ON NONLINEAR CROSS-DIFFUSION SYSTEMS: AN OPTIMAL TRANSPORT
APPROACH
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ABSTRACT. We study a nonlinear, degenerate cross-diffusion model which involves two densities with
two different drift velocities. A general framework is introduced based on its gradient flow structure in
Wasserstein space to derive a notion of discrete-time solutions. Its continuum limit, due to the possible
mixing of the densities, only solves a weaker version of the original system. In one space dimension, we
find a stable initial configuration which allows the densities to be segregated. This leads to the evolution
of a stable interface between the two densities, and to a stronger convergence result to the continuum
limit. In particular derivation of a standard weak solution to the system is available. We also study
the incompressible limit of the system, which addresses transport under a height constraint on the total
density. In one space dimension we show that the problem leads to a two-phase Hele-Shaw type flow.

1. INTRODUCTION

Let © be a bounded domain in R? with C! boundary, and let 7" > 0 and m > 1 be given constants.
In this paper we study a gradient flow formulation of the following system in [0, 7] x Q:

Ohpt =V - ((Vp+Ve1)p') =0;

(PMEm) atp2 . v ((vp + Vq)z)p2) =0,

where @1, ®5 :  — R are given and the common diffusion term is generated by the pressure variable
m
1.1 _ 1 2 m—l.
(L.1) pi=——(p +p7)
In this article the system is subject to no flux condition on [0,7] x 99 and is equipped with initial
nonnegative densities pj, pg € L1(Q).

Formally (PME,,) can be seen as the gradient flow in Wasserstein (product) space of the free energy
1
(1.2) (p', p?) = / ——(p' +p*)"da +/ ®1p'da +/ Dyp°da.
am—1 Q Q

Staying at the formal level, in the incompressible limit as m — +o0o where the first term in free energy
turns into the constraint p! + p? < 1, the corresponding system for the limiting density pair (p!'°°, p>°°)
is

o l,oo_v. Vp>®© + VP 1,00 :0;
(PME..) { ip ((Vp 1)ph>)

0P — V- ((Vp™ + Vdg)p>>) =0,

where the pressure p* is supported in the region {p%> + p?°° = 1}. When the densities p">’s are
characteristic functions with separate supports, the problem corresponds to a two-phase Hele-Shaw type
flow with drifts.

Our goal in this paper is to study the problems (PME,,) and (PME,) in the context of the aforemen-
tioned gradient flow, and verify the above heuristics. More precisely we will formulate the problem in
terms of the discrete-time gradient flow (i.e. JKO or minimizing movement scheme) of the aforementioned
free energy (1.2), posed in the product space equipped with the 2-Wasserstein metric. Then we will study
the solutions of this discrete scheme as the time step goes to zero. We will show that the limiting pair
of densities (p!, p?) satisfies a set of transport equation that will reduce to (PME,,) under a stronger
convergence assumption (for the precise statement we refer to Theorem 3.8). To strengthen this result, it
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seems necessary to consider “stable” initial configurations which avoids mixing: see the discussion below.
It turns out that in one dimension, in the setting of stable initial configurations which avoids mixing, a
stronger convergence result holds and as a consequence the continuum limit densities satisfy (PME,,) in
the standard weak sense. Below is a summary of our main results: precise statements are contained in
the quoted theorems.

The main results of the paper are obtained in one space dimension. Here we assume that the density
with stronger drift in  direction sits on the right side on the x-axis, i.e.,

(1.3) —0,®; > —0,Py and x> x5 for x; € {p) >0},i=1,2.
Under the assumption (1.3) the following theorems hold:

Theorem 1.1 (Segregation of solutions: Proposition 4.1, Theorem 4.2). For given m € (1,00] and 7 > 0,
let (p%7,p>7) be the time-discrete solutions given by the minimizing movement scheme with time step
size T > 0, as given in (MM,,). Then, the pair stays ordered for all times t > 0, i.e. pi’T is supported
to the right of the support of pf’T for all t > 0. Moreover, as T | 0 each density p“™ converges weakly
in L*™=1([0,T] x Q), along a subsequence, to p>™ for i =1,2. Also, along a subsequence p7 converges
pointwise a.e. to p>™ fori = 1,2. The pair of limiting densities (p-'™, p>™) solves (PME,,) in the weak
sense and it stays ordered for all times.

Theorem 1.2 (Convergence of weak solutions as m — oo: Theorem 4.7). Let (pb™, p*>™) be as given
above for given m > 1. Then as m — oo and along a subsequence, the density pairs converge weakly in
LP([0,T] x Q) for any 1 < p < oo to (ph:°°, p2°), which is a weak solution of (PMEy).

Theorem 1.3 (Patch solutions for (PME,): Proposition 4.9). Let m = oo and suppose, in addition
to (1.3), that 02,®; > 0 and p} = X(ai(0),bi(0))- Then 4> remains a patch for all t > 0, i.e. p;™ =
X(ai(t),bi(t))s ¢ = 1,2. The density pair in this case is a solution to a two-phase Hele-Shaw type flow with
drifts.

Remark 1.1. For the linear diffusion m = 1 the logarithmic entropy fpln pdx replaces ﬁ fpm dz in
the free energy, resulting in slightly different, however mostly parallel, analysis. Let us point out that in
this case the sum of the densities is always positive, and thus they will always form an interface between
each other in the event of segregation.

Let us discuss now the existing results from the literature that are relevant to our work. The single
density version of the system (PME,) has been introduced in [30] in the gradient flow setting, the free
boundary characterization and its links to (PME,,) has been studied in [1]. These and similar systems
received a lot of attention in the past a few years (see for instance [31, 32, 33] and the references therein).
These models are strongly related to the so-called Hele-Shaw models, as we can see in [1] (for other
references we direct the reader to [23, 24, 35, 39] and to the references therein).

Cross diffusion systems arise naturally from mathematical biology. These appear either as systems
of reaction-diffusion equations (as in [28, 22] for instance) or systems of advection-diffusion equations
(as in [7, 6, 16, 45] for instance). These systems appear also in fluid mechanics, such as the thin film
approximation of the Muskat problem studied in [20, 27]. Beside the PDE approach for degenerate
parabolic systems (used in most of the above references), more recently the optimal transport and gradient
flow theories have been adopted to study these systems. For a non-exhaustive list of the fast-growing
references in this direction we refer to [5, 8, 9, 10, 12, 13, 14, 15, 16, 18, 25, 26, 27].

Most of the aforementioned papers concern systems including separate diffusion terms for the evolution
of each densities. Such feature enables tracking of separate densities in the evolution. This is in contrast
to our case where recovering separate densities out of the dynamic system appears to be out of reach
unless the densities are guaranteed to be segregated. There are very few results available for systems
without separate diffusions, we mention here a few particular papers in this direction. In [6] the authors
study the well-posedness of the system (PME,,) in one space dimension when m = 2, ®; = 5 = 0 within
the class of segregated solutions. This is a particular case of our model where the total density satisfies a
degenerate parabolic equation, from which one can construct a segregated solution. In [38] Otto studies
in one dimension the case m = oo with gravity potentials ®;(z) = C;x and with full saturation, i.e. with



the condition p; + po = 1. There the mixing profile of one density correponds to an entropy solution of a
Burger’s type equation. This interesting description of mixing phenomena remains open to be extended
beyond the specific setting given in the paper. Lastly in the recent paper [9] the authors study existence
and segregation properties of one dimensional stationary solutions for systems of similar form to ours,
when m = 2 and the drift is generated by interaction energies.

Main difficulties and ingredients

As mentioned above, our main challenge lies in the fact that the densities may mix into each other
during the evolution, which indeed happens with the “unstable” initial configurations where the densities
are initially positioned in the opposite order to the equilibrium solution (see the discussion in Section 2.5).
Such situation indicates low regularity of each densities, hindering the system from being well-posed.
Indeed, in general we are only able to obtain strong convergence on the sum of the two density variables
in the continuum limit, as we will see in Theorem 3.8. Naturally this reasoning leads to the question
of whether one can formulate a “stable” initial configuration to obtain a stronger result. This question,
while under investigation by the authors, stands open beyond the one dimensional result for segregated
solutions, Theorems 1.1, 1.2, 1.3.

In terms of gradient flows, the challenge lies in the lack of available estimates or convexity properties.
Though not surprising in the context of the above discussion, this is an interesting contrast to the single
species case, where for instance stability of the discrete gradient flow solutions based on A-convexity
properties played an important role in the analysis. For us the higher order space regularity estimates
in the JKO scheme are available only for functions of the sum of the two densities. For similar models
considered in [25] and [27] this difficulty was overruled by presence of separate diffusions, or “separate
entropies” of the form ([ f(p') + g(p?)dz) in the free energy (1.2), however estimates obtained here do
not carry through as € | 0. Let us also mention that the flow interchange technique introduced in [29],
which has been quite successful to analyze some non-convex gradient flow systems such as in [19] or [27],
does not appear to be applicable to our system. Thus here we derive all our estimates relying only on
the first order optimality conditions satisfied by the discrete in time minimizers in the JKO scheme (see
for instance the proof of Theorem 2.4). This procedure is rather natural yet appears to be unexploited
in the literature for similar models.

Structure of the paper

In Section 2 the discrete-time scheme for the gradient flow is introduced, set in the Wa-product space.
In Section 2.4 the properties of discrete-time minimizers are studied. Here we observe that while the
total density p! + p? is relatively regular (Lipschitz continuous), separate densities may be segregated
and discontinuous. The segregation of densities with respect to the ordering properties of their potentials
are more obvious in Section 2.5, where one discusses the equilibrium solutions. Such segregation and
ordering property suggests that fingering and mixing is inevitable for densities starting from “unstable”
initial configurations, to position themselves into the stationary profile.

In Section 3 we analyze the continuum limit of discrete-time solutions by studying their convergence
modes as the time step size is sent to zero. We show that the limit solution satisfies a system of transport
equations which can be interpreted as a generalized solutions for the system (PME,,,). We also introduce
the standard notion of weak solution for our systems and show that the continuum limit satisfies this
notion when pointwise convergence holds for separate densities. It remains an open question whether the
densities indeed converge pointwise, i.e. whether we can track down the position of each density in the
evolution of the problem in general framework or in general dimension.

Section 4 is devoted to the analysis in one space dimension, where we consider stable initial configura-
tions that line up with the strength order of the drift potentials. In this setting we are able to guarantee
that solutions stay segregated with an evolving interface between them. As a consequence it follows that
pointwise convergence holds for each densities, which in turn yields the existence of weak solutions for
the system (PME,,). The continuum solutions of (PME,,) are then shown to converge as m tends to
infinity to a weak solution of (PME,) along a subsequence. Furthermore when the drift is compressive
(or incompressible), we show that patch solutions appear, yielding a solution to the two-phase Hele-Shaw
flow.
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Finally, in the Appendices A and B we recall some results from the theory of optimal transport and a
refined version of Aubin-Lions lemma respectively.
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2. MINIMIZING MOVEMENT SCHEMES AND PROPERTIES OF THE MINIMIZERS

2.1. Setting and notations. Let us introduce the setting of the problem and some notations. Let
Q0 C R? be a bounded domain with smooth boundary. We denote by £2(Q) the space of probability
measures on . For M > 0 we denote by ZM (Q) the space of finite nonnegative Radon measures on 2
(A4 () with mass M.

For a Borel measurable map T : Q — Q and p,v € 2M(Q), we say that T pushes forward p onto v,
and write v = Typ if v(B) = p(T~1(B)) for every B C ) Borel measurable set. Using test functions,
the definition of pushforward translates to

/qﬁ )dr(y /d) ))du(x), Vé:Q— R, bounded and measurable.

We equip the space 2M () with the well-known 2-Wasserstein distance Wa pr, i.e. For u,v € 2M(Q),
W) =min [ ooy sy em¥un
X

where ITM (u, ) is the set of the so-called transport plans, i.e. IIM (u,v) = {y € pM? (QxQ): (1%)py =
p, () xy = v}. In particular if 4 < £?L Q then the previous problem has a unique solution, which is
of the form vy := (id, T)4p. Here, in particular we adjusted the usual distance defined on probability
measures to measures having mass M > 0. Since it shall be clear from the context, from now on we write
Wy instead of W5 5. On the forthcoming pages we shall use classical results from the optimal transport
theory. All of these can be found for instance in [43, 3, 44].

We denote by .#Z%(Q) the space of finite vector-valued Radon measures on Q. If E € .Z%(Q), we
denote by |E| its variation. We denote the subspaces of absolutely continuous measures (w.r.t. £¢L Q)
by 22¢(Q), 22M(Q), etc.; we always identify these absolutely continuous measures with their densities
and write p instead of p - £¢ or pdx. If p € #2°() and ¢ > 0 by {p > ¢} we mean the set (up to
Z?-negligible sets) where p(x) > c a.e. In particular a property holds a.e. in {p > 0} if and only if it
holds p—a.e. Notice also that {p > 0} C, . spt(p). For a measurable set B C R?, we denote the set of its
Lebesgue point by Leb(B).

2.2. Minimizing movements. The heart of our analysis is the well-known minimizing movement or
JKO scheme (see for instance [2, 3, 42, 21]) on a product Wasserstein space.

Let us introduce the functionals. We consider Fy,, Foo : 2M1(Q) x 2M2(Q) — R U {+00} and
G : 2M(Q) x 2M2(Q) — R to be defined as

)+ p? ()" da, if (p' +p*)™ € LN(Q),
(2.1) / m— 1
otherwise,
0, if lp' + %= < 1,
(2:2) Foo(p) =

400, otherwise,

(2.3) 6(p) = [ ®1(2)ap' (@) + [ a(o)dr* (o),



where p := (p', p?), m > 1 is fixed and ®;, @5 : Q — R are given continuous potentials. Notice that F.,
is the indicator function (in the sense of convex analysis) of the set

1= {(pl,pz) c wal’ac(ﬁ) X L@Mz’ac(Q) :p1 +p2 <1 a.e.}.

It is classical that F,,, Fao and G are ls.c. w.r.t. the weak convergence of measures on #M1(Q) x
2M2(Q). It is immediate to see that they are convex, moreover F,, is also strictly convex (in the usual
sense) on PM1(Q) x PM2(Q)). We remark also that in general F,, is not displacement convez (in the
sense of [34]) on the product space. To see this, let us consider for simplicity m = 2. In this case,
for p', p* € L*() we can write Fa(p', p?) = [,(p")*da —|— Jo(p*)?da + 2 [, p'p*da. If F, would be A-
displacement convex (for some A € R), then the map p' fg(p p?) would share at least the same
modulus of convexity for any p? € 2M2(Q) N L?(Q) fixed. While the first term in the development
of Fy is 0-displacement convex and the second term is a constant for fixed p?, the last term would be
A-displacement convex if and only if p? would be A-convex, i.e. D?p? > A, in the sense of distributions.
However, p? can be chosen in a way that the lower bound on its Hessian is arbitrarily negative. Therefore,
this term fails to be A-displacement convex for any A € R and so does the functional F5.

We proceed as in the classical setting (see for instance [3, 21]): we define a recursive sequence of densities
associated to a fixed time step 7, then we introduce suitable interpolations between these densities and
take the limit as 7 | 0.

Let us introduce now the scheme. For this, we consider 7 > 0 a fixed time step and N € N such that
N7 =T. Let (p}, p3) be two given initial densities. For all k € {0,..., N} we define p] := (py”, py") as

T 1,7 2,7
p6 = (057> 007) = (po 3)
and for k£ >0

1 T
(MM,,) Pht1 = (Pk+17Pk+1) = argmin,c g (Q)x 2M2(Q) { m(p) +G(p) + EWg(Pa Pk)} .

In this scheme either m > 1 but finite, or m = oco. Here W4 denotes the Wasserstein distance on the
product space 2M1(Q) x 2M2(Q), i.e. Wa(p,v) := W2(p',v') + W3 (u?,v?), where p := (p*, pi?), and
vi= (v v?).

We state the following well-known lemma.

Lemma 2.1. The objective functional in the minimization problem (MM,,) is l.s.c. and bounded from
below and PM1(Q) x 2M2(Q) is compact, thus the optimizer exists. Moreover, F,, (m € [1,+00]) and
G are convex functionals and the functional p — Wg (p, ) is strictly convex whenever p = (u', u?) has
absolutely continuous density coordinates (see for instance [43]). Therefore, if the densities (pg, p3) are
absolutely continuous w.r.t. L4 Q, the optimizer pr. 15 also unique at each step.

2.3. Different diffusion coefficients for the two densities. In many cross-diffusion models (coming
mainly from mathematical biology or fluid mechanics, see for instance in [6, 28]) considered in the
literature, it is important to have different diffusion coefficients for the two densities. In our setting, this
could be formulated as follows. Given k1, k2 positive constants, consider a system similar to (PME,,) or
(PME), i.e.

Ot — V- (k1 Vpp! + Vd1p') =0
2.0 { 1P (K1 Vpp 10")

Op* =V - (k2Vpp? + VPyp?) =0

on [0,T] x Q, where p := %(p1 + pH)™ ! with m > 1 and where ®;,®5 : Q@ — R are given
potentials. Observe that (PME,,) corresponds to k1 = ko = 1. Actually, even for k1 # ko, this system
enters naturally into the framework of gradient flows considered in this paper. Indeed, we can define the
minimizing movement scheme as
P P 1 1
Lr 27y : 1,2 11 2 2 2,1 1,7 2/ 2 2,7
(PRi1s Pii1) = argming i {f(p P H/Q?lp dx+/9?2p dz + Tng (s pp") + %Wg (r*, pi )}-

Actually a part of the analysis that we perform in the forthcoming sections will be valid in this case as
well. In particular the results from Section 3 can be easily adapted to the system (2.4).
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2.4. Properties of the minimizers. We discuss now some properties of the minimizers in (MM,,).
For this, let us consider the following hypotheses

{ o Py € L™(9), if m € (1,400),

(Hp")
||p(1) +p3||Loo(Q) < 1 and .i/ﬂd(ﬂ) > M1 +M2, if m= +00;

p

Notice that the structural condition .Z4(Q) > M; + My in the case of m = +o0 is needed in order to
have nontrivial competitors that satisfy the upper bound constraint.

(Hs) Py, Py € WHX(Q).
First, let us derive the first order necessary optimality conditions for the minimizers in (MM,,).

Lemma 2.2 (Optimality conditions: m finite). Let m € (1,+00) and let &1 and Py satisfy (He) and
(po, ) satisfy (H}'). Let (p*, p*) be the unique minimizer in (MM,,) with k = 0. Then
(1) there exist Kantorovich potentials ¢, i = 1,2, in the transport of p* onto ply and C; € R (i =1,2)
such that
(2.5) Ll(p1 + pQ)m_l = max (01 —®; — apl/T; Cy — Py — @2/7;0) ,
m—
In particular (p* + p?)™~" is Lipschitz continuous, p' +p*> € COV/(m=1(Q), and these reqularities
degenerate as T | 0.
(2) One can differentiate the above equality a.e. and the optimal transport maps T (i = 1,2) in the
transport of p' onto ply have the form

T =id+7 <mv(p1 + )"+ v¢>i)
m—1

Proof. The proof of these results are just easy adaptations of the ones from Lemma A.1, thus we omit
it. O

Lemma 2.3 (Optimality conditions: m = 00). Let m = oo and let ®1 and Py satisfy (Hs) and (p, p3)
satisfy (H'). Let (p', p®) be the unique minimizer in (MM,,) with k = 0. Then

(1) there exist Kantorovich potentials ¢* in the transport of p* onto p§ (i =1,2) such that
(2:6) [ @+t mt = e+ [ (@2t ) - p)do > 0
Q Q

for any (ut, u?) € 2M1(Q) x 2PM2(Q) such that p* + p? <1 a.e. in Q.
(2) There exists a Lipschitz continuous pressure function p that can be defined via the Kantorovich
potentials ', ©? from (1) as

(2.7) Vp=—-V¢' /T —V®;, p'—ae., i=1,2,

and p > 0 and p(1 — (p' + p?)) = 0 a.e. in Q. In particular, the optimal transport map T in the
transportation of p' onto pb (i = 1,2) has the form

T'=id+7(Vp+ V).

Proof. The proof of the above results are adaptations of the ones from [30, Lemma 3.1-3.2] and [25,
Lemma 6.11-Proposition 6.12], so we omit it.
O

2.5. Equilibrium solutions when m < +4oo. Let us study the equilibrium solutions (p*,5?) of the

scheme (MM,,,), meaning that (p',5?) is a minimizer of the free energy F + G. This exists by the Ls.c.

and boundedness from below of the functional and the compactness of 21 (Q) x 2M2(Q)). Then writing

down the first order optimality conditions as in Lemma 2.2, one obtains that

(2.8) (P )T =Ci= @ i {7 >0},
' ()T 2 Ci— @, in {p' =0},

or in short
m

T (p! 4 A" = max(Cy - @130y — @:0],



for i = 1,2 and for some constants C7,Cy € R. For simplicity in this informal discussion one may suppose
that both ®; and @, are strictly convex with a unique minimizer in 2. Otherwise the constants C; may
vary on each connected component of {p* > 0}. Observe that the above conditions imply in particular
that whenever the potentials ®; and ®, are different and their difference is not only a constant, then the
phases p' and p* are separated, i.e. £ ({p' >0} N {p® > 0}) = 0. Moreover, in general the interface
{p* > 0}N{p? > 0} is present and on the interface the densities p’ (i = 1,2) are positive. For instance this
is the case when we take potentials ®;(z) = |z|? and ®» = 2|z|? and C},Cy are such that 0 < C; < Cy
and both densities are present.

In fact, with the above choice of potentials ®;, i = 1,2, suppose that we start our minimizing move-
ments with initial configuration of densities pj = X{jzj<1} and p§ = X{1<|z|<2}- In the equilibrium limit
we have {p° > 0} = {|z| < r1} and {p?> > 0} = {r; < |#| < ro} for some 0 < r; < ro. Thus, if
solutions (p!, p?) of the system (PME,,) exist with these initial data and potentials, heuristically it is
inevitable that the supports of p} and p? get mixed for some finite time ¢ > 0, while p! “filtrates” through
p? to change the ordering of their supports from the initial configuration. Such situation indicates low
regularity for each density, and illustrates the difficulty in obtaining a strong notion of limit solutions
for (PME,,,) in the continuum limit. Indeed in general we are only able to obtain a very weak notion of
solutions in the continuum limit, as we will see in Theorem 3.8. Deriving this weak notion of solutions
in general settings is our first main result in the paper. To the best of the authors’ knowledge, there
does not seem to be a PDE approach to yield well-posedness on the continuum PDE (PME,, ), especially
when V(I)l 7é Vq)g

On the other hand, if the initial configuration of above example is in line with the potentials, i.e. if we
switch the roles of p} and p3, we expect the solutions to be well-behaved and to stay separated throughout
the evolution, with stable interface in between them. It turns out that we can indeed show such separation
in one spacial dimension. In this case stronger results are available, and one can derive stronger notion of
solutions as well as the properties of the solutions and their interfaces in the incompressible limit m — oo,
which in some cases leads to a type of two-phase Hele-Shaw flow with drifts (see Section 4.4).

2.6. Regularity of the minimizers in the (MM,,) scheme.

Theorem 2.4. Let m € (1,+00). Let (p§, p§) € 2 (Q) x 2M2(Q) satisfying (H)') and let (Hg) be
fulfilled. Let (p*, p?) be the minimizer in (MM,,) constructed with the help of (p}, p3). Then

(2.9) plp* € L™(Q)
and
(2.10) (o + P12 € HY(Q).

If m = +oo, pt +p?> <1 a.e. in Q.
Proof. First, setting p = (p', p?) and p, = (pg, p2), by the optimality of p in (MM,,) w.r.t. p,, one
obtains

Fmlp) = ﬁ /Q(p1 +p7)"de < %Wg(p, Po) + Fm(po) +G(po) — G(p)

1
< ;Wg(P, Po) + Fin(po) + 2(My[| @1 Lo + Ma|[ P2 ze<),

which by the assumptions (H)") and (Hg) implies (2.9) for m finite. If m = oo, then clearly p' + p* <1
a.e. in ).

Second, writing down the first order optimality conditions (see Lemma 2.2) for the above problem,
one obtains

_m 2\m—1 . S’i: o i L
0 )T Rk =G i {p' >0 =12

where ¢ is a Kantorovich potential in the optimal transport of p® onto pj. This potential is linked to
the optimal transport map between these densities as T"(z) = x — V¢'(x). So, by Lemma 2.2(2) one can
write

(2.11) - %V(pl + ) VP = ~2 pi—ae., i=1,2.
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Since the r.hs. of (2.11) is in L2 () with [, LIV 2ptde = LWE(p", piy) and V&; € Lii(Q;Rd) we
have the estimation

2(

112 m — 1)2 1 i
LI96eAm tae < 22 (S ) + v ).

Adding up the two inequalities for i = 1,2, one obtains after rearranging

2(m — 1/2)2

_1/2/? 1
@12 [ [Vt 2] o < KO (LW, o) + DIV + M TRl ).
By the estimation (2.9) p!+p? is bounded in L™(f2), so by the fact that © is compact, p'+ p? is summable

in L2(2) for any 1 < ¢ < m. This means in particular that the average can be bounded as
]{l<p1 +p2)m—1/2d$ < ||p1 +pQHZ:l/di(Q)I/(%n)—l

m—1/2

hence Poincaré’s inequality yields that ||(p! + p?) | z2() is bounded, more precisely

m— m— 1 m—
(" + P2 2| 1200y < CallV(p* + p2)™ V2| 120y +-24(Q) 2 ]é(pl +p%)m 2 de

= Cal V(o' + )"z + 0" + PPl 22 (/=2

where Cq > 0 is the Poincaré constant associated to Q. Thus, (2.10) follows. O

3. THE CONTINUUM LIMIT SOLUTIONS IN GENERAL DIMENSION

In this section we study the convergence of the time-discrete solutions in the continuum limit. The
limit solutions can be interpreted as a very weak solution for both systems (PME,,,) and (PME,) in the
following sense:

Definition 3.1 (Notion of weak solution). By a weak solution of system (PME,,) we mean a pair
(p*,p?) such that p* € AC?([0,T]; 2Mi(Q)) N L>1([0,T] x Q), and setting p := -2~ (p' + p?)™ 1,
Vpp' € L7([0,T] x Q; RY), for some 1 <r <2 (i =1,2). Moreover p'|,—o = p}, (i = 1,2) and the equation

t t

(Weak) - / / p'Orpdadr +/ / v - Veop'dedr = / pL(x)p(s, x)da — / pi(x)o(t, z)dz,
s Ja s Ja Q Q

holds true for all ¢ € C1([0,T] x Q) and for all 0 < s <t < T, where

vl = Vp+ V,.

Similarly, by a weak solution of (PMEy,) we mean a triple (p1:>°, p2°°, p>) such that p>° € AC?([0,T];
PMi()) N L2([0,T] x Q), i = 1,2 with ||pb*>° + p>*°| 1=~ < 1, p>* € L%([0,T]); HX(Q)), p> > 0 and
p>®(1 — ph®> — p?°) =0 a.e. in [0,T] x Q. Moreover p‘|,—o = p}y (i = 1,2) and the equation (Weak)
holds true with p replaced by p™ for all p € C1([0,T] x Q) and for all 0 < s <t < T.

We underline that the above weak formulations encode in particular no-fluz boundary conditions on
[0,T] x 09.

Remark 3.2. (a) Notice that by density arguments, in the definition of the weak solution of (PME,,)
one can consider ¢ € WH1([0,T]; L1(Q)) N L([0, T); WH4(Q)) where ¢ = max{r’, (2m —1)'} and
in the case of (PME.,) one can consider test functions in W11([0,T]; LY(Q))NL2([0, T); H(£2)).

(b) Also, by the fact that we impose that the densities are absolutely continuous curves in the Wasser-
stein space', imposing the initial conditions is meaningful.
(¢) The uniqueness question of weak solutions seems to be very delicate and challenging.

ISee the Appendix on optimal transportation
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3.1. Interpolations between the densities. Let m € (1, +oc] and let us consider (pg, p3) and ®; and
@, satisfying the hypotheses (H}") and (Hg) respectively. We consider also 7' > 0 a fixed time horizon, a
time step 7 > 0 and N € N such that N7 =T and the densities (p,lc’T, pi’T)fCVZO obtained via the (MM,,)
scheme starting from (p{, p3). We denote the optimal transport maps and the corresponding Kantorovich

potentials between two consecutive densities p;7; and p;” by T} and ¢}, respectively (k € {0,..., N —1},
i =1,2). If m = oo, we consider also the pressure variables p], (k € {1,..., N}) constructed as in Lemma
2.3. _ )

Since % = ldzi can be seen as a discrete velocity (displacement divided by time), it is reasonable

to define the discrete velocity of the particles of the i*" fluid located at x € Q (for a.e. z € Q) as

V() = — V(o] (@) + prgy (@)™ = Vi(x), if m € (1,+00),
* . _VPE-H(QC) — V&,(x), if m = oo.

As technical tools, we shall consider continuous and piecewise constant interpolations between the
discrete densities. We will also work with the associated velocities and momenta. These constructions
and the estimates on them are standard for experts and are very similar to the ones from [43, Chapter
8.3] and from [30]. We refer to [42] as well, as an overview of these techniques.

Continuous interpolations. Using McCann’s interpolation — as it is done for instance in [43, Chapter
8.3] - we can consider families of continuous interpolations [0,T] 3 ¢ = (pp'", p27) € 2M1(Q) x 2M2(Q)
between the discrete in time densities parametrized with 7 > 0. We denote the corresponding time
dependent families of velocities and momenta by v©™, E"",

It is worth to notice that the above construction implies in particular that (p*7, E“7) (i = 1,2) solves
the continuity equation

(3.2) op"T +V-ET =0

(3.1)

on [0,T] x © in the weak sense, i.e.

(3.3) / /p@tqbdde—l—/ /El Vodxdr = —/ () (s, x)dx—i—/ Y(x)o(t, x)dx

for all € CH([0,T] x Q) and 0 < s <t < T.
Piecewise constant interpolations. We consider a second family of interpolations, simply taking

(3.4) prT = pzil, vy = v}, and EZ "= = pUTVeT for t € [k, (k+1)T).
We consider the piecewise constant interpolation for the pressure variable (see Lemma 2.3) as well, i.e.
(3.5)

(Cr = @1 — ¢} /7)4, in {Pk+1 > 0},

pri={ (Co—®y—}/7)y, in{pp], >0}, for t € [kr, (k+1)7),k € {0,...,N—1}.
0, in 0\ ({o}7, > 0} U {p}], > 0}),

(~17’

In addition we set pl := (51", 5=7) for all t € [0,T]. We remark that by construction one has gi'™ = pi”

fort =Fkr, ke {l,...N}.

3.2. A priori estimates for the interpolations. We discuss now some estimates on the interpolations
that will be useful to pass to the limit as 7 | 0. In general, all the constants in the estimates depend on the
data pg, p3, @1, ®o, T and m, however it will be especially important to keep track the precise dependence
of them on m (in particular we use these estimates also in the limiting procedure when m — +00). To
highlight this dependence, we denote the constants as C(m).

Lemma 3.1. For any m € (1,400, 7 >0 and any k € {0,..., N — 1} one has

1 N-1

(36) 5= 2 Walpiia: pk) < Fun(pp) +G(p5) — Funlpi) = G(pR),
k=0

(3.7) ||Pk+1 + Pk+1||Lm @) < Ci(m),
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where

if m = oo.

1/m .
(3.8) Ci(m):= { ((2m = 2) (M| ®1]] oo () + Ma || 2| Lo () + [l6 + P%H?m(m) ;i m < oo,
1

)

Proof. The proofs of both inequalities are immediate by the optimality of pj; w.r.t. pj in (MM,,). So
we omit them. 0

Corollary 3.2. Hypotheses (He) and (H}') imply that

N-1
%Z( Pk ’pk 1)+W2(Pk 7Pk 1)) < Cy(m),

=0
where
(3.9) Co(m) = 25106+ PRIT + AM || @1 Lo + AMa||Dol| Lo, if m € (1,+00),
. 2 4M1H(I)1||Loo +4M2||‘1)QHL°°, if m = 4o00.

is independent of T.

Lemma 3.3 (Bounds for p»7, v&™ and E*7). Assume that we constructed the discrete densities pZ’T for
7>0,k€{0,...,N} and i = 1,2. Let p"™ be the continuous interpolations and let v and E"" be the
associated velocity field and momentum variables respectively. Then

(1) pb™ is bounded in AC2([0,T]; (2™ (Q), Ws)) uniformly in 7 > 0;
(2) v“7 is bounded in L*([0,T); Lii,(Q;Rd)) uniformly in ™ > 0;

(3) E“T and E" are bounded in A0, T) x Q) uniformly in 7 > 0.

Proof. For 7 > 0, by construction p*7 is a constant speed geodesic interpolation with the corresponding
velocity field v»7. This implies that

—1

T T
1,7 1
| ae= [0y 0 = 32 SWEGATAT) < Calm)
=1

[

Now, by Corollary 3.2 we obtain that (1)-(2) hold true.
To estimate the total variation of E*” we write

[E“|([0,T] x Q) / /|V |pi’7dxdt§/ (/ VT 12pT d ) </pi’7dx> dt
Q
T
g\/ﬁ\/f(/ /|v;’f| pr d:cdt) < /M;TCy(m).
0 Q

In the last inequality we used the previously obtained bound on v*7. The bound on E” rely on the same
argument. O

Lemma 3.4 (Bounds on p7). Let us consider the piecewise constant interpolation [0,T] 3 t — py of the
pressure variables defined in (3.5). Then p” is bounded L?([0,T); HY(Q)) independently of T > 0.

Proof. The proof is similar to the ones in [25, Proposition 6.13] and [36, Lemma 3.6]. We sketch it below.
Let us use the fact that Vp] = —V¢! /7 — V®;, p}c’ll —a.e., for all k € {0,...,N — 1} where ¢} is an
optimal Kantorovich potential in the transport of p;" 41 onto pk First, let us compute

i i i i 2 @, T @, T
[ Vi ade < 5 [ DePrhade+2 [ D02 e = ZWEGTL) + AT

then adding up the two inequalities for ¢ = 1,2 (using the fact that pj, is supported on {P11c+1 +pi+1 =1}),
one finds

2
/|Vpk| dx—/ IVorI*(Phs1 + Phys)d <Z( W3 ( Pk+1aﬂk )+2||V‘I>i||%oo(sz)>~
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Integrating in time || V7 || 2(q) using Corollary 3.2 one has that V™ € L?([0,T] x Q). Using the fact that

LT = 0}) > L4{prT + 5T < 1)) > LYN) — My — My > 0 for ae. t € [0,T], one concludes by a
suitable version of Poincaré’s inequality that p™ uniformly bounded in L?([0,T]; H'(2)) as desired. [

We show now gradient estimates, derived from the optimality conditions (2.11).

Theorem 3.5. Let m € (1,+00). Then for the piecewise constant interpolation p>™ (i = 1,2) introduced
n (3.4) one has

(3.10) V(5T + 5572 2 o.ryx0y < Cs(m), (1357 + 557)™ 2| 2o, 1)x0) < Ca(m),
and
(3.11) 6% 4+ 5> || Lo, () < Cs(q,m), Yg > 1,

where C3(m),Cyq(m),Cs(q,m) > 0 are constants independent of 7 > 0. The first two bounds imply in
particular that

(3.12) (p"" + ﬁQ’T)M71/2||L2([0,T];H1(Q)) < (C5(m)* + Ca(m)?)
Proof. We use the inequality (2.12), writing for (piippi’ll), ie.

T \m—1/2 2 2(m —1/2) 2,1 20 i QT 2 2
o ‘V Pri1 +Pk+1) ‘ de < ———— Z§W2 (1> PR )+2Mi||vq’i||mo .

m : ;
=1 =1

1/2

Since the curves 7 (i = 1,2) are piecewise constant interpolations, i.e. pi'™ = pi’il for t € (kr, (k+1)7],
one has

2
/ /‘V (5L + Ty 1/2‘ dxdt_TZ/‘v pkH—i—kal)m—l/z‘ dz

=
1=1 k=0
2 N-1
2(m — 1 2
/ S Y M|V
1=1 k=0
(m—1/2) :
<= (cz( + TS M|V ||Lm> = C5(m)?,
=1
which implies (3.10), with
Va(m - 1/2) 2 v
_—
(3.13) Cy(m) = X2 <C'2(m) +T;Mi||v<1>i|’jm> .

Similarly, using the estimations from Theorem 2.4 and (3.7), we can write

T N—-1
~1,7 ~2,7\n T _
/0 1Y + 3T 2 2 dt = 7 3 (kT + 20 V2 2
k=0

N—-1
2
T ym— m—1/2 ) —
<t (CQ”V Py + i)™ P2 ) + gty + e, é).fd( )/ 2m) 1/2)
k=0

N—1
Z (CQ”V Pk+1 + Pk;)m 12 ||L2(Q + ||Pk+1 + pk-&-l”%ﬁlﬂ(é gd(Q)l/m_l>
k=

e s

Thus, the second estimation in (3.10) holds true with

(3.14) Cy(m) :== V2 (C%Cg(m)Q + Tcl(m)zm—ljd(Q)l/mf1>l/2 .
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Using (3.7), for any ¢ > 1 we can write similarly as before

~1,7 ~2.T
[0 R dt—TZ||pk+1+pk+l||q < TCi(m)".

So defining Cs(q, m) := TY4C}(m), one obtains the last estimation (3.11) O

In what follows — using a refined version of the Aubin-Lions lemma — we prove a strong compactness
result for 517 4 p*7 where p%7 and 5?7 are the piecewise constant interpolations.

Proposition 3.6. Let m € (1,+00). Then the sequence of curves defined as pt-™ +p>™ (for any sequence
(Tn)n>0 of positive reals that converges to 0) is strongly pre-compact in L*™~1([0,T] x Q).

Proof. We will use a refined version of the classical Aubin-Lions lemma to prove this result (see [40] and
Theorem B.1). Then we will argue as in in [19].
Let us set B := L™~ 1), §: L*™1(Q) — [0, +00] defined as

o™ 2 (e, if p € HY(Q) N 2MM2(Q),
3(p) = :
+o0, otherwise
and g : L7 1(Q) x L>™~1(Q) — [0, +-00] defined as
Wa(p,v), if p,v € M),
9(p,v) =

400, otherwise.

In this setting, (p"™ + p>™) _ and § satisfy the assumptions of Theorem B.1. Indeed, from Theorem
T
3.5 one has in particular that / (g™ +peTym—1/2 H?ql(mdt < C3(m)*+Cy(m)?. The injection H'(Q) —
0

L?(2) is compact, the injection i : 7 nm is continuous from L?(Q) to L>™~1(Q) and the sub-level
sets of p — ||p™ /2| g1(q) are compact in L>™~1(Q).

Moreover, by Corollary 3.2, Lemma A.3 and by the fact that g defines a distance on D(F), one has that
g also satisfies the assumptions from Theorem B.1, hence the implication of the theorem holds and one
has that ( plTn 4 p% T") o 18 pre-compact in .Z(0, T} L?™~1), Finally, the uniform bound (3.7) implies

the strong pre- compactness of (ph™ +p>™) o, in LP™71([0,T] x Q). O

3.3. The limit systems as 7 | 0. We proceed with the final step of our scheme, i.e. as the time step
size goes to zero, we show that along a subsequence the discrete solutions converge to yield a very weak
solution of the PDE systems, in the sense of Definition 3.1. We use the convention of L>™~1([0,T] x Q) =
L*>([0,T] x Q) whenever m = +o0.

Proposition 3.7. Let m € (1,+00| and let us consider any sequence (T,)n>0 which converges to zero.
Then, along a subsequence the following holds:

(1) There exists p* € AC?([0,T); (2Mi(Q), W) N L2™=1([0,T] x Q) (i = 1,2) s.t. p»™ — p' and
piTn — ptas n — +oo uniformly on [0, T) w.r.t. Wa, in particular weakly—* in 2™ (Q) for all
te[0,T].

(2) There exists E' € 4% ([0,T] x Q) (i =1,2) s.t. E“™ = E' and E'™" 5 E asn— +oo.

Proof. In Lemma 3.3 we obtained uniform bounds on the metric derivative of the continuous interpolations
p“™ (i = 1,2), which is enough to get compactness. More precisely there exist [0,7] 3 t — pi € 2Mi(Q),
i = 1,2 continuous curves such that (up to taking subsequences for 7,,) pi'™ — p! uniformly on [0, T]
w.r.t. Wy as n — 400, in particular weakly-x in 22Mi(Q) for all t € [0,T].

The other interpolation §»™ coincides with p»™ at every node point k7, hence it is straightforward

that (up to a subsequence taken for 7,) it converges to the same curve p* uniformly on [0, 7] w.r.t. Wa.
Lemma 3.3 states also that E*™ and E” " are uniformly bounded sequences in .# 4([0,T] x €2), hence
there exist E € .#%([0,T] x Q) such that (up to a subsequence taken for Tn) E'™ “E and E " 5 E

(i=1,2) in .#%[0,T] x Q) as n — +oo. The convergence of E*™ and E"™" to the same limit E’ follows
from the same argument as in the proof of [36, Theorem 3.1]. |
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These convergences imply that one can pass to the limit in the weak formulation (3.3) as 7 J 0 and
obtain that (p’, E) solves as well the continuity equation

(3.15) op'+V-E' =0

on [0,7] x © (with initial condition p*(0,-) = p{)) in the same weak sense.

In particular, by Lemma 3.3 one has that the sequence (Bg(pi’T7L,Ei’T")) is uniformly bounded

neN
for any positive vanishing sequence (7,,)nen, where By denotes the Benamou-Brenier action functional
(see its precise definition and properties in Appendix A). In particular, by the lower semicontinuity of
this functional, there exists v* such that v} € Lii(Q;Rd) for a.e. t € [0,7] and at the limit (as 7 | 0)

E’ = v’ - p'. This implies further that the equation (3.15) has the form

(3.16) op' + V- (viph) =0.

3.3.1. Precise form of the limit systems. Now we shall work with the piecewise constant interpolations
p»7,i = 1,2 and with the corresponding momenta ]T]M,i = 1,2 to determine more properties of the limit
systems. The more precise convergence results are summarized in Theorem 3.8 and 3.9 below.

Theorem 3.8. Let m € (1,+00) and let p¥7,i = 1,2 be the piecewise constant interpolations between

the densities (,02’7){3’:0 and EZ’T,Z' = 1,2 the corresponding momentum variables. Taking any sequence
(Tn)n>1 that goes to zero, the following holds along a subsequence:
(1) (p4™ + /327‘rn)n>0 converges strongly in L*™~1([0,T] x Q) to p* + p?;
~1,7, ~2,Tn\
2) (E +E )
Vdyp2, i.e.,
(3.17) vt + P = —V(p! + p*)" — VI pt — Vdyp?

in the sense of distributions on [0,T] x Q.

N i = 1,2 converges in the sense of distributions to —V (p* + p?)™ — VP pt —
>0

Proof. Let us show (1). Proposition 3.6 implies already that g% + §>™ (up to some subsequence
that we do not relabel) converges strongly in L*™~1([0,T] x §2). Also, by Proposition 3.7 we have that
prT 2 pias o — oo for all t € [0,T). Hence the limit of (57 + p>™),>¢ is precisely p' + p? and
ot € LPm([0,T] x 2) 0 AC(0,T]; (2V4(Q), W) i = 1,2.

We show now (2). By definition of E on has that

~1,7 ~2,7

B + E _ _v(ﬁl,‘r 4 ﬁQ,T)m _ v(plﬁl,‘r _ V(I)QﬁQ’T.

Since by (1) pt™ + p>™ — p! + p? strongly in L2™~1([0,T] x Q) as n — +00, one has that (p1™ +
2T s (pt 4 p2)™ strongly in L2~ ([0,T] x Q) as n — +oo. This, together with the weak—x
convergence of (p"™),>¢ to p' implies the first part of the statement. On the other hand one has

obtained already that E™" E = vipt as n — +oo, thus (3.17) follows as well. O

Remark 3.3. (1) Let us underline the fact that it is unclear whether we could show a stronger
version of Theorem 3.8(2), i.e. the convergence (up to passing to a subsequence) of (E”)

n>0

to —=p'V(p! + p?)" 1 — V®;p' i = 1,2, which is necessary in order to obtain the weak

formulation of the PDE system at the limit .
(2) In Theorem 3.8 if in addition (ﬁ”")n>0 either for i = 1 or i = 2 converges a.e. in [0,T] x Q

then both sequences (i = 1,2) converge strongly in L*™~1([0,T] x Q) to p* and the corresponding
momentum (Emn)nx) (i = 1,2) converge in the sense of distributions to — "= p'V (p'+p?)™ 1 —
V&,p'. The study of a stable scenario when this holds true is the subject of Section 4.
Proof of Remark 3.3(2). First, clearly the pointwise convergence of (ﬁ”")n>0 and the strong convergence
of (ph™ + 5277")n>0 in L2™=1([0,T] x Q) by a suitable version of Vitali’s convergence theorem imply the

strong convergence of (ﬁ”")n>0 in L2™=1([0,T] x Q) to p’. Since one of the terms in the sum of these
sequences and the sum itself converges strongly, so does the other term as well. Let us recall the formula

Ez,Tn _ 7mni - ~i’T"V(,51’T" + ﬁ2,‘rn)mfl _ v(pl,al’T"-
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The strong convergence of (ﬁi’T")n>O implies that the second term of Ewn, ie. —V®;p"™ (since V&,
is in L>°(Q;RY)) converges strongly in L?™=1([0,T] x ;R?) to —V®,p’. Thus in particular weakly- in
AM4(0,T) x Q). The first term of E”" can be written as

_ m ~i,'rnv(p~1,‘rn +ﬁ2»7‘n)m71 — m [V(f)l’T" +p~2,-rn)m71] (ﬁl,rn +ﬁ2,rn)1/2 ﬁi’ﬁrn
m—1 m—1 (ﬁl,T.,,, + 52,7'”)1/2’
and notice furthermore that
m
_ v ~1,Tp ~2 T, \m—1 ~1,7, ~2.7,\1/2 - _ v ~1,7, ~2.Th m—1/2.
—— [V )T (0T 4 5P D) (P + p2)

Theorem 3.5 implies that the sequence (—m_im(ﬁl’r" + /32’7")7”71/2) - is uniformly bounded in the
space L2([0,T]; H*(2)), hence there exists a subsequence (not relabeled) and some & € L2([0,T]; HY(Q))

such that (— minl/Q (phmn +/32’T“)m_1/2) is converging weakly to £ as n — +oo. In particular,
n>0

— g (b 4 g2 ¢ weakly in L([0,T) x Q) and — sV (ph T 4 pBT) M2 VE
weakly in L2([0,T] x ;R9) as n — +oc.

By Proposition 3.6 one has that (,51’7" + ﬁ2’7")n>0
which implies in particular that ((p"™ + 52’7"L)m71/2)n>0
p?)™~1/2 This together with the above weak convergences implies that V¢ = —%WV(pl +p?)m2 ¢
L2([0,T] x ;R%).

Now, by the strong convergence of 5™ to p* in L2™~1([0,7T] x §2) one has that

converges strongly to p! + p? in L*™~1([0,T] x Q),
converges strongly in L?([0,7] x Q) to (p* +

~1,Tn %

14 . p
(,517% + ﬁQ,Tn)1/2 (,01 + p2)1/2

as n — +oo

56 Tn

pointwisely a.e. in [0,7] x Q. Moreover, since the densities are non-negative one has ——£f——— <
) ) (pL7n +p27n)1/2

1

3

()2 and (5"™)z converges to (p')z strongly in L22™=1([0,7T] x Q). Hence Lebesgue’s dominated
convergence theorem implies that
ﬁiﬂ'n pz
_)
(ptm + ﬁ2,rn)1/2 (p* + p2)1/2
strongly in L2?™=1([0,T] x Q).

Gluing together the two previous results, one obtains that —

as n — 400,

ﬁv(ﬁlﬂ'n +p~2777b)m_1p~i7T7L COnVergeS

weakly to —%V(pl +p)™ " in L7([0,T] x Q;R?) as n — +oo, where 5 + m +1=1 1ie

2(2m—1)
2m—2 )
the strong convergence of the term V®,;p" "™ implies the thesis.

r = > 1. So in particular the convergence is weakly-x in .Z([0,T] x ), which together with

O

Theorem 3.9. Let m = +oo and let and let us consider p>7,i = 1,2 the piecewise constant interpolations

between the densities (pfc’r);f:o and Em,i = 1,2 the corresponding momentum variables. Let us consider
moreover p” the piecewise constant interpolations between the pressure variables (p%)g;()l. Let us take
any positive sequence (Tp)n>0 such that 7, L 0 as n — +oo, and let us consider the weak limit p of
(P )n>o0 in L2([0,T); HY(Q)) and p* the limit of (p*™)n>o in L>2([0,T]; (2Mi(Q), W2)) (up to passing
to a subsequence that we do not relabel). Then we have the following:

p(1—(p' +p?) =0 ae. in[0,T] x Q.
Proof. First notice that by Lemma 3.4 and Proposition 3.7 the weak limits p and p* (i = 1,2) exist.

Furthermore, (1) follows from the previously mentioned results, Lemma A.3 and [36, Lemma 3.5]. |

Remark 3.4. In Theorem 3.9 if "™ and p>™ are such that Z*({py™ > 0} N {p;™ > 0}) = 0 for all
t €10,7] and for all n € N, then

=T

E" 5 _Vp—Vd;ip', asn — +oo, in A% 0,T] xQ), i=1,2.
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If moreover L ({p} >0} N {p? > 0}) =0 for a.e. t € [0,T], then
Vp = p'Vp, ae. in [0,T] x Q, i=1,2.

Proof. To show the remark let us recall the form of the momentum variables, i.e.

E = i}iﬂ—nﬁia"—n — 7Vp7—nﬁi77-n _ v@iﬁiﬂ-n =_Vp™r — Vq)i,ai’T",
where the last equality holds true since p™ (1 — (p"™ + p?™)) = 0 for all ¢ € [0,7] and a.e. in Q and
by the assumption Z4({5;™ > 0} N {p>™ > 0}) = 0 for all t € [0,T], one has {5}"™ + pr™ =1} =,
{pr™ =1}U{p;™ =1} for all t € [0, T] and the two sets are disjoint a.e. in Q. By the weak convergences
of (p™)n>0 to p and (™ )p>0 to p* (i = 1,2) one can easily conclude that

E"" A _Vp—Vd;p', asn — +oo, in A£%[0,T] x Q), i=1,2.
Also, Vp = p'Vp, i = 1,2 ae. in [0,T] x 2 follows easily from (1) and the assumption £ ({5} >
0} N{p? > 0}) =0 for all t € [0,T], as desired. O

3.4. Segregation of the densities. As mentioned in the introduction, it seems natural to look for
initial configurations of the system (PME,,) where there is no mixing of the densities, to strengthen our
convergence results in the continuum limit. We shall describe such initial configurations in one space
dimension in the next section. Here we describe some properties of the time-discrete solutions (obtained
by the JKO scheme) which hold for all dimensions. In particular, we show that when ®3 = ®; + C (for
some C € R), then the densities stay segregated if initially they were so. We derive also some properties
of the mixed region, when the two initial densities are mixed in a special way. Still, these statements are
only true for time-discrete solutions, and we cannot rule out the possibility that the limiting densities end
up mixed, for instance, due to “fingering” phenomena (see also the numerical observations in [28] which
displays fingering phenomena when a system, similar to (2.4), has unstable combination of diffusion
constants and source terms). It seems that additional geometric property is required to preserve the
segregation property in the continuum limit.

Proposition 3.10. Let m € (1,+0o0]. Let us assume moreover that ®1 and @ are such that o = &1 +C
on Q for some C € R, with the hypothesis (Hg) fulfilled. Let (pg, pg) € 2 (Q) x 2M2(Q) satisfy (H])')
and let (p*, p*) be the minimizers in (MM,,) constructed with the help of (p}, p3). Then the following
statements hold true.
(1) If £ ({pg > 0} N {pg > 0}) =0, then £ ({p* >0} N {p? > 0}) =0.
(2) Let us define the Borel measurable sets A := {p} >0} N{p3 >0} and B := {p' >0} N {p? > 0}.
Let us suppose that Z%(A) > 0 and L4(B) > 0. If there exists v > 0 such that rp} < p3 a.e. in
A, then rp' < p? a.e. in B.

Proof. Let us use the notation V® := V®; = V®,. Using (2.11), the optimal transport maps T (i = 1,2)
in the transport of p’ onto py (see Lemma 2.2-2.3) can be written (p’ — a.e.) as

T d+7 (%V(pl +p)m 4+ V@) , ifm e (1,+00),
id+7(Vp+ Vo), if m = oo.

In particular, observe that 7' = T? a.e. in {p* > 0} N {p? > 0}.

We show (1). Suppose that the Borel measurable set B := {p! > 0} N {p? > 0} has positive Lebesgue
measure. For any x¢ € B such that z is a Lebesgue point of p!, p? and T, T? and T (zo) = T?(x0) is a
Lebesgue point for both p} and pZ, one has (since T (z¢) = T?(x¢)) that T (z¢) = T?(xo) € {p{ > 0} N
{p3 > 0}. In particular the positive mass of each p’ (i = 1,2) on B is transported onto {pg > 0}N{pZ > 0}.
On the other hand, since both p} and p3 are absolutely continuous w.r.t. .£?, this mass cannot be
supported on an £“-null set, which is a contradiction to the assumption 2 ({pf > 0} N {p3 > 0}) = 0.

We show (2). First observe that one can write two Jacobian equation in a weak sense, i.e.
3.18 det(DT") = — -
(318) (T = Lo

Pt — a.e..

Since the measures p?, i = 1,2 are absolutely continuous w.r.t. the Lebesgue measure, the maps T*
are differentiable p* — a.e. and the previous equation holds true pointwisely p* — a.e. (see for instance
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[17, Theorem 3.1]). Let us choose zo € B such that it is a Lebesgue point of both p! and p? and it
is a point of differentiability of both 7! and T2 (in particular p!(z¢) > 0 and p?(x¢) > 0). Since the
optimal transport maps coincide on the common support of p! and p?, one may assume that T'(zg) =
T (zg) = T?%(z0) is a Lebesgue point of both p} and pg. The Jacobian equation (3.18) yields that
03 (z0)/pt(z0) = P3(T(20))/ps(T(x)) > r, which concludes the proof. O

4. SEGREGATED WEAK SOLUTIONS IN 1D

In this section we study the local segregation property of the supports for the time-discrete solutions.
As a consequence we show the existence of segregated weak solutions of the systems (PME,,,) and (PME)
in one spacial dimension.

4.1. Separation of the supports and ordering property in one space dimension.

Framework Hyp-1D. We set the following geometric framework (see also Figure 1 below for illustra-
tion).
(1) d =1, Q a bounded open interval, the potentials ®;, i = 1,2 are semi-convex and C*();
(2) The drifts are ‘ordered’, in the sense that 0y Pa(x) > 0,P1(x) for all x € Q. This means in
particular that ®o — @1 is increasing;
(3) pb and p? are two densities such that for a.e. x € {p} >0} and y € {p§ > 0} one has that y < x.
We refer to this last property as “ordering of the supports” of the initial densities. This implies
in particular that £ ({p{ > 0} N {p2 > 0}) = 0.

Let us point out that the assumptions from Hyp-1D immediately imply with reasoning parallel to
Proposition 3.10 that £ ({p! > 0} N {p* > 0}) = 0 for one-step minimizers (p!, p?) given by (MM,,).
To see this, suppose {p' > 0} N {p? > 0} =, B for some Borel measurable set B such that Z1(B) > 0.
As in the proof of Proposition 3.10, The optimal transport map 7% (i = 1,2) in the transport of p’ onto
pb is given by

g [T (%az(pl + )l 4 az<1>,») . if m € (1,400),
id+ 7(0up + 0. 9;), if m = oo.
The above formula and the assumption 9,®2 — 9,®; > 0 in Q yield that T72%(z) > T*(z) a.e. in B, which
contradicts the ordering property of the initial data.

Still, this separation property is not enough to iterate over time steps unless the ordering property of
the initial configuration is preserved for (p!, p?). This is what we prove next.

Proposition 4.1. Let m € (1,+00] and suppose the assumptions in (Hyp-1D) and the hypotheses (Hg)-
(H}') are in place. Let us denote by (p*, p?) the one-step time discrete solutions given by (MM,,) for
k = 0. Then the ordering property from (Hyp-1D) holds true for {p* > 0} and {p* > 0}.

— e
—8w<1>2 —855(1)1

FIGURE 1. Ordering of the supports of the initial data

Proof. Suppose the contrary, i.e. there exist B; C {p* > 0} and B? C {p? > 0} with #*(B') > 0 and
#'(By) > 0 such that for a.e. x € B! and y € B2 z < y (see Figure 2 for illustration).

Claim: there exist E* C B', i = 1,2 Borel measurable sets, # > 0 and § > 0 such that £ (E') =
LUE?) >0, E?=FE'+ 60 and p' > 6 a.e. on E', i = 1,2 (see Figure 2 for illustration).
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Proof of the claim. Let us take zq € B',yo € B? Lebesgue points. This means in particular that
p(zo) > 0, p*(yo) > 0 and

(4.1) lim |p*(z) = p'(z0)| dz =0, lim |p*(x) = p*(yo)| dz = 0.
™0 /B, (wo) 0 /B, (yo)

Now let us take r > 0 small (we fix it later) and let § := min {p'(20)/2, p*(yo) /2} Let us consider
moreover the measurable sets E' C B! N B,.(z) and E? C 32 N B, (yo) defined as E' := {p' >4}, i =
1,2. By construction, for r > 0 small enough one has that (B, (zo) \ E')/Z(B,(z0)) < 1/3 and
LY (B, (yo) \ E?)/ 2L (B, (1)) < 1/3. Indeed, one has

11’ €T €T > ; 1CC— 1x T
fy @ =l 4> s [ ) =4

p'(x0) L1 (By(x0) \ E)
=2 Z'(B(w))

and by (4.1) the Lh.s. tends to 0 as r | 0, so for r > 0 small enough LY(B,(x0)\ EY) /L (B, (x0)) < 1/3.
Similarly for p? and E2. Fix such an r > 0. ) )
Furthermore, set 6 := yy — 1o and define E! := E' N (E? — ) and E? := E' + 6. Thus,

Z1(E?) LYEY) LB \EY)  LN(Br(y) \E?) _ 1

_ _ r(y
LY (B (yo)) L (Br(wo)) ~ Z1(By(x0)) Z1(Br(yo)) 3

This finishes the proof of the claim, since r > 0 is a fixed small number.
Now we construct a new competitor (5%, 5?) in (MM,,,) which has less energy (we refer to Figure 2 for
the illustration) than (p!, p?), yielding the contradiction. Define p! and j? as

P in Q\ (E'UE?), %, in Q\ (B'UE?),
pt=< pt—4, in E', and p?>={ 9§, in F',
6, in E?, p? — 46, in E?.

We construct corresponding transport maps (not necessarily optimal ones), T! between pt and p} and
T? between p? and p? as

" T! in 0\ E2 - T2 in Q\ B!
1 _ ) ) 2 ) 5
T _{ T(-—6), in E2 and T _{ T2(-+6), in E.

By construction 7% 5" = pj), i = 1,2. Let us use the notation Ej := T"(E") and E3 := T?(E?), these are
Borel measurable sets and subsets of {p} > 0} and {pZ > 0} respectively.

P Py,
&/\k;--ﬁbfﬁ\ \
gl <—9> > 0

FIGURE 2. Ordering property for {p} > 0} and {p2 > 0} (on the right). This is is
violated by {p! > 0} and {p? > 0} (on the left)

Notice that by construction p* + p? = p' + p? in Q, hence

(4.2) Fn(ph,7°) = Fin(p', p?).
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Now let us see how the other two energy terms in (MM,,,) change by considering (!, 5%) as competitors.
Let us use the notation h(z) := 0, Pa(x) — 9,P1(z). First,

Boi= 67, 77) - G0 ) = [ 0atde+ [ oo [ auptdo [ anpas
Q Q Q Q

=5 </E <I>1(x)d:r—/El <I>1(a:)d:c> +6 (/E @g(x)dx—/Ez @g(x)dm)

= . S[(D1(z+0) — Da(x +6)) — (P1(x) — Po(x))] dz

= . o0 [833‘1)1(596,9) - ax(I’Q(ga:,O)] dz
E
where in the last equality we used the mean value theorem and &, ¢ is some point in (z,z + ). We

compute now the change in the W, terms. Recall the structure of the transport maps 7%, i = 1,2 and
mind that they might be not optimal. Thus one has

1 3 1 i 1 1
Eyw, = ng(pl,pé) + §W§(p27p3) - ZWi(plypé) - ng(pQ,pg)

< x |x—T1(x—0)|25dm+i/ |z — T?(z + 0)|*dx
El

T 27 Jpe 2T

. lx — T (x)|?6dx — i/ |z — T2 (x)]*0dx
2T El 2T E2

=— (Jz+60—T"(2)]* — |z — T"(z)|°) 6dz
2T El

1
+— (Jz — 0 —T%*@))* — |z — T*(z)|*) 6d=
2T E2

o0
- T JE1
where ' = § - L1 L E? and ) = Tj%ni, i=1,2.
Now, it is easy to see that Fg 4+ Ew, < 0. Indeed, by the assumptions (2) from (Hyp-1D) one has that
0, P, — 0, P> nonpositive, thus

(4.3) Eg + Ew, < 59/
El

is negative since by the assumption (3) from (Hyp-1D) T?(z + ) — T (x) < 0.
Thus one concludes that Eg + Ew, < 0, which together with (4.2) imply that (5, 5%) is a better
competitor than (p', p?). This is clearly a contradiction to the uniqueness of the minimizer in (MM,,).
Thus the ordering property for {p! > 0} and {p? > 0} follows. O

(T?*(z 4 0) — T'(x))dz

4.2. Discussion on possibly mixed initial data. Extending the above proposition to more general
cases seems to be challenging, due to possible presence of the mizing zone {p1 > 0} N{p2 > 0}. The main
issue, for instance to localize our argument, would be to ensure the finite propagation of mixing zone.
The only available result in this direction arises in the case of the stiff pressure limit, m = oo, ®; = ¢;x,
and with full saturation, that is when we have the constraint p; + p2 = 1. In this case Otto ([38]) showed
in one dimensional setting that there is a unique description of the mixing zone that propagates with
finite speed generated by the entropy solution of a conservation law. While we are not sure whether the
same uniqueness results hold for our undersaturated case, we believe that the mixing zone should travel
with finite speed at least in one dimension.

4.3. Existence of a solution for (PME,,) supposing (Hyp-1D).

Theorem 4.2. Let us suppose that m € (1,400| and the setting of (Hyp-1D) takes place. Let us consider
(p*, p?) to be any subsequential limit (uniformly in time w.r.t. Wy ) of the piecewise constant interpolation
5% ) when T, | 0, with the initial densities (p§, p3). Then (p', p?) satisfies

curves (pb7, p
2 ({pr > 0y {p{ > 0}) =0, vt €[0,T]
and the sets {p; > 0} and {p? > 0} are ordered in the sense of (Hyp-1D) for all t € [0,T].
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Proof. First, let us recall that the ordering of {p} > 0} and {pZ > 0} in (Hyp-1D) is such that {pZ > 0}
is to the left of {p} > 0}.

Second, let us underline that by Proposition 3.7 (1) p’ is obtained as the uniform limit in time w.r.t.
Wy (as 7 | 0) of the piecewise constant interpolation curves 5> (i = 1,2). For a fixed time step 7 > 0,
considering the above mentioned interpolations, we introduce the following functions 117, I%7 : [0, T] — Q
defined as

IY7(t) ;= inf {w :x € Leb ({ﬁtl’T > O})} and I*7(t) := sup {:c :x € Leb ({[)f’T > 0})} .

These functions are well-defined, since €2 is bounded and in particular Proposition 4.1 implies that
I27(t) < IV7(t) for all t € [0,7] and for any 7 > 0. Also, by the boundedness of €, these functions are
uniformly bounded in ¢ and 7. A

Let us take a sequence (7,),,5¢, 8:t. 7 L 0 as n — +00 and sup,¢o 1 Wa(py™, pi) — 0 as n — +oo,
(i=1,2). (I*™ (t))n>0 is a bounded sequence for each ¢ € [0, 7], so up to passing to a subsequence (that
we do not relabel), it has a poitwise limit as n — +oo that we denote by I*(t) for ¢ € [0,T] and i = 1, 2.
Now we show the following.

Claim:

(1) p?(y) =0 for a.e. y > I%(t) and (2) pi(x) =0 for a.e. = < I'(t).

Proof of the claim. Let us suppose that the claim is false, i.e. the first statement fails to be true (the
proof of (2) is parallel). Then there exits > 0 and § > 0 small such that

I2(t)4-2r
/ pi(x)dx > > 0.
I2(8)4+r

But, for n € N large enough such that |I*7™ (t) — I*(t)| < r/2 one has that

I2(t)+2r

W22 %) > (r/2)? / o A@A= /2%
2(t)+r

which yields a contradiction to the fact that Wg(ﬁ?’T, p?) — 0 as n — +oo. A similar argument can be
performed to show (2), thus the claim follows.

Now, since %™ (t) < IV (t) for all n € N and ¢ € [0, 7], after passing to subsequences if necessary,
one has that I?(t) < I'(t) for any limit points I'(¢), I?(¢) and for all ¢ € [0, T]. This together with the
Claim imply that £t ({p; > 0} N {p7 > 0}) =0, V¢ € [0,T] and that the sets {p; > 0} and {p7 > 0} are
ordered in the sense of (Hyp-1D) for all ¢ € [0, T]. The result follows. O

Remark 4.1. When m € (1,400), the above result allows to obtain the strong convergence result of the
density sequences (p"™ >0, i = 1,2 separately. When m = +oo, together with Proposition 4.1 this result
is crucial to fulfill the hypotheses in Remark 3.4, which will lead to the precise weak form of the (PME,)

system.

Theorem 4.3. Let us suppose that m € (1,+00) and the setting of (Hyp-1D) takes place. Consider the
piecewise constant interpolations p™ (i =1,2) for some (T, )n>0 such that 7, | 0 as n — +o0o. Then up
to passing to a subsequence with (T,)n>0, (ﬁi’T"')n>o (i = 1,2) converges strongly in L*™~1([0,T] x ),
in particular pointwise a.e. in [0,T] x Q. N

Proof. Let us show first that (5™ ),>0 (up to passing to a subsequence) converges strongly to p’ (i =
1,2) in L'([0,T] x ). We pass to subsequences if necessary (that we do not relabel) to ensure that
(pb™ + p*™ ) >0 converges strongly to p' + p? in L*™71([0,7] x Q) and (5"7),>0 converges to p’
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(i = 1,2) weakly in L*™=1(]0,T] x Q) as n — +oo. We compute

15°™ = p' L2 o, 1x0) = / |phT = p'|dt @ da

[0,T]1x2

= / . |p"™ — p'|dt ® da + / v podt ® dx
{p*>0} ([0, T]x2)\{p*>0}

= / [P 4+ 52T — (p' 4 p?)|dt @ da + / prdt @ da
{pi>0} ([0, 7] x )\ {p? >0}

< / 50T+ 55T = (p' + p?)|dt @ dz
[0,T]x

T
+/ / pomdt @ de
0 J((0,T1x)\{p'>0}

— 0, asn — 400,

where in the third equality we used the facts (see Theorem 4.2) that p' = 0 a.e. in {p'*! > 0} and
pb™ =0 a.e. in {p*t! > 0}, with the convention i 4+ 1 = 1, when i = 2. Moreover, both terms in the last
sum converge to 0. Indeed, the convergence of the first term is a consequence of the strong convergence
of (pb™ + p2 ™) >0 to pb + p? in L2™71([0,T] x Q) as n — +00. The convergence to 0 of the last term
is a consequence of the weak convergence of g™ to p' in L*™~1([0,T] x Q).

This together with Theorem 3.5 and Proposition 3.6 imply that (up to passing to a subsequence)
(pi’T")n>0 converges strongly in L*™~1([0,T] x Q). O

We state now the results on the existence of weak solutions of the PDE systems (PME,,,) and (PME,,).

Theorem 4.4. Let us assume that m € (1,+00), the hypotheses (H}') and (He) are fulfilled and the
setting in (Hyp-1D) takes place. Then the system (PME,,) has a weak solution (p',p?) in the sense of
(Weak) such that p' € L*"~1([0,T] x Q) N AC?([0,T]; (2ZMi(Q), Wy)),i = 1,2 and (p* + p*>)""1/2 ¢
L2([0,T); HY(RQ)). In addition, p* € LI([0,T] x Q) for all 1 < q < m and E' := — 220, (p* + p?)" 1 p' —
0, ®;p" belongs to L7([0,T] x Q;R?) for some 1 < r < 2 with uniform bounds in m. Lastly, if m — +oo,
q can be arbitrary large and r can be chosen arbitrary close to 2.

Proof. By Theorem 3.8 one has that the limit densities p* and p? belong to
L>™71([0,T] x Q) N AC2([0, T]; (2M:(Q), Wa)).

The same theorem establishes the convergence of (ﬁi’ﬂﬁw) and the precise form of the limit. By the

fact that (p"7, ]:3“) and (p"7,E"T) converge weakly as measures to the same limit (p?, E‘) and by the
fact that this latter pair solves the continuity equation (3.15) in the weak sense (3.3), so does the precise

limit of (p%7, ]:]w) developed in Remark 3.3(2) (notice that by Theorem 4.3 the assumptions in Remark
3.3(2) are fulfilled). This means in particular that the limit equation reads (for i = 1,2) as

atpi - 69: (n’:nlaz(pl + p2)m—1pi + 6304’“01) = 07

that has to be understood in the weak sense (Weak) with no-flux boundary condition.

Finally, let us obtain the uniform (w.r.t m) bounds on p’ and E’. First, by Theorem 3.5 (3.11) one has
that the limit curves are bounded in LP([0,T]; L™ (1)) for all p > 1 with uniform bounds. Take p = m
and any 1 < ¢ < m. Then Hélder’s inequality yields

(4.4) 16| Laorxy < (TL1(Q)) w

Second, let us write

i 1 m=—gq
P\l (o,myx0) < T LM Q) o Cy(m).

. m _ pi
B = Oy 1 2\m—1/2
10 P
Notice that by (3.10) (Theorem 3.5) the L? bound for 9, (p' + p*)™~1/2 remains the same after passing

to the limit with the time step 7. Also, by the previous bound on p?, W is bounded uniformly in
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L29([0,T] x Q) (since W < (p")'/? a.e.). These observations, together with the fact that 9,®; is
uniformly bounded let us conclude by Holder’s inequality that

i m— 1/2 i
(4.5) 1B < — 102(0" + o2 2|2 11 oy + 102 Pi e 17|

1 /2
provided 1 <r < 2 and max{Qi—r,r} <gq.
Thus the thesis of the theorem follows. O

Lemma 4.5. Let m € (1,+00) and let us consider (p*, p?) the solution of (PME,,) supposing (Hyp-1D)
with given initial data (pg,pg). We assume — similarly to the hypotheses (H)') in the m = +oo case -
that the measure of S is large enough, i.e.

(4.6) L1 Q) > (M + M),
where M; denotes the total mass of piy. Then — uniformly in m — we have the following reqularity estimates
(1) (p* + p?)™ € LY([0,T]; C**(2)) for some 0 < o < 1/2 and in particular it is uniformly bounded

in L"([0,T] x Q) for some 1 <r <2;
(2) (p*+p?)™~12 € L1([0,T]; C%Y/2(Q2)) and in particular it is uniformly bounded in L*([0,T] x Q).

Proof. We show (1). Using the notations from Theorem 4.4, one has that
E' +E> = —0,(p" + p*)™ — 0,®1p" — 0,Pqp%.

By the estimations from Theorem 4.4 we know that the quantities E' + E? and 0, ®1p' + 0, Pop? are
bounded uniformly in L"([0, 7] x €; R?) for some 1 < 7 < 2.

This implies first that 9, (p' + p?)™ is uniformly bounded in L"([0,T] x 2;R9). Furthermore, the
Poincaré-Wirtinger inequality yields that

1 T
(o' + )" — Tim(Q)/o /Q(Pl +p?) " dzdt

So the Lh.s. is uniformly bounded. Let us show that the average of (p' + p?)™ is uniformly bounded.
Let us fix 0 < e < 1— (My + Ms)/LH(Q).
Claim 1. For every t € [0,T] there exists r > 0 and zg € Q such that p; + p? <1 —¢ a.e. in B.(xp).
Fix t € [0,T]. Let us suppose that the claim is not true. Then in every ball B,.(xq), pi + p? > 1 —¢
a.e. Since § is a bounded interval, this in particular means that p} + p? > 1 — ¢ a.e. in Q. Furthermore,

(4.7) < . (0" + p?)

mHLT([O,T]xQ) :

L7 ([0,T]x9)

[k ) > (1= 2.27@) > My + M
Q

and this is clearly a contradiction (by the choice of ) to fact that [, (p; + p7)da = My + My, thus the
claim follows.

Claim 2. (p* + p?)™ € LY([0,T); C%*(Q)) for some 0 < a < 1/2. In particular, for a.e. t € [0,T),
(p} + p2)™ has bounded oscillation uniformly in m.

Notice that for f : [0,7] x @ — R measurable such that d,f € L"([0,T] x Q) for some r > 1 and
a,b €, a < b defining

OSC[a,b}ft = sup fi(z) — inf fi(x),
z€la,b] z€la,b]

one has the estimate
1

r

/OT(oscab]ft)dt</ / |0z fe|dxdt < </ / 10, ft|rd$dt> (Tla— b)>
(/ /|8 fil” dxdt)y (T|a—b|)%

where 1/r + 1/7" = 1. Since the integrand on the Lh.s. of the previous inequality is non-negative, this
implies that

0sCq,5).ft < Cla — b|%
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for a.e. t € [0,T], hence in particular f; has bounded oscillation, with a constant that depends only on
|0-f|lz- and T. Applying this reasoning to (p! + p*)™, one obtains the statement of the claim.

Now Claim 1 and Claim 2 imply that (p; + p7)™ is uniformly bounded for a.e. ¢ € T. This means
furthermore that the average #1(9) fOT fQ(p1 + p?)™dxdt is uniformly bounded, which together with
(4.7) implies (1).

The proof of (2) follows the same lines. The bound [|8,(p"™ + p>™)™ 12|20, 71x0) < C3(m) in
(3.10) from Theorem 3.5 remains uniform, since Cs(m) remains bounded uniformly when m — +oco. This

bound is enough to perform the same analysis as in (1), thus we can conclude the same way.
|

Theorem 4.6. Let us assume that m = +oo, the hypotheses (H}') and (Hs) are fulfilled and the setting
in (Hyp-1D) takes place. Then the system (PMEy,) has a weak solution (p*, p?,p) in the sense of (Weak)
such that p' € L>=([0,T] x Q) N AC?([0, T); (2M:(Q),W3)),i = 1,2 and p € L?([0,T); H'(R)). One has
moreover pl + p? <1 a.e. in[0,T] xQ, p>0, p(1 —p*) =0 a.e. in {p* >0}, i=1,2.

Proof. Let us take a positive vanishing sequence of time steps (7,,)n>0 and consider the piecewise con-
~iTn

] Jn>0, (P"™)n>0 and momenta (E )n>0,
(E"™),>0. By Proposition 3.7 (up to passing to subsequences) these objects converge (to p* and E’
respectively) in the appropriate weak senses and one has a limit system as in (3.15)-(3.16). To identify a
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precise form of the system, we use the fact that the momentum sequences (E“n)nzo and (Ei’T")nZO and
the curve sequences (97 ),>0 and (p"™ ), > converge to the same limit.

Now observe that the setting in (Hyp-1D) implies that Theorem 4.2 can be applied, so the assumptions
of Remark 3.4 are fulfilled. This implies that the limit momenta have the form

E' = —0,p — 0,®ip" = —0upp’ — 0,®ip", i=1,2.

Here p € L2([0,T]; H*()) is the weak limit of (p™ ), >0 obtained in Theorem 3.9, so in particular p > 0
and p(1 — (p! + p?)) = 0 a.e. in [0, 7] x Q. These imply that the limit system has the form

Oip' — 0y (Oupp’ + 0:Pip") =0, i=1,2,

which has to be understood in the weak sense with no-flux boundary conditions.
At last, since Theorem 4.2 implies in particular that £ ({p; > 0} N {p? > 0}) = 0 for all ¢ € [0, 77,
the relation p(1 — (p* + p?)) = 0 a.e. in [0,7] x Q reads as p(1 — p') =0 a.e. in {p* >0}, i =1,2.
(|

It is not hard to verify that, for a fixed 7 > 0, the functionals in (MM,,,) I'-convergence as m — 0o to
the functional where F,, is replaced by F... Thus, it is natural to pose the question about the convergence
of the corresponding gradient flow solutions in the spirit of Sandier and Serfaty (see [41]). Unfortunately,
one cannot use these kinds of results directly, and obtain the convergence of the continuum solutions of
(PME,,) to the solutions of (PME ), mainly due to the lack of uniqueness. Hence, it is necessary to
proceed by studying the convergence of the continuum solutions at the PDE level. This will be addressed
in the next section.

4.4. Passing to the limit as m — +oo. We will show that solutions of (PME,,) converge, along a
subsequence as m — +00, to a solution of (PME,,).
We suppose that the initial data satisfy

lpo + p3ll= < 1.

Let us recall (see Definition 3.1) that a triple of nonnegative functions (p°>°, p>°°, p>), such that
poe € ACH([0, T 2M4(Q)), 07 + 0| s orye) < L and p € L2(0, 7] H'(Q). is a weak
solution of (PME) if for any ¢ € C1([0,T] x Q) and 0 < s < t < T we have

t t
—/ /pi’“’@t(bdmdr—/ /(&Cp—&-am(bi)pi’oq g;(bdxdrz/pi’o"(s,xw(s,x)dm—/ P (t, x)p(t, x)du,
s JQ s JQ Q Q

and p>®(1 — pb*>® — p>>) =0 a.e. in [0,T] x Q.
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Theorem 4.7. Let (p™, p>™) be a weak solution to (PME,,) in the setting of (Hyp-1D) with initial
data satisfying ||p§ + p3llL= < 1, where now we have noted m as a parameter. We assume moreover that
the geometric condition (4.6) holds true for the domain €.

Then, there exist p»>° € L>([0,T] x Q) N AC%([0, T); (2M:(Q), Wy)) and p>= € L"([0,T]; WLT(Q))
for all v € (1,2), such that along a subsequence when m — +o00, pt™ — pt>° weakly in L([0,T] x )
for any q > 1, (p"™ 4 p>™)™ — p> in L"([0,T]; W7 (Q)) and E*™ — 9,p™ p»>° + 0, ®;p"> weakly in
L7([0,T] x Q).

Moreover (pb°°, p?°°, p™>) is a weak solution of (PME).

Proof. Let us recall the weak formulation of the system (PME,,).

(48) - / t /Q i d,¢dadr — / t /Q B 9, pdudr — /Q P (@) (s, 2)dz — /ﬂ P () (t, ) da,

forall 0 < s <t <T and ¢ € C([0,T] x Q), where E*"™ := — (Lﬁx(pl’m + p2mym=t 4 @,@i) pom.

m—1

First, by the assumption |p§ + p2|lL=~ < 1, the bounds for p™ in AC?([0, T); (2Mi(Q), Ws)) (see
Lemma 3.3 and (3.9)) are uniform in m, so clearly up to passing to a subsequence with m, (p*™),,>1
converges weakly-x to some p»> € AC?([0,T7]; (2M:(2), W)). In particular this convergence is uniform
in time w.r.t. Ws. By the uniform estimation (4.4), it follows that along a subsequence (p"™);,>1
converges weakly to p»> in L([0,7] x Q) for all ¢ > 1. In particular, these weak convergences allow us
to obtain that in (4.8) the first term on the L.h.s., and both terms on the r.h.s. pass to the limit.

Second, Lemma 4.5 ensures the uniform boundedness of (p'™ + p*>™)™ in L7([0,T]; W (Q)) for
some r € (1,2) (where r can be chosen arbitrarily close to 2 for m large enough) hence there exists
p> € L"([0,T]; WL7(£2)) such that up to passing to a subsequence in m, (p1'™ + p>™)™ — p> weakly in
L7 ([0,T]; WET(Q2)). In particular, one has also that 9, (p*™ + p2™)™ — 9,p> weakly in L"([0,7] x Q).

Notice that the convergence E*™ — 9,pp»> 4+ 9,®;p>> weakly in L"([0,T] x Q) is much more
delicate, since both terms in the product — =8, (p"™+p*™)™ ! p*™ (in the definition of E"™) converge
only weakly.

We shall provide the convergence E*™ — 9,p>®p%>® + 9,®,p"> only for i = 2, the other case is
analogous. Observe that by the uniform estimation (in m) on E*™ in L"([0,T] x ) (for some 1 < r < 2)
(see (4.5)), there exists E** € L"([0,T] x Q) such that up to passing to a subsequence, E*™ — E*>
weakly in L"([0,T] x Q) as m — +oo. Now let us identify the limit E**. Let us fix a subsequence (that
for simplicity of notation we denote by m), such that (p*>™),,>1 converges weakly to p>> and (E*™),,51
converges weakly to E** as m — 400 in the previously described spaces.

Let us fix 0 < s <t < T. For all 7 € [s,], we define I>™(7) be the “right-most point” of the support
of p2™ i.e.

I*™ (1) :=sup {z : € Leb({p>™ > 0}) }
and let us define the set
I = {(T,x) € [5,t] x Q23 (Tn, Tn)n>0, St T = I2™7(7,,), and (Tn, ) — (7,2) as n — oo} ,

where (my,)n>0 i a subsequence of the previously chosen subsequence. Then Z is a closed subset of
[s,t] x Q. Let Z(7) :=Z N ({7} x Q). Note that in particular Z(7) is the collection of all subsequential
limits of I%™ (7).

Observe that if for some 7 € (s,t), y € Q lies to the left of Z(7), i.e. if y < = for any x € Z(r), then
(7,y) lies in the complement of {p'™ > 0} for sufficiently large m, and thus defining

J i ={(r,y) € (s,t) x Q:y < x for any x € Z(7)},
one has that when restricted to J,
E>™ = —0,(p>™)™ — 0,®p>™,
in the sense of distributions for sufficiently large m. Similarly, defining

Tt ={(r,y) € (5,t) x Q:y >z for any x € Z(7)},
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one has that p>™ = 0 a.e. on J 7T, hence when restricted to J+, E>™ = 0 a.e. for sufficiently large m.
Clearly, J—, Z,J* are Lebesgue measurable and one can write (s,t) x Q = J - UZUJ", L1L[0,T]®
L1 Q—a.e. Thus, we write furthermore

t
/ /E2’mo8x¢d:z:d7:/ E2’m~8z¢d7®dz+/E2’m~8x¢>d7®d:c+/ E>™ . 9,¢dr ® dx
s JQ J- z T+
:/ EQ’m-aqudT@dx—&—/EQ’m-ax(de@dx.
- T

Moreover, the very same decomposition remains valid for the weak limit E** as well.

Claim 1. fI E>* . 9,¢dr @ dz can be made arbitrarily small for any smooth test function ¢.
If (£ ® £Y)(Z) =0, then this is obvious. So one can suppose that this set has positive measure. To
show the claim, let us define the width of Z(7), i.e.
W(r) := max{|z —y|: 2,y € Z(1)} = 2% — a},
where 22 := max{r : ¥ € Z(7)} and 2! := min{z : € Z(7)} and these are well-defined since Z(7) is
compact. Let T,, := {7 € (s,t) : W(7) > 2} . Then Z C A, U B,,, where

= U ({7} x (22 +1/n,22)) and B, =T\ A4,.

T7€T,

(s,
An
Note that A, and B, are Lebesgue measurable and the measure of B,, in [0,7] x € is at most 27'/n,
which goes to zero as n — oo.

Tt
J-r_ ——

FIGURE 3. The sets 7 (with orange) and A,
(with blue)

We know that Wa(pi™, p2>°) — 0 as m — +o0, uniformly in 7. This implies in particular that the
sequence (p2™),, are Cauchy w.r.t. Wy uniformly in 7, which means that for any n € N, there exists
N(n) > 0 such that for all 7 € [0, T
(4.9) W3 (p2™*, p2™) <

-

1
3 Vk,l > N(n),
where my, and m; denote elements of the sequence denoted by m. Now, let us define A4,,(7) := A,N{7} xS
Let us show that for all 7 € (s,t) on A,(7) all elements of the sequence (p>™),, have small mass.
Indeed, on the one hand, for any point = € A, (7) NZ(7) (if the intersection is (), then there is nothing
to show), there is a subsequence mm of m such that I>™(7) — x as " — +o00. On the other hand, since
xl € Z(7), there exists another subsequence m of m such that I>™(7) — z1 as m — +o00. The inequality
(4.9) implies that

1

ﬁ An("')

. o1
pi " dw < W (o™, p27) < —

for n large enough and m and 7 larger than N(n). The first inequality holds because of the fact that
x —azl > 1/n. Thus for all 7 € (s,t)

/ . p2™dx < 1/n, for any m large enough.
An (T
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Considering any smooth test function ¢ supported in A, U J 7, the weak formulation (4.8) together
with the fact that E*™ and p®™ vanish on J 7 yield

T 2
/ | DR 0, ¢dt ® dx| < sup |Oppp| — + sup |¢| —,
Ay Anp n An n

for sufficiently large m. This together with the fact that the measure of B, is at most 27'/n and
T C A, U B, implies that fI E?>™ . 9,¢dt ® dz is arbitrary small provided m is large enough, which
implies in particular that fz E%>.9,¢dt ® dz is as small as we would like.

The above claim shows that one needs to describe the weak limit E** only on the set 7. When
restricted to J —, one can write

E2,m _ 7az(p2,m)m o 8zq)2p2,m — 7azpm _ ax(@ZpQ,m

and the second term on the r.h.s. of the previous formula passes to the limit due to the weak convergence
of (p>™)m>1. Let us consider a smooth test function ¢ compactly supported in 7 ~. Then one has

lim / OxPm * OppdT @ dx = hm / Pm02,¢dr @ dz = lim (p2 M2 pdr @ da

m——+oo m——+o0

= lim / / (P + p> ™)™ 03 qﬁdxdT—/ / p* 02, pdxdr
m——+00
t
= —/ /@cpooﬁxgbdxdrz —/ 0y p™° - OppdT @ d
s JQ -

Hence when restricted to J E>>® = —0pp™ — 81,(1)2;)2’00. Note that p27°° =0aswellin ZUJT, so we
can write

E>® = — poOX{pz’OO>O} - 81’(1)2[)2,00.
Below we will show that p> vanishes in p?*° < 1. This allows us to write
EQ’OO = axpoop2 o a:cq)QpZ’oo'
Similar reasoning yields the concrete form of E'*° as well.

Let us show that [[p"*°|| L~ < 1. By Lemma 4.5 we know that for a.e. t € [0, 7], /( My < O,

Q
i,m

where the constant C is independent of m. Thus for any 6 > 0, on the set where p,/" > 14§ a.e. we

have by Chebyshev’s inequality that
(4.10) Aoz e < [ pimyrdes [(pimmae<c
{pi™>146} Q
This implies
LH{pE™ > 146}) < C/(1+6)™ = 0 as m — oo,
and thus by the arbitrariness of § > 0 we conclude p"*° <1 a.e in [0,T] x €.

At last, it remains to show that p™ is supported in the region {p*>° + p%>° = 1}. Notice that since
Theorem 4.2 yields that .21 ({p;"> > 0} N {p;™ > 0}) = 0 for all ¢ € [0,T], it is enough to show that
p>°(1 — p»>®) =0 a.e. in {p»> > 0} i = 1,2. We show this property only in the case of i = 2, the other
case is analogous. Let us use the notations

Pm = (pl,m + PQ’m)m a.e. (p27m)m7 in {pQ,oo > 0} Cace. J-
P = (0" 4 0P = (02T = (o), i {pP >0} Cae T

T T
Claim 2. When m — +o0, / / P (1—p*™)dadt (md/ / P (1= p>™)dzdt are arbitrary small.
0o Jo 0o Ja

Let 0 > 0 be small. To show the claim, first observe that [0,T] 3 t — [, X{p2™>145) dx is a measurable
function and by (4.10), [0,T] 3t — [, X{p?,7n,>1+§}dx is integrable. Similar properties are valid for other
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characteristic functions of the (sub)level sets. Thus,

T
/ / (1 — p*™)dadt + / / Pm|l — p>™|dadt
{ppm<1- 6} 0 J{1-6<p; <144}

/ / P (p?™ — 1)dzdt
{P2 'm>1+6}
<

HMTLH(Q) + 6C

pm( 27n d.’l?dt
Q

T 1/q3
+ ||pmHLQ1([O,T]><Q) ||p2,m||Lq2([0’T]XQ) (/ / 1d$dt>
0 J{p2™>1+6}

. ) TC 1/aqs
<(1-0)"T% (Q)+5C’+<(1+5)m> )
where q% + q% + q% =1, ¢ <r, g2 <m and C is independent of m. Here we used also the uniform
estimations from Lemma 4.5(1) and Theorem 4.4. Now the last sum is as small as desired by choosing
0 > 0 small and m large enough, which shows the first part of the claim. A similar reasoning and Lemma
4.5(2) yield the second part of the claim.

Last, one can use the same arguments as in [30, Lemma 3.4, Step 3. in the proof of Theorem 2.1.]
to conclude that p>(1 — p%>*°) = 0 a.e. in J~. Indeed, we know that f,, is uniformly bounded in
L2([0,T); HY(Q)) and by Lemma 4.5(2) p?™ is uniformly bounded for a.e. ¢ € [0,7]. These together
with Claim 2 imply in particular that mentioned results from [30] can be applied to obtain that

(1 —p?>) =0, ae inJ",

where p> is the weak limit of (P,)m>1 in L2([0,T]; HY(Q)) as m — +oco. It remains to show only
that p>° = p> a.e. in J~. This is straight forward. Indeed, notice that p,, = (pm)l_ﬁ a.e. in J~.
Lemma 4.5 implies that for a.e. ¢t € [0,T] both p,,(t,-) and p,,(¢,-) are (uniformly) Holder continuous
and converge uniformly (up to passing to a subsequence). This means that p° and pg° are the uniform
limits for a.e. ¢ € [0,7] and p° = p¢° for a.e. t € [0,T]. The result follows.

(]

4.5. Characterization of the pressure in the case of m = +o0co. Here we establish the optimal
regularity of the pressure, which is Lipschitz continuity for a.e. time. The pressure can be discontinuous
in time even in the single density case, when two components of the congested density zone merge into
one (see the discussion in [23] for instance.)

Proposition 4.8. Let (p1>°, p?:°°,p>) be a solution of the system (PME,) in the setting of (Hyp-1D).
Then p™>(t,-) is uniformly szschztz continuous for a.e. t € [0,T]. Moreover, p>(t,-) is as smooth as ¥,
in the interior of the sets {p>>* =1}, i=1,2 for a.e. t € [0,T).

Let us remark first that p>° may have positive boundary data on 9{p>> = 1} N d{p>> = 1}. Also,
notice that the set {p"° = 1} may have empty interior.

Proof. Considering the sum of the two weak equations tested against smooth test functions supported in
. . 1,00 2,00 .
the interior of {p,”™ + p;" = 1} one obtains that

(4.11) — 92, p®(t,-) = 0p(0xP1p">° + 8, P9p>>), in the interior of {p; "> + p7™ =1},

for a.e. t € [0, 7] with homogeneous Dirichlet boundary data (this is because of the fact that p>(¢,-) is
Hélder continuous a.e. t € [0,7]). Since £t ({pi’oo >0}N{pr>™ > O}) = 0 and the sets {p;"> > 0}

and {p?"> > 0} are ordered in the sense of (Hyp-1D), one gets

(4.12) — 92, p>=(t,) = 9%,®;, in the interior of {p/"™ = 1}.
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Therefore p(t,-) is as smooth as ®; in the interior of the sets {p"™ = 1}, i = 1,2, for a.e. t € [0,T].
Let us remark also that since p™(t,-) is Holder continuous, the set {p™(t,-) > 0} C {p;"> + p=> = 1}
is open. Thus p*(t,-) is as smooth as ®; in {p>°(t,-) > 0} Nint{py > = 1}.

Let us show that p™(¢,-) is Lipschitz continuous for a.e. ¢ € [0,7]. Notice that by the previous
arguments, p*°(t,-) fails to be differentiable in at most countably many points of €, and except these
points it is smooth. By the fact that p*° (¢, -) is a Sobolev function, we know that it is absolutely continuous
for a.e t € [0,T]. Moreover

|00 (t,-)] < C, a.e. inQ,
where C' > 0 is a positive constant that depends only on max{||0,®;| = : 4 = 1,2}. This together with

the absolute continuity imply that p°°(¢,-) Lipschitz continuous for a.e. ¢ € [0,T].
O

4.6. Patch solutions.

Proposition 4.9. Let (p»>°, p>°°,p>) be a solution of the system (PMEy,) in the setting of (Hyp-1D).
Let us suppose that pé’oo and pg’oo are patches, i.e. pé’oo = Xaj for open intervals A} in Q, i=1,2. We
suppose moreover that the drifts —0,®;, i = 1,2 are compressive, meaning that 92,®; > 0 on Q. Then
pi>, i =1,2 s a patch for all t € [0,T), i.e. there exists {A§(t) }epo,m: a family of open intervals such
that py™ = X a;()-

Remark 4.2. While we believe our argument can be extended to measurable sets instead of open intervals,
we do not pursue this generalization for simplicity.

Proof. Let us recall that the sets {p?"> > 0} and {p; "> > 0} are ordered for all ¢ € [0, 7] in the sense of
(Hyp-1D), with p>° supported to the left of p*>. We show the proposition only for p*°°, the case of
p1'*> is analogous.

We define an extension p of p° to the right of the support of p?°°. For a.e. t where p> satisfies (4.12),

let xo(t) := sup Leb ({pf’oo > O}) If p>(t, zo(t)) = 0 then we let p(t,-) = p>(¢,-). If p(t,xo(t)) > 0, this
means zo(t) lies in the interior of {p;™ + p2*> = 1}. In this case let us define p to be a C? extension of
p™ to the right of z¢(t) such that —92,p = 62, ®s.
Let us consider the test function ¢, as the solution of the transport equation
Oy — 00,0 =0
with initial condition ¢(0, ) = Xaz, Where we define v° := v*n, with v = (9,p+ 0, P;) and 7. is a standard
mollifier (the mollification being performed only w.r.t. the space variable). Then |[v¢ (¢, ) —v(t,)||r« < Ce
in the set {p?’OO > 0} for any ¢ > 0 and a.e. t € [0,7T], where C depends on the Lipschitz constant of p™
and ®5. Then, from the weak expression we have
t
/ /(vE —0)p*>®0,¢pdxdr
0 Jo

[ =0t )de - [ (#=6)(0,)do
Q Q

Since ¢ solves a transport equation with spatially smooth velocity which is integrable in time, this equation
is well-posed and ¢ can be represented using the method of characteristics. In particular ¢(¢,-) = x A2
for some measurable set A7 for each time ¢ > 0. Hence the Lh.s. of the above equation is

(4.13) [=aede = [ (F=o)0.)a0 = [ s / e

Q 5

< Ce.

Now we claim that
(4.14) 0,0 > 0.

This is true because p satisfies —92,p = 02, P2 (or p = p™) to the right of x¢(¢) as well as in any interior
point of {pf’Oo = 1}, and to the left of z¢(t) we have p = p>° = max{p>, 0}, which makes p> convex at
any boundary point of the set {p>° = 1} to the left of 2¢(t). Thus we conclude that

Opv = 02,p™ + 02, ®3 > 0 on (—o0,z0(t)) NQ,
in the distributional sense, which yields 9,v¢ > 0.
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Due to (4.14) we have £ (A2) < £'(A2). This, the fact that p;*™° < 1 a.e., and (4.13) yield that

[ a=maes [ 0o )de s 24 - 2242 <
AZ A?

We still need to let € | 0 to achieve the desired result. If A2 is an interval then A? is an interval
(that depends on & > 0) with uniformly bounded velocity with respect to e, hence along a subsequence
the endpoints (as a function of ¢ they are equicontinuous) uniformly converge to limiting endpoints
(a(t),b(t))gt>0y as € L 0. Let A3(t) := (a(t),b(t)). Here p?* should be identically one (because of the
previous inequality). But this means that along this subsequence, v was incompressible except in a small
set in A?, so that makes .Z1(A?) very close to .Z1(A2) and |b(t) — a(t)] = L1 (A32). Since p* preserves
mass over time, this means that

P?’Oo = XA2(t)-
O

It remains to describe the evolution of the patches {p»> = 1}. As we see in [24] in [35], the evolution
laws are different depending on whether there are regions of the densities with values between zero and
one. In the above Proposition, we have patch solutions supported on an interval, and the continuity of
the densities over time in Wy-distance yields that each patch {p"> = 1} evolves continuously in time.
Therefore it follows that the space-time interior of those sets taken at time ¢ equals spatial interior at
time ¢. Thus from (4.12) we have p™®(t,-) € C? at every time in the interior of {p}'™ + p>™ = 1}.

Remark 4.3. With the aforementioned regularity of p>° and {p>> = 1} at hand, one can verify with
test functions in the weak formulation that the following holds: the velocity law on one-phase boundary
points is given by

(4.15) V =vi(=0Lp>® — 0,®;) on 9{p">® =1},

where v, is the outward normal of the set {p>>® =1}, V is the normal velocity of the interface and o
denotes the z-derivative taken from the interior of the set {p»>° = 1}. This yields the flur matching
across different densities,

(4.16) OIp + 0,8, = ?pX 4+ 9,P2 on I{pl>® =1} NI{p>> =1}
The equations (4.12), (4.15) and (4.16) corresponds to a generalized two-phase Hele-Shaw flow evolving
by the pressure variable p> where different drift potentials are present for each phase pb>.

APPENDIX A. OPTIMAL TRANSPORT TOOLBOX

Lemma A.1. Let f:[0,+00) — R be a C convex function that is superlinear at +oco. Let M > 0. We
consider F : 2M(Q) — RU +oo defined as

flp(x))dz, if p< L4,
Foy -] [ fo@an it
+o0 otherwise.
Let v € 2M(Q) be given. Then there exists a solution o € 22M(Q) of the minimization problem
. 1.5
Lemin {F (p) + 5 W2 (p, V)} :

If in addition v < L% or if f is strictly convez, then o is unique.
Moreover, 3C' € R such that for a suitable Kantorovich potential ¢ in the optimal transport of o onto
v one has the following first order necessary optimality condition fulfilled

fllo)+e=C, p—ae,
(A1) { f'(0)+¢>C, on{o=0}.

If f'(0) is finite, then one can express the above condition as f'(9) = max{C — ¢, f'(0)}.

Proof. The proof of the previous results can be found in [11] or [43, Chapter 7]. O
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It turns out that (ZM(Q), W) is a geodesic space and constant speed geodesics (and absolutely
continuous curves in general) can be characterized by special solutions of continuity equations. Since this
characterization is true for any M > 0, we simply set M = 1 in the theorem below.

Theorem A.2 (see [3, 43]). (1) Let Q@ C R compact and (pi)iepo,r] be an absolutely continuous
curve in (P (), Wa). Then for a.e. t € [0,T] there exists a vector field v, € L7 (€ R?) s.t.
e the continuity equation Oy + V - (vrpe) = 0 is satisfied in the weak sense;
o for a.e. t €[0,T], one has ”UfHLﬁt < |W|w,(t), where

. Walpeqn, pe)
! e bl

denotes the metric derivative of the curve [0,T] 3 t — py w.r.t. Wa, provided the limit exists.

(2) Conwversely, if (ju¢)ecio,r) is a family of measures in P (Q2) and for each t one has a vector field
v € L2, (RY) s.t. fOT ”vt”Lﬁt dt < 400 and Oy + V - (vguy) = 0 in the weak sense, then
[0,T] > t — py is an absolutely continuous curve in (P (Q), Wa), with | |w,(t) < ||Ut||Lﬁ2"t for
a.e. t€[0,T] and Wa(p,, pre,) < ;12 |1 |w, (t)dt. If moreover || € L?(0,T), then we say that p

belongs to the space AC?([0,T]; (2(2), Wa)).
(3) For curves (iut)iefo,1] that are geodesics in (P(S2), W2) one has the equality

1 1
Walpiospn) = [ 14l (00 = [ funlzz, .
0 0 .

(4) For po, 1 € P*°(Q), a constant speed geodesic connecting them is a curve (put)iejo,1) such that
Wo(ps, pe) = |t — s|Wa(po, p1) for any t, s € [0,1]. One can compute this constant speed geodesic
using McCann’s interpolation, i.e. p; := (Tt)# o, for all t € [0,1], where Ty := (1 — t)id + tT
with Tupg = p1 the optimal transport map between pg and (1. Moreover, the velocity field in the
continuity equation is given by vy := (T —id) o (T})~ L.

Let us introduce the Benamou-Brenier functional By : ([0, T] x Q) x A4 %([0,T] x Q) — R U {+oc}
defined as

T
Bo(1, B) i= /0 /Q\Vt|2d,ut(x)dt, HfE=E;,®dt,u=p; ® dt and E; = v; - py,
+00 otherwise.
It is well-known (see for instance [43, Proposition 5.18]) that By is jointly convex and lower semicon-
tinuous w.r.t. the weak—x convergence. In particular if (i, E) solves Oyt + V - E = 0 in the weak sense

with Ba(p, E) < 400, implies that t — i is a curve in AC2([0,T7]; (2(Q), Wa)).
The following comparison result appears to be well-known but we write it here for completeness.

Lemma A.3. Let u', vt € 2M(Q) and p?,v* € 2M2(Q). Then the following inequality holds true
(A.2) W3 (u! + p? vt +02) SWE(pt o) + W3 (1?,v°).

Remark A.1. Note that with the abuse of notation, Wo on the l.h.s. of (A.2) denotes the 2— Wasserstein
distance on PMi+tMz(Q) . while on the r.h.s. Wy denotes the corresponding distances on M1 (Q) and
PM2(Q) respectively.

Proof of Lemma A.3. The quantity on the L.h.s. of (A.2) is realized by an optimal plan y € ITM1+Mz (1 1
2 1 2y ;
u*, vt +v9) ie.
Wi+t ) = [ oy,
Qx0
Similarly the quantities on the r.h.s. can be written with the help of some optimal plans v¢ € TIM: (1?, v?),

i=1,2,ie.

W3 (p' v') = /Q . |z — y2dy".
X
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Now set 7 := y! ++2. Clearly since (%) x5 = p! + v and (7¥) x5 = p? 4+ v? one has 7 € IIM1+Mz(,1 4
u?, vt + 1v?). Hence

W3 (' + p?, vt + %) =/
Q

:/ Ix*ylzdv“r/ |z — y|*dy?
QxQ QxQ

< W3 (ph vty + W3 (u?, v?).

o — y2dy < / - y2d5
xXQ QxN

Therefore, inequality (A.2) follows. O

APPENDIX B. A REFINED AUBIN-LIONS LEMMA

In [40] the authors present the following version of the classical Aubin-Lions lemma (see [4]):

Theorem B.1. [40, Theorem 2] Let B be a Banach space and U be a family of measurable B-valued
function. Let us suppose that there exist a normal coercive integrand § : (0,T) x B — [0, +00], meaning
that

(1) § is Z(0,T)®AB(B)-measurable, where B(0,T) and #(B) denote the o-algebgras of the Lebesgue
measurable subsets of (0,T) and of the Borel subsets of B respectively;

(2) the maps v — §i(v) :=F(t,v) are L.s.c. for a.e. t € (0,T);

(3) {ve B:F.(v) <c} are compact for any ¢ > 0 and for a.e. t € (0,T),

and a l.s.c. map g: B x B — [0, +00] with the property

If

[u,v € D(F4), g(u,v) =0] = u=w, forae. te(0,T).

T T—h
Sup/ F(t,u(t))dt < 400 and lim Sup/ g(u(t + h),u(t))dt =0,
uelt Jo hi0weu Jo

then U is relatively compact in #(0,T; B).
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