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LIOUVILLE MEASURE AS A MULTIPLICATIVE
CASCADE VIA LEVEL SETS OF THE GAUSSIAN
FREE FIELD

by Juhan ARU, Ellen POWELL & Avelio SEPULVEDA

ABSTRACT. We provide new constructions of the subcritical and critical
Gaussian multiplicative chaos (GMC) measures corresponding to the 2D Gaussian
free field (GFF). As a special case we recover E. Aidekon’s construction of random
measures using nested conformally invariant loop ensembles, and thereby prove
his conjecture that certain CLE4 based limiting measures are equal in law to the
GMC measures for the GFF. The constructions are based on the theory of local
sets of the GFF and build a strong link between multiplicative cascades and GMC
measures. This link allows us to directly adapt techniques used for multiplicative
cascades to the study of GMC measures of the GFF. As a proof of principle we do
this for the so-called Seneta—Heyde rescaling of the critical GMC measure.

RESUME. — On propose de nouvelles constructions des mesures du chaos mul-
tiplicatif gaussien (GMC) sous-critique et critique correspondant au champ libre
gaussien 2D (GFF). Comme cas particulier, on retrouve la construction des me-
sures aléatoires par E. Aidekon, qui utilise des ensembles de boucles emboitées
invariantes par transformations conformes. Ainsi, on prouve sa conjecture selon la-
quelle certaines mesures basées sur le CLE4 emboité sont égal en loi aux mesures de
GMC pour le GFF. Nos constructions sont basées sur la théorie des ensembles lo-
caux du GFF et permettent d’établir un lien fort entre les cascades multiplicatives
et les mesures GMC. Ce lien nous permet d’adapter directement les techniques
utilisées pour les cascades multiplicatives a ’étude des mesures de GMC pour le
GFF. Comme exemple de ce principe on adapte 'argument de Seneta—Heyde pour
construire la mesure critique de la GMC.

1. Introduction

Gaussian multiplicative chaos (GMC) theory, initiated by Kahane in the
80s [18] as a generalization of multiplicative cascades, aims to give a mean-
ing to “exp(I')” for rough Gaussian fields I'. In a simpler setting it was
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already used in the 70s to model the exponential interaction of bosonic
fields [15], and over the past ten years it has gained importance as a key
component in constructing probabilistic models of so-called Liouville quan-
tum gravity in 2D [10, 13] (see also [24] for a review from the perspective
of theoretical physics).

One of the important cases of GMC theory is when the underlying Gauss-
ian field is equal to A", for " a 2D Gaussian free field (GFF) [13] and v > 0
a parameter. It is then possible to define random measures with area ele-
ment “exp(yI")dz Ady”. These measures are sometimes also called Liouville
measures [13], and we will do so for convenience in this article(!). Due to
the recent work of many authors [8, 13, 28, 32] one can say that we have a
rather thorough understanding of Liouville measures in the so-called sub-
critical regime (v < 2). The critical regime (v = 2) is trickier, but several
constructions are also known [11, 12, 17, 25].

Usually, in order to construct the GMC measure, one first approximates
the underlying field using either a truncated series expansion or smooth
mollifiers, then takes the exponential of the approximated Gaussian field,
renormalizes it and shows that the limit exists in the space of measures.
In a beautiful paper [1] the author proposed a different way to construct
measures of multiplicative nature using nested conformally invariant loop
ensembles, inspired by multiplicative cascades. He conjectured that in the
subcritical and critical regime, and in the case where these loop ensembles
correspond to certain same-height contour lines of the underlying GFF,
the limiting measure should have the law of the Liouville measure. In this
paper we confirm his conjecture. This is done by providing new construc-
tions of the subcritical and critical Liouville measures using a certain family
of so called local sets of the GFF [7, 29] and reinterpreting his construc-
tion as a special case of this general setting. Some of our local-set based
constructions correspond to simple multiplicative cascades, and others in
some sense to stopping lines constructions of the multiplicative cascade
measures [20]. Moreover, although the underlying field is Gaussian, our
approximations are “non-Gaussian” but yet both local and conformally in-
variant. Note that for the 1D chaos measures there are recent non-Gaussian
constructions stemming from random matrix theory, see e.g. [34], but they

(1) In the physics literature, the term “Liouville measure” refers to a volume form coming
from a conformal field theory with a non-zero interaction term (see [27, Section 3.6] for an
explanation). This induces a certain weight on the underlying GFF measure. Therefore,
the Gaussian multiplicative chaos measures that we consider in this article are not
precisely the Liouville measures from the physics literature. Our measures correspond
in some sense only to a degenerate case, where the interaction parameter is set to 0.
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are very different in nature. We also remark that our construction strongly
uses the Markov property of the GFF and hence does not easily generalize
to other log-correlated fields.

One simple, but important, consequence of our results is the simultaneous
construction of a GFF in a simply connected domain and its associated
Liouville measure using nested CLE4 and a collection of independent coin
tosses. Start with a height function hy = 0 on D and sample a CLEy
in D. Inside each connected component of its complement add either +m
to hg using independent fair coins. Call the resulting function h;. Now
repeat this procedure independently in each connected component: sample
an independent CLEy4, toss coins and add +7 to hy to obtain hs. Iterate.
Then it is known [7, 23] that these piecewise constant fields h,, converge
to a GFF I'. It is also possible to show that the nested CLE4 used in this
construction is a measurable function of I'. Proposition 4.4 of the current
article implies that one can construct the Liouville measures associated to
T" by just taking the limit of measures

’YQ
MY (dz) = ") CR(z; D\ A") = dz.

Here CR(z;D \ A™) is the conformal radius of the point z inside the n-th
level loop.

Observe that the above approximation is different from taking naively
the exponential of h, and normalizing it pointwise by its expectation. In
fact, it is not hard to see that in this setting the latter naive procedure
that is used for mollifier and truncated series approximations would not
give the Liouville measure.

In the critical case, and keeping to the above concrete approximation
of the GFF, regularized Liouville measures can be given by the so-called
derivative approximations:

Dy (dz) = (=hn(2) +21og CR™'(2,D\ A™)) €*"(2) CR(z; D\ A™)? d=.

As the name suggests, they correspond to (minus) the derivative of the
above measure M, w.r.t. to v, taken at the critical parameter v = 2.
We show that these approximate signed measures converge to a positive
measure that agrees (up to a constant factor 2) with the limiting measure
of [1] described in Section 3.3, and also to the critical Liouville measure
constructed in [12, 25].

The connection between multiplicative cascades and the Liouville mea-
sure established by our construction makes it possible to directly adapt
many techniques developed in the realm of branching random walks and
multiplicative cascades to the study of the Liouville measure. This allows
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us to prove a “Seneta—Heyde” rescaling result in the critical regime by fol-
lowing closely the arguments for the branching random walk in [3]. In a
follow-up paper [6], we use this result to transfer another result from cas-
cades, [22], to the case of the Liouville measure, and to thereby answer a
conjecture of [11] in the case of the GFF: we prove that under a suitable
scaling, the subcritical measures converge to a multiple of the critical mea-
sure. Finally, our proofs are robust enough to study the Liouville measure
in non-simply connected domains and also to study the boundary Liouville
measure.

The rest of the article is structured as follows. We start with preliminar-
ies on the GFF, its local sets and Liouville measure. Then, we treat the
subcritical regime and discuss generalizations to non-simply connected do-
mains and to the boundary Liouville measure. Finally, we handle the critical
case: we first show that our construction agrees with both a construction
by E. Aidekon (up to a constant factor 2) and a mollifier construction of
the critical Liouville measure; then, we consider the case of Seneta—Heyde
scaling.

Acknowledgements. We would like to thank R. Rhodes and V. Vargas
for elucidating the existing literature in the critical case and N. Berestycki
for advice on connecting our measure with the existing Liouville measure
in this case. We are also very grateful to W. Werner for presenting us the
Dirichlet—Neumann set-up and for inviting E. Powell to visit ETH on two
occasions, where a large part of this work was carried out. Finally, we thank
the anonymous referee for helpful comments and suggestions. J. Aru and
A. Sepilveda were supported by the SNF grant #155922, and happy to
be part of the NCCR Swissmap. E. Powell was supported by a Cambridge
Centre for Analysis EPSRC grant EP/H023348/1.

2. Preliminaries on the Gaussian free field and its local
sets

Let D C R? denote a bounded, open and simply connected planar do-
main. By conformal invariance, we can always assume that D is equal to
D, the unit disk. Recall that the Gaussian Free Field (GFF) in D can be
viewed as a centered Gaussian process I', indexed by the set of continuous
functions in D, with covariance given by

(2.1) E[(T, /)(T.g)] = / /D H@)G(a)g(y) dedy.

ANNALES DE L’INSTITUT FOURIER
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Here Gp is the Dirichlet Green’s function in D, normalized such that
Gp(z,y) ~log(l/|z —y|) as x — y for all y € D.

Let us denote by p; the uniform measure on the circle of radius € around
z. Then for all z € D and all € > 0, one can define I'; := (T, pg). We remark
that this concrete choice of mollifying the free field is of no real importance,
but is just a bit more convenient in the write-up of the critical case.

An explicit calculation (see e.g. in [13, Proposition 3.2]) then shows that:

= CR(z;D)"/? ifd(z,0D) > ¢,

(22)  E|eTexp (W(F,pi))} {< 1 if d(z,0D) < e

where CR(z; D) is the conformal radius of z in the simply-connected do-
main D. This exact formula holds not only for the circle average, but for
any mollifier p5 that is radially-symmetric and supported in the disk of
radius € around z.

The Gaussian free field satisfies a spatial Markov property, and in fact
it also satisfies a strong spatial Markov property. To formalise this, the
concept of local sets was introduced in [29]. They can be thought as the
generalisation of stopping times to a higher dimension.

DEFINITION 2.1 (Local sets). — Consider a random triple (I', A,T 4),
where T' is a GFF in D, A is a random closed subset of D and I'y a
random distribution that can be viewed as a harmonic function, h 4, when
restricted to D\ A. We say that A is a local set for T if conditionally on A
and T4, T4 :=T ~Ty4isa GFF in D\ A.

Here, by a random closed set we mean a probability measure on the
space of closed subsets of D, endowed with the Hausdorff metric and its
corresponding Borel o—algebra. For simplicity, we will only work with local
sets A that are measurable functions of I' and such that A U dD is con-
nected. In particular, this implies that all connected components of D\ A
are simply-connected. We define F4 = 0(A) Vo (T'4).

Other than the Markov property apparent from the definition, we will
use the following simple properties of local sets. See for instance [29, 35]
for further properties.

LEMMA 2.2. — Let (A™),en be an increasing sequence of local sets mea-
surable w.r.t. I'. Then

(1) Fan C Fan+r,
(2) A" isalso alocal set and T 4,, — I'——— in probability as N — oo,

Uar
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(3) if JA™ = D, then the join of the c-algebras Fan is equal to o(T).
Moreover, I, := I g» then converges to I' in probability in the space
of distributions.

The property (1) follows from the fact that our local sets are measurable
w.r.t. I and the characterization of local sets found in [29]. Properties (2)
and (3) follow from the fact that when A™ U 0D is connected we have that
GD\An — GD\W.

In other words, one can approximate the Gaussian free field by taking
an increasing sequence of measurable local sets (A™),en and for each n
defining I';, := ' 4n. As T',, are measurable w.r.t. the GFF and also piecewise
harmonic, they give very simple intrinsic approximations to the field. For
example, one could intuitively think that A™ are the sets that discover the
part of the surface described by the GFF that is linked to the boundary
and on which the GFF has height between —n and n.

2.1. Two useful families of local sets

One useful family of local sets are the so-called two-valued local sets
introduced in [7] and denoted by A_,;. For fixed a,b > 0, A_,; is a
local set of the GFF such that: the value of h, inside each connected
component of D\ A is constant with value either —a or b; and that is thin
in the sense that for all f smooth we have (T4, f) = fD\A f(z2)ha(z)dz.
The prime example of such a set is CLE, coupled with the Gaussian free
field as A_ox 25, where X is an explicit constant equal to A = 7/2 in our
case [7, 23]. In analogy with stopping times, they correspond to exit times
of Brownian motion from the interval [—a, b]. We recall the main properties
of two-valued sets:

PROPOSITION 2.3. — Let us consider —a < 0 < b.

(1) When a+b < 2\, there are no local sets of I" with the characteristics
of Afa,b~
(2) When a+b > 2), it is possible to construct A_,; coupled with a
GFF I'. Moreover, the sets A_,; are
e Unique in the sense that if A’ is another local set coupled with
the same I, such that for all z € D, ha/(z) € {—a,b} almost
surely and A’ is thin in the sense above, then A" = A_,,
almost surely.
e Measurable functions of the GFF T that they are coupled with.

ANNALES DE L’INSTITUT FOURIER
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e Monotonic in the following sense: if [a,b] C [a/,V'] and —a <
0 < b with b+ a > 2, then almost surely, A_, C A_q/ p.

o A_, 4 has almost surely Lebesgue measure 0.

e For any z, log CR(z; D\A_,) — log CR(z; D) has the distri-
bution of the hitting time of {—a,b} by a standard Brownian
motion.

Another nice class of local sets are those that only take one value in
the complement of A. We call them first passage sets and denote them by
A, (if they only take the value a). These correspond to one-sided hitting
times of the Brownian motion: hence the name. They are of interest in
describing the geometry of the Gaussian free field and are treated in more
detail in [4, 5]. Here, we only provide one working definition and refer to [4]
for a more intrinsic definition, uniqueness and other properties not needed
in the current paper.

DEFINITION 2.4 (First passage set). — Take a > 0. We say that A, is
the first passage set (FPS) of a GFF T, with height a, if it is given by
U'n, A_n,a.

We need a few properties of these sets. The first follows from the defini-
tion, the second and third from calculations in [7, Section 6]:

o We have that 'y, = a—v,, where v, is a positive measure supported
on Ag;

e A, has zero Lebesgue measure;

e For any a,, — oo we have that (JA,, = D.

Note that because the circle-average of the GFF (T, p%) is a.s. well-defined
for all z € D, ¢ > 0 simultaneously, it also means that (v,,p%) is a.s.
well-defined and positive for all z, e as above.

In fact these three properties characterize A, uniquely [4]. However, in
this paper we only need a weaker uniqueness statement that is a conse-
quence of the following lemma:

LEMMA 2.5. — Denote A' = A_,, with a > X and define iteratively
A™ by exploring copies of A_, , in each connected component of the com-
plement of A", Then, almost surely for a dense countable set z € D the
following holds: for k € N, let n, be the first iteration when han-(z) = ak,
the connected component D\ A™ containing z is equal to the connected
component of D\ A, containing z.

Proof. — The proof follows from the uniqueness of two-valued sets A_ .
Indeed, construct sets B™ by taking B! = A! and then repeating the

TOME 70 (2020), FASCICULE 1
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construction of A’ only in the components where the value of hg» is not
yet ak. Thus, by construction B™ C A™. Moreover, for any z up to and
including the first iteration where I'gx(2) = ak, the connected component
of the complement of A™ and B™ containing z coincide.

Now, note that for a fixed z € D, n, is almost surely finite. Thus it
suffices to prove that for all n € N, the set B" is contained in A_[4,] 4k
and that all connected components of D\B™ where hg» takes the value
ak are connected components of D\A_j4,7 ., Where ha_ o o 18 equal
to ak. To see this, first note that hpn € {—an,—a(n —1),...,ak}. In
particular, in each connected component where hpn = ¢ ¢ {—[an], ak} we
can construct the two-valued sets A_[4,7—c,ak—c- This gives us a local set
B s.t. hz takes only values in {—[an], k}. It is also possible to see that B
is thin, by noting that inside each compact set its Minkowski dimension is
smaller than 2 (e.g. see [31, Proposition 4.3]). Then, by uniqueness of the
two-valued sets, Lemma 2.3, B is equal to Afg,),- To finish, notice that
the connected components of D\ B"™ where hg~» took the value ak are also
connected components of B with the same value. O

In particular, from this lemma it follows that we can also construct A,
in a different way: denote A! = A_, , and define A2 by iterating indepen-
dent copies of A_, , in each component of the complement of D\ A! where
ha, # a. Repeat this procedure again in all components of the complement
for which the value still differs from a. This iteration gives an increasing se-
quence of local sets A™, whose limit is equal to A,. For a concrete example,
one could take A_3y 2) to be equal to CLE4 in its coupling with the GFF,
and the above procedure would yield Asy. In fact the sets (Asan)nen are
exactly the sets that the author [1] proposes as a basis for the construction
of the Liouville measure.

3. Overview of the Liouville measure and loop
constructions of [1]

There are many ways to define the Liouville measure in the subcritical
case, the differences amounting to how one approximates the underlying
GFF. We will first describe the approximations using circle averages in the
subcritical case. Then we will discuss the critical regime, and finally present
the nested-loop based constructions from [1] that are conjectured to give
the Liouville measure. From now on we will set D = D for simplicity.
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3.1. Subcritical regime

Let us recall that we denote I'c(z) = (T, p5) the e-circle average of the
GFF around the point z as before. It is known that (I'c(z) : € 2 0,z € D) is
a continuous Gaussian processes that converge to I' a.s. in the space of dis-
tributions as € — 0. Thus, one can define approximate Liouville measures
on B(D) by .

p2(dz) == &7 exp (e (2)) dz.
In the subcritical regime we have the following result [8, 13]:

THEOREM 3.1. — For v < 2 the measures ) converge to a non-trivial
measure 1Y weakly in probability. Moreover, for any fixed Borel set O C D
we have that ;2 (O) converges in L' to 7 (O).

In fact it is known that the measure is also unique, in the sense that the
same limit can be obtained using any sufficiently nice mollifier instead of
the circle average. We will show that the approximations using local sets
give the same measure.

3.2. Critical regime

It is known that for v > 2, the measures p) converge to zero [28]. To
define the critical measures an additional renormalization is therefore re-
quired. One way to do it is to use the so-called derivative martingale, orig-
inating from studies on branching random walks. Define

() velds)i= 5| ) = (~Tu(e) + 2log(1/2)e exp (21 (2)) d
=2

It has been recently shown in [25, Theorem 1.1] that v, converges weakly
in probability to a non-trivial limiting measure u5 as ¢ — 0. Moreover,
w5 coincides with the critical Liouville measure defined in [11, 12]. We will
again show that the approximations using local sets converge towards same
measure.

Another way to define the critical measure is to use the so-called Seneta—
Heyde renormalization [3, 12]. In the case of the circle-average process the
approximating measures would be defined as:

7z(dz) := \/log 1/ep?(dz).

It has been shown [16, 17] that 7z converges in probability to \/gué as
€ — 0. We will prove an analogous result in our setting.

TOME 70 (2020), FASCICULE 1
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3.3. Measures constructed using nested loops

In [1], the author proposes a construction of measures, analogous to the
Liouville measure, using nested conformally-invariant loop ensembles. We
will now describe it in a concrete context that is related to this paper.

Consider a CLE,4, and inside each loop toss an independent fair coin.
Keep the loops with heads on top, and sample new CLE, loops in the
others. Also toss new independent coins inside these loops. Keep track of
all the coin tosses for each loop and repeat the procedure inside each loop
where the number of heads is not yet larger than the number of tails.
Define the resulting set as Al. Now define A* iteratively by sampling an
independent copy of Al inside each connected component of D\ Ak-1,

For any Borelian O C D we can now define

MY = ! z iK% z
(32) M (0) = RO T /(m\zk CR(2,D\ A") ¥ d

It is shown in [1] that for v < 2 the measures defined by M, . converge
weakly almost surely to a non-trivial measure M7. Tt is also conjectured
there that the limiting measures coincide with the Liouville measures u7.
We will prove this statement below.

It is further proved in [1] that for v > 2, these measures converge almost
surely to zero. In the critical case, however, one can again define a derivative
martingale 52 by taking a derivative with respect to —v. In other words
one sets:

~ 9 —

Di(0) = —287]‘/1;3(@)
(we include the factor 2 here to be consistent with the definition in [1]).
It is shown in [1] that the measures Dy := D7 converge to a non-trivial

positive measure Do,. In this paper, we prove that Dy, = 2u5.

4. Local set approximations of the subcritical Liouville
measure

In this section we prove that one can approximate the Liouville measure
of a GFF in a simply connected domain using increasing sequences of local
sets (A™),en with [ J A" = D. In particular, the measure constructed in [1]
will fit in our framework and thus it agrees with the Liouville measure. In
fact, for simplicity, we first present the proof of convergence in this specific
case.

ANNALES DE L’INSTITUT FOURIER
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First, recall that we denote by h4 the harmonic function given by the
restriction of 'y to D\ A. For any local set A with Lebesgue measure 0
and bounded h 4, we define for any Borelian set O C D:

M7(0, A) ;:/ e CR(z; D\ A)7 /2 dz.
O

Notice that as h 4 is bounded, we can define it arbitrarily on the 0 Lebesgue
measure set A.

PROPOSITION 4.1. — Fix v € [0,2). For a > 0, let A, be the a-FPS of
I' and p" be the Liouville measure defined by T'. Then for each Borelian
set O C D (including O = D),

a

M(0) := M7(0, Ay) = e’m/ CR(z;D\A,)" /2dz
O

is a martingale with respect to F 4, and converges a.s. to u7(O) as a — oc.
Thus, a.s. the measures M) converge weakly to p”.

Before the proof, let us see how it implies that the martingales defined
in [1] converge to the Liouville measure:

COROLLARY 4.2. — The martingales M, . defined in [1] converge weakly
a.s. to u”.

Proof. — As a consequence of Lemma 2.5, the fact that A_5) 2 has the
law of CLE,4 and the fact that the value of its corresponding harmonic
function is independent in each connected component of D\ A_sy 2x [7, 23],
we see that Al of Section 3.3 is equal in law to Asy. Furthermore, the
sequence (ﬁk)keN has the same law as the sequence (Aaxk)ken-

Now, by the iterative construction and conformal invariance the random
variables

log CR(0, D\ A") —log CR(0, D\ A"~ 1)

with A° = 0 are i.i.d. Thus, E[CR(0,D\ A1) ¥ ]F = E[CR(0,D \ A%)%].

Moreover, it is known from [7, 30] that —log CR(0,D\ A*) corresponds
precisely to the hitting time of k7 by a standard Brownian motion started
from zero. In our case, when 2\ = 7, we therefore see that

e’ = E[CR(0,D\ A') > ]7F,

Furthermore, since Leb(A2)) = 0 implies that M) (O N Agy) = 0, we have
that M., agrees with the measure M, defined in (3.2). Hence Propo-

sition 4.1 confirms that the limit of M,  corresponds to the ~- Liouville
measure. ]

TOME 70 (2020), FASCICULE 1
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Remark 4.3. — In order to avoid repetition, we recall here as a remark
the standard argument showing that the almost sure weak convergence
of measures is implied by the almost sure convergence of MY (O) over all
boxes O C D with dyadic coordinates, and the convergence of the total
mass M7 (D). This follows from two observations. Firstly, since all the ap-
proximate measures M) have zero mass on the boundary 9D, we can extend
them to Radon measures on . We do this because any closed sub-space
of Radon measures on D with uniformly bounded mass is compact (with
respect to the weak topology), and therefore we have subsequential limits
in this space. Secondly, the boxes O C D with dyadic coordinates generate
the Borel o-algebra on ID. This identifies any subsequential limit as a mea-
sure on D uniquely (and it must have zero mass on the boundary) since we
know that the total masses M) (D) = M (D) converge.

Notice that u) does not converge in the strong topology of measures. This
follows from the fact that almost surely p” is not absolutely continuous with
respect to Lebesgue measure.

Proof of Proposition 4.1. — By Remark 4.3, it suffices to prove the con-
vergence statement for M) (O) (with O C D arbitrary).When « € [0, 2), we
know that 12 (O) — p?(0), in L as e — 0, where p2 is as in Theorem 3.1.
Thus,

E[10(0) | Fa,] = Im B [x2(0) | Fa,.
The key is to argue that
(4.1) lim B [112(0) | Fa,] = M (O).

Then MY(O) =E [u7(O) | Fa,] and we can conclude using the martingale
convergence theorem and the fact that | A, = D (so that F., = o(T)).

To prove (4.1), define AS as the e-enlargement of A,. By, first, writing
[ =T4, + ' and using that (T'4,,p?) = a for any z € D\ AZ, we have

/ o) /2 | F, :/ o0 V2 {ew*‘u,pz)
o\Az ¢ O\A

Using (2.2) we recognize that the right hand side is just M7 (O\AS).
On the other hand, (T'4,, pZ) < a for any z, and the conditional variance
of (T4« p?) given F4, is less than that of (T, p?). Thus we can bound

E

IAJ dz

eV /2R [T +T40.02)

an] < 7% CR(z, D) /?
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and it follows (using that CR(z,D) < 1 for all z € D) that

E / 1 T02) 7212 4
ONAg

Since A, has zero Lebesgue measure, we have Leb(A%) = o-(1). This con-
cludes (4.1) and the proof. O

We now state a more general version of this result, which says that one

]—“Aa] < Leb(Ag)e™ .

can construct the Liouville measure using a variety of local set approx-
imations. The proof is a simple adaptation of the proof above. We say
that a generalized function 7" on D, for which the circle-average process
T.(z) := (T,p%) can be defined, is bounded from above by K if for all
z € D and € > 0, we have that T.(z) < K.

PROPOSITION 4.4. — Fix v € [0,2) and let (A™),en be an increasing
sequence of local sets for a GFF T" with | J,, .y A" = D. Suppose that almost
surely for all n € N, we have that Leb(A™) = 0 and that I" 4= is bounded
from above by K, for some sequence of finite K, . Then for any Borel
O C D (including © =D), M) (O) defined by

n

n

M (0) = / e (3) CR(z; D\ A™) /2 dz
(@]

is a martingale with respect to {Fan }n>o and

lim M (O) = p(0)a.s.

n—roo
where Y is the Liouville measure defined by T'. Thus, almost surely the
measures M, converge weakly to u”.

Let us mention two natural sequences of local sets for which this proposi-
tion applies. The first is when we take a.,, b, * 0o and study the sequence
(A_q, b, )nen. The second is when we take the sequence (Aﬁa,b)neN for
some a,b > 0, where Aﬁa,b is defined by iteration(®). Note that in the case
where a = b = 2\, we recover the result described in the introduction for
the iterated CLE,.

Observe that whereas our martingale agrees with the one given in [1] for
the case of first-passage sets, for any cases where ha» can take more than
one value, the martingales are in fact different. Yet, we can still identify
the limit of the martingale M (O) of [1], corresponding to an iterated
CLE4 (i.e. (CLE})pen.) In this case Aidekon’s martingale converges in

n—1

(2) We set Aia » = A_qp and define A" , by sampling the A_, p of FA*EJ’ inside
each connected component of D\A™ lb
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distribution to 77 (O) := E [V (O)|Fu], where p7 is the Liouville measure
and F, is the o-algebra containing only the geometric information from
all iterations of the CLE,. This o-algebra is strictly smaller than Fan o’
which also contains information on the labels of CLE, in its coupling with
the GFF. It is not hard to see that 77 is not equal to u”.

5. Generalizations

In this section, we describe some other situations where an equivalent of
Proposition 4.4 can be proven using the same techniques as the proof of
Proposition 4.1. In the following we do not present any new methods, but
focus instead on announcing the propositions in context, so that they may
be used in other works. We also make explicit the places where the results
are already, or may in the future, be used.

5.1. Non-simply connected domains and general boundary
conditions

Here we consider the case when I' is a GFF in an n-connected domain
D C D (for more context see [4]). First, let us note that in this set-up (2.2)
becomes

2 s
— e 2Gp(=2)  if d(z,0D) > ¢,

E séexp (T, pS ]
(T £2)) {@ if d(z,0D) < e,

where we write Gp(z,w) = —log|z — w| + Gp(z,w), i.e. for any z € D,
Gp(z,-), is the bounded harmonic function that has boundary conditions
log(]z — w|) for w € 9D. Additionally, if we work with local sets A such
that all connected components of AU 0D contain an element of D, then
Lemma 2.2 will hold. All local sets we refer to here are assumed to sat-
isfy this condition. These facts and assumptions are enough to prove the
following proposition:

PROPOSITION 5.1. — Fix v € [0,2) and let (A™),en be an increasing
sequence of local sets for a GFF T" with |, .y A" = D. Suppose that almost
surely for all n € N, we have that Leb(A™) = 0 and that T 4» is bounded
from above by K, for some sequence of finite K,. Then for any Borel
O C D, M7 (O) defined by

.
MY ::/ Mhan ()= Cpia, (52) g
(@]
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is a martingale with respect to {Fan }n>o and
lim M) (O) = p"(0)a.s.
n—roo

where Y is the Liouville measure defined by T'. Thus, almost surely the
measures M, converge weakly to u”.

The equivalent of the sets A_,; and A, are defined in n-connected do-
mains in [4] and it is easy to see that their iterated versions satisfy the
hypothesis of Proposition 5.1. In particular, the above construction allows
the authors in [4] to prove that the measure I' 4, is a measurable function
of A,.

5.2. Dirichlet—Neumann GFF

In this section we take I" to be a GFF with Dirichlet—-Neumann boundary
conditions in DT = D N H. That is, I" satisfies (2.1), with Gp replaced by
Gp+: the Green’s function in D with Dirichlet boundary conditions on
0D and Neumann boundary conditions on [—1,1]. To be more specific,
we set Gp+(z,y) = Gp(z,y) + Gp(z,7), with Gp as in Section 2. Then
Gp+(z,y) ~ log(1/|z — y|) as * — y in the interior of Dt and Gp+ (z,y) ~
2log(1/]x — y|) when y € (0,1).

Let A be a closed subset of DT. Suppose that I' is a Dirichlet-Neumann
GFF in D™\ A with Neumann boundary conditions on [—1, 1]\ A and Dirich-
let boundary conditions on the rest of the boundary. Let z € [—1,1] and
define g% to be the uniform measure on 9B(z,e) N DT. Then, in this set-

p (2.2) becomes

o (L. o] [ = CRE@DVAY /4 if d(z, 0(D\A)) > e,
(5.1) B[ exp (2(0,00))] {<1 i dlo. D\ < =

Here we set A:= AUA for A={zecC:z e A}.

There is also a notion of local sets for this Dirichlet—Neumann GFF.
We say that (I', A,T'4) describes a local set coupling if, conditionally on
(A,T4), T4 :=T —T'4 is a GFF with Neumman boundary conditions on
[—1,1]\A and Dirichlet on the rest. For connected local sets such 0D U A
is connected, Lemma 2.2 still holds (by the same proof given for the 0-
boundary GFF).

We are interested in the boundary Liouville measure on [—1,1]. Take
v < 2,e > 0 and a Borel set O C [—1,1]. We define the approximate
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boundary Liouville measures as follows:
v (0) = 572/4/ exp (1(1", gi,)) dex,

o 2

where here dz is the Lebesgue density on [—1,1]. It is known (see [8, 13])
that v2 — 07 in L£! as ¢ — 0. Moreover, it is also easy to see that v? is
a measurable function of F_; ;). This just comes from the fact that the
Dirichlet GFF contains no information on the boundary. Thus, we have all
the necessary conditions to deduce the following Proposition using exactly
the same proof as in Section 4.

PROPOSITION 5.2. — Fix v € [0,2) and let (A™),en be an increasing
sequence of local sets for a GFF T' with |J,,cy A™ 2 [~1,1]. Suppose that
almost surely for all n € N, we have that Lebj_; 1j(A,) = 0 and that T'sn
restricted to A™ is bounded from above by K, for some sequence of finite
K,,. Then for any Borel O C [—1,1], MY(O) defined by

M(0) ;:/ 340 (2) CR(z; D\A,) T d=
O

is a martingale with respect to {Fan }n>o and
lim MY (O) =v7(0) a.s.
n—oo

where where u” is the boundary Liouville measure defined by I'. Thus,
almost surely the measures M, converge weakly to v7.

It has recently been proven in [26] that sets satisfying the above hypoth-
esis do exist, and that they can be used to couple the Dirichlet GFF with
the Neumman GFF. Let us describe some concrete examples of these sets.
If T is a Dirichlet—-Neumann GFF, then in [26] it is shown that there exists
a (measurable) thin local set A(T') of the GFF such that:

. Z(F) has the law of the trace of an SLE4(0; —1) going from —1 to 1

® hjry is equal to 0 in the only connected component of DH\A(D)
whose boundary intersects 0D N H

e in the other connected components, h Ay 1s equal to £2), where

conditionally on A(T') the sign is chosen independently in each com-
ponent.

There are two interesting sequences of local sets we can construct us-
ing this basic building-block. The first one is the boundary equivalent of
(A’jQ/\Q)\)neN, and the second is the boundary equivalent of (A2 )nen. The
first one is also described in [26, Section 3]. The construction goes as follows:

choose Al = A(T") and construct A™ by induction. In the connected compo-
nents O of D\ A™ that contain an interval of R, we have that ['4 restricted
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to O is a Dirichlet-Neumann GFF (with Neumann boundary condition on
R N 0). Thus, by conformal invariance we can explore the set A(T' |o) in
each such component O. We define A™t! to be the closed union of A™ with
A(T |o) over all explored components O. Note that hyn € {2\k} where
k ranges between —n and n. It is also not hard to see that A™ is thin
(it follows from the fact that hy € £}(D\A) and that for any compact set
K C D™ the Minkowski dimension of A"NK is a.s. equal to 3/2, see e.g. [31,
Proposition 4.3]). Thus we deduce that I' y4» < 2An. Additionally, note that
by adjusting [23, Lemma 6.4], we obtain from the construction of A! that
for any z € (—1,1) the law of 2(log(CR™*(z, D\ A')) — log(CR™*(z, D)) is
equal to the first time that a BM exits [-2A,2A]. It follows that for all
n € N, Lebr(A, N[-1,1]) = 0 and also |J,,cy A" 2 [~1,1]. Hence we see
that the sequence (A™),cn satisfies the conditions of Proposition 5.2.

For the second sequence of local sets, take B = E(I‘) and define B!
to be the closed union of B™ with all A(T' |o) such that O is a connected
component of D\B", hpn |0< 2\ and 0O contains an interval of R. De-
note AY(T") the closed union of all the B"™. Due to the fact that B" are
BTLS with hg» < 2X on [—1,1], we have that T 41 restricted to [—1,1] is
smaller than or equal to 2X. Additionally, note that 2(log(CR ™! (z, D\ A'))—
log(CR™!(2, D)) is distributed as the first time a BM hits 2\. Now, we iter-
ate to define A™(T") as the closed union of A"~ 1(T") and AT |o), where O
ranges over all connected components of D+\A(”_1) containing an interval
of R. The sequence (A™),¢cn satisfies the condition of Proposition 5.2. Note
that in this case the martingale simplifies and contains only information
on the geometry of the sets A™:

M) = 672)‘"/ CR(Z;D\A")72/4dZ.
o

n

The fact that this martingale is a measurable function of A™ allows us to
use the same techniques as in [4] to prove that the measure 2An — I'4» on
R is a measurable function of A™.

Tt is also explained in [26] that the sets A™ we have just constructed, and
the definition of the boundary Liouville measure using them, might help to
reinterpret an SLE-type of conformal welding first studied in [33].

6. Critical and supercritical regimes

In this section it is technically simpler to restrict ourselves to the simply
connected case and to study a special family of sequences of local sets.
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Namely, we assume that our sets A™ are formed by iterating a first passage
set A, for some a > 0, in other words A™ = A,,. With some extra work,
the results can be seen to hold in a more general setting.

We first show that the martingales defined in Section 4 converge to zero
for v > 2. Then, in the critical case 7 = 2, we define a derivative martingale
and show it converges to the same measure as the critical measure p
from [11, 12, 25], and 1/2 times the critical measure Dy from [1]. Finally,
we show that we can also construct the critical measure using the Seneta—
Heyde rescaling (analogous to the main theorem of [3].) More precisely, for
all Borelian O C D, we have that /anM?(O, A™) converges in probability
to %M’Q(O) as n — oo.

6.1. The martingale )M, vanishes in the (super)critical regime.

LEMMA 6.1. — Sety > 2 and A™ = A,y as above. Then M, — Oalmost
surely.

Remark 6.2. — In fact, our proof of Lemma 6.1 works for any sequence
A" of local sets such that (J,, A, = D, and that are formed by iteration.
That is, A! = A(T) is some measurable local set coupled with the GFF T,
and A"t is formed from A™ by, in each component O of D\ A", exploring
A(TAY)

In [1], Aidekon also considers the critical and supercritical cases for
his iterated loop measures. In particular, from his results one can obtain
Lemma 6.1 directly. We include a proof (that works in the more general set-
ting of Remark 6.2) for completeness, and to introduce a change of measure
technique that will be crucial in later arguments. The proof follows from
a classical argument, stemming from the literature on branching random
walks [21], but is based on the local set coupling with the GFF.

Proof. — From (2.2) and the iterative way that we have constructed A",
we see that if Mg (D) = [; CR(z, D)Y*/2 dz, then M} (D)/M{ (D) is a mean
one martingale. Let us define a new probability measure P via the change
of measure
dP|  My(D)

Gl N
dB|_~ M;(D)

(6.1)

It is well known, see for example [14, Theorem 5.3.3], that in order to
show that MY(D) — 0 almost surely under P, it suffices to prove that
lim sup,, MY (D) = +o0 a.s. under P.
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To show this we actually consider a change of measure on an enlarged
probability space. Define a measure P* on (I',(A™),,Z) by sampling
(T, (A™),,) from P and then independently, sampling a random variable
Z € D with law proportional to Lebesgue measure. Note that under P* the
process

€, = oVhan (2)=~%/21og CR™H(Z,D\A™)

is a martingale with respect to the filtration F}. = Fan V o(Z). Thus we
can define a new probability measure P* by
dB” &n

02 | B

*
AN

Then if P is the restriction of P* to Fun, P and P satisfy (6.1). There-
fore it suffices to prove that under P* and conditionally on Z, we have
lim sup,, MY (D) = 400 almost surely.

Now, for any simply-connected domain D we have d(z,0D) < CR(z, D) <
4d(z,0D) by Koéebe’s quarter theorem. Using the triangle inequality we
therefore see that for any 2z’ with d(z,2’) < CR(z,D)/2, we have that
CR(z,D) < 16 CR(%/, D). Clearly, we can lower bound M) (D) by the M, —
mass in the disk of radius CR(Z, D)/2 around Z. Thus by the above com-
ments, it suffices to prove that under P* and conditionally on Z, almost
surely

(6.3) lim sup "™ (2)=(v?/242)log CR™H(ZD\A™) _ |
n

To do this, we claim that under the conditional law I?P*(|Z )
han(Z) —vlogCR™Y(Z, D\ A™)

is a random walk with mean zero increments (starting from —ylog CR™*(Z,
D\ A™). Notice that (6.3) then follows, as v2 > ~2/2 + 2 if v > 2.

To prove the claim, observe that the marginal law of Z under P* is
proportional to CR(Z,]D))’Y?/ 2. Moreover, the conditional law on the field
can be written as

p* (dr]2) = eyhAn(Z)-ﬁ(logCR*l(Z,D\A”)-logCR*l(z,D)) P(dT).
As for all v we have that

E |evhan ()= % (log CR™}(Z,D\A")~log CR™1(2D)) | _ 1
- b
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by dominated convergence we can differentiate with respect to + to obtain
that the expected value of

(hAn (Z)—’Y 10g CR_l(Z7 D\An))e'yhAn (Z)—ﬁ(log CR™(Z,D\A™)—log CR™}(Z,D))

is equal to 0. This says precisely that han(Z) —ylog CR™*(Z,D\ A") is a
zero mean random walk under P*(-|2). O

Remark 6.3. — Using the same technique but instead differentiating
twice with respect to v, we can also calculate the variance of the incre-
ments of hgn(Z) —vlog CR™H(Z, D\ A™) under P*(|Z). In the case v = 2
the variance is equal to 1/2.

6.2. The derivative martingale in the critical regime

We now show the convergence of the derivative martingale (when v = 2,
defined below) that is built from the sets A™ = A,, for a > 0. For any
Borel set O C D and local set A, we define

D7(0,A)
;:/ (—ha(z) + 7log CR™}(z, D\ A)) ") CR(z; D\ A)7/2 dz.
o
The rest of this section is devoted to proving the following proposition.

PROPOSITION 6.4. — Assume that A™ is given by A,, for some a > 0.
Then for any Borel O C D (including O = D) we have that D?(O, A™) is
a martingale and converges almost surely to a finite, positive limit D (O)
as n — oo. In particular the signed measures D*(O, A™) converge weakly
to a limiting measure that is independent of the choice of a > 0 and agrees
with the critical measure pb defined in [11, 12], and 1/2 times the critical
measure Do, defined in Theorem 1.3 of [1]. In particular we confirm that
Do = 24l

Remark 6.5. — With some extra work, one can also obtain the above
result when A" is formed by iterating A_,, for any a > 0. Intuitively,
this just follows from the explicit relationship between these sets and the
corresponding first passage sets (Aqp)n, described in Lemma 2.5.

The fact that the above martingales converge (when A™ = A,,, which
we stick to from now on) and that their limit agrees with (1/2)Dae, fol-
lows directly from [1]. Indeed, in the case a = 2\, observe that for any
O C D, twice the derivative martingale 2D2(O, Ayy,) is equal to D, (O)
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defined in (1.3) of [1] (see proof of Corollary 4.2). Thus, we know from
Theorem 1.3 of [1] that when we iterate Asy, the associated sequence of
measures 2D?( -, Asy,) converges weakly to 1500. Moreover, it also follows
from Theorem 1.3 of [1] that for all dyadic s > 0, 2D?( -, Aaxsy,) converges
to the same limit. Doob’s maximal inequality then implies that there exists
a modification of 2D2(-, 4,) that also converges to Do as t — oo. This
clearly implies the convergence of our derivative measures to (1/2)Du for
any a > 0.

Now we would like to connect the measures Do and 1'. Concentrating
on the case a = 1, we set

D, :=2D?(0, A,,),

where we have included the factor 2 for consistency with [1]. The immedi-
ate difficulty is that the martingales D,,(O) are not uniformly integrable
(U.1). To solve this issue we work with a certain mollified and localized
approximation of u(0). Recall from Section 3.2 that the mollified mea-
sures v, defined in (3.1) converge weakly in probability as e — 0 to uj. To
ensure uniform integrability, we work with a localized version that we call
v8. This family is U.L for any 3 (as shown in [25, Proposition 3.6]) and,
moreover, there almost surely exists a [y such that l/f = v, for all B > Sp.
We then roughly follow the strategy of the proof of Proposition 4.1, and
show that the conditional expectation v/? w.r.t. F4, is approximately equal
to D,(0)/2.

Proof of Proposition 6.4. — Consider the circle-average approximate
measures v, from (3.1), and choose a sequence g — 0 such that v, — pj
almost surely. From now on whenever we write ¢ — 0, it means that we
are converging to 0 via (e)ren. We set, for fixed O C D,

v2(0) = /O (~T+(2) + 2log(1/2) + )

L(1y (2)<e) Hed(z.om)y €7 =972 108079 4z

where T(z) = sup{e < d(z,0D) : T'c(z) — 2log(1/e) < —B}. It is shown
in [25, Proposition 3.6] that 2 (0) is uniformly integrable for fixed 3 > 0.
Additionally, if we define

Cp:={-T(2) +2log(l/e) + 8 >0 for all z € D,0 < e < d(z,0D)},
then P(Cg) =1 —o(1) as 8 — oo thanks to [16, Theorem 6.15].
The strategy is to prove that for

(6.4) 15 := inf{n eN: ]]i)l\le4 —ha,, (2)+2log CR™!(2,D\ Au,) < ﬂ},
n z€ an
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the almost sure limit

(6.5) lim lim lim E [V (0) | Fa,] 1ry=oc}

B—o00 n—00 e—=0

exists and is equal to both p5(O) and %500 (O) almost surely.

Let us first show that (6.5) is equal to u5(0). — Observe that since
v2(0O) is uniformly integrable, we have by Fatou’s and reverse Fatou’s
lemma that, if the limit in e exists (we will show that it does in the next
step)

E [lim inf v (0) |wa] < lmE[P?(0) | Fa,] <E |limsupv?(0) | Fa,
e—0 ) e—0

e—0

Taking the limit as n, 5 — oo we obtain that
lim liminf?(0) < lim lim lim E[p?(0) | Fa,] < hm lim sup v/2(0).

B—oo e—0 B—o00 n—00 €0 e—0

However, since 12(0) = 1v.(O) on the event Cj, and almost surely 1¢, 11
as f — oo, the right and left hand sides of the above two expressions are
equal to ub(0).

Now, we only need to prove that almost surely 1(,,—o} — 1 as § — oo,
which is due to the fact that

. . _ _1 -
(6.6) ;Ielﬂf)rllIelfI;]( 2an + 4log CR™' (2, D\ Agp)) > —o0.

This just follows from Lemma 6.1 and its proof: indeed, as in the
proof, one can observe that for any z and any n, we have that M?2(D) >
e2an—410g CR™!(z.0\Aan)  Hence as M2(D) — 0 by Lemma 6.1, we obtain
(6.6). Thus, (6.5) is equal to u4(0O).

We now show that (6.5) is equal to %500(0) — Similarly to the proof
of Proposition 4.1 we write E[v?(O) | Fa,] as the sum of:

El(n,ﬁ,g) ::/O EA“[(—FE(Z)—i-Qlog(l/a))l{Tﬂ(Z)gs} eQFE(Z)_QlOg(l/E)}dz7

\Afl
E2(n, B,¢) ::/ EA| (T2 (2)+2108(1/2)) L1 (5<e) €27 721060/9 |z,
ONA:g,
’fl B, - ﬂ/ l{TB(Z)<E}1{8<d(Z BD)}e e )7210g(1/6):| dz.

As before A;, denotes the e-enlargement of A,, and for shortness of notation
we set E4n(-) =E[-|Fa,].

We first show that the terms E3(n, 3,¢) and E?(n,f3,¢) are negligible.
For E3(n, 3,¢), we use the same calculation as in (4.1) to see that the limit
in € is less than or equal to M,, which we know by Lemma 6.1 converges to 0
almost surely as n — oo. For E?(n, 3, ), on the one hand, by Definition 2.4
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of A, we have that (I'4, , pS) < n. On the other hand, for any z € A we
have that conditionally on A,,, the variance of T'2~ (2) is uniformly bounded.
One way to see this is to write the variance explicitly using the Green’s
function, and to observe that the Green’s function G(z,w) is uniformly
bounded for d(w, z) > €/2. This implies that, for fixed n, 3, the integrand of
E?(n, 3,¢) is of order £2log(1/¢) uniformly in z and hence E?(n,3,¢) — 0
as e — 0.

We now deal with El(n,f,¢). Observe that if ¢ < d(Ay,z) then
(T4, ,pS) = n. Additionally, due to the Markov property of the GFF and
an explicit computation, we have that conditionally on F4_, i.e., under the
probability P4~

(—n — T3 (2) +2 IOg(l/é)) L7y (2)<6} @2 HAS (2)=2108(1/0)
is a (reverse-time) martingale for 0 < § < d,(2) := d(z,0D U A,,).
Thus, we have that E'(n, 3,¢) is equal to
/ EA [(_n — T (2) + 210g(1/6,(2)))
O\As, "

L7, (2)<6a( )}e2n+2F?:(z)(2)72105(1/%(2)) ds
Bz)xon(2 .

Since the integrand does not depend on ¢, the limit in € exists almost surely
and simply yields the integral over the whole of O\ A,.

Now, using that 17, (z)<s} = 1—=1{1,(z)>s}, We rewrite lim. o E*(n, 3, ¢)
as a difference between

(6.7) /O\A E4~ [(771 =I5 (2) 4+ 21log(1/6,(2)))

62n+21‘?:(z>(z)72log(l/én(z)):| dz

and

(6.8) /O LEN (= () + 2108(1/64(2))

Ly (oo €2 o (7210802 ] g,

First notice that (6.7) is equal to D, (O)/2. This follows by a standard
Gaussian calculation, as F?:(Z) is a mean zero normal random variable
under PA» with variance —logd,(z) + log CR(z,D \ A,). Therefore, we
need only show that the random variable given by (6.8) converges to 0 on
the event {73 = o0}, as n — oo and then § — cc.
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To show this, further decompose (6.8) as a sum of

n CR(z,D\A4, ordn (2
(6.9) /O\A]EA"[(_FQL(z)(zH?log((;Zn(z\)))l{p,(z)wn(z)}e s ()

e2n72 log(1/6,(2)) dz.

and

(6.10) / e?n210e(1/0n () (_p 4 210g CR™ (2,1 \ 4,))
O\A,

An
B [1{Tﬁ<z>>5n<z>}eQFW”(Z) dz.

Note that d,(z) < CR(z,D\ A4,,) < 40,(2). This means that ng(z)(z)
has bounded variance under E4», and so we see that (6.9) is bounded by
a constant times M2(O), which goes to 0 by Lemma 6.1.

Finally, observe that on the event {73 = oo}, we have that —n +
2log CR™!(2,D \ A,) + B = 0 for all z € O. Also, by Cauchy-Schwarz

and the fact that F?:(z)(Z) has bounded variance under E4» | we have

An o ¢
E [Limy ey, ey € 00 9] < A (C5) V2

This implies that on the event {753 = oo} the absolute value of (6.10) is
upper bounded by

¢ (|Dp(0)|/2 + 2BM,, (0))P4A= (C5)M2.

But the limit of the RHS as n — oo is equal to %ﬁoo(o)lcg#- Since this
tends to 0 as 8 — oo, we can conclude. O

6.3. Seneta—Heyde rescaling.

Finally, we show that one can also perform a so-called Seneta—Heyde
rescaling to construct the critical Liouville measure using local sets. In fact
we prove an even stronger result that will serve us in a follow-up paper,
where we prove that the scaled subcritical measures (2 — )~ ., converge
to 2u%. This result is known in the setting of multiplicative cascades [22],
and was conjectured in [11] for the Liouville measure.

The moral of the proof can be summarised as follows: our set-up allows us
to rather easily transfer the proofs from the multiplicative cascades setting
to our context. In particular, the proof in this section follows very closely
the proof of [3], and its extension in [22]. Not only is the set-up of the proof
exactly the same, but also technical details can be easily translated to our
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setting. We have, however, aimed to make this section self-contained and
have simplified and shortened some of the technical steps.

The main result of this section is the so called Seneta-Heyde rescaling.
Let M2 be defined as in Proposition 4.1 (with a = 1 and v = 2), i.e.

Mz(dz) — e27172logCPCl(z,]]])\An) dz.

We then see that there is a suitable rescaling of M? that converges to the
derivative measure pb:

THEOREM 6.6 (Seneta-Heyde Rescaling). — For all Borelian O C D
(including © = D), /nM?(O, A,,) converges to %ué((’)) in probability as
n — oo. In particular, we have

2
VM — ﬁﬂlz

weakly in probability as n — oo.

In fact this is a direct consequence of a stronger and more general state-
ment, that will serve us in a follow-up work. First let

D, (0) :=2D*(0, A,)
as in Section 6.2.

THEOREM 6.7. — Suppose that F : R — R* is a positive, continuous
and bounded function, and let

-1
KF(dz) = e2n210g CR™ (D\Aw) o <—2n +4logCR™ (2, D\ An)) &

Vn
Then for any Borelian O C D (inlcuding O = D) we have

n F
\/;)I:Elo(?) = ﬁE[F(ﬁRl)]

in probability as n — oo, where Ry has the law of a Brownian meander at
time 1.

Indeed, in order to deduce Theorem 6.6 from this general statement we
first take F' = 1 to conclude that /nM2(0)/D,,(0) — /1/ in probabil-
ity, as n — oo. As by Proposition 6.4 we also have that D, (0) — 24/(O)
almost surely, Theorem 6.6 follows by invoking Remark 4.3.

It is convenient to work (we will later explain why) under a certain
family of rooted measures, that heuristically amount to picking a typical
point from the critical measure.
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6.3.1. Another family of rooted measures

Recall that in Section 6.1 we already made use of certain rooted measures,
one for each value of v, obtained by weighting our original measure by the
martingale M.

To prove Theorem 6.7, we will define a different family Q,, of rooted
measures, using certain martingales (ZN)Z)@() (defined below) as a weighting
instead. These martingales provide truncated approximations of the critical
measure, with 7 > 0 the truncation parameter.

We already saw in the proof of Lemma 6.1 that if (T, Z) has the law
P (dT", dz) defined in (6.2), then the process

S5,(Z) ;== —2n+4logCR™'(Z,D\ A,)

is a random walk with mean-zero increments under the conditional law
P*(dI'|Z). Moreover, this conditional law is that same as that of S,, under
E, but weighted by

e2n—2log CR™'(Z,D\A,)+2log CR™'(Z,D) )
By conformal invariance of the GFF, this implies that the conditional
law of (S, — Sp) under P*(dT'|Z) does not depend on Z (although Sy =
41og CR™Y(Z, D) clearly does.)
Now, let us define, as in [1],

D1(O) == [ hi(Sn(z +20) 15 (noe? CR(z; D\ A,)? dz,
n 0 (n,2)
o

where E,(n,z) := {S,, > —2n for all m < n}, and h, is the renewal func-
tion associated with the random walk (S,, — Sp) under P*(dI" | Z):

(611) hl(u) =P Z l{infi,gj—l(S'i_SO)>Sj_SO2_u} Z = 1, u = 0.
Jj=0

This is a deterministic function of » (in particular, not depending on Z) by
the discussion above. We have collected further background and properties
of the renewal function in Appendix A.

Proposition 3.2 of [1] implies that for all 7 > 0, D7(0O) is a uniformly
integrable positive martingale with respect to (Fa4, ), and our initial prob-
ability measure IP. Hence, we can define a new probability measure Q,, by
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setting®

Qo Dy(0)
dP Fan " D(O)

(6.12)

Again we extend this to a rooted measure on the field I" plus a distinguished
point Z by setting Q; (dI', d2) restricted to F; = Fa, Vo (Z) to be equal to

1o(2)
Dg

hi(Sn(z) + 2n) 2218 CRTIED\A) 1 dzP[dI].

We make the following observations, which follow from direct calcula-
tions, together with the Markov property of the renewal function (A.1):

(1) The marginal law of Z under Q;, is proportional to
hi(4log CR™!(z,D) 4 21) CR(z,D)*10(2)dz.

(2) The marginal law of the field I' under Q; is given by Q.
(3) The conditional law of Z given the field I’ has density

DI(O)  hy (Sp(2) + 2n) 2218 CRTDAAL) 1g, (n,2)1{zc0}
with respect to Lebesgue measure.
(4) Finally, write Q; , = Q;[-|Z = 2] for the law of I given the point

Z = z. The law of the sequence (A,,), under this measure can be
described as follows. First sample A; with law weighted by

hi(S1(2) + 2n) . 2—21ogCR*1(z,D\A1)+21ogCR*1(z,ID>)_
h(So(z) +2m) =Y

Then, given Ay for any k > 1, construct an independent copy of
(Ay)n inside each component of D\ Ay that does not contain the
point z. Inside the component containing z, let us call this B,
construct the components of Ax.1 N By by weighting their laws by

. 2 _ _
hi(Sk+1(2) + 2n) 1p, o ksn) 02—210g CR™" (2,D\ Ag11)+21og CR™" (2,D\ Ay) _
h1(Sk(z) + 2n)

This defines the law of the sets A,,, and hence by iteration, the law
of T.

It then follows that for any n the law of
(Sk(z))lgkgn = (—2]€ + 4log CR(Z, D \ Ai))lgkgn

(3) Note that, by definition, the measure Q, also depends on the set O. This is just
a technical convenience, and we omit the dependence from the notation, as it should
always be contextually clear which O we are using.

TOME 70 (2020), FASCICULE 1



232 Juhan ARU, Ellen POWELL & Avelio SEPULVEDA

under Qy  is the same as its law under P*[-| Z = 2], but weighted by
h1(Sn(2) + 2n)
ha(So(z) +2m) "
By the classical theory of Doob h-transforms this weighting is the same as
conditioning (S, (z)), to stay above —27 (see for example [3, Fact 3.2 (iii)]).

(6.13)

6.3.2. Proof of Theorem 6.7

In order to prove Theorem 6.7 we would like to use a first and second
moment method to show that the random variables /nK' (O)/D,,(O) con-
verge to a constant. However, these moments might explode a priori. Thus,
we truncate the random variables: turning D,, into ﬁz and also adding the
indicator 1(g, (n,-)} in the definition of K. Once we have done this, it ac-
tually turns out to be more convenient to work under the rooted measure
in order to study the truncated ratio. This is partly because, under the
rooted measure, the ratio can be naturally written as a functional of the
marked point Z.

So, we set

REn©)= [

o

As mentioned above, the proof of Theorem 6.7 follows by studying the
behaviour of /nK /D! under the rooted measure Q,. More precisely,
we establish the following proposition:

2n—2log CR™1(2,D\ A, Sn(2)
e g ( \ )F <\/ﬁ> 1En(z,n) dZ

PROPOSITION 6.8. — For any n > 0 and all Borel O C D (including
0=D)
F
R O) 1 g [F(\/iRl)]
DI(O)  coVT
in Q,-probability as n — oo, where ¢y € (0,00) is such that hy(u)/u —
co as u — 00, see (A.2), and Ry is a Brownian meander at time 1.

Before proving this proposition, let us shortly explain how it implies the
theorem. Let us stress once again that we have set things up so that we
can very closely follow the proof of Theorem 1.1 in [3].

Proof of Theorem 6.7 assuming Proposition 6.8. — To see heuristically
why this proposition suffices, observe that thanks to (6.6), almost surely
there is a (random) 7y such that whenever > g, the event E, (z,n) holds
for all n € N and z € D. This means that for all n > 79, we have

K7(0) = K (0) and D}J(0) "L ¢gDy (0).
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Moreover, we have seen that 152((9) converges almost surely to a strictly
positive limit as n — oo and then n — oco. It follows that convergence
in probability under P and under Q, are comparable when 7 is large,
implying Theorem 6.7. For an interested reader, the details are given in
Appendix B. a

To prove Proposition 6.8, we first treat the case when O is compactly
supported in D and then in the end discuss how to extend this to sets
intersecting the boundary of . This is to separate certain technicalities
arising when working near the boundary.

Proof of Proposition 6.8 for O compactly supported in D. — We may
assume without loss of generality that O C rD for some r < 1. From now
on, we also omit the argument O in KX*7(0) and D7(O) etc., in order to
keep notations compact.

Define 8 = 1/(co+/m). The idea is to control the first and second moments
of I?f"/ﬁz as n — 00. More precisely, to show that:

| K _ OE [F(V2R,)] 1Y
(614) @77 [ 52 = \/’ﬁ +o <\/’ﬁ> ) and

(&P 0E [F(V2R)])? 1
(6:15) N (5:{) s n +<n>

as n — oo. Note that we have written Q) rather than Q, here, but by ob-
servation (1) above, this makes no difference to the expectations (since the
random variables inside are measurable with respect to F4,). These esti-
mates then prove Lemma 6.8, as they show that the variance of \/ﬁf? Emy 52
converges to 0 with n.

The key observation for the proofs of (6.14) and (6.15) lies in rewriting
the moments using the rooted measure. Indeed, by observation (3) above,
we can write:

(6.16) B~ | h(8.(2) +20)

The advantage of this is that the functionals inside the expectation are

R F<S<ZW>‘; ]

just real-valued functions. Moreover, we know precisely the distribution of
Z under Qj. This allows us to directly calculate the first moment, and to
control the second moment.

First moment estimate. — From the previous equation it follows that
K n(2)/v/n) ]
6.17 Z\In\E)IV Y d
o0 l 1 /an|:h1 () + 2] BV

TOME 70 (2020), FASCICULE 1



234 Juhan ARU, Ellen POWELL & Avelio SEPULVEDA

where Q; , represents the conditional law Qy(-[{Z = z}), and Q;[dz] the
marginal density of Z under Qj as in Section 6.3.1.
Now, by (6.13) we have for any z € O that

N LT (FSu(2)/ Vi) Ly mm) [ {Z = 2))
Z | hy (Sn(2) 4 2n) hi(4log CR™*(z,D) + 2n)
Applying (A.4) we see that this is equal to 8(1 + o(1))/4/n times
~ — 41 “!(2,D
e (F Sn(z) = Sp(z) +41log CR™ " (2,D) Ey(n, 2)
NG
Here we have written @’Z‘ for the law P*(- | {Z = z}), but remember that
the law of S,(z) — So(z) under P does not actually depend on z: it is

a random walk with mean zero increments and variance equal to 2 (see
Remark 6.3). This is now an expression we can deal with easily, because it is
well known [9] that a mean zero bounded variance random walk conditioned
to stay above some level converges to a Brownian meander. Thus for every
z€ Oandn>0:

(6.18) n_1/2(SWnJ (2) — So(2))ogt<n under @’Z‘ (-1 En(n, 2))

converges in distribution to (\/ERt)ogt@ asn — 0o, where R is a Brownian
meander on [0, 1]. Hence, using continuity and boundedness of F, the inte-
grand of the right-hand side of (6.17) is equal to 8(140(1))E[F(v/2R1)]/v/n
for every z € O. Note that the o(1) is uniform over z € O since Sp(z) =
4log CR™!(z, D) is uniformly bounded over z € rD. By dominated conver-
gence, we therefore obtain (6.14).

Second moment estimate. — We now move to the second moment esti-
mate. The idea is as follows. Using (6.16) we can write

A (EENT| L TRE F(S,(2)) )
(6.19) Q; <152 ) — l D! h1(Sn(Z) + 2n)

Intuitively, the ratio I?,f n/ 5,’{ will not depend too much on the final itera-
tions of A,,, i.e. it depends only on A,, for m < k,, for some k,, < n. On the
other hand the random walk S,,(Z), doesn’t depend too much on the initial
iterations of A, i.e. on A,, for m < k!, for k!, < n. Thus, one may hope to
argue that both terms in the right-hand side of (6.19) are asymptotically
independent. Making this precise and showing that in fact one can really
take k, = k], is the content of the rest of the section. It will require quite a
few technical steps, but luckily for us, these can be transferred with minor
modifications from [3].
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The first step is to get a rough upper bound of the right order:

LEMMA 6.9.

irn\ 1
(6.20) || = =0 <n) .

Proof. — Lemma 6.9 Using (6.16) and Jensen’s inequality, one sees that

~ 2
* K’rI;m 2 * 1
% ( 7 ) <P, | s T )

(621 U1 [ @ | e @ e

Then, using the fact that hi(S,(2) +2n) = R(1+ S,(2)+2n) by (A.3), we
can write

1 e, 1
[hl(sn(2)+2n)}2:| SRR (1+Sn(z)+277

Q. Byfn2)) BB 0. 2)

for all z. Applying (A.4), as in the proof of (6.14), we see that

6(1+o(1))
\/ﬁ

where again, since O C rD, the o(1) term is uniform over z € O. By the

convergence of n~1/2 (S|¢/n)(2) = So(2)) to a Brownian meander, (6.18), we
~1/2

Pi(Ey(n, 2)) =

also see that the first term is order n , uniformly over z € O. Plugging

into (6.21) and applying dominated convergence, we obtain the lemma. [
This means that we need only prove the second moment bound on events

of high probability. More precisely:

LEMMA 6.10. — Suppose we can find a sequence of events E, with
Q;(En) — 1 asn — oo, and such that

622 g | EE I F(S.(2)/ V) <<9E[F<f&)]>2+0<;)_

g BZ hi(Sn(Z) + 2n)
Then the second moment bound (6.15) holds.

The proof of this lemma is also relatively direct:
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Proof of Lemma 6.10. — By (6.16) we can write

~ 2
[ (Ee
Dy,

_gr [f?fv" 15, F(S0(2)/v/n)

D}l hi(Sn(Z) +2n) Dy ha(Sa(Z) + 2n)

g lfg{m 1ge F(Sn(Z)/v/n)

Using that by assumption, the first term of the sum is smaller than or
equal to n*(0E [F(V2Ry)])? 4 0 (1/n), it suffices to show that the second
term above is o(1/n) as n — oo. By Cauchy—Schwarz, Lemma 6.9 and
boundedness of F, it is enough to show the same for

(6.23) @ [Lee (b1 (Su(2) +20)77] .

For this, consider the event F. = {S, — Sy > en'/?} and write (6.23) as
the sum

Q; [1{F5}1{EgL}(h1(Sn(Z) + 27}) } + Q [1{F° 1{Ec}(h1(Sn(Z) + 277)_2] .

Using that hi(u) > R(1 + u) and that So(z) + 2n > 0 under Qj ., we
can bound the first term above by ¢(1+ 8271)_1@;; [1{%}]. Moreover, as in
Lemma 6.9 we can now use the convergence to the Brownian meander and
the fact that z € 7D to bound the second term by n~'¢’e for some absolute

constant ¢’. As € can be taken arbitrarily small, the lemma follows. |

It thus remains to find a suitable sequence of events E,: such that
Q;(E,) — 1 and that (6.22) holds. As hinted at in the heuristic discus-
sion before Lemma 6.9, the idea is to find an appropriate separation of
scales. We will show that k, = k!, = n'/? is the right choice.

Indeed, pick k,, = n'/3 and decompose IN{ff” and 52 by writing

~ ~ ~ + ~ —
KEPn = gEmhe 4 KEvE s and DI = Dp*e 4 ppke

where the superscript kI refers to the integral over By, and the superscript
k,; refers to the integral over O \ By, (recall that By, was defined to be
the connected component of D\ 4,, containing 7).

We now define our sequence of events E,, by setting E,, = EL NE2, where
~p kit
E, = {D" < 1/n’}; E) = {S.(2) € [ky/®, kn]}-

Under Qy ., the walk S,(2) is a random walk with finite variance incre-
ments, conditioned to stay above —27. It then follows that it will with high
probability stay inside a window [nl/ 3. n] for n large enough. Hence we

obtain:
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LEMMA 6.11. — Q; [EZ] — 1 asn — oo.

We next claim that conditioned on E2 the event El also happens with
large probability.

LEMMA 6.12. — There exists a deterministic sequence p, ,/* 1 such
that 1g2 Q; [E,, | A, ] = pnlez almost surely. Here F} is the o-algebra
generated by Fa, together with o(Z)

We will postpone the proof of this lemma. For now, observe that since
E2 is }"an measurable, the combination of Lemmas 6.11 and 6.12 imply
that Q; [E,] — 1 as n — oo.

Hence it remains to prove (6.22). Using positivity of the integrands defin-
ing KI'1 and D" the first step is to bound the left hand-side of (6.22) by

K™ 15 F(S0(2)/ V) [ K™ 1g, F(S0(2) /1)

(6.24) Q;, B1 hi(5a(2) +20) Dikn ha(Su(Z) + 2n)

Next, on the event EL, we have that

Fn,k

0< Kn™ <Pl DR < |[Flloo /.

Using the definition of Q; and bounding h; > 1 we see that the first
term of (6.24) is smaller than n=2 times || F'||2,/D{(O). Since we also have
DJ(O) > 0, the first term is of order o(1/n).

For the second term, we use that the two ratios in the expectation are
conditionally independent given ]:an. This means that we can write

o [En" 18, F(Su(2)/V) | .
Dke h(Su(Z)+2n) |7 A
as
6.25 B o [F SV | o
029 | T | P e [ Y 7|

We then have, by (the comment following) (A.4), and the proof of (6.14),
that

(Sn(2)/Vn _ [ PE[F(V2Ry)] .
i sy 7 = (L ottm ) 2

where the o(1/4/n) is deterministic. It therefore remains to prove that

LB 0E [F(V2R,)]
(6.26) Q5 l Y 1En] < Tl + o(1/+/n).
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To do this, we break up (6.26) as

~Fnk, KF .k,
1g

+Q D ko En {Dn<1/n}]

* n
QW ﬁ"’k; 1E"1{5Z>1/n}

Note that ;""" is smaller than IIF ||005n’k; It therefore follows that

we can bound the second term by (5”) I {Dnl{an/ }] which is again
o(1/+/n) since 56’ is non-zero.

Moreover, on the event E, N {D? > 1/n} we have ﬁﬁl/ﬁzk; =1+
O(1/n), and so we see that the first term of (6.26) is less than or equal to
(1 4+ O(1)) times the first moment in (6.14). Since we already know that
this is 0E [F(V2Ry)] /v/n + o(1/y/n), the proof is complete. O

It is only in the proof of the final lemma, Lemma 6.12, that we need to
do a bit of extra work over that already done in [3]. This comes from the
fact that, unlike in the classical setting of multiplicative cascades, the sets
A, at the n—th level have different shapes and sizes. In this lemma, we can
however use the work of [1].

Proof of Lemma 6.12. — Define further events EZ and E} by setting

Ep = Mk, <j<ndSi(2) 2 ky/%%;
= Nk, <j<n{suPyep, |2 —w| < j°CR(Z,B))}

where B, is the connected component of D\ A; containing Z and ¢ > 0 is
some fixed constant to be chosen just below (see also [1, Lemma 3.5]). We
argue that:

(i) 12 @; [E3
(i) 1e@; [EL
finally
(111) Q* |:D"77 " ]_ES ﬁE4

This proves the lemma by conditional Markov’s inequality.

A, } 2 pnlgz, where p, — 1 is deterministic;

) } Z qnlgz, where ¢, — 1 is deterministic; and

Fi, ] 7, where r,, = o(1/n?) is deterministic.

Statement (i) follows from the fact that under the given conditional law,
(S;(Z) — Sk, (Z); j = ky) is a centered random walk conditioned to stay
above —Sk,, (Z) + 27.

Statement (ii) follows from the proof of [1, Lemma 3.5]. This proof shows
that for ¢ large enough,

2

Q;, [supwelgj\Z— w| > j°CR(Z,B;) | Fi n] <ddje,

for some constant ¢’ (note the right-hand side is deterministic.)
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* ~7]7k+ *
For (iii), we bound Qj, [Dy"" 1gs s | F4, | above by
nEL n

(6.27) Q; [IEZQE% / hi(—2n + 4log CR™ ! (w, B,) + 2n)
B,

L, (wm) € CR(w, B,)? dw | F, |
n—1

J=kn Bj\Bj+1

L, () € CR(w, A,)%dw | 7, .

To control each term on the second line of (6.27), we condition further on
all the brother loops of the point Z at level (j+1); that is, the components
of D\ Aj4+1 contained in B; but not B;,1. Now, the description of (A4,),
under Qy . given by observation (4) in Section 6.3.1 implies that after
conditioning on Z and the brother loops of Z at level (j + 1), the process

hi(—2k + 4log CR™ ! (w, Ar))1E, (w,k) e CR(w, Ay)?

is a martingale for k > j + 1. Hence on the event {Z = z} the jth term of

5,2+ conditionally

the sum in (6.27) is equal to the expected value under
on Fj ,of

1g3 g2 / hi(=2(j + 1) + 4log CR™" (w, A1) + 2n)
BB

1En(w7.j+1) €2j CR(’UJ, Aj+1)2dw.

Moreover, this conditional expectation can be bounded above by a constant
times

Q.- llEngi / hi(4log CR_l(w, B;) + 2n — 2j)
Bj\Bj+1

. -1 .
e2]72 log CR™ " (w,B;) dw

-

because CR(w, D\ A;) is decreasing in j, and h; is bounded on either side
by a linear function by (A.3).

Finally, note that on the event E} N E:, thanks to Koebe’s theorem,
2j —2log CR™! (w, B;) is smaller than S; + 2clog(j) +2log CR ™' (z, B;) for
kn < j < n, and the area of each B; is O(CR(z,B;)?). This means that
every term in (6.27) is O(exp(— /&, /2)n**1), and since k, = n'/3, this
therefore implies (iii). O
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We conclude by showing how to extend the proof of Proposition 6.8
to treat O that are not compactly supported in D. For simplicity, we let
O =D.

Proof. — Fix n > 0, and for € > 0 set O, := (1 — ¢)D. We then know
that

(6.28) VAL O:) , gy (F(V2R)]

D(O.)
in Q,-probability as n — oo, for every € > 0. 4)
Write
(G20) YRERTD) _ VAERT(O) VLT (O.) DD\ O.)
' D}(D) DI(0.) Dl(0.)  DI(D)
N VKT (D) O.)
D;(D)

and observe that for any § > 0, by Markov’s inequality,
D1(D\ O. ~ ~
@, (220 5) < sm(Dy(m 0.) = 6 E(DLD\ 0) S0,
D (D)
uniformly in n.

Combining this with (6.28) and (6.29) means that we need only prove,
for every § > 0, that

VRKTE(D\ 0,) e0
(6.30) Q, ( D) > 5) =70

uniformly in n.
For this, we again use Markov’s inequality, and the same strategy that
we used to prove the first moment estimate (6.14). We write

VAR 0. _ L [VAF(SWVA)] .
mm@4 i(D) >TLW§W[M&@+M>@M”

and prove that this expectation converges to 0 as € — 0, uniformly in
n. Note that by (A.4), and the comments following it, the integrand on

4) Here, by Q; we mean the measure defined by (6.12) with © = D. In fact, for fixed
€ > 0, Proposition 6.8 only tells us that we have the convergence in probability (6.28)
when Q,, is defined using O = O.. However, since the two probability measures (i.e.
when Qy, is defined using O = O¢ or O = D) are absolutely continuous, we can deduce
the stated result as well.
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the right hand side of (6.31) is uniformly bounded over z such that
41og CR™! (2, D) < n'/3. Moreover, using that

Q;[dz] o hi(4log CR™'(z,D) + 2n) CR(z, D)?dz,
and that F' and 1/h; are bounded from above, we see that (independently

of ¢) the integral over the remainder of D\ O, decays exponentially in n.
This implies the result, since the area of D\ O, vanishes as e — 0. |

Appendix A. Renewal functions

The material in this appendix comes almost entirely from [3, Section 2].

Let (Sp)n>1 be a centered random walk under some law PP, starting from
So = 0, and whose increments have finite variance 2. Then the renewal
function hy(u) is the expected number of times that (.S, ), hits a strict new
minimum before reaching —u:

hl(u) = P* Z l{il’lfigj—l S;>S;>=—u} Z > ].7 u = 0.

Jj=1

Note that, by the Markov property, we have

(A1) hi(u) = E [h1(Sn + u)1is, +us01]
for any n € N.
By the renewal theorem and our conditions on (Sy,),, it follows that the
limit
h
(A.2) lim 1(u) =: ¢

u—oo U

exists, and ¢g € (0,00). Consequently we have
(A.3) R'(1+wu) > hi(u) > R(1+u)
for all u > 0 and some R, R’ > 0.

Finally, we also need the following asymptotic estimate from [19]. For
0= 651,/#, we have

Ghl(u)

vn

as n — 00, for any u > 0 (see [19, Formula 12]). Moreover, it can be

shown ([2]) that this holds uniformly for u € [0, b,], whenever (b,,)n>0 is a
sequence of positive reals such that lim,, . bon~1/2 = 0.

(A.4) P ( min 5> -u)

1<i<n
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Appendix B. Proof of Theorem 6.7

In this appendix, we show in full detail how Proposition 6.8 implies
Theorem 6.7.

Fix § > 0, assume WLOG that ||F|lc = 1 and pick ug > 0 such that
hi(u)/u € [co — 0, ¢ + 0] for all u > ug (which is possible by (A.2)). Then
on the event N, N, Ey;_y,(2,n), we have

| D1(0) — ¢D,(0)
D, (0)

M,
<0+ 4eon ’ ©) ‘

Dy (0) |
If we assume in addition that we are on the event A, , N A,  defined as
M
(! )
D,(0) con

then (as long as ¢ is small enough) we have

n F
“Drioy v [0

VAKE(0) 1
o) T AR [P(V2R,)]

_ |VAaEF(0) || Di(0) — oDy (0)
DI(0) D, (0)
VaKEn(o) 1
+lco—=—""" Dn((’)) _IE[ (le)}

which by definition is smaller than 3d. Therefore, we can bound

(855 -

S P(Uz Un Ey—ug(2,1)) + P((Ang)°) + P((47,,)°),
which, by the definition of Q" is for any K > 0 less than or equal to

B(Us Un By (2,0)) +B((Ap)) +P (ﬁzw) < 1)

%) oo )

Now take € > 0. By (6.6), Proposition 6.4 and Proposition 6.1, we can pick
ug, 1, K and Ny € N such that the first three terms above are each less than
g/4 for all n = Ny. Then, using Proposition 6.8, we can choose a further
N{ = Ny such that the final term is also less than /4 for n > N{. Since ¢
and d were arbitrary, this concludes the proof of the theorem.
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