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We study three-atom inelastic scattering in ultracold 39K near a Feshbach resonance of intermediate
coupling strength. The nonuniversal character of such resonance leads to an abnormally large Efimov
absolute length scale and a relatively small effective range re, allowing the features of the 39K Efimov
spectrum to be better isolated from the short-range physics. Meticulous characterization of and correction
for finite-temperature effects ensure high accuracy on the measurements of these features at large-
magnitude scattering lengths. For a single Feshbach resonance, we unambiguously locate four distinct
features in the Efimov structure. Three of these features form ratios that obey the Efimov universal scaling
to within 10%, while the fourth feature, occurring at a value of scattering length closest to re, instead
deviates from the universal value.
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Physics has always been about explaining a lot with a
little. From single-particle harmonic oscillators to critical
exponents in many-body physics, we look for parsimonious
descriptions and simple patterns that are universal over a
huge range of energy and length scales, independent of the
details of the system. The motion of three bodies, especially
when of comparable masses, is famously unamenable to the
application of such universal ideas. A dramatic exception
occurs when the system is characterized by pairwise
interactions which are near resonant, i.e., with the s-wave
scattering length a large compared to the range of the
pairwise physical potential. This is the realm of Efimov
physics [1–4].
Three identical [5] bosons have been shown theoretically

to support an infinite sequence of three-body bound states,
the Efimov states, whose spectrum as a function of a
displays discrete scaling invariance [1,2]. The lovely
recursive pattern of energy levels and associated log-
periodic structure of three-body observables—inelastic
collision rates—are depicted schematically in Fig. 1.
Features in the spectrum associated with successive gen-
erations of Efimov states form ratios of 22.7, while features
on opposite sides of the resonance occur at a ratio of either
−1.000 or −1.065 [2,4,17,18]. In the ideal case, these
universal ratios identify the location of every feature up to a
single absolute length scale. Experimental observation of
this universal structure of Efimovian scaling has been a
challenge, with relevant earlier measurements reviewed in
the discussion near the end of this Letter. As for the

absolute length scale, it was originally relegated to the
status of species-dependent nonuniversal details [19]. Later
it was empirically [20,21] and then theoretically [22–25]
shown that in ultracold atom systems the absolute scale, as
specified by the actual value of að0Þ− , is often within 15% of
−9.7 rvdW, where rvdW is the van der Waals length [26].
This “van der Waals universality” is by itself remarkable,
but does not speak to the original notion of Efimov
universality, which is about the relative location of multiple
three-body features near a given two-body resonance.
What makes observations of the originally conceived

Efimov universality [1,2] so difficult is a sandwiching
effect. Universality assumes that a is tuned by an idealized
zero-range two-body resonance, whereas any realistic
scattering process is parameterized by an effective range
re [27], the lowest-order correction to the zero-range
approximation. Efimov features that appear at those values
of a (yellow shaded zone in Fig. 1) that are so small as to be
not well separated from re can be perturbed by short-range
details. On the other hand, if a is too large (purple shaded
zone in Fig. 1), finite-temperature and finite-density effects
in a bulk gas will obscure the features. Counterintuitively,
van der Waals universality is the enemy of Efimov
universality. The “universal” value of að0Þ− in principle
arises from strong Feshbach resonances and is relatively
small in magnitude [22,23,25,28]. A strong resonance
moreover gives rise to a large value of re ≈ 2.8rvdW
[29,30], causing experimentally accessible features in the
Efimov spectrum to be perilously close to the yellow zone.
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In this Letter, we instead work with an intermediate-
strength Feshbach resonance in 39K, centered at 33.5820
(14) G and with width 54.772 G [31]. Too weak to obey van
der Waals universality, our resonance gives rise to a
correspondingly smaller re, and a larger magnitude að0Þ−
[31]. The Efimov features hence tend to occur at higher
values of jaj=re, away from the yellow zone. We have
carefully characterized four distinct triatomic Efimov
features associated with a single Feshbach resonance, an
unprecedented achievement. For each measured feature, we
study the temperature dependence of its location in order to
extract a T → 0 value, thus minimizing the hazard repre-
sented by the purple zone. These four locations yield three
independent ratios which give a measure of redundancy
(see Fig. 1). We identify three of these features which are
arranged in Efimov universal ratios and one (the one at the
lowest value of jaj) which is distinctly nonuniversal.
Further confidence in our experimental observables comes
from excellent agreement with our theoretical analysis,
performed using a complete two-body coupled-channel
model and a realistic three-body model built upon hyper-
spherical adiabatic representation, which incorporates the

proper hyperfine structure and a variable number of singlet
and triplet two-body bound states [31–33].
The Efimov feature for a < 0 (the triatomic resonance)

was studied in our previous work [31]. Here, for a > 0, we
first discuss the atom-dimer scattering resonance, which
manifests as enhanced atom-dimer inelastic decay rate,
βAD. After the evaporative cooling in a pancake-shaped
crossed dipole trap, we end up with a spin-polarized cloud
at various temperatures. An admixture of atoms and dimers
is generated by magnetoassociation of the dimers and
followed by a step to precisely control the atom density.
We then hold the samples at different magnetic fields and
track the populations of the dimers as they either break
apart on their own or react with free atoms. The dimers in
nonground Zeeman sublevels are known to dissociate
spontaneously and spin flip into d-wave exit channels
[44,45]. This decay process contributes to a background
loss of dimers as shown in Fig. 2(a). The pure dimer
lifetime shows a peak around a ¼ 65a0. We calculate this
lifetime using coupled-channel methods [46–48] and find
that the position and height of the peak are very sensitive
to interference between different d-wave decay paths.

FIG. 1. Efimov universality. The bottom panel shows trimer (EðnÞ
t ) and dimer (Ed) energies as a function of a−1, with energy levels

distorted to make clearer the resonance locations. The nth trimer is resonant with three free atoms at a ¼ aðnÞ− , and with the dimer at

a ¼ aðnÞ� . The middle panel depicts the rate coefficients for inelastic collisions. The three-body recombination coefficient L3 peaks at

each value of aðnÞ− , while the atom-dimer relaxation coefficient βAD peaks at each value of aðnÞ� . The entire structure is log-periodic with

period 22.7. For a > 0, L3=a4 shows quantum interference, with each local maximum aðnÞp spaced from the corresponding local

minimum aðnÞþ by
ffiffiffiffiffiffiffiffiffi

22.7
p

. Each value of aðnÞp is related to the corresponding aðnÞ− by a factor of exactly −1, but is offset from the nearest
value of a� by 6.5%. Going from relative to absolute values of a requires a single absolute scale indicated by the oval circle. All these
ratios are for the zero-range limit; the dashed curves suggest the possibility of perturbations as jaj enters the region, indicated by yellow
shading, where it is not large compared to the effective range re. The range of the yellow zone may be “adjusted” by choosing atomic
species with different re. The purple shading represents regions of large jaj that are prone to systematic effects such as those caused by
finite temperature and density.

PHYSICAL REVIEW LETTERS 125, 243401 (2020)

243401-2



We determine the strength of the second-order spin-orbit
coupling, which was previously neglected [49] but signifi-
cantly influences the balance between paths here [33]. The
dashed line in Fig. 2(a) shows the resulting theoretical
curve. On top of this two-body inelastic process, we
observe that the dimers become shorter lived due to their
reaction with atoms. By subtracting out the dimer one-body
decay rate from the dimer total decay rate [33], we extract
the atom-dimer relaxation coefficient βAD at different
temperatures as plotted in Fig. 2(b). A resonant peak is
pronounced at all temperatures. The highest-temperature
data were collected with multiple atom densities in order to
verify the negligible role of four-body processes.
To quantitatively study the resonant behavior of βAD, we

fit the data [Fig. 2(b)] with a zero-range effective-field
theory [50] that provides a convenient parametrization of
atom-dimer scattering at finite energy. There are two free
parameters in this model, a� and η� [33]. a� denotes the
position of the resonance where an Efimov state merges

into the atom-dimer scattering threshold; η� is the inelas-
ticity parameter that characterizes the probability of decay
into an energetic atom and deep dimer. We include an
additional parameter in the fitting function, the global
magnitude A�, which serves as a diagnostic indicator of
the overall consistency between experiment and theory. The
temperature of the sample, which is an input parameter to
this model, is measured with absorption images on atoms
after a long time of flight. As depicted by the set of solid
lines, this finite-temperature model captures the shape of
the atom-dimer resonance peak across the whole temper-
ature range accessed in our experiment.
The variation of the fitting parameters with temperature

is summarized in Fig. 3. We contrast the fit results from the
above-mentioned finite-temperature model [51] [panel (a)
and (b)] and from a zero-temperature model [2] [panel (c)
and (d)]. The former model reveals an energy-independent
parameter að1Þ� that is approached by the phenomenological
peak location from the latter model as T → 0. We deter-

mine að1Þ� ¼ 884ð14Þa0 ¼ 13.7ð2ÞrvdW from the weighted
mean of the four experimental points [Fig. 3(a)]. Notably,

the inelasticity parameter ηð1Þ� ¼ 0.28ð2Þ overlaps with the
previously measured ηð0Þ− ¼ 0.25ð1Þ for a < 0 within
uncertainty [Fig. 3(b)], indicating that the same parameter
characterizes Efimov states on both sides of the two-body
resonance.
We determine the remaining two Efimov features for

a > 0 through measurements of three-body recombination
coefficient L3. Unlike for a < 0, there are no expected
three-body resonances in L3 for a > 0. Instead, two

(a) (c)

(d)(b)

FIG. 3. Summary of the fit results on atom-dimer resonance and
comparison with MC-vdW theory. (a) að1Þ� and (b) ηð1Þ� extracted
from the finite-temperature model fits (magenta circles). The

horizontal line indicates the mean value of the four points. ηð1Þ� is
found to be consistent with ηð0Þ− reported in our previous work
[31]. (c) Phenomenological peak location and (d) inelasticity
extracted from the zero-temperature fits to the finite-temperature
data (black diamonds) or model (green squares). Finite-temper-
ature effects not only shift the peak location but also greatly
broaden the peaks. Both behaviors are captured by our MC-vdW
model.

(a)

(b)

FIG. 2. Temperature dependence of atom-dimer relaxation
coefficient βAD as a function of a. (a) Lifetimes of dimers with
and without atoms being present. The black circles represent the
intrinsic lifetimes of the dimers measured on dimer samples with
hnDi ¼ 2 × 109 cm−3, T ¼ 70 nK. Error bars are extracted from
the fitting routine and include only the statistical noise on dimer
number. The dashed line represents a coupled-channel model that
includes spin-spin dipolar interaction plus second-order spin-
orbit coupling [33]. (b) βAD measured at various temperatures.
Atomic densities differ by a factor of 3 between the two highest
temperature datasets. Error bars stand for 1σ propagated un-
certainty involving the statistical error of atom density as well as
the uncertainty of dimer lifetimes. Solid lines are fitting curves
with a finite-temperature model [50]. The navy dashed line is an
independent prediction of our three-body multichannel (MC-
vdW) model with no adjustable parameters at 62 nK, obtained
using 4 (3) s-wave singlet (triplet) two-body bound states [33].
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indistinguishable decay pathways lead to interference

minima and maxima [2–4], denoted as aðnÞþ and aðnÞp ,
respectively. Upon finishing the evaporation, we ramp
up the trap depth adiabatically to about 10 times the final
temperature to avoid number loss due to ongoing evapo-
ration. The peak value of the phase-space density is always
restricted below 1 to ensure Boltzmann statistics. We use a
rate equation [33] to describe the time evolution of atom
number and temperature to obtain the value of L3 at various
a. Since the overall scaling of L3 is proportional to a4, we
divide out this prefactor in Fig. 4 to emphasize the log-
periodic modulation due to Efimov physics.
To extract the minimum að0Þþ , we fit the dataset of 460 nK

with the finite-temperature model [52] (red solid line in
Fig. 4). There are three free parameters in our fitting
function, aþ and ηþ accounting for the location of the
minimum and the contrast of the oscillation, and an

amplitude-scaling factor Aþ. We obtain að0Þþ ¼ 246ð6Þa0,
ηð0Þþ ¼ 0.20ð2Þ. This result agrees with a fit with a zero-
range, zero-energy model [2], suggesting the negligible

effects of finite temperature on að0Þþ . To extract the maxi-

mum að0Þp , we fix the contrast parameter to 0.20 in the
same finite-temperature model and fit the datasets of
410 nK and 230 nK with the empirical temperatures as

inputs. We determine að0Þp ¼ 876ð28Þa0 from the mean
value of the two conditions. For fits at all three temper-
atures, the mean value of Aþ is within 17% of unity [33],
consistent with our density calibration uncertainty of
<10%. As we scan a to larger values, poorly understood
temperature and density effects complicate the interpreta-
tion of our L3 measurements [33].
Discussion.—We compare our results on Efimov

ratios with previous experimental work [5] in Fig. 5.

The particular ratio að1Þ� =að0Þ− substantially deviates from
the zero-range universal value when re is large and positive.
This is the case for strong Feshbach resonances such as
those used in 133Cs [53]. For our intermediate-strength
resonance in 39K, with suppressed re and að0Þ− ¼
−14.05ð17Þ rvdW [31], we obtain að1Þ� =að0Þ− ¼ −0.97ð2Þ.
This is within 9% of the universal ratio of −1.065 [17].
The much better agreement makes sense in light of the
greater separation of length scales. Quantitatively, jað0Þ− j and
að1Þ� are only about 2 to 3 times re for 133Cs, whereas they

are about 7 times re for 39K. Similarly, our observed að0Þp

value is also well spaced from re, and we observe a
ð0Þ
p =að0Þ−

within 4% of its universal value of −1 [18]. The other two

reported að0Þp values were measured in 7Li resonances with

re ≈ 0 [54,55]. Their ratios að0Þp =að0Þ− ¼ −0.92ð14Þ and
−0.92ð6Þ, although of lower precision, are also consistent
with Efimov universality. Finally, Efimov universality

yields að0Þþ =að0Þ− ¼ −1=
ffiffiffiffiffiffiffiffiffi

22.7
p ¼ −0.210. Empirical values

of að0Þþ =að0Þ− in 7Li [56], 133Cs [20,57,58], earlier work in 39K
[59], and our own 39K result differ from this prediction by
between 15% and 70%. Moreover, there is no trend towards
improved agreement with lower jrej. We note that the value
of re at such small a can differ significantly from the value
of re at a → ∞ [60], and in these circumstances the short-
range effects must be analyzed on a case-by-case basis. Not
reviewed in Fig. 5 is a measurement [61] of að1Þ− =að0Þ− in
133Cs, which was consistent with Efimov universality.
Finally, we compare our experimental results with

various theoretical models in Table I. The central results
of this Letter are the excellent three-way agreement

FIG. 4. Three-body recombination coefficient L3 divided by a4

as a function of a. Colored solid lines represent fits to a finite-
temperature model in the neighborhood of either the maximum or
the minimum. The dotted horizontal line represents three-body

recombination into deeply bound dimers with ηð0Þþ ¼ 0.20. The
cyan dashed line represents our MC-vdW calculation done for
40 nK [33].

FIG. 5. Summary of experimental [20,31,53–58,62] and theo-
retical results [4] of three Efimov ratios between features on
opposite sides of the Feshbach resonance. Here we show only the
experiments on the observables presented in Fig. 1. The two JILA
points at the top are artificially spaced in horizontal direction for
visibility. The corresponding zero-range theory predictions are
shown as the dashed, dotted and dash-dotted lines. re is evaluated
at unitarity (a → ∞) using the model given in [31], in which re is
related to the coupling-strength parameter sres [26,31] that defines
strong (sres ≫ 1) and weak (sres ≪ 1) Feshbach resonances.
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between the Efimov universality, MC-vdWand experimen-
tal values for the ratios að1Þ� =að0Þ− and að0Þp =að0Þ− , and the
corresponding disagreement with the predictions of van der
Waals universality.
In summary, we have tested Efimov universality in

unprecedented detail and found that it holds remarkably
well, even for a resonance that deviates substantially from
van der Waals universality.
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