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1. INTRODUCTION

This paper is about how the spectrum of a big, bounded degree graph determines its local
geometry around typical vertices. For a finite and connected graph G, let

M(G) > X2 (G) = X3(G) > -+

be the eigenvalues of its adjacency matrix. Let T be the universal cover tree of G and
denote by p(T) its spectral radius, which is the operator norm of the adjacency matrix of
T acting on (2(T). If G is d-regular then \1(G) = d and p(T) = 2v/d — 1, T being the
d-regular tree.

It is easy to see that A\i(G) > p(T'). Various extensions of the Alon-Boppana Theorem
state that for every € > 0, a positive proportion of the eigenvalues of G lie outside the
interval [—p(T') +¢, p(T') — €] independently of the size of G; see e.g. [6, 8, 10, 19, 20]. What
happens when the eigenvalues actually concentrate within [—p(T), p(T')]?

A graph G is Ramanujan if |\;(G)| < p(T) for every i > 2. It is a fairly well-understood
theme that large, d-regular Ramanujan graphs locally resemble the d-regular tree in that
they contain few short cycles. For an illustration of such results see [1, 5, 12, 15, 16] and
references therein. This relation is not as well understood for sparse, irregular graphs. We

prove the following with regards to the spectrum and local geometry.

Suppose G1,G2,Gs, ... is a sequence of finite and connected graphs. They are weakly
Ramanugan if they have a common universal cover tree T" and if, counting with multiplicity,
(11) #{Eigenvalues of Gy, s.t. |\i(Gp)| < p(T)}

— 1 asn — oo.
e

Theorem 1. Consider a sequence of weakly Ramanujan graphs as in (1.1). Suppose that
|G| = 00. Then the graphs are asymptotically locally tree-like in that for every r > 0,

#{ Verticesv € Gy, s.t. its r-neighbourhood is a tree}

—> 1 asn — oo.
|Gl

Let us make a few remarks about Theorem 1. First, if the r-neighbourhood of a vertex
v € (G is a tree then it agrees with the r-neighbourhood of any vertex v in the universal cover
of GG that maps to v under the cover map. So roughly speaking, large weakly Ramanujan
graphs locally look like their universal covers around most vertices.

Second, it is natural in our context to assume a sequence of graphs share a common
universal cover. For one thing it is a generalization of a sequence of d-regular graphs, (a, b)-
biregular graphs, etc. But more so, it provides a way to compare the spectrum and geometry
of graphs with differing sizes on a common scale. For example, two finite graphs with the
same universal cover have the same degree distribution, hence, also the same average and
maximal degree. They also have the same maximal eigenvalue according to a theorem in
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[14]. The definition of Ramanujan graphs in terms of their universal covers was introduced
in [8] (stated also in [12]).

The version of Theorem 1 for d-regular weakly Ramanujan graphs has been proved in [1].
In this case many tools, such as the Green’s function and spectral measure of the d-regular
tree, are available in precise form. This is lacking for general universal covers where even
the computation of the spectral radius is difficult (although an algorithm is provided in [18]
and various bounds are given in [11, 19]).

Theorem 1 is also motivated by the classical work of Kesten which relates the geometry
of groups to their spectra [13]. Namely, the d-regular Cayley graph of a finitely generated
group is amenable if and only if its spectral radius is the degree d. In the other direction,
what happens to the geometry when the spectrum is “as small as possible”, which is to say
that the spectral radius is 2¢/d — 1? One can ask this question for finite graphs, bounded
degree sofic graphs, or more generally, for unimodular networks. Theorem 1 considers a
finitary case and Theorem 3 below certain sofic graphs. The proof of Theorem 3 also
applies to analogous unimodular networks.

The assumption in Theorem 1 that |G,,| — oo is necessary. For example, if all the graphs
are equal to a common cyclic graph then the sequence is weakly Ramanujan. (The universal
cover is Z with p(Z) = 2 and all the eigenvalues lie in the interval [—2,2].) However, this is
the only obstruction as being weakly Ramanujan implies |G,,| — oo so long as the common
average degree of the graphs is larger than 2. This follows from the following theorem,
which asserts that A;(Gy) > p(T') when the common average degree is more than 2.

Theorem 2. Let G be a finite and connected graph with universal cover T. Then A\ (G) =
p(T) if and only if G has at most one cycle or, equivalently, if and only if the average degree
of G is at most 2.

This theorem is somewhat of an analogue of Theorem 1 for a single finite graph. The
proof turns out to be a bit delicate. For instance, consider the bowtie graph G obtained
by gluing together two triangles at a common vertex. It has A (G) = (1 + v/17)/2 and
p(T) = (v/3++/11)/2. The spectral gap is about 0.04 and the average degree is also smaller
than p(T"). In general, the spectral gap can be arbitrarily small for graphs formed by gluing
together two large cycles at a common vertex. The proof of Theorem 2 is based on orienting
and weighting the edges of a finite graph in a way that allow to compare the norm of its
adjacency matrix with the cover’s via the Rayleigh variational principle. We have learned
it is related to “Gabber lemma”, see [9].

Theorem 1 is proved in the following section. The idea behind the proof is to reduce
the theorem to an analogous theorem about certain infinite random rooted graphs (sofic
graphs and unimodular networks) by using the notion of local convergence of graphs. The
key result of the paper is a proof of the analogue of Theorem 1 for these infinite graphs,
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which is Theorem 3 below, proved in Section 3. The proof establishes a lower bound on the
spectral radius of such graphs in terms of a probabilistic notion of cycle density. Theorem
2 is then proved in Section 4. Section 5 concludes with some questions.

2. A REDUCTION OF THEOREM 1

We begin with the notion of local convergence of graphs and some of its properties used for
the proof of Theorem 1. A complete account, including proofs, may be found in [2, 3, 4, 7].

Let B,(G,v) be the r-neighbourhood of a vertex v in a graph G. A sequence of finite and
connected graphs G1,Ga, Gs, ... converges locally if the following holds. For every r and
every rooted, connected graph (H, o) having radius at most r from the root o, the ratio

#{Vertices v € Gy, s.t. B.(Gp,v) = (H,0)}
|G

The isomorphism relation 2 is for rooted graphs, i.e. the isomorphism must take the root

converges as n — OQ.

of one to the other. Local convergence is also known as Benjamini-Schramm convergence
as it was formulated by them in [3].

A locally convergent sequence of graphs may be represented as a random rooted graph
in the following way. Let G be the set of all rooted and connected graphs whose vertex
sets are subsets of the integers. Identify the graphs in G up to their rooted isomorphism
class. The set G is a complete and separable metric space with the distance between (H, 0)
and (H',0') being 27", where r is the maximal integer such that B,(H,0) = B,(H',d).
A random rooted graph is simply a Borel probability measure on G or, in other words,
a G-valued random variable (G, o) that is Borel-measurable. Given a locally convergent
sequence of graphs as above, there is a random rooted graph (G, o) such that for every r
and (H, o) as above,

#{Vertices v € Gy, s.t. B.(Gp,v) = (H,0)}
|Gl

— Pr[B,(G,0) = (H,0)].

A random rooted graph that is obtained from a locally convergent sequence of finite
graphs is called sofic. Examples include Cayley graphs of amenable groups such as Z,
regular trees, as well as Cayley graphs of residually finite groups. More examples may
be found in [2, 3, 4, 7]. Sophic graphs satisfy an important property known as the mass
transport principle, as we explain.

Suppose (G, 0) is sofic. Consider a bounded and measurable function F (G, u,v) defined
over doubly rooted graphs such that it depends only on the double-rooted isomorphism
class of (G, u,v). The mass transport principle states that

E Z F(G,o,v)=E Z F(G,v,0).

veG veG
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The above is readily verified for a finite graph rooted at a uniformly random vertex, and it
continues to hold in the local limit, which is why it holds for a sofic graph. Random rooted
graphs that satisfy the mass transport principle are called unimodular networks. It is not
known whether every unimodular network is a sofic graph.

Let us describe the universal cover of a sofic graph. Recall the universal cover of a graph
G is the unique tree T for which there is a surjective graph homomorphism 7 : T — G,
called the cover map, such that 7 is locally bijective: for every © € T', w provides a bijection
By(T, %) +* B1(G,n(0)). If m(9) = 7 (@) then the rooted graphs (T, ) = (T, ). Therefore,
the universal cover of a sofic graph (G, 0) may be defined as its samplewise universal cover
(T, 06), where 6 is any vertex that is mapped to o by the cover map.

The spectral radius of a sofic graph (G, o) is defined as follows. Let Wy (G, 0) be the set
of closed walks of length k& from o in a graph G and denote by |W|;(G,0) its size. The

spectral radius of (G, o) is
p(G) (E[W|21(G, 0))/**.

Recall that the spectral radius of a connected graph G is also the exponential growth rate

= lim
k—o0

of |W|ax(G,v) for any vertex v. The relation of p(G) to the adjacency matrix of G is that it
equals the sup norm, ||p(G, 0)||s, of the samplewise spectral radius of (G, 0). It is also the
largest element in the support of the “averaged” spectral measure of (G, 0), which is a prob-
ability measure over the reals with moments E |W|o(G,0),E|W|1(G,0),E|W|2(G,0),....

We prove the following regarding the spectrum and geometry of an infinite sofic graph.

Theorem 3. Let (G,0) be an almost surely infinite sofic graph that is the local limit of a
sequence of finite graphs sharing a common universal cover T. If p(G) = p(T') then G is
isomorphic to T almost surely.

This theorem (and its proof) may be extended to unimodular networks whose universal

cover is deterministic and quasi-transitive.

2.1. Reducing Theorem 1 to sofic graphs. The theorem may be reformulated as assert-
ing that given a sequence of weakly Ramanujan graphs sharing a common universal cover
T, and with their sizes tending to infinity, the sequence converges locally to T. The root
of T' will be a random vertex whose distribution is determined by the convergent sequence,

although it does not depend on the particular sequence.
More precisely, as T is the universal cover of a finite graph, it is quasi-transitive. Let
(2.1) {01,02,...,0m}

be vertices that make a set of representatives for 7'/Aut(T'). There is a probability measure
(p1,--.,pm) on them such that if vertex ¢ is chosen according to it then (7, 6) satisfies the
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mass transport principle; see [2]. Any sequence of graphs converging locally to 7" has limit
(T, 6). Moreover, if a finite graph G is covered by T' then p; is the proportion of vertices
v € G such that the vertices of 71 (v) can be sent to ©; by automorphisms of 7' (all vertices
in 771(v) belong to the same orbit); see [17].

Suppose G1,Ga, Gy, . .. is a sequence of weakly Ramanujan graphs as in the statement of
the theorem. Since they share a common universal cover, their vertex degrees are bounded
by some integer A. By a simple diagonalization argument (there are at most A™! rooted
graphs of radius < r and maximal degree < A), the sequence is pre-compact in the local
topology. We must prove that its only limit point is (7', 0).

Suppose (G, o) is a limit point of the sequence. Then its universal cover is isomorphic to
(T, 0) almost surely. This is because the sequence has a common universal cover and the
universal cover is a continuous mapping of its base graph in the local topology; see [17].
Theorem 1 is proved if G is isomorphic to T" almost surely as unrooted graphs. The mass
transport principle specifies the distribution of the root as we have explained. By Lemma
2.1 below, p(G) = p(T'). The theorem now follows from Theorem 3.

Lemma 2.1. Let G1,Go,Gs,... be a locally convergent sequence of weakly Ramanujan
graphs. Suppose (G, 0) is its limit and T is the common universal cover. Then p(G) = p(T).

Proof. Let A be the maximal vertex degree of the graph sequence. Due to local convergence
and bounded convergence theorem, E |W o (G, 0) is the limit of ﬁ > v, IWlak(Gn,v).
Let gy, be the proportion of eigenvalues of G,, that are at most p(T") in absolute value, so
then ¢, — 1. Note that all eigenvalues of G,, are bounded by A in absolute value. The
aforementioned average is the trace of the (2k)-th power of the adjacency matrix of G,
normalized by |G,|. Thus,

1
S [Wlot(Gay0) < g p(T)* + (1 - g) A%,
”L)GGn

|Gl

Upon taking limits we conclude that p(G) < p(T).

For the inequality in the other direction, recall the vertices 01, ..., 0y, from (2.1) and the
associated probability measure (p1,...,pm) on them. Suppose a finite graph G has universal
cover T'. Recall p; is the proportion of vertices in GG that have a pre-image in 7', under the
cover map, which can be sent to 9; by a T-automorphism. If ¥ € T" is mapped to v € G by
the cover map then |W |k (G, v) > |Wlak (T, 0). Indeed, the cover map provides an injection
from Wor (T, 0) into War(G,v) due to its path lifting property. Consequently,

1 G X
il D Wk (G, 0) =Y pj [Wan(T, 65).

veG j=1
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Applying the inequality above to every G,, and taking the large n limit gives

E[W k(G 0) =Y pj [Wlak(T,9))-
j=1
Since p(T) is the large k limit of [W|ox (T, 0;)'/2?F for every 0, the inequality above implies
that p(G) > p(T). [ ]

3. A SPECTRAL RIGIDITY THEOREM

Theorem 3 will be proved by showing that if there is an ¢ such that
Pr [0 lies in an ¢ — cycle of G] > 0,

then p(G)/p(T) > 1+ 6 for some positive . This result is built up in the subsequent
sections by drawing a connection between the spectral radius of G and of T in terms of the
norms of certain Markov operators associated to random walks on the fundamental group
of G. This connection was established in [1].

3.1. Counting walks using the fundamental group. Consider a connected graph H
which may be countably infinite and may have multi-edges and loops around its vertices.
(A loop contributes degree 2 to its vertex.) Let m(H,v) be its fundamental group based
at vertex v, which consists of homotopy classes of closed walks from v under the operation
of concatenation. It is a free group. (See [17] for an account on the fundamental group of
graphs and its properties mentioned here.)

Let Wy, (u,v) be the set of walks in H of length k from u to v. Note Wi (v,u) = W, ! (u, v),
where the inverse means walking in the opposite direction. The set

WW={PQ':P,Q e Wy(u,v)}

consists of closed walks from u of length 2k and is closed under inversion. It naturally maps
into w(H,u), and the uniform measure on it pushes forward to a measure on the image

WW-t C n(H,u). Note the push-forward may not be uniform measure on the image as
different closed walks in WW ! may be homotopy equivalent.

Consider the random walk on 7(H, u) whose step distribution is the aforementioned push-
forward measure of WW 1. Since WW ~! is closed under taking inverses, this is a symmetric
random walk on the Cayley graph of the subgroup of 7(H,u) generated by W ~!. Denote
the norm of its associated Markov operator by

(3.1) || M| [(u, v).

Now fix a vertex o € H, a path P from o to u and another path @ from o to v. The
set PWp(u,v)Q ™" consists of closed walks from o. Consider the random walk on 7(H, o)
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whose step distribution is the push-forward of the uniform measure on this set by its the
natural mapping into 7(H,o0). Denote by +/||Mg||(u,v) the norm of the Markov operator
of this random walk. This operator may not be symmetric since the set PWj(u,v)Q ™! is
not closed under taking inverses. However,

1M1, v)* = || M| (u, v)

because the norm in question is the square root of the norm of the Markov operator for the
random walk on 7(H, 0) associated to the set

(PWi(u,v)Q Y (PWi(u,v)Q~ )™t = Pww—tp~L

The Markov operator for PWW ~!P~1 is isomorphic — as an operator on ¢?(7(H,0)) — to
the Markov operator for WW ! on ¢2(7(H,u)). The isomorphism comes from the natural
isomorphism of groups m(H,0) <> 7(H, u). The norm of the Markov operator for WW 1
Myl (u,v).

3.2. The counting argument. Let H be a graph as above. A purely backtracking walk in
H is a closed walk that is homotopic to the empty walk, that is, it reduces to the identity
in the fundamental group of H. Purely backtracking walks in H from a base point o are in
one to one correspondence with closed walks in the universal cover of H from a base point
0 such that 7(0) = o (7 being the cover map). This is due to the path lifting property of

the universal cover map.

Choose an arbitrary vertex o € H. Let n and k be arbitrary integers with nk being even.
Denote by W all closed walks from o of length nk. Denote by N all purely backtracking
walks from o of length nk. The following inequality is from [1].

(3.2) log [W| —log |N| > Z Z 1og\|Mk||<P<j ks Pjk) -
PGN] 1

The proof is based on partitioning the set W in the following way. Two walks in W are
equivalent if their locations coincide at the times 0, k, 2k, ..., nk. Let Wy denote the set of
walks in W that are equivalent to some purely backtracking walk. Observe that

Wi | = Z ﬂN|

PGN

The term |[P]|/|[P] N N| is the reciprocal of the probability that a uniform random walk
in [P] is purely backtracking. The probability can be interpreted in the following way.
Consider the random walk on 7(H,0) whose step distribution is the push forward of the
uniform measure on [P] — 7(H,o0). The probability under consideration is the one-step
return probability of this random walk. It may be expressed as (Mpid,id), where Mp is
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the Markov operator of this random walk. Therefore,
W= (Mpid,id)~".

PeN

Every @ € [P] agrees with P at the times 0, k,...,nk. This allows us to decompose Q

into petals as in Figure 1.

FIGURE 1. Decomposing a closed walk into petals.

Here, @; is the segment of @ from Q;_1)r = Pj_1)x to Qjr = Pjr. R; is a fixed path
from o to Pjj chosen independently of Q). The decomposition is that

Q= (QiR{") - (R1Q2Ry ") - (Rn1Qn) -
N’

[\

T Ts Th
Under this decomposition, a uniformly random element ¢ € [P] becomes the product
Ty ---T),, where T} is a uniformly random element of R;_1W}, (P(j—l)k> ij)R]_l This uses
that the locations of () are pinned at the times 0, k, ..., nk.

Let Mj; be the Markov operator for the random walk on 7(H,0) with step distribution
T;. Then Mp = M --- M, and

(Mpid,id) < ||Mp|| < J]I1M;1].
J

Each || M| equals /|| My||(Pj—1)x> Pjx). Therefore,

W= Z H || M || (Pgj—1yw i) ™2

PeN j=1
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Dividing the above by |N|, using the inequality of arithmetic-mean and geometric-mean,
and then taking the logarithm gives the inequality from (3.2).

Let (G, 0) be an infinite sofic graph as in the statement of Theorem 3. The mass transport
principle simplifies the right hand side of (3.2) for (G, 0) as follows.

Lemma 3.1. In this setting the following equation holds for j =1,...,n

1 log || My|[(0, Pr)
E e >, log|IMil|(Pyie, Pir) =E ) :
Nk (G 0) = ) peniGo Nnkl(G: Pajiir)

Proof. Consider the function

1
F(H,u,0) = s Y Lpy =y log [[M][(u, Pir) .
| |7’Lk( )PeNnk(Hy'U)

It depends on the doubly-rooted isomorphism class of (H,u,v). Now,

1
> F(H,u,v) = N (o) > log||My||(Py- 1y Pir) -
wel nk PEN (H,v)
On the other hand,
1
F(H,u,v) = NI (F.0) Z 1P, irye=v} 108 || Mp||(u, Pr)
nk(H PEN,;,(Huw)

because we can also sum over the walks by starting them at u instead of v. Therefore,

S FHuv) = Y log || My||(u, Pr)

The mass-transport principle for (G, o) states that
E Z (G,u,0) =E Z (G,0,v)
ueG veG

which is the equation in the statement of the lemma. [

3.3. Bounds. Applying the bound from (3.2) to (G, o), taking the expectation value, ap-
plying Lemma 3.1 and then dividing by nk gives
E IOg |W’nk(G7 O) - E log |N|nk(G7 O)
nk -
(2k)~log || My|| (o, Pk)
E > Z

P i NG Plamginn)

The term —(2k) ! log || Mg||(P,, P;) is non-negative. We would thus like to replace each
of the terms | N[k (G, Pr—jt1)x) by [V |nk (G, 0), after which the average over the parameter
7 would be replaced by unity. Recall the universal cover of G is the non-random tree T
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and Wyi(T,0) = Nui(G,m(9)). Therefore, the cost of replacing |N|x(G, Pp—ji1)k) by
|N |k (G, 0) while preserving the > inequality is given by the multiplicative factor

" 2, |Wnk|(T, f}j) ’
where 01, ...,0,, are a set of orbit representatives for 7' as given by (2.1). Part 1 of the

following lemma shows that r,; > A~ where d is the maximum distance between any
two of the 9;’s and A is the maximal degree of 7.

Lemma 3.2. Let H be a connected graph having mazximum degree at most A. Let x and y
be two of its vertices having distance d between them.

(1) ’W’%(Hy y) < AQd ‘W‘Qk(H,l’)

(2) [Wloptoj(H,x) < A¥ W oy (H, ).

Proof. Let A be the adjacency matrix of H acting on ¢2(H) (H may be countably infinite).

The inequality in (1) follows from the inequality in (2) upon observing that |W | (H,y) <
|W |2k+24(H, x). For the proof of (2), we have |W |ox10;(H,z) = (A?**215,,6,) and the latter
equals (A% (A*S,), (A*8,)). Thus,

W |akoj (H, @) < ||A¥ || (A*,, AR6,) < A (ARG, AFS,) = A¥|W |o(H, ) .

Lemma 3.3. Let A be the maximal degree of T'. The following inequality holds:

E — log || Mal (0,0)
log p(G) — log p(T') > sup .
gp(G) —logp(T) Sup A% AZA+2k

Proof. Observe that G has maximal degree A almost surely because it is covered by T. By
Lemma 3.2,
E log |W|,x(G,0) — E log |N|,x (G, 0)
nk -
_ 1 — log || My|| (o, Pr)
AHE — — ’ :
|N |k (G, 0) Z 2k

(3.3)

PENnk(G,O)

The expectation on the right hand side of (3.3) is an average over (G, o0, P"), where P"
is a uniformly random purely backtracking walk in G starting at o and having length nk.
If k is even then Pr [P}’ = o] > A~F. This is because a purely backtracking walk from o
of length nk will be at o at step k if it is a purely backtracking walk from o of length k
followed by one of length nk — k. Consequently,

[N1k(G,0) - [N|nk—k(G,0)

> AR,
‘N‘nk(G70) B

Pr[P! =0] > E
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where the last inequality is due to |N|x(G,0) > 1 and, also, by part 2 of Lemma 3.2, due
to |N|pk_r(G,0) > A™F|N|,x(G,0). Since —log || My||(u,v) is non-negative, (3.3) implies
that for every even k,
E log |[W[k(G, 0) — E log |[N|nk(G,0) _ E —log|[My]|(0,0)
nk - 2k A2d+k

We may take a large n limit supremum of the left hand side of the above for every even
value of k. In the limit as n — oo, the left hand side is at most log p(G) — log p(T).
This is because E log [W| < log E |WW| by concavity of log and, as argued in Lemma 2.1,
E log |N|,x(G, 0) is the average over a finitely supported probability measure (on at most
m points) and each term in this average converges to log p(T) after division by nk and
letting n tend to infinity. The inequality from the lemma now follows due to k being an
arbitrary even integer. |

3.4. Completion of the proof. Let (H,v) be a rooted and connected graph. Given
integers k and /¢, let us say H contains a bouquet if it has two disjoint ¢-cycles C; and Cy
such that if the distance from v to Cj is r;, then k > ¢ + max{ry,r2}. The situation is
pictured below.

FIGURE 2. A bouquet around the root.

Suppose (H,v) contains a bouquet for the parameter values k and ¢. They provide two
closed walks in Wy (v,v), say Pi and P», in the following way. The walk P; is obtained
by walking from v to the closest vertex on Cj, traversing the cycle, then walking back to
v along the reverse of the initial segment and appending some purely backtracking walk at

the end to ensure 2k steps in total.

Recall the walks in Way (v, v) map to a set Wi (v,v) C w(H,v) by homotopy equivalence.
The walks P; and P then correspond to two mutually free elements in 7(H,v). Let I’
be the subgroup of 7(H,v) generated by Way(v,v). It is a finitely generated free group of
rank at least 2. Recall that the uniform measure on Wy (v, v) pushes forward to a measure
on Wy (v,v), which induces a symmetric random walk on I' whose Markov operator is
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denoted M. The step distribution of the walk assigns positive probability to every element
of Wak(v,v). So by Kesten’s Theorem, specifically [13, Corollary 3], the operator norm

(3.4) M| < 1.

As a result of (3.4), the following lemma implies

sup E —log||Mag||(0,0)
k>1 4k A2d+2k

>0,
from which the proof of Theorem 3 follows by Lemma 3.3.

Lemma 3.4. Let (G,o0) be an infinite sofic graph such that for some ¢,
Pr [0 lies in an £ — cycle of G| > 0.

Then there is a deterministic integer k such that, with positive probability, (G,o0) contains
a bouquet with respect to the parameters k and £.

Proof. Let Ngr(v) be the number of ¢-cycles in a graph H such that at least one of its
vertices is within distance R of vertex v. We will show below that for (G, o),

E Ng(o) > (R/f) Pr o lies in an ¢ — cycle of G].

Assuming this, we may choose an R in terms of ¢ such that E Nz(0) > /A’ +2. In this case,
with positive probability, there are at least /A + 2 different ¢-cycles in G within distance
R of the root 0. Whenever this happens there must be two disjoint ¢-cycles within distance
R of the root, as we explain below. We may take k to be R + /.

The reason there are two disjoint /-cycles is that if H has maximal degree A, and v is any
vertex, then there can be at most A¢ different ¢-cycles that pass through v. This means any
specific f-cycle can meet at most A? other (-cycles. So when there are (A 4 2 different
{-cycles, some two among them are disjoint.

In order to get the lower estimate on E Nr(0) consider the function
F(H,u,v) = 1{dist(u,v) < R and u lies in an ¢ — cycle of H} .
Then,

Z F(H,u,v) = # {vertices in £ — cycles of H within distance R of v} < {Ngr(v),
ueH
and
Z F(H,u,v) =|Br(H,u)| 1{u lies in an ¢ — cycle of H}.
veEH
Since (G, 0) is infinite almost surely, |Br(G,0)| > R. The mass transport principle then
provides the lower bound on E Ny(0) as displayed above. |
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4. A SPECTRAL GAP THEOREM FOR FINITE GRAPHS

In this section we prove Theorem 2. Let GG be a finite and connected graph with universal
cover T" and cover map 7. Since A\ (G) is also the largest eigenvalue of G in absolute value,
we denote it p(G) henceforth.

For a graph H and z € (?(H), let
(4'1) fH(x) =2 Z TuLy s
{upv}eH

where the summation is over the edges of H counted with multiplicity as there may be
multi-edges and loops (recall a loop contributes degree 2 to its vertex). Thus,

p(T) = sup |fr(z)] and p(G)= sup |fg(z).
€L2(T) z€l2(G)
[|z]|=1 [|=]|=1

Theorem 2 follows from the Propositions 4.1 and 4.2 given below.

4.1. Spectral radius of an unicyclic graph.

Proposition 4.1. Let G be a finite and connected graph with at most one cycle. Then
p(G) = p(T).

Proof. There is nothing to prove if G is a tree, so assume that G has exactly one cycle
(possibly a loop, or a 2-cycle made by a pair of multi-edges). We give an explicit description
of T in terms of G.

Let the unique cycle in G consist of vertices v1,...,v,, in that order. Let H be the
graph obtained by deleting edge (v, v1) from G. We construct countably infinite copies
...,H_1,Hy,Hy,... of H, indexed by Z. For each k € Z, we draw an edge between v,, in
Hy and vy in Hgy1. The resulting graph is 7.

Let y € 2(G) be the maximal eigenvector of G, normalized to ||y|| = 1 and with positive
entries. Thus, fg(y) = p(G). We will construct an x € ¢*(T), with ||z|| = 1, such that
fr(x) approximates p(G) arbitrarily closely.

Fix an arbitrary N € N. For v' € Hy,...,Hy, set x, = \;—Nyﬂ(v/). For all other v' € T,

set x,» = 0.
It is evident that ||z|| = ||y|| = 1. Moreover,
1
fri@)=2 Y SUn)¥e)
(W' WeT

u' v eHU---UHpN
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For each edge (u,v) € G the term %yuyv appears N times in the above sum, except for
%yvlyvn, which appears N — 1 times. Therefore,

2
- 2( E):EG YuYo — Nyvlyvn = p(G) = Yol

As N was arbitrary, the error term %yvlyvn can be made arbitrarily small. |

4.2. Spectral gap for a multi-cyclic graph.

Proposition 4.2. Let G be a finite and connected graph with at least two cycles. Then
o(T) < p(G).

For the remainder of this section we assume G is a finite and connected graph with at
least two cycles (which may intersect, may be loops, or cycles made by multi-edges).

The 2-core of G is defined by the following procedure. If G has at least one leaf, pick
an arbitrary leaf and delete it. This operation may produce more leaves. Repeat the leaf
removal operation until there are no leaves. The resulting subgraph of G is its 2-core.

The 2-core of a graph is non-empty if and only if it contains a cycle. Moreover, all cycles
are preserved in its 2-core. Consequently, since G has two distinct cycles, so does its 2-core.

Let Gint denote the 2-core of G. Let V:& denote the vertices of Giyi. Let EC

int

be the edges
of Gint directed both ways, so that every edge {u,v} € Giy becomes two directed edges
(u,v) and (v,u) in ES

int*

int

Denote by V o the vertices of G\ Gint. Let Eg, be the edges of G \ Gint such that they
are directed away from the 2-core. This is possible because for every edge {u, v} in G'\ Gint,

ext

there is a unique shortest path from Giy, that terminates at {u,v}. The orientation of {u, v}
is then in the direction this path enters the edge. The figure below gives an illustration of
these definitions.

N
NN
NS

FIGURE 3.  An example illustrating the definitions of th, V&, E mt, and

V.G and EC, are coloured blue. V&

ESG.. V& it & and ES, are coloured red.
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Lemma 4.1. There exists a function I" : Eﬁt — [1,2) such that for each directed edge
G
(U,U) € Eint’
Z (v, w) > I'(u,v).
w: (v,w)EES,
wH#u

Note T is not symmetric, i.e. I'(u,v) need not equal I'(v,u).

Proof. Every vertex of Gyt has degree at least 2 within this subgraph. The following
property of Giy is crucial: since Giye has at least two cycles and is connected, every cycle
of Gyt contains a vertex of degree more than 2.

For each directed edge (u,v) € ES, with degu > 2, set I'(u,v) = 1. The remaining values
of I'(u,v) will correspond to directed edges (u,v) with degu = 2. We assign these values
by the following iterative procedure.

Fix an € > 0 to be determined. If degu = 2, u is adjacent to vy and ve, and I'(vy,u) has
been assigned, assign I'(u,vy) = I'(vi,u) 4+ €. Due to the aforementioned crucial property,

this procedure assigns a value of the form 1+me to every I'(u, v) with (u,v) € ES,.

Finally,
since G is finite we may choose € small enough such that I' is strictly less than 2 everywhere.

Now if (u,v) € ES

int

and degv > 2,
Z L(v,w) > 2> T(u,v).

w: (v,w)EES,
wH#u

If (u,v) € EY, and degv = 2,
Z I(v,w) =T(u,v) + € > T'(u,v).

w: (v,w)EES

int
wH#u

Lemma 4.2. There exists a function A : ES, — (0,1] such that for each directed edge
(u,v) € E§

xt

Z A(v,w) < A(u,v).

w: (vw)EES

ext

form trees, rooted at vertices in VH% and directed toward the leaves.

Proof. The edges in ES

ext

For each edge (u,v) € ES,, where u € V&

s set A(u,v) = 1. Assign the remaining

variables by recursing down the trees in the following way. If A(u,v) has been assigned and

v has d out-edges (v,w) € ES,, set A(v,w) = %

s +1A(u,v) for each out-edge (v, w). Then,

d
Z Av,w) = ﬁA(u,v) < A(u,v),
w: (v,w)EES, +

ext
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so the desired inequality holds. |

Proof of Proposition 4.2. Let y be the eigenvector of the maximal eigenvalue of G chosen

such that all its entries are positive and ||y|| = 1. Note this identity for every vertex u € G-
Y
(4.2) > = =p(G).
v: {u,v}eG Yu

Root T' at any vertex r such that 7 (r) € V&

‘ot~ For the rest of this proof, when we refer to

an edge (u,v) € T the first vertex u is the parent, that is, closer to the root than v.

Let VL

int
T with finitely many descendants. Let Ei:flt
EL, the edges (u,v) € T with v € VL.

ext

be the vertices in 7" with infinitely many descendants, and V.1, be the vertices in

denote the edges (u,v) € T with v € VL and

int>

Observe that u € Vi1 (resp. VL

ext

ET if and only if (7 (u), 7(v)) € ES

int>

) if and only if 7r(u) € V& (vesp. V). Similarly, (u,v) €

and (u,v) € EL, if and only if (7 (u),7(v)) € ES

€ ext:* In

the latter case it is crucial that u is the parent of v; this requires v to be farther than u from
VT

I, so m(v) is farther than 7(u) from V%. Thus (7(u), 7(v)) has the necessary orientation

int*
of an edge in ES,.

Consider the functions I' and A from Lemmas 4.1 and 4.2. Let 7,0 > 0 be (small)
constants to be determined later. Throughout the following argument we will use that

2lab] < na® +n716*  for n > 0.

For each edge (u,v) € EL | we have

nt?

Yr(v) D(r(u), w @)\ ™" o | Yr(w I(r(u), 7)Y o
(4.3) 2|z x| < 1+ Ty, + 1+ x5
Yr(u) Yr(u)Yr(v) Yr(v) Yr(u)Yr(v)

Analogously, for each edge (u,v) € EL

ext>
e A n(u A(r(w), !
(1) S < 20 (1 BCLTONY 3 st SNy
Yr(u) Yr(u)Yr(v) Yr(v) Yr(u)Yr(v)
The quantity A(w(u), 7(v)) is defined because (7w (u), w(v)) has the correct orientation of an

edge in ES

ext»

as noted above.

Recall fr from (4.1). The estimates (4.3) and (4.4) imply that

(4.5) fr@) <2 ) lruw] < glu)ay,

{u,v}eT u€T
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where g(u) is as follows. Let pa(u) denote the parent of vertex v € T and ch(u) denote the
set of all children of u. If u € V;L, then

int

() = Yrteat) <1 n F(W(pa(u))m(wh) S (1 N F(?T(u),W(c))v)‘1

Yr(u) Yr(pa(u))Yr(u) cech(uw)NVT, Yr(u) Yr(u)Yr(c)
. (1+ A(W(u)m(d)ﬁ)
Yr(u) Yr(u)Y=(d)

dech(uw)NVE,
If u € VL, then

u) = Yr(pa(w)) (1 N A(W(pa(U)),W(U))cS)l . Z Yr(d) (1 N A(w(u),w(d))&) |

Yr(u) Yr(pa(u))Yr(u) Yr(u)Yr(d)

Due to (4.5), the proposition will be proved by showing that g(u) is uniformly bounded
away from p(G) over all vertices u. We separately consider the two cases u € Vlft and
ueVE

ext:*

Suppose u € V.L . Then for all sufficiently small v > 0 we have the bound

int*

(4.6)
—1
e (1 N Wﬂ(m) < Yy ko (1 - F(W(U),Tr(c))v> Lo,
cech(u)nNV,L, Yr(w) Yr(w)Ym(c) cech(u)nVL, Yr(u) Yr(u)Yr(c)

for some constant C,, > 0 depending on wu.

The terms in (4.6) depend only on the vertices 7(u) and 7w(c) for ¢ € ch(u). These are
vertices of G and, since G is finite, there are only finitely many distinct values of C,,. Let
C be the maximum of the Cys. In the inequality (4.6) we may replace every C, by C, as
we do henceforth.

Inequality (4.6) implies the following bound for every u € V. and all sufficiently small
v > 0.

(4.7) = eceh(u)nVi]

5
+— > Ar(w),w(d) + Cy*.
Ir(w) gech(uynvT

ext

This is obtained by substituting (4.6) into the definition of g(u), then multiplying out the
terms and simplifying the sums by using the eigenvector equation (4.2).

By Lemma 4.1,
D(r(pa(u),w(w) - > T(r(u),x(c)) <0

cech(u)nV;L,

int
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Moreover, as u ranges over V.1 the quantities

T
for every u € Vi !

int*

uH% D(n(pa(u),w(w) = Y T(r(u),7(c))

yﬂ'(u) cech(u)NV;L

int
are determined by the graph G. So they attain finitely many values and have a maximum
value Ciyy < 0. Analogously, the quantities

(4.8) s 5 Y Alr(w),w(d))

Yr(u ) dech(u)NV.E

cxt

have a maximum value Dj,; > 0 as u ranges over Vlft So we infer that for every u € V;gt

and all sufficiently small v > 0,
(4.9) 9(u) < p(G) + Ciny + C* + Dintd.

Now suppose that € V.L,. By an analogous argument as above, there exists a constant
D > 0 independently of u such that for all sufficiently small § > 0,

g(u)ﬁp(G)—i—QL —A(m(pa(u) + Y A(r(w),w(d)| + D%
Yr(w) dech(u)

By Lemma 4.2,
—A(r(pa(u) + ). Ar (d) <0
dech(u)
for all u € VeZ:t Therefore, as before, there is a Deyy < 0 such that for every u € th and

all sufficiently small § > 0,
(4.10) g(u) < p(G) + Dextd + DS,

Finally, we select v > 0 small enough that (4.9) holds and Ciyy + Cy? < 0. This is
possible because Cint < 0. Then we select § > 0 small enough such that (4.10) holds while
both Cinty + C~% + Dinid < 0 and Deyid + D6? < 0. This is possible due to the choice of
and because Deyt < 0.

In light of (4.9) and (4.10), our choice of v and § above imply that there is an € > 0 such
that for every vertex u € T, g(u) < p(G) — e. This implies p(T) < p(G). [ |

5. FUTURE DIRECTIONS

It would be interesting to find an effective version of Theorem 1 in the following sense. Let
G1,G2,Gs, . .. be finite, connected graphs with |G, | — co. Suppose they have a common
universal cover T', and are Ramanujan in that all but their largest eigenvalue are at most
p(T) in absolute value. What is the “essential girth” of Gy, in terms of its size, which is
to say, the asymptotic girth after possibly having removed at order of o(|G,|) edges? For
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d-regular Ramanujan graphs it is known, see [1], that the essential girth is at least of order
loglog |G|. All known constructions provide graphs with girth of order log|G|. It seems
that a lower bound of order log |G| for the girth is unknown even when G is a Cayley graph.

It would also be interesting to find an effective form of Theorem 2 in terms of the size
and the maximal degree of G. The theorem is in some ways an analogue of Theorem 3 for
finite graphs, although, its word-for-word reformulation is false for infinite graphs. In this
regard it would be interesting to prove a spectral gap between p(G) and p(T') under natural
hypotheses on an infinite graph G. For instance, to prove an effective spectral gap when
there is an R such that the R-neighbourhood of every vertex in GG contains a cycle.
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