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1 Introduction

The Tevatron and the LHC have performed studies on a wide spectrum of processes which

probe the electroweak sector of the Standard Model. In particular, the production processes

of a pair of electroweak gauge bosons [1-12] are of great interest as they allow to test the

electroweak theory, constrain physics beyond the Standard Model and are background to
signals of the Higgs boson decaying into H — WW, H — ZZ. While the bulk of the
cross-sections is due to on-shell production of the W or Z bosons, off-shell production is

interesting especially for the background estimation in Higgs searches.

Diboson production has been studied theoretically in detail within perturbation the-

ory, including next-to-leading-order (NLO) perturbative QCD effects [13-28], electroweak



corrections [29-36] and resummation [37-40]. The gluon initiated partonic cross-section
which emerges for the first time at next-to-next-to-leading-order (NNLO) from the square
of one-loop amplitudes has been singled out due to its numerical importance and it was
computed in refs. [41-45]. Recently, a NNLO computation for pp — vy [46, 47] was com-
pleted and a calculation for pp — ZZ in the double pole approximation was performed for
the first time in ref. [48].

In this publication we make a first step towards the computation of NNLO corrections
for diboson production in the case of two off-shell electroweak gauge bosons. We restrict
ourselves to computing the NNLO cross-section for an idealized process pp — v*~* in the
limit of a large number of massless quark flavors Ng.

While the large-Nplimit is not necessarily dominant it provides the opportunity of
obtaining a gauge invariant part of the cross section and serves as an excellent means to
treat and develop analytic and numeric methods. We generate and reduce the required
amplitudes to master integrals using established methods [49-52]. We evaluate the latter
by directly performing the integrations over the Feynman parameter following methods
similar to the ones introduced in refs. [53-61]. As a by-product, we construct a set of
basis functions up to transcendental weight four with the correct branch cut structures
which are sufficient to write down the answer for the class of integrals studied in this
paper. Moreover, the master integrals presented here have been computed independently
and agree numerically with the results of refs. [62-64]. For the calculation of real radiation
corrections we apply a subtraction scheme based on a hierarchical parameterization of the
phase-space and the universal collinear and infrared limits of the squared matrix-elements.
All singularities cancel after adding the partonic cross-sections together and performing
UV renormalization.

This article is organized as follows. In section 2 we present our notation and setup of the
calculation. In section 3 we present the calculation of the two-loop amplitude in the large
Nrplimit and we outline the computations of the relevant master integrals in section 4. The
computation of corrections due to real radiation and our subtraction scheme are presented
in sections 5 and 6. We demonstrate the numerical impact of the contributions that we

have computed here in section 7. We conclude in section 8.

2 Setup and notation

In this article, we compute the fully differential cross-section at the LHC for the process
of producing two idealized off-shell photons,

P(P1) + P(P2) = 7" (p3) +7"(pa) + X,

where P denotes a proton and X is a shorthand notation for the associated QCD final-state
radiation. In parentheses we indicate the momenta of the external particles.

We compute cross sections which are fully differential in the momenta p3 and p4 of
the photons, as well as in the momenta of the associated QCD jet radiation. The hadronic



cross section for a generic observable J is given by
1
OP Py x [T = Z/ dxydry f)(21) f](22) Oij sy x [T, (2.1)
— Jo
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with 0;j,+y+x [J] denoting the differential cross section for the process

i(p1) +j(p2) = v (p3) + 7" (pa) + X,

where i and j run over the parton flavors ¢, u, %, d, d, . . . relevant to this process, p1 = z1P;
and po = xoP> are the momenta of the initial-state partons and ff’(m) the bare parton
distribution functions (PDFs). The function J depends on the final-state momenta and
restricts the phase-space to the desired infrared-safe observable.

The partonic cross sections are computed as a perturbative expansion in the bare
strong coupling constant ozl; ,

Tijoyiye x| T) = JZ(]O)_W - [T (o< (a2)0>
+o —|— ZO’ " (O( (Oéb)l)
ZJ—VY v* ij—y*y k s
+o w%v ¥+ T+ Zawav v*k I+ ZU§?LV*7*k1[j] (O< (0‘2)2)
k)l
+0((a2)?), (2.2)

where k£ and [ run over the final-state parton flavors. The partonic cross sections with
* %k =)

definite final state v*v*, v*v*q, v*v*¢'q , etc, are given by:

m 1
U%(j%)'y*v*m[j] = 28 /dq)12—>'y ek, j(p37p47 e ) ‘qu—w*'y*...’%m)a (2'3)

where s = 2p; - py is the partonic center-of-mass energy squared and |M;;_ ... |%m) is the
m—loop contribution to the 5 — v*v* ... amplitude squared, summed over spin and colour
and averaged over initial state quantum numbers. We compute the matrix elements using
conventional dimensional regularization in d = 4 — 2¢ space-time dimensions. We assume
that the photons do not decay and use the polarization sum:

v v, P'pY
D APy =—g" + =5 (2.4)

X p

where p denotes the photon-momentum. We consider Nrp = 5 light quark flavours and
we ignore the effects of the top-quark both in the loops and the evolution of the strong
coupling.

In the present article, we compute the complete O(a) corrections, while at O(a?)
we retain only the gauge-invariant terms which contribute in the Np — oo limit. Some
tree and two-loop diagrams that contribute to the NNLO large- Npcorrection are shown
in figure 1. The two-loop diagrams contributing to the large Nglimit are in one-to-one



Figure 1. Sample tree and two-loop diagrams contributing to the NNLO corrections for ¢g — vy*~*
in the large- Nplimit.

correspondence with the one-loop diagrams appearing at NLO, by replacing the gluon
propagator by its one-loop self energy graph. At NNLO, the partonic processes which
contribute to the correction are ¢g — v*v*¢'q and q@ — 7*v*qq. In the latter process, we
retain only the interference terms with two spin lines.
The Lorentz invariant phase space is given by
AD15 e, = o0 (D] — mﬁ)Lm,W(pi —m3)...(2m) " (p1+ p2—ps—pa—...),
(27)d-1 (27)d-1

(2.5)

indicates the phase-space measure of the massless final state partons. The

¢ bl

where
virtualities of the external particles are

pi=0, p3=0, p3=m3,  p;=mj, (2.6)

and we define the following Mandelstam variables and their ratios:

s=(p1+p2)% t=(p1 —p3)?, Q* = (p3 + ps)?,
2 2 2
t
Y p="4 w=" L9 (2.7)
S S S S

Ultraviolet renormalization is performed in the MS scheme. The bare strong coupling
constant a? is given in terms of the renormalized coupling as () as

ab S, = ay(p) [1 N DL (W)2 (523 B /31)

T T 2¢

+0(a5(w), (28

where By and §; are the first and second coefficients of the QCD beta function

By = 11N¢g — ATrNp 8y = 17N% — 10NcTrNp — 6CrTrNp
0 12 ) 1 24 )

; _ N2l — _ 1. _ ~€e(logdn—E) : : :
with Cp = sv.» Vo =3, Tr = 3; and Se=¢ . Since the Born cross section is

independent of a®, only the a2(u) term of eq. (2.8) is required for renormalization.
We absorb the initial-state collinear singularities into the parton densities in the MS-
factorization scheme. The bare PDFs f?(z) are written in terms of the renormalized PDFs

fi(z,p) as

s ™

2
F(&) = fulaa )+ (0‘5“‘)) [AD & f; 1)+ (“5(‘”) (AP @ £ (2, 1) + O(0D), (29)



where implicit summation over j is understood, and the convolution integral is defined as
1
(99 £ 10 = [ dydzdta = y2)al0) ;.0 (2.10)

The kernels Ag’m can be written in terms of the Altarelli-Parisi splitting kernels as

)
P7(2)

AWy = Zi 2.11
Py = 2, (2.11)
(@) PP(z) 1 ©0) _ p(0) 0)

AP) = 2=+ o (1P 0 P12 - P (). (2.12)

The splitting kernels relevant for this computation are

PO (z) = C <DO(1 —2)+ 25(1 —2)— %(1 + z)> , (2.13)
PO() = 1 (2 4+ (-2, (2.14)
_ NeCr 2

Pq%)|NF =

1
[5(1 —2) (772 + z> +10Dy(1 — z) + 3log = 1+ S 11z+1]. (2.15)
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The D,,(1 — z) plus-distributions are defined as

D= () = [ logh(1 - 229
| Putt=200) = [ogna - PE =2 (2.16)

For Pq%) we need only the terms proportional to Nrp. We remark, however, that in the
numerical evaluation of the PDFs and the strong coupling from their values at their ini-
tial scales we use the complete S-function and Altarelli-Parisi kernels and not just their
Np parts.

In the rest of this article we will set the renormalization and factorization scales to be
equal, iy = p, = pr. The generic dependence on both scales can be easily restored by first
setting u = py and writing:

2
a
as(pr) = os(pr) |1+ SEfT)BO log ng

f

+ 0 (a2(ur)) - (2.17)

3 Virtual corrections

Ingredients of the NLO and NNLO corrections are the one-loop and two-loop amplitudes
for the partonic process qqg — v*v*. We generate the required Feynman diagrams using
QGRAF [49] and then compute the interference of the one-loop amplitude and the tree-
amplitude as well as the interference of the two-loop amplitude and the tree amplitude,
summing over external-state colours and polarizations. We perform the Dirac and colour
algebra with programs implemented in the FORM [50] programming language.



From the interference of the tree and two-loop amplitudes, we keep only the terms
which contribute to the large Nplimit. These are expressed in terms of two-loop integrals

of the form:
Ak dil S
T2(”17~--7nQaQI7QQ’Q3)E/.d,dHDi 17 (31)
12T
with
D = k2, Dy = (k+ q1)?, D3 = (k+ q12)?, Dy = (k+ qi23)*,
D5 = 2, D= (I+q)? D7 = (1 + q12)?, Ds = (1 + q123)%,
Dy = (k —1)2.

where we have used the shorthand notation ¢;..., = ¢1 + - - - + ¢, and the external momenta
q; take the values: (q1,q2,q3) € {(p1,p2,p3), (P1,P2,p4)}. The powers n; take integer values
in the range n; € [—4,2]. These integrals are not independent and they can be reduced
to a basis of six master integrals. We use the program AIR [52] based on the Laporta
algorithm [51], and obtain the following two-loop master integrals:

TZ(Oa1707070707071717]?17172;]74) P24@ (32)
n

T2(071707071,0)17071727171727174) = ﬂ>p34 (33)
P2

m 7}03
T2(0717070)1)O705]-515p17p27p4) = (34)
P24

Pz
75(0,1,0,0,0,0,1,1,1,p1,p2,pa) = (3.5)
b2 by
m D3
75(0,1,0,0,1,0,1,1,1,p1,p2,pa) = (3.6)
P2 22
b1 b3
75(0,1,0,0,1,0,1,1,2,p1,p2,p4) = * (3.7)
P2 Pa

The same integrals with ps and ps exchanged also appear in the two-loop amplitude.



Similarly, the interference of the tree and one-loop amplitudes can be expressed in
terms of integrals of the form:

dik |
Tl(nla"'7n47q17q27q3) :/ d HD;nzv (38)

Im2

where the integer powers n; range in [—4,1]. The one-loop integrals are reduced to the
following master integrals:

Tl(laoa 1a07p17p27p4) = P34 (39)
D3

T1(17 07 17 17p17p27p4) = P12 (310)
P4
P P3

T1(17171a17p17p27p4) = (311)
b2 P4

The master integrals 71(1,0,1, 1, p1,p2,p3),71(1,1,1,1, p1, p2, p3) also appear in the one-
loop amplitude.

In the following section, we present a computation of the required master integrals,
as well as of some master integrals which are needed for the full calculation beyond the
large Nplimit. The complete set of master integrals contributing to diboson production
at two-loop order was recently computed in ref. [64]. We have performed an independent
computation and confirm these results.

4 Master integrals

In this section we present the analytic results for all master integrals that enter the Np-part
of the amplitude for ¢ g — v*v* up to two-loop order.
4.1 Analytic results in the Euclidean region

We start by giving the analytic results for the master integrals in the Euclidean region where
all consecutive Mandelstam invariants are negative. Note that in this region the variables
u, v and w defined in section 2 are all positive. The results with the two virtualities pg
and p? exchanged can easily be obtained from the replacement

(u,v,w) ¢ (v,u,u+v—1—w). (4.1)

Before presenting our results, we first discuss some general properties of the integrals.



In dimensional regularization with d = 4 — 2¢, every master integral is computed as a
Laurent series in €, whose coefficients are expressed in terms of polylogarithmic functions.
The simplest possible representatives of this class of functions are the ordinary logarithm
and classical polylogarithms, defined by

logx—/ — and Li,(z / —Lln 1( (4.2)

with Lij(z) = —log(1 — z). However, more general functions can also appear. These are
the multiple polylogarithms [65, 66], defined by

T

" 1 dt
G(Op;r) = —‘log”r and G(ai,...,an;T) :/ G(ag,...,an;t), (4.3)
n! t—ay
0
with G(r) = 1 and the arguments a;,7 € C. The number of elements of the vector

a=(ay...,ay) is called the weight of the multiple polylogarithm. Note that up to weight
three, all multiple polylogarithms can be expressed in terms of classical polylogarithms
and ordinary logarithms. In particular, the two-loop amplitude for ¢ g — v*~+* in the large
Np limit only involves polylogarithmic functions up to weight three (up to O(%)), and
hence we can always express our two-loop amplitudes in terms of classical polylogarithms
only. This greatly facilitates the numerical evaluation. This point will be discussed in more
detail in section 4.2 when discussing the analytic continuation from the Euclidean region
to the Minkowski region.

The arguments of the polylogarithms are in general algebraic functions of the Man-
delstam invariants, and in particular they involve the square root +/A(1,u,v), where
Ma,b,c) = a? + b + ¢ — 2ab — 2ac — 2bc denotes the Killén function. A convenient
parameterization which rationalises this square root is given by

u=rr and v=(1-7r)(1-7), (4.4)
or equivalently

r= % (1 +u—v+ A(l,u,v)) and 7 = % (1 +u—v— A(l,u,v)) ) (4.5)
This choice of parameterization is inspired by ref. [53], where it was argued that the vari-
ables (r,7) define a natural set of variables for parameterizing the kinematics of a massless
three-point function with all external legs off shell. These integrals naturally appear as
master integrals in our case. Furthermore, it was shown in ref. [53] (see also refs. [67, 68])
that in the region where A(1,u,v) < 0, such that » and 7 are complex conjugate to each
other, massless three-point functions are described by single-valued functions in the com-
plex r plane. Indeed, it is well-known that massless loop integrals can only have branch cuts
starting at points where one of the Mandelstam variables vanishes. The single-valuedness
condition is equivalent to the condition that these functions have the correct physical
branch cuts. The advantage of this approach is that for every weight, there is only a very
limited set of single-valued functions. In ref. [53] a method was presented to construct



these functions explicitly up to weight four in the case of massless three-point functions
(see also refs. [69] for similar ideas). In particular, up to weight three only three functions
can appear besides the ordinary logarithms, logu = log(r7) and logv = log(1 — r)(1 — 7).
Following ref. [53], we denote these functions by Pa(r), Ps(r),P3(1 — ) and Q3(r). The
functions P, (r) are closely related to the so-called Bloch-Wigner function,

2P,(r), ifnodd,
(1) = 4.6
Palr) { 2iP,(r), if n even, (46)

with

n—1 2k Bk N '
Pu(r) =9, o log" |r| Linon(r) ¢ (4.7)
k=0 ’

where Bj denotes the k-th Bernoulli number and fR,, denotes the real part for odd n and
the imaginary part otherwise. Note that the function defined by eq. (4.7) is a combination
of classical polylogarithms without branch cuts for r € C, and it is therefor natural to call
the functions (4.7) the single-valued versions of the classical polylogarithms. The function
Q3(r) is defined by

Qs(r) :% [G (o, % ,1) e (o, % % 1)] 4 % [Lis(1 — )~ Lig(1 — ) (4.8)

1
llog W[ ( T,l) -G <ii )} + Liz(r) — Liz(7)
+ )

1 1-— 1
+3 [le( ) + Lia(7 )} log 1 +2 [Lig(r) - Lig(f)] log |1 — r|?
1 1 1-—
+ 16 log log2 ﬁ + = log?|r|? log - log 7% log |1 — 7|* log 1 77:
1 I
+Elog |1 — r|210g:——10g1 :

Up to weight three and two loops, all massless three-point functions can be written as
linear combinations of (products of) these functions [53] (with coefficients that are Q-linear
combinations of ¢ values).

The previous considerations, however, only apply to massless three-point functions. It
is nevertheless straightforward to generalise these ideas to four-point functions with two
adjacent off-shell legs. In appendix A we present a way to construct a set of basis functions
up to weight four with the correct physical branch cuts contributing to the large Np limit
of the the ¢ § — ~* v* amplitude at two loops. In the following we only concentrate on the
set of basis functions up to weight three, which is relevant in the present case. Besides the
functions defined in eq. (4.6)—(4.8), we find six possible classical polylogarithms,

Li, (1—3) . Li (1—3) . Lig (1—9> :
w w u

Li, (1—3) . Li (1—3) . Li (1—9) ,
w w v



and two new functions Rgt(r, w) = jof(r, 7,w), where the superscript ‘+’ refers to the
parity of the functions under the exchange r < 7,

Re (r,w) =G(0,v,7(—1+7);w) + G(0,v, (-1 +r)
—|—G(O,u,(—1+f)r;w)—G<0, ) < s >
= [G(u, (=1 +)r5w) + G(u, 7(—1 + r);w)]log —
=[G, (=1 +7)r;w) + G(v, 7(=1+7);w)] log —

+ G(0,u,7(—1+7);w) + Lig <(1+r)> + Lis <7,(_;U_H:)>
+ Lig(1 — 7) + Liz(1 — r) + 2 [Lis(r) + Lis(F)]

o i) (e e

+ |:L12 (1 - —) + Liy (1 — %)} log (w? + (1 — u — v)w + uv) (4.10)
+ [Lis(F) — Lis(r)] [log:: ~log (M)}

+ [Lis(r) + Lis(F)] @ log v — log u>

— 1
7:logu—k Qlog2wlog(w2+(1 —u—v)w+ uw)
-7

1 1—
4 logvlog log . !

3 1
Z log?
+80g 1

1 1—
— §logulogglog .

110 o 1-— lo —w—r—4+rr
— U
tolesulos e T Ty

1
- ilogulogvlog(w2 +(1—u—v)w+uv),

Ry (r,w) =G(0,v,7(—=1+7);w) — G(0,v, (=1 +7)r;w) + G(0,u, 7(—1 + 7); w)
1

1 [Gu, (=1 + F)rsw) — Gu, 7(—1 + r); w)] log %
1 [G(v, (=1 + F)r;w) — Gu, 7(—1 +r); w)] log %
+ Lis <(;”+T)> ~ Lis (T(_;”H) + Lig(1 - 7) — Lig(1 — ) (4.11)

w w uv
+ [ 2 (r(—l—i—r)) 12 ((—1 —i—r)r) 8w
. U . v T 1—7r —w—=r+7rr

o fun (1 ) 1 (1- 2] e o e ()]

+ [Lig(r) — Lia(7)] log (w? 4+ (1 — u — v)w + uv) + Lig(7) log (1 — 7)

1
— Lig(r)log (1 — 1) — §IO 2

~10 -



1 1 —w—1r+7rr
+ <2 logulogv — 5log w> log (—w—W)
1
8

1—r

1 1 1
+ 4logulogv—§log w—ilogulog(w + (1 —u—v)w+ uwv) log1

—7

log r (4log w — log?v — 410gu10gv) + (2 log 1 —

First, we emphasise that each of these functions has the correct branch-cut structure cor-
responding to a massless four-point function with two adjacent off-shell legs, i.e., they have
branch cuts at most starting at points where one of the external Mandelstam invariants
vanishes. Second, this set of functions is linearly independent, i.e., it is not possible to
express any of these functions as a linear combination of (products of) all the others. It
is therefore justified to call these functions a set of basis functions. As a consequence, all
master integrals contributing to the large N part of the ¢ @ — v*~v* two-loop amplitude
can be expressed as a unique linear combination of (products of) basis functions. The
construction of these functions, as well as the proof that they form a basis, is given in
appendix A.

In the rest of this section we collect our results for the master integrals contributing to
the large Np part of the ¢g — ~v*v* two-loop amplitude. Details about the computation
can be found in appendix B. All the expressions are valid in the Euclidean region, and the
results are given in terms of the basis functions we have just defined. We explicitly show
the results up to weight three. Analytic results up to weight four are provided as ancillary
files with the arXiv submission.

We checked that our results satisfy the differential equations for the master integrals.
Moreover the results were checked numerically with FIESTA [70], which is based on the
method of sector decomposition [71] (the multiple polylogarithms were evaluated using
GiNaC [72, 73]. In addition, we have compared our results with existing results in the
literature whenever available [53, 62-64, 74-77].

One-loop integrals. We start by summarising the one-loop integrals. The relevant
one-loop two, three and four-point functions are given by

Pas = 6711(—8)76, (4.12)

b3

F o o Patr) 4 2 Qu) + O,

2 (4.13)

P12 = —2cr

- 11 -



P P3

<) 2—€ 1 1
SC U] (P
e € w? w

w
P2 D4
. ) 1 9 U 4
+2Liy (1 — —) + 510g f} +€[— 2R3 (r,w) +4Ps3(r)
w v
FAPy(1—7) — 6 (L13 (1 _ 3) + Lis (1— 3) 4 Lis (1— 9)
w w u
3 7
+Lig (1 — E)) + 2 Liy (1 — E) 10gﬂ + = logu
v w w 6
Su 4 7
+ 2 Lis (1 — E) logﬁ — —logdw + = log3v + 8¢3
w w 3 6
1 1
5 log? u (log v + 18 log w) — T log? v (11 log u + 36 log w)
+ 4 log? w (log u 4 log v) — 2 log u log v logw 4 2 (s log u
+4 (2 log v} + 0(62)}, (4.14)
where yg = —I7(1) denotes the Euler-Mascheroni constant and we introduced the usual

normalization factor
[(1—€)?T(1+e)

I'(1 — 2e¢)

Note that all results are entirely expressed in terms of the basis functions defined at the

cr = (4.15)

beginning of this section, as expected.
The one-loop box has been previously computed up to the finite part in the e-expansion
in ref. [13].

Two-loop integrals. In this subsection we give the analytic expression for the two-loop
integrals. Besides the loop integrals necessary for the amplitudes presented in this work,
we also display all the boxes with bubble insertions with two adjacent off-shell legs. The
master integrals are presented up to the order in € that corresponds to coefficients of weight
up to three. The full results including coefficients of weight four can be found in the file
attached as ancillary files to the arXiv submission of the paper.

o T(2e—1I(1 - 26)2 1-2¢
bas T TTTA - T3 3901 1 ¢ (=8,

(4.16)

Yo

11 15 19 65
P = 2(—g)2€) -4 22y 7 150, —2
cr(—s) {622+62+2+C2+€[2+ G2 Cg]
P2

+-€ [2;1 +19¢ — 10 43} - 0(63)} , (4.17)
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1 P3

11 15 uy 1 u 19
2 —2€ 2
= —E(— s Li (1—f) P B
cr(=su) { 23 gt w) T2, T
P24
+e[—2L13 <1—E>—Li3 (179)+2L12 (173) log <
w w w
2 65
+5L12<1—E)+flog3ﬁ+flog2—+3(3——
w 3 w2 w 2
+ 0(62)}, (4.18)
P P3
—1—2¢ 1 1 v
= Rw (1 +2¢)(—s) ~ 4 [ (1= )+ L (1- 2 ) - 4]
€ € w
D2 P4

+R§(T)+4[Lia <1——) + Lig (1——) + Lis (1——)+L13 (1—%)}+
. w? w? 2
+Lis (1 — E) log (u > + Lis <1 — E) log <uv4> —3 log® u 4 21log? ulog w

3 5 2
+=1log ulog? v 4 log ulog v log w — ilogulogzw — gloggv—l—ﬂog?vlogw

1 1
—g log v log? w + log® w — 67['2 logu — §7r2 logv — 4¢3 + 0(6)} , (4.19)
m b3
— G (uw) 3 (1 4 2¢) (—s)
r—r
P2 P4 1
X { — 22732(7‘) —8Q3(r) —R5 (r) + (’)(e)}, (4.20)
n P3
_ 2 _1le Cy—1-2e L 1 <E>_1 ' ( _E)
= cp(vw) 291 + 2¢)(—s) p— {62 log ” 6L12 1 ”
P2 Pa
—RI(r) + 2Ps(1 — ) — 2Lig (1 - 3) — 4Lis (1 - 3) — 9Ly (1 — E)
w w u
—3Li3 (1 - %) + (2log u + logv — log w)Lis (1 — g) (4.21)

5 3
+ (210gv+logu— 2logw) Lis (1 — E) + (2logv + logu)(o
w
1 17 13 13 17
+=log®u — 2—log3w+ ﬂlog?’v — §10g2vlogw+ glogvlog2w+4logv +4(3

5 3
—ﬂlogulog v —logZulogw + = 5 log ulog? w — log ulogvlogw — 4log w + (’)(e)},
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»m P3

1 1 1
* = c%(—s)226w{ —3t 6—2[310gw —logu — log v]

P2 P4

1
+ - [3Lig <1 — —) + 3Lis <1 — —) — flog w + log? u — log ulog v + log? v]

€ w
+ 3R5 (r) — 6P3(r) — 6P3(1 — ) + (3logw — 121log u — 3log v)Lis (1 - %)
+ (—3logu — 12log v + 3log w)Lis (1 - —) + 12Li3 (1 - f) 4 12Lis (1 _ 3)

w w w
+12Lis (1 - 7) +12Lis (1 - E) — (6logv + 3log u)Ca + glog?’ w (4.22)
v

1

— ;logulog w— ?logvlog2w + 61og? ulog w + 3log ulogvlogw + 6log? vlogw

8 1 13 8
— glog?’u—i— §log2ulogv+ glogulog%) — glog?’v —12(3 +O<6)},

P p3

1 11 1 1 1
* = c%(—s)_z_ZE{—634—1—62[logw—2logu—2logv}

P2 P4

13 3 1 1 1 1
+- 7L12(1_7>+ L12<1_E>+710g29_710g2g ngE_*Q
€ _2 w 2 w 4 9

+3RT — 6P3(r) — 6P3(1 — 7) + 9Lis (1 - 7) +9Lis (1 - E) (4.23)
21 _ . w 21 _ . w . u
+?L13 (1 — E) + ?ng (1 — ;) + (—3logv + 3logw — 9log u)Lisy (1 — E)
+(3logw — 3logu — 9logv)Lis (1 — 3) + (=T7logv + 2logw — 4logu)(a
w
+§ log® w — Tlogulog® w — 7logvlog? w 4 5log® ulog w + 4log ulogvlogw

11 9 11
+5log?vlogw — G log® u + 3 log ulog? v — " log® v — 11¢3 + (’)(e)} ,

b1 ® b3
1 11 1 1 3
2 2-2¢
- Sl S logu—1 2
cp(—s) w{ 632+62|: 5 logu ogv—l—2 ogw}
D2 P4
1] 3 1
+= |3Liy (1—f>+ Liy (1—“)+1og2“} (4.24)
€| w 2 v

15
+3RY — 6Py(r) — 6P3(1 1) + ' Liy (1 — %) +12Lis (1 — %)
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LW

9Lz ( ) + 9Lis (1 _ 3) + (=3log v + 3log w — 9log u)Lis (1 - 3)
v

u w

+(3logw — 3logu — 9logv)Lis (1 - E) + (—6logv — 3logu)(a —9¢3
w
9
+21og® w — 6log ulog? w — 6log vlog? w + §1og2ulogw+3logulogvlogw

9 11 9 5 1
+§log2vlogw — Flog?’u—k glogulog2v — glogg’v—i- Elogzulogv +O(6)}.

After we completed the computation of these integrals, a complete basis of planar master
integrals for the production of off-shell vector bosons was presented in ref. [64]. We have
checked numerically that our results agree with the results of ref. [64]. An analytic ex-
pression for the integral (4.21) was also published in ref. [63]. In addition, we compared
egs. (4.19), (4.20), (4.21) and (4.23) numerically against the equal-mass results of ref. [62].

4.2 Analytic continuation into the physical region

The results of the previous section are only valid in the Euclidean region, where s, ¢, p3, pj <
0, such that u,v,w > 0. In this section we perform the analytic continuation into the region
defined by

s,p3,p3 >0 and t<0. (4.25)

The analytic continuation can be performed via the usual replacements
—(s+ic) > se™™ and — (p; +ic) = e "pi, k=34. (4.26)

This implies that the ratios u, v and w are analytically continued according to the pre-
scription
u—u and v —v and w— et W, (4.27)

where we defined

t
w=-->0. (4.28)
S

In ref. [64] it was shown how to analytically continue the multiple polylogarithmic functions
to the physical region using this prescription. In the following, we present an alternative
way of performing the analytic continuation, which will allow us in the end to express the
large Ng part of the amplitude entirely in terms of classical polylogarithms of weight three
at most and with arguments in the interval [0, 1] everywhere in the physical phase space.
Consequently, the classical polylogarithms are real and admit a convergent power series
representation. The advantage of this representation is very fast and stable numerical
evaluation.

It turns out, however, that in order to obtain such a representation, we need to split
the phase space into three different regions, such that a representation of the desired type
exists in each region. We first discuss these different regions, and present our procedure to
perform the analytic continuation in each region at the end of this section.
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Definition of the regions. In the following we describe how to identify the parts of the
physical region in which the results can be expressed in terms of classical polylogarithms
with arguments inside the range [0, 1], where all the functions are convergent. The results
of the previous section were valid in the Euclidean region where A(1,u,v) < 0, and thus r
and 7 complex conjugate to each other. Without loss of generality we may assume that in
that region we have

Imr>0 and Im7 <O0. (4.29)

It is easy to check that the physical phase space, however, corresponds to A(1,u,v) > 0,
i.e. 7 and 7 real. In ref. [53] it was shown that the correct prescription for the analytic
continuation from A(1,u,v) < 0 to A(1,u,v) > 0 while keeping v and v real is

r—r+ie and T — 7T —ie. (4.30)

It is sufficient to work out the analytic continuation for the basis functions. Moreover,
since in the physical region /s > ms + my, we must have 0 < u,v < 1, which implies
0 <7 <r <1[53]. In the following we show that we must furthermore have 7 < w+rr <r
in the physical region.

In order to show this inequality, we parameterize the external momenta as

s (1 S 1 E E
p1 = Vs S P2 = Vs I ps={"_2), pa=| "), (4.31)
2 \eé3 2 \—e3 D3 D4

where €3 = (0,0,1)” and

By =L u—v)= L4,
\2[ \2[ (4.32)
Er=Y0—uto) =Y r_p
2 2
We thus obtain for pj3
Pl? = B} —md = 2A(1Lu,0) = S(r =) > 0, (433)
and so
sin @ sin 0
— — S r
pr=Ipsl | 0 | = \2[(7" AR (4:34)
cosf cos

for some 6 € [0, 7], and where we used rotational invariance to remove the dependence on
the azimuthal angle. At this point we can already conclude that A(1,u,v) > 0, i.e. r and
7 are indeed real and moreover we see from eq. (4.32) that 0 < 7 < r < 1. Using this
parameterization, we find

1
W =5 (r+ 7 =27 — (r = 7)cosh)) >0, (4.35)

andso7 <w+1rr <r.
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In the end we assert that the only non-trivial part in switching to the physical region
is the analytic continuation of the basis functions depending on w. Besides the analytic
continuation in w, some of the functions appearing in the basis functions are not defined
for arbitrary values of r,7 and w. Consider for example

Li, <—F@'“”_7A)> , (4.36)

which develops an imaginary part if —w > 7(1 — ). We find that we have to split some of
the basis functions for physical values into three different regions

T>1, T=1, T<1, (4.37)

where 7 is defined through
WHrr=7+71(r —7). (4.38)

In deriving the analytic continuation of functions depending on w we have to keep in mind
these different regions. Note that the physical phase space corresponds to 0 < 7 < 1.

Analytic continuation of the functions. In this section we demonstrate how to per-
form the analytic continuation (4.27). Our main goal is to obtain a representation of the
amplitude in the physical region in terms of classical polylogarithms up to weight three
with arguments lying in the range [0, 1], such that the polylogarithms admit a convergent
power series representation. Technically speaking, we are looking for a functional equation
which allows us to express the amplitude in terms of functions that are real in the physical
region, and where all the imaginary parts are explicit. Functional equations among multi-
ple polylogarithms are most conveniently described in terms the Hopf algebra of multiple
polylogarithms (see appendix A). In a nutshell, multiple polylogarithms admit a coproduct
structure which allows to decompose a polylogarithm of weight n into a sum of pairs of
polylogarithms of weight (k,n — k). It is then possible to find functional equations among
multiple polylogarithms of weight n recursively by first decomposing them into functions
of lower weight, for which all relations are assumed to be known.

Let us illustrate this on some simple examples. First, we know that there are only
three basis functions of weight one, and their analytic continuation follows immediately
from eq. (4.27),

logu — logu, logv — log v, logw — logw + @7 . (4.39)

Next, consider one of the basis functions of weight two, and let us consider Lio (1 — %) as
a representative example. In the physical region where w = —w < 0, the argument of the
dilogarithm becomes greater than 1, and so the dilogarithm develops an imaginary part.
Acting with the coproduct, we obtain,

i (1 2)]

—logg®log<1—g>
w w

(4.40)
= —logg®log (14—%) +im ® log <1+ E) )
w w w
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where in the second line we used eq. (4.27). Note that by construction every basis function
of weight n will only contain log u, log v or log w in the first factor of its (1, n—1) component
of the coproduct (see appendix A for details). The imaginary part of this dilogarithm can
immediately be read off from the second term,
im@log (1+2) = Auy fim log (1+ 2] . (4.41)
w w
At this point we need to find a real function whose coproduct matches the real part of
eq. (4.40). It is easy to check that
—log L @ log (1 n %) N [—Liz (“’) ~Lhog (1 n “)} : (4.42)
w w ’ w+u 2 w

Hence, we can conclude that

Apy [Li2 (1 - %)} = Ars [—Lb <ww+u> - %log (1 + %) +inlog (1 + Z))} . (4.43)

We can thus conclude that the arguments of A;; are equal, up to (constant) terms that
vanish when acting with Ay ;. In order to determine this constant, we expand both side
close to the branch point at w = 0,

. uy 1. ou

1
= —flog2%+i7r logg+2C2+(9(u’)),
2 w w

, (4.44)
. w 1 U . U
—Lig{ —— ) —=log(1+—) +imlog(1+ —
W+ U 2 w w
1 U U
= ——log? — 4 im log — 4+ O(w) .
2 w w

where in the first line we have used the fact that logw = logw + iw. Equating the two
expressions, we see that

Lis (1 _ %) — _Li (wiu) _ %bg (1 + %) +irlog (1 + %) +26. (4.45)

Analogously we obtain the analytic continuation of all the basis function depending on w.

5 Single-real contributions

We now turn our attention to the phase-space integrations over tree-level matrix elements
for partonic processes, where the photon pair is produced in association with an additional
parton in the final state:

q(p1) + d(p2) = 7" (p3) + " (pa) + 9(py),
q(p1) + a(p2) = 7" (p3) + 7" (pa) + g(py),
qa(p1) + 9(p2) = v (p3) + 7" (pa) + a(pg),
q(p1) + 9(p2) = 7" (p3) + 7" (pa) + 4(pg),
9(p1) + a(p2) = v*(p3) + 7" (p4) + a(py),
g(p1) + q(p2) = v*(p3) + 7" (pa) + d(pg)-
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As before, we denote in brackets the momenta of the partons. These processes con-
tribute at NLO to the hadronic process, and via renormalization and mass-factorization
also at NNLO.

5.1 Quark-antiquark channels

We first consider the channels with a ¢g-pair in the initial state. The corresponding tree-
level cross section is given by

0 1
Uéqlw*v*g[j] = % /d¢12_>7*’7*9 j(p17p27p37p47pg) ’qu—>’y*’y*g|%0)7 (51)

where | Myg—y#y+g %0) is the qg — v*~v*¢g tree matrix element squared, summed over spin and
colour and averaged over initial-state quantum numbers. The case where the quark and the
anti-quark are exchanged is identical. The phase-space measure can be decomposed into a
phase space producing a gluon and an intermediate off-shell particle in the final state with
momentum  of virtuality Q? = zs, and a phase space for the decay of the intermediate

particle into two photons as

sdz
where
Q =p1+p2 —pg =p3 + pa (5.3)

We parameterize the momentum of the gluon as

Py = ZA 1+ ZXA po + 2V sA\ er, (5.4)
such that
Q= (1—-2\p1+ (1 —Z\)p2 — 2V s\ er, (5.5)

where z, A € [0,1] and er is a unit vector transverse to p; and ps in d = 4 — 2¢ dimensions.
In this section and the following ones we use the shorthand notation

z=1-u, (5.6)

for integration variables. In the parameterization of eq. (5.4), the phase space measure

becomes
—e dNdQg_o

4(2m)d=2’

where we use df);_o to denote the differential solid angle generating ep.

dP1o,04 = Z (s2°AN) (5.7)

The matrix element squared in the integrand of eq. (5.1) is singular in the collinear
limits pg || p1 and py || p2 (corresponding to A — 0 and A — 1 respectively) and in the soft
limit p; — 0 (corresponding to z — 1). The singular behaviour of matrix elements squared
is universal [78], in the sense that it is independent of the process under consideration. In
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particular, the formulae presented here are valid for any colourless final state in place of
the two off-shell photons v*v*. Explicitly, we have

Sy By (z
| Mygsmeogl(oy = 20214 2&) i )+o(>\0), as A — 0, (5.8)

zS

2 2e Sqq(2) Ba(2)

M, s
| 2\ zs

+0(\), as A\ — 1, (5.9)

where g2 = 4rab o, and the splitting kernel is given by

Seq(z) = Cr (22 + (1 — €)7%), (5.10)

and
Bi(2) = |Mygsr=++ (o) (201, P2, P3, Pa), (5.11)
By(2) = |Mgg-sy+y- \ )(ph Zp2, P3, Pa)- (5.12)

In the above, the squared matrix elements for the Born process qG@ — v*~* are evaluated
with the momentum in the collinear direction rescaled by a factor of z.

Since we consider a colourless final state, the soft limit does not involve any colour
correlations and can be simply written as

2CF _
quqﬂw*g\%O) — 293,357522Ax quﬂwy%o) +0(z), as z — 1. (5.13)

Note that the sum of the collinear limits, given by equations (5.8) and (5.9), reproduces

eq. (5.13) exactly in the limit where z — 1. This means that although the matrix element

squared is singular in the soft limit, no explicit subtraction of this singularity will be needed.
We now recast the partonic cross-section as:

1(12)—>7'yg[j]:@g[J]"‘U%[j]‘i‘U%[j], (5.14)

where a I has an integrand which is finite in all singular limits (A, X, Z — 0) as we take €

to zero and it is therefore allowed to perform a Taylor expansion in €, while Ug’;l and aqq
are divergent as € — 0.
The contributions read
dzd\dS)
H d— 2 _/ -2 —€
thi[j] 28 / 4(27T)d 1 ( )‘)‘)
X [|quafy*'y*g|%o)j(p1ap2ap37p4apg)d(I)Q(z,>\)—w*w*
ES Bl z
292M2 _2()\ ) Z(S )j(zplap27p37p4)d®Q(Z,0)—>’y*’y*
Sgo(z B2 z
- 2g§N2E i—qg(j\) Zi )j(p17 Zp27p37p4)d®Q(Z71)4yy*»y* B (515)
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and

J (zp1, p2, P37P4)d‘pQ(z,0)Hv*v*7
(5.16)

G1g) = 2g§u2ﬁ/dZd)‘de—2 (s22A0) Sqq(2) Bi(2)

Tad 4(2m)d-1 Z\N 2zs

UCQ[j] _ 292'&25/ dzd\ddq—y (552)\5\)—6 qq(z) Bs(z)
qq s

= p1, 2P pa)d®g R
4(2m)d-1 Z\ 2zs TP1:2p2, Py, Pa)ARQ(= 1) 7
(5.17)

C1
aq
Since J, B;, and @) do not depend on these variables anymore, this step is straightforward.

We extract the pole in € of ¢ 7 and ach by integrating over the variables A and er.

The result is still singular in the z — 1 limit and we use an expansion in plus-distributions
to extract this last singularity. We obtain

al S. [ 12\€ 0
gqc(; [j] = ST (S) /dZ G‘(I((J]) (Z) O-lg(j)—YY*"/* [j] (Zp17p2)) (518)
and
s alSe (1" 0) (. -0
O-q(j [j] = T ? dz qu (Z) O-q(jﬁ’y*’}/* [j] (pla Zp2)7 (519)
where the Born cross section Urgg)%v*v* [J] is evaluated with rescaled momenta in the

collinear direction, and the integrated splitting kernel is

2 2
0
_PY(2)

€

C (1 3 3 N _
GO(z) = =X [5(2«) (62 + o - g2> +4D1(2) + 2 —2(1 4 2)log Z
+0(e),
with Pq(g)(z) being the Altarelli-Parisi splitting kernel (2.13).

The partonic cross section can then be subtracted using eq. (5.14). Recalling that
p1 = x1 P and py = 29 P, and using eqgs. (5.18) and (5.19), we obtain

1 1
/0 dr1drs f2(21) fo(22)0 0 [ T) = / drydzs f2(21) f2(w0) o LT

abS. [\ [*
e (é) /O dxldxg[f;’®Ggg)](xl)fg(m)aég)—ww*[j]

abs.

™

Mj “ b b (0) (0)
+ 0 dzidzs fq (Il)[fq ® qu ](xQ)UqQ—w*y* [j]7 (520)

S

where we used the trivial identity

1

1
/ dadz f(2)g(=)h(zz) = / dyf ® 91(y) h(y), (5.21)
0 0

with y = zz. The first term of eq. (5.20) is finite, while the second and third terms contain
all the poles in e.
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5.2 (Anti-)quark gluon channels

The remaining channels qg — v*v*q, g¢ — v*v*q, g9 — v*v*q, and gGg — v*~*q are treated
similarly, and it is only necessary to consider the channel qg — v*v*q.
We parameterize, as before,

Pg=ZAp1+ZAp2+ 2V s\ er. (5.22)

The matrix element squared is finite in in the limit where p, || p1 but is singular when
Dq || p2, with the asymptotic behaviour

¢ Sq9(2) Ba(2) 5
| Magsyereqllyy = 202147 % —+0 (A%, as A1, (5.23)
where 1
_ 2, 22
Sqg(2) = 50— (2% + 27 —e). (5.24)

Note that since we consider averaged matrix elements squared (with d — 2 polarizations for
the gluons), we needed to compensate for averaging factors.
The matrix element squared has a simple pole at z = 1, but since the phase-space
measure (5.7) vanishes linearly in this limit, the cross section is free of soft singularities.
We subtract as before, writing

0
00 syee T = 0[] + 05T, (5.25)
where
1 dzdM\dQ) o
Higy - - [ 220A%0-2 o (52 €
0T = 23/ 12m)iT sz (sz°AN)
X |:|ng_>7*’)/*11|%0)&7(]?17p27p37p47pg)d¢Q(z7)\)~>'y*'y* (526)
Sgg(2) Ba(z)
2 2e
= 2951 275\7](171,Zp27p37p4)d<I>Q(z71)_ww* ,
and
dzdNdQg_ o v—e Sqg(2) Ba(2)
C _ 2 2e d—2 2 2
Uqg[j] = 2g; /4(27r)d_1 (SZ )\)\) qg;\ 923 J(p1, Zp2,p3,p4)d¢’Q(Z71)_w*7*
abSe (1\°
- j-r <5> /dZ Ggg) (Z) Ué?—)v*'y* [\7] (p17 ZPQ), (527)
with "
Py’ (z 1/ _ . ~
G‘(Z(;)(Z) = _‘196() + i(zz + (,z2 + z2) log z) + O (e), (5.28)

where the Altarelli-Parisi splitting kernel is given by eq. (2.14).
As before, the corresponding partonic cross-section can be written as

1 1
/0 dridzy fg(xl)fg(xg)aég)_)w,y*q[j] :/0 dayday f2(21) f2(22) ok [T]

bSe 2\ € pl
4 s <M) / dwrdzs (o) £ © GO (w2)0 D, .. 17], (5.20)

™ 0

where the second term contains all the poles in e.
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6 Double-real contributions

We now consider the double-real contributions to the partonic cross sections. As explained
in section 2, only the channels q¢ — v*v*¢'¢ and gq — v*v*¢'q contribute to the large Ng
limit. We will first consider observables that do not involve differential information about
the final-state quarks separately. In the second part of this section we then present a fully

differential subtraction scheme.
6.1 Semi differential subtraction
Restricting ourselves to observables that do not resolve any of the differential properties of

the final state quarks allow us to write

J(p1,p2,03,P4, D¢, Pg) = T (D1, D2, D3, Pas Dg* ), (6.1)

where pg+ is the momentum of the parent off-shell gluon, ps« = py + pg. The phase space
of the final-state quarks can then be integrated out, simplifying the extraction of limits.
Hence we first consider

(0),int. 1 2
O'qq_z:*,y*q/q/ [j] = % /dQIQ%W*,},*q/q/ j(php27p3’p4,pg*)‘qu*>,y*,y*q/q/’(0)7 (62)

where int. indicates that we restrict ourselves to the aforementioned observables. The
phase space can be factorized as

s dz dsg
2 2w

d(I)H—w*v*q’é’ = d®12-Qg dq)g*—m’zi’dq)Q—w*v* ) (6-3)

with s« = pg*, and since the function J does not depend on p, and pg, we can perform
the integration over the decay phase space of the off-shell gluon explicitly. We obtain

Afe)

2 2

/d@g*%q’ququv*v*q’q/’(0) = Glte |Mqt7—>'y*'y*g*|(o)’ (6.4)
g*

where | Mgg—~x s g |%0) is the averaged tree-level matrix element squared for the production
of two off-shell photons and an off-shell gluon,' and A(e) is given by

1d—2 Qg4
2 2 d—1
A(e) = 295 1d—1 7( =t (6.5)

such that eq. (6.2) becomes

(0),int. -
T4a—v v+ q'q 7] =
2
A(e) [ sdzdsg | Mog—syeryeg- |(0)
55 / 5 o dP125Qg* APQ—syey+T (D1, P2, P35 P4 Pg*) BEE . (6.6)

The choice of gauge for the off-shell gluon is irrelevant because of the Ward identities. We choose the
Feynman gauge.

~ 93 -



(0),int.

To perform the subtraction for o , we parameterize the momentum of the off-shell

| aq—=7* v q'q
gluon as B
3 1 —pzA B -
Do = ZAp1 + ZA T— 5 P2+ 24/ SpAX ep, (6.7)

where z,\,p € [0,1] and er is again a unit vector transverse to p; and ps in d = 4 — 2¢
dimensions. We obtain the invariants

_ < ZAp
sig* = (p1 —pg*)2 = =Sz, s2g+ = (P2 —pg*)2 = —5ZA <1 1 iz) (6.8)
72 N —
9 9 ZAND
S0 =Py = (g +pg)° = 57— (6.9)
Using this parameterization, the phase-space measure reads
= y—e dAdQq_
) € d—2
d@lQ*)Qg* =z (SZ )\)\p) W, (610)

where d€3_o denotes the differential solid angle parameterizing er, and eq. (6.6) becomes

A(e) / dzdAdsg-dQq—o sz2(sz2XAp)

2s 4(2m)d séjﬁ

X |qu4’7*’}’*g*|%O)j(p17p27p3>p47pg)dq)Q(z7,\7p)_yy*,y*. (611)

O_(D),int. [j] —

qq—=>7*v*q'q

The singular limits of the matrix element squared are once again universal but are
asymmetric as a consequence of the asymmetry of the parameterization (6.7) under the
exchange p; <> pa. We have to consider the following singular limits:

® pg« || p1: this corresponds to A — 0, such that pg,~ — Zpi, and the matrix element
squared has the asymptotic behaviour

2 2¢9gq;1 (2,p) B1(2)

|Mog—syryeg- |%0) = 2951 -2 +0(\), (6.12)
Z2\ z8

with
Sqq1(z,p) =Cr (2z +(1- 6)22/)) . (6.13)

e pg+ || p2: this corresponds to A — 1, such that pg« — Zps, and the matrix element
squared has the asymptotic behaviour

2 2 Sqq;Q(va) Bs(z)

2 30
| Mag—yyeg*{0) = 2951 1z s T O\, (6.14)
with )
_2 zZp
Sqg:2(2,p) = Cr (22 +(1 =71 -~ Zp)) : (6.15)

e s, = 0: this is the final state collinear singularity, when the gluon becomes on-shell,
but remains in the hard region. It corresponds to p — 1, and the matrix element
squared has the smooth limit

‘quﬁv*v*g* ‘%0) = ’MqQ—w*v*gﬁo) +0(p). (6.16)

The corresponding singularity comes from the factor sg_*l_6 in (6.11).
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Note that in the limit where p — 1, both splitting kernels (6.13) and (6.15) tend smoothly
to the splitting kernel we obtained in the previous section, eq. (5.10).
We proceed to the subtraction by writing

oWt | 1T) = oEH1T] + oBC1T] + 0G0 ] + 05211, (6.17)

where a H has a Taylor expansion around € = 0 and the other terms contain all the poles
in e. The different contributions are:

A(e) / dzdAdsg+dQq—o sz2(s22Ap) ¢

25 4(2m)d shFe

o1 7] =

x [|qu—w*v*g* {0y (1. P2, P3, P4, g )ALz 0 ) 71
2 2¢54g:1(2, p) Bi(2)

2g 52)\ 28 j(zp17p27p37p4)d(bQ(Z70’p)4),y*,y*
S ;2 294 BQ z
— 2001 3 (2.0) Bal L 7 (o1, 202, 3, DB 1)y
A1 —pz) zs
’qu_)’Y *y* 9| (p17p27p37p4 pg)dCI)Q(z A1) —=y*y*

(0)
S, By
+ 2 2 26 2(12()\) Zi )j(zplap23p3ap4)dq)Q(z,0,1)—>7*"/*

+2g 2 QES‘]Q( z) Ba(z)
2\ zs

T (p1,2p2, 03, P1)APQ(21,1) vy | » (6.18)

and

52\ )\ ) —€
oCCU 7] = 2622 A(e )/dzd)\dsg dQgq_o (s2°A\p)

9q 4(2m)d S €
y Sqq;lz()\z, p) ]3212(? J (2p1, p2, s, p4)cf(1)Q(z,O,p)—>’y*W* ; (6.19)
o) =ty [ e ()
Sea2(2, ) BQ(Z)J(M, 22,3, P4)APQ(2,1,p) 74+ (6.20)

ZA1 - pz) 2zs
Ale) / dzd\dsg»dQq—o sz2(sZ2Ap) €

2s 4(2m)d siFe

oClT) =

X [’qu_yym*gﬁo)j(php2:p37p47pg)dq)Q(Z7>\71)—>’Y*’Y*

Sqeq(2) B1(z
— 292 1% ?%\ Zi )j(ZPlap2ap3>p4)dq)62(z,0,1)—w*7*
Sqq(2) Ba(2)
— 2g%p% Z%\ oy T (P1, 2p2,P3, P4)dPQ(2,1,1) sy | (6.21)

where we have p, = lim,_,; pg+ such that the parameterization (6.7) tends to eq. (5.4) in the
limit where p — 1. As for the real radiation, the soft limit does not need to be subtracted
explicitly. This can be checked by expanding the integrand of eq. (6.18) around z = 1.
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¢y
qaq
p and er. The integration is slightly more Comphcated than for the real contributions,

We can extract the poles in € of o and O'CCZ by integrating over the variables A,
but the result can be written in terms of hypergeometric functions 9 Fj(a, b, ¢; Z), where a
and b depend on e. We have used the HypExp [79] package to expand them in € and then
performed a plus-distribution expansion over z to extract the double soft singularity. We

note here that the residue of the soft pole at z = 1 is the same for both counterterms

CCl CCs2
qq qq

regular coefficients and does not affect the delta- and plus-distribution terms. As for the

and o7 %, such that the asymmetry due to the parameterization is limited to the

real corrections, we can write the counterterms as

bS€ 2 2\ 2€

o= (25 (1) [a 6o ). 622
bS6 2 2\ 2€

w71 = () (%) [z i@ (629

where we have

Gé;?l(z) _or { ig) 2 [4170( z) — 25(5) —2(1 +Z)]

48
1 [—wmz) + 2Dy (2) — - (56 — 2172)5()
€ 3 18
130(1 +2)+8(1+2)logz+2(1+ 2 )1051
132D, (5) — %pl( 2) + %(56 212Dy ()
—5%1(328 — 10572 — 1116¢3)6(%)
—4(1 + zQ)LiQ;Z) - 16(1 + 2)log?z — (1 + zQ)IOg;Z —8(1+ z%%
+430( T2 logz + o (1 + zz)logz
—5(38+74z—217r + 2) }+O (6.24)
) = 68 S (a0 g 1) 000 629

The pole in € of 0,7~ is extracted by integrating over p only, since the variables z and
A still parameterize the on-shell gluon in p — 1 limit. Using

Ae) [ dsg _ 1 [abS. 5 s 22\ 9
o (L2 ) 14 2e—elog [ S 220 2
5 /s;;“p be < - + 3¢~ €log PRI, +O(e%)| s (6.26)

we can expand as

™

o) = L <O‘25€> o T+ o171+ O (e), (6.27)
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where ag is our NLO expression (5.15), and we defined

7 1 /abs 1 dzdAd)g_ ——
H sMe d—2 _/ 9 €
O'qq[j] = —= < = > % / WSZ (SZ A)\)

(5w o))

g [’quﬂ*v*gﬁo)j(m?p2,p3,p4aPg)dq’Q(z,AHv*v*

295 2\ 25 «7(2'1?1,p27p3,p4)d®Q(Z70H7*v*
Sqq(2) Ba(z
— 2031° Z—qg(;\) zi )J(plaZp27p3,p4)d<I>Q(z,1)_ww* . (6.28)

After summing over the final-state quark flavours ¢’, the first term of eq. (6.27) will cancel
the By term coming from the renormalization of a® in the large N limit, given by eq. (2.8),
applied to the NLO contribution ag, given by eq. (5.15). Also note that afq has the exact
the same structure as a(g—, except for the prefactor and the term on the second line.

At the partonic level, we finally obtain

1 .
/0 dl‘ldxg fé’(xl)fg(xg)aég)j:i,y*q/q/ [j] =

1
/0 dayday f2 (1) f2(22) (UtlerIz‘H[j] + J‘g—[‘ﬂ)

1 [abS.\ [!
_66<a5 >/0 dmldxzfg(iﬂl)fg(ﬂfz)ag[\ﬂ

™

0bS\* (1 \* [ b ) by (0)
+{— 7 0 dl‘ldmg [fq ®qu;1](x1)f(j(x2) Jq(j—ry*'y* [‘-7]

™ S

alSe ’ p\ [ b b (1) (0)
+<> () /0da:ldxzfq(xl)[fq®qu;2](x2)crqq_ww*[j], (6.29)

s S

where the first term is finite and the others contain all the poles in e.

6.2 Fully differential subtraction

In this section, we show how to perform a similar subtraction in the case where the phase
space of the two final state quarks cannot be integrated out. Hence we consider

(0) _1 2
thj—w*’y*q’tj’ [\7] = % /dCI)12—>'y*'y*q’(j’ j(plap27p37p47pq’7p(j’)|qu—>’y*’y*q’q’|(0)7 (630)

where the function J depends now on all external momenta.

We extend our parameterization in a way similar to ref. [80]. In order to construct
the momenta of the ¢'¢’ pair, we introduce another transverse unit vector e’., with the
conditions €/, - p; = €/ - p2 = eln - er = 0 and e’T2 = —1.2 The full phase space measure

2In d=4, these conditions actually fix e/ completely up to a reflection about the beam axis, in accordance
with Q1 = 2.
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then reads

22NN (S22 N2 N2 ppy g sin? Ty \ ©
R < 1— 2\ 1— 2\ (6.31)
dzd\dpdQdy_o dy1dy2dQg_
PO id—2 AY10Y203Ld 36@@%7*7* (6.32)

4(2m)d 8(2m)d—2

where dQg_o and d€;_3 denote the integrals over ey and e/, respectively, and Q = p1 +
P2 — Py —Pg- The new variables y1, y2 € [0, 1] parameterize the phase space of the decay of
the off-shell gluon. The expressions for the invariants sy = (p1 — pq/)2, s1g = (p1 — pq/)Q,
Soq = (P2 — pq/)2 and sog = (p2 — pq/)Q can be found in the aforementioned reference.

The momenta of the two final-state quarks can now be fully reconstructed and read
|5 PY1 [ PPY1Y1
r=Z|A + A + = — 2co8 =
Pq [ Y1p1 (ylp 1_ 2\ Y2 1_2)\)192
— s§ Y10 — COS TY2 PPYIY er + sin Ty SM e
p 1— 2\ 1—zx 1|

PYL_ o os - ppy1y1> .

1—2z)\ 1—2z)\

[ AN ([ PPYLYL . Moyigi
- — + cos = —S —_— ,
s ; (yl p TYo 1\ er — sinmysy/ s T er

such that the momentum of the parent gluon py« = p, + pg is still given by our previous

Py =% [5\?31 p1+ A <?§1P +

expression (6.7). Note that py can be obtained from py by replacing y1 < 1, y2 <> ¥
and e/, — —e/p..

There are no new singular limits to consider in this case. The singular limits where
py + g || p1 and py + py || p2 have the same structure as in eqgs. (6.12) and (6.14), and
can be written as

Saq:1 (2,0, y1,92) Bi(2) _
2 _ 4.4, 4249 y Py Y1, 1
[Mag—syereqql(o) = 495 702 i o, (6.33)
eS’ ;2(zvp7ylay2) By Z) T_
| Mygsyyear (o) = 4951 = ©) o (Y, (6.34)

Z4N2(1 —2p)2p  zs?

with new, fully differential, splitting kernels S’qq;l and Sqq;g. Note that although the sin-
gularities are now quadratic at the level of the matrix element squared, the cross section
diverges only logarithmically because the phase-space measure (6.31) vanishes linearly in
these limits.

The singular limit where sy« = 0, such that py || pg, is now non-trivial and involves
spin correlations, and reads
5 ¢ 1— 2\ 4 ~

|Mqéﬂv*v*q’zj’|%0) = 2951 msw(kaylayz)M:q’;wv*g + 0. (6.35)
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In the above we have defined

. 1 \?2
M(%:Ww*g N <2NC> ZAQCY—W*W*Q“ (Aqti—w*v*g”)*v

pol.

where Zpol. denotes the sum over the polarizations of the photons and the spins of the
quarks and Agg_~+y+gr is the tree amplitude for the process qg — v*v*g where the gluon
is not contracted with the corresponding polarization vector.

All the splitting kernels can be obtained from the universal limits given in ref. [78].
They read

~ Crz N o _ _
S (2, 0,91, y2) = TFp[ (14 2%) p(1 — 25151) + 82py19h — pZe — dzpyrfia cos(2mys)

- 4(1 4 2)(1 = 290)Zppmn cos(mys)]. (6.36)
= Criyo_ _ _ _ _

Saa2(# P11, 02) = 5= 2722(2 — pz)(1 — 6y151) + (1 + p) (1 + 2°) (1 — 2y151)

—4p(1 = 2y1)* — epz® — A(1 — pz)(z — pz)pyry1 cos(2mys)
+4(1+ 2 —2p2)(1 = 2y1) (1 — p2)V/ppyiys cos(myz)],  (6.37)

and .
S = o =g + KR, (6.38)

where the dimensionless vector k is given by

k= —2/y191 | VA2 cos Tyo pl\_fm + (1 = 2X) cos Ty er + sinmys € |, (6.39)
s
such that k2 = —4y;7;. Double limits commute and can be obtained easily by extracting

the pole at p — 1 of the counterterms (6.36) and (6.37).
Subtraction can be performed as in eq. (6.17), by writing

ol 7] = o 27 (7] + o ZC1T] + 65 1 T) + 052 (7). (6.40)

=7y

Only the U%H contribution needs to be modified, and now reads

23

oitT)

1 / dzd\dpdy, dy2dQq_odg_3 <3224)\25\2p,6y1§1 sin? 7y > e 2
qq 9¢

T 2s 32(2m)2d-2 T
AN )
X ﬁ |qu—>’y*'y*q/q/ |(0)j(p1, D2,P3, P4, pq/’pq/)dq)Q(zv/\P)—W*’y*
gq:1(%: P, Y1, y2) Bi(2)
ZIAp 282

Zy Py yhy?) BQ(Z)
1—2p)%p zs?

j(zpl y P2, D3, p4)dq)Q(zy[)7p)—>’y*’y*

T (p1, 2D2, P35 P4)APQ (21, p) sy

=)
o
—~ |

MV()‘a Y1, yQ)ngy—)fy*ry*gj(plap27 p37p47pg)d¢.Q(z,/\,1)~>’y*’y*

~ 99 —



g 2 T (2p1, 02, P35 P4)dPQ (2 0,1) 5y

ZAND 252 T (P1,2D2, 03, P4)dPQ(2,1,1) sy |- (6.41)

ch—cl, anqC?, and J%C are again given by egs. (6.19), (6.20) and (6.21)

respectively, after integration over the variables y1, y2 and e/.. In particular we have

The contributions o

dy1dy2dQa—s , — Sqq1(z.py1,92)  Ale)
2 2e 2 q4; _
29510 /8(27r)d—2 (y171 sin” mya) p, = Sa1(z,p),  (642)

dy1dy2dQq—3 , . —e Syg2(z,p,y1,92)  Ale)
) 2 2e 2 q9; — ) ) 6.4
g5 / “S@n)iZ (y171 sin® wyo) % 5 Saa2(2,0) (6.43)

7 Numerical results

We have implemented the various contributions to the differential cross section for the Np
part of the process pp — v*v* + X up to the next-to-next-to leading order in the strong
coupling expansion in two different programs. The virtual contributions are written in
terms of master integrals which in turn are evaluated in terms of harmonic polylogarithms.
In order to ensure the correct implementation of master integrals, various analytic and
numerical checks were performed against published results in the literature as detailed in
section 4. We have used the program CHAPLIN [81] for the numerical evaluation of the
necessary harmonic polylogarithms in the physical region. The agreement of the poles
of the one- and two-loop virtual amplitudes, as predicted by ref. [82] was checked both
analytically and numerically, at the implementation level. The NLO contribution was
checked against the MCFM [83] implementation.?

The double-real contributions were implemented as described in sections 6.1 and 6.2,
and double checked against another fully differential parameterization. Because the two
parameterizations have different double-real counterterms, the numerical results for the
double hard, the single hard and the integrated triple collinear counterterm cross sections
are individually different. Only the sum of these contributions is physical, which provides
a strong numerical check of our two implementations.

In the following, we present indicatively some differential distributions of interest, in-
cluding their factorization and renormalization scale dependence. Since we do not include
the decay of the off-shell photons to leptons, or the single-resonant diagrams in this publi-
cation, we defer a more detailed phenomenological analysis to a future publication.

In what follows, we use the central grid of the MSTWOS8 parton distribution func-
tions [84], ignoring the uncertainties due to PDFs and the strong coupling constant. The
strong coupling constant is run at the appropriate QCD order while the electromagnetic
coupling constant is set to its value at myz, a(myz) = 1/132.34.

3The pp — v*~* without photon decays is not an out-of-the-box process in MCFM, but it was possible
to compare our result with ms = m4 = m, against MCFM’s pp — ZZ with modified couplings of the Z
boson to quarks.
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Figure 2. Scale variation at LO, NLO and NNLO as a function of the photon virtualities, here
taken to be equal.

The total cross section depends on the virtualities of the off-shell photons, mg = \/p?,
my = \/]971. First, we set the virtualities of the two photons equal and study the scale
uncertainty of the NLO and NNLO K-factors as a function of the common photon virtuality,
in figure 2. For photons that are widely off-shell, i.e. with m34 > 10GeV, the NNLO
corrections are at the per mille level and the NNLO scale uncertainty is reduced, implying
a satisfactory perturbative convergence for the process. As the limit of on-shell photons
is approached the LO cross-section blows up and so does its scale uncertainty. This is
expected, since we do not impose any final-state cuts on the two photons.

Next we turn to differential distributions for unequal photon virtualities. We set

m3 = 15GeV, mg = 30GeV. (7.1)

In figure 3, we present the rapidity distributions of the two photons at each order in
as. The transverse momentum distributions for the two photons can be seen in figure 4.
The uncertainty due to the renormalization and factorization scales is shown as shaded
regions in the figures. The scales are kept equal and varied in the interval

pr = py € [10,40] GeV. (7.2)

We note that while the NLO contribution changes the shape of the transverse momentum
distributions, an effect that is more pronounced in the high transverse momentum region,
the NNLO contribution does not induce any further changes. The rapidity distributions
at NNLO also follow closely the NLO pattern.

Off-shell diphoton production contributes as a background, along with Z pair produc-
tion, to the Higgs boson measurements in the golden channel pp - H — ZZ* — lfll_ l; ly .

~ 31—



0.5

0.0

Figure 3. Pseudo-rapidity distribution of the two off-shell photons with virtualities
(left) and my4 = 15GeV (right).
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Figure 4. Transverse momentum distribution of the two off-shell photons with virtualities ms =
30GeV (left) and my = 15GeV (right).

In that case the invariant mass of the two photons must be in a window of several GeV
around the Higgs mass of 125GeV. We therefore set the virtualities of the photons to
mg = 91.188GeV and my = 27GeV, to simulate one on-shell and one off-shell Z boson.

do /dpy [fb/GeV)
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Figure 5. The invariant mass distribution of the diphoton pair, with ms = 91.188GeV and
my = 27GeV.
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Figure 6. N-jets cross-section as a function of the perturbative order for pi* = 20GeV (left) and
as a function of pi® (right), for m3 = 91.188GeV, my = 27GeV.

The invariant mass distribution of the photon pair, shown at figure 5, has its peak in the
126GeV region. The NNLO contributions are overall very small, but induce a slightly more
pronounced correction at the region around the peak, and further stabilise the perturbative
prediction there.
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Figure 7. Transverse momentum (left) and rapidity (right) of the leading jet for mz = 91.188GeV,
my = 27GeV, and pi" = 20GeV.

The N-jet cross section is shown in figure 6. We have implemented the anti-kr algo-
rithm with cone size R = 0.7 and a p%i“ that defines how soft the jet is allowed to be. The
0-,1- and 2-jet cross sections for pIi" = 20GeV are shown in the left panel of figure 6. We
observe that there is a migration of events away from the 1-jet bin at NNLO. On the right
panel we show the dependence of the size of the 0-, 1- and 2-jet bins as a function of p?in.
In general the contribution of the NNLO cross section is at the percent level or lower.

Finally the transverse momentum and rapidity distributions of the leading jet when
the jet algorithm is defined with p" = 20GeV is shown in figure 7. This observable starts

at NLO and the NNLO corrections are seen to be small and negative.

8 Conclusions

We have computed the NNLO corrections to off-shell diphoton production at the large Np
limit, as a first step towards a complete, fully differential NNLO computation of off-shell
diboson production that is necessary for improving the simulation of backgrounds for Higgs
production in the four-lepton channel at the LHC.

We have provided explicit analytic expressions for the necessary two-loop master inte-
grals in terms of classical polylogarithms, using direct integration methods along the lines
of ref. [53].

We have treated the double-real radiation with a direct subtraction method where all
subtraction counterterms are analytically integrated, thanks to the factorized structure of
the singular limits in this process. The approach described is currently restricted to Npg-
type contributions, but is independent of the specific, colourless Born-level final state. For
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a complete NNLO result, further counterterms will be required to subtract the divergences
of the double-real radiation partonic cross-sections. These are simpler to deal with in
comparison with the Np-type double-real radiation which we solved here, since they do
not exhibit any apparent quadratic singularities. A complete method which can be used
for the treatment of the remaining double-real radiation topologies has been presented in
ref. [80] and ref. [96].

We have implemented the NNLO corrections in a fully differential partonic Monte
Carlo code and provided selected differential distributions, demonstrating the numerical
stability of both the double virtual and the double real contributions, in anticipation of a
complete diboson computation.
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A Construction of the set of basis functions

In this appendix we discuss the construction of the set of basis functions introduced in
section 4. More precisely, we construct a linearly independent set of polylogarithmic func-
tions (up to weight four) with prescribed branch cuts reflecting the branch cut structure
of Feynman integrals through which all the integrals considered in this paper can be ex-
pressed. The construction of this basis of functions follows closely the discussion in ref. [53],
where this procedure was already carried out for the subset of three-point functions (see
also ref. [69] for a similar discussion in the context of so-called hexagon functions). In
order to rigorously define the notion of ‘basis’ and ‘linearly independence’ in the context of
polylogarithmic functions, we first give a very brief review of the mathematical properties
of polylogarithmic functions in general before discussing the construction of the basis.

A.1 A lighting review of the Hopf algebra of multiple polylogarithms

In this section we provide a lightning review of the Hopf algebra of multiple polylogarithms,
as it plays a central role in the construction of the basis. First, multiple polylogarithms
form a shuffle algebra,
G(@r)Ghir) = Y G@&r), (A1)
ceauwb
where @ LU b denotes the set of all shuffles of @ and 5, i.e., the set of all mergers of @ and b

that preserve the relative orderings inside @ and b. In the following we denote this algebra
by H. The algebra H is obviously graded by the weight,

H=EH.,  withHp Hn C Himgan, (A.2)

n=0
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where H,, denotes the Q-vector space spanned by all multiple polylogarithms of weight n,
and we set Hg = Q.

Moreover, H can be equipped with a coproduct, turning it into a Hopf algebra. In the
following we refrain from giving a detailed discussion of the Hopf algebra structure and
only concentrate on the essentials that we will need in the following. In a nutshell (and
very loosely speaking), a coproduct is a linear map A : H — H ® H that preserves the
weight and the algebra structure.* For example, for the classical polylogarithms and the
ordinary logarithms we have

A(logr) =1®logr +logr®1,

log® r (A.3)
K

n—1
A(Lin(r)) =1®Lin(r) + Y Lin_4(r) ®
k=0

The advantage of the coproduct lies in the fact that it allows one to decompose a multiple
polylogarithm of a specific weight into pairs of lower weight objects, for which properties
like functional equations are already known. In addition, this decomposition can be iterated
HoHOIH >HIHRXIH — ..., allowing one to decompose the functions into more and
more combinations of functions of lower weight (which we will consider ‘simpler’ in the
following). In the following we denote the by A, . ., the component of the the coproduct
in Hp, ®...°®Hp,. For a multiple polylogarithm of weight n this decomposition naturally
stops when the function has been decomposed into an n-fold tensor product of functions
of weight one, i.e., ordinary logarithms for which all identities are known. This maximal
iteration of the coproduct is known as the symbol map in the literature [87-91].

The coproduct also encodes information on the discontinuities and the derivatives of
a function. More precisely, discontinuities are encoded in the first factor of the coproduct,
while derivatives only act on the second factor [86],

A(DiscF) = (Disc ® id) A(F) and A <£F> = <id® ;) A(F). (A.4)

A.2 Construction of the basis

We now exploit the concepts reviewed in the previous section to construct a basis of func-
tions through which all the integrals presented in this paper can be expressed. The discus-
sion follows very closely the discussion in ref. [53], so we will be brief and online outline
the main steps. Either by analysing explicit results for the integrals or by analysing the
singularities of the differential equations satisfied by the master integrals, we see that the
symbols of the master integrals have all their entries drawn from the set

Ay={r,7F,w, 1 -, 1—-F,r—T,u—w,v—w,w+7r—7rr,w+7—717}, (A.5)

where u = r7, v = (1 — r)(1 — 7) and w were defined in section 4. Note that A4 contains
a subset A3 = {r, 7, 1 —r, 1 — 7, r — 7}, which corresponds to the case of the three-point

“In practise, H is only defined modulo im, and we are working with the H-comodule A = Q[in] ®q H,
and A is a comodule map A : A - A® H with A(im) = iw ® 1 [85, 86]. Since this distinction does not
change the discussion in the following, we prefer not to make this technical distinction at this point in order
not to clutter the discussion.
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functions considered in ref. [53]. Moreover, Cutkosky’s rules imply that the Feynman inte-
grals considered in this paper can only have branch cuts starting at point where u, v, w = 0.
Let from now on H denote the Hopf algebra of all polylogarithmic functions whose sym-
bols have all their entries drawn from the set A4, and H’ its subalgebra consisting of all
functions having at most the branch cuts prescribed by Cutkosky’s rule. Note that H' is
manifestly graded by the weight. Our goal is to find for every weight n (up to weight four)
a basis for H,. In addition, we require this basis to be as ‘simple as possible’; i.e., we
require that the product of two basis functions of weight m and n be an element of the
basis of weight m + n.

A basis for H' can now be constructed recursively in the weight. Indeed, since we
know from eq. (A.4) that discontinuities are encoded in the first entry of the coproduct,
we conclude that®

AHYCH @H. (A.6)

Equation (A.6) is known as the first entry condition [88]. In the rest of this section we
discuss how the first entry condition can be used to construct a basis for H' recursively in
the weight, following the procedure of ref. [53] (see also ref. [92]).

Let us start with weight one. It is easy to see that a basis for H; is given by

By = {logr, log, logw, log(1 — ), log(1 — 7), log(r — 7),

log(u — w), log(v — w), log(w + r — r7), log(w + 7 — r7)}, (A7)
and a basis for the subspace H is
B} = {logu, logv, logw}. (A.8)
Next, we want to construct a basis for H). From eq. (A.6) we know that
A1 (HY) CHy @ Hy, (A.9)
and it is clear that a basis for H} ® H; is given by
Bii={bV @bl €Bjand b€ Bi}. (A.10)

However, not every element of H} ® H; corresponds to a function in H). Let us illustrate
this with an example. Consider the element log(r7) ® logr € H)} ® H1, and suppose that
there is a function f € M4 such that Ay (f) = log(r7) ® logr. Using eq. (A.4) and the
fact that for the total differential d> = 0, we obtain a contradiction, because

0= Ay1(d*f) = dlog(r7) Adlogr = dlog# A dlogr # 0. (A.11)
It can however be shown that

Ara(H)) = {€ € Hy © Ha | (d A d)E = 0}. (A12)

STechnically speaking, ' is an H-comodule.
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This is known as the integrability condition. We can thus write down the most general
linear combination of elements in By; and then solve the integrability condition. The a
basis for the solution space of this problem is at the same time a basis for A; ;(#5). Every
basis element of corresponds to a basis element in Hj, and it is straightforward to find
the corresponding function. Note that we also need to add all those elements £ such that
A11(§) = 0. In our case there is just one such element, namely (3. Carrying out this
procedure at weight two, we find that, besides all possible products of elements of Bj,
there are 4 new basis elements of weight two, which we choose as

G2, Pa(r), Lis <1 - %) , Lip (1 - %) : (A.13)

in agreement with the result quoted in section 4.

This procedure immediately carries over to higher weight. Indeed, assume that we
have constructed a basis B],_; of H!,_;. The first entry condition and the integrability
conditions imply that

Ap1a(Hy) ={(eH, 1 @H1|(dNd)E=0} CH,_ @Hq, (A.14)
and a basis for H],_; ® H; is given by
Bn_171 = {b/ ®b | b e B;L—l and b € Bl} . (A.15)

Starting from the most general linear combination of elements in B,_11, we can solve
the integrability condition and obtain a basis for A,_;;(#H,). To every basis element
corresponds a function in H/, that can easily be constructed. We find that (up to weight
four) the basis elements can be expressed in terms of multiple polylogarithms G(a; z) with

1. a; € {0,u,v,7(=1+7),7(—1+7r)} and z = w,
2. a; € {0,%,% and z =1,
3. a; € {O’%r’ﬁ} and z = 1.

Up to weight four, and omitting products of lower weight functions, we find the following
basis functions,

Bg :{'R;(T,w),R:;(T, w)a QB(T)77D3(T)5P3(1 - T)? C3

(1= 5) 15 1= 2) 1 () - 2)
By :{£i4(u,w),£i4(v,w), (A.16)

RI;l...,E) (7’, w)7 RZ;L..A(T’ w)’ Rz;l,Q(l — w)7 RZ’l(l -, w),

Qi (), Qi (1 =), Qy (r), Pa(r), Pa(1 — 1), Pa(1 = 1/r),

Lis (1—3),Li4 (1—3),Li4 (1—9),Li4 (1—9) }
w w u v
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The basis functions of weight three were already defined in section 4. The new basis
functions of weight four are rather lengthy, and are given as ancillary files attached to the
arXiv submission.

Let us conclude this section by making some comments about our choice of basis
functions.

1. All basis functions are chosen such that they are manifestly real in the Euclidean
region where A(1,u,v) < 0, and thus r and 7 complex conjugate to each other.
Note that, similar to the case of the three-point functions considered in ref. [53],
this implies for fixed values of w all basis functions are single-valued in the complex
r plane. The analytic continuation to other regions can be performed using the
techniques described in section 4.2.

2. We already discussed that our basis is ‘as simple as possible’, in the sense that at
every weight we have to add all possible products of lower weight basis function
the new indecomposable functions defined in egs. (A.13) and (A.16). One could ask
whether the inverse is also true, i.e., whether it is possible to find a linear combination
of indecomposable functions which can be expressed in terms of products of lower
weights (not necessarily basis functions of lower weight). It can be checked that this
is not so. Indeed, in ref. [91, 93, 94] a set of projectors (acting on symbols) was
defined whose kernels are precisely generated by products of lower weights. It is
then easy to check that there is no non-trivial decomposable linear combination of
indecomposable basis functions.

3. The parameterization (4.4) induces a Zz symmetry on the space of functions which
acts by interchanging r and 7, or, equivalently, changes the sign of the square root
VAL, u,v). All our basis functions are eigenfunctions under this symmetry.

4. We already noted that we have the inclusion A3 C Ay, corresponding to the fact
that the massless three point functions are subtopologies of the four-point functions
considered here. In ref. [53] a basis up to weight four for these three-point functions
was constructed. Our basis has been chosen such that all basis functions of ref. [53]
appear explicitly as basis elements in our basis.

B Computation of the master integrals

In this appendix we illustrate how we computed the four-point master integrals defined in
section 4. The method used to compute the integrals follows the algorithm introduced in
ref. [54] (see also ref. [55-61]), which, under certain conditions which are always satisfied
in the following, allows to perform the integrations one at the time.

In a nutshell, the general procedure is the following. If the integral is finite as e — 0,
we can expand the Feynman parameterized integral in € under the integration sign. At
each order in € we then obtain integrands composed of (logarithms of) rational functions of
the Feynman parameters and the external scales. If in addition we find an ordering of the
Feynman parameters such that, after integrating over the first k& Feynman parameters, all
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the polynomials appearing in the integrand are linear in the next Feynman parameter, then
we can perform the next integration trivially using the definition of multiple polylogarithms,
eq. (4.3). Several explicit algorithms to perform the integrations exist [54—61], and we refer
to literature for the details. In the following we content ourselves to discuss the example
of the four-point function B, defined in section 4.

B.1 A representative example: the integral By,

Let us illustrate the algorithm on the representative example of the integrals Bs,, corre-
sponding to the integral

By, = €*71° / Ak d% ! (B.1)
2 (imd/2)2 (k + D)*(k + p1)2(k + p1 + p3)?(k + p1 + p3 + pa)?1? ’

The integral over [ is a massless bubble integral and can be done in closed form

il ! i yievn D (et = §)T(§ —va) T (§ — )
/Z‘ﬂ,d/2 [2]7[(k + )] = (= )2(k2) F(Va)F(ZVb)F(il—ya _ng) , (B.2)

After integration over the bubble, we obtain effectively a one-loop box integral where one
of the propagators is raised to an e-dependent power. Note that this applies to all the two-
loop four-point integrals considered in section 4 and is not specific to By,. After Feynman
parameterization of the remaining one-loop integral, we are left with the following integrals

to compute
1

4

0 i=1

fp(v1,v9,v3,14,d) is the usual Feynman parameterization of the 1-loop box integral for
arbitrary powers v; of propagators in d dimension

1)2T'(v — §
fp(ylyy2ay3ay4,d):(lzlr(f/ le vi—1 V2 11[‘53 1 Z4 1 (B4)
z

v—d 2 2 d_
X (z1 4+ 2o + @3 + x4)" " Y (swoxg + tx123 + MET2T3 + MIT3T4)2

In the case of By, the propagator between the legs p; and ps is raised to the power 1 + €,

fp(1+e1,1,1,4 — 2€) = (_1);;2526; 26)5 (1 — Z:@) (Z Zlfi>3€

2 2
X x{(mixr3rs + mixexs + r123t + T224S)

(B.5)
—2—25‘

Next, we would like to compute this remaining integral using the algorithm outlined at the
beginning of this section. The integral is, however, divergent in d = 4 dimensions, and so
are cannot naively expand in € under the integration sign, but we first need to extract all
the singularities. We first describe our method to extract the singularities, and then we
illustrate the aforementioned algorithm on the resulting finite integrals.
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Extraction of the singularities. The integral contains overlapping singularities that

need to be factorized. After all singularities are factored, we can expand the singular terms

in the integrand in terms of plus-distributions, obtaining a set of finite integrals that can be

expanded in € under the integration sign. In order to extract the singularities, we use the

method of non-linear mappings introduced in ref. [80], which we review in the following.
We start by considering the mapping,

L

T = =) (B.6)
Zj rjA;j
where the A; are constants. We then obtain for the integrand in eq. (B.5),
(—1)>"T(2 + 2¢) 0 (1= w) AT ApAg Ay (3 i Ai)™ af ®B.7)

F(l + 6) (8A2A4$2.%’4 +tA1Aszix3 + m%AQAgwgmg + miA3A4$31'4)2+6

It is possible to remove all the kinematical dependencies from the denominator by solving
the system of equations [95]

AyAy=1/s, A1Az=1/t, AyAz=1/m3, AsAy=1/mj. (B.8)

We obtain the solution for s > 0

m2m2 2 m2
A =34 My —3 B.9
1 St2 b) sm % 3 SmZ’ ( )

(—1)27T(2+26) § (1 — X w;) AT A Az Ay (3 a3 4)% 5
I'(1+e) (o + x3(x1 + 22 + $4))2+26
The § distribution can for example be solved by change of variables

and we get

(B.10)

r3=y1, 2= (1-y)y2, wa=(1-y1)(1-y2)ys, 1= (1-y1)(1-y2)(1—-ys), (B.11)

where the Jacobian of the transformation is (1 — y1)?(1 — yo). Writing 7; = 1 — y; we

arrive at ) .
(—1)27T(2 + 2¢) AT A A3 Ay (X 2 40)* 7 E3J2+€Z'J3

I'(1+e) (F1Y292y3 + 1) 2z

where for the moment we did not apply the change of variables in the sum (3 #;4;) for

(B.12)

better readability. We obtain overlapping singularities that can be factorized completely
by the following non-linear mapping

y1y2(1 — y2)y3
y1y2(1 —y2)yz + (1 —y1)

The Jacobian is cancelled entirely and we end up with a integral free of overlapping singu-

(B.13)

larities. Putting everything together, we obtain,

T(1 - 2)0(2 + 2¢) _
By — — (—1)4 ZeCF / d —1-2¢, —1—2¢
2= = ) T T T o H i) b2 s (B.14)

x AYTC Ay A3 Ay 5 T5 TS (T1y2 A2 + y1Y2Tays Az + T1T2y3As + G15203 A1)
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where the A;’s are given in eq. (B.9). Substituting the functions for the A’s (B.9) and
trading the invariants t,m3,m3 for the variables u,v,w we finally obtain the following
representation for By, (writing the y; again as x;),

ﬁf(l —26)I'(2 + 2¢)
e T(1—¢€)2T'(1+¢)?

1,4 (B.15)
X/(Hdwz> boa (1, T2, 23) 75 1~ Fwy T,

0 =1

Boy = — (_ )—2—26 —€ —Ew—1—46

u v

where the function by, (1, 2, 23) is non-singular inside the integration region and given by
boa (21, 2, 13) = T] Ty “T5(w(uT1 Tz + vI1T2 + T122T2T3) + WVT1Z273)% . (B.16)

The two singularities are located in the variables x5 and z3 in a factorized form as in-
tended. We then perform the expansion in € with the help of the plus-distribution, i.e. by

substituting

gy It = G + [1} + O(e), (B.17)
+

a; € €T;
and we obtain four finite integrals

1

IQa / bga .%'1, 0 0)’

0
1
baa(x1,0,23) — bag(x1,0,0
[2al2 /dwld 2a(2 ””3)1+23 o )7 (B.18)
2exs
0
/ b 0) — baa(z1,0,0)
2a x17x27 2a :1:1, y
IQa /dl’ld 2€x1+26 ,
0
1
baa(21, @2, 3) = b2a (1,0, 23) — ba (1, %2,0) + ba(1,0,0
I5q[4] /dx1dx2dx3 2a(71, 72, 23) 20(21 1+32)6 1+§6( 1,%2,0) 20 (21 )
0 Ty X3

The sum of the four integrals represents the integral in eq. (B.15) up to order O(e). As
each of these integrals is finite, they can be computed using the algorithm outlined at the
beginning of this section. This will be illustrated in the rest of this section.

Doing the integrals. Let us do some of the integration explicitly to give a taste of
the integration using multiple polylogarithms. The integral Is,[1] is trivial and can be
integrated directly without having to expand the integrand in €. Also the integration over
x1 in I94[2] can be performed without any trouble, but let us not do this for the sake of
illustration. The coefficient of €® of I,[2] is given by

. (B.19)

[\)

1
I5a[2] ( 71 /d$33log —vxs + wrs + v) + log (1 — x3) — 3log (v)
z3
0
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where the dependence on z; dropped out and we are left with the integration over x3. The
integrand can be written in terms of multiple polylogarithms

I5,[2] (O(eo)) =—

DO | =

b 3G (iws) + Gllsa)
/d:ﬂg y (BQO)
x3
0
and we can readily integrate over x3 using the definition of multiple polylogarithms,
eq. (4.3). We obtain
3 1

La[2] (O() = =5 G (0, ﬁ; 1> — 560, 151). (B.21)

All the other integrals can be done in this manner.
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References

[1] CDF collaboration, T. Aaltonen et al., Measurement of the W W~ Production Cross
Section and Search for Anomalous WW+~ and WW Z Couplings in pp Collisions at
Vs =1.96 TeV, Phys. Rev. Lett. 104 (2010) 201801 [arXiv:0912.4500] [INSPIRE].

[2] DO collaboration, V.M. Abazov et al., Search for anomalous quartic WW-~~ couplings in
dielectron and missing enerqy final states in pp collisions at /s = 1.96 TeV, Phys. Rev. D 88
(2013) 012005 [arXiv:1305.1258] INSPIRE].

[3] ATLAS collaboration, Measurement of the WW cross section in /s =T TeV pp collisions
with ATLAS, Phys. Rev. Lett. 107 (2011) 041802 [arXiv:1104.5225] INSPIRE].

[4] CDF collaboration, T. Aaltonen et al., Measurement of ZZ production in leptonic final
states at /s of 1.96 TeV at CDF, Phys. Rev. Lett. 108 (2012) 101801 [arXiv:1112.2978]
[INSPIRE].

[5] DO collaboration, V.M. Abazov et al., A measurement of the WZ and ZZ production cross
sections using leptonic final states in 8.6 fb~1 of pp collisions, Phys. Rev. D 85 (2012)
112005 [arXiv:1201.5652] [INSPIRE].

[6] DO collaboration, V.M. Abazov et al., Measurement of the ZZ production cross section and
search for the standard model Higgs boson in the four lepton final state in ppbar collisions,
Phys. Rev. D 88 (2013) 032008 [arXiv:1304.5422] [INSPIRE].

[7] ATLAS collaboration, Measurement of the ZZ production cross section and limits on
anomalous neutral triple gauge couplings in proton-proton collisions at /s = 7 TeV with the
ATLAS detector, Phys. Rev. Lett. 108 (2012) 041804 [arXiv:1110.5016] INSPIRE].

[8] ATLAS collaboration, Measurement of WTW ™ production in pp collisions at \/s =7 TeV
with the ATLAS detector and limits on anomalous WWZ and WW+ couplings, Phys. Rev. D
87 (2013) 112001 [arXiv:1210.2979] [INSPIRE].

[9] ATLAS collaboration, Measurement of W Z production in proton-proton collisions at
Vs =7 TeV with the ATLAS detector, Eur. Phys. J. C 72 (2012) 2173 [arXiv:1208.1390]
[INSPIRE].

43 —


http://creativecommons.org/licenses/by/4.0/
http://dx.doi.org/10.1103/PhysRevLett.104.201801
http://arxiv.org/abs/0912.4500
http://inspirehep.net/search?p=find+EPRINT+arXiv:0912.4500
http://dx.doi.org/10.1103/PhysRevD.88.012005
http://dx.doi.org/10.1103/PhysRevD.88.012005
http://arxiv.org/abs/1305.1258
http://inspirehep.net/search?p=find+EPRINT+arXiv:1305.1258
http://dx.doi.org/10.1103/PhysRevLett.107.041802
http://arxiv.org/abs/1104.5225
http://inspirehep.net/search?p=find+EPRINT+arXiv:1104.5225
http://dx.doi.org/10.1103/PhysRevLett.108.101801
http://arxiv.org/abs/1112.2978
http://inspirehep.net/search?p=find+EPRINT+arXiv:1112.2978
http://dx.doi.org/10.1103/PhysRevD.85.112005
http://dx.doi.org/10.1103/PhysRevD.85.112005
http://arxiv.org/abs/1201.5652
http://inspirehep.net/search?p=find+EPRINT+arXiv:1201.5652
http://dx.doi.org/10.1103/PhysRevD.88.032008
http://arxiv.org/abs/1304.5422
http://inspirehep.net/search?p=find+EPRINT+arXiv:1304.5422
http://dx.doi.org/10.1103/PhysRevLett.108.041804
http://arxiv.org/abs/1110.5016
http://inspirehep.net/search?p=find+EPRINT+arXiv:1110.5016
http://dx.doi.org/10.1103/PhysRevD.87.112001
http://dx.doi.org/10.1103/PhysRevD.87.112001
http://arxiv.org/abs/1210.2979
http://inspirehep.net/search?p=find+EPRINT+arXiv:1210.2979
http://dx.doi.org/10.1140/epjc/s10052-012-2173-0
http://arxiv.org/abs/1208.1390
http://inspirehep.net/search?p=find+EPRINT+arXiv:1208.1390

[10] ATLAS collaboration, Measurement of the W Z production cross section and limits on
anomalous triple gauge couplings in proton-proton collisions at \/s = 7 TeV with the ATLAS
detector, Phys. Lett. B 709 (2012) 341 [arXiv:1111.5570] [InSPIRE].

[11] CMS collaboration, Measurement of the ZZ production cross section and search for
anomalous couplings in 2 12 I’ final states in pp collisions at \/s =7 TeV, JHEP 01 (2013)
063 [arXiv:1211.4890] [INSPIRE].

[12] CMS collaboration, Measurement of WZ and ZZ production in pp collisions at /s =8 TeV
in final states with b-tagged jets, Eur. Phys. J. C 74 (2014) 2973 [arXiv:1403.3047]
[INSPIRE].

[13] J. Ohnemus and J.F. Owens, An Order a~s calculation of hadronic ZZ production, Phys.
Rev. D 43 (1991) 3626 [INSPIRE].

[14] J. Ohnemus, An Order ay calculation of hadronic W*Z production, Phys. Rev. D 44 (1991)
3477 [INSPIRE].

[15] J. Ohnemus, An Order oy calculation of hadronic W~W™ production, Phys. Rev. D 44
(1991) 1403 [INSPIRE].

[16] B. Mele, P. Nason and G. Ridolfi, QCD radiative corrections to Z boson pair production in
hadronic collisions, Nucl. Phys. B 357 (1991) 409 [INSPIRE].

[17] S. Frixione, P. Nason and G. Ridolfi, Strong corrections to W Z production at hadron
colliders, Nucl. Phys. B 383 (1992) 3 [iInSPIRE].

[18] S. Frixione, A Next-to-leading order calculation of the cross-section for the production of
WYW ™ pairs in hadronic collisions, Nucl. Phys. B 410 (1993) 280 [INSPIRE].

[19] U. Baur, T. Han and J. Ohnemus, QCD corrections and nonstandard three vector boson
couplings in WTW ™ production at hadron colliders, Phys. Rev. D 53 (1996) 1098
[hep-ph/9507336] [INSPIRE].

[20] L.J. Dixon, Z. Kunszt and A. Signer, Helicity amplitudes for O(as) production of WTW—,
W*Z, ZZ, W*~, or Zv pairs at hadron colliders, Nucl. Phys. B 531 (1998) 3
[hep-ph/9803250] [INSPIRE].

[21] L.J. Dixon, Z. Kunszt and A. Signer, Vector boson pair production in hadronic collisions at
order a: Lepton correlations and anomalous couplings, Phys. Rev. D 60 (1999) 114037
[hep-ph/9907305] [INSPIRE].

[22] J.M. Campbell and R.K. Ellis, An Update on vector boson pair production at hadron
colliders, Phys. Rev. D 60 (1999) 113006 [hep-ph/9905386] [INSPIRE].

[23] S. Frixione and B.R. Webber, Matching NLO QCD computations and parton shower
simulations, JHEP 06 (2002) 029 [hep-ph/0204244] InSPIRE].

[24] P. Nason and G. Ridolfi, A positive-weight next-to-leading-order Monte Carlo for Z pair
hadroproduction, JHEP 08 (2006) 077 [hep-ph/0606275] [INSPIRE].

[25] K. Hamilton, A positive-weight next-to-leading order simulation of weak boson pair
production, JHEP 01 (2011) 009 [arXiv:1009.5391] [INSPIRE].

[26] S. Hoche, F. Krauss, M. Schonherr and F. Siegert, Automating the POWHEG method in
Sherpa, JHEP 04 (2011) 024 [arXiv:1008.5399] [NSPIRE].

[27] T. Melia, P. Nason, R. Rontsch and G. Zanderighi, WTW~, WZ and ZZ production in the
POWHEG BOX, JHEP 11 (2011) 078 [arXiv:1107.5051] [INSPIRE].

— 44 —


http://dx.doi.org/10.1016/j.physletb.2012.02.053
http://arxiv.org/abs/1111.5570
http://inspirehep.net/search?p=find+EPRINT+arXiv:1111.5570
http://dx.doi.org/10.1007/JHEP01(2013)063
http://dx.doi.org/10.1007/JHEP01(2013)063
http://arxiv.org/abs/1211.4890
http://inspirehep.net/search?p=find+EPRINT+arXiv:1211.4890
http://dx.doi.org/10.1140/epjc/s10052-014-2973-5
http://arxiv.org/abs/1403.3047
http://inspirehep.net/search?p=find+EPRINT+arXiv:1403.3047
http://dx.doi.org/10.1103/PhysRevD.43.3626
http://dx.doi.org/10.1103/PhysRevD.43.3626
http://inspirehep.net/search?p=find+J+Phys.Rev.,D43,3626
http://dx.doi.org/10.1103/PhysRevD.44.3477
http://dx.doi.org/10.1103/PhysRevD.44.3477
http://inspirehep.net/search?p=find+J+Phys.Rev.,D44,3477
http://dx.doi.org/10.1103/PhysRevD.44.1403
http://dx.doi.org/10.1103/PhysRevD.44.1403
http://inspirehep.net/search?p=find+J+Phys.Rev.,D44,1403
http://dx.doi.org/10.1016/0550-3213(91)90475-D
http://inspirehep.net/search?p=find+J+Nucl.Phys.,B357,409
http://dx.doi.org/10.1016/0550-3213(92)90668-2
http://inspirehep.net/search?p=find+J+Nucl.Phys.,B383,3
http://dx.doi.org/10.1016/0550-3213(93)90435-R
http://inspirehep.net/search?p=find+J+Nucl.Phys.,B410,280
http://dx.doi.org/10.1103/PhysRevD.53.1098
http://arxiv.org/abs/hep-ph/9507336
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9507336
http://dx.doi.org/10.1016/S0550-3213(98)00421-0
http://arxiv.org/abs/hep-ph/9803250
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9803250
http://dx.doi.org/10.1103/PhysRevD.60.114037
http://arxiv.org/abs/hep-ph/9907305
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9907305
http://dx.doi.org/10.1103/PhysRevD.60.113006
http://arxiv.org/abs/hep-ph/9905386
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9905386
http://dx.doi.org/10.1088/1126-6708/2002/06/029
http://arxiv.org/abs/hep-ph/0204244
http://inspirehep.net/search?p=find+EPRINT+hep-ph/0204244
http://dx.doi.org/10.1088/1126-6708/2006/08/077
http://arxiv.org/abs/hep-ph/0606275
http://inspirehep.net/search?p=find+EPRINT+hep-ph/0606275
http://dx.doi.org/10.1007/JHEP01(2011)009
http://arxiv.org/abs/1009.5391
http://inspirehep.net/search?p=find+EPRINT+arXiv:1009.5391
http://dx.doi.org/10.1007/JHEP04(2011)024
http://arxiv.org/abs/1008.5399
http://inspirehep.net/search?p=find+EPRINT+arXiv:1008.5399
http://dx.doi.org/10.1007/JHEP11(2011)078
http://arxiv.org/abs/1107.5051
http://inspirehep.net/search?p=find+EPRINT+arXiv:1107.5051

[28]

[29]

R. Frederix et al., Four-lepton production at hadron colliders: aMC@NLQO predictions with
theoretical uncertainties, JHEP 02 (2012) 099 [arXiv:1110.4738] [INSPIRE].

M. Billéni, S. Dittmaier, B. Jager and C. Speckner, Nezt-to-leading order electroweak
corrections to pp — WTW ™ — 4 leptons at the LHC in double-pole approzimation, JHEP 12
(2013) 043 [arXiv:1310.1564] [INSPIRE].

E. Accomando, A. Denner and A. Kaiser, Logarithmic electroweak corrections to gauge-boson
pair production at the LHC, Nucl. Phys. B 706 (2005) 325 [hep-ph/0409247] [INSPIRE].

E. Accomando and A. Kaiser, Electroweak corrections and anomalous triple gauge-boson
couplings in WYW = and W*Z production at the LHC, Phys. Rev. D 73 (2006) 093006
[hep-ph/0511088] [iNSPIRE].

J.H. Kiithn, F. Metzler, A.A. Penin and S. Uccirati, Nexi-to-Next-to-Leading FElectroweak
Logarithms for W-Pair Production ot LHC, JHEP 06 (2011) 143 [arXiv:1101.2563]
[INSPIRE].

A. Bierweiler, T. Kasprzik, J.H. Kiithn and S. Uccirati, Electroweak corrections to W-boson
pair production at the LHC, JHEP 11 (2012) 093 [arXiv:1208.3147| InSPIRE].

A. Bierweiler, T. Kasprzik and J.H. Kiithn, Vector-boson pair production at the LHC to
O(a?3) accuracy, JHEP 12 (2013) 071 [arXiv:1305.5402] [INSPIRE].

J. Baglio, L.D. Ninh and M.M. Weber, Massive gauge boson pair production at the LHC: a
next-to-leading order story, Phys. Rev. D 88 (2013) 113005 [arXiv:1307.4331] [nSPIRE].

J.M. Campbell, R.K. Ellis and C. Williams, Vector boson pair production at the LHC, JHEP
07 (2011) 018 [arXiv:1105.0020] INSPIRE].

M. Grazzini, Soft-gluon effects in WW production at hadron colliders, JHEP 01 (2006) 095
[hep-ph/0510337] [INSPIRE].

S. Dawson, .M. Lewis and M. Zeng, Threshold resummed and approximate
next-to-next-to-leading order results for WHW = pair production at the LHC, Phys. Rev. D
88 (2013) 054028 [arXiv:1307.3249] [INSPIRE].

Y. Wang, C.S. Li, Z.L. Liu, D.Y. Shao and H.T. Li, Transverse-Momentum Resummation for
Gauge Boson Pair Production at the Hadron Collider, Phys. Rev. D 88 (2013) 114017
[arXiv:1307.7520] [INSPIRE].

Y. Wang, C.S. Li, Z.L. Liu and D.Y. Shao, Threshold resummation for W*Z and ZZ pair
production at the LHC, Phys. Rev. D 90 (2014) 034008 [arXiv:1406.1417] INSPIRE].

D.A. Dicus, C. Kao and W.W. Repko, Gluon Production of Gauge Bosons, Phys. Rev. D 36
(1987) 1570 [NSPIRE].

E.W.N. Glover and J.J. van der Bij, Z boson pair production via gluon fusion, Nucl. Phys. B
321 (1989) 561 [INSPIRE].

T. Binoth, M. Ciccolini, N. Kauer and M. Kramer, Gluon-induced WW background to Higgs
boson searches at the LHC, JHEP 03 (2005) 065 [hep-ph/0503094] [INSPIRE].

T. Binoth, M. Ciccolini, N. Kauer and M. Kréamer, Gluon-induced W-boson pair production
at the LHC, JHEP 12 (2006) 046 [hep-ph/0611170] [INSPIRE].

T. Binoth, N. Kauer and P. Mertsch, Gluon-induced QCD corrections to pp — ZZ — L'l
arXiv:0807.0024 [INSPIRE].

45 —


http://dx.doi.org/10.1007/JHEP02(2012)099
http://arxiv.org/abs/1110.4738
http://inspirehep.net/search?p=find+EPRINT+arXiv:1110.4738
http://dx.doi.org/10.1007/JHEP12(2013)043
http://dx.doi.org/10.1007/JHEP12(2013)043
http://arxiv.org/abs/1310.1564
http://inspirehep.net/search?p=find+EPRINT+arXiv:1310.1564
http://dx.doi.org/10.1016/j.nuclphysb.2004.11.019
http://arxiv.org/abs/hep-ph/0409247
http://inspirehep.net/search?p=find+EPRINT+hep-ph/0409247
http://dx.doi.org/10.1103/PhysRevD.73.093006
http://arxiv.org/abs/hep-ph/0511088
http://inspirehep.net/search?p=find+EPRINT+hep-ph/0511088
http://dx.doi.org/10.1007/JHEP06(2011)143
http://arxiv.org/abs/1101.2563
http://inspirehep.net/search?p=find+EPRINT+arXiv:1101.2563
http://dx.doi.org/10.1007/JHEP11(2012)093
http://arxiv.org/abs/1208.3147
http://inspirehep.net/search?p=find+EPRINT+arXiv:1208.3147
http://dx.doi.org/10.1007/JHEP12(2013)071
http://arxiv.org/abs/1305.5402
http://inspirehep.net/search?p=find+EPRINT+arXiv:1305.5402
http://dx.doi.org/10.1103/PhysRevD.88.113005
http://arxiv.org/abs/1307.4331
http://inspirehep.net/search?p=find+EPRINT+arXiv:1307.4331
http://dx.doi.org/10.1007/JHEP07(2011)018
http://dx.doi.org/10.1007/JHEP07(2011)018
http://arxiv.org/abs/1105.0020
http://inspirehep.net/search?p=find+EPRINT+arXiv:1105.0020
http://dx.doi.org/10.1088/1126-6708/2006/01/095
http://arxiv.org/abs/hep-ph/0510337
http://inspirehep.net/search?p=find+EPRINT+hep-ph/0510337
http://dx.doi.org/10.1103/PhysRevD.88.054028
http://dx.doi.org/10.1103/PhysRevD.88.054028
http://arxiv.org/abs/1307.3249
http://inspirehep.net/search?p=find+EPRINT+arXiv:1307.3249
http://dx.doi.org/10.1103/PhysRevD.88.114017
http://arxiv.org/abs/1307.7520
http://inspirehep.net/search?p=find+EPRINT+arXiv:1307.7520
http://dx.doi.org/10.1103/PhysRevD.90.034008
http://arxiv.org/abs/1406.1417
http://inspirehep.net/search?p=find+EPRINT+arXiv:1406.1417
http://dx.doi.org/10.1103/PhysRevD.36.1570
http://dx.doi.org/10.1103/PhysRevD.36.1570
http://inspirehep.net/search?p=find+J+Phys.Rev.,D36,1570
http://dx.doi.org/10.1016/0550-3213(89)90262-9
http://dx.doi.org/10.1016/0550-3213(89)90262-9
http://inspirehep.net/search?p=find+J+Nucl.Phys.,B321,561
http://dx.doi.org/10.1088/1126-6708/2005/03/065
http://arxiv.org/abs/hep-ph/0503094
http://inspirehep.net/search?p=find+EPRINT+hep-ph/0503094
http://dx.doi.org/10.1088/1126-6708/2006/12/046
http://arxiv.org/abs/hep-ph/0611170
http://inspirehep.net/search?p=find+EPRINT+hep-ph/0611170
http://arxiv.org/abs/0807.0024
http://inspirehep.net/search?p=find+EPRINT+arXiv:0807.0024

[46]

[47]

[61]

[62]

[63]

[64]

C. Anastasiou, E.W.N. Glover and M.E. Tejeda-Yeomans, Two loop QED and QCD
corrections to massless fermion boson scattering, Nucl. Phys. B 629 (2002) 255
[hep-ph/0201274] [INSPIRE].

S. Catani, L. Cieri, D. de Florian, G. Ferrera and M. Grazzini, Diphoton production at
hadron colliders: a fully-differential QCD calculation at NNLO, Phys. Rev. Lett. 108 (2012)
072001 [arXiv:1110.2375] [INSPIRE].

F. Cascioli et al., ZZ production at hadron colliders in NNLO QCD, Phys. Lett. B 735
(2014) 311 [arXiv:1405.2219] [INSPIRE].

P. Nogueira, Automatic Feynman graph generation, J. Comput. Phys. 105 (1993) 279
[INSPIRE].

J. Kuipers, T. Ueda, J.A.M. Vermaseren and J. Vollinga, FORM wversion 4.0, Comput. Phys.
Commun. 184 (2013) 1453 [arXiv:1203.6543] [INSPIRE].

S. Laporta, High precision calculation of multiloop Feynman integrals by difference equations,
Int. J. Mod. Phys. A 15 (2000) 5087 [hep-ph/0102033] [INSPIRE].

C. Anastasiou and A. Lazopoulos, Automatic integral reduction for higher order perturbative
calculations, JHEP 07 (2004) 046 [hep-ph/0404258] [INSPIRE].

F. Chavez and C. Duhr, Three-mass triangle integrals and single-valued polylogarithms,
JHEP 11 (2012) 114 [arXiv:1209.2722] [inSPIRE].

F. Brown, The Massless higher-loop two-point function, Commun. Math. Phys. 287 (2009)
925 [arXiv:0804.1660] [INSPIRE].

J. Ablinger et al., Massive 3-loop Ladder Diagrams for Quarkonic Local Operator Matrix
Elements, Nucl. Phys. B 864 (2012) 52 [arXiv:1206.2252] [INSPIRE].

C. Bogner and F. Brown, Symbolic integration and multiple polylogarithms, PoS LL2012
(2012) 053 [arXiv:1209.6524] [INSPIRE].

C. Anastasiou, C. Duhr, F. Dulat and B. Mistlberger, Soft triple-real radiation for Higgs
production at N3LO, JHEP 07 (2013) 003 [arXiv:1302.4379] InSPIRE].

E. Panzer, On hyperlogarithms and Feynman integrals with divergences and many scales,
JHEP 03 (2014) 071 [arXiv:1401.4361] [INSPIRE].

E. Panzer, Algorithms for the symbolic integration of hyperlogarithms with applications to
Feynman integrals, Comput. Phys. Commun. 188 (2014) 148 [arXiv:1403.3385] [INSPIRE].

J. Ablinger, J. Bliimlein, C. Raab, C. Schneider and F. Wissbrock, Calculating Massive
3-loop Graphs for Operator Matriz Elements by the Method of Hyperlogarithms, Nucl. Phys.
B 885 (2014) 409 [arXiv:1403.1137] [INSPIRE].

C. Bogner and F. Brown, Feynman integrals and iterated integrals on moduli spaces of curves
of genus zero, arXiv:1408.1862 [INSPIRE].

T. Gehrmann, A. von Manteuffel, L. Tancredi and E. Weihs, The two-loop master integrals
for qg — V'V, JHEP 06 (2014) 032 [arXiv:1404.4853] [INSPIRE].

C.G. Papadopoulos, Simplified differential equations approach for Master Integrals, JHEP 07
(2014) 088 [arXiv:1401.6057] [INSPIRE].

J.M. Henn, K. Melnikov and V.A. Smirnov, Two-loop planar master integrals for the
production of off-shell vector bosons in hadron collisions, JHEP 05 (2014) 090
[arXiv:1402.7078] [INSPIRE].

— 46 —


http://dx.doi.org/10.1016/S0550-3213(02)00140-2
http://arxiv.org/abs/hep-ph/0201274
http://inspirehep.net/search?p=find+EPRINT+hep-ph/0201274
http://dx.doi.org/10.1103/PhysRevLett.108.072001
http://dx.doi.org/10.1103/PhysRevLett.108.072001
http://arxiv.org/abs/1110.2375
http://inspirehep.net/search?p=find+EPRINT+arXiv:1110.2375
http://dx.doi.org/10.1016/j.physletb.2014.06.056
http://dx.doi.org/10.1016/j.physletb.2014.06.056
http://arxiv.org/abs/1405.2219
http://inspirehep.net/search?p=find+EPRINT+arXiv:1405.2219
http://dx.doi.org/10.1006/jcph.1993.1074
http://inspirehep.net/search?p=find+J+J.Comput.Phys.,105,279
http://dx.doi.org/10.1016/j.cpc.2012.12.028
http://dx.doi.org/10.1016/j.cpc.2012.12.028
http://arxiv.org/abs/1203.6543
http://inspirehep.net/search?p=find+EPRINT+arXiv:1203.6543
http://dx.doi.org/10.1016/S0217-751X(00)00215-7
http://arxiv.org/abs/hep-ph/0102033
http://inspirehep.net/search?p=find+EPRINT+hep-ph/0102033
http://dx.doi.org/10.1088/1126-6708/2004/07/046
http://arxiv.org/abs/hep-ph/0404258
http://inspirehep.net/search?p=find+EPRINT+hep-ph/0404258
http://dx.doi.org/10.1007/JHEP11(2012)114
http://arxiv.org/abs/1209.2722
http://inspirehep.net/search?p=find+EPRINT+arXiv:1209.2722
http://dx.doi.org/10.1007/s00220-009-0740-5
http://dx.doi.org/10.1007/s00220-009-0740-5
http://arxiv.org/abs/0804.1660
http://inspirehep.net/search?p=find+EPRINT+arXiv:0804.1660
http://dx.doi.org/10.1016/j.nuclphysb.2012.06.007
http://arxiv.org/abs/1206.2252
http://inspirehep.net/search?p=find+EPRINT+arXiv:1206.2252
http://arxiv.org/abs/1209.6524
http://inspirehep.net/search?p=find+EPRINT+arXiv:1209.6524
http://dx.doi.org/10.1007/JHEP07(2013)003
http://arxiv.org/abs/1302.4379
http://inspirehep.net/search?p=find+EPRINT+arXiv:1302.4379
http://dx.doi.org/10.1007/JHEP03(2014)071
http://arxiv.org/abs/1401.4361
http://inspirehep.net/search?p=find+EPRINT+arXiv:1401.4361
http://dx.doi.org/10.1016/j.cpc.2014.10.019
http://arxiv.org/abs/1403.3385
http://inspirehep.net/search?p=find+EPRINT+arXiv:1403.3385
http://dx.doi.org/10.1016/j.nuclphysb.2014.04.007
http://dx.doi.org/10.1016/j.nuclphysb.2014.04.007
http://arxiv.org/abs/1403.1137
http://inspirehep.net/search?p=find+EPRINT+arXiv:1403.1137
http://arxiv.org/abs/1408.1862
http://inspirehep.net/search?p=find+EPRINT+arXiv:1408.1862
http://dx.doi.org/10.1007/JHEP06(2014)032
http://arxiv.org/abs/1404.4853
http://inspirehep.net/search?p=find+EPRINT+arXiv:1404.4853
http://dx.doi.org/10.1007/JHEP07(2014)088
http://dx.doi.org/10.1007/JHEP07(2014)088
http://arxiv.org/abs/1401.6057
http://inspirehep.net/search?p=find+EPRINT+arXiv:1401.6057
http://dx.doi.org/10.1007/JHEP05(2014)090
http://arxiv.org/abs/1402.7078
http://inspirehep.net/search?p=find+EPRINT+arXiv:1402.7078

[65] A.B. Goncharov, Multiple polylogarithms, cyclotomy and modular complexes, Math. Res.
Lett. 5 (1998) 497 [arXiv:1105.2076] [InSPIRE].

[66] A.B. Goncharov, Multiple polylogarithms and mized Tate motives, math/0103059 [INSPIRE].

[67] J.M. Drummond, Generalised ladders and single-valued polylogarithms, JHEP 02 (2013) 092
[arXiv:1207.3824] [INSPIRE].

[68] O. Schnetz, Graphical functions and single-valued multiple polylogarithms, arXiv:1302.6445
[INSPIRE].

[69] L.J. Dixon, J.M. Drummond, M. von Hippel and J. Pennington, Hezagon functions and the
three-loop remainder function, JHEP 12 (2013) 049 [arXiv:1308.2276] [INSPIRE].

[70] A.V. Smirnov, FIESTA 3: cluster-parallelizable multiloop numerical calculations in physical
regions, Comput. Phys. Commun. 185 (2014) 2090 [arXiv:1312.3186] [INSPIRE].

[71] T. Binoth and G. Heinrich, An automatized algorithm to compute infrared divergent
multiloop integrals, Nucl. Phys. B 585 (2000) 741 [hep-ph/0004013] [INSPIRE].

[72] C.W. Bauer, A. Frink and R. Kreckel, Introduction to the GiNaC framework for symbolic
computation within the C++ programming language, J. Symb. Comput. 33 (2002) 1.

[73] J. Vollinga and S. Weinzierl, Numerical evaluation of multiple polylogarithms, Comput. Phys.
Commun. 167 (2005) 177 [hep-ph/0410259] [INSPIRE].

[74] N.I. Usyukina and A.L. Davydychev, New results for two loop off-shell three point diagrams,
Phys. Lett. B 332 (1994) 159 [hep-ph/9402223] [INSPIRE].

[75] G.’t Hooft and M.J.G. Veltman, Scalar One Loop Integrals, Nucl. Phys. B 153 (1979) 365
[INSPIRE].

[76] T.G. Birthwright, E-W.N. Glover and P. Marquard, Master integrals for massless two-loop
vertex diagrams with three offshell legs, JHEP 09 (2004) 042 [hep-ph/0407343] [INSPIRE].

[77] A.L Davydychev, Explicit results for all orders of the e-expansion of certain massive and
massless diagrams, Phys. Rev. D 61 (2000) 087701 [hep-ph/9910224] [nSPIRE].

[78] S. Catani and M. Grazzini, Infrared factorization of tree level QCD amplitudes at the
next-to-next-to-leading order and beyond, Nucl. Phys. B 570 (2000) 287 [hep-ph/9908523]
[INSPIRE].

[79] T. Huber and D. Maitre, HypFxzp: A Mathematica package for expanding hypergeometric
functions around integer-valued parameters, Comput. Phys. Commun. 175 (2006) 122
[hep-ph/0507094] [INSPIRE].

[80] C. Anastasiou, F. Herzog and A. Lazopoulos, On the factorization of overlapping
singularities at NNLO, JHEP 03 (2011) 038 [arXiv:1011.4867] [INSPIRE].

[81] S. Buehler and C. Duhr, CHAPLIN — Complex Harmonic Polylogarithms in Fortran,
arXiv:1106.5739 [INSPIRE].

[82] S. Catani, The Singular behavior of QCD amplitudes at two loop order, Phys. Lett. B 427
(1998) 161 [hep-ph/9802439] [INSPIRE].

[83] J. Campbell and K. Ellis, MCFM — Monte Carlo for FeMtobarn processes,
http://mcfm.fnal.gov.

[84] A.D. Martin, W.J. Stirling, R.S. Thorne and G. Watt, Parton distributions for the LHC,
Eur. Phys. J. C 63 (2009) 189 [arXiv:0901.0002] [NSPIRE].

47 —


http://dx.doi.org/10.4310/MRL.1998.v5.n4.a7
http://dx.doi.org/10.4310/MRL.1998.v5.n4.a7
http://arxiv.org/abs/1105.2076
http://inspirehep.net/search?p=find+EPRINT+arXiv:1105.2076
http://arxiv.org/abs/math/0103059
http://inspirehep.net/search?p=find+EPRINT+math/0103059
http://dx.doi.org/10.1007/JHEP02(2013)092
http://arxiv.org/abs/1207.3824
http://inspirehep.net/search?p=find+EPRINT+arXiv:1207.3824
http://arxiv.org/abs/1302.6445
http://inspirehep.net/search?p=find+EPRINT+arXiv:1302.6445
http://dx.doi.org/10.1007/JHEP12(2013)049
http://arxiv.org/abs/1308.2276
http://inspirehep.net/search?p=find+EPRINT+arXiv:1308.2276
http://dx.doi.org/10.1016/j.cpc.2014.03.015
http://arxiv.org/abs/1312.3186
http://inspirehep.net/search?p=find+EPRINT+arXiv:1312.3186
http://dx.doi.org/10.1016/S0550-3213(00)00429-6
http://arxiv.org/abs/hep-ph/0004013
http://inspirehep.net/search?p=find+EPRINT+hep-ph/0004013
http://dx.doi.org/10.1006/jsco.2001.0494
http://dx.doi.org/10.1016/j.cpc.2004.12.009
http://dx.doi.org/10.1016/j.cpc.2004.12.009
http://arxiv.org/abs/hep-ph/0410259
http://inspirehep.net/search?p=find+EPRINT+hep-ph/0410259
http://dx.doi.org/10.1016/0370-2693(94)90874-5
http://arxiv.org/abs/hep-ph/9402223
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9402223
http://dx.doi.org/10.1016/0550-3213(79)90605-9
http://inspirehep.net/search?p=find+J+Nucl.Phys.,B153,365
http://dx.doi.org/10.1088/1126-6708/2004/09/042
http://arxiv.org/abs/hep-ph/0407343
http://inspirehep.net/search?p=find+EPRINT+hep-ph/0407343
http://dx.doi.org/10.1103/PhysRevD.61.087701
http://arxiv.org/abs/hep-ph/9910224
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9910224
http://dx.doi.org/10.1016/S0550-3213(99)00778-6
http://arxiv.org/abs/hep-ph/9908523
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9908523
http://dx.doi.org/10.1016/j.cpc.2006.01.007
http://arxiv.org/abs/hep-ph/0507094
http://inspirehep.net/search?p=find+EPRINT+hep-ph/0507094
http://dx.doi.org/10.1007/JHEP03(2011)038
http://arxiv.org/abs/1011.4867
http://inspirehep.net/search?p=find+EPRINT+arXiv:1011.4867
http://arxiv.org/abs/1106.5739
http://inspirehep.net/search?p=find+EPRINT+arXiv:1106.5739
http://dx.doi.org/10.1016/S0370-2693(98)00332-3
http://dx.doi.org/10.1016/S0370-2693(98)00332-3
http://arxiv.org/abs/hep-ph/9802439
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9802439
http://xxx.lanl.gov/abs/http://mcfm.fnal.gov
http://dx.doi.org/10.1140/epjc/s10052-009-1072-5
http://arxiv.org/abs/0901.0002
http://inspirehep.net/search?p=find+EPRINT+arXiv:0901.0002

[85]
[86]

[87]

[91]

[92]

[93]
[94]

F. Brown, On the decomposition of motivic multiple zeta values, arXiv:1102.1310 INSPIRE].

C. Duhr, Hopf algebras, coproducts and symbols: an application to Higgs boson amplitudes,
JHEP 08 (2012) 043 [arXiv:1203.0454] [INSPIRE].

A.B. Goncharov, A simple construction of Grassmannian polylogarithms, arXiv:0908.2238
[INSPIRE].

K.-T. Chen, Iterated path integrals, Bull. Am. Math. Soc. 83 (1977) 831.

F.C.S. Brown, Multiple zeta values and periods of moduli spaces My, Annales Sci. Ecole
Norm. Sup. 42 (2009) 371 [math/0606419] [INSPIRE].

A .B. Goncharov, M. Spradlin, C. Vergu and A. Volovich, Classical Polylogarithms for
Amplitudes and Wilson Loops, Phys. Rev. Lett. 105 (2010) 151605 [arXiv:1006.5703]
[INSPIRE].

C. Duhr, H. Gangl and J.R. Rhodes, From polygons and symbols to polylogarithmic
functions, JHEP 10 (2012) 075 [arXiv:1110.0458] [INSPIRE].

F. Brown, Single-valued multiple polylogarithms in one variable, C. R. Acad. Sci. Paris 338
(2004) 527.

R. Ree, Lie elements and an algebra associated with shuffles, Ann. Math. 68 (1958) 210.

G. Griffing, Dual Lie Elements and a Derivation for the Cofree Coassociative Coalgebra,
Proc. Am. Math. Soc. 123 (1995) 3269.

Z. Bern, L.J. Dixon and D.A. Kosower, Dimensionally requlated pentagon integrals, Nucl.
Phys. B 412 (1994) 751 [hep-ph/9306240] [INSPIRE].

S. Biihler, F. Herzog, A. Lazopoulos and R. Miiller, The fully differential hadronic production
of a Higgs boson via bottom quark fusion at NNLO, JHEP 07 (2012) 115 [arXiv:1204.4415]
[INSPIRE].

48 —


http://arxiv.org/abs/1102.1310
http://inspirehep.net/search?p=find+EPRINT+arXiv:1102.1310
http://dx.doi.org/10.1007/JHEP08(2012)043
http://arxiv.org/abs/1203.0454
http://inspirehep.net/search?p=find+EPRINT+arXiv:1203.0454
http://arxiv.org/abs/0908.2238
http://inspirehep.net/search?p=find+EPRINT+arXiv:0908.2238
http://arxiv.org/abs/math/0606419
http://inspirehep.net/search?p=find+EPRINT+math/0606419
http://dx.doi.org/10.1103/PhysRevLett.105.151605
http://arxiv.org/abs/1006.5703
http://inspirehep.net/search?p=find+EPRINT+arXiv:1006.5703
http://dx.doi.org/10.1007/JHEP10(2012)075
http://arxiv.org/abs/1110.0458
http://inspirehep.net/search?p=find+EPRINT+arXiv:1110.0458
http://dx.doi.org/10.1016/0550-3213(94)90398-0
http://dx.doi.org/10.1016/0550-3213(94)90398-0
http://arxiv.org/abs/hep-ph/9306240
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9306240
http://dx.doi.org/10.1007/JHEP07(2012)115
http://arxiv.org/abs/1204.4415
http://inspirehep.net/search?p=find+EPRINT+arXiv:1204.4415

	Introduction
	Setup and notation
	Virtual corrections
	Master integrals
	Analytic results in the Euclidean region
	Analytic continuation into the physical region

	Single-real contributions
	Quark-antiquark channels
	(Anti-)quark gluon channels

	Double-real contributions
	Semi differential subtraction
	Fully differential subtraction

	Numerical results
	Conclusions
	Construction of the set of basis functions
	A lighting review of the Hopf algebra of multiple polylogarithms
	Construction of the basis

	Computation of the master integrals
	A representative example: the integral B(2a)


