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A B S T R A C T

This paper presents a universal model formulation for solving Optimal Power Flows for hybrid
AC/DC grids. The prowess of the new formulation is that it (i) provides a direct link between
AC and DC parts of the grid allowing for solving the entire network within a unified frame of
reference (not sequentially) and (ii) can realistically model any element within the AC/DC power
grid, ranging from conventional AC transmission lines to multiple types of AC/DC interface
devices such as Voltage Source Converters (VSC) by introducing additional control variables.
The model is formulated in such a way that it does not make a distinction, from a mathematical
perspective, between AC and DC elements and the ensuing optimal power flow (OPF) problem
can be solved via model-based optimization solvers as a mathematical programming problem.
Simulations carried out using a variety of non-linear gradient-based solvers in AIMMS© on
a small contrived and a large realistic test system (modified PEGASE) clearly show that the
universal model is on par with existing methodologies for solving OPFs both in accuracy of the
solution and computational e�ciency. Meanwhile, simulations carried out on a series of AC
and AC/DC test systems show that the model is scalable and stays computationally tractable for
larger system sizes without sacrificing convergence time.

NOMENCLATURE

Symbol Description Symbol Description

ys Series Admittance Pf Active Power “from"

rs Series Resistance Pt Active Power “to"
xs Series Reactance Ploss VSC Losses
bc Shunt Susceptance ↵, �, � VSC Losses Coe�cients
N Complex Tap Changer f Objective function
ma Tap Changer/modulation amplitude x optimization Variables
k2 Converter constant ✓sh Shift Angle
✓sh Shift Angle gSb

Nodal Power Balance Constraint
Beq Variable Susceptance gPf Active Power Shifter Constraint
Gsw PWM switch loss gQz

Reactive Power Zero Constraint
Ybr Branch Admittance Matrix gQt

Reactive Power Qt Constraint
vf Voltage “from" gPvdp Voltage Droop Constraint
vt Voltage “to" gGsw

VSC losses correction Constraint
if Current “from" hS2

f
Loadability Constraint “from"

it Current “to" hS2
t

Loadability Constraint “to"
Sf Complex Power “from" LS2

L
Squared Power Transmission Limits

St Complex Power “to" kdp Voltage-Power Droop Slope
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1. Introduction
After the Paris Agreement of 2015, parties to the United Nations Framework Convention on Climate Change (UN-

FCCC) reached a landmark agreement to combat climate change [1, 2, 3]. To meet the targets of a fully decarbonised
and sustainable electricity system by 2050, the Ten-Year Network Development Plan (TYNDP) 2020 includes approx-
imately 80% of grid development projects related to the integration of renewable energy sources (RES) as well as the
modernization of the transmission network[4]. With these projects, the European Network of Transmission System
Operators for Electricity (ENTSO-E) aims to alleviate the existing problem of power flow congestion and improve
the levels of operational security, as well as maximizing the operational flexibility and reliability of the Pan-European
Transmission Grid. [5, 6, 7].

The idea is to create a completely controllable hybrid AC/DC power grid where the Transmission System Operators
(TSO) can adjust the settings of one or multiple control devices to redirect the power flow through less congested
transmission lines. This is achieved by overlaying a multi-terminal VSC-High Voltage Direct Current (HVDC) network
on top of an existing AC Electric Power System (EPS) in coordination with multiple control elements, for example,
Phase Shifter Transformers (PST), and Controlled Tap-Changing Transformers (CTT) within the meshed AC grid itself
[8, 4, 7]. Such hybrid networks are inherently more flexible largely due to the additional control features of the VSCs
[9, 10, 8].

Notwithstanding the operational benefits of hybrid AC/DC grids, these networks are more complex and therefore
there is a need for proper operational planning procedures in place to ensure a continuous, safe and reliable operation
of the network at all times and under all operating conditions [11, 12]. It goes without saying that any power system
operational planning framework should be contingent on not only obtaining the secure operating states but also the
operating states that are most economical[13]. Consequently, TSOs carry out numerous studies such as Unit Commit-
ment, Economic Dispatch, and OPF analysis as part of the operational planning of the network [14, 15, 16, 17, 18].

The OPF problem is one of the most relevant studies from aforementioned analyses. Mathematically, in the OPF
problem a chosen objective function (normally the total generation cost) is solved towards its optimum operating point
subject to realistic techno-economic and security constraints of the power system [19, 13, 12]. More generally, the
OPF problem is basically a constrained, non-linear, non-convex, optimization problem which for an actual EPS can
contain a large number of non-linear constraints representing the physical limitations of the actual system as well as
the economic boundaries within which the system needs to operate [12]. The complexity and the growth of the number
of constraints is only increasing in the context of a hybrid AC/DC EPS such as the Pan-European Transmission Grid.

From an analysis perspective, the ensuing OPF problem should be computationally tractable and at the same time
scalable (i.e. provide solutions to larger systems without significantly sacrificing computational time). In practice, the
existing analysis tools that are able to solve OPF are mostly limited to solving AC systems with minimal capabilities to
accommodate realistic network element representation and/or model libraries required for fast and accurate solutions
of hybrid AC/DC networks [20, 21, 22, 23]. Moreover, any solution for a hybrid network should be able to properly
reflect the intricacies of the converters’ interactions and capture enough detail to be a realistic representation of the
actual system. Existing solution methods normally employ a sequential method for solving the AC and DC parts of a
hybrid network in sequence [24, 25, 26]. As a result, the equations per model and grid vary accordingly. Meanwhile,
there are two open source non linear AC/DC OPF formulations presented in [27] and [28] to solve the AC and DC
grids at the same time. The first one is an extension of the ‘PowerModels.jl’ package, and the second one is a Python-
based framework. However, both approaches still have to model each electrical element individually. Thus, regardless
of the approach taken, an extensive model library to selectively be able to incorporate various EPS elements and
accommodate di�erent network types (AC or DC) is normally needed. Furthermore, the power and voltage control of
these tools are limited to the VSC variables without considering other control elements in the grid. Such limitations
make it even harder to build flexibility and adaptability into the typical commercial power systems analysis tools that
Transmission System Analysts (TSA) use on a daily basis.

Thus far, the closest approach to a compact model has been done by linking the traditional ⇡ branch model in
series with an ideal transformer such as presented in [20]. This is very e�ective for the analysis of AC-only grids,
however for hybrid AC/DC grids, the model is rather limited. The authors of the present paper published the first
stage of generalising the MATPOWER© branch model for conventional power flow analysis of hybrid AC/DC grids
in [29]. This first stage was designed exclusively for the analysis of conventional non-constrained power flows. Thus,
the formulation did not include any physical constraints, neither on voltage nor power. Moreover, the first stage model
cannot accurately simulate VSC losses, since they were modeled through an approximation instead of using a detailed
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model. Any solutions produced with the unconstrained model for OPF will thus be undesirable for any operational
planning purposes. There is also a need for a thorough testing of the model, in terms of both accuracy and computational
e�ciency, for both small-scale and large-scale AC/DC systems and under a variety of operating and control conditions.

This paper therefore presents a new Flexible Universal Branch Model (FUBM) for the OPF solution of hybrid
AC/DC grids. It is capable of seamlessly modeling an array of network elements ranging from conventional AC and
DC branches, CTT, PST, Static Compensators (STATCOM) and the VSC. Meanwhile, additional combined elements
(e.g. Universal Power Flow Controller) can also be modelled using these fundamental network elements. Additionally,
distinction between the AC and DC grid becomes needless thanks to the flexibility and high versatility of the model.
Therefore, conventional AC OPF equations are used to solve hybrid AC/DC grids. In other words, the ensuing OPF
problem formulation solves the entire network on one single frame of reference thereby eliminating the need for solving
the DC and AC parts of the network in sequence. One of the main advantages of the FUBM formulation is that it is
highly adaptable to any network topology with any degree of complexity and hosting a variety of control elements. To
this end, the model may accommodate any control variables associated with any control elements that are active over
the course of the solution by extending the vector of state variables accordingly. Similarly, the vector of constraints
may be extended to accommodate any specific controls on power (e.g. scheduled power output of converters in a multi-
terminal VSC-HVDC link) or on voltage (e.g. voltage control set points for an STATCOM) if deemed appropriate. As
a result, the operation of a flexible and fully controllable AC/DC grid can be simulated without adding extra burden
to the optimization problem or any computational e�ort. Thus, the FUBM for AC/DC OPF will maintain all the
advantages and characteristics of the individual traditional models in a simpler, more compact, and flexible form.

The main contributions of this paper can therefore be summarised as follows: (i) The FUBM provides a direct link
between AC and DC grids when modelling an AC/DC EPS allowing for solutions on a unified frame of reference, this
is in essence di�erent from existing unified models like the ones presented in [28] and [27], (ii) the FUBM provides
a general framework for modelling a wide variety of AC, DC, and AC/DC elements in just one compact model to
be used in operational planning problems and optimization applications in power systems, (iii) The FUBM allows
the incorporation of the voltage and power control features from each one of the control elements to the optimization
problem to achieve a fully flexible EPS, (iv) formulation of FUBM can be solved using a variety of optimization solvers,
and as such, it is flexible enough to be incorporated in general-purpose model-based languages such as AIMMS as a
mathematical programming problem.

The remainder of this paper is structured as follows: Section II introduces the FUBM in detail. It describes how
does the model is able to simulate di�erent elements of the power system and also the AC and DC grid in the same
framework. It also shows the theoretical comparison between the traditional VSC model and the VSC FUBM approach.
Additionally, it presents examples in how to represent complex elements by combining the internal models of the
FUBM. Section III introduces various modes of control for FUBM and VSC’s asserting a high degree of flexibility
in the model. Section IV presents the proposed OPF problem for solving hybrid AC/DC grids modelled via FUBM,
where all the optional control features are incorporated to the optimization. Finally, in Section V, case studies are
presented to validate, compare and show the full performance of the FUBM formulation. Discussion of the results for
small, medium and large scale test systems are also included, followed by conclusion in Section VI.

2. The AC/DC Flexible Universal Branch Model
The FUBM is an evolution of the VSC model presented in [12] after merging it with the classic ⇡ branch model in

series with an ideal transformer. The proposed FUBM model is shown in Fig. 1. With this arrangement, a wide variety
of elements can be simulated to represent the versatile and flexible EPS of the future, not only in AC but also in DC
networks. This results in a simple but powerful universal model that interacts seamlessly with all network elements
and is also capable of simulating AC/DC networks in one single frame of reference. As stated above, the benefit of
this particular way of modelling would be both in versatility of the ensuing formulation in accommodating a variety of
network elements both for AC and DC parts of the hybrid grid and as shall be seen later in scalability of the model. The
FUBM formulation is capable of solving large-scale hybrid networks in any complexity and with a variety of di�erent
control elements to properly simulate the operation of such grids for purposes of operational planning.

The FUBM thus provides a formidable tool for both power system analysts aiming for simulating the operation
of hybrid AC/DC networks as well as developers of power system analysis software packages, and the wider power
systems research community, for its relative simplicity as the FUBM formulation is based on AC network equations
and does not require developing separate model libraries for several network elements.
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Figure 1: Flexible Hybrid AC/DC Universal Branch Model, adapted from[20]

2.1. Elements and In-Modelling
The FUBM contains one internal model (in-model) per transmission element of the EPS (one element at a time).

These in-models share the internal components of the FUBM with each other, and therefore have distinct purposes
depending on the role of the desired modeled element. As such, the FUBM is capable of modelling a series of elements
ranging from standard AC transmission lines to more complex control elements such as the CTT, PST, or VSC-based
elements such as the STATCOM all within one single model.

At the most basic level and with no control elements present, the AC ⇡ Branch in-model uses three internal com-
ponents namely, the series resistance rs, and xs representing the series reactance and bc representing the standard
capacitive charging of the AC transmission lines. On the other hand, if a DC Branch in-model is required, the reactive
elements of the Branch in-model will simply be set to a value of “zero" and the rs will be the resistance of the DC line.

Moreover, for the Transformer in-model, the fixed parameters rs and xs represent its resistance and inductance
respectively. The transformer’s tap is defined by a complex tap ratio, N , which can be used to model CTT and PST as
appropriate. The complex tap ratio is shown in (1). For both elements, the variable m®

a will represent the magnitude
of the complex tap ratio which is meant to represent the tap changer ratio of the CTT. Similarly, if the Transformer
in-model is meant to model a PST, ✓sh represents the phase shifter angle of the PST. For a conventional AC EPS with
no active control elements other than the synchronous generators (i.e. no CTT or PST) only the Branch in-model is
su�cient to model the entire EPS. However, if the AC EPS otherwise contains any control elements such as the PST
and CTT, they can be incorporated by activating the m®

a and ✓sh as optional control variables as deemed appropriate.
Using these optional control variables within the OPF formulation would also provide the means to enforce realistic
operational boundaries for the PST and CTT elements in form of limits on the variables and any constraints should a
power flow control be needed.

N = m®
aej✓sh = k2maej✓sh (1)

The FUBM is designed to be as simple and universal as possible. Hence, it is desired that all the in-models share
some characteristics with each other (either parameters or variables). For this reason, the usage of the traditional
VSC model is not entirely suitable for this specific case. Instead, the VSC in-model within the FUBM is designed to
be an advanced version of the VSC model presented and validated in [12, 30], where the VSC was represented by a
complex tap-changing transformer and a variable shunt susceptance. In the same vein, in the FUBM VSC in-model
the variables of the complex tap, m®

a and ✓sh are meant to model the amplitude modulation index and the phase shifter
action of the PWM control of the actual VSC, thereby modelling the independent active and reactive power control
capabilities of the actual VSC. The VSC in-model in the proposed FUBM approach calculates the losses of the VSC
in-model according to the detailed model (as stated in the IEC 62751-2 standard). As a result, the VSC in-model of
the FUBM maintains all the advantages of the traditional VSC model, while encompassing almost all of the variables
and parameters that are shared between the other in-models. A theoretical comparison between the traditional VSC
approach and the VSC in-model is shown in Fig.2.
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Figure 2: (a) FUBM VSC in-model, (b) Traditional VSC model

From Fig.2 it is noticeable that for both approaches, the inductive reactance jxs and the series resistance rs represent
the magnetic interface and ohmic losses respectively. Moreover, both models present similarities in their design. Table
1 summarizes them by making a comparison between the variables and the functions of both models.

TABLE 1
FUBM VSC IN-MODEL AND TRADITIONAL MODEL COMPARISON

Function FUBM VSC Traditional VSC
Active Power Control ✓sh Idc

AC side Reactive Control ma Mc

DC side Voltage Control<b Beq vdc
Compensate AC Reactive Power<a Beq Qci

VSC Switching losses Gsw Ploss

Interaction between Physical Coupling
AC and DC side link equation

*a: Only Converters Type I [31, 18]
*b: Only Converters Type II and III [31, 18]

As seen in Table 1, control over the active power flow is a shared feature between the VSC in-model and the
traditional VSC model. The latter defines a current source Idc as a variable to control the active power flow. The VSC
in-model, on the other hand, uses the variable ✓sh for this action (just like it is done by the "PST in-model").

VSCs are also well known for their AC side reactive power control capabilities. For both approaches, this is done
by modifying the modulation coe�cient amplitude ma. For the VSC in-model, just as in the transformers in-model,
if reactive power control is required, the VSC in-model has the option to set either the AC side voltage or an AC side
reactive power to be meet.

One of the most desirable characteristics when using VSCs is to provide a connection of two (or more) asyn-
chronously operating and otherwise autonomous AC grids via a common DC link. The traditional VSC model rep-
resents this by separating the grids and using controlled power sources and coupling equations to simulate an active
power exchange between the AC grids through the common DC link. As seen in Fig. 2 (b), the compensation of the

Abraham Alvarez-B. et al.: Preprint submitted to Elsevier Page 5 of 23



FUBM for the Solution of Optimal Power Flows in Hybrid AC/DC Grids

reactive power of the AC side “to" bus is realised by adding a small power balance constraint in the ci node, and Qci
will adjust to meet the requirements of the system. In a similar way, the FUBM VSC in-model compensates the reactive
power by using the shunt suceptance Beq . In this case, instead of adding a power balance constraint in the ci node,
the reactive power flow “from" side is monitored, and Beq will be automatically adjusted within the OPF solution
process to maintain zero reactive power injection to the DC link. In this paper, this reactive compensation will be
called the “Zero Constraint".Thus, just like in the traditional approach, the FUBM simulates the isolation of the grids
while maintaining the active power exchange.

Regarding to the calculation of PWM’s switching losses, the IEC 62751-2 standard recommends using a quadratic
function of the VSC AC current to obtain the power losses of the converter [32]. Both the traditional and the FUBM
approach follow this recommendation. For the traditional model, Ploss is the variable that is adjusted in function of the
current; whereas for the VSC in-model the variable Gsw correspond to the actual VSC losses, thus the power loss in
both cases must be the same. Since theoretically there is no upper limit on how much switching losses a VSC can have,
both the Ploss and the Gsw variables are normally set with a lower bound of zero and unbounded above. Equations (4)
and (5) show the calculation of the power loss for both approaches.

PTrad
loss = P FUBM

loss (2)

P FUBM
loss = vf isw = v2fGsw (3)

*PTrad
loss + �i2t + �it + ↵ = 0 (4)

*v2fGsw + �i2t + �it + ↵ = 0 (5)

As can be seen from both, the power loss equations above, and the Fig 2, the interaction between the AC side and
the DC side is carried out by either a coupling equation, for the traditional approach, or through a physical link for the
VSC in-model. Regardless of the design of both approaches, mathematically they represent the same equation. From
the perspective of the FUBM, this equation is obtained as a result of power injections in node “from". Where the active
power from the AC network minus the converter losses will be the active power of the DC network, which matches the
coupling equation used by the traditional model. This equation is expressed in (6).

Pdc = Pci * Ploss (6)

There are mainly three operational limits for any VSC. Figure 3 shows each one of them, which represent the
constraints that both the Traditional VSC approach and the FUBM have to meet.

Figure 3: VSC Operational Limits, Modified from [33]
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The first constraint is the maximum current through the switching devices (i.e. IGBTs). It can be appreciated in
Fig 3 as an MVA circle in the power plane where maximum current and actual AC voltage are multiplied. If the AC
voltage decreases so will also the MVA capability [33]. The constraint is expressed mathematically in (7).

P 2
t +Q2

t f �
vtimaxt

�2 (7)

The second constraint is the reactive power compensation limit Qci which is mainly dependent on the voltage
di�erence between the AC and the DC voltage. From Figure 3, it is noticeable that the maximum reactive power is not
a fixed value, therefore the limit for it is expressed as a constraint in (8) for the traditional model, and in (9) for the VSC
in-model [33][34]. Both equations show that Qmax

ci and Bmax
eq represent the same maximum reactive power operational

limit. Additionally in Fig. 3, is clear that the reactive power lower limit is automatically constrained by (7).

Qmax
ci =

vcivt * ÛÛvtÛÛ2
xs

Where: vci =
vdc

k2Mc
(8)

Qmax
Beq

= v2ciB
max
eq =

vcivt * ÛÛvtÛÛ2
xs

(9)

Bmax
eq =

vcivt * ÛÛvtÛÛ2

v2cixs
Where: vci =

vdc
k2ma

(10)

The third constraint is the maximum DC current through the DC cable. If the rate of the cable is smaller than the
rate of the VSC it may limit the maximum active power transfer to the DC grid. This constraint is automatically added
to the optimization problem by adding the thermal limits of the DC lines.

After the theoretical comparison between the VSC Traditional model and the VSC in-model of the FUBM it is
clear that both approaches keep the same amount of variables and constraints and as a result, no additional burden is
necessary for the simulations.

The FUBM is also capable of modelling STATCOMs explicitly. Unlike other simpler approaches which model the
STATCOM as a controllable voltage source, the STATCOMs in-model is a more accurate representation of the device.
This is achieved by making use of the VSC in-model with a fixed DC voltage as shown in Fig. 4. This STATCOM
model was presented separately in an earlier publication [35] and is now brought together within the FUBM for the
sake of completeness.

Figure 4: STATCOM-inmodel schematic representation using VSC

In this section, the theoretical underpinnings of all the in-models within the FUBM have been described. The
selection of a specific in-model, and whether any of them are used to exert any control actions within the EPS, is done
automatically by activating the appropriate state and control variables (i.e. the in-model settings) pertaining to the
specific in-models as shown in Table 2. Notice that the k2 parameter will depend on the type of the VSC to model
- this variable can be used to accommodate any VSC type from normal two-level converters to modular multi-level
converters if needs be. For a two-level VSC, the k2 value will be

˘
3_2.
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TABLE 2
SETTINGS FOR THE DESIRED IN-MODEL

Parameter Branch CTT PST VSC STATCOM
or Variable DC AC

Gsw 0 0 0 0 <b <b
Beq 0 0 0 0 <b <b
✓sh 0 0 0 <b <b <b
k2 1 1 1 1 <a <a
ma 1 1 <b 1 <b <b
bc 0 <a 0 0 0 0
rs <a <a <a <a <a <a
xs 0 <a <a <a <a <a
vf free free free free free fixed
<a : in-model parameter <b : in-model active optimization variable

2.1.1. Combined in-models
Additional various elements in the EPS can be modelled using di�erent combinations of the described in-models.

For example, the Unified Power Flow Controller (UPFC) from [36], can be easily modelled by setting two VSC in-
models in a back to back configuration with a branch in parallel as shown in figure 5. Controls in each one of the
in-models can be individually adjusted to accurately simulate the controllable reactive and active power of the UPFC
as needed [37]. This approach will also simulate the switching losses of the VSCs. Table 3 presents the settings each
one of the in-models to accurately simulate the UPFC.

Figure 5: UPFC schematic representation using in-models

Since the FUBM does not create a distinction between the AC and the DC grid, combinations inside the DC grid
could also be created. For example, the Bidirectional DC Converter from [38], could be represented as shown in Fig.
6. Where two VSC in-models are set in a back to back configuration, and each one of them is connected to a Low and
High Voltage DC circuit. The controls over the Beq and ✓sh are deactivated as shown in Table 3. Only both ma are
used for voltage control in both sides. This configuration allows to accurately represent the switching losses inside the
Bidirectional DC converter using the Gsw variable of both VSC in-models.

Figure 6: Bidirectional DC Converter schematic representation using in-models
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TABLE 3
COMBINED IN-MODELS SETTINGS

Parameter UPFC Bidirectional DC Conv
or Variable AC branch VSC 1 VSC 2 PST VSC 1 VSC2

Gsw 0 <b <b 0 <b <b
Beq 0 <b <b 0 0 0
✓sh 0 <b <b <b 0 0
k2 1 <a <a <a <a <a
ma 1 <b <b <b <b <b
bc 0 0 0 0 0 0
rs <a <a <a <a <a <a
xs <a <a <a <a <a <a
vf free free free free free free

<a: in-model parameter, <b: in-model optimization variable

2.2. FUBM Equations
In this paper, the power balance equations and injections for the FUBM approach are expressed following Mat-

power’s convention which can be found in [20]. However it is worth to highlight that the equations presented in this
paper are explicitly defined for the FUBM as a new model following this convention.

By applying Kirchho�’s Law to the FUBM model in Fig. 1, the [2 ù 2] model’s admittance matrix Ybr can be
obtained. This is shown in (11), (12) and (13). Notice that the sub index f and t in (12), represent the connection bus
“from" and “to" respectively; e.g. yff will contain the sum of all the admittance elements connected to “from" bus.
Also observe that for the VSC in-model, the vf represents the DC voltage side vdc and hence, the vt represents the AC
voltage side vac .

⌅
Ibr

⇧
=
⌅
Ybr

⇧ ⌅
Vbr

⇧
(11)

4if
it

5
=
L
yff yft
ytf ytt

M4vf
vt

5
=
⌅
Ybr

⇧ 4vf
vt

5
(12)

Ybr =
b
f
fd

Gsw + (ys + j bc2 + jBeq)
1

m®
a
2

*ys
m®
ae

*j✓sh
*ys

m®
ae

j✓sh
ys + j bc2

c
g
ge

(13)

Complex branch power flow “from" side and “to" side of the FUBM is given by (15).

Sbr = VbrI<br (14)
Sf = [vf ][i<f ] = [vf ][yffvf + yftvt]<
St = [vt][i<t ] = [vt][yftvf + yttvt]<

(15)

(16)

The calculation of the Power Injections for an EPS with nl lines and nb buses can be expressed in matrix form by
multiplying both branch admittance matrices “from" side Yf and “to" side Yt times their respective vector of Voltages
Vf and Vt as seen in (17). These last ones are calculated by multiplying the branch connection matrices Cf and Ct
times the vector of nodal voltages V. Each connection matrix has a size of [nl ù nb], and contains an indicator with
the value of 1 where the branch element “from" or “to" side connects with the bus. All the non nodal incidences of Cf
and Ct are zero. [20].

Sf = Vf [YfV]< = Cf [V][YfV]<
St = Vt[YtV]< = Ct[V][YtV]<

(17)

Where, Yf = [Yff ]Cf + [Yft]Ct
And, Yt = [Ytf ]Cf + [Ytt]Ct

(18)
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From (17) the active and reactive power injections can be calculated as:

Pf = Real
�
Sf
�
= Real

�
Cf [V][YfV]<

�
Pt = Real

�
St
�
= Real

�
Ct[V][YtV]<

�
Qf = Imag

�
Sf
�
= Imag

�
Cf [V][YfV]<

�
Qt = Imag

�
St
�
= Imag

�
Ct[V][YtV]<

�
(19)

2.3. Modelling Hybrid AC/DC EPS using FUBM
The most fundamental AC/DC grid is the VSC-HVDC Transmission Link point-to-point (PTP) configuration. It

is shown schematically in Fig. 7(a). When incorporating this widely used configuration in conventional power flow
formulations (as well as OPF formulations) using the Traditional VSC model, a separation between the AC and DC
Grids becomes evident. The split is illustrated in Fig. 7(b). As a result, three sets of system equations have to be solved
individually in order to find a solution for the whole AC/DC Grid, one for the AC side, one for the DC side and one
for the interface between them (as the set of coupling equations representing the active power exchange between the
AC and the DC grid for all VSCs). Steady State analyses of AC grids are solved using vectors since the voltages are
expressed as complex numbers. Furthermore, AC voltage angles are calculated with regards to one reference bus angle
per isolated grid. DC grids on the other hand are analysed using scalars since only the voltage magnitude is relevant for
their calculations. It follows that from a purely mathematical perspective, when modelling a hybrid AC/DC EPS using
the traditional approach, the AC and DC counterparts are essentially modelled distinctly and also interfaced using the
set of coupling equations to be able to simulate the power exchange in the HVDC link.

Figure 7: (a) Classic VSC-HVDC link, (b) Traditional Separated grids generator Link, (c) Unified Hybrid Grids Link with FUBM

Alternatively, as shown in Fig. 7(c), the whole hybrid AC/DC grid can be solved on one single frame of reference
when modelled using the FUBM approach. As explained in Section 2.1, the VSC in-model compensates the reactive
power of the AC side while seamlessly keeping the physical link between the AC and DC side. As a result, in an HVDC
PTP configuration, the reactive power compensation only needs to be satisfied in one of the two VSCs terminals since
the remaining one will be naturally compensating it thanks to the physical connection. Thus, by taking advantage of
the reactive power compensation from the Zero Constraint, only active power is exchanged though the DC link. For
this reason, there is no need for any additional coupling equations to maintain power balance in the DC link, thereby
removing the need for making any distinction between AC and DC counterparts nor for solving the AC and DC parts
sequentially. Table 4 compares the number of equations for a PTP configuration for both approaches.

It follows from above that since FUBM models everything in one single frame of reference both AC and DC
variables are mathematically represented as complex phasors. Thus, essentially the scalar DC voltage magnitude can
be represented as a complex phasor with “zero" imaginary part, or in other words with a voltage phase angle of “Zero".
In this unified approach, just as in an any AC system, one reference bus phase angle is needed per isolated grid relative
to which all the other nodal phase angles are calculated. Since the Voltages in the AC side do have an imaginary part,
and do not in the DC side, it is recommended to use a DC node as reference. Nevertheless, it should be noted that the
reference angle, as the name implies, is only a reference. What really matters is the angular di�erence between the AC
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TABLE 4
PTP HVDC EQUATION COMPARISON

Description of Number of Equations
the Equation Traditional FUBM

Active Power Control 1 1
DC side Voltage Control 1 1

Compensate AC Reactive Power 2 1
VSC Switching losses 2 2

Interaction between AC and DC side 2 2<
Total Number of Equations 8 5

* Non explicit, Physical Link inside the FUBM

nodes that are interconnected with each other, because this angular di�erence will have an impact over the AC power
flow. If the interconnected nodes have the same voltage angle or a voltage angle of zero, like in the DC side, it means
that the DC power flow is purely dictated by the voltage magnitude. Consequently, if the reference angle is chosen in
the AC side, it is possible that the DC voltage angles do have a non zero constant angle which is maintained trough the
entire DC grid (hence preserving the DC side characteristics). Mathematically, the FUBM can be treated as a normal
AC element, and accordingly AC OPF equations can be used to solve the hybrid AC/DC power grid. As a result, some
coding time and e�ort can be saved.

3. VSC Control Modes
Depending on the operational and control requirements of the hybrid EPS, the VSCs can be set to control the

voltage, active and reactive power or all or a combination of both power and voltage control. This section presents
di�erent control settings/modes for the VSC that are commonly used in the industry and how the these control actions
are mathematically incorporated in the FUBM. In practice, VSCs have seven di�erent control modes depending on
their role in the hybrid EPS, they can be seen in Table 5 [31, 39].

TABLE 5
VSC CONTROL MODES

Control Mode Constraint 1 Constraint 2 VSC Control Type
1 ✓sh vac
2 Pf Qac I
3 Pf vac
4 vdc Qac II5 vdc vac
6 vdc droop Qac III7 vdc droop vac

The VSCs are divided to three types and each one has a specific set of control modes. Moreover, there are two active
control constraints per VSC control mode. Each constraint combination maintains either a constant power, a constant
voltage, voltage droop characteristic or a combination of them. Each individual control constraint has a direct impact
over the system feasible region. Consequently, a set of rules have to be followed to avoid operational and resolvability
problems when implementing Multi-terminal DC (MTDC) grids or HVDC-Links. In the interest of keeping the voltage
of the DC grid within certain limits, there must be at least one VSC type #II or type #III for voltage regulation. If the
VSC type #II is selected, there should not be more than one of them in each DC network, and all remaining converters
in it must be type #I. Similarly, in an MTDC grid where n VSCs type #III are set, the remaining m VSCs must be type
#I. Additionally, all VSC type #III require the addition of the voltage droop characteristic to the formulation. This
control characteristic will depend on the application to be used for. Figure 8 shows a couple of examples where a
linear Power-Voltage control, a non-linear Power-Voltage control, and a linear Current-Voltage control are presented.
Finally, when connecting wind farms, photovoltaic power plants, energy storage devices or passive networks via VSC,
type #I converter must be used[31, 40]. Regardless of what type of VSC model is being used (either the traditional or
the FUBM approach), both must follow the described rules.
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Figure 8: (a) vdc * Pf droop. (b) Adaptive droop. (c) vdc * if droop

As it was described in Section 2.1, Both VSC approaches (traditional and FUBM) should compensate the AC side
reactive power of the grid. For an MTDC link with h VSC terminals, using the traditional modelling approach, all
VSC models must do this compensation for all VSC terminals. On the other hand, using FUBM VSC in-model the zero
constraint should only be met for h * 1 VSC terminals. It follows that there will be no reactive power in the DC side
of the remianing VSC terminal without the need for activating the zero constraint for that terminal. This mathematical
advantage over the traditional VSC modelling approach is possible thanks to the unique physical link that the FUBM
provides between the AC and the DC sides of the EPS.

The FUBM uses the converter types as identifiers to easily use this advantage. Thus, for MTDC links where
one converter type #II has been selected for voltage regulation, only the remaining converters type #I will use the
suceptance Beq to compensate the reactive power and thus meet the zero constraint. Similarly, for MTDC links with n
VSC type #III and m type #I, all m VSC type #I have to meet the zero constraint, but only n* 1 VSC type #III have to
meet this constraint. Again the last one will be automatically compensated without the need of any activation. Table
6 summarizes the voltage regulation structure.

TABLE 6
VSCS STRUCTURE ON A MTDC GRID

MTDC Voltage Max Number of VSC Min number of VSC Max number of VSC
Regulation Type for Voltage Regulation for Zero Contraint in the MTDC Grid
Constant Voltage 1 VSC type #II m VSC type #I m+1

Voltage Droop n VSC type #III m VSC type #I and m+n
Control n-1 VSC type #III

Regarding the control modes, the FUBM is designed to incorporate each one of the aforementioned VSC control
constraints individually as it is described in Section 2.1. As a result, the VSC in-model is not restricted by the pair
of control constraints of each VSC control mode of Table 5. Therefore, it has the option to activate or deactivate the
desired control over the modelled element depending on the operational requirements of the EPS.

4. Flexible OPF Formulation using FUBM
This section presents the OPF formulation for the solution of hybrid AC/DC EPS when modelled using the FUBM.

The presented formulation is the most complete one since it includes the optional power and voltage controls that were
described in Sections 2 and 3. It should be noted that these optional controls can be activated or deactivated as needed.
Therefore the formulation using FUBM can be used to solve OPF for AC, DC or hybrid AC/DC networks.

The OPF objective function f can vary depending on the aim of the study. For this paper the aim is to minimise
the total generation cost as this is a common aim in the industry. Therefore, f is the summation of the of individual
polynomial cost functions (typically quadratic) for each generator as shown in (20).

f (x) =
ng…
i=1

f {i}
P (P {i}

g ) + f {i}
Q (Q{i}

g ) (20)
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The Hybrid AC/DC OPF problem using FUBM can be compactly formulated in equations (21) to (28).

min f (x)
x (21)

subject to:

gSb
(x) = 0 (22)

gPf (x) = 0 (23)

gQz
(x) = 0 (24)

gQt
(x) = 0 (25)

gPvdp (x) = 0 (26)

gGsw
(x) = 0 (27)

hSf
2 (x) f LSL

2

hSt
2 (x) f LSL

2
(28)

where:

x = [Pg,Qg,Va,Vm,Beq, ✓sh,ma,Gsw]⇧ (29)
xmin f x f xmax (30)

Equality constraints in (22) are the classical non-linear real and reactive power balance equations for all AC and
DC nodes indistinctly. It is noted that for the DC grid, the reactive power balance results in a value of zero since the
reactive injections to the DC grid are controlled by the variable Beq in conjunction with the “Zero Constraint" given
in (24). Thus, for a specified number of generation units to satisfy a particular pattern of load per bus, the complex
power balance equations of the system using FUBM are given by (31) [20].

gSb
(x) = Sbus(x) + Sd * Sg = 0 (31)

Where, Sbus(X) = [V]Ibus< = [V]Ybus
<V< (32)

As it can be observed, for the calculation of the power balance constraints, it is necessary to obtain the admittance
matrix Ybus. It is worth highlighting that without FUBM, the construction of Ybus will have to be done considering
di�erent equations for each element model. Moreover, for modelling hybrid AC/DC grids, as shown previously, the
power balance constraints will be split in a set of equations for each isolated grid which are then needed to be coupled
using the DC power balance coupling equations as shown in Section 2.3.

The optional control constraints (23) to (27) are modelled in order to capture maximum operational flexibility for
the EPS. Further description of each optional control constraint within the FUBM is included below. Additionally, the
sets Ish, Icct, Ivsc contain all the PSTs, CCTs, and VSCs respectively.

For active power control, the required value for all PST and VSC in-models can be set in the vector Pset
f . The full

active power control constraint of (23) is shown in (33).

g{i}Pf
(x) = Real

�
Sf {i}(x)

�
* P set

f
{i} ≈i À Ish or Ivsc (33)

Regarding to reactive power control of the “to" side of CTTs or AC side for VSCs, control constraint in (34) is set
to meet the reactive power reference value Qset

t .

g{i}Qt
(x) = Imag

�
St{i}(x)

�
*Q set

t
{i} ≈i À Ivsc (34)
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As explained in Section 2.1, the reactive power compensation in the VSC in-model is represented by the “Zero
constraint". It can be seen in (24) and (35). This control ensures that there is no reactive power flow in the DC
network.

g{i}Qz
(x) = Imag

�
Sf {i}(x)

�
* zero ≈i À IvscI (35)

When VSC Voltage droop control is implemented, the power injected to the DC grid will be a function of the
VSC DC voltage. Furthermore, the droop equation will vary depending on the control type as shown in Fig. 8. Even
though Voltage Droop control strategy with a specified ramp or function is more commonly addressed in Power Flow
studies [17, 41], in operational day-ahead planning the settings of the Droop Control ramps do not change on a daily
basis. Instead, they have been pre-set based on the capability characteristics of each VSC station and the medium/long
term operational conditions of the system[42]. Therefore, these pre-set ramps have to be considered for the short
term or day-ahead optimisation. As a result, they been added as part of the FUBM OPF formulation, which can be
activated or deactivated depending on the requirements and aims of the analysis. Equation (36) presents the traditional
voltage-power vdc * Pf standard droop control equation. The parameter kdp represents the slope for the vdc * Pf
control.

g{i}Pvdp
(x) = *Real

�
Sf {i}(x)

�
+ P set

f
{i} * kdp

⇠
v{i}f * v set

f
{i} set⇡ ≈i À IvscIII (36)

VSC in-model losses are calculated as specified in the standard IEC 62751-2 [32]. The VSC power loss constraint
is shown in (37).

g{i}Gsw
(x) = *v2f

{i}Gsw
{i} + �i2t

{i} + �it{i} + ↵ ≈i À Ivsc (37)

The limits on the transmission lines (branch limits) for all in-models are represented as inequality constraints as
shown in (28), and expanded in (38) as one set of matrix equations. Notice that these equations also include the
PQ-capability limit for all VSCs.

�
Pf

{i}(x)
�2 + �

Qf
{i}(x)

�2 f ⇠
L{i}
SL

⇡2
≈i À IFUBM

�
Pt

{i}(x)
�2 + �

Qt
{i}(x)

�2 f ⇠
L{i}
SL

⇡2
≈i À IFUBM

(38)

Finally the upper and lower limits for the vector of state variables x, are set in the vectors xmax and xmin respec-
tively. It is worth mentioning that when using the optional voltage control for either CTTs or VSCs, the maximum and
minimum values will be the desired voltage set points as presented in (39).

x{i}min = x{i}max = vsett
{i} ≈i À Icct

x{i}min = x{i}max = vsetac
{i} ≈i À Ivsc

x{i}min = x{i}max = vsetdc
{i} ≈i À IvscII

(39)

5. Case Study and Simulations
To showcase the e�ectiveness of the FUBM for the OPF solution of hybrid AC/DC EPS, this section presents

a series of test cases and their simulations in AIMMS©. All FUBM simulations have been solved using a PC with
CPU Intel Core i7, 2.2GHz and 16GB RAM memory. All cases are solved with diverse solvers as confirmation of
the versatility of the model. The first test case will be used to validate the model. The second one will be used as a
demonstration of its e�ectiveness against large scale systems when a series of diverse controls are active. The case
also presents the convergence pattern with di�erent solvers. Finally a series of AC and AC/DC test cases are solved
and compared to specifically showcase that the FUBM is scalable from small to large systems without sacrificing
computational e�ciency.
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5.1. Validation of the FUBM
The validation of the FUBM is carried out by simulating the test case of Fig. 9. The results are compared against

the traditional approach for the calculation of AC/DC grids presented in [43] and [44]. The AC data can be found in
[45], and the DC data along with VSC parameters are presented in Table 7.

Figure 9: MTDC Stagg Test Case

The objective function of the OPF problem will be the total transmission losses of the test system. They are
calculated as shown in (40).

f (x) =
nl…
i=1

P {i}
f + P {i}

t  (40)

TABLE 7
CONVERTERS AND DC GRID PARAMETERS

Parameter Value
VSC (1,2,3) rs / xs 0.0016 p.u. 0.2764 p.u.

VSC Loss Coe�cient ↵ = � = 0, � = 0.01
DC line rs (1-2 and 2-3) 0.0260 p.u.

DC line rs (3-1) 0.0365 p.u.
Max Reactive Power 100 MVAr

The case constraints are specified in Table 8. VSC 1 and 3 are selected as type I and VSC 2 will be regulating the
DC voltage magnitude as type II. For all VSC, the optional control variables of ✓sh and ma are optimized.

For the proposed approach, all transmission elements were simulated using the FUBM. The simulation converged
in 19 iterations and 0.01 seconds using CONOPT 4.0. Tables 9 and 10 show a comparison of the simulation results
between the Traditional and the FUBM approach.

After the comparison of presented in Table 9, it is noticeable that all the voltage magnitudes, phase angles and
generators’ power outputs were optimized to the same value for both approaches. As expected, for the FUBM, the DC
grid has an angle which is di�erent from zero since the voltage angle reference is in the AC grid. Nevertheless, this
angle remains constant through the entire DC grid. Thus, the flow of active power in the DC links is solely dictated
by the DC nodal voltage magnitude di�erence (exactly as what it would be in a real DC link). Similarly, the obtained
values from the DC grid and VSC power comparison from Table 10 are practically the same. Additionally for the
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TABLE 8
MTDC STAGG CONSTRAINTS

Bus ID Vmin Vmax Element Value [MVA]
AC 1,2 1 1.02 PG1 Min/Max 10 250

AC 3,4,5 0.9 1.1 QG1 Min/Max -100 100
DC 2 1.01 1.01 PG2 Min/Max -40 40

DC 1,3 0.9 1.1 QG2 Min/Max -40 40
AC Bus 1 Va = 0˝ (Reference) Element Value [p.u.]
Lines Rate 1 MVA (AC & DC) ma Min/Max 0.75 1.22

TABLE 9
VOLTAGE AND GENERATION COMPARISON

Bus Vm [p.u.] Va [°]
ID Traditional FUBM Traditional FUBM

AC 1 1.02 1.02 0 0
AC 2 1.006 1.006 -3.15 -3.15
AC 3 0.992 0.992 -4.92 -4.92
AC 4 0.991 0.991 -5.28 -5.28
AC 5 0.991 0.991 -5.48 -5.48
DC 1 1.015 1.015 *** -26.11
DC 2 1.01 1.01 *** -26.11
DC 3 1.008 1.008 *** -26.11

Generator Pg [MW] Qg[MVAr]
ID Traditional FUBM Traditional FUBM
G1 129.14 129.14 -8.37 -8.37
G2 40 40 15.04 15.04

TABLE 10
VSC AND DC GRID COMPARISON

Traditional FUBM
VSC1 VSC2 VSC3 VSC1 VSC2 VSC3

Pf [MW] -37.58 12.54 24.86 -37.55 12.47 24.86
Pt [MW] 37.9 -12.54 -24.86 37.7 -12.44 -24.79
Qt [MVAr] 0 -9.07 -6.16 0 -9.04 -6.16

ma 0.995 1.009 1.003 0.995 1.0087 1.0028
✓sh [°] *** *** *** -17.0771 -23.1389 -24.5510

Beq [p.u.] *** *** *** 0.03811 0.09360 0.07827
DC Line
from/to DC 1-2 DC 2-3 DC 3-1 DC 1-2 DC 2-3 DC 3-1
Pf [MW] 19.17 6.61 -18.24 19.171 6.608 -18.266
Pt [MW] -19.08 -6.6 18.36 -19.078 -6.597 18.386

FUBM, the values of ✓sh and Beq are also obtained. Finally the total losses obtained from each approach are 4.14 MW.
The FUBM has been validated.

5.2. Modified Case PEGASE Project
This case accurately represents the size and complexity of part of the European high voltage transmission network.

It contains 1,354 buses, 260 generators, 1,991 branches and it operates at 380kV and 220kV. The data stems from the
Pan European Grid Advanced Simulation and State Estimation (PEGASE) project [46, 47, 48]. The original case has
been modified to incorporate an HVDC Link and a MTDC grid as shown in Fig. 10. Both DC grids operate with
a nominal voltage of 345kV and 1000MVA rating. Table 11 summarise the parameters of the DC grids, coupling
transformers and VSCs.

The AC node B4231 has been selected to be the voltage angle reference at zero degrees. All the AC and DC
transmission elements of the case have been modelled using FUBM. Furthermore, all VSCs type #I have been set
for reactive power compensation (Zero constraint). Table 12 contains the control settings for all VSCs. Notice even
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Figure 10: Modified PEGASE Project

TABLE 11
CONVERTER AND DC GRID PARAMETERS

Parameter Value
Rating VSC / DC Voltage 1000MVA 345kV

Max / Min DC Voltage 1.1 p.u. 0.9 p.u.
Max / Min ma 1.22 0.75

Coup. Transformer rs / xs 0.0001 p.u. 0.0105 p.u.
VSC (1,2) rs / xs 0.0002 p.u. 0.0250 p.u.

VSC (3,4,5) rs / xs 0.00015 p.u. 0.00305 p.u.
VSC (1,2) Loss Coe�cient ↵ = 0.01, � = � = 1x10*4

VSC (3,4,5) Loss Coe�cient ↵ = 0.001, � = � = 1x10*5
DC line rs (HVDC Link) 0.0005 p.u.
DC line rs (MTDC Grid) 0.0007 p.u.

VSC 2 Droop Kdp 5
VSC 2 Droop P set

f 1 [MW]
VSC 2 Droop V set

f 1.01 [MW]
VSC Max Reactive Power 100MVAr

though all VSCs are operating in one of the explained control modes from Section 3, the control constraints are set
individually within the FUBM. Therefore, the model is not restricted to them. As proof of this, the control constraint
2 of the VSC 5 has been left as a free variable. Additionally, two of the existent transformers now are set as a PST and
a CTT for power and voltage control respectively. Their settings are also shown in Table 12.

The full Hybrid AC/DC test case optimization problem consist of 44, 728 Constraints and 41, 250 Variables. An
average between upper and lower boundaries has been used as initial conditions for all optimization variables. The
OPF formulation using FUBM has successfully converged for all solvers, KNITRO 12.0, CONOPT 4.03 and IPOPT
3.11, all of them in AIMMS. Table 13 present the convergence times, iterations and the optimized value of the cost
function.

The solver CONOPT preforms the optimization in two steps to find the solution. First it ensures that the infeasibility
index is small enough. If the problem is feasible, then it minimizes the objective function while the infeasibility index
continues decreasing. On the other hand, the solvers KNITRO and IPOPT reduce infeasibility index while the objective
function is minimized. From the results of Table 13, it can be observed that KNITRO and CONOPT are faster solvers
in comparison with the IPOPT method. Nevertheless, the final results from the three solvers match for all the variables
of the system.

The optimization results for the relevant AC and DC voltages are shown in Table 14. Furthermore, the active
and reactive power flows through the control elements and DC lines, as well as their optimized control variables are
presented in Table 15. From both tables, it is shown that the results match with the control constraints from Table 12.
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TABLE 12
CONTROL SETTINGS FOR VSC AND TRANSFORMERS

Converter Type Mode Const. 1 Const. 2
VSC 1 I 1 Theta = 0 Vac=1.08
VSC 2 III 7 Vdc Droop Vac=1.075
VSC 3 II 5 Vdc=1.01 Vac=1.06
VSC 4 I 3 Pf=-500 Vac=1.07
VSC 5 I 3 Pf=-450 Vac= free

Transformer From To Control Constraint
PST B7466 B3649 Pf = -1.73
CTT B6153 B6807 Vt =1.1

* Power is expressed in MW and Voltage in p.u.

TABLE 13
CONVERGENCE TIME, ITERATIONS AND TOTAL COST

OPF Solver CONOPT 4.03 KNITRO 12.0 IPOPT 3.11
Infeasibility/Minimization Infe. Min. Infe. & Min. Infe. & Min.

Iterations 116 27 56 134
Time [s] 19.01 7.23 25.69 271.36

Total Time [s] 26.24 25.69 271.36
Total Gen. Cost [$] 74038.3781 74038.3781 74038.3781

TABLE 14
AC AND DC VOLTAGES

Bus Vm Bus Vm
ID [pu] ID [pu]

VSC DC B1 1.00002 VSC AC B2072 1.08000
VSC DC B2 1.00000 VSC AC B8195 1.07500
VSC DC B3 1.01000 VSC AC B6246 1.06000
VSC DC B4 1.01334 VSC AC B7282 1.07000
VSC DC B5 1.01322 CCT AC B6807 1.10000

Additionally, all VSC have satisfactory meet the Zero Constraint for reactive power compensation. Furthermore, the
optimal value of Beq has been obtained. Finally, the variable ✓sh has been optimized for all active power controlled
elements. It is clearly noticeable that a full power control has resulted in both grids.

TABLE 15
OPTIMIZED VARIABLES AND POWER CONTROL

Element Pf Theta Beq ma
ID [MW] [deg] [pu] [tap]

VSC 1 -4.00007 0 -0.17288657 1.07337
VSC 2 3.99999 0 0.02220943 1.07585
VSC 3 946.92069 -52.0451219 0.49999995 1.00112
VSC 4 -500 -33.3258129 0.49999943 1.05951
VSC 5 -450 -36.465037 0.49999931 1.01408
PST -173 -0.09532315 *** ***
CTT 7.28653 *** *** 1.04626

DC Line 1-2 4.00007 *** *** ***
DC Line 3-4 -481.75773 *** *** ***
DC Line 4-5 16.64963 *** *** ***
DC Line 5-3 466.64775 *** *** ***

Figure 11 presents the minimization of the Cost for the three solvers. Notice that even though all of them are
initialized in the same point, the start point varies. This is because the solver KNITRO runs a presolve before starting
the optimization. Similarly, CONOPT first solves for the infeasibility and then uses that final state as a starting point
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for the minimization. Although the KNITRO solver selected a starting point quite far from the solution, the method
is so e�ective that it manages to converge even before IPOPT and even CONOPT. It is worth to highlight that even
though it looks like CONOPT is the fastest, the iterations for the solution of the infeasibility have to be considered, as
it was shown in Table 13.

Figure 11: Convergence and Optimal Cost minimization

Figure 12 shows the infeasibility value during the optimization. For the IPOPT solver, the Primal infeasibility,
indicates the maximum non-linear constraint violation, and the Dual infeasibility, is measured as the maximum devia-
tion from complementary condition. The start infeasibility index for KNITRO and IPOPT (Primal) was quite high in
comparison with CONOPT. Nevertheless it can be seen that their values are dramatically reduced by iteration 20 and
40 respectively. In this graph, again KNITRO has been the fastest solver.

Figure 12: Infeasibility during OPF iterations
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5.3. AC and AC/DC Cases for Scalability and Comparison
In this subsection, AC and AC/DC OPF studies are presented to further showcase the capabilities and versatility

of applications of the FUBM. AC cases serve as confirmation that the FUBM optional variables do not create any
extra computational e�ort for the AC OPF solution. The results are compared against the open-source tool for electric
power system simulation and optimization MATPOWER [20]. AC/DC cases compare the FUBM OPF results with
the results obtained in [27], where a Bus Incidence Model (BIM) for ACDC OPF is implemented as an extension of
the ‘PowerModels.jl’ package [49], which is built on top of Julia/JuMP [50]. Both AC and AC/DC cases showcase the
scalability and computational performance of the FUBM formulation.

5.3.1. AC test Cases
For the AC OPF scalability and comparison, the IEEE 57 bus test case, and both the 89 and 1354 bus PEGASE

cases are solved using the FUBM approach in AIMMS and compared against the results from MATPOWER (V7.0).
All the data from the cases are taken from MATPOWER’s library. The software and cases data are available in [51].

Table 16 presents the AC OPF results of MATPOWER and AIMMS-FUBM. In order to make a fair comparison,
the cases are solved using KNITRO and IPOPT for both MATPOWER and AIMMS-FUBM. Additionally, CONOPT
is also used for the FUBM formulation.

TABLE 16
AC OPTIMAL POWER FLOW RESULTS COMPARISON

MATPOWER AIMMS-FUBM
AC KNITRO IPOPT CONOPT 4.03 KNITRO 12.0 IPOPT 3.11

Cases Total Cost Time Total Cost Time Total Cost Time Total Cost Time Total Cost Time
[$/h] [s] [$/h] [s] [$/h] [s] [$/h] [s] [$/h] [s]

Case 57 41737.77 0.87 41737.79 0.36 41737.79 0.05 41737.79 0.03 41737.79 0.09
Case 89 5819.81 0.39 5819.81 1.12 5814.86 0.19 5814.86 0.16 5814.86 0.41

Case 1354 74069.35 2.51 74069.35 2.96 74069.35 3.56 74069.35 4.28 74069.35 3.5

From Table 16 it is observed that for all test cases the results match, and the computational time is approximately
the same. While for the small and medium test cases the AIMMS-FUBM formulation is faster, in the large scale system
there is a maximum time di�erence of 1.77[s] in the solution time. This is to be expected since the solution time in
AIMMS includes the creation of the Jacobian and Hessian Matrices of partial derivatives, while for the MATPOWER
approach, the derivatives and their structure is predefined in the formulation. Nevertheless the time di�erence is too
small to be considered.

5.3.2. AC/DC Test Cases
A small, a medium, and a large scale AC/DC test system are used to illustrate the scalability and performance of

the FUBM formulation. Case-5-ACDC is a modified version of the IEEE 5 bus test system where a three node dc grid
has been integrated using VSCs, the data can be found in [52]. Case 24-3 Zones is based on the two area IEEE 24
bus reliability test system which is extended to include a third asynchronous zone. The three areas are connected with
two VSC MTDC grids with 3 and 4 DC nodes each one, data is reported in [21]. Finally the AC/DC 3120 bus case
represents the Polish system with an interconnected 5 node MTDC grid. This modified large scale system has a total
of 3125 buses, 3703 lines and 505 generators, full AC data can be found in [51] and the DC data in [53]. Table 17
presents a comparison of the simulation results reported in [27] for the BIM-JuMP approach, and the AIMMS-FUBM
approach. For the FUBM, the AC/DC cases are solved using KNITRO, CONOPT and IPOPT in AIMMS.

It is noticed from Table 17, that the solution from the AIMMS-FUBM formulation has been able to solve and
converge to the same results from BIM-JuMP for the three cases. Regarding to the convergence time, it is clearly seen
that the AIMMS-FUBM using the CONOPT solver has been the fastest for small, medium and large scale systems. For
the large scale system (i.e. Case 3120sp), FUBM-CONOPT is 72.69[s] faster than BIM-IPOPT. The computational
times between FUBM-KNITRO and BIM-IPOPT are objectively similar for the three cases, with FUBM-KNITRO
slightly outperforming BIM-IPOPT for the largest scale system. The results for the small and medium cases using
FUBM-IPOPT are also objectively similar to BIM-IPOPT. On the other hand, for the 3120 case, even though AIMMS-
FUBM converged to a slightly better total cost, the BIM-IPOPT was faster, however it is worth noting that in both
instances the convergence time is within the same order of magnitude.
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TABLE 17
AC/DC OPTIMAL POWER FLOW RESULTS COMPARISON

BIM-JuMP AIMMS-FUBM
AC/DC IPOPT CONOPT 4.03 KNITRO 12.0 IPOPT 3.11
Cases Total Cost Time Total Cost Time Iter. Total Cost Time Iter. Total Cost Time Iter.

[$/h] [s] [$/h] [s] [$/h] [s] [$/h] [s]
Case5 194.14 0.20 194.14 0.07 17 194.14 0.08 43 194.14 0.17 46

Case24-3z 150228.00 0.17 150227.09 0.14 42 150227.09 0.18 25 150227.09 0.23 26
Case 3120sp 2142635.0 122.7 2142635.0 50.01 157 2142635.0 118.23 60 2142634.9 298.7 479

6. Conclusion
In this paper, a steady-state FUBM model for the OPF solution of hybrid AC/DC EPS has been presented. The

proposed FUBM model is capable of seamlessly modelling a variety of network elements, both AC and DC, including
PSTs, CTTs, and more importantly VSC and VSC-interfaced elements including point-to-point and multi-terminal
HVDC links used to create hybrid AC/DC networks. All model elements are represented using a common model
representation with shared variables and parameters that depending on the model type may or may not be activated.
Meanwhile, when modelling AC/DC grids, there is no need for introducing additional coupling constraints to maintain
power balance between AC and DC parts of the network as FUBM model structure is configured in such a way that
from a purely mathematical perspective, there is no distinction between AC and DC counterparts. Thus, same AC
power flow equations can be used to solve the entire hybrid EPS capturing any interactions between interconnected
grids. Control elements are represented explicitly by their associated control variables and constraints on voltage
and power flows when needed depending on the network operational requirements. Meanwhile, realistic operational
limits may be enforced through the in-model structures simply by extending the constraints set in the OPF formulation
pertaining to any control elements. Moreover, when modelling VSCs using the FUBM, switching losses are calculated
using a quadratic correction just as stated in [32]. Thanks to its ability of simulating all the aforementioned in-models
there is no need to analyse the system equations model by model thereby from a software perspective reducing the
need for developing separate model libraries for several network elements. A comparison against the Traditional
approach for Validation of the model has been presented. Furthermore, simulation results over the modified large
scale Pegase system demonstrate full power and voltage control over several elements of the hybrid AC/DC grid whilst
maintaining a good degree of convergence and accuracy of the solution. Finally, the FUBM has been successfully
tested for small, medium and large-scale AC and AC/DC systems, where the FUBM has proved to be working with
a variety of optimization solvers without sacrificing any computational e�ort, even presenting faster results in some
cases. Simulation results indicate that the FUBM model is flexible enough to be solved with a variety of solvers using
general purpose model-based languages such as AIMMS. Considering that (i) All the components of the FUBM are
either the same or an equivalent component for the Traditional models, and (ii) The FUBM formulation solves OPF
hybrid transmission AC/DC grids using traditional AC OPF equations, then, any convexification, linear approximation
or robust optimization applied to the AC OPF could be also applied as future research of the FUBM approach. The
versatility and prowess of the FUBM plus its adaptability in modelling a variety of network elements both AC and
DC makes it a suitable candidate and a formidable tool at the hands of the TSOs and network analysts for large-scale
steady-state EPS studies without sacrificing computational e�ciency and accuracy of the solution.
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