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Abstract: We study low-energy dynamics of [SU(N)]K chiral quiver gauge theories in

connection with N = 1 super Yang-Mills (SYM) theory, and quantum chromodynamics

with bi-fundamental fermions (QCD(BF)). These theories can be obtained by ZK orbifold

projections of N = 1 SU(NK) SYM theory, but the perturbative planar equivalence does

not extend nonperturbatively for K ≥ 3. In order to study low-energy behaviors, we ana-

lyze these systems using ’t Hooft anomaly matching and reliable semiclassics on R3 × S1.

Thanks to ’t Hooft anomaly that involves 1-form center symmetry and discrete chiral sym-

metry, we predict that chiral symmetry must be spontaneously broken in the confinement

phase, and there exist N vacua. Theories with even K possess a physical θ angle despite the

presence of massless fermions, and we further predict the N -branch structure associated

with it; the number of vacua is enhanced to 2N at θ = π due to spontaneous CP breaking.

Both of these predictions are explicitly confirmed by reliable semiclassics on R3 × S1 with

the double-trace deformation. Symmetry and anomaly of odd-K theories are the same as

those of the N = 1 SYM, and the ones of even-K theories are same as those of QCD(BF).

We unveil why there exists universality between vector-like and chiral quiver theories, and

conjecture that their ground states can be continuously deformed without quantum phase

transitions. We briefly discuss anomaly inflow on the domain walls connecting the vacua

of the theory and possible anomaly matching scenarios.
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1 Introduction and summary

In this paper, we will uncover the low-energy dynamics of chiral quiver gauge theories with

[SU(N)]K gauge group. These theories turns out to have intriguing relations to vector-

like N = 1 supersymmetric Yang-Mills (SYM) theory and vector-like [SU(N)]2 quantum

chromodynamics (QCD) with bi-fundamental fermions (QCD(BF)). The matter content of

these theories is Weyl fermions, ψ1, . . . , ψK , coupled in bifundamental representations of

consecutive gauge group factors, forming a quiver graph with K nodes (See figure 1). When

K ≥ 3, a mass term for fermions is forbidden. Therefore, they provide a class of strongly-

coupled chiral gauge theories, and studying their low-energy properties is a difficult task.

A useful fact about these vector-like (K = 1, 2) and chiral (K ≥ 3) theories is the

following. They can be obtained from N = 1 SU(NK) super Yang-Mills (SYM) theory by

ZK orbifold projection [1], and thus these theories share the same perturbative expansion
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Figure 1. Simplest examples of chiral quiver theories with odd (K = 3) and even (K = 4) number

of sites. The symmetries, symmetry realizations and anomalies of the K odd quiver theories are

same as vector-like N = 1 SYM, and the one of the K even theories are same as vector-like QCD

with bi-fundamental fermions. K even theories have irremovable θ angle despite the existence of

massless fermions, which alters the dynamics significantly.

in ’t Hooft coupling thanks to the perturbative planar equivalence [2, 3]. The perturbative

planar equivalence already implies that β functions and strong scales of these theories are

exactly the same at the leading order in large-N , as it can be checked by explicit compu-

tation. It is then quite natural to ask if such orbifold equivalence can be true also at the

nonperturbative level [4, 5]. If so, we could have understood the low-energy dynamics of

this chiral gauge theory by using the nonperturbative knowledge of N = 1 SYM. Unfor-

tunately, the nonperturbative orbifold equivalence does not hold for this class of theories

if K ≥ 3 [6–8]. The necessary and sufficient condition for the nonperturbative equivalence

requires the absence of spontaneous symmetry breaking of certain global symmetries in

both parent and daughter theories. In the parent side, the orbifold projection symmetry

must be unbroken, and in the daughter side, the cyclic permutation symmetry between

gauge groups must be unbroken. In the orbifold projection, we use the subgroup ZK of

Z2NK discrete chiral symmetry of N = 1 SYM, and this ZK subgroup is spontaneously

broken if K ≥ 3.1 Because of this problem on the parent side, planar equivalence does not

give useful information on the low-energy dynamics of the daughter chiral theory.

1For K = 2, the parent theory does not have a problem for nonperturbative orbifold equivalence, because

Z2 is the fermion parity and cannot be spontaneously broken under the assumption of Lorentz-invariant

vacuum. So, the validity of nonperturbative equivalence depends on unknown strong dynamics of the

daughter side, QCD(BF), which is not completely settled yet [7–9]. But using center-stabilizing double-

trace deformation at small R3×S1, one can show that the Z2 shift symmetry is unbroken in the semi-classical

regime, and all neutral sector observables agree between N = 1 SYM and QCD(BF) [10]. Throughout this

paper, we assume the simplest dynamics for QCD(BF), where the nonperturbative orbifold equivalence

works for K = 2.
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This necessitates new techniques to understand such chiral gauge theories. In this

paper, we take an approach from two perspectives: one is the recent generalization of

’t Hooft anomaly matching, and the another is the reliable semiclassics on R3 × S1 with

double-trace deformation. By combining the results of these analyses, we will argue that

the chiral symmetry breaking is spontaneously broken, and that there are N different vacua

(except for θ = π in the K even theory where the vacua doubles as we shall also discuss).

When a global symmetry G exists in quantum field theory (QFT), we can study the

partition function, Z[A], under the existence of G-background gauge field A. If such gauged

partition function violates the gauge invariance as Z[A + δξA] = exp(iA[ξ, A])Z[A], this

anomalous violation A is called an ’t Hooft anomaly. Anomaly matching claims that the

’t Hooft anomaly A is the renormalization-group invariant (up to local counter terms),

and thus the low-energy effective theory must reproduce the same anomaly [11, 12]. Since

’80s, the applicability of this technique has been limited to “continuous” chiral symmetry in

even-dimensional relativistic fermions. In recent years, it has been recognized that anomaly

matching holds for much wider class of symmetries [13–15], and many strongly-interacting

field theories are now studied in this viewpoint (see, e.g., refs. [16–48]).

Constraints by ’t Hooft anomalies are an exact statement of QFT and should be

viewed as kinematic constraints by symmetry. To match the anomaly, some nontrivial

effective theory must appear at low energies, but usually there are several candidates that

are compatible with the anomalies. In order to go beyond the constraint by anomaly, we

study the reliable semiclassics on R3 × S1 with the double-trance deformation [49–58]. In

this setup, we can compute the partition function explicitly by dilute gas approximation

of monopole-instantons and bions, and this computation is free from infrared divergence

if the compactification size L satisfies L � 1/(NΛ), where Λ is the strong scale. Using

the idea of Eguchi-Kawai volume independence [8, 59–62], it is expected that the vacuum

expectation values of single-trace operators do not depend on the compactification size L if

L & 1/Λ. In the case of pure Yang-Mills theory, this volume independence has been checked

for topological susceptibility in the numerical lattice simulation [63]. Moreover, we expect

that the adiabatic continuity works, which is a milder version of volume independence, and

the dynamics obtained in the above semiclassics shows qualitatively the same behavior of

the strongly-coupled dynamics on R4. Even though this is a very nontrivial conjecture, it

provides a very useful information on dynamics, and it turns out that the constraint by

anomaly is indeed satisfied [48] (For related previous studies, see, e.g., refs. [26–28]).

As we will see in this paper, the chiral gauge theory of our interest only has the

discrete chiral symmetry and does not have continuous chiral symmetry [5]. Because of

this fact, it is quite essential to use the recent generalization of anomaly matching in order

to understand the low-energy physics. In section 2, we first carefully analyze the global

symmetry of this system. When K is odd, the internal global symmetry consists of the ZN
1-form symmetry, or the center symmetry, and of the discrete chiral symmetry Z2N :2

(Z[1]
N )center × (Z2N )chiral (K : odd). (1.1)

2When the gauge couplings of the [SU(N)]K gauge groups are the same, there is also a cyclic permutation

ZK symmetry. Its implication will be discussed in detail in section 2.2.
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When K is even, the ordinary internal symmetry consists of the discrete chiral symmetry,

ZN and the vector-like U(1)/ZN symmetry, which defines the baryon number:

(Z[1]
N )center ×

U(1)

ZN
× (ZN )chiral (K : even). (1.2)

This important difference between odd and even K was already noticed in ref. [5]. The

symmetry (1.1) is identical to the global symmetry of the vector-like N = 1 SYM theory

and (1.2) is identical to the one of QCD with bi-fundamental fermions.

These theories with even K also present a novel phenomenon about the θ angles. When

K is even, there exists a physical θ angle which cannot be removed by chiral rotations.

This is true despite the existence of the massless fermions, both in vector-like K = 2 and

chiral K ≥ 4 theories. On the other hand, the odd-K theories are extremely rigid. They

have no relevant or marginal deformations on R4 except the gauge couplings. Therefore,

it would be quite interesting to determine exact anomalies (kinematic constraints) and

understand their non-perturbative dynamics related to θ. We also note that the possible

origin of CP -violation in these models is the topological θ angle. Therefore, theories with

odd K always have the CP invariance because we can set θi = 0. On the other hands,

theories with even K has CP invariance only at the special values of θ: θ = 0, π mod 2π.

In section 3, we discuss the case K is odd. Introducing the ZN two-form gauge field

B for (Z[1]
N )center, we find that the partition function Z[B] transforms under the discrete

chiral symmetry as

(Z2N )chiral : Z[B] 7→ exp

(
− iN

4π

∫
B ∧B

)
Z[B]. (1.3)

Assuming that the system shows confinement, this anomaly requires the spontaneous chiral

symmetry breaking,

(Z2N )chiral → Z2, (1.4)

which leads to N isolated vacua. Both anomaly polynomial and chiral symmetry breaking

pattern are identical to theory.

Semiclassics confirms this picture, in a similar construction with the analysis in N = 1

SYM theory on S1 × R3 [64]. One big difference is that the monopole vertex, Mj,i ≡
e−8π

2/(g2N)eiαi·σj(x)(αi ·ψj−1)(αi ·ψj), of each gauge group SU(N)j does not show gauge

invariance under other gauge groups SU(N)j′=j±1 [65]. Still, magnetic bions are gauge

invariant, and thus, in small S1 × R3 regime, the magnetic-bion induced potential admits

N vacua with confinement. In each one of these vacua, the gauge-invariant product of

monopole events MRi ≡
∏K
j=1Mj,i(x) play a crucial role. These events have the correct

number of fermionic zero modes in order to develop the chiral condensate, just like the

monopole-instantons in N = 1 SYM do. In chiral quiver theory, simplest chiral condensate

is tr(ψ1 · · ·ψKψ1 · · ·ψK) and we find that, in the semi-classical regime, this produce a

condensate Λ3Ke
2πik
N , which is dictated by the strong scale Λ of the theory. Within the

leading large-N analysis, the L dependence of the chiral condensate disappears just like

N = 1 SYM theory.
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In section 4, we discuss the case K is even. In this case, we introduce not only the ZN
two-form gauge field B for the center symmetry (Z[1]

N )center but also the U(1)/ZN gauge

field AB. We denote the partition function as Zθ[B,AB], and θ is the physical θ parameter.

Applying the discrete chiral transformation (ZN )chiral, we find the following anomaly,

(ZN )chiral : Zθ[B,AB] 7→ exp

(
−i

1

2π

∫
(NB ∧B +B ∧ dAB)

)
Zθ[B,AB]. (1.5)

In addition to this mixed anomaly involving discrete chiral symmetry, the partition function

also shows the anomalous behavior under the shift θ → θ + 2π:

Zθ+2π[B,AB] = exp

(
iN

4π

∫
B ∧B

)
Zθ[B,AB]. (1.6)

Under the assumption of confinement and smooth large-N limit, we predict that these

anomalies are matched by two interesting behaviors. First, the discrete chiral symmetry

breaking occurs,

(ZN )chiral → 1, (1.7)

and there are N isolated vacua. Moreover, each vacuum has the N -branch structure leading

to the 1st order phase transition at θ = π. So, the vacuum degeneracy is N for generic

values of θ, but it becomes 2N at θ = π. All of the above statements concerning anomaly

polynomials and symmetry realizations hold verbatim in the vector-like QCD(BF).

Semiclassics reproduces this picture in a rather intriguing way, which involves new non-

perturbative effects and saddles. By using magnetic-bion-induced potential, we actually

find N2 gauge-inequivalent minima at the second-order in semi-classical expansion, rather

thanN . ThisN2-fold degeneracy gets lifted by a fairly high order effect in semi-classics, and

we eventually get N vacua, each of which supports N branches. The key observation is that,

in the small S1 × R3 domain, there are two gauge-invariant monopole events, MRi,odd =∏
j∈oddMj,i and MRi,even =

∏
j∈evenMj,i, whose fermionic zero-mode structure matches

with that of the chiral condensate. One of these events has the θ-dependence that cannot

be removed by chiral rotation. Correlated events of these two configuration of the form

[MRi,oddMRi,even], which is 2K-th order in semiclassics, is the leading contribution to

produce the θ dependence of the ground-state energies. The chiral condensate ends up

having a dependence on vacuum label `, θ angle, and branch label ˜̀, but is independent of

the compactification radius L in the large-N limit.

In section 5, we explain why there exists universality between chiral quiver theories

and vector-like theories. We show that K-site chiral quiver theory can be continuously

deformed to (K − 2)-site theory when K > 2 by considering the limit where one gauge

group is much more strongly coupled than others. By applying this process iteratively, we

can obtain QCD(BF) starting from any even-K theories, and obtain N = 1 SYM from

odd-K theories. We conjecture that there is no quantum phase transition and they share

the same ground-state structures, even without nonperturbative orbifold equivalence.

In section 6, we give some brief comments about domain-wall theories. Specifically we

focus on the domain wall connecting the two vacua related by the minimal discrete chiral

transformation. Because of the presence of anomaly involving the discrete chiral symmetry,
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such domain walls should support nontrivial dynamics, and we show that one of the minimal

scenario, for both odd and even K, is deconfinement of any nontrivial N -ality Wilson loops.

For even K, we also propose another scenario without total deconfinement, and instead

there emerges an excitation with a fractional baryon charge.

To summarize, despite the lack of large-N orbifold equivalence between vector-like and

chiral quiver theories, we reveal remarkable connections between them, which are valid at

arbitrary N . For all odd K chiral theories, the global symmetries, their mixed anomalies

and symmetry realizations are identical with those of vector-like N = 1 SYM, and for all

even K chiral theories, these properties are identical with those of vector-like QCD(BF).

In all cases, the mechanism of confinement in the semi-classical domain on small S1×R3 is

the magnetic bion mechanism and mass gap for gauge fluctuations are the same. Again, in

all cases, the corresponding chiral condensate on small S1×R3 is independent of S1 radius

at the leading order of the large-N limit, and is controlled by the strong scale Λ.

2 SU(N) chiral quiver gauge theories

We consider a chiral gauge theory with the gauge group

[SU(N)]K = SU(N)1 × SU(N)2 × · · · × SU(N)K , (2.1)

and its matter contents are given by Weyl fermions ψj (j = 1, . . . ,K) in the bifundamental

representation of SU(N)j × SU(N)j+1:

ψj ∼ (1, . . . , 1,Nj ,N j+1, 1, . . . , 1). (2.2)

The Lagrangian of this theory is given by

S =
K∑
j=1

∫ {
1

g2j
tr(Fj ∧ ?Fj) +

iθj
8π2

tr(Fj ∧ Fj) + ψjσµDµψj

}
. (2.3)

Here, Fj = daj + i aj ∧ aj is the field strength of j-th SU(N) gauge field aj , gj is the

Yang-Mills coupling constant and θj is the vacuum angle. The covariant derivative on ψj
is given by

Dψj = dψj + i ajψj − iψjaj+1. (2.4)

Throughout this paper, the label j for gauge and fermion species is understood to be a

cyclic variable mod K.

The SU(N) gauge transformations are given by

aj 7→ g−1j ajgj − ig−1j (dgj), (2.5)

and

ψj 7→ g−1j ψjgj+1, (2.6)

where gj is the SU(N)-valued gauge transformations. The Lagrangian (2.3) is invariant

under these local transformations. The absence of non-Abelian gauge anomaly can also be

– 6 –
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checked. 6-dimensional anomaly polynomial for ψj is given by N
24π2 tr(F 3

j −F 3
j+1), and thus

they cancel completely among fermion species:

K∑
j=1

N

24π2
tr(F 3

j − F 3
j+1) = 0. (2.7)

This ensures the gauge invariance of the fermion path-integral measure.

For K = 1 and K = 2, this theory is vector-like, respectively N = 1 SYM and QCD

with bi-fundamental fermions, QCD(BF). For K ≥ 3, this theory provides a set of chiral

gauge theories, and hence there is no gauge-invariant fermion mass term.

Finally, concerning the renormalization group β-functions, the one-loop β function

coefficient for all K ≥ 1 are β0 = 3N and the strong scale is given by

Λ1-loop = µe
− 8π2

3g2N (2.8)

This is the same with that of N = 1 SYM theory, and also with SU(N) QCD with

Nf = N -flavor fundamental quarks at the 1-loop level. Therefore, the one-loop definition

of the strong scale in these theories are the same. This means that chiral quiver theories

are the strongly-coupled theories, and thus it is natural to assume confinement. When we

discuss dynamics of these theories, we assume confinement throughout this paper.

2.1 Global chiral symmetry

The classical symmetry of the Lagrangian (2.3) is given by3

Gclassical =
U(1)K

(ZN )K−1
. (2.9)

Each U(1) symmetry is defined by

ψj 7→ eiαjψj , (2.10)

with αj ∼ αj+2π. Division by (ZN )K−1 comes from the fact that the above transformation

overlaps with the center element of gauge symmetry. Indeed, ZN ⊂ SU(N)j acts on

fermions as

ψj 7→ e−
2πi
N ψj , ψj+1 7→ e+

2πi
N ψj+1, (2.11)

and thus this is the same transformation with αj+1 = −αj = 2π
N . This part should be

eliminated from the global symmetry.

It is important to note that the diagonal center,

(ZN )diagonal ⊂ SU(N)1 × SU(N)2 × · · · × SU(N)K , (2.12)

3Dynamics of this class of chiral gauge theories was examined first in [65]. In there, global symmetry

has not been fully identified correctly. As a result, despite the fact that all monopole-instanton, bion and

4d instanton amplitudes are expressed correctly and long distance effective Lagrangian on small S1 × R3

are correct, the symmetries and their breaking patterns are not generally correct. Here, we identify global

symmetries carefully and determine the mixed anomalies involving higher form symmetries. As a result,

all implications of the mixed anomalies agree with semi-classical analysis.

– 7 –
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does not act on the fermions at all. This is why the symmetry group is divided by (ZN )K−1

instead of (ZN )K . More importantly, as a consequence, the theory has the 1-form symme-

try,

Z[1]
N , (2.13)

which acts on the Wilson loops, Wj 7→ e
2πi
N Wj .

Because of the Adler-Bell-Jackiw anomaly, the classical symmetry is explicitly broken

to a smaller subgroup. We will show that the actual symmetry [5] is given by

G = Z2N , (K = odd), (2.14)

and

G = ZN ×
U(1)

ZN
, (K = even). (2.15)

Accordingly, most of the θ parameters are unphysical in this theory. When K is odd, all

the θ angles can be eliminated by the anomalously-broken chiral transformation, so we can

set θ1 = · · · = θK = 0. When K is even, only the one combination, θ1 − θ2 + · · · − θK , is

physically meaningful, and it turns out that we can set θ2 = θ3 = · · · = θK = 0 without

loss of generality.

So far, we only pay attention to the internal symmetry. We point out that these

theories can have the CP invariance:

ψ(x) 7→ (iσ2)ψ
T

(xP ), aµ(x)dxµ 7→ −aµ(xP )dxµP , (2.16)

where xP := P ·x = (x0,−x1,−x2,−x3). The only possible origin of CP -violation in these

models is the topological θ terms. Therefore, accepting the fact in the previous paragraph,

theories with odd K are CP -symmetric as we can set θi = 0 without loss of generality. On

the other hand, theories with even K have a physical θ parameter. Taking into account

the 2π periodicity, they are CP symmetric only at θ = 0 and θ = π.

When the gauge couplings are the same, g1 = · · · = gK , the cyclic permutation ZK is

also a good symmetry for odd K. When K is even, its structure depends on the θ angle,

and we shall discuss its details in section 2.2.

2.1.1 Odd K

When K is odd, we have the following gauge-invariant fermionic operator,

Oodd
F = tr(ψ1 · · ·ψK). (2.17)

We will show that the actual symmetry is G = Z2N . The Z2N symmetry acts on this

operator as

Oodd
F 7→ e

2πi
2NOodd

F , (2.18)

and its Z2 subgroup is identified with the fermion parity (−1)F . One of the explicit

realization of this symmetry generator is given by [5]

Z2N : ψ1 7→ e
2πi
2N ψ1, ψj 7→ e

2πi
2N

(−1)jψj (j = 2, . . . ,K). (2.19)

– 8 –
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In the following of this subsection, we give a detailed derivation of this result for K = 3.

The generalization to larger odd K is straightforward.

Under the U(1)K=3 transformation, ψj 7→ eiαjψj , the fermion measure DψDψ is

changed as

DψDψ 7→ DψDψ exp

i
K∑
j=1

Nαj
8π2

∫
(trF 2

j + trF 2
j+1)

 . (2.20)

In order for this to be a good symmetry, this extra phase must be quantized in the unit of

2π. Therefore, when K = 3, we get the condition

N

1 1 0

0 1 1

1 0 1


α1

α2

α3

 = 2π

k1k2
k3

 , (2.21)

with some k1, k2, k3 ∈ Z. We can solve this equation asα1

α2

α3

 =
2π

2N

 1 −1 1

1 1 −1

−1 1 1


k1k2
k3

 . (2.22)

At this moment, we may think that there are three independent Z2N symmetries: U(1)3 →
(Z2N )3. Now, we must take into account the effect of divisions by gauge symmetry. In

order to do it, it is useful to rewrite k1 = k− k2− k3 by introducing another integer k. We

then find that α1

α2

α3

 =
2π

2N
k

 1

1

−1

+
2π

N

k2
−1

0

1

+ k3

 0

−1

1


 . (2.23)

Two ZN transformations given by k2 and k3 are nothing but the center elements of SU(N)

gauge symmetries, so they should be eliminated from the global symmetry. The Z2N trans-

formation given by k acts faithfully on the gauge-invariant fermionic operator tr(ψ1ψ2ψ3),

so we find that the actual symmetry group is G = Z2N . Also note that the lowest dimen-

sional bosonic operator charged under chiral symmetry is

Oodd
B = tr(ψ1 · · ·ψKψ1 · · ·ψK). (2.24)

We would expect this operator to get a vacuum expectation values and break the chiral

symmetry down to Z2.

2.1.2 Even K

For even K, the operator

Oeven = tr(ψ1 · · ·ψK). (2.25)

is bosonic, and this is a candidate for the chiral condensate operator. In order to identify

the symmetry, we also pay attention to the baryonic operators,

Bj ∼ ψNj . (2.26)
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We will show that the actual symmetry is G = ZN × [U(1)/ZN ]. The ZN symmetry

acts as

Oeven 7→ e
2πi
N Oeven, (2.27)

while the U(1)/ZN symmetry acts on baryons as

Bj 7→ ei(−1)
jαBj . (2.28)

We can realize these symmetry in the UV description as [5]

ZN : ψ1 7→ e
2πi
N ψ1, ψj 7→ ψj (j = 2, . . . ,K), (2.29)

and

U(1)/ZN : ψj 7→ ei(−1)
jα/Nψj . (2.30)

In the following, we explicitly show these facts when K = 4. Again, it is straightforward

to extend the proof to the case with larger even K.

In order for the chiral U(1)K=4 transformation being a good symmetry, fermion mea-

sure (2.20) must remain invariant. Therefore, αj must satisfy

N


1 1 0 0

0 1 1 0

0 0 1 1

1 0 0 1



α1

α2

α3

α4

 = 2π


k1
k2
k3
k4

 , (2.31)

This equation can be solved if and only if k1 + k3 = k2 + k4, because both sides are equal

to
∑4

j=1 αj . General solutions can be given using Moore-Penrose inverse,
α1

α2

α3

α4

 =
α

N


−1

1

−1

1

+
2π

8N


3 −1 −1 3

3 3 −1 −1

−1 3 3 −1

−1 −1 3 3



k1
k2
k3
k4

 , (2.32)

where α ∈ R. Substituting k4 = k1−k2 +k3 and redefining α→ α+ 2π
8 (−2k1 + 4k2 + 2k3),

we find that 
α1

α2

α3

α4

 =
α

N


−1

1

−1

1

+
2π

N


k1 − k2
k2
0

k3

 . (2.33)

Here, the center gauge transformation of SU(N)1 gives the identification, k2 ∼ k2 + 1, so

k2 can be gauged away. Two discrete transformations k1, k3 are identified by the center

elements of SU(N)4 gauge transformations, i.e, (k1, k3) ∼ (k1, k3) + (1,−1), so the global

symmetry can be faithfully generated only by k1. As a result, the actual symmetry is

(k1, α/N) ∈ ZN × [U(1)/ZN ]. Unlike the case of odd K, the discrete chiral symmetry does

not include the fermion parity as its subgroup.

We note that the U(1)/ZN symmetry is a vector-like symmetry. It is easy to check that

both the cubic anomaly, U(1)3, and the mixed gravitational anomaly, U(1)-gravity-gravity,

vanish. As a consequence, ’t Hooft anomaly matching in ’80’s does not apply, and does

not prohibit the system to be matched by a trivial ground state.
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2.2 ZK permutation symmetry

When the gauge couplings are the same, g1 = g2 = · · · = gK , theories enjoy the extra ZK
symmetry, which cyclically permutes the SU(N) gauge groups and fermion labels. For odd

K, there is no physical θ angle, so this symmetry is manifest. For even K, the generator of

ZK acts on the physical θ angle as θ → −θ, so the ZK symmetry is broken explicitly by the

generic θ angle to ZK/2, while a combination of CP and ZK , Z(CP )
K , is preserved at all θ

values. In this subsection, we shall discuss its consequences for odd and even K separately.

2.2.1 Odd K

For odd K, we can set θi = 0, so it is evident that we have the following ZK symmetry,

an 7→ an+1, ψn 7→ ψn+1, (2.34)

when g1 = g2 = · · · = gK . We note that this ZK permutation commutes with the Z2N

discrete chiral symmetry up to gauge redundancy. Let us demonstrate it for K = 3. We

first apply (Z2N )chiral and then perform ZK=3 permutation, which givesψ1

ψ2

ψ3

 Z2N−−→

 e2πi/Nψ1

e2πi/Nψ2

e−2πi/Nψ3

 ZK=3−−−→

 e2πi/Nψ2

e2πi/Nψ3

e−2πi/Nψ1

 . (2.35)

Applying these operations in the opposite order, we find thatψ1

ψ2

ψ3

 ZK=3−−−→

ψ2

ψ3

ψ1

 Z2N−−→

 e2πi/Nψ2

e−2πi/Nψ3

e2πi/Nψ1

 ∼
 e2πi/Nψ2

e2πi/Nψ3

e−2πi/Nψ1

 . (2.36)

At the last step, we use the identification by the center gauge transformation ZN ⊂ SU(N)1,

so these two symmetry transformations commute on gauge-invariant local operators. This

permutation symmetry does not have an anomaly, so it is consistent to assume that the

ground states respect the ZK symmetry.4

Especially, we would like to note that the chiral order parameter (2.24) can be made

ZK-singlet. In order to show it, we must be careful about the spinor indices, so we introduce

the following notation:

[ξη] ≡ εαβξαηβ , (2.37)

where ξα, ηβ are undotted spinors. Using this, we take the following contraction of spinor

indices for the chiral order parameter,5

Oodd
B = tr([ψ1ψ2] · · · [ψKψ1] · · · [ψK−1ψK ]). (2.38)

4An example for the order parameter of ZK is
∑
` e

2πi
K
`tr(F 2

`,µν). This operator is singlet under other

symmetries, CP and Z2N chiral, so it is a good order parameter for spontaneous breakdown of ZK .
5There are many other possibilities for spinor contractions, but we here take the simplest one in terms

of the notational issue.
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This is an example of ZK-singlet chiral order parameter:

Oodd
B

ZK−−→ tr([ψ2ψ3] · · · [ψ1ψ2] · · · [ψKψ1]) = tr([ψ1ψ2] · · · [ψKψ1] · · · [ψK−1ψK ]) = Oodd
B .

(2.39)

Here, we use the cyclic property of the trace operation. As a result, Oodd
B is a good order

parameter of chiral symmetry breaking, since it can develop the nonzero expectation value

with unbroken ZK symmetry.

2.2.2 Even K

For a moment, let us assume the case θ = 0. In this case, the analysis becomes quite similar

to that of the odd-K case. We can readily find that ZK permutation symmetry commutes

with the ZN discrete chiral symmetry but has the structure of semidirect product with

U(1)/ZN . At θ = 0, this symmetry does not enter the ’t Hooft anomaly, so we will assume

that ZK is unbroken.

To find the consequence of unbroken ZK symmetry, we again need to specify the spinor

contractions of chiral operators (2.25). Interestingly, for the case of even K, we can have

two different contractions even if we restrict ourselves to contractions of neighboring spinors

in (2.25):

Oeven
(1) = tr([ψ1ψ2] · · · [ψK−1ψK ]), (2.40)

Oeven
(2) = tr([ψ2ψ3] · · · [ψKψ1]). (2.41)

Under the ZK permutation, these two operators are exchanged,

Oeven
(1)

ZK←→ Oeven
(2) . (2.42)

Therefore, under the assumption of unbroken ZK , these two operators should have the

same expectation value at θ = 0:

〈Oeven
(1) 〉

∣∣∣
θ=0

= 〈Oeven
(2) 〉

∣∣∣
θ=0

. (2.43)

From now on, let us turn on the θ angle. In our convention, we take θ1 = θ, and

θi 6=1 = 0. When we apply the ZK permutation, this is mapped to θ2 = θ and θi 6=2 = 0.

We can change the location of this non-zero θ angle to θ1 by using the anomalous U(1)

chiral rotation on ψ1, and we get θ1 = −θ and θi 6=1 = 0. As a result, as in the case of CP

transformation, the physical θ angle flips its sign under ZK , so it is a good symmetry only

at θ = 0 or θ = π.

This argument also shows that the combination of ZK permutation and CP transfor-

mation is a good symmetry at any values of θ. We denote this operation as Z(CP )
K , and it

is consistent to assume that Z(CP )
K is unbroken at any θ angle. As the CP transformation

do not commute with the discrete chiral symmetry, the rigorous statement is that, when

the discrete chiral symmetry is spontaneously broken, each vacuum respects Z(CP )
K after

appropriate rotation of broken chiral symmetry.
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3 Vacuum structure of odd-sites quiver theories

In this section, we study the possible low-energy behavior of chiral quiver theory when K

is odd. We first derive the mixed ’t Hooft anomaly between the center symmetry, Z[1]
N ,

and the chiral symmetry Z2N . As a consequence of anomaly matching condition, chiral

symmetry must be spontaneously broken when Wilson loops are confined. Considering the

double-trance deformation on R3 × S1, we confirm this prediction by reliable semiclassics,

and we find N distinct vacua by spontaneous chiral symmetry breaking.

3.1 ’t Hooft anomaly matching

Let us show that there is an ’t Hooft anomaly between the center and discrete chiral

symmetries:

(Z[1]
N )center × (Z2N )chiral. (3.1)

In order to see it, we introduce the background ZN two-form gauge field B. Following the

convention in ref. [66], we realize such a discrete 2-form gauge field by a pair of U(1) 2-form

and 1-form gauge fields (B,C) satisfying

NB = dC. (3.2)

We embed the SU(N) gauge fields aj into U(N) gauge fields ãj , which locally satisfies

ãj = aj +
1

N
C1. (3.3)

In order for the structure group being [SU(N)1 × · · · × SU(N)K ]/(ZN )diag, we need to

postulate the invariance under the 1-form gauge transformation,

B 7→ B + dλ, ãj 7→ ãj + λ1. (3.4)

We note that the covariant derivative,

Dψj = dψj + i ãjψj − iψj ãj+1, (3.5)

manifestly satisfies the invariance under the 1-form transformation. In order to maintain

the invariance of the gauge kinetic term, we replace the field strength by

F̃j −B1 := (dãj + i ãj ∧ ãj)−B1. (3.6)

With this setup, we can compute the partition function by integrating over fermonic fields

and gauge fields, and we denote it by Z[B].

In order to see the ’t Hooft anomaly, we perform the discrete chiral transforma-

tion (2.19) on Z[B]. This transformation is given by α1 = 2π
2N and αj = 2π

2N (−1)j for

j = 2, . . . ,K, so the fermion measure gets the phase

2πi

2N

N

8π2

∫ (tr(F̃1 −B)2 + tr(F̃2 −B)2) +

K∑
j=2

(−1)j(tr(F̃j −B)2 + tr(F̃j+1 −B)2)


=

i

4π

∫
tr(F̃2 −B)2. (3.7)
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Using the U(N) index theorem on spin manifolds, we find that the partition function Z[B]

acquires the overall phase under the chiral symmetry as

(Z2N )chiral : Z[B] 7→ exp

(
− iN

4π

∫
B ∧B

)
Z[B]. (3.8)

As a consequence, when we also introduce the discrete chiral gauge field Aodd
χ , satisfying

2NAodd
χ = dφ, (3.9)

with 2π-periodic scalar φ, the partition function has the gauge ambiguity canceled by

anomaly inflow. The corresponding 5-dimensional topological action is

S5d =
2πi

N

∫
2N

2π
Aodd
χ ∧ N2

8π2
(B ∧B). (3.10)

This topological action defines a 5-dimensional symmetry-protected topological (SPT)

phase of the class ZN , so that the Z2 part of Z2N chiral symmetry is not anomalous. In

order to match the anomaly, we need to require a nontrivial low-energy dynamics, such as

• massless excitations, e.g. in Coulomb phase,

• N vacua by discrete chiral symmetry breaking, (Z2N )chiral → Z2, or

• ZN topological order by deconfinement, (Z[1]
N )center → 1.

Since the beta function of this gauge theory is the same with that of N = 1 SU(N) su-

per Yang-Mills theory, we can expect confinement with non-zero mass gap. Under this

reasonable assumption, anomaly matching requires the chiral symmetry breaking,

(Z2N )chiral → Z2. (3.11)

We emphasize that both symmetry and anomaly are the same with those of N = 1 SU(N)

SYM theory given in refs. [22, 23]. Although the nonperturbative orbifold conjecture [4, 5]

itself does not work [6–8], these theories share the surprisingly similar structure. Indeed,

as we shall see in section 5, all odd site quiver theories can be deformed to SYM.

3.2 Semiclassics on small R3 × S1

We consider the double-trace deformation of the [SU(N)]K chiral quiver theory, so that

the zero-form part of the center-symmetry acting on gauge holonomy around the S1 circle

is unbroken. Most part of this section has been done in ref. [65], but the global nature of

theories is not correctly captured there. We carefully perform their analysis again in order

to give correct identifications of vacuum structures.

Because of the double-trace deformation, the gauge invariance reduces to the maximal

abelian subgroup and Weyl permutations, [U(1)N−1 oWsu(N)]
K . The double-trace term
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forces the center-symmetric vacuum, so that the Polyakov-loop phase φ takes the vacuum-

expectation value, φ ∼ 2π
N (1, 2, . . . , N), and this fixes the gauge for Wsu(N). The dual

photon part of the action (ignoring the non-perturbative effects) is given by6

S =
K∑
j=1

1

L

∫
M3

(
g2

16π2
|dσj |2

)
. (3.12)

where σj is the dual photon field associated with the jth gauge group factor. The σj field

lives in

σj ∈
RN−1

(2πΛw)
, (3.13)

where Λw is the weight lattice, but further gauge identification for (σ1, . . . ,σK)-tuple is

described below.

The monopole-instanton operators associated with the j-th gauge group factor are

given by

Mj,i(x) = e−SI/Neiαi·σj(x)(αi ·ψj−1)(αi ·ψj), (i = 1, . . . , N, j = 1, . . .K) (3.14)

Here, SI = 8π2/g2 is the instanton action. The fermion zero mode structure is dictated

by the index theorem for the Dirac operator on R3 × S1 [67, 68]. The zero modes are

associated with the incoming/outgoing fermion link field on the quiver.

It is worth noting that the monopole operator is invariant under a gauge transforma-

tion associated with the j-th gauge group factor, but not with (j − 1)-th and (j + 1)-th

gauge groups. As a consequence, these events themselves cannot contribute to the effective

Lagrangian, and this point is an important difference from semiclassics for N = 1 SYM

on R3×S1. However, they are useful as building block of gauge-invariant nonperturbative

contributions to the dynamics.

At second order in semi-classics, we have magnetic bion contributions, corresponding

to the correlated events Bj,i = [Mj,i(x)Mj,i+1(x)] where the zero modes of the monopole

are soaked up by the zero modes of the anti-monopole. The dilute gas of the magnetic

bions induce a potential:

V (2) = −e−2SI/N
N∑
i=1

K∑
j=1

cos ((αi −αi+1) · σj(x)) (3.15)

The minima of the potential are located at

(σ1, . . . ,σK) =
2π

N
ρ (k1, . . . , kK) kj = 1, . . . , N (3.16)

where ρ =
∑N−1

n=1 µn is the Weyl vector. There are NK minima of this potential, but below

we show that they fall into N gauge inequivalent orbits, hence there are only N vacua in

6In order to introduce dual photons by 3d Abelian duality to Cartan part of gluons, all the electrically

charged excitations under U(1)N−1 must be gapped. In the chiral quiver theory, the diagonal components

of bifundamental fermions do not acquire mass from the center-symmetric Polyakov loop, so we need to

introduce the real mass by taking the twisted boundary condition using (2.19) and (2.30), for K odd and

even, respectively.
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the quantum theory. The (ZN )K−1 part of the gauge redundancy provides the following

extra identifications on the (σ1, . . . ,σK)-tuple. The (ZN )K−1 gauge identifications are

(σ1, . . . ,σK) ∼ (σ1, . . . ,σK) +
2π

N
ρ
[
(1,−1, . . . , 0)l1 + . . .+ (0, . . . , 0, 1,−1)lK−1

]
, (3.17)

with li ∈ Z. After these identifications, we observe that there are N true vacua in the

[SU(N)]K theory (and in the gauge orbit of each true vacuum, there are NK−1 gauge

equivalent copies). In order to take into account these facts, it is useful to consider the

gauge-invariant combination

K∑
j=1

σj =
2π

N
ρk, k ≡

( K∑
j=1

kj

)
mod N. (3.18)

A quicker way to reach to the same conclusion is as follows. All monopole events

Mj,i(x) are gauge covariant but not invariant, so their product
∏K
j=1Mj,i(x) is the leading

gauge-invariant nonperturbative event with fermionic zero modes. This combination is

given by

MRi ≡
K∏
j=1

Mj,i ∼ e−KSI/Neiαi·(
∑K
j=1 σj(x)) ((αi · ψ1) · · · (αi · ψK))2 (3.19)

The Z2N chiral transformation (2.19) acts on the multi-fermion operators as

tr (ψ1 . . . ψK)2 → e
2πi
N tr (ψ1 . . . ψK)2. Since Z2N is a genuine symmetry of the theory, it

must be respected by the monopole operators. This demands that under a chiral rotation,

the pure flux part of the monopole operator transform by a ZN phase.

eiαi·(
∑K
j=1 σj(x)) → e−

2πi
N eiαi·(

∑K
j=1 σj(x)) (3.20)

The exponent is noting but the gauge invariant combination (3.18). The bion induced

potential provides a vacuum expectation value for the chiral order parameter, giving the

N -vacua: 〈
eiαi·(

∑K
j=1 σj(x))

〉
= e

2πik
N , k = 1, . . . , N. (3.21)

On R4, a natural order parameter for the chiral symmetry breaking is the double-

polygon operator, which is a bosonic gauge invariant operator with 2K fermion insertions:

Oodd
B = tr([ψ1ψ2] · · · [ψKψ1] · · · [ψK−1ψK ]). (3.22)

Under the chiral transformation (2.19), this operator transform as Oodd
B → e

2πi
N Oodd

B and

its condensation lead to the spontaneous discrete chiral symmetry breaking Z2N → Z2. On

small R3 × S1, the fermion zero mode structure of the double-polygon operator (3.19) is

exactly right to contribute to this condensate. We showed that in the vacuum, it is the flux

part of the double-polygon operator (3.21) that acquires an expectation value and breaks

chiral symmetry. In this k-th vacuum, call it |Ωk〉, we can calculate the expectation value
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of Oodd
B as well. We find that

∏K
j=1Mj,i(x) for all i = 1, . . . , N contributes to it. We find,

up to inessential numerical factors,

〈Ωk|Oodd
B |Ωk〉 = NL−3Ke

−K 8π2

g2N e
2πik
N . (3.23)

The β function of the chiral quiver theory is the same as N = 1 SYM in the large-N limit.

Using the one-loop expression, with the renormalization scale µ ∼ L−1, we find that

〈Ωk|Oodd
B |Ωk〉 = NΛ3Ke

2πik
N , (3.24)

Despite the fact that our analysis is in the weakly coupled domain, it produces a chiral

condensate which is dictated by the strong scale Λ of the theory. At the leading order, just

like N = 1 SYM theory, the L dependence of the chiral condensate disappears.

4 Vacuum structure of even-sites quiver theories

In this section, we study the low-energy dynamics for the case K is even. We first derive

mixed ’t Hooft anomaly between Z[1]
N and ZN × [U(1)/ZN ], and hence anomaly matching

suggests the N isolated vacua by chiral symmetry breaking when assuming confinement.

We next derive the generalized anomaly, or global inconsistency, related to the θ angle peri-

odicity. As a consequence, not only are there N vacua due to the chiral symmetry breaking,

the system also has an N -branch structure, and those branches are exchanged as we dial

the θ angle. Both of these observations are confirmed by reliable semiclassics on R3 × S1.

4.1 ’t Hooft anomaly matching for chiral symmetry

We introduce the background gauge field for the vector-like symmetry,

Z[1]
N ×

U(1)

ZN
. (4.1)

The contents of the background gauge field are given by

• ZN 2-form gauge field, (B,C) with NB = dC, for Z[1]
N ,

• U(1) gauge field A,

• ZN 2-form gauge field, (B′, C ′) with NB′ = dC ′, to take the quotient U(1)/ZN .

Dynamical SU(N) gauge fields aj are embedded into U(N) gauge fields, locally written as

ã2n−1 = a2n−1 +
1

N
C1, ã2n = a2n +

1

N
C1 +

1

N
C ′1, (4.2)

for n = 1, . . . ,K/2. We postulate the invariance under 1-form gauge transformations,

B 7→ B + dλ, B′ 7→ B′ + dλ′, (4.3)

and

ã2n−1 7→ ã2n−1 + λ1, ã2n 7→ ã2n + λ1 + λ′1, A 7→ A− λ′. (4.4)
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Since the covariant derivatives on fermionic fields are now given as

Dψj = dψj + i ãjψj − iψj ãj+1 + i(−1)jAψj , (4.5)

the manifest 1-form gauge invariance holds. SU(N) field strengths should be replaced by

the U(N) field strengths as

F2n−1 → F̃2n−1 −B1, F2n → F̃2n −B1−B′1. (4.6)

We also note that N(dA+B′) is the field strength for U(1)/ZN . This can be identified as

the gauge field for the baryon number symmetry in the correct canonical normalization,

and we denote that

dAB := N(dA+B′). (4.7)

This identification of the baryon-number gauge field has been also used in QCD with

fundamental quarks, and see ref. [34].

Now, in order to find the mixed ’t Hooft anomaly, we perform the ZN transforma-

tion, ψ1 7→ e2πi/Nψ1. Under this transformation, the fermion measure acquires the phase

factor [34],

2πi

N

1

8π2

∫
tr1,2

(
F̃1 − F̃ T2 − dA

)2
=

2πi

N

1

8π2

∫ (
Ntr(F̃1 −B)2 +Ntr(F̃2 −B −B′)2 +N2(dA+B′)2

)
= −i

(
N

2π

∫
B ∧B +

1

2π

∫
B ∧ dAB

)
, (4.8)

mod 2πi. Therefore, the partition function Z[B,AB] under the background gauge fields is

transformed as

(ZN )chiral : Z[B,AB] 7→ exp

(
−i

1

2π

∫
(NB ∧B +B ∧ dAB)

)
Z[B,AB]. (4.9)

This means that the partition function suffers from gauge ambiguity when we also

introduce the background chiral gauge field Aeven
χ . Since the discrete chiral symmetry for

even K is ZN , it satisfies

NAeven
χ = dφ, (4.10)

with some 2π-periodic scalar field φ. The 5-dimensional SPT action is given by

S5d =
4πi

N

∫
N

2π
Aeven
χ ∧ N2

8π2
(B ∧B) +

2πi

N

∫
N

2π
Aeven
χ ∧ N

2π
B ∧ 1

2π
dAB. (4.11)

Let us discuss how the low-energy physics can match this anomaly.

Since the β function of the gauge coupling is again the same with that of N = 1 super

Yang-Mills theory, it is natural to assume confinement. The first term of (4.11) only involves

the center and discrete chiral symmetries, and the second one involves U(1)/ZN as well.

When N is odd, the center-chiral mixed anomaly requires the complete chiral symmetry

breaking, (ZN )chiral → 1, and this matches the second one automatically. Therefore, under
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the assumption of confinement there must be N isolated vacua by the chiral symmetry

breaking.

When N is even, the story is slightly more complicated. The center-chiral mixed

anomaly only requires N/2 vacua by chiral symmetry breaking (ZN )chiral → Z2, because

this Z2 subgroup is neutral under the first term of (4.11).7 In order to match the second

term, anomaly matching requires either full chiral symmetry breaking (ZN )chiral → 1 or

some gappless excitations charged under U(1)/ZN with partial chiral symmetry breaking

(ZN )chiral → Z2. When N is not too small, we believe that the low-energy behavior is

controlled by smooth large-N limit, and the different behaviors between even and odd N

is difficult to imagine. Therefore, we conclude that anomaly matching is satisfied by N

isolated vacua by the spontaneous chiral symmetry breaking,

(ZN )chiral → 1 (4.12)

for both even and odd N .

We note, however, that the theory with N = 2 may be special. In this case, the first

term of (4.11) is completely trivial, and thus the chiral symmetry breaking does not have

to occur even partially. To match the second term, the existence of gappless excitations

charged under U(1)/Z2 should be sufficient.

4.2 Generalized ’t Hooft anomaly for θ periodicity

For even-sites quiver theories, we have one physical θ parameter. Without loss of generality,

we can take θ1 = θ and θ2 = · · · = θK = 0, where θ ∼ θ + 2π.

Assuming confinement, we can find an interesting phase structure as we dial θ. In order

to see it, we discuss the global inconsistency [18–20], or generalized ’t Hooft anomaly [42,

43], for the periodicity of θ. Let us again introduce the background gauge field for the

vector-like symmetry, Z[1]
N × [U(1)/ZN ], and then we compare the partition function at θ

and θ + 2π. Since the topological charge for the SU(N)1 gauge group is given by

1

8π2

∫
tr(F̃1 −B)2 =

1

8π2

∫
tr(F̃ 2

1 )− N

8π2

∫
B2. (4.13)

The first term is quantized to integers due to the U(N) index theorem on spin manifolds.

As a consequence, we find that

Zθ+2π[B,AB] = exp

(
i
N

4π

∫
B ∧B

)
Zθ[B,AB]. (4.14)

7When we put the theory on non-spin manifolds, such as CP 2, by introducing a kind of spin-charge

relation, we can obtain stronger constraints from center-chiral mixed anomaly [69]. The index of Dirac

operators on CP 2 with minimal non-trivial ’t Hooft flux turns out to be (1 + N/2) mod N , if we do not

introduce any flux on U(1)/ZN for even N . Therefore, when N ∈ 4Z, the stronger constraint indeed

appears, and we can claim complete chiral symmetry breaking just from center-chiral mixed anomaly. For

N ∈ 4Z + 2, the center-chiral mixed anomaly is still order N/2.

We thank Mohamed Anber for pointing out the usefulness of non-spin manifolds, with detailed explana-

tions on how such computations can be done.
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This leads to the N branch structure, and phase transitions must happen at least once

while we change θ continuously from 0 to 2π .

A natural location of this first-order phase transition would be θ = π. We can justify

this expectation by paying attention to the CP symmetry. In this model, the only origin of

CP violation is the θ angle, as other couplings are manifestly real. Since CP transformation

effectively flips the sign of θ, the CP symmetry exists only at θ = 0 and θ = π thanks to

the 2π periodicity.

By using the relation (4.14), we can find the mixed anomaly, or global inconsistency,

for the Z[1]
N symmetry and the CP symmetry at θ = π. Indeed, we obtain that

Zθ=π[B,AB] 7→ exp

(
−i
N

4π

∫
B ∧B

)
Zθ=π[B,AB]. (4.15)

When N is even, there is no local counter term that can cancel this anomalous phase, so

we get the genuine anomaly. As a consequence, we conclude the spontaneous CP breaking

at θ = π for even N . Therefore, there are 2N vacua at θ = π, and the symmetry breaking

pattern is

(ZN )chiral o (Z2)CP → 1. (4.16)

When N is odd, there is a local counter term that can cancel this anomaly, so we

must carefully compare the gauged partition functions at θ = 0 and θ = π. Basically,

there are two options for low-energy dynamics in this situations under the assumption of

confinement [18–20]:

• CP is spontaneously broken either at θ = 0 or θ = π, or

• phases at θ = 0, π are distinct as Z[1]
N -protected SPT phases.

However, we again expect the smooth large-N behavior, so it is natural to expect that CP

is broken at θ = π also for odd N .

When g1 = · · · = gK , we also note that this conclusion is consistent with the mixed

anomaly involving ZK permutation at θ = π. As we discussed in section 2.2, the full

ZK permutation is a good symmetry only at θ = 0 or θ = π, and the transformation

at θ = π is given by the permutation, ψn 7→ ψn+1, followed by the chiral transformation,

ψ1 7→ e−2πi/Nψ1. Since this effectively flips the sign of θ = π, we obtain the mixed anomaly,

(ZK)permutation : Zθ=π[B,AB] 7→ exp

(
iN

4π

∫
B ∧B

)
Z[B,AB]. (4.17)

We note that this anomaly has the same anomalous phase with that of mixed CP anomaly,

which means that Z(CP )
K does not have an anomaly. Another important point is that

ZK does not act on B, so there is no possible local counter term for this ZK mixed

anomaly, unlike the case of CP symmetry. Therefore it is quite natural to assume that

these anomalies are matched by spontaneous breakdown of ZK × CP down to Z(CP )
K .

For even K, the anomaly structure, including the symmetry group, is the same with

that of QCD(BF) at the massless point (see, e.g., refs. [19, 70, 71] for QCD(BF), and also

refs. [27, 34] for related anomaly in QCD with fundamental quarks). Again, this class of

chiral gauge theories shows very similar features with the vector-like theory, i.e. QCD(BF)

(see also section 5).
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4.3 Semiclassics on small R3 × S1

The semiclassics with double-trace deformation has been analyzed in ref. [65], with some

errors on the identification of global properties. Here, we take care of them in order to

understand the vacuum structures.

There are multiple crucial differences in the dynamics of the K even and odd theories.8

First, the monopole operators are of the form (3.14) except that there is an irremovable θ

angle. In the previous subsection, we set θ1 = θ and the rest to zero. As a result, only the

j = 1 monopole vertices are modified:

M1,i(x) = e−SI/Neiαi·σ1(x)(αi ·ψK)(αi ·ψ1)e
i θ
N , (i = 1, . . . , N), (4.18)

Mj,i(x) = e−SI/Neiαi·σj(x)(αi ·ψj−1)(αi ·ψj), (i = 1, . . . , N, j = 2, . . .K).

Since bions in the center-symmetric background are topologically neutral, the theta angle

dependence does not show up there, hence, at second order, we generate the same bion

induced non-perturbative potential V (2) (3.15) as in the K odd case. Furthermore, the

minima of the potential is again given in (3.16). To count the ground states correctly, we

need to remove all gauge redundancies, and at this step, there are some subtle differences

compared to K odd case. The (ZN )K−1 gauge identifications are

(σ1, . . . ,σK) ∼ (σ1, . . . ,σK)

+
2π

N
ρ
[
(1, 0,−1, 0, . . . , 0)l1 + . . .+ (0, . . . , 0, 1, 0− 1, 0)lK

2
−1

]
(4.19)

+
2π

N
ρ
[
(0, 1, 0,−1, 0, . . . , 0)m1 + . . .+ (0, . . . , 0, 1, 0− 1)mK

2
−1

]
.

Therefore, there are two gauge invariant combinations of the dual photon fields under the

(ZN )K−1 gauge transformations. These are∑
j∈odd

σj(x),
∑
j∈even

σj(x). (4.20)

These combinations also arise naturally from two possible types of polygonal monopole

vertices, whose structure of fermionic zero modes coincides with that of the chiral order

parameter on R4, given in (2.25). These are

MRi,odd =
∏
j∈odd

Mj,i ∼ e−
KSI
2N

+i θ
N eiαi·(

∑
j∈odd σj(x)){ψ(i)

2 ψ
(i)
3 } · · · {ψ

(i)
K ψ

(i)
1 }, (4.21)

MRi,even =
∏

j∈even
Mj,i ∼ e−

KSI
2N eiαi·(

∑K
j∈even σj(x)){ψ(i)

1 ψ
(i)
2 } · · · {ψ

(i)
K−1ψ

(i)
K }, (4.22)

where ψ
(i)
j = αi ·ψj . At θ = 0, these two polygonal vertices are related by ZK permutation

symmetry. Note that the fermionic zero mode structure of the two operators are the same

up to contraction of spinor indices, but magnetic charges of the first (second) one lives on

8In addition to the crucial differences discussed below, we need to take a different twisted boundary

condition for fermions between odd and even K as the symmetry structures are different. For odd K, we

use (2.19) to give real mass for fermions, but for even K, we need to use (2.30).
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the odd (even) sites, and they are different. Note that the exponents are the same as the

gauge invariant combinations (4.20) as they should be. Furthermore, there is a θ angle

dependence in one of them coming from irremovable θ angle in Lagrangian.

Under the ZN chiral transformation (2.29), the multi-fermion operators that enter

to (4.22) transform by a ZN phase. Since ZN is a genuine symmetry of the theory, this

requires

eiαi·(
∑
j∈odd σj(x)) → e−

2πi
N eiαi·(

∑
j∈odd σj(x))

eiαi·(
∑
j∈even σj(x)) → e−

2πi
N eiαi·(

∑
j∈even σj(x)) (4.23)

Therefore, at the second-order in semi-classics, there are N2 gauge inequivalent minima,

given by

∑
j∈odd

σj =
2π

N
ρ`1, `1 ≡

( ∑
j∈odd

kj

)
modN

∑
j∈even

σj =
2π

N
ρ`2, `2 ≡

( ∑
j∈even

kj

)
modN (4.24)

But this cannot be the number of vacua, as the chiral symmetry of the theory is ZN and

we cannot get more than N vacua. However, surprisingly, this number N2 is physically

meaningful.

The first term that can lift the N2-fold degeneracy appears at a fairly large order in

semi-classics. It may be induced by the correlated topological configurations of the form

[MRi,oddMRi,even], which is a (2M)-th order event. This is an exotic generalization of

magnetic bion. The proliferation of such events induce a term in the effective theory of the

form:9

V (2M) = −e−KSI/N
N∑
i=1

cos

(
αi ·

( ∑
j∈odd

σj(x)−
∑
j∈even

σj(x)

)
+

θ

N

)
(4.25)

As a result, there are N vacuum state for any value of θ 6= π. For example, at θ = 0, we

obtain the lifting term for the minima (4.24), of the form −e−(2M)SI/NN cos
(
2π
N (`1 − `2)

)
,

hence, the minima are at `1 = `2 = 0, 1, . . . N − 1.

Remarkably, since θ angle is physical in this theory, on each vacuum, we obtain N

branches as a function of the θ-angle. This accounts for the N2 minima that we found at

second order in semi-classics. Ultimately, N2 minima split up to N vacua, each of which

possess N branches.

9While the sign of this contribution cannot be a priori established without careful semi-classical analysis,

as physically meaningful signs could appear [72–75], we can fix the sign by demanding that the vacuum

energy is minimal at θ = 0 mod 2π. The justification of this can be argued by a version of the Vafa-

Witten [76, 77] theorem, combined with the continuity of all even-site quivers to the 2-site quivers discussed

in section 5. Since the even-site quiver is just a Dirac fermion coupled to SU(N)× SU(N) gauge field, the

positivity of Euclidean measure is violated by the θ-term only. Hence Vafa-Witten theorem applies, and

the lowest vacuum energy is at θ = 0 mod 2π.
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The θ dependence of the vacuum energy density also arises as

E`1,`2(θ) ∼ min
(`1−`2)∈Z

e−KSI/NN

{
1− cos

(
θ + 2π(`1 − `2)

N

)}
. (4.26)

Here, we put an offset so that E`1=`2(θ = 0) = 0, so that E`1,`2(θ) ≥ 0. This θ dependence

is again a very suppressed effect in semi-classics, but nonetheless it is the leading term

which induces the branch structure. Notably, there is a first order phase transition at

θ = π, and number of vacua becomes 2N .

On R4, the order parameter for the chiral symmetry breaking is the bosonic gauge in-

variant operator with K fermion insertions, Oeven
(1) = tr([ψ1ψ2] · · · [ψK−1ψK ]) and Oeven

(2) =

tr([ψ2ψ3] · · · [ψKψ1]). The vacuum expectation value of O would yield, at θ 6= π, to sponta-

neous discrete chiral symmetry breaking ZN → Z1, and N vacua. However, due to physical

theta angle in this theory, the condensate must have a non-trivial θ dependence, and we

can see this explicitly in semi-classical regime.

On small R3×S1, the fermion zero mode structure of two types of operators (unlike K

odd case) (4.22) have exactly the right structure of zero modes to contribute to condensate.

In the vacuum, the flux part of the monopole operator given in (4.24) condense. Taking

`1 = `+ ˜̀, `2 = `, the condensate has two types of contributions,

〈Ω`,˜̀|
(
Oeven

(1) +Oeven
(2)

)
|Ω`,˜̀〉 ∼ NL−3K/2e

−K 8π2

g2N e
2πi`
N

(
ei

2π ˜̀+θ
N + 1

)
∼ NΛ3K/2e

2πi`
N

(
ei

2π ˜̀+θ
N + 1

)
, (4.27)

〈Ω`,˜̀|
(
Oeven

(1) −O
even
(2)

)
|Ω`,˜̀〉 ∼ NΛ3K/2e

2πi`
N

(
ei

2π ˜̀+θ
N − 1

)
. (4.28)

The part of the condensate induced by MRi,odd has an explicit θ angle dependence, while

the part sourced by MRi,even does not. At θ = 0, the second condensate vanishes for

ground states ˜̀ = 0, which is the consequence of unbroken ZK permutation symmetry.

The CP transformation acts on the chiral condensate as the complex conjugation. At the

CP symmetric points, θ = 0 or θ = π, we can effectively write down its effect as the

mapping of the labels `, ˜̀, but there is an important difference between θ = 0 and π. At

θ = 0, the effect of CP is

` 7→ −`, ˜̀ 7→ −˜̀. (4.29)

At θ = π, however, the effect of CP is given by

` 7→ −`, ˜̀ 7→ −˜̀− 1. (4.30)

This shift on ˜̀ by 1 is the consequence of mixed ’t Hooft anomaly or global inconsistency

involving CP at θ = π, as we have discussed in the previous subsection.

It is important to note that the magnitude of the condensate depends on the θ angle,

unlike K odd case, as well as unlike general SU(N) QCD-like theories. The magnitude of

the condensate is:∣∣∣〈Ω`,˜̀|
(
Oeven

(1) +Oeven
(2)

)
|Ω`,˜̀〉

∣∣∣ ∼ max
˜̀
NΛ3K/2 cos

(
2π ˜̀+ θ

2N

)
. (4.31)
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Similar to K odd case and N = 1 SYM theory, the L dependence of the chiral condensate

disappears within the one-loop β function, and in a weakly coupled domain, we obtain a

chiral condensate which is dictated by the strong scale Λ of the theory. Note that the value

of ˜̀ that minimizes the vacuum energy density maximizes the magnitude of the condensate.

5 Continuous deformation between quivers and universality of K-even

and K-odd phases

Here we will argue that the vacuum structure of the even site quivers are continuously

connected to each other, and the same holds for odd site quivers. This clarifies the reason

why even-K chiral quiver theories have the same properties with QCD(BF) and odd-K

theories do with N = 1 SYM.

To argue this, we introduce a hierarchy of energy scales, so that one gauge theory of

the quivers (say the one on site i) is more strongly coupled than the rest. Then, in the deep

UV regime, all gauge fields are weakly coupled, in the deep IR regime, all gauge fields are

strongly coupled, but in the intermediate regime, the i-th gauge group is strongly coupled

but the rest are weakly coupled. In this intermediate regime, the gauge group SU(N)i is

expected to confine the fermions ψi−1 and ψi into mesons and baryons. The color of the

other gauge groups (in particular i − 1 and i + 1) is weakly coupled at the intermediate

scale, so a description in terms of gauge fields is still appropriate for them. The would-be

pions of the site i will then Higgs the gauge groups adjacent to site i of the quiver down to

a diagonal subgroup at the intermediate scale. The result is that the vertex i of the quiver

gaps out the fermions that connect to it, and the would-be pions in turn Higgs down the

gauge groups i ± 1 to a single SU(N) gauge group: SU(N)i−1 × SU(N)i+1 → SU(N)diag.

This effectively identifies gauge groups i + 1 and i − 1, and the K-site quiver is replaced

with the (K − 2)-site quiver.

Now let us consider this procedure in a bit more details and take Λi � Λj 6=i (Similar

limit has been considered in the context of technicolor [78–80]). In this case, the fermions

ψi−1 and ψi are strongly coupled to the gauge group SU(N)i, while gauge fields at sites

i ± 1 are still weakly coupled in the intermediate range of energies. In this regime we

expect that the gauge group i binds fermions into “mesons” Mi ∼ 〈ψi−1ψi〉. The meson

field Mi is a nonlinear realization of Nambu-Goldstone bosons, Mi ∝ Vi ∈ SU(N), and it

transforms as Vi 7→ Ui−1ViU
†
i+1, under the (i± 1)-th gauge transformations (Ui−1, Ui+1) ∈

SU(N)i−1 × SU(N)i+1 . The leading term of an effective Lagrangian is given by

L ∝ Λ2
i tr
[
(dVi + iai−1Vi − iViai+1)

† ∧ ?(dVi + iai−1Vi − iViai+1)
]
. (5.1)

This is just the standard pion Lagrangian coupled to the SU(N)× SU(N) gauge fields.

In the limit that Λi � Λi±1, we have that the above effective theory imposes a con-

straint

ai+1 = V †i ai−1Vi − iV †i dVi , (5.2)

so the gauge fields ai−1 and ai+1 are forced to be the same up to a gauge transformation,

and the gauge group SU(N)i−1 × SU(N)i+1 is reduced to a single SU(N). Hence such
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a limit reduces the K-site quiver to the K − 2 site quiver theory. In our discussion we

have ignored the Wess-Zumino-Witten (WZW) term contribution [81, 82]. This term is

important for the correct gauge anomaly cancellation. However as we have seen in this

work, for K > 2, the K- and (K − 2)-site quiver gauge theories have the same ’t Hooft

anomalies, and the WZW term is not needed for anomaly matching. This is also justified

by the observation that Vi has no interesting dynamics as it can be gauged away to unity

by a combined i− 1 and i+ 1 gauge transformation.

The discussion above implies that the K-site quiver theory can be reduced to the

(K − 2)-site quiver theory when K > 2. That is, when K is even, we can continuously

deform our theory to QCD(BF), and when K is odd, we obtain N = 1 SYM. This explains

why these theories share the same structure about symmetry and ’t Hooft anomalies, as we

have seen in previous sections. We conjecture that no phase transition is encountered as

one takes the decoupling limit at a time. Even though nonperturbative orbifold equivalence

does not hold for K ≥ 3, there is an interesting continuity about ground-state structures

between odd-K theories, and the same holds, separately, for even-K theories.

Lastly, let us comment on why we cannot apply the above procedure to QCD(BF)

to obtain pure Yang-Mills theory, as we would naively conclude. Indeed, the situation

is quite different for K = 2 quiver with Λ2 � Λ1, as there is only one weakly coupled

gauge theory and the gauge transformation of V = V2 is V → UV U †. In this case V

transforms in the adjoint representation of SU(N) gauge group, so the Nambu-Goldstone

bosons cannot be gauged away completely. Depending on what value of V is dynamically

favored, the effective theory may be dynamically Abelianized and produce IR photons,

or may be confining. If it is confining, the anomaly analysis dictates that the ZN chiral

symmetry is spontaneously broken, and indeed this was argued to be the case in ref. [70].

6 Comments on domain walls

As we have discussed, chiral quiver gauge theories break discrete chiral symmetry sponta-

neously. In this case, there is a dynamical wall-type excitation, which connects different

domains. Since such configuration breaks the spacetime translation, there is an associated

Nambu-Goldstone modes on the wall. In addition to it, we must have extra light degrees of

freedom because of the presence of various anomalies (see, e.g., refs. [18, 22, 25, 36, 37, 41]),

which makes domain-wall theories more interesting in our setup.

6.1 Odd K theories

For odd K, we have concluded that discrete chiral symmetry is spontaneously broken as

Z2N → Z2, and there are N vacua. Let us consider the domain wall that connects two

neighboring vacua. We assume that the domain wall locates at x3 = 0, and

〈tr(ψ1 · · ·ψKψ1 · · ·ψK)〉|x3→−∞ = NΛ3K ,

〈tr(ψ1 · · ·ψKψ1 · · ·ψK)〉|x3→+∞ = NΛ3Ke2πi/N . (6.1)
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The presence of anomaly (3.8) suggests that, under a certain regularization, the bulk

partition functions for x3 ≷ 0 are given as

Zx3<0[B] = 1, Zx3>0[B] = exp

(
−i

∫
x3>0

N

4π
B ∧B

)
. (6.2)

As a consequence, the partition function of the domain wall, ZDW[B], must have an ’t Hooft

anomaly for Z[1]
N to cancel the anomaly inflow from the bulk partition functions:

ZDW[B + dλ] = exp

(
i

∫ (
N

2π
λ ∧B +

N

4π
λ ∧ dλ

))
ZDW[B]. (6.3)

A typical example having this anomaly is the level-1 SU(N) Chern-Simons (CS) term. Al-

though we cannot specify the domain-wall theory completely, consideration from anomaly

suggests the existence of CS term in the low-energy effective theory,10 and test quarks are

deconfined on the wall (see also refs. [83, 84]).

An intuitive way to see the deconfinement of test charges is as follows. Let us start with

the case K = 1, corresponding to N = 1 SYM, which is relatively well understood with the

help of N = 2 Seiberg-Witten (SW) theory [85, 86]. In the moduli space of Seiberg-Witten

theory, there are special points at which either the ’t Hoof-Polyakov monopole or Julia-Zee

dyon become massless. By adding the soft mass to adjoint scalar, it is widely believed

that these massless magnetically charged particles condense, which leads to confinement.

Different N vacua of N = 1 SYM theory can then be associated with the monopole-

condensation and dyon-condensation phases. We note that semiclassical quantization with

dyons fixes their possible electric charges [87]: they should belong to the root lattice,

not the weight lattice, so their electromagnetic charges can be thought of the same with

composites of one ’t Hooft-Polyakov monopole and multiple gluons.

In this interpretation, the domain wall for spontaneously-broken discrete chiral sym-

metry is the wall configuration separating the monopole-condensation phase and the dyon-

condensation phase.11 Because of the condensation of magnetically-charged particles, the

dual-superconductor scenario [89–91] naturally expects the area law of Wilson loops,

W q, q = 1, . . . , N − 1, (6.4)

on both sides of the wall. Near the wall, there are several possibilities, and one possibility

is the following. Because monopole and dyon have non-parallel charges, their condensates

should decrease near the wall, which leads to the proliferation of electrically-charged exci-

tations. Since those excitations are in the adjoint representation, it is natural to expect the

10We are not claiming that the domain-wall theory is exactly given by the CS theory. It can include

additional terms, which can change the details of dynamics. Still, the perimeter law of Wilson loops is robust

under such deformation to satisfy the anomaly matching, so long as the domain-wall theory is gapped.
11Note that this explanation differs from the one by Witten [88] (often attributed to S. J. Rey’s unpub-

lished work), although they may sound similar. In their explanation, condensing dyons have the electric

charges in the weight lattice, i.e. they can take the fundamental representation, which causes the dynamical

excitation on the wall with fundamental representation. In the explanation here, all dynamical dyons have

the adjoint representation: what is argued here is the deconfinement of test electric charges on the wall,

and there are no dynamical fundamental excitations.
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screening of test electric particles. This is consistent with the deconfinement phenomenon

for the 3d CS theory.

For K ≥ 3, confinement can be tested by Wilson operators of the form

W q1
1 W q2

2 . . .W qK
K . But since the massless bi-fundamental quarks ψj has N -ality

(0, . . . ,+1,−1, 0, . . . , 0) where +1 appears on j-th spot, their pair-creation/annihilation

processes can change (q1, . . . , qK) without energetic cost according to the rule:

(q1, . . . , qK) ∼ (q1, . . . , qK) + (1,−1, . . . , 0)l1 + . . .+ (0, . . . , 0, 1,−1)lK−1, (6.5)

with li ∈ Z. Therefore, external probes can be classified according to a single ZN valued

integer,
K∑
j=1

qj = q mod N. (6.6)

Without loss of generality, we can consider external probes of the form (0, q, 0, . . . , 0)

corresponding to

W q
2 , q = 1, . . . , N − 1 (6.7)

just like external probes in K = 1 theory, corresponding to N = 1 SYM theory. (We chose

a Wilson line in j = 2 for later convenience). So, the classification of the external probes

are, not surprisingly, same in K = 1 vector-like theory and K ≥ 3 chiral theories, since in

both cases, we only have a single Z[1]
N center symmetry.

The above explanation implies that it suffices to generate CS term only for one gauge

factor. Let us show this explicitly. Consider the x3 direction (direction transverse to DW)

compactitfied on a circle with arbitrary size β. Then, the insertion of domain wall (6.1)

correspond to the chirally twisted boundary conditions in terms of microscopic fermions in

the path integral formulation, namely,

ψ1(β) = e
2πi
2N ψ1(0), ψj(β) = e

2πi
2N

(−1)jψj(0), (j = 2, . . . ,K). (6.8)

Ref. [68] showed that this chiral twist in the small β regime induce CS terms, CSj , for

SU(N)j . In the present case, integrating over ψ1 induces 1
2(CS1 + CS2) and integration

over ψj induces 1
2(−1)j(CSj +CSj+1), with j = 2, . . . ,K. After pairwise cancellations, the

combined effect is just level-1 CS2 with action

∆S =
1

4π

∫
R3

(
a2da2 +

2i

3
a32

)
, (6.9)

which is indeed capable to produce deconfinement for W q
2 on the wall. In this set-up,

since S1 circle size is reduced to a small value while keeping boundary conditions chirally

twisted, the theory on small R3 × S1 can be interpreted as the world-volume theory of the

domain wall, which include apart other things a Chern-Simons term.

Finally, note that one can also consider one more compactification. Let us denote

the world-volume directions of the DW as (x1, x2, x4) and the transverse direction as x3.

Let us assume the x3 direction is non-compact, as in our original set-up (6.1). Let us

now compactify x4 to a small-circle and impose the double-trace deformation to have
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abelianization. Then, the domain wall becomes a domain line with coordinates (x1, x2),

and the bulk is described in terms of coordinates (x1, x2, x3) with a domain line located

somewhere on x3 coordinate. We can impose〈
eiαi·(

∑K
j=1 σj(x))

〉 ∣∣∣
x3→−∞

= 1〈
eiαi·(

∑K
j=1 σj(x))

〉 ∣∣∣
x3→+∞

= e
2πi
N (6.10)

corresponding to different vacua in the semi-classical domain, and a domain line separating

them. Note that (6.10) implies (6.1) in semi-classical domain. In this case, the domain

line theory includes the BF -type topological field theory that leads to deconfinement, as

discussed in refs. [83, 92] for SYM. It seems plausible that this set-up on small S1 × R3 is

continuously connected to the (6.1) set-up on R4.

6.2 Even K theories

When K is even, the symmetry breaking patters are different for θ 6= π and θ = π. For

generic values of θ( 6= π), we have the discrete chiral symmetry breaking ZN → 1, and for

θ = π, we also have the spontaneous CP breaking, ZN o (Z2)CP → 1. In this section,

we concentrate on the domain wall connecting two neighboring vacua by discrete chiral

symmetry breaking.

Because of the anomaly (3.8) of the bulk, the domain-wall theory must have the fol-

lowing anomaly:

ZDW[B + dλ,AB + dφ] = exp

(
i

∫
1

2π
λ ∧ (2NB +Ndλ+ dAB)

)
ZDW[B,AB]. (6.11)

The first two terms represent the anomaly of Z[1]
N , which can be matched by level-2 SU(N)

Chern-Simons term. The last term implies the mixed ’t Hooft anomaly between Z[1]
N and

U(1)/ZN . Assuming the complete deconfinement, both anomaly can be matched at the

same time. Therefore, deconfinement of test charges with any nontrivial N -ality is one of

the consistent scenarios for the dynamics on the wall.

While the detailed studies of the domain wall theory are an interesting topic, we will

defer it to the future. Still it may be useful to discuss several proposals of theories which

saturate the anomaly.

Consider a U(1)2N CS theory, with the Lagrangian

iN

2π
a ∧ da . (6.12)

The theory has a Z[1]
2N symmetry. By gauging the subgroup Z[1]

N we easily see that the

model has the correct anomaly i 1
2π

∫
B ∧B. However the model has two deficits: 1. it has

a larger one-form symmetry group and 2. it has no U(1) symmetry which can act as the

baryon symmetry.

Both of these issues are resolved by introducing matter field φ which is charged with

an N -charge under the U(1) gauge symmetry. Now this immediately reduces Z[1]
2N → Z[1]

N .
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Moreover it allows a new symmetry — topological — with a conserved current j = 1
2πF ,

where F = da is the curvature of a. Note that this was not a symmetry without the matter

field φ, as there was no gauge-invariant local operator which transforms under it. Indeed

a monopole operator M(x) is not gauge invariant because of the Chern-Simons term, and

thus transforms as M(x) → M(x)ei2Nα(x) [93–96]. Under the presence of the charge N

matter field φ(x), however, the operator M(x)φ∗(x)2 is gauge invariant, and it transforms

under the U(1) topological symmetry. It is this symmetry that we want to associate with

the U(1) baryon-number symmetry.

Gauging the U(1) baryon symmetry, we have a term

i

2π

∫
3
AB ∧ F =

i

2π

∫
4

dAB ∧ F , (6.13)

where in the second step we wrote the term in terms of an auxiliary dimension, which we

are free to do. Now, when we gauge the center symmetry, we further replace F → F + B

and obtain the correct anomaly.

Let us discuss some limits of this model. First, we choose φ to be a very massive

scalar. In this case, the model is gapped and has topological order, as the massive, gapped

excitations φ obey anyonic statistics due to the CS term. In this phase, the U(1)B symmetry

is not spontaneously broken as the CS term causes the expectation value of the monopole

operator to vanish. In this phase, the φ excitation carries 1/2 the baryon number.

On the other hand, we can take the opposite limit where the mass-squared of the

scalar is taken to be negative, with a large absolute value. Then, the gauge field a will get

Higgsed down to a ZN gauge field, which provides a total-deconfinement scenario. Such a

theory can be described as a BF theory with a term iN
2π

∫
a ∧ db, where b is a U(1) gauge

field to impose the constraint that a is a ZN gauge field. Note that the theory supports a

1/N fractional gauge-vortex which carries a 1/N baryon number.

The model above can also be obtained as a limit of other models, such as having two

U(1)N CS theories, perhaps associated with the Z2 ⊂ ZK symmetry, and a Higgs field

which forces them to be the same. Another proposal is a U(2)N CS theory, which can

again be reduced to the above proposal by Higgsing it down, and postulating appropriate

matter so that monopole operators can be gauge invariant.

7 Discussions

In this paper, we have discussed the dynamics of chiral quiver gauge theories. Despite the

fact that they are chiral theories, their dynamics show surprisingly similar behaviors with

those of vector-like gauge theories. For odd-sites quiver theories, the symmetry realizations,

including anomalies, are the same with those of N = 1 SYM, and we have N vacua by

spontaneous discrete chiral symmetry breaking, Z2N → Z2. Moreover, we have argued that

all odd-sites quiver theories belong to the same phase and can be continuously connected

by taking individual gauge theories to be much more strongly coupled than one at a time.

The even-sites quivers can all be continuously deformed to QCD(BF), which has N vacua

due to the chiral symmetry breaking, ZN → 1, at generic θ angles, and has 2N vacua
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at θ = π due to the extra CP breaking. Reliable semiclassics on R3 × S1 provides the

concrete realization of these dynamics in a calculable regime, which brings us the better

understanding of these anomaly constraints.

In the case of even-sites quivers, N = 2 may be special as we have briefly mentioned in

the last paragraph of section 4.1. Since there is no center-chiral mixed anomaly, symmetry

breaking of the baryon number, U(1)/ZN , is also a viable scenario for low-energy dynamics.

Since this scenario does not occur in our semiclassical analysis, we are inclined to think

that it is unlikely. Nevertheless it is possible that the continuity to the theory on R3 × S1

fails. It would be very interesting if some future studies could elucidates the special or

non-special nature for even-sites SU(2) quiver gauge theories.

Another open problem in this paper is regarding the theory on the domain walls.

Thanks to the presence of the anomaly, as we have discussed in section 6, the domain wall

must support nontrivial low-energy effective theories. We provided some scenarios for them

from the viewpoint of anomaly inflow, but we have not discussed its dynamics directly. It

is perhaps notable that amongst the possible scenarios discussed here we have found both a

scenario where a domain wall supports gapped 1/N baryon number excitations, as well as

1/2 baryon excitations. The anomalies alone do not appear sufficient to fully constraint the

phenomenology of the domain wall. It would be very interesting if a better understanding

of the domain walls can be established in the future.
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