixed point for the classically marginal sextic coupling on the
boundary at large 7. We also discuss an example with two bulk gauge fields coupled to two
distinct Dirac fermions on the boundary. We show how to obtain QED3 with 2 fermionic
flavors starting with this setup, using the extended electric-magnetic duality group Sp(4,Z)
that acts on the two bulk gauge fields.

1.1 Structure of the paper

We start in section 2 by reviewing the non-interacting boundary conditions for a Maxwell
field in four dimensions. We then define the family of interacting boundary conditions
B(7,7). We derive the general relations that we described above for the bulk two- and
three-point functions of the field strength, and obtain the leading corrections in perturba-
tion theory around the cusps in the 7 plane. In section 3 we obtain similar results for a
different observable, the hemisphere partition function of B(7, 7). In particular we show
how to recover the S partition function for the 3d CFTs in the decoupling limit. In sec-



tion 4 we put this machinery at work in the example of the boundary condition defined by
the O(2) model / a free Dirac fermion. Section 5 contains the other applications that we
consider: large-N; fermions, a complex scalar, and two bulk gauge fields coupled to two
Dirac fermions. We conclude in section 6 by discussing some future directions. Several
appendices include the details of calculations, and some supplementary material, e.g. a
calculation of the anomalous dimension of the boundary stress-tensor using multiplet re-
combination in appendix F, and an explanation of the technique that we used to evaluate
the two-loop integrals in appendix G.

2 Boundary conditions for 4d Abelian gauge field

2.1 Generalities

Boundary Conformal Field Theories for a free d-dimensional bulk quantum field theory
are interesting theoretical objects. On one hand, the correlation functions of bulk local
operators are controlled by the free equations of motion. In particular, they are fully
determined by their behaviour near the boundary, which is encoded in some very simple
bulk-to-boundary OPE for the bulk free fields.

The free bulk-to-boundary OPE essentially identifies some special boundary local op-
erators as the boundary values of the bulk free fields and their normal derivatives. The
correlation functions of these boundary operators determine all correlation functions of
bulk operators. These boundary correlation functions, though, can in principle be as com-
plicated as those of any CFT in (d — 1) dimensions.

The case of four-dimensional free Abelian gauge theory (with compact gauge group) is
particularly interesting because the bulk theory has an exactly marginal gauge coupling.!
Furthermore, a BCFT defined for some value of the bulk gauge coupling can typically
be deformed to a BCFT defined at a neighbouring value of the bulk gauge coupling by
conformal perturbation theory in the gauge coupling. The leading order obstruction is
the presence of marginal boundary operators in the bulk-to-boundary OPE of the bulk
Lagrangian operators F? and F' A F, which can lead to a logarithmic divergence as the
bulk perturbation approaches the boundary. Generically, no such operators will be present
and the BCFT can be deformed.

In this section, we will discuss the properties of some standard BCFT’s which can
be defined in an arbitrarily weakly-coupled gauge theory, starting with free boundary
conditions and then including interacting degrees of freedom at the boundary. On general
grounds, we expect that any BCFT which can be defined at arbitrarily weak coupling will
take this form.

'If the gauge group is compact, say U(1), the gauge field has an intrinsic normalization and thus the
coefficient in front of the bulk Lagrangian is canonically defined even if the bulk theory is free. Local
interactions between the gauge fields and any other degrees of freedom localized in non-zero co-dimension
obviously cannot renormalize the bulk gauge coupling. Furthermore, the strength of the interactions between
the gauge fields and such other degrees of freedom is controlled by the bulk gauge coupling and by quantized
gauge charges and thus cannot get renormalized. The only possible beta functions involve gauge-invariant
boundary local operators. This fact is often obfuscated in perturbative treatments and then proven with the
help of Ward identities, in a manner analogous to the non-renormalization of gauge charges in QED [3-9].



2.2 Free boundary conditions and SL(2,Z) action

Consider a U(1) gauge field A, on R3 x R,. We adopt Euclidean signature, and use
coordinates x = (&, y) where 2* =y > 0 is the coordinate on R, and & are the coordinates
on R3. We denote the components of x as z#, = 1,2, 3, 4, and those of Z as 2%, a = 1,2, 3.
The field strength is F,, = 9,4, — 9,4, its Hodge dual is FW = %ewfmeg and the self-

dual/anti-self-dual components are Fuiy =1(Fu+ F,,). They satisfy %ewf’UFpiU = :I:Fuiy.
In the absence of interactions with boundary modes, by varying the action

S[A, 7] = / dyd7 [~ P+ 0 e (2.1)

7 y>0 492" " 3272 HPT '

1 - o _
=& dy d°F (TF,, F~ " —7F [ FTH) | (2.2)
y>0
we find the bulk equation of motion g%@uF # = (0 and the boundary term

68y = —/ droar (L, 4l (2.3)

- g |

1 . -

- = /y | AR E, ~TF) (2.4)
Our convention for the orientation is €5pey = €qpe- In equations (2.2)—(2.4) we combined
g and 0 in the complex coupling 7 = % + %. From eq. (2.4) we see that the possible

boundary conditions for the gauge field when no boundary modes are present are

e Dirichlet: §A,|y—0 = 0, which is equivalent to

(Fy_a - F;;)‘y:o = _Fya‘y:O =0 ) (2.5)
e Neumann:
(TFpq — TFy)|ly=0 =0 (2.6)

Equivalently, introducing
_ Rer 0 g°
~ Imr 4n2

€R, (2.7)

we can write this condition as (Fyq 4+ i7Fya)|y=0 = 0, in particular for v = 0 it
simplifies to the standard Neumann condition Fy,|y—o = 0.

It is convenient to introduce the boundary currents

omid, = TF,(Z,y =0) = TF,}(Z,y = 0), (2.8)
' 2.8
2mily, = Fpo(Z,y =0) — Ff(F,y =0) .

in terms of which the Dirichlet condition is I = 0, and the Neumann condition is J=o.
On R* this theory enjoys an SL(2,Z) duality group

a,bye,d€Z, ad—bc=1. (2.9)



The duality group acts on the fields as

Fo — Fo = (ct+d)F,,

N . B N (2.10)
Pl — F = (cT + d)FW .
When the boundary is introduced, the group SL(2,Z) also acts on the boundary conditions.

From (2.10) we see that the action on the boundary currents is

ja — aja + bfa ,
R R . (2.11)
I, —>cJ,+dI, .

The Dirichlet and Neumann boundary conditions above are exchanged under the S
transformation 7 — —%, i.e. electric-magnetic duality. Indeed, the S transformation ex-
changes J and I.

However, comparing eqgs. (2.5)—(2.6) and eqgs. (2.10)—(2.11) we see that the general
SL(2,Z) transformation does not act within the set of boundary conditions that we de-
scribed above. This is because we assumed that no degrees of freedom are present on the
boundary, while the generic SL(2,Z) transformation requires the introduction of topolog-
ical degrees of freedom on the boundary, namely 3d gauge-fields with Chern-Simons (CS)
actions, coupled to the bulk gauge field through a topological U(1) current [1, 36, 37]. Note
that even in the presence of these topological degrees of freedom the theory is still free,
because the action is quadratic. Taking this into account, one finds that the most general
free boundary condition for the U(1) gauge field is

PJa+qla =0, (2.12)

where p,q € Z. This set of boundary conditions is closed under the action (2.11) of
SL(2,Z). We will refer to this more general free boundary condition as “(p,q) boundary
condition”. The (0,1) and (1,0) boundary conditions correspond to the Dirichlet and
Neumann boundary conditions above, respectively.

When we impose the (p, ¢) condition, the unconstrained components of the gauge fields
give a current operator on the boundary

pda+d1, (2.13)

with p¢’ — p'q = 1, whose correlators are just computed by Wick contraction, i.e. the
boundary theory is a mean-field theory for this current. We can always shift (p’,¢’) by a
multiple of (p, ¢), and this gives rise to the same current thanks to the boundary condition.

Since the above boundary conditions preserve conformal symmetry, we can regard this
system as a free boundary conformal field theory, and rephrase the boundary conditions in
terms of a certain bulk-to-boundary OPE of the field strength F},,. Using the equation of
motion and the Bianchi identity one finds that the only primary boundary operators that
can appear in the bulk-to-boundary OPE of F},, are conserved currents, see appendix B
for a derivation. The free boundary conditions described above correspond to having only



one conserved current in this OPE, that can be identified with p'J, + ¢'I,. For instance,
for the Dirichlet (0,1) boundary condition

— 2 Ja /=
Fu(Z,y) o —g°J (%) 200,00y + - - - (2.14)

where the dots denote subleading descendant terms, and the square brackets denote anti-
symmetrization. The general (p, q) case can be obtained from the Dirichlet case by acting
with an SL(2,Z) transformation (2.10)—(2.11).

2.3 Two-point function in the free theory

In this section we compute the two-point function (F),(z1)Fys(22)) on R® x R in the
free theory. We use that the two-point function is a Green function, i.e. it satisfies the
equations of motion

g128u<F,uV(xl)FpU(x2)> = (v — 0yp00)0" (212) (2.15)

and the Bianchi identity
ErnuwON(Fpw (1) Fpo(x2)) =0 . (2.16)
on y > 0, and it also satisfies the boundary conditions at y = 0. We are denoting z19 =
r1 — T2.
To start with, the Green function on R* (i.e. without a boundary) is

2
<F/W(x1)FpU(x2)>R4 = %Guu,po(fﬂm) , (2.17)
Gv,po (@) = I’”’(x)l"”(x()x;)?p(mw(x) ) (2.18)

22utv - Starting from (2.17) and using the method of images we can
X

easily write down the two-point function in the presence of the boundary. The calculation

where 1, (z) = 0, —

is showed in the appendix A.
In the case v = 0 we find

2
<Fuu(931)Fpa(fE2)>R3xR+ - % [(1 - 5U4> Guv,po(212) + sot Hyw,po (T12, 3/17?/2)] ) (2.19)
- 1

Hpu,pa(x12aylay2) = QW [Xl MXQle/J(xH) + X1 VXQUIMP(xm)
_XluX2aLjp(x12) - X VXQIOI,U,O'(x12)] 5 (220)
for Dirichlet (s = 1) and Neumann (s = —1) conditions. Here X;, are the conformally

covariant vectors [38]
Xip=yatip=o (225020 ) =12, s = —sp =1, (2.21)
3 T12

and £ is the conformally invariant cross-ratio

2 2

¢ = (2.22)

dyryp 1 —02



For the more general Neumann boundary condition with v # 0 we find

(P (1) Fpo (22))r3 x|
2 2
g ! o’ 4 1—7 ! oo Y o
= ﬁ |:<6f;)50] + v <1_|_725f;)50'] - Zmﬁpgp >> Guv,p’a’(x12)

1-— ’}/2 AN 3 Y ’ R
— ’U4 <1 +’Y25[pp5g] — Zmﬁpapo- ) HuV,p’U'($12’y17y2):| . (223)

Even though not manifest, it can be verified that Bose symmetry is satisfied in this expres-
sion. From now on we will drop the subscript R? x R, .

It is also useful to rewrite this two point function in terms of the selfdual /antiselfdual
components. The selfdual/antiselfdual projectors are

Rimzéém@i;%fﬂ. (2.24)

We introduce the following notation
Giisipor = P P " G o (2.25)
Giisipo = P B3 "7 G o (2.26)

and similarly for the structure H. The following identities hold

Gt =0, (2.27)
GEF —H®F =0. (2.28)

Recalling the definition (2.7) of v, we obtain

(Fa0) Fp (02)) = o D (T, ) (2:29)
(Fyo )y (12)) = ——— o H (T2, 1,2), (230)
(Ff ) Fy(52) =~ G (12), (231)
(Fra ) Ff (22)) = —— Gt (12) (232

The result above is the field-strength two-point function in the free theory with Neumann
boundary conditions. As we argued in section 2.2, the result for the (p,q) boundary
conditions (2.12) simply follows from an SL(2,Z) transformation (2.10)—(2.11). As an
example, for Dirichlet boundary conditions one finds

2rf?

+ + _ At (=

(Fm(20) P @2)) = T = (1,01, 10) (2.3
o\ L) e\ L2)) = TI'IIHTU pv,po \L12, Y1, Y2) .

(Fh (@) P (2)) = AT G (1) (2.35)
yi2%4 1 po 2 TFImT uv,po 12) .
(Fa (o) Fh(a) = 2t (1) (2.36)
v 1 po 2 TFImT wuv,po 12) - .



2.4 Coupling to a CFT on the boundary

Consider now a 3d CFT living on the boundary at y = 0. We assume that the CFT has
a U(1) global symmetry, with associated current Jerra. We take the Neumann boundary
condition for the gauge field, which corresponds to a mean-field current operator I, on
the boundary. The two sectors can be coupled in a natural way, simply by gauging the
U(1) symmetry via the y — 0 limit of the bulk gauge field. This amounts to adding the

boundary coupling

/ . dB3F J&ppAq + seagulls (2.37)
y:

and restricting the spectrum of local boundary operators to the U(1l) invariant ones.
Charged boundary operators can be made gauge-invariant by attaching to them bulk
Wilson lines. Therefore, it still makes sense to consider them after the gauging, but as
endpoints of line operators rather than as local boundary operators.
The boundary coupling modifies the boundary condition of the gauge field to the
“modified Neumann” condition
Jo = JoFTa - (2.38)

Hence as a consequence of the interactions both I, and J, are nontrivial operators.

As we explained above 7 is an exactly marginal coupling, but we should worry about
quantum effects breaking the boundary conformal symmetry by generating beta functions
for boundary interactions. If the original 3d CFT has no marginal operators, these bound-
ary beta functions start at linear order in the coupling and can be cancelled order-by-order
in perturbation theory by turning on extra boundary interactions of order 7—!.2 Barring
other non-perturbative phenomena such as the emergence of a condensate, we expect a
BCFT to exist for sufficiently large 7, with conformal data perturbatively close to that of
the original CFT. We denote this BCFT with B(7, 7).

If the original 3d CFT has marginal operators the situation is more subtle: turning on
boundary couplings A will produce a beta function of order A2 for the marginal operators.

I contributions. If it does not,

This may or not have the correct sign to cancel the 7~
we do not expect any unitary BCFT to exist, though one may be able to produce some
non-unitary “complex” BCFT with complex couplings.

Conversely, suppose that we are given a BCFT B(7,7) defined continuously for arbi-
trarily weak gauge coupling. If B(7,7) is an interacting boundary condition, we expect
that if we take the gauge coupling to 0 the properties of B(7,7) will approach those of a
3d CFT with a U(1) global symmetry.

As we will discuss later in this section, the bulk correlation functions are determined by
the boundary correlation functions of the two conserved boundary current I, and J, defined
in eq. (2.8). Due to the boundary condition (2.38), at weak coupling, J, is inherited from
the boundary degrees of freedom and the corresponding charge is carried by the endpoints
of bulk Wilson lines ending at the boundary. On the other hand, I, is analogue to the

2E.g. if the theory on the boundary is a free scalar field, loop corrections can generate the operator ¢2
on the boundary with coefficient ~ 77 1A%, where Apv is the cutoff, but the only implication of this term
is that the tuning of m? needs to be adjusted at order 7 1.



“topological” charge in three-dimensional U(1) gauge theories and the corresponding charge
is carried by the endpoints of bulk ’t Hooft lines ending at the boundary.

When the coupling is turned off, the conformal dimension of endpoints of 't Hooft lines
blows up and the (fafa) correlation functions go to zero. The .fa current decouples from the
BCEF'T correlation functions as they collapse to the correlation functions of the underlying
3d CFT Tp1[B] (this is the CFT that we denoted with T4, [B] in the introduction).

2.5 Boundary propagator of the photon

In order to compute corrections to boundary correlators and beta functions of boundary
couplings in perturbation theory at large 7, we need the propagator of the gauge field
between two points on the boundary. Since we are perturbing around the decoupling limit,
this can be readily obtained from the knowledge of the two-point function in the free
theory (2.23). Recall from the discussion around eq. (2.14) that in the free theory F),, has
a non-singular bulk-to-boundary OPE. So the boundary two-point function of the operator
F,p is obtained by specifying the indices to be parallel in eq. (2.23), and then taking the
limit in which both insertion points approach the boundary. When taking this limit, we
need to pay attention to possible contact terms that can arise due the following nascent
delta-functions

ﬁ — 78(), (2.39)
and its derivatives. Even though usually we only compute correlators up to contact terms,
these kind of contact terms in the two-point functions of 3d currents do actually contain
physical information [39]. In this context, they encode the #-dependence of the boundary
two-point function of F,;,. Relatedly, they are also needed to obtain the correct boundary
propagator of the photon.

To obtain the (ab, cd) components of the two-point function (2.23) we need the com-
ponents (ab, cd) and (yd', ed) of the structures G and H. The structure G gives

1—~2 2 ,
(140 (1522) ) Goneatone) 2, 123 Gl (2.40)
Yy oy .
—2? i€’ Gyar cd(T12) y1,2——>>0 —Wzerab[c(ﬁfm)d]és(:rlg) . (2.41)

1_}_,)/2 ab

Here Gg‘; .q denotes the same structure as in eq. (2.17) with the replacement of I,,, by the
3d analogue
22% b

2

() = 0up — (2.42)
On the other hand the only non-zero component of the structure H in the limit y; o — 0 is
Hyq b, hence the H structure completely drops in the calculation of the propagator. The
result is

g° 2 3d 2y

<Fab(flv O)FCd<f270)> ) 7,}/ Gab,cd(fu) - WZ 7r26ab[c(afl2>d]53(f12) : (2'43)



It is convenient to go to momentum space, by applying a Fourier transform with respect
to the boundary coordinates

3 —
(Fop(#1,0)Fog(@2,0)) = / (;ZWI;,)<FM,(5, 0)F.q(—p,0))eP @12 | (2.44)

We obtain

D, D, 29 D 6acpdpb 6bcpdpa
(Fap(P, 0) Fea(—p,0)) 9 [@( [cPd)Pb  Ob[cPd]

= 1+72 ﬁz ]72 > +’7€ab[cpd]:| : (245)

We can finally determine the propagator of the gauge field between two-points in the
boundary by imposing that the exterior derivative reproduces the two-point function (2.45).
The result is

2

(A7, 0)A0(—7.0)) = () = 1

— + Yeabe =5 2.46
|p| a Cp2 ( )

b — (1= §) 2 pc]

The parameter ¢ is not fixed by requiring consistency with eq. (2.45), and parametrizes a
choice of gauge. From the structure of the propagator we see that the natural perturbative
limit is g> — 0 with v fixed, which means 7 — oo with a fixed ratio 7 between the real and
the imaginary part. Observables are expressed as a power series in % with coefficients

that are themselves polynomials in v, more precisely the coeflicient of the order O (( T Jg:yQ )n)

is a polynomial in ~ of degree n.

2.5.1 Relations to large-k and large- Ny perturbation theories

Recall that a 3d Abelian gauge field a with CS action i% J a A da has propagator (up to

gauge redundancy)
C

(aa(P)ar(—p)) = 2]:-6abc§,2 : (2.47)

We see that the contact term in eq. (2.45) produced a term in the boundary propaga-
tor (2.46) that is identical to the CS one. In particular, from the perturbation theory that
we will consider one can immediately recover results for large-k perturbation theory in

Abelian 3d gauge theories, simply by setting (recall that v = 2272)

2 n
<Zl—i,i’y2> Y —0, ifm<n (2.48)

(1 1272>n7” — (i:)n . (2.49)

Indeed, in the limit g> — oo only the -term is left in the bulk action, and the model that

we are considering is equivalent to a CS theory on the boundary, with k£ = %. The only
role played by the bulk in this case is to allow generic real values of the CS coupling.
We can also compare to the limit of large number of matter flavors Ny, in which observ-

ables at the IR fixed point of 3d Abelian gauge theories can be computed perturbatively in
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1/Ny. In this regime, after resumming bubble diagrams, one finds the following “effective”
propagator (again, up to gauge redundancy)

1 dap
(aa(P)ap(—p)) Ny lp| (2.50)
The proportionality constant depends on the details of the theory. The resulting “non-
local” propagator has precisely the same form of the boundary propagator (2.46) in the
case v = 0.3 Hence, once again, the two types of perturbation theories inform each other,
and results for one case can be applied in the other case as well. Compared to the large-k
perturbation theory, here additional care is needed, because the order at which we are
computing a certain observable in the 1/Ny-expansion does not coincide with the number
of internal photon lines in the corresponding diagram, owing to the fact that diagrams with
a larger number of internal photon lines can get an enhancement by a positive power of
Ny from loops of matter fields. Nevertheless, single diagrams computed in one context can
be used in the other context, and we will see an application of this observation later. A
generalization of the large- Ny limit is obtained by taking both N and k large, with a fixed
ratio, and was studied recently in [20]. In this case one finds a propagator that contains
both terms in eq. (2.46), and the same comments about the relation of the two types of

perturbation theory apply.

2.6 Exploring strong coupling

As the coupling is increased, the two currents fa and ja should be treated on an even
footing. Indeed, they are rotated into each other by the SL(2,Z) group of electric-magnetic
dualities of the bulk theory. Assuming no phase transitions, as we approach cusps 7 — —%
where the dual gauge coupling becomes weak in some alternative duality frame, we expect
dual statements to be true: the pj —i—qf current should decouple from the BCEF'T correlation
functions as they collapse to the correlation functions of a new 3d CFT T, ,[B], which gives
the dual weakly coupled description of the original BFCT.

Using the notion of duality walls [36, 37], one can argue that T}, , should be obtained
from Tp; by Witten’s SL(2,Z) action on 3d CFTs equipped with a U(1) global sym-
metry [1]. This involves coupling Tp; to a certain collection of 3d Abelian gauge fields
with appropriate Chern-Simons couplings. This statement requires some care and several
caveats about the absence of phase transitions as we vary 7.

In an optimal situation where these phase transitions are absent, this picture implies
that the data of B(7,7) will approach the data of an infinite collection of 3d CFTs T,
as 7 — —%, sitting in the same universality classes as certain 3d Abelian gauge theories
coupled to Tp 1. This is depicted in figure 1. If we “integrate out” the bulk and restrict our
attention to the 3d boundary, what we just described can be stated as the existence of a

3The two types of non-locality have different physical origins, in our setup the non-locality on the
boundary is due to the existence of the bulk, while in the large- /Ny limit it emerges due to the resummation
of infinitely-many Feynman diagrams. The fact that the resulting two-point functions of the field strength
have the same power of momentum is of course no surprise, because that is just fixed by the scaling
dimension of conserved currents in 3d.
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Figure 1. The family of conformal boundary conditions B(7,7) labeled by the variable 7 in the
upper-half plane and by a 3d CFT Tj; with U(1) global symmetry. At the cusp at infinity the
current 1% decouples and we are left with the local 3d theory Tp 1 on the boundary, with U(1) current
Je. Approaching this cusp from T-translations of the fundamental domain amounts to adding a CS
contact term to the 3d theory, or equivalently to redefine the current Je by multiples of the current
I that is decoupling. This is the T operation on Tp 1 in the sense of [1]. In the favorable situation
in which no phase transitions occur, the BCF'T continuously interpolate to the cusps at the rational
points of the real axis 7 = —¢/p, where again the bulk and the boundary decouple and we find new
3d CFTs T, 4. These theories are obtained from Tp; with a more general SL(2,Z) transformation,
that involves coupling the original U(1) global symmetry to a 3d dynamical gauge field.

family of non-local 3d conformal theories (i.e. with no stress-tensor in the spectrum) that
continuously interpolate between different local 3d CFTs. More precisely, in the decoupling
limit the 3d theory is a direct product of a 3d CFT and a non-local sector associated to the
boundary condition of the free bulk field. This is reminiscent of the construction of [40-42]
in the context of the long-range Ising model.

Let us mention a possible mechanism for a phase transition. As we change continuously
7 from the neighbourhood of the “ungauged cusp” Ty 1 towards the “gauged cusps” T), 4,
the dimension of boundary operators are nontrivial functions of 7. A scalar boundary
operator O might become marginal at a certain codimension 1 wall in the 7-plane. This
possibility is depicted in figure 2. In perturbation theory in the vicinity of the wall, we can
repeat the logic that we used in the subsection 2.4 when discussing perturbation theory
around 7p 1 in presence of boundary marginal operators. Namely, the boundary marginal
coupling A will generically have a non-trivial beta function, which depends both on A and

7, and whose leading contributions are 4

BT 7 A) = bipyp 607 4 by 60T + Copph + ... . (2.51)

4Note that this expression for the beta function is valid also in the decoupling limit 7 — oco. Indeed in
that limit b p-y2 5 x 772 and biptyz 6 X 772, from which we recover that the leading contributions from

the bulk gauge fields are of order 7~ ! and 77 1.
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TTO,l

real B(T,T)

Tpaq

Figure 2. A cartoon of a possible phase transition at strong coupling. A scalar boundary operator
becomes marginal at a certain curve in the 7 plane, i.e. setting A(T, 7) = 3 we find solutions in the
upper-half plane. In conformal perturbation theory from a point on the curve, the beta function
takes the form (2.51). We might be unable to find real fixed points for the marginal coupling. In
such a situation, B(7,7) can only be defined as a complex BCFT. Assuming that we were able
to define B(7,7) as a real BCFT in perturbation theory around 7 — oo by continuity such a real
BCFT is ensured to exist in the full region above the wall, but we might be unable to continue it
beyond the wall without introducing complex couplings (or breaking conformality).

Here we are perturbing around a point 7y on the wall, the coefficient b’s and C are (up to
numerical factors) the bulk-to-boundary OPE coefficients [43], and the OPE coefficient of
the boundary conformal theory, respectively. These OPE coefficients are functions of 7.
Depending on 79 and on the various OPE coefficients, setting 35 = 0 one might or might
not be able to find a real solution for A. If a real solution can be found perturbing away
from the wall in a certain direction, by continuity B(7,7) defines a real BCFT in a region
of the 7 plane on that side of the wall. Otherwise, on a side of the wall B(r,7) exists only
as a non-unitary “complex” BCFT.

2.7 Two-point function from the boundary OPE

In section 2.3 we computed the two-point function of the field strength in free theory using
the method of images. We will now compute it in the more general case with interactions
on the boundary. We will see that it can be fixed completely in terms of the coefficient
of the two-point function of the boundary currents. The method that we will use is an
explicit resummation of the bulk-to-boundary OPE.

As a consequence of the interaction, the bulk-to-boundary OPE of the field strength
contains two independent primary boundary operators, both of them conserved currents,
rather than just one like in the free case. The leading terms in this OPE are

Fu(Z,y) o V() 20001 — 1€ Vo o(Z) 0400 + - - - - (2.52)
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The complete form of the above (including all descendants) can be found in (B.4). The
boundary currents Vl and Vg can be expressed in terms of Je and 1% as follows

A A 6 .

a_ _ 2 a Jo 9.
Vl g (J o0 > ) ( 53)
Vi = —2rl® (2.54)

If the 3d CFT that the gauge field couples to has parity symmetry (i.e. symmetry under
reflection of one of the coordinates) then the full boundary CFT B(7,7) admits such a
symmetry when restricted to # = 0. Under this symmetry V7 transforms like an ordinary
vector, while V3 transforms like an axial vector. We can extend this symmetry to the more
general case 0 # 0 by viewing it as a spurionic symmetry that flips the sign of 6.

Plugging the bulk-to-boundary OPE in the two-point function, one obtains the bound-
ary channel decomposition. In this case, since only two boundary primaries appear in the
OPE, we can explicitly resum the contributions from all the descendants. The result can
be written in terms of the structures defined in (2.23)

r [y Q 'yl
(Fuu(x1) Fpo(22)) = (aléﬁéz] — ot <a2 5{;55} —i—z?g €t >> Guv' po(T12)

/ / L 1o .
-+ ’U4 <()é2 (5{;(55] + 27361“/“ v >H/,L'V',pa(x12;y1, y2> X (255)
with coefficients
1 B - 1 B ) i
o1 = 5(011(7, T) + (7, 7)), o= 3 (c11(1,7) — c2o(7, 7)), az= —ci2(7,7) . (2.56)
where
~ I3dab(f)

(VH@)VP(0)) = eij(r,7)

f + contact term . (2.57)

|Z[*
We see that eq. (2.55) is written explicitly in terms of data of the boundary conformal
theory. For the time being we can ignore the contact term in the current two-point function
because it cannot contribute to the two-point function of F),, at separated points.

To make the action of SL(2,Z) more transparent we will also rewrite the above results
in the selfdual/antiselfdual components. The bulk-to-boundary OPE takes the following
form

+ /= 9 — + a
Fo(Z,y) o Via()APL "™ + ..., (2.58)
where

~ 1 - A 2T~ ~
Vi = (Vi —iVe) = ——=2 (] —+1 2.59
+ =5 —ile) e CAE O (2.59)
~ 1 - N 2T A “

== ] =——(J=7I). 2.
V. 2(V1 + V) ImT(J 7I) (2.60)

An SL(2,Z) transformation acts on Vi in the same way as it acts on F=. In particular
under an S transformation V; — 7V, and V_ — 7 V_. Using the structures introduced in
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section 2.3, the result (2.55) can be rewritten in more compact form

(Fib (21)F o (w2)) = (ag +ias) v HLo (F12, 41, 2) (2.61)
(Foo (1) Fpp(w2)) = (0 —ias) v H, o (F12, 41, 92) (2.62)
(Fi(x1)Fop(x2)) = n Gl o (212) ) (2.63)
(F/;V(wl)F;,(m» = alG;;fpa(xu) ) (2.64)

Note that ag £ iag = 2c44 while o = 2¢4— = 2c¢_4. In this basis the SL(2,7Z) action on
the above two-point functions can be immediately read from (2.10).

While in this subsection we discussed the two-point function of F},,, clearly a similar
computational strategy could be used for an arbitrary n-point function, therefore reducing
any such bulk correlation functions to correlators of the boundary currents J, I. Of course
generically for n > 2 these correlation function are not just captured by the coefficients c¢;;,
because they are sensitive to the full spectrum of boundary operators entering in the OPE
of the currents.

2.8 Omne-point functions from the bulk OPE

When 22, < y? we can expand the two-point function (2.55) in the bulk OPE limit, which
is controlled by the OPE of free Maxwell theory

2 ~

g 1 1
Fl(2) Fye(0) o pGW,pU(fU) + E((sup‘sw - 6VP5HU)F2(O) + EequoFF 0)+...,
(2.65)

where we neglected spinning bulk primaries (since they do not acquire vev) and descen-
dants, and we used the shorthand notation F? = F,, F* and FF = FWF“” .

Plugging the bulk OPE into the Lh.s. of (2.55) one obtains the following bulk channel
decomposition of the two-point function

2
o g
<F“V($1)Fp (562)> 331:372 ﬁ G/u/,pa(l'm)
+ i(éup(sua i 51/p5,u0') a2 (Ta 77_) + ieuz/po- aFF(Ta 77_)
Ys 12 Ys
+ .., (2.66)
where ... denote subleading descendant terms, and we parametrized bulk one-point func-
tions as
(O(Z,y)) = aoy™>° . (2.67)

Comparing (2.66) and (2.55) (see appendix C for details) we obtain a constraint from the
contribution of the identity

4

7 Im7’

611(7',7_') +022(T77_—) = (2.68)
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and the following expressions for the one-point functions®

apa(r, 7) = % (con(, 7) — e11 (7, 7)) = % <CQ2(T, 7) - ﬂ;) , (2.69)
app(7,7) = z% Cra(,7) | (2.70)

This shows that the bulk one-point functions of F2 and F'F are determined by the constants
cij. Note that these relations are compatible with the (spurionic) parity symmetry, because
app and ci2 are odd, while all the other coefficients are even. What we discussed here is
a very simple example of the use of the crossing symmetry constraint on bulk two-point
functions to determine data of BCFTs [44]. The constraint can be solved exactly in this
case because the bulk theory is gaussian.

Equivalently, in selfdual/antiselfdual components

_ 3 _ . _ _ 3 _
aFi(T,T) =16 (coo(1,7) £ 20 c12(7,7) — c11(7, 7)) = —Zcii(T,7'> : (2.71)
Note that due to the constraint in eq. (2.68), the three entries of the matrix ¢;; actually
only contain two independent functions of the coupling. In the appendix D we show how
to express ¢;; (and also the possible contact terms in (2.57)) in terms of two real functions

cy and Ky of (7,7), which are the coefficients in the two-point function of J.

2.9 ¢;i(7,7T) in perturbation theory

Having derived the bulk one-point and two-point functions in terms of the coefficients
¢;j(7,7) in the two-point function of the boundary currents, we will now give the leading
order results for these coefficients in perturbation theory in 771.

Note that thanks to the modified Neumann condition, at leading order J is identified

with the U(1) current JopT, whose two-point function can be parametrized as

fa (= 0\ 7b -y _ (0 125(512) -"580) cs3( 2
(Jépr(Z1)Jopr(T2)) = ¢ BV “or €abc070” (Z12) - (2.72)

Using the expression for ¢;;(7, 7) in appendix D, and plugging c¢; = C((]O) +0O(r71) and

Kj = HSO) + O(771), we obtain

(0)

4 ImT (Im7? — Ret?) WQCL(]O) + 4Im7 Rer % ;
=aeE = - 2.
022(7';7') - ’T|2 |7_‘4 +O(|T‘ ), ( 73)
ARer ImrRern2c? — (Im72 — Ret?) K5
012(7-77_') = J 2 —|—O(|T|_3) ) (274)

TP [

®Note that ap> € R while a5 € iR. To see this, it is useful to think about these coefficients in radial
quantization, as the overlap between the state defined by the local operator F?2/ FF and the state defined by
the conformal boundary condition. Applying an inversion, the overlap gets conjugated. Hence the reality
conditions stated above simply follow from the fact that the operator F / FFis even/odd under inversion.
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c11(7, T) is obtained by coa(7, 7) using (2.68). Note the compatibility with the (spurionic)
parity symmetry, under which both Rer and JO flip sign, and ca2 (c12) is even (odd, re-
spectively).

We observe that, to this order,

Ocaa n Jci2
ORer  Olmr

=0. (2.75)

An explanation of this relation, and also a reason why it must hold to all orders in pertur-
bation theory, will be provided in section 3.

Going to higher orders in 7~ !, the correlators of J , and in particular the coefficients c;
and k7, will start deviating from those of the CF'T. When the CF'T is free, these corrections
can be computed by ordinary Feynman diagrams on the boundary. We will see examples
of this in the following. In the more general case of an interacting CFT, these correction
can be computed in conformal perturbation theory, by lowering an insertion of the bulk
Lagrangian (2.2) integrated over the region y > 0. It would be interesting to characterize
the CFT observables that enter the subleading orders of this perturbation theory. We leave
this problem for the future.

2.10 Displacement operator

In every BCFT with d-dimensional bulk there exists a boundary scalar operator of protected
scaling dimension d, the so-called displacement operator. It can be defined as the only
scalar primary boundary operator that appears in the bulk-to-boundary OPE of the bulk
stress tensor

. d LN
Ty (%, y) Sod_1 <5uy5vy - d5“V> D(@) +... . (2.76)

There is a Ward Identity associated to this operator, namely

/ddf< D(Z)01(Z1,41) - - On (s yn)) = Oy, ++ - +0y, ) (O1(ZF1,11) - .. On(Fny ym)) » (2.77)

that fixes the normalization of the operator. In this normalization its two-point function is

. . C-
D(#1)D(%2)) = =2, 2.78
(D)D) = = by (2.78)
and the quantity Cp is an observable of the BCFT.
It follows from (2.76) that the displacement operator is the restriction of the component
T,y of the stress-tensor to the boundary. In the theory that we are considering the bulk

stress-tensor is the usual Maxwell stress-tensor

Im7 1
T = o (FM)FV” - 4(5WFPGF”U> . (2.79)
Writing Ty, (y = 0) in terms of the currents I and J leads to the following expression for

the displacement operator

A~ iy ~ A A Im7 - ~
D= —(|7"I? + J? = 2Rer 1)) = < —(V + V) . (2.80)
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Figure 3. Diagrams for the two-point function of the displacement operator. The leading order
contribution (a) is the square of the two-point function of the topological current I. At next-to-
leading order we have the diagrams (b.1)-(b.2)-(b.3) that are also sensitive to the electric current J.
The shaded blobs denote insertions/correlators of J in the undeformed CFT.

The right-hand side of (2.80) contains products of two boundary operators at the same
point, that are defined through a point-splitting procedure, similarly to the products on
the right-hand side of (2.79). Such a point splitting makes sense for arbitrary 7 even
though generically the boundary currents are not generalized free fields. This is because
their dimension and the dimension of D are protected, and the contribution of D in their
OPE is non-singular, so after subtracting the contribution of the identity and possibly of
additional operators of scaling dimension < 4 we can always take the coincident-point limit.

We can use the expression (2.80) to obtain the first two orders in the perturbative
expansion of C'p universally in terms of the two-point function of the CFT current (2.72).
The leading order contribution to C'p at large 7 comes from the contraction of the I currents
in the 12 term, and is therefore proportional to the square of ¢o9 at leading order. At next-
to-leading order there is a contribution from the correction to coo, and a contribution from
the I.J term. See figure 3. The result is

6 12 Im7 (o) _9
_?WCJ +O(|777) . (2.81)

“p=ra
Even though the 3d CFT sector decouples from the bulk in the limit 7 — oo, and in
particular it has a conserved 3d stress tensor, the displacement operator still exists within
the sector of boundary operators coming from the free boundary condition of the bulk
Maxwell field, and in particular C'p is finite in this limit. Plugging Re 7 = 0 and the value
of cso) for a theory of two Dirac fermions, namely cf,o) =
with [8].

ﬁ, we find perfect agreement

2.11 Three-point function (V;V;D)

Some of the distinctive features of the conformal theory living on the boundary of
B(1,T) are

e the presence of a scalar operator of dimension 4, the displacement operator D; this
feature is common to all conformal boundary conditions;

e the presence of the two U(1) currents V; and V5 .
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We will now show that the displacement operator D appears in the OPE of the currents,
with a matrix of OPE coefficients that can be fixed in terms of the coefficients of the bulk
one-point functions ap2 and ajz, and the coefficient C'p.

To show this, we consider the three-point correlator between the field strength and the
displacement operator

(Fyv (1) Fpo (22) D(&3)) - (2.82)
We compute this three-point function in two OPE channels for F, (21)F,s(x2). In the
boundary channel y; 2 — 0, using the OPE (2.52) this three-point function can be fixed
in terms of the OPE coefficients (V;V;D) that we want to determine. On the other hand,
in the bulk OPE channel x5 — 0 this three point function can be computed in terms
of the bulk-boundary two-point functions (O(z1)D(Z3)) between the displacement and the
operators O in the bulk OPE of two F’s. The last step of the argument amounts to relating
the latter two-point function to the one-point function of O if O is a scalar operator, or to
Cp if O is the stress-tensor.

The coefficients appearing in the three-point function are [45, 46]

a2 \Yrb/= \ T 1 a 1 ~c _abc
(VEH@)V) (@2)D(o0)) = AL 6™ 4 AT afpe (2.83)
For simplicity we placed the displacement at infinity. A and )\(1,) are respectively

ijD+ ijD—
the parity-even/odd OPE coefficients in the conventions of [46], and 2% = x%/|Z|. Re-
call that under parity V; is a vector while V5 is an axial vector, hence the coefficients

(1) (1) (1) ‘o . . .
/\11[3—’)‘ 22D—’/\ loh Are odd under a spurionic parity transformation, while the others
are even.

The details of the calculation are showed in the appendix E, and here we will just give
the final result

20
= —% iapp (2.86)
A%_ =0. (2.87)

The parity-odd three-point structures are all set to zero. The spurionic parity symmetry is

(1)

again satisfied because A is proportional to the odd coefficient a ., while the formulas

12D+
for A(l)A and )\(I)A are even.
11D+ 22D+
Going to the basis in which the matrix of current-current 2-pt functions is the identity
U;Ujkclk = (52']' s (2.88)
the matrix of OPE coefficients becomes
7r20 ~
0 [ 0
(1) 777 _ A-1%
UAp U™ = = 4 ,4+”28015 , (2.89)
0 A+ 2y

4m
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where

1
A= 7 a%y — aiﬁ . (2.90)

Recall that ap2 € R and a,z € iR, so A is real and > 0. Seemingly the upper entry has

3
472>

from (2.81) that Cp — % in the decoupling limit, so that actually the entry is finite in
the limit.

The upshot of this analysis is that the OPE coefficients between two currents and the

a pole at A = which corresponds to the value at the decoupling limit. However recall

displacement can be completely characterized in terms of the two positive quantities A and
C}p, that can be taken to effectively parametrize the position on the conformal manifold.
It would be interesting to derive these relations from more standard analytic bootstrap
techniques, along the lines of [47-49].

3 Free energy on a hemisphere

In this section we study the hemisphere free energy for the conformal boundary conditions
of the U(1) gauge field.

Following [50], to any given conformal boundary condition for a CFT, we can assign
a boundary free energy Fjy, defined as

Fy = 1 log M = —Relog Zyqs + 1log Zga . (3.1)
2 Zgi 2

Zgs denotes the sphere partition function of the CF'T, while Zjqs denotes the partition
function of the theory placed on an hemisphere, with the chosen boundary condition on
the boundary S3. In writing (3.1) we discarded power-law UV divergences, and focused
on the universal finite term. Conformal symmetry ensures that the coupling to the curved
background can be defined via Weyl rescaling.

In our setup the bulk theory is a U(1) gauge-field with action (2.2), so we have

—SWaalfT = Re/HS4 d*z/g(x) (F?(2))gs + % /54 d*z\/g(x)(F?()) 51,

_8%8;87 - /HS4 d'wr/g(@)(iF F(2))ygt + % /S Al /g(@)(iFF(x)s. (3.2)

Using a Weyl transformation the one-point functions can be obtained from those on R? x
R, as

(F (@) st = o)~ 55 LA (@) e = 0e) o2t

Here z is a point on the hemisphere, () is the Weyl factor induced by the stereographic

A. (3.3)

projection, and u(x) denotes the chordal distance between the point  and the boundary
53, The shifts A and A stand for a scheme-dependent contribution to the one-point
function, due to the ambiguity in the definition of the theory on the curved background:
we can always add local counterterms given by a scalar density of dimension four built
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out of the background curvature, multiplied by the real or imaginary part of the marginal
coupling 7, and integrated in the interior of the hemisphere. On the other hand, if we
compute the partition function on S* in the same scheme, the one-point functions on
S4 receive contribution only from those counterterms, because on R* one-point functions
must vanish, and there is a relative factor of two because in this case the counterterm is
integrated over the whole sphere. Hence

<F2>54:.A, <FF>S4:A, (3.4)

such that the ambiguity precisely cancels in (3.2). Here we see the virtue of the choice of
normalization in (3.1).

The remaining integral on HS* has a UV divergence when the point x approaches the
boundary S3. We introduce a UV regulator € < 1 and restrict the integral to the region
u(x) > €. The result is

1 212 5r?  Ax?
Q 747 = ——— —— 3 .
/u(x)>e \/9(7) (z) u(x)t  3e 3¢ + 3 + O(e) (3.5)

As implicit in the definition of Fjy, we will neglect the power-law UV divergent term and
focus on the universal finite piece. Hence we finally obtain

0Fy T T B 1

dlmr 6 F° T §C22(T7T) ~ 4Im7’ (3.6)
8Fa T . ™ _

Ror — EZGFF = —§C12(T, T) . (3.7)

We used the relations (2.68) to rewrite the result in terms of the two-point functions of
the conserved currents. A consequence of this equation is that the relation (2.75) must be
valid to all orders in perturbation theory, or more generally whenever F) is well-defined.

Plugging (2.73)—(2.74) in (3.6)—(3.7) and solving the equations we find the following
leading behavior of Fjy at large T

2 (0

(0)
] O CJ)IInTjL%ReT
T

FE +0(7]7?) . (3.8)

1 2Imt
o5 T8 [ P

4
The first term, which diverges for 7 — oo, is the value of Fj for a free Maxwell field with
Neumann boundary conditions [50]. Matching eq. (3.8) with the value of F} for a decoupled
system of a Maxwell field with Neumann conditions and a 3d CFT on the boundary, we
find that the constant C', that remained undetermined by the differential constraint, is in
fact the S° free energy Fpy,1 of the theory Tp ;.

Using an SL(2,7Z) transformation, the same asymptotic behavior holds in the vicinity
of any cusp point, upon replacing 7 with the transformed variable 7/ that goes to oo at the
selected cusp, and identifying C' with the S® free energy of the decoupled 3d CFT living
at the cusp. Near the cusp where the current pj + qf decouples from the 3d theory T, 4,
we have

/} +E+O(7)™Y) . (3.9)
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where 7/ = g::z, with ag — bp = 1, and F), 4 is the S3 free energy of T, 4. Note that
1 2 Imt 1 2 Im7’ 1
——log |—| ~ —Zlog|—s —~1 3.10
1 og[ = ] T og[ P } + 5 loglal, (3.10)
1 1 2 Im7’ 1
——log[21 ——log | ——— =1 . 3.11
plos 2]~ —qlog |20 |+ Lol (311)

Eq. (3.10) implies that the function

1 2ImTt
F; -1 _ 3.12
o+ plow |2 (312)
attains the finite value )
510g\q| + Fpg (3.13)

at all the cusps with |g| # 0. For the cusp with ¢ = 0 we can simply use (3.11) to derive that
1
Fy+ 1 log [2Im7] , (3.14)

approaches

1
) log |p| + Fp.q - (3.15)

Hence the function Fj(7,7) contains information about the S free energies of an infinite
family of 3d Abelian gauge theories, namely all the theories obtained by applying SL(2,7Z)
transformations to 7 1.

We note in passing that the shift by 3log|g| in eq. (3.10) has a nice interpretation
in terms of the S® free energy for a pure CS theory. Indeed, starting with a 4d gauge

field with Neumann condition, applying the transformation ST, ie. 7/ = and

1
taking the decoupling limit 7 — oo, we are left with a pure CS theory at level le l:)n the
boundary. Hence, the free energy Fj in this limit should be the sum of the contribution of
the decoupled 4d gauge field with Neumann boundary condition, and the contribution from
the CS theory at level k, which is %1og |k|. This is precisely what eq. (3.10) gives. Similarly
eq. (3.11) can be interpreted by starting with a 4d gauge field with Dirichlet boundary
condition, whose partition function is the left-hand side of (3.11), applying ST*S, i.e.
7= —r51> and going to the decoupling limit. Again, we find a decoupled 4d gauge field
with Neumann boundary condition, and a CS theory at level k on the boundary. The shift

by 4 log|p| in eq. (3.11) precisely reproduces the 3§ log |k| contribution of the CS theory.

4 A minimal phase transition

In this section we will study a non-trivial BCFT which conjecturally describes a second
order (boundary) phase transition between two free boundary conditions (p, q) and (p/, ¢")
of the 4d gauge field, with pq’ — p’q = 1. In particular, the conjectural BCFT should have
a single relevant boundary operator, which can be turned on to flow to either of these free
boundary conditions in the IR, depending on the sign of the coupling. We will assume that
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this BCFT exists for all values of the gauge coupling 7, with no further phase transitions
as a function of 7.

Without loss of generality, we can pick two canonical duality frames where the phase
transition interpolates between Dirichlet and Neumann boundary conditions or viceversa.
We can also pick two duality frames where the phase transition interpolates between Neu-
mann and (1,1) boundary conditions or viceversa.

e If we go to weak coupling in the former duality frames, the boundary degrees of
freedom should describe a phase transition between phases with spontaneously broken
or unbroken U(1) global symmetry. We expect that to be described by a critical
O(2) model.

e If we go to weak coupling in the latter duality frames, the boundary degrees of freedom
should describe a phase transition between two gapped phases with unbroken U(1)
global symmetry, but background Chern-Simons coupling which differs by one unit.
We expect that to be described by a massless Dirac fermion.

Keeping track of the duality transformations between the different frames, we can
assemble an overall picture.

e Denote as Tpn the gauge coupling associated to the description as a phase transition
between Dirichlet and Neumann boundary conditions, so that one “O(2) cusp” is at
TDN — OQ.

e Then 7wnp = —1/7mpy is the coupling which is weak at the other O(2) cusp, at Tpx — 0.

e Shifting the 6 angle by 27 gives an alternative description as a transition between
Dirichlet and (1,—1) boundary conditions, with coupling n» = Tpx — 1. Dually,
we get a transition between Neumann and (1,1) boundary conditions, with coupling

-1
"

_ 1 . : “T): CSe ]
TNN' = ~Tpn" = Tompm which is weak at the “Dirac fermion” cusp, mpn — 1.

e If we had shifted the 6 angle in the opposite way, we would arrive to a transition

between Neumann and (1, —1) boundary conditions, with coupling 7N = —TS&, =
1

—Trmon which is weak at the second “Dirac fermion” cusp, mpn — —1.

In the following we will do most of our calculations in a perturbative expansion around

a “Dirac fermion” cusp. The correct boundary theory is actually a Dirac fermion dressed
by half a unit of background Chern-Simons coupling [51, 52]. It is convenient to absorb
that background Chern-Simons coupling into an improperly-quantized shift of the 6 angle,
1 1 1+7mDN

so that the gauge coupling is denoted as 7 = Tyn' — 5 = 5 e

Therefore, denoting with
1) the Dirac fermion, the action that we consider is

1 . -
S[A,T+2]+/yzod FipID a1 . (4.1)

The second Dirac fermion cusp is at 7 — 0 and the O(2) cusps are at 7 = j:%. See
figures 4-5.
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T 0O(2) model

TDN

Dirac fermion . 0(2). model - Dirac .fermion

Figure 4. The upper-half plane of the gauge coupling mpn;, i.e. in the duality frame in which at
N — 0o we find the O(2) model on the boundary. Thanks to particle-vortex duality, the cusp
in the origin 7py = 0 also gives a decoupled O(2) model on the boundary. Thanks to the boson-
fermion duality between U(1); coupled to a critical scalar and a free Dirac fermion, the cusps at
TpN = *1 give a free Dirac fermion.

TDirae fermion

T =TNN' — =

-1.5 -1.0 -0.5 0.0

. . 0.
O(2) model Dirac fermion O(2) model

5 1.0 1.5

Figure 5. The upper-half plane of the gauge coupling 7 = TN/ — %, i.e. in the duality frame in

which at 7 — oo we find a free Dirac fermion on the boundary. Thanks to fermionic particle-vortex
duality, the cusp in the origin 7 = 0 also gives a free Dirac fermion on the boundary. Thanks to the
boson-fermion duality between U(1)1 coupled to a Dirac fermion and the O(2) model, the cusps at
T = +1 give the O(2) model.

Essentially by construction, the picture is compatible with a well-known duality web
of particle-vortex, fermion-boson and fermion-fermion dualities [27], which inspired this
investigation. In particular, thanks to the particle-vortex duality between the O(2) model
and the gauged O(2) model [53, 54], or equivalently thanks to its fermionic version [55],
in this case we have a Zy subgroup of SL(2,Z) that is a duality of B(r,7), i.e. it leaves
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invariant both the bulk and the boundary condition. This subgroup acts on 7 = Ty —% as
T— ——. (4.2)

It is interesting to note that the self-dual point 7 = %,

In our formalism, this is a straightforward consequence of the differential equations (3.6)—

i.e. TpN = 4, is an extreme of Fj.

(3.7), once we set c1] = ca2 = ﬁ and c12 = 0 — as dictated by self-duality and
equation (2.68).°

Before proceeding, let us mention some of the previous literature on this theory, and
comment on the relation to the results that we will present in the rest of this section.
The interplay between the 3d dualities and the 4d electric-magnetic duality in the setup
with a 3d Dirac fermion coupled to a bulk gauge field was investigated in [27-31]. In
particular [30, 31] studied the transport properties of the boundary theory at the self-dual
point. For the theory with an even number of Dirac fermions on the boundary, the two-
loop two-point function of the boundary current .J was obtained in [3] (see also [4-7]) while
the Weyl anomalies (or equivalently the two- and three-point functions of the displacement
operator) were computed to next-to-leading order in [8, 57] (for the supersymmetric version
of the theory see [58]). The point of view of boundary conformal field theory was first
adopted in this theory in [8, 57], but these papers do not consider the action of electric-
magnetic duality and the existence of multiple decoupling limits. Besides the transport
coefficients and the Weyl anomalies, other boundary observables such as scaling dimensions
of operators, or the hemisphere free-energy, were not studied before. Since the duality
explained above only exists for the theory with one Dirac fermion, we will first concentrate
on this case. Later we will also consider the theory with an even number 2Ny of fermions,

both at large N; and in the special case 2Ny = 2.
4.1 Perturbative calculation of scaling dimensions
We will compute the anomalous dimensions of the first two fermion bilinear operators O,
of spin s, namely
Op =P, (4.3)
_ R4

(02)ab = i(Vy(a Dy — trace) (4.4)
up to two-loop level. Note that in the limit 7 — oo of decoupling between bulk and
boundary (O2). becomes a conserved current, namely the stress-tensor of the 3d free-
fermion CFT.

The anomalous dimension can be obtained from the renormalization of the 1PI corre-
lator of the composite operator with two elementary fields

(Os(g = 0)y(=p)v(p))pr - (4.5)

6 Alternatively, we can implement the reasoning of [56] to show that this property follows from the

emergent Zs symmetry of the system at the self-dual point.
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Figure 6. Feynman rules. Il,; is defined in (2.46).

We employ dimensional regularization and minimal subtraction, i.e. we set d = 3 — 2¢ and
keep the codimension fixed = 1, expand the dimensionally-continued loop integrals around
€ = 0, and reabsorb the poles in the renormalization constants

O = 700, (4.6)
VY = Zy,

where the subscript B denotes the bare operators.

Even though the correlator in (4.5) involves the operator 1 that is not gauge-invariant,
it is still sensible to renormalize it. The resulting renormalized correlator, as well as the
renormalization constant Z, both depend on the choice of gauge-fixing, but the renormal-
ization constant Zp of the gauge-invariant operator does not, hence we can extract physical
information from it.

The renormalization constants admit the loopwise expansion (at small g2 with fixed )

2

Z:1+5Z:1+Z<1Jgr72) AR (4.8)

where §Z(™ is a polynomial in ~ of degree < n, and furthermore by invariance under space
reflections only even powers of y are present. The n-loop term §Z(™ contains divergences
up to €, but the familiar RG argument constrains all the coefficients in terms of the ones
at lower loop order, except that of the e~ ! divergence.

The anomalous dimension is then given by

i dlog ZO

Yo = (4.9)

dlog p

The dependence on the renormalization scale p is through the d-dimensional coupling

9B = py - (4.10)

In the latter equation we do not need to include a renormalization of the coupling because,
as we explained in section 2.4, g does not run. Therefore we can rewrite

O0log Zo

Yo =
To compute (4.5) we use the Feynman diagrams in figure 8, computed in momentum

space, and for simplicity we take the composite operator to carry zero momentum. The
Feynman rules given in figure 6.
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Oo (O2)ab
_ p p 2
/\ =1 /\\ = YaPb + VoPa — E’chcdab

(02)@1}

2
- ’Ya,abc + ’Vb(sa,c - E’Ycéab
(&

Figure 7. Feynman rules for the zero-momentum insertions of the composite operators. Note that
there are two vertices associated to Os.

N A e A
LS

(a) (b.1) (b.2) (b.3)

Figure 8. One loop and two loops diagrams. We sum over all possible insertions of the composite
operators on the internal fermion lines, and also on vertices in the case of Os.

We performed the calculation up to two loops. See appendix G for more details
about the computation of the two-loop Feynman diagrams. The resulting renormalization
constants are

2 2 2 2 2y, 2
g2 2-3¢ g (2-3¢)%  9(1—29%)n2 + 16 6
52y = - 0% . (412
YT T2 2402 (1 +72> |:11527T462 34567 ¢ 0l (@12
2 2 2 2 2
g 2 g 2 9m*(1 —2v°) — 8 6
572y = — 0(g°%) . 413
R Ry <1+72> [%462 AT +O) (4.13)
2 2 2 2
g 2 g 2 757 + 16 6
574 = - o 4.14
2= T 7502 T <1 —|—’y2> [257r462 300071 | O (414)

where we denoted §Zs = 6Zp,. Note that indeed §Zy and dZ3 do not depend on the
gauge-fixing parameter. As a check, we also verified that the operator O; = 1)y%) does not
get renormalized, i.e. we explicitly computed the renormalization up to two-loop order and
found 677 = 0, as expected for a conserved current. On the other hand, note that 675 # 0.
This is a manifestation of the fact that the boundary degrees of freedom do not define a
local 3d theory once we couple them to the bulk: the conservation of the boundary would-
be stress-tensor is violated at g # 0, and the system only admits a stress-tensor in the
bulk. This means that the short operator of spin 2 must recombine into a long conformal
multiplet. In the appendix F, we show that this mechanism can be used to compute the
one-loop anomalous dimension, and we use this to check the Feynman diagram calculation.
The resulting anomalous dimensions, expressed as a function of 7 are

8 Im7 3672 — 32 (Im7)? 8 (Rer)?

3 -3 o(|r|™? 4.15

o 3 |72 2772 7|4 3 |72 +O(77), (4.15)
8 Imr 15072 + 32 (Im7)? ;

T Brr2 o™ - 4.16

25 s i T oI (4.16)
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Figure 9. Leading corrections to the boundary current two-point function for the Dirac fermion.

From these result we can immediately recover the anomalous dimensions for the 3d gauge
theory U(1)g coupled to a Dirac fermion at large k as explained in section 2.5.1. Since this
is a local 3d theory, we expect 75 = 0 and indeed this is what we obtain from (4.16). For
the anomalous dimension of the scalar bilinear, that starts at two-loop order in this theory,

find
we fin g

Yo = 32 + O(k_4) ) (4.17)

in agreement with [59].7

4.2 Perturbative Fjy

Thanks to the differential equation (3.6)—(3.7), and to the relations derived in appendix D,
the computation of the hemisphere free energy is reduced to the computation of the two-
point functions of the boundary current J. Up to next-to-leading order, we already wrote
the universal formula (3.8) for the hemisphere free energy in terms of the two-point function
of the current Jopr of the unperturbed CFT. In this particular setup where the boundary
theory at 7 — oo is a free Dirac fermion we can do better without much effort, because
the correction to the current two-point function, given by the two diagrams in figure 9,
already exists in the literature. For the parity even part of the two-point function, we can
either extract the value of these diagrams from the large- Ny calculation of [19], using the
similarities between the two perturbative expansions that we explained in 2.5.1, or alter-
natively use the computation performed directly in the mixed-dimensional setup in [3, 6].%
The parity-odd part can be obtained from the large-k calculation in [62]. The sum of the
diagrams in figure 9 is the next-to-leading order correction for the one-photon irreducible
two-point function, which we denote by X, see appendix D for more details. Due to the

shift in the real part of 7, i.e. 7 = /¢y — 5, we have that xy vanishes at leading order in

1
2
perturbation theory, or equivalently K,SO) = 0. The results mentioned above give

1 92 — 972 Tt

=+ 4 O(r] 2 4.18
= 87T2jL 14473 |T]2Jr (17175, (4.18)

4 + w2 Rer 9

=—— . 4.1
ke = g o O™ (4.19)

"In [60] there appears to be a sign mistake in the two-loop diagram that we denoted with (b.2) in figure 8.
This mistake leads to the different result for this anomalous dimension given in [61]. Upon correcting that
sign, we find perfect agreement with our result. We thank E. Stamou for helping us with this check.

8In comparing with [3, 6] one needs to take into account that they consider a 3d interface with the gauge
field propagating on both sides, rather than a boundary. The propagator of the photon restricted to an
interface has a factor of % compared to the case of the boundary.

~ 98 —



Using (D.5)-(D.6) to obtain the total two-point function of .J, we find

1 368 — 4572 Imr

+O(|7]7?), (4.20)

A S [ B Py
16 + 572 Rer 9
= : 4.21

Plugging these values in the formulas (D.8)—(D.14) for 92 and c¢i2, and solving the differ-
ential equations (3.6)—(3.7) we obtain

1 2Im7
Fy=—-1 9 Firac
o= 1 [w ]+ b
7 Im7r (368 — 4572)(Im7)? + (144 + 4572)(ReT)? 3
— @ : 4.22
6772 2304[7[4 O™ . (422)

We fixed the integration constant by comparing with the decoupling limit, so that Fpirac
is the S free energy for a free Dirac fermion (two complex components) [63]

(4.23)

4.3 Extrapolations to the O(2) model

We can now attempt to extrapolate the perturbative results obtained above around the
Dirac fermion cusp to the O(2) cusp (see figure 5), to obtain the data of the O(2) model.
The O(2) model, while being strongly coupled, is a well-studied theory via a variety of
techniques, so that we can compare our extrapolations to the known data. Even though
so far we only obtained the first two orders in perturbation theory, and one might be wary
to already attempt an extrapolation, we will see that the results we obtain are compatible
with the known data. We view this as an encouraging indication that the perturbative
technique that we are presenting here can indeed be a useful tool to obtain data of 3d
Abelian gauge theories, and as a motivation to try to obtain more precise predictions by
going to higher orders.

In order to extrapolate, we need to apply a resummation technique. The nice property
of our setup is the duality 7 <> 7 = —ﬁ, which means that the perturbative expansions
obtained above also tell us about the behavior of the observables around 7 — oo, i.e. the
second Dirac fermion cusp. To leverage on this, the idea is to use a “duality-improved” Padé
approximant, i.e. a function with a number of free parameters that we can fix by matching

to the perturbative result at 7 — oo, and that is invariant under a duality transformation.

Similar resummations were studied in the context of perturbative string theory [64]
and N = 4 super Yang-Mills (SYM) in [65]. In particular [65] introduced Padé-like ap-
proximants with the property of being invariant under a subgroup of SL(2,Z), and we
will borrow their method. Note that the perturbative results of the previous subsections,
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expressed in terms of gs = g% and 6, and expanded for small g, with @ fixed take the form

4 8 — 92 2
Yo = _QQS - 27 A gs +0 (937 9 ) ) (424)
Y2 = 577298 - Wgs +0 (gsags‘g ) ) (4.25)
L g2
_ 1 42

and fy is the boundary free energy where the contributions from free gauge field as well as
the constant term have been subtracted. The expressions above all have the pattern

a gs(1+b gs + O(g2, g26%)) (4.27)

which can be approximated by the manifestly duality-invariant interpolation functions
written in [65]. At this order, there are two of their functions that we can use, the integral-
power Padé Fi(gs,0) and half-integral-power Padé Fy(gs,0), defined by

hi
F; (9810) = ) (428)
' G (S gs) " — he
hs (g;1/2 (S gs)—1/2)
Fy(gs,0) = (4.29)

g5+ (S 9532 + (gs_m +(5 'gs)‘1/2> |

where S - g5 is the new gauge coupling under the transformation 7 — which reads

explicitly 4
. g, = G202+ 1677 (4.30)
Tgs
The unconventional negative power in the above two Padé approximant was devised in [65]
to remove the 6 dependence in the Taylor expansion. This is appropriate to match our
perturbative expansion up to the order we are considering, because the #-dependence starts
at the subleading order g2. On the other hand, while the perturbative expansion of N = 4
SYM is independent of # to all orders in perturbation theory, and therefore in that context
it is desirable to have an ansatz whose Taylor expansion does not contain @, in our setup

observables do depend on 6 even in perturbation theory. Indeed, by taking a different
093

scaling such as g5 small with v = fixed, rather than 6 fixed, we would have a non-trivial
dependence on 7 already at the order we are considering, and with this scaling we could not
match the observables with the Taylor expansion of the approximants (4.28)-(4.29). The
upshot is that in order to use the duality-improved approximants from [65] we are forced
to consider the expansion at small g, with 6 fixed, and doing so we throw away some of the
1+W2) (2m)° (PILGIT)

terms. It would be desirable to find an ansatz that is: (i) duality invariant; (ii) has a final

information contained in the perturbative calculation, namely the 0
limit to the real 7 axis (or at least to the O(2) cusp); and (iii) can be matched with the

perturbative expansion at small g5 and « fixed (at least up to the order g2 at which the
observables are currently known).
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2+ 7 3+ | Jo
€ expansion 1.494 — 0.124
Bootstrap 1.5117(25) — —
Fi(gs = 00,0 =) 1.406 3.635 | 1.039
Fy(gs = 00,0 =7) | 1.560 | 3.391 | 0.166

Table 1. Comparison of the extrapolations with the known data: for the energy operator we are
quoting the value from the conformal bootstrap [66], and from the e-expansion [67]. For the sphere
free energy we are comparing to the value from the e-expansion in [68].

A A
2 - -
_F1 F2
—F, 36 I ====+Exact|
e-expansion
1 8 L —=-=—=:Bootstrap ||
3.4
1.6 1se0 o ___
1.512 3.2}
1,494
J4pLO8 o A
. 3 3 N
0 /4 /2 0 /4 /2

tan~!(gs) tan~!(gs)

Figure 10. Extrapolations of the scaling dimensions from the Dirac fermion point (tan=!(g,) = 0)
to the O(2) point (tan=1(gs) = 7/2).

By matching the coefficients in the expansion up to the order g2, we find the unknown
coefficients h; to be

1
C Arx

hl = a, hg = b, h3 =a, h4 (4.31)

In the table 1 we show the resulting values of the approximant extrapolated at the O(2)
point. The fermion-mass operator is mapped to the energy operator of the O(2) model,
whose dimension can be obtained for instance from the conformal bootstrap [66], or from
the e-expansion [67]. The spin 2 operator is expected to approach the conserved stress-
energy tensor on the boundary in the decoupling limit, hence the dimension should ap-
proach the protected value As| cusp = 3. As for the hemisphere free energy, one needs to
subtract a finite contribution coming from the decoupled gauge field at the O(2) cusp, and
the remaining constant gives the sphere free energy of the O(2) model. To our knowledge
this has only been computed using e-expansion [68].

We see that both ansatzes give good approximations for the dimension of the energy
operator, and in particular F5 is quite close to the values obtained with the other methods.
For the other two observables, we see that the ansatz Fj also gives compatible results,
while Fi is not as good. In figure 10 we show the plots of the approximants at 8 = 7, i.e.
the value of the O(2) cusp, as a function of g, from 0 to co.
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Figure 11. Extrapolations of the free energy from the Dirac fermion point (tan=!(gs) = 0) to the
2) point (tan~!(gs) = 7/2).

i pone e s SpanJpon

Figure 12. The diagrams that contribute to the boundary propagator of the photon in the limit
Ny — oo with A = g2 Ny fixed.

5 Other examples

5.1 2Ny Dirac fermions at large Ny

In this section we consider the coupling of 2/N; Dirac fermions to the bulk gauge fields, all
with the same charge ¢ = 1, and we take the limit of large N; with A\ = ¢*’N ¢ fixed. For
simplicity we take § = 0. We will see that computing observables in 1/Ny expansion, and
later taking the limit A\ — oo, one can recover the 1/N; expansion in QEDj3. This would
be the expected result if we would take g?> — oo first, obtaining the decoupling limit in
which on the boundary we have QED3 with 2N flavors, and later take Ny large. Hence,
the observation here is that these two limits commute. This is interesting because order
by order in 1/Ny we can explicitly follow observables as exact functions of A, and see how
they interpolate from the “ungauged cusp” at A = 0 to the “gauged cusp” at A\ = co.

To derive that the limits commute, it is sufficient to observe that in the limit of large
Ny with A = ¢*N ¢ fixed we can obtain an effective propagator for the photon by resumming
the fermionic bubbles, see figure 12, obtaining (up to gauge redundancy)

1/N s Pap
Hl(lb/ f) Z( > <ab_ ﬁ2b> (5.1)

k=
8 A papb)
Sy — . 5.2
“NFIA 8 (b = (5:2)
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In the limit A\ — oo the propagator becomes

(1/Ny)
1I —
ab (m A—00 Nf|ﬁ|

DPaPb
5(1 I ) 53
< E ) (53)

which coincides with the effective propagator in QED3 at large N;. It follows that com-
pared to the large-Ny expansion of QED3, in this setup the diagrams that compute 1/Ny
corrections are simply dressed by a factor A/(A+8) for each photon propagator. In particu-
lar the 1/Ny-expansion of observables, e.g. boundary scaling dimensions, will approach the
corresponding value in large- Ny QED3 upon taking the limit A\ — co. However, recall that
in the 1/N¢-expansion diagrams that contribute at the same order might have different
number of internal photon lines, so we cannot just replace 1/Ny with 1/N; x A/(A + 8)
everywhere to obtain the exact dependence on A of a certain observable.

Let us now consider the two-point function of the boundary current J, and obtain from
it the hemisphere free energy at large Ny. We can obtain the 1/N; correction to the one-
photon irreducible two-point function of J— computed by the diagrams in figure 9 with
the effective photon propagator (5.2) — by taking the result of the large-N; calculation
in [19] and dressing it by the factor due to the single photon propagator, with the result

Ny 1 A 184—18x2 o
= (14— N . 4
T < +Nf)\—|—8 972 +O( f >> (54)

Correspondingly, from equation (D.8) and (D.12) we have ¢j2 = 0 and

16 A 32(92—-97%) A3
= — O(N3) . 5.5
2T N A+ 8 9riNT (A +8)3 + ( ! ) (5:5)

We can now plug ¢y in the differential equation (3.6), appropriately rewritten in terms of
the variable A. Solving for F(\) up to the order 1/N; we find

(92 -97%) N2 )
8N, rspe O (v;?) -

1 [wa(/\ +8)?2

64\ :| +2NfFDirac+

(5.6)
Recall that the arbitrary integration constant is fixed by matching with the decoupling
limit. In the decoupling limit Fj is the sum of a contribution from the free fermions on
the boundary, namely 2Ny Fpjrac, and a contribution from the boundary value of the gauge
field with Neumann condition, that we discussed in section 3. The latter contribution is
only a function of g2, and when rewritten in terms of \ it gives a log(N #) constant term.
Hence we need to include such a dependence on Ny in the integration constant, and this
is how we obtain the log(/Ny) term in (5.6). Similarly, we find that a A-independent term
of order 1/N¢ needs to be included in the integration constant, to ensure that the 1/Ny
correction vanishes when A = 0. The general lesson here is that when we integrate the
equation in the A variable, the integration constant required to reproduce the decoupling
limit will be a non-trivial function of the parameter Ny.

From the A — oo limit of (5.6) we can extract the sphere free-energy QED3 at large
Ny. More specifically, the latter is obtained by subtracting to the A — oo limit of the
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free energy the contribution of the Neumann boundary condition of the bulk gauge field

computed at (¢')? = 4;—22, namely

(g’)T

™

1
F = i Fy(A -1 .
QD Azf;o< oM+ Og[ ()> (5.7)

A

1 TNp\  92-972 1 o
= 9Nt Fpirac + = | = O(N ) 5.8
fDaC+2°g(4>+ 82z N, O\ (5:8)

Both the logarithmic and the constant terms reproduce perfectly the result of [69]. To our
knowledge, the O(NJTI) correction was not computed before.

As we will now briefly review, the free-energy as a function of Ny can be used to
diagnose the IR fate of QED3. For Ny smaller than a critical value N% the theory is
conjectured to flow to a flavor-symmetry breaking phase rather than to the conformal
phase that exists at large Ny. A possible scenario for the transition is that the IR scaling
dimension of singlet four-fermion operators would cross marginality [11, 15, 70], implying
that the IR fixed point that exists at large Ny merges at Ny = N with a second fixed point
in which the quartic operators are turned on, and they both disappear [12, 71]. After the
transition they can still be interpreted as complex fixed points [72, 73]. This scenario was
recently investigated in [22, 25] using large Ny techniques and in [74] using the conformal
bootstrap. This merger/annihilation scenario, together with the monotonicity of the sphere
free-energy along RG, was used in [12] to constrain N Jﬁ: assuming that Forp, can still
be interpreted as the free-energy of the nearby complex fixed point when Ny < N¥¢, the
existence of the RG flow from the vicinity of the complex fixed point towards the symmetry
breaking phase requires that Fqep, > Fg.p. for Ny < Nj§. Here Fgp. = (ZN? + 1) Fycalar 18
the free energy of the Goldstone bosons in the symmetry breaking phase. As an application
of the calculation above, we can now run this argument using the large- Ny approximation
for FQep, in eq. (5.8). It turns out that the coefficient of the 1/Ny term is numerically
very small, i.e. ~ 0.02, so for the interesting values of N; of order 1 it does not affect
significantly this test, and the resulting estimate is N§ ~ 4.4. For this value of Ny, the
1 /N]% corrections that we are neglecting in (5.8) are quite small, and assuming that the
smallness of the coefficients persists at higher orders this suggests that the estimate might
be reliable.

5.2 Complex scalar

In section 4 we studied the case a free fermion on the boundary, and we saw that one of the
gauged cusps correspond to the O(2) Wilson-Fisher model. This is a consequence of the
boson /fermion dualities that relate a gauged fermion to a critical scalar, or a gauged critical
scalar to a free fermion [27]. These dualities can be seen as the low-rank analogue of the
large-N regular fermion/critical scalar dualities in CS-matter theories [32, 75-77]. Besides
the Wilson-Fisher fixed point, the scalars also admit the Gaussian fixed point consisting
of N free complex scalars. Likewise the theory of N Dirac fermions is conjectured to have
a second fixed point with quartic interactions turned on, i.e. the UV fixed point of the
Gross-Neveu model. The corresponding CS-matter theories are also conjectured to be dual
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Figure 13. Feynman rules with the complex scalar on the boundary.

in a level-rank duality fashion, giving the so-called regular boson/critical fermion duality.
There is a large amount of evidence for this duality at large N, and its extension to finite
N was recently studied in [78, 79]. It is not clear whether the duality still holds when
N = 1. Assuming it does, it would have a nice manifestation in our setup: by starting with
a free complex scalar on the boundary, one would find that the cusp at 7 = 1 corresponds
to the Gross-Neveu CFT with 1 Dirac fermion.” One crucial new ingredient of the regular
boson/critical fermion dualities is the existence of a additional sextic couplings that are
classically marginal and potentially lead to multiple fixed points that can be mapped across
the duality.

With this motivation in mind, we will now consider the setup with a free complex
scalar on the boundary, coupled to the bulk gauge field. The action is

S[A, 7] + / ' (Dadk £ (102 (5.9)
u

The couplings |¢|> and |¢|* are fine-tuned to zero. This fine-tuning might need to be
adjusted as a function of the bulk gauge coupling. At least for 7 large enough, these
operators are relevant and correspondingly the beta function is linear in the couplings,
so this adjustment is possible. On the other hand, the beta function for the classically
marginal operator |¢|% will start quadratically in p and we need to check the existence of
(real) fixed points.

We list the Feynman rules in figure 13.

To compute the S function of p we need to renormalize the six-point vertex. We use
the same approach as in the fermion case, i.e. we dimensionally regularize by continuing
the dimension of the boundary to d = 3 — 2¢, keeping the codimension fixed = 1. The
boundary action in renormalized variables is

[ a7 D65+ pplonl® = [ ' ZEDOP + Zyp . (510)
Yy= Y=

where the subscript B denotes the bare variables. Figure 14 shows the diagrams that
contribute to the wavefunction renormalization of the field ¢, from which we obtain

. B¢-8) ¢ 1
02 =~ Gae Tos + 0l (5.11)

9The Gross-Neveu CFT is expected to exist also for a small number N of Dirac fermion, the UV
completion being provided by a Yukawa theory. See [80] for a recent study in e-expansion.
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Figure 16. Diagrams contributing to O(p?) and O(pg?) in S,.

There are three types of diagram contributing to the six-point vertex counterterm,
showed in figure 15 and 16, from which we can compute

3
15 3 92 24(1_372) g2 s 99 L s

02, = - - O3, p2 4%, pgt, %) . (5.12
P2 = gr2” T I 1 1 2% e T z) TOW et g - (512)

The 5 function is

8logZp/Zg
— | —dep— p— P70 5.13
Bo(p,9) < P B log O (5.13)
e=
15 4 ¢ 48(1—342 2\’
= ﬁpQ - ﬁpl—i-’)ﬂ - ﬂ_g ) 1+72 +0(P370292>P94798) . (514)

Up to this order we find: a zero at p = p > 0 from the first two terms, and since
pT = O(¢?) the third term is negligible; and a zero at p = p; from the second and
the third therm, and since p; = O(g?) the first term is negligible. The positions of the

Zeroes are
2

2
8 .
ph=——L10@Y, o =-1201-3) (1 _ng) +0(g") - (5.15)
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Figure 17. One loop and two loops diagrams.

The derivative of 3, is positive at pj and negative at p;. Hence we have found that
perturbatively around large 7 there exists a fixed point p = p; which is IR stable, and
gives a scalar potential bounded from below. The fixed point p; on the other hand is only
physical for 1 — 3v% < 0, because otherwise it gives the wrong sign of the scalar potential,
and it is unstable in the RG sense.

Having checked the existence of the fixed point in perturbation theory, we proceed
to consider the anomalous dimension of boundary operators in this theory, similarly to
what we did in section (4.1) for the fermion case. We consider the mass-squared operator
O = |#|%. Tts anomalous dimension can be obtained from the renormalization of the 1PI
correlator of the composite operator with two elementary fields

(O(g = 0)p(=p)p(p))1pr1 - (5.16)

The one-loop (two-loop) diagrams contributing to the three-point function (5.16) are
showed in figure 14 (figure 17, respectively).

At one loop, using (5.11), the renormalization constant of the operator is found to be

A +O(g%) (5.17)
O T3r%el+ 72 g .
and correspondingly the anomalous dimension is
4 ¢ 4
=—————+4+0 . 5.18
0="3aT, a2t (97) (5.18)

Differently from the fermion case, we were not able to evaluate all of the dimensionally-
regularized integrals coming from the two-loop diagrams of figure 17. See the appendix G
for the details. Knowing the two-loop anomalous dimension would enable an extrapolation
to 7 = 1 that could be compared with the known estimates of the mass operator in the
Gross-Neveu CFT. This is therefore an interesting direction left for the future.
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5.3 QEDj3 with two flavors

In this section we will discuss a realization in our setup of QED3 coupled to two Dirac
(complex two-component) fermions of charge 1. There are several reasons why this is an
interesting theory: it is conjectured to describe the easy-plane version of the “deconfined”
Néel-VBS quantum phase transition in antiferromagnets [81], and enjoy an emergent O(4)
symmetry [82, 83]; while initially believed to be a second-order transition, recent evidences
from simulations of the spin system on the lattice [84] and from the conformal bootstrap [85]
suggest that this is actually a weakly first-order transition, which can still be compatible
with the QED description if the latter has a complex fixed point with O(4) symmetry (see
section 5 of [73] and [22]); it is conjectured to enjoy a self-duality [33, 82, 83, 86] and a
fermion-boson duality [87].

A simple way to realize QED with two flavors in our setup would be to put the CFT of
two Dirac fermions on the boundary, and couple a bulk gauge field to the U(1) symmetry
that gives charge 1 to both of them. However in this case we only expect a weakly coupled
cusp at 7 — oo. For the purpose of attempting an extrapolation from weak coupling, it
would be desirable to have additional weakly coupled cusps, as in the example of section 4.
With this idea in mind, a more promising approach is to consider a generalization of the
former set-up in which we have two Maxwell gauge fields in the bulk and two Dirac fermions
on the boundary, namely two decoupled copies of the theory of section 4. By performing an
S-duality for either of the two gauge fields separately we find again two free Dirac fermions
on the boundary. On the other hand using the larger electric-magnetic duality group that
exists for a theory of two gauge fields, we can also go to a duality frame where in the
decoupling limit we have precisely QED with two flavors on the boundary.

In the rest of this section we will first review electric-magnetic duality for multiple
Maxwell fields, and then show how to get QED with two flavors starting with two copies of a
bulk gauge field coupled to a boundary Dirac fermion. The task of performing perturbative
calculations of observables in this theory is left for the future.

5.3.1 Multiple Maxwell fields

The action of free bulk U(1)™ gauge theory is determined in terms of n Abelian gauge fields
Al such that F' = dA! and an n xn symmetric matrix of complexified gauge couplings 77

1 it
S[AT, 7)) = / g d'z (4% Ep F 4 s e F "“’F‘Lf"’> (5.19)
y=
= —é />0 d4a?(7'[JFM_VIF_‘]’MV — f[JFIthJ'_JMV), (5.20)
y=

21
an Sp(2n,Z) duality group

where 175 = 0L | % and we introduced ny’] = %(F/ﬂ, + %GWWFI”’“). This theory enjoys
IJ

717 = (A¥ 700 + Bru)(C'N 7w + DY) (5.21)
where
A B
M= (C D) € Sp(2n,Z) . (5.22)
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This duality group is generated by the three types of transformations obtained in [88, 89],
which we reproduce here'?

I B where I the n x n identity and B is a symmetric

T-type: , ) , (5.23)
07 matrix that generates 7" =7+ B,

S-type: I-J —J ’ whfare J = diag(j1,J2,---,Jn) and .jz- € {0,1}. (5.24)

J I—-J This gauges those A;’s that have j; = 1.
U 0 : / —17T
GL-type: 0 u-1T | where U € SL(n,Z) generate the rotations A’ = U~ A.
(5.25)

In the rest of this section we will be focusing on the case of n = 2. Following [88] we
define the generators of Sp(4,Z) as

1 |1 0 |-1
1] 0 1 0
0
1 0] 1
1 11
1 0 01 0
R1 = 771 , R2 == 7170 (527)
0 0
1 —-11

Furthermore we use the succinct notation S[1, 0], S[0, 1] to denote the gauging of A!, A2 (re-
spectively) and T[m, n] for the introduction of the Chern-Simons terms mA'dA® + nA2dA2?.

5.3.2 Targeting two-flavor QED

We now have all the tools to obtain two-flavour QED3 via an Sp(4,7Z) action from a theory
of two free fermions. The action of two-flavour QEDj5 is [83]!!

SIAT )]+ /

_ _ 1 1 1
(mlym + o By anthe + —ada + —adA”* — A’2dA’2) +2CS, ,
y=0 4 27 a7

(5.28)

More precisely, these elements generate Sp(2n,Z)/ ~, where we identify S ~ —S.

"Here we are using a different charge normalization compared to [83]. For example, the lowest charged
gauge invariant operator is the meson 1);1);, which has charge 1 under gauge field A} in our case but
charge 2 under the gauge field X in [83]. Our choice is necessary if we want to start from (5.30), because
Sp(4,Z) respects the charge normalization. The difference between the charge-two theory and charge-one
theory is that the former has fewer monopole operators. Starting with the charge-one theory, we can gauge
Z2 C U(1) s, where U(1); is the magnetic U(1) global symmetry. This has the effect of changing the gauge
group G = U(1) to G such that G/ Zs = G. For example, in this case G = U(1), and we gauge Z» C U(1) s,
then the new gauge group is G = U(1) but with the replacement of the gauge field A, — 2A,, namely all
the particle charges are multiplied by 2 [10, 90]. In this way we obtain the charge-two theory.
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where A’=12 are bulk U(1) gauge fields while a is a 3d spin. connection. The gravitational
term CS, is needed because
1 1 TrRAR 1
—ada + 2CS, = 2 -+ =—=fA 5.29
/8M47raa+ g TF/M( 48 (2m)? +871'2f f> ' (5.29)
which is well-defined for a spin. connection a.?
We want to target this action via an Sp(4,Z) transformation from

5L4£77ﬂ-+j£M(m;gagy¢1+¢&Zzn@¢g), (5.30)

where A’=12 are spin, connections. To this end, we can start from a rotation of the gauge
fields by performing a GL-type transformation with

1 -1
- (37). -

and then act with 7'[1,0](—1)S[1,0]7[—1,0].'* The resulting relation between 7 and 7' is

S (1o + D) (=71, +75,+2) =75 (79 + D)+ (71, — D739
(7'11 7'12) _ 127 722 1 1 (5.32)
To1 T22 (1o +1)7o, (11, =1)739 (T =17 =757 '
T —1 11

The decoupling limit of (5.28) is

T ) _ (00 (5.33)
To1 Too 0 oo

which according to (5.32) corresponds to

T11 T12 _ 1+ 00 o0 (534)
721 T22 (0.0} (0. ’ '

by which we mean 719 — 700 = 701 — 700 = 711 — 1 — 799 = 0 is satisfied while taking the
limit 799 — 00.

Let us also write down explicitly the self-dualities of the theory (5.30).!* Recall from
section 4 that

ﬂAﬂ+/ WP (5.35)
y=0
and
S[A", 7] + / iXPax, (5.36)
y=0

2In the sense that this combination of boundary CS term is independent of the choices of different
extensions of the boundary into bulk mod 27 Z

13We follow the notation in [27] that the minus sign in S = —1 denotes charge conjugation.
! Note that here we are not shifting the definition of the bulk coupling 7 by 1/2 as we did in (4.1). So
the transformation is the same as the one presented in [27] instead of the transformation 7 = —1/47 that

we had in the previous section.
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are equivalent when 7/ = ST2ST o7 = (1 —1)/(27 — 1). Applying this to either A' or
A% in (5.30), we obtain that the decoupling limits in the two following duality frames also
correspond to two free Dirac fermions

77 = S[1,0/T[-2,0]5[1,0]T[-1,0] o 77, (5.37)
'y = S[0,1]T[0, —2]S[0, 1]T[0, —1] o 71 . (5.38)

Hence, in the variable 777 the theory (5.30) has weakly coupled cusps at

1
T11 T12 _ oo 0 ’ :|:2 0 7 (0.9] 01 . (539)
T21 T22 0 oo 0 o 0 £5

To summarize, we showed that the theory (5.30) of two bulk gauge fields coupled to two
Dirac fermions has two additional duality frames (5.39) in which the boundary theory is
still the free theory of two Dirac fermions, and a duality frame (5.34) in which the boundary
theory is QED3 with two flavors. Clearly, additional duality frames corresponding to QED3
with two flavors can be obtained by applying the transformation (5.32) to either of the
additional free-fermions points. This is a promising setup to study QEDg3 with two flavors
via an extrapolation from the weakly-coupled points.

6 Future directions
We conclude by discussing some directions for future investigation.

e A universal feature of the setup considered in this paper is the existence of bulk line
operators, whose endpoints may be attached to boundary charged operators. It is
possible to assign conformal dimensions to the local operators at the location where
the line defect ends on the boundary, and these dimensions can be computed per-
turbatively. Similarly to cusp anomalous dimensions, they are functions of the angle
between the defect and the boundary. Starting with the dimensions of the endpoints
of 't Hooft lines (and 't Hooft-Wilson lines) around 7 — oo with a certain CFT on
the boundary, it would be interesting to attempt an extrapolation to the cusps on
the real axis, where they approach the dimensions of local monopole operators in the
gauged version of the initial CFT. Concretely, in the example of section 4, from the
dimension of the endpoint of a 't Hooft line around the Dirac fermion point one can
attempt to recover the scaling dimension of the spin operator of the O(2) model.

e [t would be interesting to perform perturbative calculations of anomalous dimensions
and of the free energy in the theory with two bulk gauge fields presented in section 5.3,
and attempt an extrapolation to QED3 with two flavors. In particular, it is possi-
ble to use our setup to test whether this theory exists as a real CFT, by studying
the dimension of four-fermion operators and checking whether they cross marginal-
ity before we reach the QED cusp, leading to the “phase-transition” described in
section 2.6.
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e In the model considered in section 4 we have only used the two-sided extrapolations
to give estimates for the O(2) model. However there are infinitely many other cusps
on the real axis where strongly-coupled CFTs live, and they are of course amenable
to the same extrapolation technique. These theories typically take the form of QED-
CS theories, and they also describe interesting phase transitions [91]. A direction
for the future would be to use our method to give estimates for the observables of
these theories.

e Finally, dualities analogous to the one considered in this paper exist for N/ = 2 gauge
theory. One of the simplest examples is the so-called triality [92-95] generated by
ST transformation [89, 96], with (ST)? = 1. It would be interesting to see how the
triality can improve the extrapolation. Thanks to supersymmetric localization the
boundary free energy and dimensions of chiral endpoints of line operators are exactly
computable [50]. For many other interesting observables, such as the conformal
dimensions of operators analogous to Og, which are non-protected, one has to resort
to Feynman diagrams.
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A Method of images

In this appendix we show how to compute the two-point function of F},, in the free theory
using the method of images.
Reflections about the boundary are implemented by the matrix

R, =0, —2n,n", (A.1)

where n* is the inward pointing vector normal to the boundary. Note that the reflection
of the field strength
Fi(z)=R/R) Fu(Ra) (A.2)

has components (F;?l(az), ﬁ;R;(x)) = (—Fyo(R2), Fyu(Rx)). Hence, the combination

<FMV(x1)FpU(x2)>R3xR+ = (B (21) Fpo (72))ps — S<FW(331)F£($2)>R4 ) (A.3)
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satisfies the equation of motion and Bianchi identity for y > 0, and also satisfies the
Dirichlet (Neumann with v = 0) boundary condition upon choosing the sign s =1 (s = —1,
respectively). Even though Bose symmetry is not manifest in (A.3), it is satisfied because
<FW(9:1)F£(x2))R4 = <F£(x1)Fpa(x2)>R4. We can then rewrite the image term using the
cross-ratio § and the vectors X;,, by means of the following identity

Rpp/Ile (1‘1 — RJJQ) = Iup(xlg) — 2X1 NXQP . (A4)

In this way we find (2.19).
In the more general case of Neumann boundary condition with « # 0, consider the

combination
F, = Fu +ivFu = M, " Fuy (A.5)
1,0 [ Y 1,0
M/JJ/M — (5{;55] + 156/“/# v . (Aﬁ)

For F }’W the problem is reduced to the Neumann boundary condition with v = 0, so we have

(Fpu (1) Fpo (22))moxi, = (Flu(€1) Fpg (22))rs + (Fpy (1) (F') i (22) )t - (A.7)
Note that
(F,);I)%J(:L‘) = m,u,uu Y Fﬁy’ ) (AS)
—-— v L Y 1yl
M, = 5{;(514 — 156#,/“ . (A.9)

Multiplying both sides of (A.7) by M~! ® M~! we obtain
<Fuu($1)Fpo(m2)>R3xR+ = <Fuu($1)Fpo($2)>R4 + (M_lﬂ)pap/al <Fuu($1)Fﬁa'($2)>R4 .
(A.10)
Finally we use that
1-— ")/2 (]

T Ly . (A.11)

17 ! ! o
(MTM),,"7 = T2 %) ~ e

to write the final result for the two-point function in terms of the parameter v and the
covariant structures G and H, thus obtaining (2.23).

B Defect OPE of F,,

Let us consider what can appear as a primary inside the bulk-to-boundary OPE of the
field strength F),,. By spin selection rules only vectors are admitted, with two possible

structures, namely

—_
>

y:O ﬁ la('f)25a[,u§1/]y - y2*32 iEabCVQ c(f)%[udy]b + ... (Bl)
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and the ellipsis denotes contributions from descendants. Using the bulk eom and Bianchi
identity, we have that

(A -2,
3yFyaNy3_7&Vla(ﬂf)+---a
- (Ba—2)
ayFyaN—Z(yj_gl)‘/Qa(l’)"_..., (BQ)

must be boundary descendants. This requires 31 = 32 = 2. We conclude that the only
allowed boundary primaries are conserved currents.

To obtain the complete form of the bulk-to-boundary OPE of F' (including all the
descendants) we first need the exact (F' V) correlator. This can be easily computed using
the techniques of [97] to find

T4

(Fun(@)0) = 5 |23 o)) en(r) — 2 () s
(Fue) 5000 = 5 [i (252 — et ) ex(r) = 2e0(r) s — )| . (B

where ¢;;(7) are defined in eq. (2.57). The bulk-to-boundary OPE of F' can now be obtained
by expanding both sides of (B.3) to find

Fun() =S 1) | Gt — 50 )y L0 () — iy WO

ab (T, y) —7;)(— )" | (6acObd — daddbe)y m 1 () — i€abe onl 2 (@)] ,
NS _(y252)nA N 2 PO

Fya(xjy)—g( 1) [ o Via(®) + i€aa yO (2n+1)!V2(3:) (B.4)

With the bulk-to-boundary OPE above, it is straightforward to obtain the (F'F') 2-point
function in terms of the defect CFT data as in (2.55).

C Bulk OPE limit of (F,,, F,.)

Here we present some details of the bootstrap analysis presented in section 2.8. To simplify
computations, it is convenient to start from a configuration where the two bulk operators
lie at the same parallel distance from the defect, i.e. 12 = 0. In this case some expressions
in (2.55) simplify considerably, e.g.

5ab

Gayby(T12=0,y1 —y2) = ———5, C.1
ay y( ) (yl o y2)4 ( )

2X1 4 X240ap 20ab
H T1o = 0, y1, — ZTlysrayras _7‘1, .2
ay,by(l'12 Y1 y2) (yl — y2)4 Y1—y2 (yl — y2)4 ( )
Gab,cy(fm =0, — y2) =0= Hab,cy(fIQ = 07y1>y2) ) (CS)

4 4
Y1 — Y2 Y1 — Y2

U4|f12=0 = ( ) ~ ( 7) . (04)

(y1 + y2)* vi—w2 16y§l
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It is now a simple exercise to derive the bulk OPE limit of (2.55)

N N iag
(Fap (T, y1) Fey (T, y2)) 1 _@Eabc T
(05} a9
Foy(Z,y1) Fpy (2 ~ = 0, C.5
( ay(l'yyl) by(x7y2)> s <(y1 — y2>4 + 16y§1> ab T+ ( )
where the ellipsis denote contributions from descendants. On the other hand from (2.66)
one finds
S . 1 app(T,7)
(Fab(Z, y1) Foy (T, y2)) vy ﬁTﬁabc t
2 2 (=
. . g 1 1 ap(1,7)
F, F ~ —|= - — 0, cee C.6
(Fay (7, 41) Foy (7, 2)) y1—Y2 <7T2 (1 —y2)* 12 o5 ab + (C.6)
Crossing symmetry now implies that (C.6) and (C.5) must match, therefore
2
3 3
o = %, ap2(1,7) = —Zag, app(T,7T) = —ZZag. (C.7)

From the solution above, upon using (2.56) one obtains

2g° . _
Cll(T,f)+C22(Tﬁ)=7ng, apa(1,7) = glena(r,7) —en(n,7)),  app(n,7) =ijcn(r, 7).

D Current two-point functions

In this appendix derive some useful relations between the two-point functions of the con-
served boundary currents. The two-point functions of the currents V;* — see (2.52) — in
momentum space are

2 a, b

) = =T (00 - 28 ) & Se (1)

The main goal is to express the coefficients ¢;; — that enter directly in the expression of

the bulk two-point and one-point functions — in terms of the two-point correlator of the
current J%, which is more natural to compute in perturbation theory at large 7.

In perturbation theory it is convenient to define a two-point function of J% that cannot

be disconnected by cutting a photon line, which we will call one-photon irreducible and

denote with the symbol X

a N a 2 _ a papb ES(TyT) abe
<J (p)t]b(_p»’one-photon iy, = X b(p) - _?CZ(TaT)p <5 b— p2 > + ;71' )6 b Pc -

(D.2)
Clearly this two-point function reduces to the two-point function of the current of the 3d
CFT as 7 — co. By resumming the diagrams in figure 18 we obtain

(J(p) S (—p)) = (S(p) - (1 —TI(p) - S(p)) )™ (D.3)
w2 anb kilT. T
== cs(n7)p <5“b - ppf ) o (27; ) catey, (D.4)
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Figure 18. The two-point function of the boundary current J. The shaded blob represents the
one-photon irreducible two-point function ¥(p), by which we mean the sum of all the diagrams that
cannot be disconnected by cutting a photon line. The full two-point function can be obtained in
terms of 3, via the geometric sum shown in the figure.

(VEo)Vi(-p) = Vi(p) VB(=p) + Vg(p) ~~ (JJ) ~~~ 1 (-p)
(JUOVE(p) = (Ju(p) )~~~ VI (—p)

Figure 19. Relations between the two-point functions involving the current V5 and the two-point
function (JJ). The relation in the second line is only true up to a contact term.

where II is the boundary propagator of the photon (see eq. (2.46)) and

2 2 2,2
2 e (%czgz +7%+ 1) + F b
2% m2 2 2 2rp)? g
<7029 + 1) + (’)/ + ?>
2 2 2
vy o (Feng?) +52 (P 4= 1) 06)
By 2 2 :
2m (Feng? +1) + (v+52=)

We will also need the mixed two-point function (JV3) which similarly can be

parametrized as

~a R 2 . papb K b
(VD)) =~ e (a -2 ) + 522 ey, (0.7)

Since f/2“ = % e“chbc\yzo, we can readily express the two-point function of Vs and the mixed

two-point function of V5 and J in terms of the two-point function of J and the boundary
propagator of the photon, using the relations depicted in figure 19. We obtain

2 e 2 N2/, 2 .
2622:1+72+<1+72> <(7 —1) 20]—27%) , (D.8)
% ] 12727 + (11272>2 (7%201 +(v*-1) %) , (D.9)
7;2”2 1 49_272 <—77ij + ;) ; (D.10)
P 11272 <7T22‘*’+’Y§i) ' (D.11)
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Finally, using that Vi=-— gzj — 'yVQ, we obtain that

7T2 ? 4 2 2
701127(9 ¢y +29°vcr + v en)
2 2 2 2
g g T KJ
— —1) —c;—2 D.12
=17 <1+72> <(7 ) e 727r> (D-12)
K11 4I£J J2 9 K22
o 9 ez
or 9 ox T 972 T
92 9 @\
= 2) — | ——= -1 D.13
1+727(7 +2) <1+72> <w s+ (72 )%)7 (D.13)
72 2,
52T Ty (9 CJ2 +’7022)
92 @\’
= — -1 D.14
1+7“ﬂ+(1+72> (W s+ (0 )27T> (D19
K12 akj2 K22
27 g 2T 727?
2 2 2 2
g g 2 ™ KJ
- _ ) B, — o) D.15
1+~2 <1+’y2> <(7 ) 2 </ 7277) (D-15)

We see that all the coefficients ¢;; can be expressed in terms of the functions of the coupling
cy and Ky (or equivalently ¢y and kyx). As a check, note that the first identity in (2.69),
that was derived from the contribution of the identity in the bulk OPE and relates c¢;; and
c22, is identically satisfied.

E Calculation of (V;V;D)

We start by computing the three-point function

(Fyw (1) Fpo (22) D(3)) - (E.1)

using the boundary channel. At leading order in the boundary OPE limit the three-point
function becomes

(V@)V} (#2) D(&3)) (E.2)

which upon placing the displacement operator at infinity simplifies to [45, 46]

a/=2 \1sbr=2 1\ 1 a N 1 a 1 ~c _abc
(V@)V} (@2)D(o0)) = lim @S (VH@)V) (@) D(@5)) = A 67+ AT dpe™ .

F3ro0
(E.3)

From the boundary OPE-channel we find
(Fuy(w1) Fiy (2) D(00)) = A, b+ A (acany +--2) (E.4)
(Fuy(@1) Fie(w2) D(00)) = =i ese" NG Gae + AL (ycaes +.-)) (E:5)
(Fap(21) Fea(22) D(00)) = — €ap®eca® (Ashy 4 eg + Ao (#loceqr +--2)) (E.6)
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where the ellipses denote the descendant contributions from the second term of (E.3),
(1)

ijD—
Next, we compute the three-point function using the bulk OPE channel. The Lorentz

which are proportional to A and will not play any role in the following.

spin and scaling dimensions of the full set of operators appearing in the OPE of two
F’s can be found in [98] — see eq. (2.12) therein — where they are discussed in the
context of the so-called minimal type-C higher spin theory on AdSs, the bulk dual to the
free Maxwell CFT4. All the operators with scaling dimension A > 4 in this OPE are
higher-spin conserved currents (there is both a family of symmetric traceless tensors and a
family of mixed-symmetry ones), and in addition there is the identity operator and a few
operators of scaling dimension A = 4: the scalar operators F2 and F'F, the stress tensor
Ty = (g%FWFV’) —trace), and a non-conserved operator in the representation (2,0)® (0, 2)
of rotations, i.e. a tensor with four indices and the same symmetry and trace properties of
a Weyl tensor, for this reason we will denote it as W, ,. The three-point function in the
bulk OPE channel is written as a sum of the bulk-boundary two-point functions between
these operators and the displacement operator. Let us analyze which of these two-point
functions can contribute. First of all, it is easy to see that two-point function between
the conserved higher-spin currents and the displacement operator must vanish. This is an
instance of the more general statement that in boundary CFTs bulk conserved currents J
can only have non-zero two-point functions with a scalar boundary operator O that has the
same scaling dimension. The latter statement can be easily proved by placing the boundary
operator at infinity, because in this case invariance under scaling and parallel translations
force the two-point function to take the schematic form

(I (5, F)O(00)) = bmyAf_% (structure) (E.7)
where “structure” denotes an appropriate tensor built out of the §#¥, the unit normal vec-
tor n* and possibly epsilon tensors. Clearly when A j # A ;5 this two-point function cannot
be compatible with current conservation unless the coefficient b;5 vanishes. Moreover,
rotational invariance (2.77) implies that also the operator W, ,, has vanishing two-point
function with the displacement.'® Therefore, the only bulk operators that can contribute
to the three-point function are the scalar operators and the stress-tensor. When the dis-
placement is placed at infinity, the corresponding two-point functions are

(F?(2)D(00)) = by (E.9)
(FF()D(c0)) = bpp p (E.10)
(T () D(50)) = by (%y(syy - i‘”‘”) . (B.11)
15To see this, consider the projector on the (2,0) representation
(PO pwv's'e’ = %P,jy W' phplel %Pj; W'l ph ool %P:W(,P‘L wlw'a! (E.8)

Since the two-point function between W, 0 () and D(co) is a constant, the allowed structures are obtained
by acting with this projector on constant four-tensors built out of § and €, such as: 8,7,/ 8,757, 8,757 611y 051y,
€ulvploly Entu’ py0ary. ApPplying the projector to any of these structures we find 0.

48 —



Using the OPE (2.76) and the Ward identity (2.77) we can express the above two-point
function coefficients in terms of the one-point function of the scalar operators, and of the
coefficient C, in the two-point function of the displacement, namely [38, 99, 100]

32CLF2

bFQ,D - — 7[_2 5 (E.12)
32app
bpp.p = (E.13)
40},

Since the two-point functions are constant, we can simply plug in the three-point function
the leading bulk OPE, ignoring the descendants (and also ignoring the singular contribution
from the identity that drops from the three-point function)

o 1 o o 1 o nln o
Fyu(@)F?(0) ~ 55 (8057 — 507)F*(0) + el FF (0) + 20%50T7(0) . (B.15)
Using egs. (E.12)—(E.13) in the two-point functions, we find
. 8 92
(Fay (1) Fpy(22) D(00)) = — 3,20F2 ch dab 5 (E.16)
N 8 g2
<Fab(:c1)ch(x2)D(oo)> = QGFZ + ?C[) €abeCede » (E17)
~ 8
<Fay(l’1)Fbc(fL‘2)D(OO)> = — ﬁaFﬁ €abe - (E.18)

Finally, by comparing (E.16) with (E.4) we find (2.84).

F Dimension of the boundary pseudo stress tensor

In section 4 we mentioned that the conservation of the stress tensor of the 3d CFT is
violated at g # 0 due to multiplet recombination. At g # 0 we will call this operator
boundary pseudo stress tensor. This is expected from the Ward identities derived in [100].
In this appendix we exploit this idea, to reproduce the one loop result of (4.16). We start
from the boundary Lagrangian of a 3d Dirac fermion

L =i, (F.1)

where D, = (04 — iA4)Y and Dgtp = (0, + iAg). The algebra of gamma matrices is
{Ya> 6} = 204p. The pseudo boundary stress tensor is

(O2)as = 516Dy ~ Dy, (F.2)

where the symmetrization includes a factor of 1/2. Note that the above operator is traceless
as a consequence of the equations of motion:

YDyt =0  Dgpy* = 0. (F.3)
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Using [Dg, Dy|tp = —iFy;, we obtain
0205" = F*Prya1), (F.4)

In the decoupling limit g — 0 the two-point function of Fy; vanishes, hence effectively the
right-hand side of (F.4) is 0 and the operator Ogb becomes a proper stress tensor for the
boundary theory, with conformal dimension Ay = 3. Upon turning on g, this dimension
must be lifted from the unitarity bound, i.e. Ay(g) =3+ 92A52) + O(g*). The two-point
function of Os is fixed by 3d conformal invariance to be

a b d C C g ao,c =
(0u"@)0:(0)) = 21 @),
1

Iab,cd 2\ —
@ =

- = ad ‘(T 1
[13dac (g 34bd () 4 [3dad () p3dbe )] — 30ab0cd ; (F.5)

with 1342¢(%) defined in (2.42) and Ca(g) = cgo) + 9209) + O(g*), being céo) = 163”2 the
central charge for a single free 3d Dirac fermion [101]. Furthermore the recombination

rule (F.4) tells us
(0a02(2) 0:05%(0)) = ((F**4yay))(Z) (F'7c1))(0)). (F.6)
On one hand, the r.h.s. of (F.6) can be computed at three level using (2.43) with the result

20(0) 3dab(
(F ) (@) FPiap) () = 2L 2@ oy, (F.7)

T2 |:Z=’|8

where CSO) = # is the central charge for the U(1) conserved current J, = a0 of a free

3d Dirac fermion [101].
On the other hand, taking two derivatives of (F.5) and expanding to the lowest non

trivial order in g gives

. 10 ISdab z
(0.05°(2) 0405™(0)) = 3926§0)A§2)m8() +O(gY). (F.8)

Hence the above result, together with (F.6) and (F.8) fixes the anomalous dimension of Os
up to O(g*) terms to be

(0)

6 4
As(g) = 3+ —5 Lg> + O(g") = 3+ —5¢° + O(g"), (F.9)
51 cgo) 5

in agreement with (4.16).

G Two-loop integrals

In the perturbative calculations of anomalous dimensions we encountered two-loop dia-
grams with operator insertions at zero-momentum and two external legs. After performing

— 50 —



tensor reduction to get rid of the numerators, the resulting integrals always take the form
of a two-loop massless two-point integral, namely

G(ny,ng,ng, ng,ns) = (47T)d(k:2)"1+”2+"3+”4+”57d

" / d%p diq 1
(2m)4 (2m) (p2)™ (¢2)"2 ((k + p)2)"3 ((k + q)2)™((p — q)?)" ')
(G.1

k here is the external momentum associated to the two external legs, and p and ¢ are
the loop momenta. The powers n; depend on the diagram we are considering (and in
fact each diagrams will give rise to a linear combination of G’s with several different sets
of n;’s after reducing the numerators). In order to extract the two-loop renormalization
constants we need to find the 1/e? and 1/e poles in the ¢ — 0 expansion of the constants
G(n1,m9,n3,n4,n5), evaluated at d = 3 — 2¢. (The coefficient of 1/€? are fixed by one-loop
data, so they do not contain new information.)

The function G(ni,ng,ns,ng,ns) enjoys a large group of symmetries [102] that al-
lows to relate its values at different sets of quintuples of powers. Some of the symme-
tries are manifest from the definition, e.g. G(n1,n2,n3,ng,ns) = G(ng,ni,n4,n3,ns) =
G(ns,ng,ni,n2,n5) = G(ng,n3, na,n1,ns). When one or more of the n;’s vanish, there is a
closed expression for G(n1, na, n3, ng,ns) in terms of gamma functions. When all of the n;’s
are integer, the strategy to compute G(n1, n2, n3, n4, ns) is to use integration-by-parts iden-
tities [103, 104] to lower the positive n;’s, until the result is reduced to a linear combination
of G’s with at least one vanishing entry. However, due to the 1/|p| “non-local” propagator
of the photon restricted to the boundary, in our setup we encounter diagrams in which two
of the n;’s are half-integer, and the remaining three are integer.'® In this case it might
be impossible to reduce to the case of a vanishing power using integration-by-parts, and
a further input is needed. The paper [105] derived a closed formula for G(n1,n2,ns,1,1)
(and symmetry-related cases), with generic real ni,ng, n3, in terms of the generalized hy-
pergeometric function 3F5. To recover the 1/¢? and 1/e poles from the result of [105], one
needs to perform a Taylor expansion of the 3F5 in its parameters. This is typically hard
to do analytically, but the algorithm of [106] can be used to expand numerically to very
high precision.

The strategy that we used is then to reduce all of the integrals that we encountered to
a small number of “master integrals” using integration-by-parts identities. These master
integrals have the property that they can be evaluated with the formula in [105], and that
using the numerical expansion we can easily recognize the values of the coefficients. To
compute anomalous dimensions in the fermion theory of section 4 we used the following

2
168 pecifically, this happens for the diagrams that compute the coefficient of (Iler in the two-loop anoma-

(Ret)?
]2
fact they are the same as the diagrams in large-k perturbation theory of CS-matter theories that compute

lous dimensions. The diagrams that compute the coefficient of do have only integer powers, and in

the leading corrections to parity-even observables.
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two master integrals

11 0 0
G<1a2727171> 6:0§+E+0(1)7 (G2)
31 0 4

We never needed the 1/e coefficient of the master integral in the second line, and the only
case in which we needed its 1/e? coefficient is in the check that the gauged current does not
get any anomalous dimension. So all of our non-trivial results only depend on the master
integral in the first line. In the scalar theory of section 5.2 we also encountered the integral
G(1, %, %, 1,2), which we were not able to compute with this strategy.

We will now give the result that we found for the contribution of each diagram to the
renormalization constants. We make reference to the labeling of the diagrams in figure 8. In
the two-loop calculation we also need to consider the one-loop diagram with the insertions
of one-loop counterterms for the vertex or for the internal fermion lines, and we refer to this
contribution as “c.t.”. We denote L = log(mu?)—vg where g is the Euler constant and y is
the scale introduced by dimensional regularization. Locality of counterterms requires that
the L-dependence must cancel from the coefficient of the 1/e pole when all the diagrams
are summed up, but generically it will be present in single diagrams. The cancelation of
the L-dependence (and also the cancelation of € in the gauge-invariant quantities) in the
sum of all the diagrams is a check of the calculation.

o Wavefunction renormalization of the fermion: denoting the external momentum
running on the fermion line with %, all the diagrams are proportional to ¥, with

coefficients
=250 @4
- (e B
020 = (o (S 04 2e0) - RS i) @
4 A2
(b:3) = - (1 —572)2 11927:;6 ’ (G.7)
- (B 2 )

Requiring the divergence to cancel with —3§((Z,)?)§, we obtain eq. (4.12).

e Anomalous dimension of Oy: summing over all possible insertions in the given topol-
ogy, the diagrams give

2 2
(a) = 1 i% 4:25 ’ (G.9)
_ 4 (2 +€)(10 — 3¢) 27¢2 — 86¢ — 232 A2
(bl) - (,72 + 1)2 < 967T462 (1 + QEL) - 1447(’46 +327T2€> 5
(G.10)
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g (2+&)(2-3¢) 6362 +40¢ — 112 342
(6.2) = (2 +1)? <_ 48742 (1+26L) + 1447e * 647‘(’26> ’
(G.11)
B g4 5— 5,.)/2
(b.3) = TR 1P G (G.12)
ct. = g' —(2+€)2(1+6L)—w (G.13)
T (14 42)2 16m4e? 8rie ’ ‘

Requiring the divergence to cancel with §((Z)?Z), we obtain eq. (4.13).

e Anomalous dimension of Oy: we sum over all possible insertions in the given topology.
The diagrams are proportional to the tree-level insertion of Oy (see figure 7) with the
following coefficients

(a) = = _g:,yg St&rifg , (G.14)
D=5 f;)? <_ 22557220;225 26
2 _ 2
e )
(b:2) = (1522)2 <45§2 %ﬁij 116(1+26L)
2 _ 2
- 10§§§:i+ - 96g7r2e> - (G16)
4 _ 2
(6.3) = (1+g 72)223607521 ! (G.17)
m gt (P o)

Requiring the divergence to cancel with 6((Z,)?Z2), we obtain eq. (4.14).
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