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1 Introduction

F-theory [1] models have been extensively studied in the last few years, starting with [2-6],
for their promising features for GUT-inspired string theory model building.

A detailed analysis of such models reveals that they sometimes develop “non-flat”
points: these are points on the base over which the dimension of the fiber jumps and,
therefore, the standard M-/F-theory [1, 7] is not directly applicable.! In most phenomeno-
logical F-theory models, where such loci would appear in the generic setting, they are
excluded from consideration by restricting the analysis to a highly non-generic setup.

The goal of this note is to address the physical implications of such non-flat point if they
appear at co-dimension three [8]. We will not give a general solution, but rather analyze in
detail a particular example with interesting phenomenological properties. All the explicit
details that we work out in this article are obtained for the SU(5) x U(1) Peccei-Quinn

!Examples of the appearance of such points in the literature go back to the early days of F-theory [8]
and showed up again with the advent of the intense study of non-abelian gauge groups together with
U(1) selection rules [9, 10]. For instance, two of the many examples appeared in the context of SU(5)-top
constructions over Ppy 1 5 [10-12].



model which was already studied in [13-15], and follow-up works, and which we review in
detail below. However, we expect related models to be amenable to an analysis akin to the
one we perform here.

Our main result is that in the weak coupling limit these non-flat points do not interfere
with the desirable GUT-physics, so they are harmless for model building purposes. Indeed,
the non-flat points occur at special (self-)intersection points of the matter curves. As we
show, they lead to higher order coupling built from the matter states related to the (self-
)intersecting curves. In our example at hand, the 103 curve meets the triple self-intersection
of the 5_1 curve such that we observe a 1035_15_15_j-coupling. The presence of this
coupling will not spoil the physics in a successful SU(5) GUT model. In fact, they will
have very little effect, since the modes involves will typically be massive.?

Before going into the analysis of non-flat points in our example, we will resolve a small
technical issue regarding Q-factorial terminal singularities which was not fully elucidated
n [15]. These are singularities at which uncharged matter localizes. We will remove them
by switching on complex structure deformations, as in [16]. This way, we do not have to
be concerned about these co-dimensional two effects when we ultimately focus on the main
topic of interest in this article, the non-flat torus-fibrations at co-dimension three. Those
come naturally about when we relax the constraints on the base space of the F-theory
fibration which were imposed in [13, 15]. We find that in the resolved F-Theory four-fold
the dimension of the fibre over this point increases, i.e. the fibration becomes non-flat. We
study this co-dimension three effect from various angles, and find that in each case we can
interpret them as the above mentioned higher order coupling.

Along the way, we determine all the fluxes which are either induced by matter
curves [17] and the non-flat fibre. We calculate the second Chern class of the fourfold
and look at its implications on the flux quantisation. We give the fluxes which must be
turned on to satisfy the quantisation condition and show that this flux forbids string states
in four dimensions, coming from M5 branes wrapping the non-flat fibre.

We have organized this paper as follows: in section 2 we review the most relevant
geometric aspects of the global SU(5) x U(1)pq as studied in [15]. Then we study the
Q-factorial terminal singularities which appear in this setting and discuss how to introduce
complex structure deformations so that these singularities do not appear. Afterwards we
carefully analyse this fibration over a general base without constraints. In section 3, we list
all the fluxes coming from the Mordell-Weil group, the matter surfaces, and the non-flat
fibres, respectively, and relate them with the quantisation condition and explain why it
forbids strings in four-dimensions. In section 4, we take the weak coupling limit of our
setting and study the states and their coupling in the IIB picture. As a check, in section 5
we go to the mirror/IIB side to confirm also from this perspective that the non-flat point
gives rise to a higher order coupling. Finally, we present our conclusions in section 6.

Note added. As we were preparing this paper [18] appeared, which analyzes in detail
the physics associated to various non-flat fibrations in codimension two.

2We would like to thank the referee for emphasizing this point to us.



2 The geometric setup

In this section, we review and extend the analysis of the global F-theory realisation of
the SU(5) x U(1) Peccei-Quinn model [15], cf. [13, 14] for the local description along the
GUT-divisor. As a first step, let us first recall the geometric setup presented in section 5
of [15].

To obtain the abelian U(1) symmetry, we have to start from an elliptic fibration
with Mordell-Weil group Z [19]. The Weierstral model realising this symmetry takes
the form [20]

1
y? =2+ <0103 — B*Cy — 3C'Q2> rzt4
1 2 2 1 21)
2 3 2 2,2\ .6
— = —C5 - -8 -B
+ (C()Cg 3010203 + 27C2 3 CoCs + 1 Cl> 2,
with the Mordell-Weil generator, i.e. the second section (besides the zero-section), given by:

3

As described in detail in section 5 of [20], one can resolve the co-dimensional singularties

2 1
(z,y,2) = (cg — SB%C3,-C3 + B*CyC3 — 53401, B) : (2.2)

of (2.1) by mapping it into a Bljg q)P|; 1 o) fibration:
Byv?w+sw? + By swvu+ By s2wu? = C3v3u+ Cy sv? u? + O s2vu® + Cp s® u?, (2.3)

where [u, v, w| are the homogeneous coordinates of IP[1,1,9) and s is the coordinate related
to the blow-up of Bl[071,0]IP’[171,2].3 To obtain in addition to the abelian symmetry the
SU(5)-GUT including the Peccei-Quinn symmetry, meaning that the Higgs up and down
multiplets can carry different charges, we have to fix the sections Bs, B1, By, Co, ..., C3,
in the following way [13-15]:

By = —wdsa=wDBy:,

By = —cod3 = B1p,

By =6 = Bsp,

Co=w?ay=uw? Coz, (2.4)

Cy = w? (do v+ c27) :wQC’l,g,
Co=weady =wls,
C3=wh=wCs;.
Here o, 3, v, 8, da, d3, cp are sections of line bundles of appropriate degree over the base.?

The Is-singular locus, i.e. the GUT-divisor, is at w = 0 on the base, as can be readily seen
from plugging (2.4) into (2.1) and taking the discriminat.

3 The toric variety P[1,1,9] is directly related to the 6th two-dimensional reflexive polygon, in the standard
ordering for such things cf. [11, 12]. Therefore, in the F-theory literature, cf. [21], sometimes (2.3) is known
as the “F6-fibration”, a nomenclature we will also use for brevity.

4As described in [20], to obtain the coefficients of (2.1) from the coefficients of (2.3), we must do a
coordinate shift in w to get rid of the linear terms, cf. section 4.1.

5For base manifolds which are given in terms of toric varieties or embeddings therein, these sections are
homogeneous polynomials of certain (multi-)degrees.



Though (2.3) together with (2.4) pose the singular setting of the F-theory model we
are interested in, we still have to resolve it to obtain a detailed understanding (via the
duality to M-theory) of the physics of this setup. As it turns out [15], (2.3) plus (2.4) does
not allow for a resolution of the fibration in a purely torical way. But we can still resolve
parts of the hypersurface singularities torically, and only for the final resolution step we
have to introduce a complete intersection to represent the smooth Calabi-Yau Yi. The
resolved model is given by the following two hypersurface equations

HSE1 . )\1 € — )\2 S P2 =0 N (2.5)
HSEs : XQ—MNuP =0, (2.6)

with the polynomials
Q=crsw?—e2egBr]u+esdv’w, (2.7)

P =eqegdoyuv+dsw+ e e4egfysu2,
Py=cv+eyerasu. (2.9)
The homogeneous coordinates [A1, \2] parameterize the P!, which was added in the final

(small) resolution step. To be more precise and for later reference, the two hypersur-
faces (2.5) and (2.6) are embedded into the ambient variety with the relations

U UV W S ey €1 e ey A1 A9 HSE; HSEs
1 1 2 0 0 000 1 0 1 4
0 111 0000 2 0 2 3
—cg 0 0 [0] [w] 000 2[6]+ [w]+[a] —cp 0|2[0] + [w]+ [o] —cB [I] (2.10)
0 0-10-1100 0 0 0 -1
0 -1-20-1010 -2 0 -1 —4
0 -1-10-1001 -1 0 -1 -2
0 0 00 0000 1 1 1 1
for the homogeneous coordinates and the Stanley-Reisner ideal:
SR-I = {uw, ue, ueq, vs, vey, weg, sep, €ge, \1 A2, Se, Seq, weyq}. (2.11)

Here [-] means the ‘degree’ of the respective section or polynomial and cp is the ‘degree’ of
the first Chern class of the base space.
As noted in [15] this complete intersection Calabi-Yau (CICY) still has singularities.
A careful analysis of (2.5) and (2.6) yields that there is a remaining singularity at the
base loci
a=v=0 (2.12)

and fibre coordinates w = v = Ay = 0. Indeed, if we assume for the above fibration a
two-dimensional base then the so-obtained Calabi-Yau threefold will be Q-factorial with
terminal singularity points. Such varieties have recently been studied from the F-theory
perspective in [16, 22]. There it has been pointed out that such singularities can only be re-
solved in a discrepant way. Furthermore, upon compactification uncharged hypermultiplets



localise at these singularities which are needed to cancel the six-dimensional gravitational
anomaly. It is not too difficult to show that also the fibration at hand has the right amount
of uncharged singlets to be anomaly-free. The reader interested in the explicit calculation
is pointed to appendix A.

Although these singularities are present in the original setup as presented in [15], we
can smooth them away by switching on complex structure deformations [23]. Since the
locus (2.12) lies generically away from the GUT-divisor, these deformation do not interfere
with the local geometry at w = 0 and only alter things away from it. Explicitly, we have
to include the higher order terms

By 2, Bi1, Coa, C13, Ca2, (2.13)

in (2.4) which will give rise to

wws? uvws,ut s udvs?, u?o?, (2.14)

terms in @, respectively. The thus obtained smooth geometry is the one we will study
throughout the rest of the article.

Most of the details along the GUT-divisor of this SU(5) x U(1)pq fibration have been
analysed in [15]. However, due to spectral cover considerations the locus

w=a=c=0 (2.15)

was excluded. But these loci are always presented if we consider the above setting over a
generic three-dimensional base. Therefore, we examine these points very carefully in the
following. However, we recall first the most important features of the model. We start
with the two 10-curves:

1072 : d3 = 0, 103 : Cy = 0, (2.16)

and the three 5-curves:

5763 620,
5.1: ’cadi+adBdi+a’dydsd —2acidey—atcad3dy+c3yr =0, (2.17)
54: Bd3+dod=0.

The Yukawa-points at

10 9565 4: w=d3=06=0,
10_5515;: w=d3s=ady—c27,
1035_451: w=cy=pBd3+ds0,

10510 554: w=d3=dy =0,
10 51035 _1: w=d3=cy=0,
1031035 ¢: w=c=0=0,

(2.18)



and

10_310_515: w=d3=cy =0,
5—45—6110: w:dzﬁzo,
515 ¢15: wzézachd%—f—ag/Bdg—2ac§d2’y+c§’72:0,

5_45_1152 w:ﬂd3+d2(5:a202d§—2ac§d27—a202d3(57+c§’72:0,

(2.19)

have been presented in [15]. Besides these couplings, there is the intersection (2.15) between
the 103-curve and the 5_1-curve for which we cannot write down any gauge invariant three-
point interaction. Looking at the second equation in (2.17), we observe that the 5_1-curve
intersects the 103-curve at the points (2.15) three times, i.e. near & = ¢3 = 0 the 5_1-curve
takes the form

(= pre2)(a— paca)(a— p3ea) =0 (2.20)

with p; some constants. This hints already at a four-point coupling 1035_15_15_1 but
to get a better picture of what really happens at these points, we have to look at the full
fourfold geometry, especially the fibre structure. As it turns out, these are points where the
dimension of the resolved fibre jumps, i.e. the fibration described by (2.5) and (2.6) over
a three-dimensional (or higher dimensional) base is non-flat.® The dimensionality jump is
due to the vanishing of P, at a = ¢ = 0. We ‘lose’ one of the equations which define the
fibral curve of Ej3

Eg: GZPQZAQQ—)qu:O. (221)

A summary of the curves and the coupling points of this setup is depict in figure 1

2.1 Fibre geometry at the non-flat points

Let us now present the details of the fibre above the non-flat points. At w =a = ¢, =0,
the P'-curves of E1, E3 and Ej split (or extend in dimension) in the following way

IP%El — {Plllfl tep=e =M =0, ]P’]}lf2 cep=uegesf—wd =X\ =0,
Pl : e1=e= X (uegei B —wes8) + A1 (v eg eada +uwds) = 0},

IP)}% S {FS:e=XPeiB —v*wesd —w?er) + A (e1e4y +vegds +wds) =0},

P1E4 — {Plllfl 1 e1 =¢e4q :)\1, ]P’Illf4 : 6:64:61)\2—)\1613},

(2.22)

whereas the fibres of Fy and E» remain intact.” The Cartan charges of the above P!’s are:

Pl : (-1,0,1,-1)_3C10_3,

nf; (
Pl : (—1,0,1,0)3 C 10,

0 (2.23)
Py, o (0,1,-2,1)¢ C roots,
Pl : (1,0,0,—1)3 C 103.

5This does not imply that the dimension of the fourfold changes nor that it is singular at these points.
"We should note here that for a different phase of the Coulomb branch, i.e. for another SR-ideal, the
splitting can be different.



Figure 1. A sketch of the matter curves and Yukawa points within the SU(5) GUT divisor
{w = 0}. The seven bold dots indicate the six Yukawa points of (2.18) plus the triple intersection
of the 5_1-curve with the 103-curve.

To see that the fibre surface FS at the non-flat points are del Pezzo four surfaces at a
special complex structure sublocus, we give the reduced ambient space:

viep|w|eyq )\1 )\QZHSEged

1/111]10{2|0|5 3 (2.24)
0{0j1}111]0]3 2

0(0j0|0|1]|1|2 1

into which
HSEged DV (US eiﬁ —v2weyd —w? e1)+ A (eregy+vesds +wds) =0 (2.25)

is embedded. The polynomials 3, 9, v, do, d3 from beforehand are now effectively coef-
ficients. The toric space (2.24) is a P!-fibration over the Hirzebruch surface F; = dP;
and (2.25) defines a section of this fibration. Since the section degenerates over the points

el —viwesd—wier =eresy+vesdy+wdy =0, (2.26)

the del Pezzo one surface is blown up at three points. These three points lie along a line.
Therefore, the fibre-surface FS is not a generic del Pezzo four surface but a degenerate
dP4. FS contains several rational curves: the generic fibre and the two special sections
of F1; from the blow-ups of the Hirzebruch surface, we have the line going through the



blown-up points, the exceptional Ps, and the proper transforms of the fibres at these
points. The Cartan charges of the rational lines are:

Phpre = Phg, — (0, 1, =2, 1)g,
Pl ={e=w=HSEX!=0} — (1,1, -2, 0)3,
P, = Ph, — (1,0, 0, —1)3,
Phne ={e=M=eeqy+vegdy+wds =0} — (1, =2, 1, 0)g,
Ph, ={e=0A (2.26)} — (0,1, -1, 0)y,
Pl ¢ b, = Phire — Phy, — (0,0, =1, 1) 1.

(2.27)

Regarding IP’hne, we should note that prior to the blow-ups it was equivalent to P
Pl

line
Hence, there are two special points for the complex structure deformation of P!

secyr 1-€-
is the proper transform of sec; going through the three points which are blown-up.
sec,) One

where it splits into
3
1 1 1
IP)secl - ]P)line + Z ]P)bui
i=1

and the one, which existed already in F1, where it becomes reducible to

1 1 1
IEDsec1 — ]P)SGCQ + ]P)ﬁbre .

With these details at hand, we can describe the three-cycle which fuses three 5; states into
a 103 state:

(0,1, =1, 0); + (1, =1, 0, 0)1 + (=1, 0, 0, 0); — (3 X (0 1, —1,0)1 + (1, =2, 1, 0)o)
+(1,-2,1,0)04 (-2, 1,0, 0)g — (1, 1, =2, 0)3 + +(1, =2, 1, 0)¢
+ (- 21,0,0)0—>(100 ~1)s+ (0,1, =2, 1)+ (1, =2, 1, 0)g
+(=2,1,0,0) — (0,0, —1, 0)3.

(2.28)
In figure 2, we sketched FS to better understand the interplay of the rational curves.

3 Fluxes

Now that we have gained insight on the geometry of our model, we can turn to the F-theory
four-form flux of our setup. It has to fulfil the flux quantisation condition [24, 25]:

Gy + %cQ(f@ e HY(Y,,7Z), (3.1)
with Y the resolved Calabi-Yau four-fold. To see whether (3.1) forces us to switch on
half-integer fluxes, we are analysing in the following the Chern class of our four-fold (2.5)—
(2.11). The main goal of this study is to prove that the restriction of G4 to the non-flat
fiber gives rise to a non-trivial homology class. This fact provides a nice simplification of
the physics of the system, since it immediately implies that the M5 brane wrapping this
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Figure 2. Schematic drawing of the fibration structure of fibre surface FS.

divisor is inconsistent [25]. Accordingly, the four dimensional light strings this wrapped
M5 would give rise to in four dimensions are absent.®

Let us also mention that non-trivial flux will potentially induce chirality, and thus
anomaly cancellation is a worry. Our goal in this note is to clarify the dynamics arising
from the non-flat (codimension-three) point, while anomaly cancellation is a more global
phenomenon arising from matter curves, at codimension two. Therefore, we expect our
considerations to hold regardless of whether anomalies are ultimately canceled in any spe-
cific model, as long as the local behavior is as in our example. Even if not immediately
relevant to us, the details of anomaly cancellation could be interesting. For example if
there were underlying algebraic relations like the one observed in [27]. We will leave such
an analysis for future work.

3.1 The second Chern class

Let us start by giving the second Chern class of an elliptically fibred fourfold Yy where the
torus fibre is F6 (in the nomenclature of footnote 3). For such manifolds, where we did not
impose an SU(5) singularity yet, the second Chern class reads”

A

c2(Ys) = (c2(Bs) — 01(33)2)+6 c1(Bs) (S+U+c1(Bs)—[d])—1[0] (S—=U—c1(B3)—[d]) . (3.2)

8Note that even if the flux was trivial, this would not necessarily imply that the strings are light: they
could still obtain a mass from periods of C3, as conjectured in [26] in a closely related case. But the
existence of the flux makes the point moot.

9Here and in the following, we denote by capital letters the divisor class corresponding to the homoge-
neous coordinate given in terms of lower case letters, i.e. U is the divisor class of the locus {u = 0}. In the
case of polynomials we use square brackets, i.e. [c2] denotes the divisor class with representative {ca = 0}.



Hence, depending on the degree of [d], when considering such an F-theory compactification
one might be forced to switch on flux even though no non-abelian gauge groups are present
yet. Note that this is different from the U(1)x case [28, 29].

3.2 U(1)- and matter surface fluxes

Before coming to the second Chern class of the model including the SU(5), we write down
the different fluxes which we can construct from the Mordell-Weil generator and the matter
surfaces. This helps us in the next section to give the second Chern class in a concise way.

From the section S we obtain via the Shioda map [30-32] the following expression for
the U(1)-flux:

GYNF) = F(B(S—U—1[6] —c1(B3) + 4 By + 30y +2(E — Ay) + Ey) (3-3)

with F € 7*H%!(B3,Z). To construct from the matter surfaces gauge invariant fluxes,
we follow a similar strategy to the one presented in [17]. That way we obtain the follow-
ing fluxes:

G4(10—3) = 5(E1 — A1) By — (2c1(Bs) — ([6] + [o] + [w]))

% (2E1 — Ao+ (E — As) + 3 E4),

Ga(103) = 51 By — ([8] + [0] + [] — 2(B)(3 1 + Ao — (E — As) + 2 Ey),

Gi(5.¢) =5 B U — [0] (4E1 + 3As + 2 (E — As) + Ey),

Ga(5-1) = ([P1] = Ag)([P] = A1) + S [P1] = (4ea(Bs) — 2[6] — 3 [w] — [])
X (—FE1 —2A2+2(E—A2) + Ey),

Ga(54) =5 (E1 ([P1] — Az — Ey) + A1 Ey) — (Ber(Bs) — ([o] +2[w]))

x (B —3 Ay — 2(E — As) — Ey).

(3.4)

3.3 Second Chern class of the SU(5) x U(1)pq fourfold

With all these expressions at hand, we can now finally give the second Chern class of the
fourfold 174 under consideration:

c2(Y1) = (c2(Bs) — c1(B3)?) + 6.¢1(Bs) (S + U + c1(Bs) — [0])
— GV (w) — G4(10_3) — Gu(54) — G + even terms
= GYW (W) + G4(10_3) + G4(54) + G2 + even terms. (3.5)
Here Gﬂf is the flux corresponding to the four cycle FS:
sz = [CQ] (E — Ay — El) + E4 (Al — S) . (36)

The main properties of the G flux are that it does not break the SU(5) gauge sym-
metry and it localises at the non-flat points. To see the second, we can integrate sz over

all algebraic two-cycles in Y3 which are accessible to us, i.e.

GY¥e=0 (3.7)
Yy

~10 -



with
Ci:{Ff,UF,SF, E\T, AT, ET, E4T, E4 Ao, U Ev}4, i=1,...,9 (3.8)

and

[ G4C1o #0, oy = / GHiC #0 (3.9)

Yy FS Yy

where C19 = Ej E4 and Cq; is the four-cycle of the non-flat fibre. In equation (3.8) I' and
T are place holders for all possible divisor classes pulled back from the base Bs.

Before we can make our main point of this section, we should first notice that all odd
fluxes besides G4 appearing in (3.5) do not localise at the non-flat points, i.e.

/ o0i)rs= | G (3.10)
FS FS

Therefore, we conclude that by (3.1) there must be a non-trivial G4 flux on Yy, whose
restriction to FS cancels this contribution.

4 The weak coupling limit and the 1IB picture

As we will argue, the F-theory model of interest to us can be taken to weak coupling without
breaking any of the GUT symmetries, and without encountering any special behavior
along the way. Since we are interested in computing a superpotential coupling, which is
a holomorphic quantity, we expect that the result of computing such quantities at weak
coupling remains valid all through moduli space.

4.1 Weak coupling limit

We recall from section 2 that the generic elliptic fibre with one free Mordell-Weil gener-
ater, i.e.

cout +erudv+eau?v® +eguvd +bouw+buvw + by v?w+w? =0, (4.1)

can be brought via a birational transformation into Tate form

Y2+ arzyz + asyz® = 23 + aox?2? + asxzt + ag2b, (4.2)
with
al = b1
ag = —(bQ C1 + b(] 63)
as = —(bo by + 02) (43)

ag = (b3 co+bobaca + c1c3)

ag = —(b% coca —bibacyes +bgbacycy +coc§).

- 11 -



In analogy to [33], we define

by = a% +4as
by =ai1a3 + 2&% (4.4)
bg = a% + 4 ag.

To take the weak coupling limit, we proceed along the lines of Sen’s original work [34] and
require by, by, and bg to scale (at leading oder) like €%, €', and €2, respectively, as we take
the limit e — 0. One way to obtain that behaviour is to take

Ci — €Ci, (4.5)

n (4.4). Collecting the constant term in by = R+ O(e) the linear term in by = Se + O(€?)
and the quadratic term in bg = Te? + O(€®) we can write the discriminat in the weak
coupling limit as

A= iRQ (=RT + S2)€ + O(c?) = & R? Ao, + O(e?). (4.6)
Plugging (4.3) into A, .., we obtain the rather lengthy polynomial
A ~ by (bgcg b bReger +bobdcd — 2o bR e ea + b b co e
—bobybycyca+ b3 bacs+3bobibacocs —2b3bacycz — b3 coes (4.7)
+b0b%0163 fbgblcgc;ﬁrbgc%) .

This is the IIB D-brane locus (without the orientifold plane) for the generic F6-fibration
if we take the weak coupling limit as in (4.5). The corresponding Calabi-Yau threefold is
given by following double cover of Bs:

& -R=0, (4.8)

where the vanishing set {R = 0} defines the orientifold plane and the orientifold action is
naturally induced by
£+— €. (4.9)

Now we restrict the section b; and ¢; to the case we are interested in, i.e. SU(5) xU(1)pq [15]:

bp = —wdsa+byow?, b =-—cods+biiw, by =19,
co=—wlan, = —w? (dea+ca27), o = —wcadsy, (4.10)
c3=—wp.

where, for convenience, we switch on only one complex structure deformation compared
with [15], cf. equation (2.13). Thus, we obtain

E+c3di+w (b w—4bpwd+4adds—2bycads) =0 (4.11)

for the hypersurface of the Calabi-Yau threefold. We do not show the rather lengthy
expression for A, . because it will turn out that in suitable coordinates the polynomial
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factorizes and the loci of the brane-image brane pair become evident. We work now close
to the singular point !’

where we expect the higher order coupling to arise. In particular, we assume that all ds
and § are non-vanishing close to the points of interest. We define now

(u, w, o) := (cads, bil w—4byowd+4adds —2bcads, w), (4.13)
such that the ordinary double point singularity, or conifold, takes the form
&2 =u’+ow. (4.14)

We can represent this confold also in a toric way by introducing the homogeneous coordinate
«;, B; with ¢ = 1, 2 and scaling relation:

ar|az| B | B2

4.15
171]-1|—-1 ( )
where
o |* +[as|? — [B1]* — [ B2 = 0. (4.16)
The affine coordinates from above are expressed in terms of homogeneous ones as
1 1
(& u, 0, w) = 3 (182 — ), 3 (12 + agBr), —a1Br, azBs | . (4.17)
Furthermore, the orientifold involution (4.9) acts now via
a; < fi. (4.18)

Using these two coordinate changes, we can rewrite the D-brane locus close to the
point of interest as follows:

Ao, ~ a3 35 ((—2 b2, 62y + 8boo 0%y + b3 5 dy — Aboa byt 0% dy — b3, Bds) o
+ (=207, 6da 4+ 8bo2 6% dy + 6b7 1 Bds) af g
4 (8627 —4biy ddy — 1211 Bds) a1 ol + (86 dy +8ﬁd3)a§>
X ((—2 b2 1 62+ 8bya 8%y + b3, 5ds — Aboabi1 8% ds — b | Bds) B
+(—2b%, 5dy + 8bo2 0% dy + 6534 Bds) BT B
(867 = 4by1 5y — 1201, Bdy) B 5 + (802 +85dy) B3) . (4.19)

°The hypersurface (4.11) has obviously more singularities than the one at (4.12). There, is for instance,
a co-dimension two singularity along £ = w = ds = 0. However, we will ignore this singularity because
first of all we are only interested in the vicinity of (4.12) and secondly we could either resolve it or chose
a fibration where dsz is constant. All the other co-dimension three singularities can be treated like [26],
cf. below.
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This makes it obvious that the flavor brane/image brane pair are respectively located at

Py =mnoal +mofas +nponal +nzas =0 (4.20)
Py =9 B} +m B B2 + 2 P15 + 13 B3 = 0, (4.21)

whereas the GUT stack and image-stack are at o = 0 and 81 = 0, respectively. Locally
the n;’s are invertible and we treat them as if they were non-zero complex numbers. Under
this assumption, we can further factorise the flavour branes to

P, =1I3_ (A’ + Blas), (4.22)
Py =TI} (A'"B1 + B'Bs). (4.23)

This implies that close to the point of interest there are three incoming flavor branes
Alay + Blay each with their respective mirror A*B; 4+ B*fs.

4.2 Ext groups and quiver theory

In order to construct the resulting gauge theory, we need to specify all branes participating
at the point of interest. Following [26], we employ the method of non-commutative crepant
resolutions [35]. This entails describing branes as elements of the derived category of quasi-
coherent sheaves on say Y. Open string states between these are expressed in terms of
morphisms between such objects, which in turn are elements of so called Ext groups. (For
a review of the relevant background material aimed at physicists, see [36].) We will first
briefly review the general form of the construction for the conifold in section 4.2.1, and will
then apply this construction to our non-flat point in section 4.2.2.

4.2.1 Non-commutative crepant resolution of the conifold

Consider again the singular conifold, described by
Spec ((C[{,u, w, o]/ (€% —u? — Jw)) . (4.24)

This, as we saw above, is a toric variety

ap|az| B | Be (4.25)
11 |-1|-1" '

The conifold has two small crepant resolutions which correspond in toric language to dif-
ferent subdivisions of its fan. These are also toric varieties with homogeneous coordinates
aq, ..., B2 subject to the constraint

o ? + |azf® = [B1]* — [ Baf* = t. (4.26)

The two small resolutions are distinguished by the sign of ¢, and we denote them as Yy
respectively. Applying the orientifold involution (4.18) to (4.26), we see that t <> —t, that
is to say the two resolutions Y1 are exchanged. This means that the resolution mode
corresponding to the P! is projected out.
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It is, however, possible to describe D-branes on the singular space directly using its
non-commutative crepant resolution [35]. By this we mean a non-commutative ring A

A=End(M & R), (4.27)
where R = C[¢,u,w,0]/(¢? —u? — ow) and M is

M = coker (¢ : R> — R?). (4.28)
Here the map 1 is given by
¢:<5+“ 4 ) (4.29)
w £—u
Notice that one could also take
M = coker (¢ : R> — R?), (4.30)
with
6= (510“ §+Uu> . (4.31)
Observe that
¢¢=w¢=<£2—u2—ow><;?>- (132

We do not want to delve into the details but simply state that A is derived equivalent to
Y.. More concretely there is a correspondence

DP(mod(A)) = D*(QCoh(Yy)), (4.33)

cf. Theorem 5.1 in [35]. As is well established [36], one can view objects of D?(QCoh(Y%)) as
D-branes in the B-model and morphisms between them correspond to open strings states.

Using the dictionary laid out in [26], we will map certain (complexes of) A-modules to
D-branes of interest. In order describe these effectively note that

A =End(M & R) = End(R, R) & End(4, A) & End(4, M) & End(M, A). (4.34)

As a quiver we can represent A as

Q1,2
A

wC R M D (4.35)

Bi,2

Here

End(R, R) = (eo) = R (4.36)
End(R,R) = (e1) = R (4.37)
End(R, M) = (a1, a2) (4.38)
End(M, R) = (51, Ba), (4.39)

as R-vector spaces. In particular, e; are idempotents.
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Any module of A can be encoded as a quiver representation. As laid out in [26], the
basic representations from which one builds D7-branes are:

Py = epA, (4.40)
P1 = €1A. (441)

These are linear combinations of paths ending at the left and right node of the quiver (4.35),

respectively. Clearly morphisms from Fy to P; are generated by aq 2 and from P; to Py by
B1,2. Together with the assignment

Py O (4.42)
P 0(1), (4.43)

where O is the structure sheaf of the resolved conifold, we obtain for instance
(PO o, Pl) - (O o, (9(1)) . (4.44)

Here the map a7 between the sheaves is nothing but the fiberwise multiplication by the ho-
mogeneous coordinate. The power of this approach is that computing Ext-groups between
complexes of sheaves is easier in the setting of quiver representations. Since all relevant
computations were already carried out in [26], we will not demonstrate them but only list
the results in the following.

Fractional branes given by D1-branes wrapping the resolution divisor are given by

So = C{eo) (4.45)
S1 = Cle). (4.46)

In terms of diagrams

and

0 {O}CC Del
0

We will later indicate the what the objects Sp, S1 look like in D®(Y,). It is, however,
convenient to define Iy = Sy[—1] and I; = Si[—1]. Then we can represent the resolved

conifold by
Q

60C I C I Del (4.47)
Bi
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This follows from the fact that the moduli space of representations of dimension (1,1) is
exactly the resolved conifold, see [26] section 3.2.1.
The brane/image brane pairs appearing in this paper are

Fi = 0 AetBloa 1) ¢ Op; (p'0v)) (4.48)
Fi— 0 APHB% 51y cob (PPrs)). (4.49)

These correspond to D7 branes located at the 5 curve. To see this apply the cokernel to the
relevant maps, which is commonly referred to as Tachyon condensation. Moreover there is
one pair of objects corresponding to D7 branes located at the 10 curve

Go= O —"1 L O(1) € Obj (Db(Y+)> (4.50)
Gi= 00— 0(-1) €O0bj (Db(Y+)> . (4.51)

We also have fractional branes D(-1) instantons described by objects Iy = Sp[—1] and
Il == Sl[—l] where

%)

s- 00— o )6 con(pi)
)

S = o) 7 ge (2. 22) y O(-1) ———— 0 (4.53)

For more details on this see appendix A of [26].

We now study the open string states between these branes by computing certain Ext
groups between elements of D?(Y, ), where Y, is one of the crepant small resolutions of
the conifold. To this end consider the pair

Fi— 0 AatBer n0y ¢ opj (P'(v1)). (4.54)
Fi= 0 2P o(-1) e obj(D(vy)). (4.55)

The groups Ext’(Fp, F}) were calculated in [26], but only for the value (A4, B) = (0,1). We
claim that these are isomorphic to our Ext groups as the two complexes

o Autbor 5, (4.56)
0o —=2 001, (4.57)

are isomorphic in D°(Y,). To see this consider the following automorphism of the conifold

[ (o, 00, B1,02) — (0417 é(az — Aal)vﬂhﬁ?) = (a1, &2, 1, B2). (4.58)
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Observe that Ad; + Bas = as. One readily checks that

0 _An+Ba; F0(1)

F F (4.59)

O—2 500

Similarly, we obtain an isomorphism

F F (4.60)

where

g (a1, a9, f1, f2) — (041,042,517 %(52 - Aﬂl)) = (a1, a9, 51, B2). (4.61)

This implies that all Ext groups computed in [26] are isomorphic to the ones we will
need, e.g.

Ext? (Fy, F1) = (0,C[a1 41],0,0) , (4.62)
Ext?(Fy, Fy) = (0,C[B1a4],0,0). (4.63)

4.2.2 The non-flat point at weak coupling

We now describe the relevant branes in our setup. There are the three pairs of objects

Fi = 0 AatBlaa o) ¢ op; (P'(v1)) (4.64)
Fi= 0 2048 1) ¢ Obj (Db(Y+)> . (4.65)

These correspond to D7 branes located at the 5 curve. Moreover there is one pair of objects
corresponding to D7 branes coming from the 10 curve

Go= O —  O1) € Obj (Db(n)) (4.66)
Gi= 0 —"" L 0(1) €Obj (Db(Y+)> . (4.67)

We also have fractional branes D(-1) instantons described by objects Iy = Sp[—1] and

I = S1[—1] where
B2
—b

So = O2) ———L— O(1)#2

)

S = 0O(1) 0%2 o(-1) ——— 0 (4.69)

(51, 52)
—_

O € Ob; (Db(Y+)> (4.68)
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G
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G

Figure 3. Quiver theory for GUT and flavor branes. Note that one should draw Fi, Fg, Fj
separately and connect to the other nodes as indicated. For the sake of clarity only one flavor
brane/image brane is shown.

A computation of the Ext groups shows [26]

Ext!(Go, Ip) = (0,C,0,0), Ext'(Go,I;) = (0,0,C,0) (4.70)
Ext'(G1,Ip) = (0,0,C,0), Ext'(Gy,I;) = (0,C,0,0) (4.71)
Ext’(Fy, Ip) = (0,C,0,0), Ext'(Fy,I;) = (0,0,C,0) (4.72)
Ext!(Fy, Iy) = (0,0,C,0), Ext(F,I;)=(0,C,0,0), (4.73)
and

Ext'(Go, G1) = (0,ClanfBs],0,0), Ext'(Go, F1) = (0,Clayfs],0,0) (4.74)
Ext’(Gy, Go) = (0,C[B202],0,0), Ext'(G1, Fy) = (0,C[Braz),0,0) (4.75)
Ext!(Fp, F1) = (0,Cla161],0,0), Ext!(Fy,G1) = (0,Clasf1],0,0) (4.76)
Ext!(F}, Fy) 2 (0,C[B11],0,0), Ext'(Fy,Go) = (0,C[B2011],0,0). (4.77)

Also we have
Ext! (I, Iy) = Ext!(Iy, I;) = C2. (4.78)

This situation is neatly summarized in a quiver diagram shown in figure 3.

In order to obtain the desired theory after orientifolding one takes the branes G; with
multiplicity 5 to generate the GUT stack. A chiral bifundamental string between Gy and
(1 giving rise to a state in the 10 representation upon orientifolding. This can be derived
more rigorously by considering the gauge group on empty nodes. In [26] it was shown that
indeed we obtain USp(0).

The flavor branes F’ j’ are each chosen with multiplicity 1. Between (7 and each Fg we
have a bifundamental with the same chirality as above giving rise to a 5 state. Instanton
effects arise from D1 branes wrapping the nodes I;. We will only consider the case of a
single instanton.

Firstly, consider a D1 brane wrapping I;. This gives rise to charged zero modes as in
figure 4. Hence, the superpotential reads

Winst = Ay 10EIN 4 X8 ((5Y) w1y + (52) v + (5°)'113) - (4.79)
Performing the integral

/d)\lidl/ndl/lgdvlg eXp(VVinSt) =10 515253, (4,80)
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Figure 4. Relevant zero modes for one D1 brane wrapping I; after orientifolding. Dashed lines
indicate possible string states, but since I is not occupied the play no relevance here. Labels such
as v1o refer only to bold lines. Note that we have orientifolded the quiver shown above.

we obtain the desired coupling. If on the other hand we wrap one D1 brane around the Iy
node, there will be no contribution to the superpotential due to our choice of chirality.

5 The mirror picture

Finally, it is interesting to see how the superpotential coupling appears from the mirror
ITA perspective. This mirror picture gives a useful heuristic understanding of the physics,
but the analysis is harder to make fully precise than in the IIB setting, where we have
a well defined problem in algebraic geometry. The analysis is very similar to that in [26]
(building on previous work in [37-39]), so we will be somewhat brief.

For the purposes of computing holomorphic data the topology of the mirror to the
conifold can be described by a fibration over C with fiber C* x ¥ [40, 41], described by

uw =W,

Ple.y) =W, (5.1)

where W € C parameterizes the base of the fibration, u,v € C parameterize the C* fiber,
and x,y € C* describe the (punctured) Riemann surface ¥. For the specific case of the
conifold, we can choose a framing [42] such that

P(z,y)=q+z+y+ay — zy°. (5.2)

Here ¢ is a complex structure modulus mirror to the complexified size of the small resolution
of the conifold. This equation defines a P! punctured at four points. As discussed in detail
in [37], for the purposes of computing holomorphic quiver data for our system, it is enough
to focus our attention on .

In addition to the geometric background itself, we need to describe how the branes
wrap the geometry. The case with one U(5) stack and one additional U(1) brane stack was
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Figure 5. Structure of branes and the orientifold involution on Y. We outer dashed line should
be identified with a point to obtain P'. The four punctures have been marked by stars, and the
orientifold involution induces a reflection along the red line (which becomes a reflection along the
equator on P1).

described in detail in [26]. An important difference in our case is that, in addition to the
U(5) stack, we have three U(1) flavor branes. We will start by analyzing the case in which
all U(1) branes are coincident, leading to a flavor stack with gauge group U(3) x U(5).
The restriction of the brane system to ¥ can then be determined by identical arguments
to those in [26], with the result shown in figure 5.

There are various features to note in figure 5. We have the Gy ~ G stacks (the
identification is due to the orientifold action), associated with the U(5) stack, and the
Fy ~ F stacks, associated to U(3). We obtain various fields, as these stacks intersect each
other,'' and additional matter fields as the flavor stacks intersect the instanton brane Iy,
with gauge group O(1) = Za. The resulting matter content can be summarized as

U(5) U@B) 0(1)
Al10 1 0
@5 38 0 (5.3)
Pl1 3 0
A 51 1
vH 1 3 1

Note that P is most naturally the (complex conjugate of the) two-index representation
of SU(3), which can be identified with the fundamental representation. The worldsheet
instantons depicted in figure 5 then generate an effective action for the charged instanton

HGince the intersection is at a puncture, the existence of massless matter associated with the “intersec-
tion” is external input data from the point of view of the theory at the singularity.
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zero modes of the form
Sinst = N Qa + N Ay N + v, Py, (5.4)

where raising the index corresponds to going to the complex conjugate representation. The
effective non-perturbative superpotential one obtains from integrating out the charged zero
modes is then of the form

Wap = €abee "™ A QFQIQS, + €ance "M ™ Ay Ay Qi PP = AQP + A°PQ - (5.5)

where we have omitted the unknown (but generically nonzero, since the relevant worldsheet
instantons have generically finite area) coefficients of the various terms in the superpoten-
tial, which depend on various geometric and brane moduli.

It is now a simple job to deform away from the U(3) locus. This can be seen as a
Higgsing of the SU(3) flavor symmetry, which will give a mass to at least some of the fields
in P, and generically to all of them.'? We can model this as the deformation of (5.5)
given by

Wap — AQ? + A2PQ + mP?, (5.6)

where, for simplicity, we have set all of the masses equal. Integrating out P then leads to
an effective superpotential of the form

I 3 L 212
Wip = AQ" = T (QA?) (5.7)

which in the m — oo limit leads to the superpotential that we have argued for in the
previous section.

6 Conclusions

The main focus of this note has been to understand non-flat fibres, in co-dimension three, in
F-theory and, in particular, their effect on the low-energy dynamics. In previous analyses
of the models that we discuss here, this issue was sidestepped by drastically restricting the
base manifolds under consideration. Here we tied up this loose end, by showing that it is
not necessary to restrict the base manifolds to avoid these points, as they are harmless for
the good phenomenological properties of the model.

Although we concentrated on one specific model for concreteness, it is clear that the
conclusions should hold fairly generally. This result is significant for F-theory model build-
ing because non-flat points seem to appear rather frequently. Hence, our result, that they
are harmless, does away with the need of having to worry about choosing the base of the
fibration with care in order to avoid such points, and simplifies model building.

12WWe will nevertheless keep the Q fields massless. Recall from footnote 11 that the massless spectrum
of GUT fields is external data from the point of view of the singularity, which will be determined by
global considerations.
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A 6d anomaly cancellation

We now verify the anomaly cancellation condition for the Q-factorial Calabi-Yau threefolds
with terminal singularities of section 2. As is very well explained in [16] a Q-factorial variety
X is one where for each Weil divisor D there exist an integer n such that nD is Cartier. If
the resolved variety X has canonical class K and X has canonical class K then under the
given circumstance

nK = f*(nK) +n>»_ a;E;, (A1)

for some integers n,a;. Here E; are classes of the exceptional divisors. If a; > 0 for all 7,
then the singularities are called terminal.

Physically these singularities imply a localization of matter states from wrapped M2-
branes, that is a number of uncharged hyper multiplets.

To verify the anomaly cancellation condition we have to compute the number of tensor,
vector and hyper multiplets, npr,ny,ngy arising from such a compactification. These have
to satisfy

29n — ny +nyg = 273. (AQ)
We know that since we have an SU(5) x U(1) matter group
ny =0, ny =244+ 1= 25. (A.3)

This leaves us with an unknown number of hyper multiplets ngy. As is well known these
number splits up into number of uncharged n(l){ and charged hyper multiplets n¢;

nyg = nY + nY. (A.4)

The charged hyper multiplets nf, are counted by algebro-geometric means, and n(}{ is
computed via the topology of our variety.
A.1 Counting charged hyper multiplets

Charged hyper multiplets arise from so-called matter loci associated to gauge groups present
in our theory. In the case at hand we have several charge 10 and charge 5 loci as well
as singlets.

We now restrict ourselves to working with

n = deg(d) = 2, deg(a) =1, (A.5)
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which yields

Here we exploit the fact that over By = P? the degree of a homogenous ploynomial is equal

to the first Chern class of its asssociated line bundle. The charge 10 states are located
at (2.16). It follows from Bezouts theorem that there are deg(w) - (deg(ds) + deg(c2)) = 3

such points on the base. This gives us 30 hyper multiplets.

The charge 5 loci are given by (2.17). Applying Bezouts theorem again yields a total

of 2+ 6+ 11 = 19 such points. This gives a contribution of 5 - 19 = 95 multiplets.

Counting the number of singlets is more involved. We know [15] that the singlets of

U(1) charge £10 are located at
1
6 =wp — 502d35 =0.

This is equivalent to

§=p8=0.

In our specific case Bezouts theorem implies that there are
deg(d) - deg(B) =2-4 =38,

such points.
The singlets of U(1) charge +5 are located at the points satisfying

Fy = Bc2d36” + c3dadsd® — 3%cadzdw — 2Bcadad?®uw
+ veodtw 4+ afdsdPw + adydtw + 263w = 0,
Fy:= — aﬁcgd§54 — aC2d2d355 + 520361@52
+ 2Bc3dadsd® 4 c3d36* — 233 cadsdw

— 2B%¢0d90%w + afd383w + Brw? — aydtw = 0.

(A.6)

(A7)

(A.8)

In addition points satisfying one of the following conditions must be excluded from this list:

0=06=0
ddy + Bdz =0
co=w=20
0 =w=0.
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Generically the locus F; = F, = 0 consists of 14 - 18 points. We now subtract the points
of (A.11) weighted by their proper intersection multiplicity. This yields

14-18—-16-2-4—-2-6—-1-1-1-10-2-1=91. (A.12)
All in all the number of uncharged hyper multiplets is
30495 4+ 8+ 91 = 224. (A.13)

A.2 Counting uncharged hyper multiplets

The number of uncharged hyper multiplets is computed from the topological Euler char-
acteristic and h! of our variety. We know that

htl = 6. (A.14)

Strictly speaking this is the Hodge number of a smooth threefold rationally equivalent to
our singular variety. The existence of such a deformation is guaranteed by [23].

The Euler characteristic of the singular variety is computed by first computing it for
a smooth representative of its rational equivalence class. Then we use the fact that [43]

X(XSing) - X(Xsmooth) = Z mp, (A.15)
P

where the latter sum runs over the singular points P and mp denotes the Milnor number
of such a point.
The Euler characteristic x(Xsmooth) 18 computed using the toric embedding and turns
out to be
X(Xsmooth) = —132. (A]-G)

We know that there is only one type of singularity located at
a=vy=0, (A.17)

which are 1 -4 = 4 points. The Milnor numbers turn out to be

mp = 2. (A.18)
We thus end up with

X(Xsing) = X(Xsmootn) + »_mp = —124. (A.19)

P

The number of uncharged multiplets then is simply

1 1
0 _ O . Z = =

nY =14+h 2x(Xsmg)+QZP:mp—7+62+4—73. (A.20)

We now add the universal hyper multiplet to that number to end up with
1+ nY = 74. (A.21)
We see that the anomaly cancellation condition is satisfied by computing

L+nY +nf —ny =1+ 73+ 224 — 25 = 273. (A.22)
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