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1 Introduction

Understanding the stable 5-dimensional objects of M-theory known as M5-branes is one of
the most important open questions in string theory. A stack of coincident M5-branes in
flat background can be described by a 6d superconformal theory with (2, 0) supersymmetry
which is dual to M-theory in AdS; x S%, although very little is known about the model
since it is intrinsically strongly coupled. A lot of progress has been made by dimensionally
reducing the theory or computing quantities protected by supersymmetry, but ultimately
one wants to compute unprotected quantities in six dimensions. In this regard, a very
promising strategy is the conformal bootstrap, which aims to use the operator product ex-
pansion (OPE) and crossing symmetry of four-point correlators to fix the OPE coefficients
and scaling dimensions of the theory (collectively known as the OPE data) [1-4]. This
approach was first applied to the 6d (2,0) theory in [5].

In this paper, we analyse four-point correlation functions of stress tensor multiplets
in the 6d (2,0) theory in the limit of large central charge, c¢. In [6] the form of the
first corrections to the correlator (due to higher-derivative terms in the M-theory action)
were found. The method there was to conjecture the form of suitable crossing symmetric
functions and then check that the conformal block expansions of the resulting functions had
the expected spin truncation. The main aim of this paper is to derive these spin truncated



solutions directly from the crossing equations, confirming the results of [6] as well as giving
an alternative and more direct method for obtaining higher-derivative results.

Our main strategy, adapted from the seminal work of [7], is to expand the crossing
equations in the inverse central charge and then take a certain limit of the conformal cross
ratios to isolate the terms in the conformal block expansion corresponding to anomalous
dimensions of double-trace operators. We then truncate the conformal block expansion in
spin and use the orthogonality of the hypergeometric functions in the superconformal blocks
to derive a recursion relation for the anomalous dimensions. For truncated spin L, we find
that the solution to the recursion relation depends on (L + 2)(L + 4)/8 free parameters,
in agreement with holographic arguments of [7] and with the explicit four-point functions
found in [6]. In particular, they can be thought of as the coefficients of higher-derivative
corrections to supergravity in AdS; x S* arising from M-theory [6] (see [8, 9] for similar
results in A'=4 super Yang-Mills theory).

A strategy for fixing the coefficients using a chiral algebra conjecture [10] was recently
proposed in [11]. Moreover, the M-theory effective action can also be deduced from correla-
tors of the ABJM theory [12], which is dual to M-theory in AdS;x S” [13, 14]. As a warm-up
for our analysis in the (2,0) theory, we first derive recursion relations for anomalous di-
mensions in an abstract non-supersymmetric 6d conformal field theory (CFT), which we
match against the conformal block expansion of Witten diagrams for a massive scalar field
in AdS7. The recursion relations we obtain for this toy model and the (2,0) theory can be
efficiently solved using a computer, and we include the Mathematica file 6drecursion.nb
for doing so.

The structure of this paper is as follows. In section 2 we derive recursion relations for
anomalous dimensions in a toy 6d model and match the solutions against the conformal
block expansion of Witten diagrams in AdS7. In section 3, we then adapt this analysis to
the 6d (2, 0) theory, and match the solutions of the supersymmetric recursion relations with
the results obtained in [6]. In section 4 we present our conclusions and future directions.
There are also several appendices. In appendix A, we provide formulas for the conformal
blocks in terms of hypergeometric functions and in appendix B we derive inner products
for these functions. In appendix C we describe a general algorithm for solving the recursion
relations for anomalous dimensions, and in appendix D we describe the solutions for spin

truncation L = 2.

2 Toy model

In [7] the authors considered four-point correlators of scalar operators in an abstract non-
supersymmetric CF'T in two and four dimensions, and showed that the solutions to the
crossing equations whose conformal block expansion is truncated in spin are in one-to-one
correspondence with local quartic interactions of a massive scalar field in AdS (modulo
integration by parts and equations of motion). In this section, we will carry out a similar
analysis for a toy model in six dimensions as a warm up for our analysis of the 6d (2,0)
theory in the next section. In particular, we will analyse four-point correlators of a scalar



operator O with classical dimension Ag. A four-point correlator then has the form [15]
F(u,v)
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where Z; is the position of the i’th operator, Ty = (@ — Z5)°, and F is a function of the
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where we will use the variables (u,v) interchangeably with (z, Z). Note that exchanging ¥y
with &4 corresponds to exchanging u and v, or (z,z) with (1 — 2,1 — z). Invariance of the
correlator under this exchange (known as crossing symmetry) then implies the following
constraint on F":

VRO F (u,v) = uROF (v, u). (2.3)

In this model, the primary double-trace operators are schematically
Oni =00, ...0,0o"0, (2.4)

which have scaling dimension A = 2n + [ + 2Ag + O(1/c), spin [ and naive twist 2n +
2A¢. The conformal block expansion of F'(u,v) is then given by the following sum over
primary operators:

Fu,0) = Y Ap GR(2,2), (2.5)

n,>0
where A,,; are OPE coefficients and G%,l are the bosonic conformal blocks given in terms
of hypergeometric functions in appendix A, which implicitly depend on n through the
scaling dimensions of the conformal primary operator A. Note that A, ; = 0 when [ is odd
since operators with an odd number of derivatives in the OPE of two identical operators
correspond to descendants.
The free disconnected part of the four-point correlator is given by

1 1

F(u,v)free-dise = 1 + uBo + o (2.6)
and its conformal block expansion gives the leading contribution to the OPE coefficients
A0 _ 2 (142) (280 +1+2n —2) (20¢ + 1+ 2n — 3) ((Ag + n — 3)!)?
(Ao = 32 ((Ag — DY)? 0l (1+ 1+ 2)! (240 4 20 — 6)! (240 + 20 + 21 — 2)!
X (Ao +1+n—1)2 (200 +n—6)! (200 4+ 1 + 1 — 4)! (2.7)

In the next subsection, we will derive recursion relations for the anomalous dimensions 7, ;.
After solving the recursion relations, we can then deduce the 1/¢ correction to the OPE
coeflicients AS? using the following formula:

1
Al = S0 (A ) - (2.8)

This formula was first found in two and four dimensions [7, 16] and was subsequently
observed to hold in six dimensions [6].



2.1 Recursion

In this subsection, we will derive a formula for the anomalous dimensions of double-trace
operators in the toy 6d CFT described above following the method developed for 2d and 4d
CFT’s in [7]. This formula will be written as a sum over the spin of the operators and will
depend on two non-negative integers p and g. Truncating the sum over spin to maximum
spin L and choosing p and ¢ appropriately will then give rise to recursion relations for the
anomalous dimensions, which can be solved for arbitrary twist and spin ! < L in terms
of (L + 2)(L + 4)/8 free parameters, in agreement with counting of solutions in lower
dimensions and holographic arguments, as we will describe in the next subsection.
The first step is to expand the OPE data in 1/c:

1 1
An,l:A()+CA() 5 A:2n+l+2AO+27n,l+-~- (29)

Expanding the conformal block decomposition (2.5) in 1/c¢ and inserting this into the
crossing equation (2.3) then gives!

vAo Z [AS; Gg’l(z,z) + A( 3%18 GAl(z z)] —(u <> v)=0. (2.10)

n, >0

Note that the conformal blocks are given as a sum of products of hypergeometrics with the
schematic form

GR,(2,2) Z 3 ka(2)ks(2), (2.11)
where A\ = z — Z and

kp(2) = 2F1(8/2,8/2, 8, 2) (2.12)

(see appendix A for the exact form of the blocks). From this we see that ﬁnGgl(z,Z)
gives a contribution of the form log(u) = log(zz), and the analogous term in the cross
channel will contribute log((1 —2)(1—z)). As a result, we can isolate the terms containing
the anomalous dimensions in both channels simultaneously by taking the log(z)log(1 — 2)
coefficient of the crossing equation as z — 0 and Z — 1. In order for the crossing equation
to be consistent, the log(z) coming from anGzl(z,E) must thus be accompanied by a
log(1 — z). Such terms indeed arise from the hypergeometrics depending on z after making
use of the relation

ks(2) = log(1 — %) ks(1 — Z) + holomorphic at z = 1, (2.13)
where

e
%(2) = ~Fia

Similarly, the hypergeometrics depending on 1—z in the cross channel will give rise to log(z).

S2F1 (/2,8/2,1,2). (2.14)

!Note that in general there will be degeneracy in the free theory, so more than one operator with each
given naive dimension and spin, so in (2.10) the free conformal block coefficient gives a sum over these
operators of three-point coefficients squared, AS); = Zi<Avoi>2. Then 7, is in reality the so-called
“averaged anomalous dimension” v,,,; = (Zi<Avoi>2 fyn,l,i)/(zonAoi)z) where 7,,,1,; are the anomalous
dimensions of the individual operators. To obtain the individual anomalous dimensions requires more data,

for example four-point functions of operators with different dimensions.



In summary, we take the log(z)log(l — z) coefficient of (2.10) as z — 0 and z — 1
yielding the refined crossing equation:

A 0 B =
v=0 Z Ag} Tn,l (8nG2n+l+2A0,l(za Z)) ‘logzlog(l—i)
n,[>0

_ A (0) B _
=u~° Z An,l 7n7l (8nG2n+l+2A0,l(l -z 1- Z)) |10gzlog(1—§) ) (215)
n, >0

into which we insert (the precise forms of)(2.11) and (2.13) to obtain sums of terms of the
form kq(2)ks(1 — 2) and kq(1 — Z)kg(z). To extract a purely numerical recursion relation
we then multiply the resulting equation by

Fooge)  apl(i—2)
25—Ao0+q (1 — 5)5—A0+P’

(2.16)

where p and ¢ are arbitrary non-negative integers, and perform the contour integrals
$ L 5 L= where the contours encircle (z,z) = (0,1). Using the orthogonality of the

2ms)?
hypergeometrics obtained in [7] (for more details see appendix B)

dz ’
5m,m/ = % T Zmm ! ]{72m+4(z) k’72m/72(z)7 (217)
Yy’

and defining the integral

dz (1—z)m~ Aot+3
T = f{ e Ban(2) B (2), (2.18)

we finally arrive at the following equation:

L oo
=> ) AL )% ! [ + 1) (0g14+n+3ZA0+n—3,p+20—4 — OgnLAg+i+n,p+Ag—1)
=0 n=0

+ (1 +3) (Ognt+1Za0-+1+n—1,p+20—4 — Ogitnt+2Lao+n—2,p+A0—4)

+ Pn,l (5q,l+n+SIAo+n—1,p+Ao—4 - 5q,n+QIAo+l+n,p+Ao—4)

+ Qn,l (5q,n+1IAg+l+n+1,p+Agf4 - 5q,l+n+4IA0+n—2,p+A0—4> - (q <~ p)]v

(2.19)
where
P, = (143) (Ao +n—2)2 (200 + 1 + 2n — 4) |
’ 4200 4+2n —5) (240 +2n —3) (2A¢0+ 1+ 2n —2)
Qi = (14 1) (Ao + 1 +n)? (280 + 1 +2n — 4) 2.30)

42004+ 142n—2) (2800 4+20+2n—1) (280 + 20 +2n+ 1)’

Note that we have truncated the sum over spins in (2.19) to a maximum spin L. Recursion
relations for the anomalous dimensions are then obtained by making particular choices of
p and ¢, and the solutions are labelled by L. In the next section we will explain how to
solve the recursion relations for L = 0,2 and describe the general algorithm in appendix C.



2.2 Solutions

Let us first consider the L = 0 spin truncation in (2.19). In this case, setting ¢ = 0 leads
to the following recursion relation in terms of p:

4
0 0
IAQ,p+A0—4A(()7())'YO,O = Z CaA,(,_)ap’yp—a,o, (2.21)
a=0

where

CO = Ip+A0 Aog—4>

Cl= —3T A oA 4— (p+ Ao — 1)2 (P+ Do —3) Tprag,a0—4
AR T L (p+ Ao — 2) (2p+ 280 — 1) (2p + 289 — 3)
3(p+ A —4)° Lpino—2,A0—4
P+ Do—3)(2p+ 280 —T) (2p+ 280 — 9)’
3 (p + A — 5)3 Ip+A0*4,A0*4
Pt Ao —4)(2p+ 200 — 9) (2p + 280 — 11)°
(p+ D0 =42 (p+ Ao —6) Zying 6004

O — , 2.22
YT A(p+ Ao —5) (2p+ 280 — T7) (2p + 280 — 9) (222)

CQ = SIp+A0—4,A0—4 + 4<

C3= —ZLptng—6,A0—4 —
p+A0—6,A9 4(

This recursion relation can be solved for all 7y, ¢ with n > 0 in terms of 9 as follows:

i) o (280 =3) (280 ~ 1) (0 +1) (n+2) (g +0—2) (Ao 40— 1)
Tno 20T 00 T Ay — 2)2 (Mg — 1) (220 + 21 — 5) (2A0 + 21— 3)
(2A0 +n —5) (249 +n —4)

(2A0 +2n —1) ’

(2.23)

where we divided by Af%, see (2.7). For L = 2, first choose (p,q) = (1,0) to obtain v
in terms of three unfixed parameters {70,0,70,2,71,2}. For p > 1, one can then solve the
equations with ¢ € {0, 1} for ~,; with I € {0,2} in terms of ~,y » with p’ < p and I’ € {0, 2}.
In the end, we obtain a solution for all v, ; with [ € {0,2} in terms of {y0,0,70,2,71,2}. The
solution is a bit lengthy, so we present it in appendix D.

An algorithm for solving the recursion relations for general spin truncation is described
in appendix C and implemented in the supplementary material. For a spin-L truncation,
we find that the solution depends on (L + 2)(L + 4)/8 unfixed parameters, in agreement
with the holographic arguments of [7]. In particular, that paper considered a massive scalar
field in AdS with local quartic interactions (which can be thought of as a toy model for the
low energy effective action of quantum gravity in AdS) and showed that up to integration
by parts and equations of motion, there are L/2 + 1 independent interactions which can
create or annihilate a state of at most spin L, with the total number of derivatives ranging
from 2L to 3L in intervals of two. These can be written

(vz%) (vi%) (v§¢) (vﬁ;j ) k=0,1,...,L/2, (2.24)

where the underscores denote sets of Lorentz indices. Here note that the first two scalars
in isolation have L free Lorentz indices as do the last two and so they can create a spin



L state. Hence, there is one spin-0 interaction vertex ¢*, and two spin-2 interaction ver-

tices equivalently written ¢? (V,V, ¢)* and ¢* (V,V,V, ¢)? which contain four and six

derivatives, respectively. The total number of interactions up to spin L is then given by
LRI+ 1) = (L +2)(L + 4)/8.

Thus, the unfixed parameters in the solutions to the recursion relations can be identified
with coefficients of the bulk interaction vertices. Indeed, we have verified that the solution
in (2.23) reproduces the anomalous dimensions in the conformal block expansion of a
Witten diagram for a ¢* interaction

FSpin_O(u, v) = C(O)DAO Ao Ag Ag (U, V) (2.25)
for the following choice of free parameter:

O ((Ag — 1))
200 = -2 (z(ﬁo_ 1;!)!) , (2.26)

where the coefficient C'(?) is unfixed and the definition of D functions can be found in ap-
pendix D of [17]. Note that the anomalous dimensions of F*P"0 are obtained by expanding
this function according to (2.10).

Moreover, the L = 2 solution in appendix D encodes the anomalous dimensions in the
conformal block expansion of Witten diagrams with four and six-derivative interactions

F4spin-2(u’ v) = f)(l + U+ 0) Dagt1 Ag+1 Ag+180+1(U, V), (2:27)
ngm-Q(u’ U) — Cé2) (DA0+2 Ao+1A0+2 Ag+1 (U, ’U) + DA0+1 Aog+2 Apg+1 A0+2(ua U)

9 = _
+u DA0+2 Ao+2 Ap+1 A0+1(u7 U) + UDA()-H Ap+1Ap+2 Ao+2(u7 1))

+U2 DAO-H Aog+2Ap+2Ag+1 (uv U) +v DA0+2 Ao+1Ap+1Ag+2 (Ua U)) (2'28)
for the following choice of free parameters:

4(AD* (Ag+ 1) 220! (Ao + 1D (Ag + 2)!
280+ 2) 7 3(2A0+1) (280 +4)!

{70,0,70,2: 71,2} 4 = Cf) {

3(2A0 + 3) (2Ap + 6)!

2 2
[100: 702, Y12} :06(2) {_4(Ao(!;A(0(ﬁo;)—! ) 7
2 (300 + 2) Ag! ((Ag + 1)) (Ag + 2)!
; 3(200 + 1) (2A¢ + 4)! ’
(Ao + 1) (BAZ+T7A0 —2) (Ao — D! (Ao +2)1)* (Ag + 3)!
a 3 (280 + 3) (2A¢ + 6)! :

(Ao +1) (240 — 1) (Ag — ! (A +2))* (Ag + 3)! } . (2.29)

(2.30)

(

where the coeflicients Cﬁg are unfixed. Note that the number of derivatives in the bulk

interactions can be read off from the large-twist behaviour of the corresponding anomalous



. . . . in— . . spin-2
dimensions. Indeed, the anomalous dimensions of F*P0 scale like n3, while those of F;™™"

and ngin'Q scale like n” and n?, respectively. In other words, the anomalous dimensions
associated with four and six-derivative interactions scale like n* and n compared to those
of the ¢* interaction. Moreover, the ratio of the coefficients 70,2 and 712 in (2.29) can
be deduced from the large-twist behaviour: for a generic choice of free parameters the
anomalous dimensions scale like n? but this is reduced to n” when v0,2 and 71 2 are related
as in (2.29). For more details, see appendix D.

3 (2,0) theory

In this section we will adapt the analysis of the previous section to four-point stress tensor
correlators of the 6d (2,0) theory. The stress tensor belongs to a half-BPS multiplet
whose superconformal primary, Tr;, is a dimension-4 scalar in the two-index symmetric
traceless representation of the R-symmetry group SO(5), so it is sufficient to consider four-
point correlators of this operator. The abelian theory consists of a two-form gauge field
with self-dual field strength, eight fermions, and five scalars ¢! [18-20], in terms of which
Try = ¢ady)— %5 170% . Although it is unclear how to formulate the non-abelian theory,
the AdS/CFT correspondence predicts that it is dual to M-theory in AdS7 x S* and reduces
to 11d supergravity in this background in the limit of large central charge [21].2 After
dimensionally reducing this background on the sphere, one obtains a Kaluza-Klein tower
of scalars in AdS; with masses mj = 4k(k—3) in units of the inverse AdS radius [23], which
are dual to half-BPS scalar operators in the k-index symmetric traceless representation of
the R-symmetry group with scaling dimension 2k. The operators we consider in this paper
correspond to k = 2 and correspond to the bottom of this tower.

Four-point correlators of stress tensor multiplets were computed in the supergravity
approximation in [24], and a conformal block decomposition of these results was subse-
quently carried out in [25]. More recently, corrections to the supergravity approximation
were deduced in [6] by constructing solutions to the crossing equations whose conformal
block expansion is truncated in spin. In this section, we will derive recursion relations
for the (averaged) anomalous dimensions appearing in the conformal block expansions of
these solutions. These recursion relations allow one to directly compute the OPE data
of these solutions without having to know them explicitly, and can be straightforwardly
implemented on a computer.

As shown in [25, 26], superconformal symmetry constrains the four-point function of
stress tensor multiplets in the 6d (2,0) theory in terms of a prepotential F'(z, Z) as follows:

)\4 (glgg24)_2 <T1T2T3T4> =D (SF (Z, Z)) + S%F (Z, Z) + SQZF (5, 2) , (31)

where D = — (9, — 0z + A0,0z) A, the variables z, z are defined in terms of the space-time
cross ratios (2.2) and A = z — 2. We have introduced auxiliary variables Y to soak up the
SO(5) indices of Ty via T; = 17 JYiI Yi‘] . Using these internal coordinates, we then define

2Using holographic methods, it has been shown that the central charge c scales like N3, where N is the
number of M5-branes [22].



superpropagators g;; = Y; - Y;/ :cfj and internal conformal cross ratios

Y, YaYs- Y,
Y1 YsYs Yy’

Y -YY,-Ys

1-y)(1-9)= Vi YaYy Y, (3.2)

yy =

in terms of which we define $1 = (z —y) (» —9), Sa=(2—y) (Z—y), and S = 51 5a.

Crossing symmetry implies that

F(u,v) = F(v,u). (3.3)
Moreover, we can write F'(u,v) as
oA 9(z) —9(3) .
F(Z,Z)ZE—FT—F)\G(Z,Z), (34)

where each function in the decomposition encodes certain contributions to the OPE.
Roughly speaking, A encodes the unit operator, g encodes protected operators, and G
encodes non-protected double-trace operators, which will be our main interest. In more
detail, these operators have the schematic form T0'0"T with n > 0 and scaling dimension
A =2n+1+8+O(1/c), and contribute to the conformal block expansion of G as follows®

NG(z,2) = Y AniGAy(2,7), (3.5)

n,[>0

where the supersymmetric conformal blocks GSA (2, Z) are given in appendix A, and im-
plicitly depend on n through A. Note that equations (3.3) and (3.4) imply that G obeys
the following crossing relation:

G(z,2) = —~G(1— 2,1 %). (3.6)

The free disconnected part of the four-point correlator can be computed in the abelian
theory and corresponds to the following prepotential:

1 1
F(u,0)free-disc = 1 + —- + . (3.7)
u v
Decomposing this function according to (3.4) and computing the conformal block expansion
of the piece encoding the non-protected operators according to (3.5) then gives the following
formula for the leading contribution to the OPE coeflicients:

40 _ (+2)(n+3)!(n+)N{+2n+9) (I +2n+10)({+n+5)! (I +n+6)!
L 72 (2n +5)! (21 + 2n 4 9)! ‘

n,

(3.8)

3Note that the conformal block expansion of G also contains protected double-trace operators, which
correspond to n € {—1, —2} in our conventions, but we will not need to consider these operators. For more
details, see [25].



3.1 Recursion

To derive recursion relations for the anomalous dimensions of the double-trace operators de-
scribed above, we follow the same procedure as section 2. First expand the OPE datain 1/¢:

1 1
An,l:Ag)}JFEASH..., A=2n+1+8+ qmi+... (3.9)

Focusing on the part of the prepotential which describes non-protected operators and
expanding the crossing equation (3.6) to first order in 1/c then gives*

Z [AS; Gi (z, z)_|- A( )%la GAZ(Z z)] +(u+v)=0. (3.10)

n,l
n,1>0

In the supersymmetric case, the conformal blocks have the schematic form

GAZ z,Z) Zu ha( (3.11)
where
(see appendix A for details). Following the same reasoning described in the previous
section, the term O GAl(z Z) in (3.10) gives a contribution proportional to log(z) and
the analogous term in the cross channel will give log(1 — Z), so we can isolate the terms
containing anomalous dimensions by taking the limit z — 0 and z — 1. In this case, the
hypergeometrics depending on Z and 1 — z will give rise to log(1l — Z) and log(z) using
the relation

hg(z) = log(1 — 2) (1 — 2) hg(1 — 2) + holomorphic at z = 1, (3.13)

where r(s)
L(B/2)I'(8/2—-1)

We thus consider the log(z) log(1—Zz) coefficient of (3.10) in the limit z — 0 and z — 1:
0 _
Z Aq(zg%l O GSA,Z(sz))

n,0>0

hs(2) = o1 (B/2+1,6/2,2,2). (3.14)

|logzlog(172)
(0) S >
- Z AnJ Tnil (8”GAJ(1 —zl- Z)) ’logzlog(lfg) ’ (3.15)
n,>0
into which we insert the (precise forms of) (3.11) and (3.13) to obtain sums of terms
involving hq(2)hg(l — Z) and ha(1 — Z)hg(2). We then multiply this equation by

hosg(z)  hogp(1—3)
A(l—2)  (1-zpz

(3.16)

where p and q are arbitrary non-negative integers, and perform the contour integrals
§ L 5 27r7,7 which encircle (z,z) = (0,1). Using the orthogonality relation proven in ap-
pendix B

dz mem/fl

5m,m’ = Tm ﬁ h2m+4(z) h72m’72(2)? (317)

4Note that as in the toy model case, here Yn,1 is an “averaged anomalous dimension”, see footnote 1.

~10 -



and defining
d 1— m—3 _
T = § e U () a2, (3.18)

omi  2m 1

finally leads to the following equation:

L oo
(0)
0 =Y > At | Pt OgnTotivepsz — OgntissTtspr2)
=0 n=0
+ Qn,l (5q,n+21n+l+6,p+2 - 5q,n+l+31—n+5,p+2)

+ Rn,l (6q,n+l+2In+4,p+2 - 5q,n+lzn+l+57p+2)
+ Snt Ognti+alntap2 — Sgnt1Zntirrpr2) — (@ € p)|,  (3.19)

where we have truncated the sum over spins and defined

. I+1 0ns — (1+3)(n+5)(2n+1+78)
" n43)(n+1+5)" T 4@n+T)(2n+9) (n+1+5)(2n+1+10)’

R, - [+3 S = (+1)(n+1+7)2n+1+8) ‘
" m+3)(nH+l+5)" T 4n+3)(2n +1+10) (2n + 20+ 11) (2n + 20 + 13)

(3.20)

As we explain in the next subsection and appendix C, recursion relations for the anoma-
lous dimensions are obtained from (3.19) by making appropriate choices for p and ¢, and
solutions are labelled by the spin truncation.

3.2 Solutions

In this subsection, we will describe solutions to the recursion relations for low-spin trunca-
tions and match them with results previously obtained in [6]. For spin truncation L = 0,
setting ¢ = 0 in (3.19) gives the following recursion relation in terms of p:

4
1 (0) (0)
1751—6,;)—%214070’70,0 = aZ:O CaApfa,o'Yp—a,Oa (3.21)
where
Tpr6,2
C’0 = Lans )
(p+3)(p+5)
O = 3Tpta2 (p+3)(p+6)Lpte2
(p+2)(p+4) 4(+2)(p+4)(2p+9)(2p+11)’
Oy = 3Zpt2,2 3(p+2)Tptap
(p+1)(p+3) 4(@+3)(2p+3)(2p+5)’
Oy = — Ip2 3(p+1)Ipsa2
p(p+2) 4(p+2)(2p+1)(2p+3)’
p(p+3)Ly0
Cy = ! . 3.22
G-Dp+1)r+3)2p+5) (322
This can be solved for all 7, o in terms of vy to give
in— 11(n+1)g(n+2)
spin—0 8 6
= 3.23
Tn0 7009304000 (21 + 7) (21 + 9) (20 + 11) (3.23)
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where z, = I'(z + n)/I'(x) and we divided by A see (3.8). It is interesting to compare

n,0’

this with the bosonic solution (2.23) for Ay = 4:

35 (n+ 1), (n+2),
0096 (2n +3) (2n +5) (2n +7)

(7bos)j5(i)n_0 = (Vbos)

(3.24)

Similarly, following the procedure described in section 2 and appendix C we obtain solu-
tions for L = 2 in terms of three unfixed parameters {700, 70,2, 71,2}, which are given in
appendix D.

More generally, for spin truncation L, the solution will depend on (L+2)(L+4)/8 free
parameters, in agreement with the counting of solutions in section 2. Moreover, our results
for the anomalous dimensions agree with those obtained in [6], which deduced solutions
to the crossing equations whose conformal block expansions are truncated in spin. In
particular, the anomalous dimensions in (3.23) can be obtained from the conformal block

expansion of
FP0(y ) = CON2uwDyrss (u, v), (3.25)

where the coefficient C'(°) is unfixed. Decomposing F*P"0 according to (3.4) and performing
the conformal block expansion according to (3.10) gives the anomalous dimensions in (3.23)
if we choose the free parameter to be

7200 C'(©)

= 3.26
70,0 - (3.26)

Following the holographic arguments of [6-8], which were reviewed in section 2, FSPin-0
should arise from an R* correction to supergravity in AdS; x S, where R is the Rie-
mann tensor. This can be seen by noting that in the large-n limit the anomalous di-
mensions scale like n® times the anomalous dimensions obtained in the supergravity ap-
proximation, indicating that the corresponding interaction vertex has six more derivatives
than supergravity.

Note that F'is a prepotential from which many four-point component correlators (cor-
responding to different choices of Y;) are obtained by applying a differential operator ac-
cording to (3.1). This differential operator can be rewritten in terms of u, v derivatives and
so if the prepotential is expressed in terms of D functions then so will all the component
correlators. Whilst this does not prove that the prepotential can always be expressed in
terms of D functions, this property holds in all the examples we have considered, and it
is natural to conjecture that it should hold in general. A similar conjecture was made
in [27] for four-point correlators of more general half-BPS operators in the supergravity
approximation.

For the L = 2 spin truncation, [6] found the following solutions to the crossing equation:

Fjpin_? (’U,, ’U) =2 Cf) )\2U’U (D6776(u, U) + D7676(u, U) + D7766(u, U)) s (3.27)
FEP™2 (4, ) = 6 CéQ) N2wv Dyrrr (u, v), (3.28)
where the coefficients C’fg are unfixed and the subscripts indicate the number of additional
derivatives compared to the bulk interaction vertex associated with the L = 0 solution.

- 12 —



The first solution corresponds to a D*R* correction and the second one corresponds to a
DOSR* correction to supergravity in AdS; x S*, which can be read off from the large-twist
behaviour of the corresponding anomalous dimensions, as described in appendix D. The
anomalous dimensions of these two solutions are reproduced from the general solution in
appendix D for the choices

2) 5 x 72000 80640 5 x 150528
{70,0,7,2:71,2},4 i { 1001 1850 9431 ; (3.29)
54 x 72000 3 x 80640 33 x 150528
—c? - - . 3.30
{’70,0, 70,2, ’71,2}6 6 1001 ) 1859 2431 ( )

Note that in both cases, 790 has the opposite sign of 792 and i 2, in contrast to what
we found for the toy model in (2.29) and (2.30), where all three parameters had the same
sign. Furthermore, the ratio of the coefficients vp2 and ;2 in (3.29) can be fixed from
large-twist behaviour as we explain in appendix D. The supplemetary material can be used
to solve the recursion relations up to any desired twist and spin truncation.

Although solutions to the recursion relations have unfixed coefficients, it is possible
to deduce their leading 1/c-dependence using holographic reasoning, as described in [6].
First note that since we solve the recursion relations by truncating in spin, this restricts to
contact interactions in the bulk (interactions involving bulk-to-bulk propagators will not
truncate in spin). The effective action then has the schematic form

1 2 D—24D /4
ENGT (89) +;zp P ¢t , (3.31)

where ¢ represents a graviton field, G is Newton’s constant, and the Planck length Ip is
inserted by dimensional analysis. After rescaling the graviton by /Gy in order to have
canonical kinetic terms, the four-point interactions will acquire a factor of G ~ 1/¢ (this
is the origin of the 1/c in (3.9)). Recalling that Gy ~ % in eleven dimensions, we see
that a four-point contact interaction with D derivatives must therefore have coefficient
G ng_Q ~ ¢~ (P+D/9 Moreover, the number of derivatives in a contact interaction can
be read off from the large-twist behaviour of the corresponding solution to the crossing
equations [7]. In particular, if the anomalous dimensions of the solution scale like n®, then
the corresponding bulk interaction must have D = (o —5)+2 = a — 3 derivatives (recalling
that anomalous dimensions scale like n® in the supergravity approximation).

In summary, a solution whose anomalous dimensions scale like n® must have a coeffi-
cient ¢~ (@+9)/9 For example, the spin-0 solution in (3.23) will have a coefficient of ¢o/3
and spin-2 solutions which scale like n'® and n'7 will have coefficients of ¢=19/9 and ¢=7/3,
respectively. Note that similar reasoning applies to conformal field theories with string
theory duals, like N' = 4 SYM with any fixed finite value of the string coupling. In that

'D=2)/2 where

case, a contact interaction with D derivatives will have a coefficient of Gy«
o’ is related to the square of the string length. Writing this prefactor in terms of the
central charge and string coupling, and fixing the latter at some finite value will then give

an expansion in 1/c analogous to M-theory.
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4 Conclusion

In this paper, we derive recursion relations for anomalous dimensions of double-trace op-
erators in the 6d (2,0) theory. Given that no Lagrangian description is presently known
for this model, our strategy is to use superconformal and crossing symmetry of four-point
correlators of stress tensor multiplets. In particular, we expand the crossing equation to
first order in the inverse central charge and then take a certain limit of the conformal cross
ratios to isolate the terms containing anomalous dimensions. Recursion relations then fol-
low from truncating the conformal block expansion in spin and taking inner products of
the resulting equation with certain hypergeometric functions. These recursion relations can
then be solved to obtain anomalous dimensions for arbitrary twist and spin, reproducing
the results for low spin truncations previously obtained in [6]. As a warm-up, we derive
analogous recursion relations in a toy model corresponding to an abstract bosonic 6d CFT,
and match the results with the conformal block expansion of Witten diagrams in AdS7,
confirming the holographic arguments of [7]. Moreover, these recursion relations are easily
implemented on a computer, and the supplementary material can be used for computing
anomalous dimensions in both the bosonic and supersymmetric theories to any desired
twist and spin truncation. We note that this method for extracting anomalous dimensions
is much more efficient than extracting them using a conformal block expansion of a known
four-point function.

The anomalous dimensions are physically significant because they encode higher-
derivative corrections to supergravity in AdS; x S*. In particular, they appear in the
conformal block expansion of solutions to the crossing equations which reduce to scat-
tering amplitudes of the low energy effective action for M-theory in the flat space limit.
The number of derivatives in each term of the effective action can be read off from the
large-twist behaviour of the corresponding anomalous dimensions. Moreover, the coeffi-
cients of these higher-derivative terms correspond to free parameters of the solutions to the
recursion relations and are therefore not determined by this approach. In the flat space
limit, the coefficients of the R* and DSR* terms in the M-theory effective action have been
deduced by uplifting string theory amplitudes (note that the D*R?* term vanishes in 11
dimensions) [28, 29], but the coefficient of the D8R* term (which arises from a truncated
spin-4 solution in our approach) is unknown. It would therefore be desirable to develop
methods for fixing these coefficients using CFT techniques.

A strategy for doing so was proposed in [11], and used to fix the coefficient of the R*
term and argue that the D*R* term vanishes. This was achieved by applying the chiral
algebra conjecture in [10] to four-point correlators of the form (kkkk) with k = 3, where
k refers to a half-BPS scalar operator in the k-index symmetric traceless representation
of the SO(5) R-symmetry group with scaling dimension 2k (note that k = 2 is the case
considered in this paper). It would therefore be interesting to find truncated spin solutions
to the crossing equations for higher-charge correlators, formulate recursion relations for
the anomalous dimensions in their conformal block expansions, and ultimately fix the
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coefficients of higher-derivative terms in the M-theory effective action.’ It would also be
interesting to consider mixed correlators such as (ppqq), although our method does not
immediately extend to such correlators because they do not have the required crossing
symmetry. Since the conformal blocks for higher-charge correlators appear to be much
simpler in 4d [15, 31], it may be instructive to first carry out the analysis described above
for 4d N' =4 SYM (for which a chiral algebra description was also proposed in [32]), and
use it to deduce terms in the effective action for IIB string theory in AdSs x S°.

It would also be very interesting to explore the loop expansion in M-theory on AdS7 x.S4
using conformal bootstrap techniques, following on from the recent success on AdS5 X
S° [33-41].

Acknowledgments

TA is supported by a Durham Doctoral Studentship, AL by the Royal Society as a Royal
Society University Research Fellowship holder, and PH by an STFC Consolidated Grant
ST/P000371/1.

A Conformal blocks

Conformal blocks for four-point correlators of scalar operators of arbitrary scaling dimen-
sions A;, i =1,...,4, in any even dimension were derived by Dolan and Osborn in [15]. In
6d, the blocks are given by

[+3

GO (A1, Arg, Agy) = Foo — m}_—n
A4 (A+Z—A12)(A+Z+A12)(A+Z+A34)(A+Z—A34)}-
A2 16(A+1—1)(A+DE(A+1+1) H

(A—4)(1+3)
(A=2)(1+1)
« (A—Z—Alz—4)(A—l—|—A12—4)(A—Z+A34—4)(A—Z—A34—4)
16(A—1-5)(A—1—4)*(A—-1-3)
A12A3y
(A4+D(A+1-2)(A—-1—-4)(A—-1-06)

Fo2

+2(A—4)(1+3)

Foi, (A1)

where (A,l) are the scaling dimension and spin of a primary operator in the conformal
block expansion, A;; = A; — Aj, and

(22)2(5D

]:ab: \3

1 1
{Zl+a+32b N <2(A_|_Z_A12)+a,2(A+Z+A34)+a;A+l+2a,z)

X o} (;(A—Z—Am)—g-ﬁ-b, %(A—Z+A34)—3+b; A—1—6+2b; Z) —Z Z}.
(A.2)

SCorrelators of the form (kkkk) and (n + k,n — k, k + 2,k + 2) were computed in the supergravity ap-
proximation in [27, 30]. Moreover new solutions to the conformal Ward identities in Mellin space have been
found for (kkkk) with k = 2,3 in [11], so it would be interesting to see how those methods are related to
the ones developed in this paper.
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For the toy model analysed in section 2, the blocks are given by
GR 1(2,2) = (1+1) GP9(A,1,0,0), (A.3)

where A = 2n+142A¢+ O(1/¢). Moreover, for the 6d (2,0) theory analysed in section 3,
the blocks are given by [5, 25]

G (z,2) = ————

(A + 47 lv 07 _2)7 (A4)
where A =2n+1+8+ O(1/c) with n > 0.

B Orthogonality of hypergeometrics

In this appendix we derive orthogonality relations for hypergeometric functions used in this
paper, explicating a brief argument in [7] which then allows us to obtain a new case relevant
for the supersymmetric 6d theory. Our starting point will be the differential operator®

D,=2*(1-2)0%—(a+b+1)2%0, —abz. (B.2)
This operator has eigenfunctions satisfying
D.H,(z) = m(m — 1)Hp(2), (B.3)

where
Hpy(2) = 2™9Fi(m + a,m + b; 2m; z). (B.4)

First consider a = b = 0. In this case, the differential operator in (B.2) reduces to D, =
220, (1 — 2)0,. Let us look at the object Hy, Hy_p, (we will omit the arguments (2) in the
following). Using the symmetry of the differential operator D, after integrating by parts
twice and using (B.3) we find that

dz 1
0= — = (D,Hpn) Hi_py — Hpy (D, Hq_
5 (D:H) ) (D-Hy o)

— [m(m — 1) — m/(m — 1)] f ;—;%HmHl,m/, (B.5)
where the contour encircles the origin. It follows that H,, and H;_,, are orthogonal with
respect to the inner product defined above if m # m’. Plugging in (B.4) and shifting (m, m’)
to (m+2,m’' 4+ 2) then implies the inner product in (2.17), where we fix the normalisation
by noting that oFy(a, 8,7,2) = 1+ O(z) and evaluating the residue at z = 0. This was
first obtained in [7].

®Note that this operator is closely related to the conformal Casimir. In d dimensions this is [15]
D.=2"(1-2)02+2°(1-2) 02— (a+b+1) (%0, + 2°9:)
Z (1-2)0-—(1-2)0s), (B.1)

—ab(z+2)+e¢ -~

where a, b are arbitrary constants and € = d — 2. The non-interacting part (i.e e-independent part) reduces
to DZ =+ Dg.
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Next, consider @ = 0, b = —1, in which case (B.2) reduces to D, = 2% (1 — 2) 9.

Following the same arguments as above we find that

dz 1
0= 50 2o (Do) Hro = Ho (D Hr )]

dz 1

= _H,Hi_ B.6
omi 22(1—2) "™ (B6)

= fm(m — 1) = /(o ~ 1)
so H,, and Hy_,, are orthogonal with respect to the inner product defined above if m # m/.
Plugging in (B.4) and shifting (m,m’) to (m + 2,m’ + 2) then proves the inner product
in (3.17), where the normalisation is once again fixed by evaluating the residue at z = 0.

C Solving the recursion relations

Recursion relations for the anomalous dimensions of double-trace operators in the 6d toy
model and (2,0) theory are encoded in (2.19) and (3.19), respectively, and are obtained
by specifying a spin truncation L and making appropriate choices of non-negative integers
p and gq. The general algorithm for solving the recursion relation for a general spin-L
truncation is as follows:

e For each 1 < p < L/2, write down the equations for 0 < ¢ <p— 1.

e Solve these equations for -y, ; with 0 < ! < 2p—2 in terms of , y with (p' < p—1,1' <
Lyand (p/ =p, 2p <V < L).

e For each p > L/2 + 1, write down the equations for 0 < g < L/2.
e Solve these equations for v, ; with 0 <1 < L in terms of v, p with (p’ <p—1, ' < L).

In the end, this algorithm will give all 7,,; with [ < min(2n — 2, L) in terms of all 7, 1
with 2n’ < I’ < L, which correspond to (L + 2)(L + 4)/8 free parameters as depicted in
figure 3 of [7]. This algorithm is implemented in the supplementary material by generating
all the free parameters for a given L, writing down the equations for every p > 1 and
0 < g <min(p—1,L/2), replacing (L + 2)(L + 4)/8 of the anomalous dimensions by the
free parameters, and solving these equations for the remaining anomalous dimensions.

D L = 2 solutions

In this appendix we give the solutions to the recursion relations for anomalous dimensions
with spin truncation L = 2 in the toy model and (2,0) theory. For the toy model, we find
the following solutions for general scaling dimension Ag:

Spin—O (A )

spin- Pyn, 0
Yoo (Do) = OVT (70,0 + 70,2 f1 (7, Do) + 71,2 f2 (n, ANo)) , (D.1)
opin2 (5 ) Y0 (Ao) (280 + 1) (280 +3) (n — 1) (n + 3) (n + 4)

n,2 0) = —

Y0,0 4 (Mg —1) AL (A +1)°
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(A0+n)(A0+n—|—1)(2A0+n)(2A0+n—3) (2A0—|—n—2)
X
(QAO — 3) (2A0 + 2n + 1) (QAO + 2n + 3)

« <7 . 4/ (QAO + 3) (2A0 + 5) n (2A0 +n— 1) >
P (A0 1) (B0 +2)7 (280 1) (280 +1) (n-1) (2Ag4n) )
(D.2)
where
f(nA)— (2A0+1)2(2A0+3)n(2A0+n—3)
T (A — 1) AL (Mg +1)% (20 — 3) (280 + 20— 7) (280 + 20 + 1)
X <5n6 +15 (240 — 3) n® + (89AF — 161A¢ + 127) n* + (24 — 3)
x (T8AF — 22A¢ + 29) n® + 2 (82A7 — 143A8 — 107AF + 1174, — 39) n?
+ (240 — 3) (48A] — 14A) — 215A2 — 33A0 — 6) n
6 (Ao — 1) AZ (240 — 7) (4A3 + 12A% + 57, — 1))
+ :
2A0 +1
200 + 1) (280 + 3)* (280 + 5) n (280 + 7 — 3
fo (. Ag) = (280 +1) (280 +3)" (240 +5) n (280 + 1 — 3)

(3 —2A0) (Ag — 1) A3 (Ag + 1)% (Ag +2)% (240 — 1) (240 + 21— T7)
" 1
(2A0 +2n+1

) (20n6 60 (200 — 3)n° + (440 (8920 — 199) + 508) n
+4(280—3) (T8AF—98M0+29) n®+8 (Ag (2A¢ (Ao (41A¢ — 131)+104)
—27) —39)n? + 4 (240 — 3) (Ag (Ag (440 (124 — 25) —41) +21) — 6)n

24 (Ag — 1) AZ (Ag +1) (280 — 7) (20 — 1)). (D.3)

As explained in subsection 2.2, the large-n limit of the anomalous dimensions corresponds
to the number of derivatives in the bulk interactions. Since (D.1) and (D.2) scale like n®
for large n, while the spin-0 solution in (2.23) scales like n®, we see that these solutions
correspond to six-derivative interactions. We also expect to have anomalous dimensions
corresponding to four-derivative interactions, which scale like n” in the large-n limit. We
indeed find such solutions for the following choice of free parameters:

(Ag+1) (Ag+2)2 (240 — 1) (240 + 1)
- , D.4
.2 40 (200 + 3) (20 + 5) 70,2 (D-4)

which is deduced by imposing that the large-n limit of the last line in (D.2) vanishes.
Note that the solution in (2.29) is consistent with this constraint. More generally, for a
spin-L solution one can deduce L/2 constraints on the coefficients (corresponding to bulk
interactions with the number of derivatives ranging from 2L to 3L — 2 in intervals of 2) by
analysing the large-twist limit. Unconstrained coefficients then encode the freedom to add
solutions with lower spin or subleading large-twist behaviour.
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In the 6d (2,0) theory, we find the following solutions for spin truncation L = 2:

spin-0
Yoo :7:0 (70,0 + 70,2 f1 (n) + 71,2 f2 (1)), (D.5)
in-0
im0 845(n—1) (n+5) (n+6) (n+8) (n+9)* (n+10) (n + 12)
w2 00 4064256 (2n + 13) (2n + 15)
51n (n+ 11)
_ D.6
x (m 2364 (n— 1) (n + 12)) ’ (D-6)
where
£ () = 325n (n + 9) (13n54-351n°+6201n" +64233n3 4 385476n%+1251666n+1512620)
L= 1016064 (2n + 5) (2n + 13) !
b () 11051 (n+9) (5n5+135n° +2157n* +20601n3 +117468n + 370494n+441700)
2\N) =— .

9483264 (2n + 5) (2n + 13)
(D.7)

In the large-n limit, (D.5) and (D.6) scale like n!7. Since the spin-0 solution in (3.23) scales
like n'!, it follows that the corresponding bulk interactions have six more derivatives. We
also expect to find solutions corresponding to interactions with four more derivatives, which
scale like n'® for large n. We obtain these solutions for the choice of free parameters

364

== D.
M2 =2 Y02 (D.8)

which comes from imposing that the last line of (D.6) vanishes in the large-n limit. The

solution in (3.29) is consistent with this constraint.
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