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Abstract

This paper contains two parts. In the first part, we study the ergodicity of
periodic measures of random dynamical systems on a separable Banach space.
We obtain that the periodic measure of the continuous time skew-product
dynamical system generated by a random periodic path is ergodic if and only
if the underlying noise metric dynamical system at discrete time of integral
multiples of the period is ergodic. For the Markov random dynamical system
case, we prove that the periodic measure of a Markov semigroup is PS-ergodic
if and only if the trace of the random periodic path at integral multiples of
period either entirely lies on a Poincaré section or completely outside a Poincaré
section almost surely. In the second part of this paper, we construct sublinear
expectations from periodic measures and obtain the ergodicity of the sublinear
expectations from the ergodicity of periodic measures. We give some examples
including the ergodicity of the discrete time Wiener shift of Brownian motions.
The latter result would have some independent interests.
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1. Introduction

Ergodic theory is one of the most important observations in mathematics made in the last
century with significance in many areas of physics such as statistical physics (cf [4, 30-32]).
Concerning the spreading and irreducibility nature of random systems, ergodicity is a fun-
damentally natural phenomenon to many stochastic systems (cf [8, 10, 11, 22]). The theory
was substantially developed for (weakly) mixing invariant measures/stationary processes in
the stationary regime. Many useful results were obtained especially in the Markovian case.

It is noted that the classical ergodic theory excludes random periodic cases. However, ran-
dom periodicity is ubiquitous. Randomness and periodicity are present simultaneously in many
real world problems e.g. maximum daily temperature, sunspot activities, economic cycles,
business cycles, El Nino phenomena, ice age and interglacial transitions etc. The concept of
random periodic paths and periodic measures were recently introduced to describe random
periodicity ([15, 16, 18, 34]). See also [13, 14].

It is worth mentioning that the notion of classical periodic paths cannot be adopted to inter-
pret random periodicity as periodicity breaks under random perturbations. Unless in a very
restrictive circumstance, a random process cannot follow a periodic path even if one fixes a real-
ization. The idea of random periodic paths is different. Employing the notion of random dynam-
ical systems and its underlying measure preserving metric dynamical systems (£2, F, P, (6;)icr),
a random periodic path of period 7 is a random path satisfying for P — a.e.w € €0,

Y+ 7m,w)=Y(s,0,w), forall sel,

or equivalently for P —a.e.w € Q, Y(s + 7,0_,w) = Y(s,w), foralls € I. Here [ is a two-sided
time set of discrete or continuous type,/ = Z, or I = R. This is very different from the classical
periodic function. It is only ‘periodic’ if one prepares to kick the noise backward. However,
the pull-back process ¢(s,w) = Y(s, 6 _,w) is a periodic function of 5. Note (¢(s, w))se; is not a
path of the random dynamical system but the set

LY ={o(s,w):0< s < 7} (1.1)

is an invariant set of the random dynamical system ® such that ®(¢,w)L* = L. The set L* is
a closed curve if / is continuous. This suggests that the random periodic path actually moves
from one closed curve to another closed curve. Moreover, the law p of Y(s, -) defined by

ps(0) =Pw:Y(s,w) €') forany I' € B(X)

is a measure-valued function satisfying periodic condition p,y, = p;, for any s € R.

The ergodic theory of periodic random dynamical system was observed recently in [18].
The concept of periodic measure was introduced and its ‘equivalence’ with random periodic
processes was established. Moreover, the average of a periodic measure over one period is
an invariant measure from which the ergodicity can be studied. It is defined as the ergodic-
ity of a measure preserving canonical dynamical system lifted from the invariant measure on
the phase space. From the ergodic theory of periodic random dynamical systems in [18], the
distinction between the stationary regime and random periodic regime is characterised by the
spectral structure of Markov semigroups or their infinitesimal generators. In the stationary
regime, Koopman—von Neumann theorem tells us that O is a simple and unique eigenvalue
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of the generator on the imaginary axis (cf [8]), while in the periodic regime, the infinitesimal
generator has infinitely many equally spaced eigenvalues (including 0), which are simple, and
no other eigenvalues, on the imaginary axis ([18]).

Random periodic paths have been found in many stochastic systems. We will quote two
examples in section 2 to demonstrate the idea. Needless to say that the existence of peri-
odic measures can be studied without referring to random periodic paths. See [19] for recent
progress. These concepts have been used in the study of bifurcations ([33]), random attractors
([3]), stochastic resonance ([6]), modelling El Nino phenomena ([5]) and strange attractors
([23)).

In this paper, we continue the study on the ergodicity of periodic measures and obtain some
new results. First we study random periodic paths on a separable Banach space and associated
periodic measures (i, = Jy(s0_,w) X dP on the product space QF) = xX, F BX)).
Then {4 }s>0 is a periodic measure with respect to the skew product ((:)l),>0. We prove in
the first part of the paper that (2, F, P, (0,-),>0) is ergodic if and only if (€, F, 15, (©,7)n>0)
is ergodic, i.e. the dynamical system Q, F, {1ts }ser, ((:),),20) is PS-ergodic. Note here there is
no need of any other conditions on its random periodic paths Y apart from the existence.

The metric dynamical system (2, F, P, (6,,).>0) being ergodic is stronger than the state-
ment that (2, F, P, ()=o) is ergodic. They are not normally equivalent. We will give
an example that (2, F,P,(6;).>0) is ergodic, but the discrete metric dynamical system
(2, F, P, (0,r)n>0) is not ergodic. However, we will prove in this paper, for the canonical
Wiener process and the Brownian shift, both the discrete dynamical systems and continuous
time dynamical systems are ergodic. The result of the discrete dynamical systems of Wiener
space is new. This means that our results can apply to stochastic differential equations and
stochastic partial differential equations driven by Wiener processes. Suggested by fundamen-
tal results of [1, 12, 20, 25-27], these equations can generate random dynamical systems, of
which the noise metric dynamical system over a group of discrete time is ergodic according to
our result here.

For the Markov random dynamical systems, the random periodic paths give rise to periodic
measures (ps)scr on the state space X. For each s, p; is an invariant measure with respect to
discrete semigroup P(n7),n € N (as a convention, we always assume that 0 € N). We will give
a necessary and sufficient condition for the periodic measure (p,);cr being PS-ergodic (i.e. for
each s € R, p; is ergodic as an invariant measure with respect to P(n7), n € N), which says
for any invariant set I" such that P.Ir = Irp, — a.s., the section LY :={Y(s + k7,w), k € Z}
satisfies LY C T'or L NT" = (), P — a.s.. However, it is not known whether or not this result
is true in the stationary case.

Sublinear expectation is used to model uncertainty and ambiguity of probabilities such as
subjective probabilities due to heterogeneity of expectation formation process (cf [2, 9, 29]).
An ergodic theory of sublinear expectation was developed recently by [17]. In the second part
of this paper, we construct an ergodic sublinear expectation from an ergodic periodic measure
as an upper expectation for the first time in literature. We prove that if a periodic measure is
ergodic, then the generated sublinear expectation, which is invariant with respect to the skew
product dynamical system or the Markov semigroup, is ergodic. As for the Birkhoff’s type
of ergodic theorem, i.e. the law of large number, we obtain the convergence in the quasi-sure
sense when we apply the ergodic theory of upper expectations, whilst we can only obtain the
convergence in the almost-sure sense by the ergodic theory of periodic measures ([18]). This
provides justifications for the construction of upper expectation and the investigation of its
ergodicity, which can provide useful new information. The point of view of upper expecta-
tions from periodic measures could also be interesting to the study of finance or coherent risk
measure.
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2. Ergodicity of skew product dynamical systems: necessary and sufficient
conditions

2.1. Random periodic paths and periodic measures on product spaces

Consider a random dynamical system ® : R* x 2 x X — X over a metric dynamical sys-
tem (€2, F, P, (0;),cr) on a separable Banach space X. It is a measurable mapping and almost
surely @y = id and ®(t + s,w) = P(z, O,w) o P(s,w) forany 7,5 > 0. Themap  : R x Q — Q
is measurable with respect to (B(R) ® F, F) such that 6, 0 6, = 0,,,1,5 € R and preserves
the measure P, i.e. ;P = P. Random dynamical systems can be generated by stochastic dif-
ferential equations ([1, 12, 25, 26]), stochastic partial differential equations ([20, 21, 27]) and
Markov chains ([24]).
Let us recall the definition of random periodic paths ([15, 16, 18, 34]).

Definition 2.1. A random periodic path of period 7 of the random dynamical system
P :RT x QO x X — Xisan (B[R)® F, B(X))-measurable map Y : R x Q — X such that for
almost all w € €,

O, Ow)Y(s,w) =Y+ s,w), Y(s + 7,w) = Y(s,0,w), forallr >0, s € R. 2.1)

It is called a random periodic path with the minimal period 7 if 7 > 0 is the smallest num-
ber such that (2.1) holds. It is a stationary path of ® if Y(s, 0 _sw) = Y(0,w) =: Yy(w) for all
seRwe Nie. Yy : Q — Xis a stationary path if for almost all w € €,

(1, w)Yo(w) = Yo(w), forallr € RT. 2.2)

As we mentioned in the introduction, random periodicity is a common phenomenon. We
quote the following two examples for convenience. Detailed proof can be found in [18] and is
omitted here.

Example 2.2. Consider the following stochastic differential equation on R?

(2.3)

dx; = [—x2 + x;(1 — x7 — xD)]dt + x; AW, (),
dxy = [x1 + x2(1 — x7 — x)]1dr + x2 dWa(0),

here W, (¢) and W,(#) are two independent one-dimensional two-sided Brownian motions on
the probability space (€2, F, P) with (W(0), W5(0))T = (0, 0). Denote W(r) = (W,(), Wa(1)T.
Set Fl =o(Wu) —Ww):s<v<u<t),F  =ViFland 6:R x Q — Q) the measure
preserving metric dynamical system given by

B,w)(t) = W(t+5) — W(s), s,t€R.

It is well known that the noiseless system

d

—;Ctl =—x+x1(1— x% — x%),
d)C2 2 >

e 1—x2—xd),
i X1+ x( X7 —X3)

has a periodic solution (x(?), x2(f)) = (cost, sinf). It is proved in [18] that equation (2.3) has a
unique random periodic solution x*(f) = (x7(f), x3(7)) # (0, 0) with a positive minimum period
satisfying for a.s. w € €1,

xX(t+m 0 —7w) = —x"(t,w), (2.4)
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X (t+2m,0 — 27w) = X' (t,w). (2.5)

Numerical simulations are also borrowed from [18] to provide numerical evidence of the main
result (2.4) and (2.5) of this example (figure 1). They describe the random periodicity in the
sense of backward kicked noise.

Example 2.3. Consider the following well known example of a discrete time Markov chain
with three states {1, 2, 3} and the transition probability matrix

1 1
03 3
P=11 0 0
1 0 O

Recall that in the theory of Markov chain the period d(i) of the state i is defined as the great-
est common divisor of {n: P} > 0}. From this definition, it is easy to see that d(1) = d(2)
= d(3) = 2 in this case. definition 2.1 looks completely different from the greatest common
divisor definition. However, it was shown in [18] that these two definitions are equivalent. We
can set up a random dynamical system from this Markov chain and construct a random periodic
path.

Now we introduce the idea of periodic measures on product space generated by random
periodic paths. Consider a standard product measurable space (€2, F) = (2 x X, F ® B(X))
and the skew-product of the metric dynamical system (02, F, P, (6;)cr) and the cocycle O (7, w)
onX,0,:0—0

0,(@) = (Bw, B(t,w)x), forallw = (w,x) €, t € RT. (2.6)
Set

Pp(Q x X) :={u : probability measure on (2 x X, F ® B(X)) with marginal P on (€2, F)}

and

P(X) = {p: probability measure on (X, B(X))}.

The following definition was given in [18].

Definition 2.4. A map p:R — Pp(Q2 x X) is called a periodic probability measure of
period 7 on (2 x X, F ® B(X)) for the random dynamical system ® if

Us+r = s and (:),u‘Y = l+s, forallt >0, s€R. 2.7

It is called a periodic measure with minimal period 7 > 0 if 7 is the smallest number such that
(2.7) holds. It is an invariant measure if it also satisfies p; = po for any s € R, i.e. y is an
invariant measure of @ if ;1 € Pp(€2 x X) and

OO0 = po, forallz € RY. (2.8)

Theorem 2.5 ([18]). If a random dynamical system ® : R x Q x X — X has a random
periodic path Y : R x Q =X, it has a periodic measure on (1 x X, F @ B(X)), p: R —
Pp(Q) x X), given by

ps(A) = /26Y(s,w)(A05w)P(dw)» 2.9)
S
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-2

Figure 1. From the top to bottom, first coordinate of random periodic paths with one
realization w, its pullbacks 6_,w and 6_,,w respectively. Red paths are identical up to
a shift and the blue path is the flipped over image of the red paths up to a shift.

where A, is the w-section of A. Moreover, the time average of the periodic measure defined by

1 T
L=— / f1ds (2.10)
0

-
is an invariant measure of ® whose random factorization is supported by L defined in (1.1).

Remark 2.6. For a periodic path Y, it is easy to see that the factorization of p, defined in
theorem 2.5 is

(Ms)a, = 6Y(s,0_xw) (211)
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and

(s47)o = (ths)ws P W) (hs)s = (Hhigs)- (2.12)

In this section, we always assume the following condition and use the construction of
periodic measure given in (2.9).

Condition P. There exists a random periodic path ¥ with period 7 for the random dynamical
system .

Throughoutthe paper, we adopt the standard definition of ergodicity of a measure preserving
dynamical system, i.e. any invariant set of the dynamical system has either full measure or zero
measure.

2.2. The ergodicity of metric dynamical system on the Wiener space

When we consider stochastic differential equations e.g. in example 2.2, we need to consider
metric dynamical systems on Wiener space, the shift of Brownian motion, of which the ergod-
icity under discrete time is one of the important conditions in our later set up. We establish the
result here first.

It is well known that, for a canonical Wiener space (£2, F, P), the corresponding canonical
dynamical system (€2, F, P, (0;);>0) is ergodic, where 6, is the Brownian shift. We will prove
the discrete dynamical system (§2, F, P, (62),>0) is also ergodic. Thus our results in this paper
can apply to stochastic differential equations and stochastic partial differential equations driven
by Brownian motions.

A standard Brownian motion or Wiener process (W,);er (T = R (one-sided time) or
T = R (two-sided time)) in R” is a process with Wy = 0 and stationary independent incre-
ments satisfying W, — W ~ N(0, |t — s|I). The corresponding measure P on (2, F), where
Q = Cy(T,R™) and F is the Borel o-algebra on (2, is called Wiener measure, the probability
space (€2, F, P) is called Wiener space. The corresponding canonical metric dynamical sys-
tem X = (2, F, P, (0,),cT) describes Brownian motion or (Gaussian) white noise as a metric
dynamical system of random dynamical systems generated by stochastic differential equations
or stochastic partial differential equations driven by Brownian motions.

Let X = (Q, F, P, (6,);cT) be one of the canonical dynamical system introduced above,
with the canonical filtration F! := o(W, — W,, s < u, v < 1), s < t. The following notations are
standard (cf [1]),

T .— ﬂﬁoo,

teT

and for two-sided time

Tooo = |Flu

teT

as the tail o-algebras (7_.: remote past, 7°°: remote future). Set
IT={AcF:0;'A=A, foralltc T},
and for a given 7 > 0, define

I, ={Ac F:0.'A=A}.
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We say A C B mod P if for each A € A, there is a B € B with P(A A B) = 0.
Proposition 2.7. Assume that T,Z,, T and T_, are defined as above. Then

(a) If T is one-sided (T =R"): T C I, C T*.
(b) If T is two-sided (T =R): Z CZ, C T* mod P, and T C T_, mod P.

Proof. Obviously, by the definitions of Z,Z,, we have Z C Z,.
(a) We just need to prove that Z. C 7. For any A € Z,, since
F=B) =0cW,tceR") =0c(W, —W,,0<u,v<o0)= Fo°
and

0! F* =Fy, forallte RT,

then
A=0"Ac O ' F=F>.

By induction, we have A € F° foralln € N. Then A € () Fos. But

neNY nt
T — m]_—loo _ ﬂf;;—)»

tcR+ neN

thus A € 7°°. This means Z, C T°°.

(b) Without loss of generality, we just need to prove Z, C 7> mod P. Similarly we can prove
Z. C T_o mod P. To prove the desired result, for any A € Z,, we set

A, ={w € N thereexistsw’ € A suchthatw(t) = /() for allz € [—nT,00)}

forall n € N. We can conclude that A, € F*_and A, D A, D A. Assume A, | A, then
A C A and P(A) < P(A). But since
F =o(W,t€R)

= {A| thereexist {1,}°2, C R, B € B(R™")suchthatA = {w: {wt,)}>2, € B}},

n=1

so for a given A € Z,, there exist a sequence {7,}>°, and a set B € B(R™NY) such that
A={w: {wt)}2, € B}. Let

B" = {IlLx = {x,}}_; :x={x}2, € B}
be the projection of B from (R™N to (R™)" and
B, = {w: (w(t)),w(tr), ..., w(ty,) € B"}.

Then we know that P(A) = lim,,_,., P(B,) from construction of finite dimensional distri-
bution of Wiener measure. By the definition of A we have A C B, for all n, then P(A) <
lim, o P(B,) = P(A). Since we know that P(A) < P(A), so we conclude P(A) = P(A).

Next we prove the following claim.
Claim (x). Foralln > 2, we have 0-'A, DA, | D A,.

Proof of claim (x). The claim A,_; D A, is obvious. Now for any w € A,,_1, there exists
w' € A such that w() = '(¢) for all 1 € [—(n— 1)7,00), then O,w(s) = w(s + 7) — w(T)
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=W (s+7)—W(T) = 0,4 (s) for all s € [—nT,0). Since A is 6, -invariant set and w’ € A,
$0 0,w' € A. Thus §,w € A, and w € 0-'A,. This means claim (x) holds.
Now we continue our proof. Since 6, preserves probability P, then by claim (x), we have

P(A,) = P(0;'A,) > P(A, 1) > P(A,).

It turns out that

P(A,) = P(A) = P(A) foralln € N.

Let By = 0,.'A>. By claim (%), 64> D Ay, i.e. 0:A; C A,. So for any w € By = 0'A,,
then Oy-w € A, thus 6, (0irw) = Ogs1)-w € Ay, therefore w € G&LI)TAZ = By. This means
By C Bjy. And also we have that

P(By) = P(6,'A2) = P(A;) = P(A,) = P(A) = P(4),

for all k,n € N. Since A, € F>5_, then By = 0 ,'A; € Finy,- Let

B = liran = UBk.

k—00

keN
Then .
B c ﬂ-r-(of2+k)7 - TOC
keN
and ~
BDOB, DA, DADA
and

P(B) = P(By) = P(A,) = P(A) = P(A),

forall k,n € N. R . R R
Then for any A € Z,, there exist B € T such that P(A A B) = P(B\A) = P(B) — P(A)
=0,i.e.Z, C 7> mod P. O

Theorem 2.8. The canonical dynamical systems driven by Brownian motion
Y=L F,P,(0)ecr) (T=R"0orR) and their discrete dynamical systems X7
= (Q, F,P,(0)),>0) are ergodic.

Proof. By proposition2.7, if 7 is trival mod P, ¥ and " are ergodic. Since these canonical
dynamical systems X, 3" are driven by a standard Brownian motion, then the tail o-algebra
T is trival mod P by Kolmogorov’s zero-one law. 0

Remark 2.9. (i) Itis noted that the ergodicity of X in theorem 2.8 was known in literature (cf
[1]). The main purpose of the theorem is to prove X7 is ergodic in the discrete case. This result
is new. But the continuous case X being ergodic is proved as a byproduct of the techniques we
build here.

(i1) Proposition 2.7 and theorem 2.8 hold also for Wiener process on a separable Hilbert
space where the Wiener measure was given in [7]. The proof is exactly the same.

(iii) For a given two-sided dynamical system (£2, F, P, (6;);cr), we know that the trans-
formation 6, : 2 — Q is invertible and 6, ! = 6_, for each r € R. Then it is easy to ver-
ify that 6, 'A = A for all € R if and only if §,'A = A for all > 0, which indicates that
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‘(0 F, P, (0,),cr) being ergodic’ is equivalent to (€2, F, P, (6,)>0) being ergodic’. In the fol-
lowing, we will always only assume that (€2, F, P, (6;);>0) is ergodic, which actually also
indicates the ergodicity of the dynamical system (2, F, P, (0;)icr)-

2.3. Ergodicity of skew product dynamical systems in the case of periodic measures

Theorem 2.10. Assume condition P. If the metric dynamical system (2, F, P, (07),>0) is
e}_’goglic, th_en the skew product dynamical systems (2, F, ps, (©1)n>0) for each s € R and
(0, F, [, (©1)i>0) are ergodic.

Proof. First, note by theorem 2.5, that p, defined in (2.9) is a periodic measure on Q,F),
s0 O, preserves measures i, for each s € R and ((:),),20 preserves the measure fi.

Next, we will show that the dynamical system Q, F, s, ((:)’;),120) is ergodic for any fixed
s € R. By definition of ergodicity, we need to show that for any A € F with ©-'A = A, either
1s(A) = 0 or 1. Define A := {w : (w, Y(s,0_,w)) € A}, then

ps(A) = /Q La, (Y (s, 0—sw))P(dw)

=P({w: (w,Y(s,0_w)) € A})

= P(Ay). (2.13)
Moreover

0.4, = {w: 0w €A}

= {w: (G,w, Y(s,0_,0,w)) € A}

={w:0,(W,Y(s — 7,0 (;_w)) € A}

= {w: (@ Y(s = 7.0 rw) € O'A}

={w: (W, Y(s —7,0__nw)) € A}

={w: (W, Y(s,0_w)) € A}

= A,,

for all s € R. Thus Ay is an invariant set with respect to 6.

Since (€2, F,P,(0"),>0) is ergodic, then we have P(A;) =0 or P(A;) =1. Thus
us(A) = P(Ay) = 0 or 1 from (2.13).

Let us show that the dynamical system Q. F, o, ((:),),>O) is ergodic, i.e. forany A € F with
O, !A = A for all t € R*, we need to prove that ji(A) = 0 or 1. For such A, by what we just
proved, we know that p;(A) = 0 or 1 for all s € R. On the other hand, since

H;IAS ={w: 0w € A}
={w: (Ow, Y(s,0_0,w)) € A}
={w: 0w, Y(s —1,0__yw)) €A}
={w: (W, Y(s —1,0_;_pw)) € 0,4}
={w: (W, Y(s —1,0__yw)) € A}
=A, (2.14)
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we have p,(A) = P(Ay) = P(0; 'A,) = P(A,_;) = pis_,(A). This means p,(A) = po(A). Hence
i(A) = L [ ps(A)ds = po(A) =0 or 1. O

The following theorem shows that the converse of theorem 2.10 also holds.

Theorem 2.11. Assume condition P. If(Q, F, s ((:)ﬁ),,>o) is ergodic for some s € R, then
(0, F, P, (01),>0) is ergodic.

Proof. FixanF € F with0-'F = F.Let F = F x X € F, then we have
0 'F = {(w,x): 0,(w,x) € F}
={(w,x): (O;w, P(1,w)x) € F x X}
={(w,x):0.w e F}
=@ 'F)xX=FxX=F. (2.15)
And by (2.13), we also have
1s(F) = P(Fy) for alls € R,
where Fy = {w: (w, Y(s,0_w)) € F} = {w: (w, Y(s,0_w)) € F x X} = F. Thus
1s(F) = P(F) foralls € R. (2.16)
Since (€, F, 15, (©7),>1) for some s € R is ergodic, by (2.15) and (2.16) we have
P(F) = p(F) = Oor 1.
O

Remark 2.12. (i). From theorems 2.10 and 2.11, we can conclude that (Q, F, s, ((:)’;),120) is
ergodic for some s € R implies that (€, F, 15, (©7),>0) is ergodic for all s € R. This conclusion
does not seem to be true in the phase space case, which we will consider in the next section.

(ii). It is easy to check that if the dynamical system (€2, F, P, (07),>0) is ergodic, then
(€, F,P,(0,)=0) will be ergodic. The converse is not true in general. A counterexample is
given below.

Example 2.13 (A metric dynamical system on torus). Now we consider Q=10,1)x[0,1)
and F := B(£2). Define the map 6 : R x Q — Q by

éf‘(r, x):=((r+f modl,(x+ta) mod1) forallz € R, (r,x) €,

where « is a fixed positive irrational number. Then it is easy to chegk that (Q, F R (éf‘),e]g) isa
dynamical system. Let L be the Lebesgue measure on [0, 1) and P(£2) be the set of probability
measures on (2, F). Define p : R — P() by

Hs = 6{5 mod 1} X L,
then p is a periodic probability measure with period 1 on (Q, F). Let o= fol Lt ds.

Proposition 2.14. The dynamical systems (Q,F, s, ((é?)”)@o) foralls € R and
(Q,F, i, (09)i>0) are ergodic.

Proof. Let Q2:=[0,1), F:=B(Q) and 0, : Q — Q,0,(x) = (x + a)modl. It is well known
that the dynamical system (€2, F, L, (67 ),en) With an irrational number « is ergodic.
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Fix anA € F with (67)"'A = A. Define A, .= {x : (r,x) € A} forall r € [0, 1), then for any
seR

1
ps(A) = /2 13(r, X)0 (s moa 1}(dr)L(dx) = / I3(s mod 1, x)L(dx) = L(A(s mod 1)), 2.17)
< 0

and B .
H;IA(X mod 1) — {X : 9(1x S A(s mod 1)}

— {x:(s mod1,(x+a) mod 1) € A}

= {x:07(s mod 1,x) € A}

= {x:(smod1,x) € () 'A = A}

_ A(x mod - (2.18)
Applying the ergodicity of the dynamical system (2, F, L, (62),>0) and (2.17), (2.18), we

have 5 .
ps(A) = L(A(s moa1y) = Oor1.

This means the dynamical systems (Q, F s s ((é‘l‘)”)n>0) for all s € R are ergodic.
Again for any A € F with (0%)"'A = A for all r € R, then (§5)'A = A and po(A) = 0 or

1. Since B B
A= (s} x4

s€[0,1)

and

@H'A= ) @) '(r} x Ay
rel0,1)

= U {(s,x):5 €0, 1), é;‘(s,x) e {r} x A,}

rel0,1)

= U {(s,x):5 €[0,1),((s+t) mod 1, (x + ta) mod 1) € {r} x A,}

rel0,1)

= J {05 €10, 1), (s+ 0 mod1 = r,0,x € A}

rel0,1)

U {605 €10, 1), (s+ 1) mod I = 7,610 € sy moa )}

rel0,1)

U {621 010x € Aty moany}
sel0.1)

U ({s} % 0, As) moa 1)),

s€[0,1)

SO Use[O,l)({s} X H;JLIA((SM mod 1)) = Use[O,l)({s} x Ay) and hence Oglﬁ((3+l) mod 1) = A, for all
t € R,s € [0,1). In particular, G;LIA, = Ag for all ¢ € [0, 1). Therefore

ps(A) = L(Ay) = L(0,'Ay) = L(Ag) = po(A) for alls € [0, 1). (2.19)
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It turns out that ﬁ(A): fol MJ(A)ds = MO(A) =0 or 1, which means the dynamical system
(€0, F . i, (07),0) is ergodic. -

Remark 2.15. Itis easy to see that the dynamical system (O F, i, ((é‘l‘)”)n>0) is not ergodic
considering the first coordinate of the mapping. This provides an example that the continuous
time dynamical system is ergodic, but its discretization may not be.

2.4. Ergodicity of skew product dynamical systems in the case of invariant measures
The following result is well-known:

Theorem 2.16 ([ 1]). Ifa random dynamical system ® : RY x Q x X — X has a stationary
path Y : Q — X, it has an invariant measure on (2, F), i € Pp() x X) defined by

p(A) = /Q Sy (AL)P(dw), (2.20)

where A, is the w-section of A and |1, = Oy().

Theorem 2.17. Assume that the random dynamical system ® has a stationary path Y.
Then the metric dynamical system (2, F, P, (6:):>0) is ergodic if and only if the skew product
dynamical system (2, F, 11, (©;);>0) is ergodic, where 1 is defined by (2.20).

Proof. First prove the ‘= part. Assume ({2, F, P, (6,);>0) is ergodic. Since ;. is an invariant
measure on (€2, F), so O, preserves the measure j. To prove (Q, F, 1, (0,);>0) is ergodic, we
need to prove that for any A € F with ©,'A =A for allt > 0, u(A) = O or 1. Set Ag:= {w :
(w, Y(w)) € A}, then for any # > 0, we have

07140 = {w: bw € Ay}
= {w: (Bw, Y(Ow)) € A}
={w:6,(w,Y(w)) € A}
= {w: (. Y(w) € 6;'A}
={w: (W, Yw)) €A}
= Ap.

This means that Ay is an invariant set with respect to (6;),>0. Note that

HA) = /Q Oy (Au)P(dw) = Pw : (w, Y(w)) € A}) = P(Ao).

By the ergodicity of (€2, F, P, (6):>0), we have P(Ag) = 0 or 1. Therefore u(A) = 0 or 1.
Now we prove the ‘<’ part. Assume (£, F, i, (©,);>0) is ergodic. For any F' € F with
0;'F = F forall t > 0, we consider F = F x X € F, then forany t > 0

O6,'F = {(w,x): 6,(w,x) € F}
= {(w,x): (Ow, P(t,w)x) € F x X}
={(w,x): 0w € F}
=0'F)xX=FxX=F.
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Since
wWF) = PEw: (w, Y(w)) € F x X}) = P(F),
by the ergodicity of Q, F, s (é),>0), we have

P(F) = u(F) = Oorl.

3. Ergodicity of canonical Markovian systems from periodic measures:
necessary and sufficient conditions

3.1. Ergodicity of periodic measures in Markovian setting

Now we consider a Markovian cocycle random dynamical system ® on a filtered dynami-
cal system (2, F, P, (0)icr, (Fh)s<s), 1.e. FL C F,assuming forany s, t,u € R, s < 1, O\ F! =
fgi;; and for any r € R, ®(z, -) is measurable with respect to F. We also assume the random
periodic path Y(s) is adapted, that is to say that foreach s € R, Y (s, -) is measurable with respect
to F* =V, Fr

Denote the transition probability of Markovian process ®(#, -)x on the polish space X with
Borel o-field B(X) by (cf [1, 8]).

Pi(x,T) = Pw: ®(t,w)x €T}), teRY, T € BX).

Denote by L,(X) the set of all real-valued bounded Borel measurable functions defined on
X and P(X) be the set of all probability measures defined on (X, B(X)). For any # > 0 and
p € P(X) we set

Pip) = / Pi(x,D)p(dx), T € B(X),
X
and for any ¢ € L,(X), define

(Prp)(x) = /X Pi(x, dy)p(y), x € X, (3.1

as a semigroup from L;(X) to L(X).

Definition 3.1 ([18]). A measure function p. : R — P(X) is called a periodic measure of
period 7 on (X, B(X)) for the Markovian semigroup P; if it satisfies

Pips = pssrand poyr = ps, foralls € R, € RT. (3.2)

It is called a periodic measure with minimal period 7 if 7 > 0 is the smallest number such that
(3.2) holds. It is called an invariant measure if it satisfies p; = po for all s € R, i.e. po is an
invariant measure for the Markovian semigroup P; if

P;po = po, forallr € RT. (3.3)

With a given Markovian semigroup P,, ¢ > 0, and an invariant measure p € P(X), we will
associate now, in the following unique way, a dynamical system (2", ™, (6;),cr, P?) on the
space 0 = X of all X-valued functions.
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Define Q* = XE, the space of all X-valued functions on R, F* is the smallest o-algebra
containing all cylindrical sets of ©*. And the shift 6" : R x Q" — Q" defined by (0;w*)(s) =
w(t + s), for all w* € Q*. For an arbitrary invariant measure p € P(X) and an arbitrary finite
setl = {t1,t2,...,ty}, 1 <1 < -+ < t,, we can define a probability P} on (X!, B(X)) by the
formula

]P)?(F) = /p(dxl)/Ptzftl(-xlvdxz) e /Ptnfln,l(-xnfly dxn)IF(xl»XZ» R Xn),r € B(XI)
X X X

By the Kolmogorov extension theorem, there exists a unique probability measure P” on
(2%, F*) such that for every finite set I = {t{,1,...,t,} and I € B(X/)

Pr({w": (w'(t),w(t2), ..., w'(t)) € T} = P/(T).

From [8], the transformations 6;,7 € R preserve the measure P”, and the quadruplet S” =
', F*,(0)er, P*) defines a dynamical system, called the canonical dynamical system
associated with P;, ¢ > 0, p and 0.

Definition 3.2 ([8]) The invariant measure p is said to be ergodic with respect to
the Markovian semigroup P, ¢ > 0, if its associated canonical dynamical system S’ =
(2, F*, (67)=0, P?) is ergodic.

Definition 3.3 ([18]). The 7-periodic measure {p;}cr is said to be PS-ergodic if for each
s € [0, 7), py as the invariant measure of the 7-mesh discrete Markovian semigroup { Pi; }ren,
at integral multiples of the period on the Poincaré section, is ergodic.

We also recall the following theorem proved in [18].

Theorem 3.4. Assume the Markovian cocycle ® : RT x Q x X — X has an adapted ran-
dom periodic path Y :R x Q0 — X. Then the measure function p.:R — P(X) defined by

Ps = EP(,U/J) = EP(SY(Sﬂ_y) = Epéy(sy.), for alls € R, (34)

which is the law of the random periodic path Y, is a periodic measure of the semigroup P, on
(X, B(X)). Its time average p over a time interval of exactly one period defined by

1 T
p= f/ ps ds, 3.5
0

T

is an invariant measure and satisfies that for any I' € B(X),t € R,

(D) = Ep [i{s e[0,7):Y(s,) € F}}
=Ep [;{s eltt+71):Y(,) € F}] )

3.2. Ergodic canonical dynamical systems generated from periodic measure

Given a random periodic path Y of the Markovian cocycle ®, for any given s € R, define
LY ={Y(s+kr,w): k€ Z},

and the p,-invariant set Z associated with the discrete Markovian semigroup (P’;)keN,
Il ={T € BX): P.Ir =Ir, ps;—as.}.
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For these two sets, we consider

Condition A. Forany s € R, ' € I, one has for P-almost all w € 0, either LY N T = )
orLY CT.

Theorem 3.5. Assume that the random periodic path Y satisfies condition A and the
periodic measure p.:R — P(X) is given in theorem 3.4. Then if the dynamical system
(Q, F, P, (0%),>0) is ergodic, the T-periodic measure {p,}secr defined in (3.4) is PS-ergodic,
and hence p defined in (3.5) is ergodic.

Proof. Since (2, 7, P, (02),>0) is ergodic, by theorem 2.10 we know that (Q,F, s, ((:)’T’)n>o)
is ergodic. By definition of PS-ergodic, we will show that p; is ergodic associated with the
discrete Markovian semigroup { P* } ;c. Equivalently, we need to show that for any I' € B(X),
if P.Ir = It, p; — a.s., then p;(I") =0 or 1.

For any A € F and I' € B(X), since p;(A) = P{w : (w, Y(s,0_,w)) € A}) and p () =
P({w: Y(s,0_w) € T'}), then py(I') = us(Q x T'). Next we consider the subset 2 x I' in €.
Note

0 xT) = {(w,x):0,(w,x) € 2 xT}
= {(OJ, x): (eTw» d(T, w)x) € Q x F}
— {(@,x): B(r,w)x € T},

Define ()} - := {w : ®(7,w)x € I'}, then we have

0;'@xD)=JQr x {xh = <U(Qi,r x {x})) U <U(Qi,p x {x})) : (3.6)

xeX xel x¢l’

It is easy to see that | J, (€2 x {x}) is a subset of  x I, and

Hs (U(Qi,r X {x})) = /Q Xluxgp(ﬂlfrx{x})(w»X)(SY(s,e_sw)(dx)P(dw)

xel’

= / 1y, @ oxfap (W, Y (s, 0 sw)) P(dw)
Q ’

=P <{w S(w, Y (s, 0_5w)) € U(Qﬁr X {x})})

xel

({w: ¥(s,0-w) € Tw e QL))

P
P ({w:Y(s,0_w) € T, O(1,w)Y(s,0_w) € T'})
P

({w (Y(s,0_yw) e, Y(s+7,0_4w) € I‘}) .
Suppose now that I' € Z7, and condition A holds, we have
p ({w Y(s,0_yw) el Y(s+71,0_4w) € F}) =P ({w 1 Y(s,0_w) € F}) .
So
n <U(ﬂi,p x {x})) =P ({w: ¥(5,0w) € T}) = p(1) = (2 x 1),

xel’
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Hence
s <<Q x D\ J @ p x {x})) =0. 3.7)
xell

Similarly, for the set {4 (270 % {x}),

Hs <LJ(Q?F X {x})) =P <{w H(w, Y(s,0_w)) € U(Qi,r X {x})})

x¢l x¢I

(fw: Y6 ¢ Tow € 067}

P
P ({w (Y(s,0_w) ¢ T, Y(s+7,0_w) € F})
0.

(3.8)
The last equality is due to condition A. Since it follows from (3.6) that
@xDAOQxD) = (Qx D\, (2 x D)) U (6,12 x D\ xI))
C <<Q < D\ J@p x {x})) U <U(Q:,p x {x})) :
xel’ x¢I

then from (3.7) and (3.8), we have
us(Qx YA xT)) =0.

Applying equivalent condition of the ergodicity of the dynamical system (2, F, 115, (©"),>0)
(cf [32]), we have

ps(0) = us(2 x T')=0orl.

So p; is ergodic associated with the discrete Markovian semigroup {P*};cn for all s € R
and therefore { p; } scr 18 PS-ergodic. Finally by theorem 1.3.6in [18], we know that p is ergodic.
O

Theorem 3.6. Assume condition P. If the T-periodic measure {p;}scr defined in (3.4) is
PS-ergodic, then for any given s € R,T' € I7, we have either for P-almost all w, LY N'T' = )
or for P-almost all w, LY C T

Proof. Since {p,}cr is PS-ergodic, then for any givens € RandI" € Z7, we have p,(I') = 0
or 1. By theorem 3.4, we have py(I') = P({w: Y(s,w) € T'}). )
Let A = {w: Y(s,w) € T} and A = J, 0, A Ttis easy to see that for any w € A°, ), w €
A€ for all k € Z. Thus for any w € A°
LY ={Y(s+kr,w): ke Z}
= {Y(s,0k;w)  k € Z}
< JA{rew

weA®
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By the definition of A and A, we have

U {rs.w} € | {rsw}cre

weAe weA®

This means LY N T = ) for all w € A, i.e.j&c CHw:LyNT = 0}. However, if py(I") =0,
then P(A) = py(T") = 0. It follows that P(A) =0 and P(A°) = 1. Finally P{w: LY NT =
0} =1.

Similarly, let ¥ = {w: ¥(s,w) ¢ '} and ¥ = ;0! - It is also easy to see that for all
w € Y¢, then O,w € X for all k € Z and

L C U {Y(s,w)} C U {Y(s,w)} CT.

wese wexe

This means LY C T for all w € Y, e X¢ C{w: Ly CT}. However, when py(T) =1,
PX)=1—-PX)=1—p(I)=0. Thus P(X) =0 and P(X°) = 1. It then follows that
PQw:L¥ CThH =L O

Remark 3.7. The result of theorem 3.6 is stronger than condition A. This can be seen as
follows: the statement that either for P-almost all w, LY N T = () or for P-almost all w, LY C T
means either there exists ; C Q with P(Q;) = 1 such that whenw € Q;, LY N T = {) or there
exists {2, C Q with P(€);) = 1 such that when w € €, LY C I'. In the first case, let Qy =
{w:LYNT =0}. Then Q D 24, so P(Yy) = 1. It is obvious that when w € Q, LY N T = ().
In the second case, let 0y = {w: LY C T'}. Then £y D s, so P(§2y) = 1. It is obvious that
when w € Qy, LY C I'. In both cases, there exists €2y with P()y) = 1 such that when w € ,
either LY NT"=0orL¥ CT.

Corollary 3.8. If the dynamical system (0, F, P, (0%),0) is ergodic, then condition A and
the T-periodic measure {p;}scr being PS-ergodic are equivalent. In this case, the statement
that P — a.s. either LY NI = () or LY C T and the statement that either P — a.s. LY NT' = ()
or P —as. LY C T are equivalent.

Proof. This corollary can be easily obtained from theorems 3.5 and 3.6 and remark 3.7. [J
3.3. Ergodicity of canonical dynamical system generated from invariant measure: sufficient
condition

Next we consider a stationary path Y : {2 — X of the Markovian cocycle ® and the invariant
measure i defined in (2.20). Then we recall that the measure p € P(X) defined by

pi=Ep(u). = Epdy(), (3.9)
which is the law of the stationary path Y, is an invariant measure and satisfies that
p(I) = Pw : Y(w) € T'}), forany ' € B(X).

Now we define

LY ={Y(Ow):s € R},

and the p invariant set associated with the Markovian semigroup (P,);>0

I:={Te€BX):PIr =Ir, p—as. foralls>0}.
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For these two sets, we consider
Condition A'. ForanyT € T, one has for P-almost all w € Q,L* N\T' = or [¥ CT.

Theorem 3.9. Assume that the stationary path Y satisfies condition A’ and let p € P(X) be
the invariant measure given in (3.9). If the dynamical system (Q, F, P, (0,);>0) is ergodic, then
p is ergodic.

To prove theorem 3.9 we need the following lemma, which is of interest in its own right.
We present it using the same notation as a metric dynamical system. But it does not have to
link with the metric dynamical systems of a random dynamical system. It is true for a setting
of continuous dynamical system of a probability space (measure space).

Lemma 3.10. Assume that (0, F, P, (8):>0) is a dynamical system, then the following two
statements are equivalent:

(a) (U, F,P,(0)0) is ergodic.
(b) IfAc F, U,>T9;1A € F and P ((U;>T9FIA) AA) =0 for any T > 0, then P(A) =0

orl.

Proof. (a) = (b). Assume A € F, Ut>T9,’1A € F and P ((Ut>T9,’1A) AA) = 0 for any
T > 0. Define

A= 6 'A

T3>0 (=T
we know that

-1 14 _ 1 -1
AOC_TIE?OUO’ A_JLTOU@ AcF.
t>T t>n

Then it is easy to see that for all s > 0,

07 A =] | 07'A=A.

T20 1>T+s
Thus A, is an invariant set. By the ergodicity assumption, we have
P(Ax) =00rP(Ay) = 1. (3.10)

For any T > 0, since we have

P (Ue;lA) AA| =0,

=T
then
Pl Jo'aNA | =0and P [ A\ Jo,'A | =0.
t>T t>T
But note that as 7 — oo, we have

(Jo'anala\A and  A\( )6, ATA\A.

12T 12T
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By continuity of measure, we have
PAN\NA) =0 and (A\A,)=0.
Now recall (3.10). Consider the case P(A,) = 0, then
P(A) = P(A) — P(Ay) < P(A\A,) = 0.
Now consider the case that P(A,,) = 1, then
1 — P(A) = P(A) — P(A) < P(A\A) = 0.

Thus the assertion (b) is proved.
(b) = (a). Assume A € F and 0, 'A = A for all t > 0. Then we have for all 7 > 0

Jor'a=aer,
=T

and

Pl o' aa| =P =o0.

=T
By assertion (b), we have
P(A)=0orl.

Thus the assertion (a) is proved. ]
Next we will give the proof of theorem 3.9.

Pj'ogf of [heorem 3.9. Since (2, F, P, (6,),;>0) is ergodic, by theorem 2.17 we know that
(0, F, 11, (0,)1>0) is ergodic. Next we just need to show that for any I' € B(X), if PIr =
Ir,forallt > 0,p —a.s., then p(I') =0 or 1.

Similar to the proof of theorem 3.5, for any A € F and T' € B(X), since u(A) = P({w:
(w, Y(w)) € A}) and p(T') = P{w : Y(w) € T'}), then p(T") = p(2 x T'). Next we consider the
subset 2 x I' in Q. Note that

0,1 xT) = {(w,x):Ow,x) € A xT}
= {(w,x): (Ow, D(t,w)x) € Q x T'}
={(w,x):w e QI(tw)x T}

Define Q- := {w : ®(#,w)x € I'}. Then we have

0, @ x 1) = J@r x {x}

xeX

= (U(Qiir x {x})) U <U(Qi‘,r x {x})) :

xel x¢I’
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Now forany T > 0,

Uel@exn=(JU@rx{&xh | U UU@r x {xh

=T 12T xel’ 1>2Tx¢Il

Again, it is easy to see that o7 U,cp (2 x {x}) is a subset of Q x T', and

el UU@r x 3 | = / T e @2 o ) (@5 %)y (AX)P(d)
QOxX '

t2Txel’

= / 10,0, 62 e ) @0 Y (@) P(Aw)
Q ?

=P [{w: @ Yw) e [ JY@r x {xh}

t>Txel

({w :Y(w) eTandw € Q,I;(‘“;)for some fy = T})

P
P ({w: Y(w) € I'and ®(1y, w)Y(w) € I'for some 1y > T})
P ({w: Y(w) € I'and Y(6,,w) € I'for somezy > T}) )

Suppose now that I" € Z, and condition A’ holds, we have

P ({w: Yw)eI' and Y(f,w) €I for somery > T}) =P ({w Y(w) € F}) )

Then
p |l UU@r x xp | =P ({w: Y(w) €T}) = p() = w(Q x I).
t2Txel’
Hence
wl @ x r)\UU(Q;fF x{x} | =o0. (3.11)

t2Txel’

Similarly, for the set {J, 7U,or(€2:r % {x}),

p |l U@ x o | =P [ {w: . vw) e U@ x {(xh}

12Tx¢ll 1>2Tx¢T
=P ({w :Y(w) ¢ Tandw € Q;(ji) for some 7y > T})
=P ({w :Y(w) ¢ TandY(0,,w) € T for somery > T}) ,
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and from condition A’, we have

1 UU(Q;C»F x{xh) | =P({w:Y(w) ¢TI and Y(@w)eT forsomety>T})=0.

12Tx¢T’

(3.12)

Now note that

Ué;‘(Q xT) | A@QxT)

=T
= (e @xD |\@xD)||J[@xD\J6, ' @xT)
12T 12T
c{UU@r x p | U | @<\ U@ x {xh
12Tx¢l’ 1>Txel’

Then for all T > 0, from (3.11) and (3.12), we have

L Ué;l(er) AQxD) | =o.

=T
Applying the ergodicity of the dynamical system (2, F, 1, (©,),>0) and Lemma 3.10, we have
pM) =@ xT)=0orl.

Therefore, p is ergodic. O

4. Sublinear dynamical systems from periodic measures

In this section, we also assume condition P. We will give a construction of upper expectations
via the periodic measures i and p defined in (2.9) and (3.4) respectively. Then we can study the
ergodicity of the sublinear expectation dynamical system and sublinear canonical dynamical
system generated by the upper expectations and Markov semigroup P, defined in (3.1).

First we recall the definition of sublinear expectation space (cf [29]). Let €2 be a given set
and let H be a linear space of real valued functions defined on 2. We suppose that # satisfies
the following two conditions:

(a) ¢ € H for each constant c;
(b) |X| e HifX € H.

Definition 4.1 ([29]). A sublinear expectation [E is a functional E : H — R satisfying

(a) Monotonicity:

E[X] < E[Y] ifX<Y.
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(b) Constant preserving:

E[c] =c¢ forc € R.
(¢) Sub-additivity: for each X, Y € H,

E[X + Y] < E[X] + E[Y].
(d) Positive homogeneity:

E[AX] = ME[X] for A > 0.

The triplet (2, H, E) is called a sublinear expectation space. If (a) and (b) are satisfied, E is
called a nonlinear expectation and the triplet (€2, H, E) is called a nonlinear expectation space.

4.1. Ergodic sublinear dynamical system on upper expectation space

Recall the product space (2, F) = (2 x X, F ® B(X)) in section 2 and define

Elp]l = sup E, [¢], forally € Ly(©), “4.1)
)

s€l0,7

where L,(€) := {¢ :  — R|y is measurable and bounded}, 1, is the periodic measure defined
in (2.9), and

E,lpl= / (W, X)(fts)w(dx)P(dw)
QxX
= / (W, X)Oy(s.0_ ) (dx)P(dw)
OxX

_ / o, V(5. 6_,w)P(dw).
Q

It is easy to verify that [E is a sublinear expectation on (Q, Ly(Q)). Recall the definition (cf [17])

O.Elp(-)] :=E[p(6:)]. (4.2)

Proposition 4.2. Assume condition P. The skew product (@,),>o preserves the sublinear
expectation E.
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Proof. We just need to prove (:),E[gp] = E[¢p], for ally € Ly(€). To see the proof, for any
s € R, by definition of £, , we have

étEMs [SD] = EMA [SD © él]

_ / PO, 1)r(s0. o (OP(A)
OxX

_ / (010, Bt )Xo (AX)P(d)
OxX

_ / (B0, Bt ) ¥ (s, 0_))P(dw)
Q

- / (B0, V(1 + 5, 0_w))P(d)
Q

- / (B0 (14 501 81)P(d)
Q

= / o(w, Y(t+ 5, 0_¢r9w))P(dw)
Q

= B Lol

Then by definition of E, the periodic property of x. and (4.2), we have

O.Elp] = sup ©,E, [p] = sup E,_ [¢] = sup E, [p] = E[¢].
s€[0,7) )

s€[0,7) se[0,7

Recall the definition of ergodicity of a sublinear expectation dynamical system.

Definition 4.3 ([17]). Let (2,H,[E) be a sublinear expectation space and the measur-
able transformation 6 : [0, 00) x 2 — () preserve the expectation [E. We say that the sub-
linear expectation dynamical system (€2, H, E, (6,),>0) is ergodic if for any B € o(H) with
07'B = B, for allt > 0, then E[/3] = 0 or E[/z:] = 0.

Consider the dynamical system (2, L;(Q), E, (©,),>0) defined as above, we have

Tpeorgm 4.4: Assume condition P. If (0, F, s, ((:)’T’)n>0) is ergodic for some s € R, then
(€, Ly(2), EE, (©y),>0) is an ergodic sublinear expectation dynamical system.

Proof. Firstly, we know that ©, preserves the sublinear expectation [E from proposition 4.2.
For any A € F with (:);IA = A, for allt > 0, by definition 4.3, we need to prove V(A) = 0 or
V(A) = 0 where V(A) := supscjo.n is(A). Since (Q, F, 15, (©7),>0) is ergodic for some s € R,
by theorem 2.11 we know that (€2, F, P, (87),>0) is ergodic. Considering the proof of theorem
2.10 we have p;(A) = po(A) forall s € R and p9(A) = 0 or 1. Then

V(A) = sup pug(A) = po(A) = 0,

s€[0,7)

or

V(AY) = sup ps(A) = po(A9) = 1 — po(A) = 0.

s€[0,7)
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We say a statement holds [E quasi surely (E — g.s.) if the statement is true on set A with
E[isc] = 0.

Proposition 4.5. Assume condition P and (Q, F, s, ((:)ﬁ),@o) is ergodic for some s € R,
Then for any & € Ly(S)), we have

1 [T 1 [T
lim — U dr = —/ E,[&lds, E—q.s.,
T )y TJo

T—o0

where (U, £)(w, x) = {((:),(w, X)).

Proof. By (i) of remark 2.12, we know that (€, F, j1,, (©),>0) is ergodic for each s € R.
For any £ € L,(£2), without any loss of generality, we can assume that £ > 0,E — q.s.. Let
& =1 [] U& dr, then

n—1
1 1 nT
SN vk, = —/ U dr.
nkzo nrt Jo

Applying Birkhoff’s ergodic theorem (cf [8]) for &, on (Q, F, us, (©"),>0), we have

n—1

.1
35&2; Uke, = E I ), ps —as..

For any arbitrary T > 0, let np = [g] be the maximal nonnegative integer less than or equal to
I ThennyT < T < (nr+ 1)T and

1 nrT 1 T 1 1 (np+Dr1
o vedi< - / Uedr< T / Ui dr.
nr+1 nr7 ) T/ nr (nr+ )1 /)9

Thus
1 T
Ilggc? ; U dt=E,[&] ps —as..
However,
1 T
E/L;[&T] = E/LS[i/ Utg dt]
TJo
1 T
= _/ E, U ] dt
TJo
1 /7 -
! / 8,E,, €] dr
TJo
! / "B, l€1dr
- 7)o Hs4-t
= B, l€ld
- T Jo P >
thus
li ! TU{dt*1 TE [£]dr —
fmg ), UEd= 7)) Buldr pas.
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Let A be the p;-null set such that
e 1 [
limf U dr = f/ E,[£]d:, on Ajf.

T—o0 0 T Jo

Let A = Ngepo.nAs, then V(A) = supsejo.rits(A) = 0 and
T

1 1 (7
limf U dr = 7/ E,[£]d:, on A O

T—o0 0 T Jo

From the condition P and the assumption that the periodic measure { zi; }ser on the product
space is PS-ergodic, we obtained the Birkhoff’s law of large numbers with the convergence
in the sense of quasi-surely. This result is stronger than the Birkhoff ergodic type theorem in
the almost sure sense that we can obtain from the ergodic theory of periodic measure ([18]).
This justifies the study of the construction of invariant sublinear expectations from periodic
measures.

Next we also give two examples of ergodic sublinear dynamical system.

Example 4.6 (An ergodic sublinear dynamical system with discrete time). We consider
Q) =10,1),0, : Q; — Qp,60,(x) = (x + ) mod1. It is well known that the dynamical system
(1, B(y), P1,(07)n>0) is ergodic when « is irrational. Here P is the Lebesgue measure on
Q.

_ Next, we consider Q0 =10,2)=1[0,1)U[1,2) = Q; UQ,, where 2, =[1,2). Define 0, :
Q — Qby

h ) O (x) + 1, x €,
alX) =
X*l, XEQQ.

Then we know that éi maps €; into €; for i = 1, 2. Let P, be the Lebesgue measure on €,
then (€2, B(Y), P;, (9§n|Q’.)n20), i = 1,2 are ergodic dynamical systems.
Define .
Pi(A):=P(ANK), foranyA € B(Q),
and
E[X] = Ep [X]V Ep,[X], forallX € L'()).
Then for any & € L'(€2), we have
0uEp,[€] = Ep,[§ 00,

= / €(0,(x))Py(dx)
Q
= / £(0,(x))Py(dx)
= [ &O)P2(dy)
Qz

= / £(y)P2(dy)
Q

= Ep,[€].
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Similarly,

0 oEp, €] = Ep, [€].

Thus 0,E[€] = Ep [€ 00,1V Ep,[€ 00,1 = Ep,[€]1V Ep [€] = E[€], which means 0, pre-
serves the sublinear expectation [E. Then (Q, B(Q),(é’;)n>0,1@) is a sublinear dynamical

system.
Let P = J(P; + P,). Then P is an invariant measure with respect to 6, and ergodic as it is

PS-ergodic by theorem 2.20 in [18]. Moreover, 0, is also ergodic under the sublinear upper
expectation setting that we observe in this section. Here we give a straightforward proof of this
result in this special case.

Proposition 4.7. The sublinear dynamical system S = (), B(Q),(éﬁ)n>o,ﬁ) is ergodic
while « is irrational.

Proof. Forany A € B(2) with §;'A = A, we need to show that
E[I4] = P1(A) V P2(4) = 00rE[lxc] = P1(A%) V P2(A) = 0
By 0'A = A we have (§2)"'A = A, which means
(@) AN U{@) AN} =ANQ)UMAN D).
Since 6% maps ©; into ;,i = 1,2, then
@) 'ANQ) =ANQ.
As we already know, (£2;, B(£2,), ((éi)”)@o, P;) are ergodic while « is irrational, Then
PANQ) =0orl, i=1,2.
Since éa(A N Q) =ANKQ,, then we have
Py(A) = Py (AN Q) = Pr(0,(AN Q) = PIAN Q) = Py(A).
Thus
Ell4] = Pi(A)V Py (A) =0 or E[I5] = Pi(A9) V Pr(A9) =0
This means the sublinear dynamical system S = (Q, B(Q), (ég)@o, IE) is ergodic. O

Example 4.8 (Ergodic sublinear dynamical system on torus). We consider the same dynam-
ical system (€, F, (07)rer) on torus and periodic probability measure pi;, s € R, as in example
2.13. Now we define the upper expectation E on L,({2) by

Elp]:= sup E, [¢], forallp € Ly(Q).
s€[0,1)

Proposition 4.9. The sublinear dynamical system (%, Ly(), E, (éf‘),>o) is ergodic.

Proof. The proof is similar to that of theorem 4.4. But in theorem 4.4, we assumed that
there is a random periodic path. But this proof does not depend on this assumption. The key
is pus(A) = po(A) for any invariant set A. This is proved by a different method, see proposition
2.14 and (2.19). 0

5350



Nonlinearity 33 (2020) 5324 C Feng et al

4.2. Ergodicity of sublinear canonical dynamical systems with respect to a Markovian
semigroup

Next we will give the definitions of sublinear Markovian systems and their ergodicity ([17,
28]).

Definition 4.10 ([28]). We say that T : R" x L,(X) — Ly(X) is a sublinear Markovian
semigroup if:
(a) For each fixed (¢, x) € R™ x X, T[](x) is a sublinear expectation defined on L;(X).

(b) Tolel(x) = ¢(x), for each ¢ € Ly(X).
(c) T[] satisfies the following Chapman semigroup formula:

T, o T[] = Ti44[e], foranyt,s > 0.

Here L,(X) is the set of B(X)-measurable real-valued function defined on X such that
Sup, x| P(x)| < oo.

Remark 4.11. The Markovian semigroup P,,t > 0 given in (3.1) is also a sublinear Marko-
vian semigroup.

Definition 4.12 ([17]). A nonlinear expectation T : L,(X) — R is said to be an invariant
nonlinear expectation under a sublinear Markovian semigroup 7;, ¢ > 0 if it satisfies

T.T=T foralls>0.

Here T,T[¢] == T[T;p).

Similarly as in the invariant measure case, denote by Q* = X® the space of all X-valued
functions on R, by F* the smallest o-algebra containing all cylindrical sets of 2*, the shift
0" : R x Q" — Q" is defined by (0;w*)(s) = w*(t + s), for all w* € Q. Set

Lo(Q") = {¢|thereexistsn = 1, 1, ..., 1, €R, p € L,(X")
such that
W) = pWt), ..., w(t))}-
It is clear that Lo(£2") is a linear subspace of L,(2").

Forany o € Ly(X"and t; < t, < --- < t,, we define ; € Ly,(X"™), i=1,2, ..., nas
follows:
e1(x1, X2, vy Xpo1) = Thg, Lo(xr, X2, + vy Xpe1, )](X0—1)
©a(x1, X2, vy Xp2) =Ty L [p1(X1, X2, oy X2, )](Xn-2)

On—1(x1) =Ty, [Pn—2(x1, )](x1).

For any T}, > 0 invariant sublinear expectation T, we define the sublinear expectation RT
on Ly(2%) by

ET[¢] = Tlgn 1 ()], where £(w*) = p(w* (1), w*(12), - - -, w’(#)).
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Then we can extend Ly(2") into L{(2*) under the norm (ET[| -|PD'/P,  p > 1. Define the
space

Lip, Cyl(Q )= {{[thereexistsn > 1,11, ..., 1, € R, € Cpip(X")
such that
W) = pW'tr), ..., Wt}

and L{(€Y") the completion of Lipscyi(€2) under the norm (ET]| - |p])1/p > 1. From

[17], 6} preserves the expectation ET, and ST = (Q*, 2 Z(Q), (07 )er, ET) deﬁnes a dynam1ca1
system, called canonical dynamical system associated with T,z > 0, T, and 0r.

Definition 4.13 ([17]). The invariant expectation 7 is said to be ergodic with respect to
the sublinear Markovian semigroup 7;,¢ > 0, if its associated canonical dynamical system
= (Q, LZ(Y), (6))r>0, ET) on the sublinear expectation space is ergodic.

Next we will consider the ergodic property of a sublinear expectation 7' on (X, L,(X))
defined by

Tle] = sup E,[¢l, forallp € Ly(X), (4.3)

s€[0,7)

where E, [¢] = [p(x)ps(dx). i
First we have the following property of 7.

Proposition 4.14. The sublinear expectation T is an invariant expectation under the
Markovian semigroup P, t > 0.

Proof. We need to prove that P,T [¢] = T[go] for allr > 0, ¢ € Ly(X). Since p. is a periodic
measure of the Markovian semigroup P,, we have

PE, [p] = E, [Prp]

= /Pt@(x)px(dx)
X

- / / Py(x. dy)p(y)ps(dx)
XJX

- / / Py(x. dy)py(d0)p(y)
XJX

= / ©()ps+:(dy)
X

= E,,, o). (“4)

Therefore by (4.3) and (4.4) and the periodicity of p., we have that

Pl = T[Pp] = sup E,[Pipl = sup E,  [¢] = sup E,[¢] = Tlgl.

s€[0,7) s€[0,7) s€[0,7)
O

'[heorem 4.15. Under the assumption in theorem 3.5, if (0, F, P, (0%),>0) is ergodic, then
T is ergodic with respect to the Markovian semigroup P,,t > 0.
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Proof. We will show that for any ¢ € Ly(X), if P, = ¢ (since P; is a linear operator, then
Pi(—¢) = —y) forallt > 0, then ¢ is constant, T — q.s. By theorem 3.25 in [17], noting in this
part of the theorem in [17] that go(f((O)) has no mean uncertainty is not needed, we conclude
that 7 is ergodic.

Firstly by theorem 3.5, we know that { p }scr is PS-ergodic. Then by classical ergodic theory
(cf[7]) we have thatif P, = ¢, then ¢ is constant, p;— a.s. forall s € R. Let [, be that constant,
ie. p = I, p;— a.s.. Since P, = @ for all > 0 and by (4.4), we have

liyr = B,y [9] = Ep [Pl = Ep @] = L.

So ;=1 and ¢ =ly,p; —as. for all s€R. Let A= {x:p(x) zé lo}, then py(A) =
0, for alls € R. Thus T[I4] = SUpco.Ps(A) = 0, which means ¢ = Iy, T — q.s.. ]
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