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Abstract

We derive a continuous-time lace expansion for a broad class of self-interacting
continuous-time random walks. Our expansion applies when the self-interaction
is a sufficiently nice function of the local time of a continuous-time random walk.
As a special case we obtain a continuous-time lace expansion for a class of spin
systems that admit continuous-time random walk representations.

We apply our lace expansion to the n-component g\(p\4 model on Z¢ when
n = 1,2, and prove that the critical Green’s function Gy, (x) is asymptotically a

multiple of |x|27d when d > 5 at weak coupling. As another application of our
method we establish the analogous result for the lattice Edwards model at weak coupling.

1 Introduction

Many lattice spin systems are expected to exhibit mean-field behaviour on Z¢
when d > d. = 4. Results of this type have been proven by making use of random

walk representations [1, 2, 18, 17] and recently [3] these methods have been ex-
tended to d =4 by taking into account logarithmic corrections to mean field theory.
In this paper we extend this program by analyzing the critical Green’s function of
n-component lattice spin models for n = 1,2 at weak coupling for d > 4. We use the
random walk representation originating in the work of Symanzik [47] and devel-
oped in [10, 14]. For recent developments regarding this representation see [5, 48],
and for alternative random walk representations see [2, 26].

To be more precise, we determine the asymptotics of the infinite volume critical
two-point function (@, - ¢). Here (-) denotes the expectation of an O(n)-invariant

g|®|* spin model; the spins ¢ take values in R”. The definitions of these models
and what it means to be critical are given in Section 3. Let |x| and |¢@| denote the

Euclidean norms of x € Z¢and ¢ € R".
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Theorem 1.1. Let d > d. =4 and n € {1,2}. Let () denote expectation with
respect to the critical n-component g|@|* model. For g > 0 sufficiently small there
is a constant C > 0 such that

C
(1.1 <¢a.¢b>wm, as |b—a| — oo.

The relation ~ in (1.1) means the ratio of the left-hand and right-hand sides
tends to one in the designated limit. Our theorem exhibits mean-field behaviour
in the sense that the exponent d —2 in (1.1) is the exponent predicted by Lan-
dau’s extension of mean-field theory [32, Chapter 2]. The right hand side of (1.1)
is Euclidean invariant, so for weak coupling the conclusion strengthens the triv-
iality results [1, 18] by showing that the scaling limit of the two-point function
of this model is Euclidean invariant and equals the massless free field two-point
function. When n = 1 Theorem 1.1 was already proven by Sakai [40]. The case
n =2 is new. For d = d. = 4 the asymptotics in (1.1) have been established by a
rigorous renormalization group technique for the n-component g|@|* model for all
n € N [45]. For n =1 and d = 4 the analysis of the Green’s function by rigorous
renormalization group techniques began with [20, (8.32)] and [16, Theorem 1.2].

Sakai’s proof of the n = 1 case of Theorem 1.1 made use of the lace expansion,
a technique originally introduced to prove mean-field behaviour for discrete-time
weakly self-avoiding walk [11]. The lace expansion has since been reformulated
in many different settings: unoriented and oriented percolation [23, 37, 55], the
contact process [54], lattice trees and animals [24], Ising and g\(p|4 models [39,
40], the random connection model [28], and various self-interacting random walk
models [52, 21, 27, 50]. Within these settings the lace expansion has been applied
to a variety of problems, ranging from proofs of weak convergence on path space
for branching particle systems [12, 53, 30] to proofs of monotonicity properties of
self-interacting random walks [51, 29, 31]. In each case the expansion is based on
a discrete parameter that plays the role of time.

To prove Theorem 1.1 we introduce a lace expansion in continuous time. Our
methods naturally apply to a broader class of problems than g|@|* models, and to
illustrate this we also analyze the lattice Edwards model. A precise formulation of
our main results is given in Section 3, after the introduction of the basic objects of
our paper.

2 Random walk and local times

To fix notation and assumptions, we define continuous-time random walk started
at a point ¢ in Z¢ and killed outside of a finite subset A of Z¢. These stochastic
processes are central to the rest of the paper.

2.1 Infinite volume

We begin by defining the class of jump distributions that we will allow. Recall
that a one-to-one map 7 from the vertex set of Z¢ onto itself such that edges {x,y}
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of Z4 are mapped to edges {Tx, Ty} of Z¢ is called an automorphism. Let Auto(Z?)
denote the subgroup of automorphisms that fix the origin 0. For example, reflec-
tions in lattice planes containing the origin are in Auto(Z¢). An automorphism in
Auty(Z?) permutes the nearest neighbors in Z¢ of the origin and this permutation
determines the automorphism. A function f on Z¢ is Z¢-symmetric if f(Tx) = f(x)
for x € Z¢ and T € Autg(Z?). A function f(x,y) of two variables is Z-symmetric
if f(Tx,Ty) = f(x,y) for all automorphisms 7 of Z¢. The condition of being
74-symmetric includes translation invariance (f(x,y) = f(0,y —x)) and hence is
equivalent to the function g(x) := £(0,x) of one variable being Z?-symmetric.

Assumptions 2.1. Assume J: Z¢ — R satisfies
(1) J(x) >0 forx # 0, and J(0) := — ¥, 4o J (x) is finite,
(J2) the set {x € Z¢ | J(x) > 0} is a generating set for Z¢,
(J3) J is Z-symmetric,
(J4) J has finite range R > 0, i.e., J(x) = 0 if |x| > R.

A condition that J decays like |x|~3@~2) might serve instead of (J4); to avoid
having to extend standard cited results such as [41, 35, 38] we work with a fixed
choice of J satisfying (J1)-(J4). Let A®: Z% x Z¢ — R be the infinite matrix with
entries

(2.1) ATy = J(y—x).

By (J3), A® is symmetric, and (J1) implies that A has non-negative off-
diagonal elements and that its row sums are all equal to zero. This implies A
is the generator of a continuous-time random walk X on Z¢. The assumption
(J2) ensures this walk is irreducible. Let

2.2) Ji==A0=—J(0),  Ji(y) =I0) L0

By (J1), J is finite. The walk X has a mean J~! exponential holding time at
each x, and jumps from x to y # x with probability J, (y —x)/J. We write P, for
a probability measure under which X is a continuous-time random walk on Z¢
started at a € Z¢, and E, for the corresponding expectation.

Example 2.2. The most important example is when
J()C) = ﬂ{\x\:l} — 2d]l{x:0}.

In this case A™ is called the lattice Laplacian, and X' is a continuous-time
nearest-neighbour random walk on Z¢.

2.2 Finite volume
Let A be a finite subset of Z¢ and let 7™ be the first time X exits A:

(2.3) TW :=inf{r >0: X" ¢ A}.
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Let * ¢ Z¢ be an additional “cemetery” state, and define X by

X7, t<TW
(A _ t > ;

)

For each finite A the process XV = (X"),>¢ is a continuous-time Markov chain
on AU {x} with absorbing state *. Note that this construction defines the processes
X™ on the same probability space for all finite A C Z.

The generator A of X is a (JA| 4 1) x (JA| + 1) matrix with a row of zeros
since * is an absorbing state. We will let A®: A x A — R denote the matrix ob-
tained by removing the row and column corresponding to transition rates to and
from x, i.e., (AW),, == (A®),, forx,y € A.

2.3 Local time and free Green’s functions
For x € A and a Borel set I C [0, ) the local time of X"V at x during I is

2.5) o = /1 40ty

where d/ is Lebesgue measure. Let TI(A) = ( ;’}) )xea denote the vector of all local

times, and let 7\" denote f[(g_ )oo) .- We will often omit the superscript A when there

is no risk of confusion. For a,b € A we define the free Green’s function in A by
2.6) SV(a,b) = E[tlV] = / d0P,(XY = b).
0

Note that S* (a,b) < oo since the expected time for X to exit A is finite. The next
lemma, proved in Appendix A.1, explains why S®(a,b) is called the free Green’s
function.

Lemma 2.3. AW is invertible, and for a,b € A
@.7) S (a,b) = (—A™),}.

There is also an infinite volume version of Lemma 2.3, and it is nicer because
the infinite volume limit restores translation invariance. For d > 3, define S(a,b)
to be the expected time spent at b by the random walk X started from a, i.e.,

(2.8) S(a,b) = Ed[7,”],
where 7,7 is defined as in (2.5) but with X;" replaced by X,”. Since 7™ 1 o as
A1 Z4 a.s., monotone convergence implies that

(2.9) §™(a,b) = E“[T[((:,)T(A)],b] T Ea[f[((;;),b] =S(a,b) <eo.

where the finiteness holds by transience. The translation invariance of the infinite
volume random walk implies

(2.10) S(x) :=S(a,a+x), x,acZ’
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is well-defined, i.e., independent of a € 74 . Recall, see [33, Theorem 4.3.5], that
there is a C; depending on J such that

G
~ W,

(2.11) S(x)
Since S(x) is positive for all x this implies that there is a constant ¢; depending on
J such that S(x) > Mfﬁ for x # 0.

Recall that the discrete convolution f * h of functions f and 4 on Z¢ is defined
by fxh(x) =Y ez f(y)h(x—Yy). Forn € Nlet f** denote the n-fold convolution of

f with itself, and let £*°(x) = 1{,—o}. The next lemma is proved in Appendix A.1.
Lemma 2.4. Suppose d > 3. For S defined by (2.10) and x € Z¢,

(2.12) JxS(x) =S*J(x) = =1 -

Moreover, recalling J and J . from (2.2),

(2.13) S(x) =Y J0t (),
n>0

where the right-hand side is a convergent sum of positive terms.

2.4 A convenient technical choice

In this section we make a specific choice for the measurable space (Qi,.%) on
which X is defined so that the paths of X have desirable regularity properties.
This reduces the number of statements that have to be qualified as holding almost
surely (a.s.). Let

(2.14) Q) = {X":[0,00) = Z¢| X" is cadlag},

where we recall a function is cadlag if it is right continuous with left limits. Let
(F:)r>0 denote the natural filtration of X, i.e., % is the smallest G-algebra on
Q such that {X® | X" =y} € .%, for each s € [0,7] and y € Z¢, and let .# denote
the smallest o-algebra on Q; containing U;>0.%;. Henceforth we let P, denote
the probability measure on (,.% ) under which X is a continuous-time random
walk on Z¢ started at a € Z<.

3 The Green’s function

In this section we define the object G} (a,b) at the center of our results and
we refer to it as the Green’s function. It involves a self-interacting walk starting
at a and ending at b. We have included a parameter ¢ that specifies the additional
interaction that arises when conditioning on an initial segment of the walk. It would
be more standard to reserve the name “Green’s function” for the case ¢ = 0.

We have two motivations for studying this Green’s function. The first is that
two-point correlations of lattice spin models such as the n-component g|¢|* model
have representations in terms of G(tA) (a,b); see Definition 3.2 and Theorem 3.3. The
second motivation is that it is a point of departure for the study of random walks
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with self-interactions that are functions of local time. Such models are of interest in
chemistry, physics, and probability; they include the lattice Edwards model which
we define in Definition 3.1. This is a canonical model of self-avoiding walk.

Fix a finite set A C Z¢. For a set A, A* denotes the set of sequences (x, )yea With
each component x, in A. Let Z: [0,00)" — (0,00), t — Z; be a bounded continuous
positive function. For a random variable o taking values in [0,%)", Z, denotes Z
evaluated at the random point o. For ¢, s € [0,00)" let

Zt+s
3.1 Yis =
( ) t,s Zt
For a,b € A and t € [0,0)" define the Green’s function
(A) —
(3.2) G (a,b) = o [ Lo JJ

Note that G;A)(a, b) > 0 since Z; is continuous and positive. We extend the defini-
tion (3.2) by setting G;M(a, b) =0 if a or b is the cemetery state .
The free Green’s function S“(a,b) is the special case of G;A) when Z =1,

see (2.6). For each t the function Y N is bounded as a function of @ € ©; and
0,4

¢ € [0,00) because Z; is bounded and positive. By (2.9) this implies
(3.3) G (a,b) < oo,  tec[0,00)"

Our primary interest in this paper is Gg\ ) (a,b) given by (3.2) when t — Z; is one
of the choices described in the next two sections. Both choices involve parameters
g > 0and v € R called coupling constants.

3.1 The Edwards model

Definition 3.1. Fix g > 0and v € R. The Green’s function G{" (a,b) of the (lattice)
Edwards model is given by (3.2) and (3.1) with the choice

(3.4) Z ::exp{—gsz—thx}.

XEA XEA

To explain Definition 3.1 note that

2
;T[O'ﬁ‘r'x:/[o[] dsdr:ﬂ.{X(A) Xr )}

is the time XY spends intersecting itself up to time £. Since g > 0, the choice of
Z; in Definition 3.1 weights a walk in (3.2) by the exponential of minus its self-
intersection time: self-intersection is discouraged. The parameter v € R is called
the chemical potential, and it controls the expected length of a walk. Thus the
Edwards model is a continuous time self-avoiding walk. See [6] for further details
and background on this model.
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3.2 The g|¢|* models

Our second choice of Z; requlres some preparation. Let R™ = (R")A, ¢ =
(@:)xea be a point in R™, and let @) denote the ith component of ¢, € R”. Define
a centered Gaussian measure P on the Borel sets of R" in terms of a density with
respect to Lebesgue measure d¢ on R™ by
3.5) dP(p) == Cer@AV0) gop.

where C normalises the measure to have total mass one and the quadratic form
(¢, AV ¢) is defined by:

(3.6) A(A) [] —_ ZA (Py’ ZZf[]hH
yeEA xeEAi=

The covariance of o under P is the n|A| x n|A| positive definite matrix (—A™) > 5, s
positive definiteness follows from (A.3) in Appendix A.1. By Lemma 2.3,

(3.7) dP(p) 9] = S™(x,y) ;.

RrA

Definition 3.2. Fix g > 0, v € R, and n € N>;. The Green’s function Gy (a,b) of
the n-component g|@|* model is given by (3.2) and (3.1) with the choice

38)  Z= /RM‘”’(‘P) exp{—Z (g(;wx\z+tx)2+v<;!<px!2+tx>)}-

xXEA

The justification for Definition 3.2 is given by the next theorem. To state the

theorem, define an expectation operator (-)*) gv.t DY

1 LA v, (L]o2
39 F (A) — 7/ F 3 (p,—AW ) < Vie (3104 )d >
69 (Phe=5 [ Pl I o).

where for y,s € R, Vi(y) = g(y +5)> + v(y +5). We abbreviate <F>é,f)v70 to

(Flgv-

Theorem 3.3. Let G(tA)(a,b) be given by Definition 3.2. Then
1
(3.10) G/ (a:0) =~ {Pa Pr)gy -

When ¢ = 0 the right hand side 1 Q- (Pb>g\)v in (3.10) is the standard definition

of the n-component g|o|* two—point function, see, e.g., [4, Section 1.6]. Note this
: *) . S

reference writes <q0([1”(p[[,”>g7 , 1n place of % (Qq- (pb>((g,A7)V which is the same by O(n)

invariance.

Proof of Theorem 3.3. We will use the BFS-Dynkin isomorphism as formulated in
[4, Theorem 11.2.3]. To translate between the notation of the present article and [4]
note that in the latter 7, = %|(px|2 and Ly is the vector of local times of the walk up
totime 7. Forx #y € Alet B,y =J(y—x) and for x € Alet ¥, = Y, ;oo J(y —x). By
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[4, (11.1.9)] the Laplacian Ag in [4, Theorem 11.2.3] is a A X A matrix whose rows
sum to zero with matrix elements (Ag).y = J(y —x) + L,=y%. By comparison
with the matrix A® defined by the last line of Section 2.2 and (2.1) we obtain
(—Ag)xy = (—A™)yy — Li=y Y. Therefore, by [4, Theorem 11.2.3] with

(3.11) F(s)=exp| Z (vsx —V(sx))],

xeA

()
we obtain <(pc[,1](pl[71]> - Gy’ (a,b) which is the same as (3.10) with ¢ = 0. The
8V,

desired (3.10) with ¢ not necessarily zero is obtained by replacing F (s)by F(s+t).
|

3.3 Main result

Our main result Theorem 3.6 concerns the infinite volume limit of the Green’s
function for the examples in the previous sections.

Lemma 3.4 (Proof in Section 11). Let a,b € A. G((;\ '(a,b) is non-decreasing in A
for the n = 1,2-component g|@|* and Edwards models.

By inspecting Definitions 3.1 and 3.2 we observe that our examples satisfy
Zts < e~ V5Zy forall A. Therefore, by (3.1) and (3.2), ¥, Gy’ (a,b) < [dlE, [e~1]
< L for v > 0. Accordingly, Lemma 3.4 implies that limy, 74 Gy (a,b) exists
for our examples, and is finite if v > 0. By a standard monotonicity argument
(Lemma 9.1) the limit is Z¢ invariant. We define

(3.12) Gyv(x) = Gyy(x) = AIT% Gy (a,a+x).

A related monotonicity property of our models is

Lemma 3.5 (Proof in Section 11). For each x € Z%, G, (x) is non-increasing in v
for the n = 1,2-component g|@|* and Edwards models.

This lemma motivates defining the critical value of v by

(3.13) ver=inf{veR| Y Ggy(x) <eo}.
x€zZ4

Up to this point all we know is that v, € [—o0,0]. We will prove that v, # —oo;
this is known [19], [36, Corollary 3.2.6] for essentially the same models. Since our
models depend on g, v, is a function of g and, when necessary, we write vV, = V,.(g).
When v = v, we say that the Green’s function is critical.

Our main result is the following precise version of Theorem 1.1 which now also
includes the Edwards model.

Theorem 3.6. Suppose d > 5, J satisfies (J1)-(J4), and consider the Edwards and
the g|@|* models given by Definition 3.1 and Definition 3.2 with n = 1,2. For both
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models there exists g0 = go(J) > 0 such that, for g € (0,80), Vc(g) is finite, G, v, (x)
is finite for all x € 7%, and there exists C = C(g,J) > 0 such that

C
(3.14) Gy, (X) ~ —— as |x| — eo.

lx|d-2"

Theorem 3.6 describes mean field asymptotics of the infinite volume Green’s
function at the critical point, c.f. (2.11). The restriction to n = 1,2 for the g|¢[*
models is necessary because our proof uses the Griffiths II inequality, which is not
known to hold for n > 2.

The proof of Theorem 3.6 occupies Sections 4 through 11. Section 4 serves as
an overview of lace expansion methods and reduces a key step of our argument to
some auxiliary lemmas. The remainder of the argument is comprised of three parts:
the derivation of a lace expansion in finite volume (Sections 5 and 6), establishing
an infinite volume expansion (Section 7 through 9), the analysis of this expansion
(Section 10), and the application of this analysis to our examples (Section 11). The
contents of individual sections will be discussed locally.

3.4 Related lace expansion results

In [39] Sakai proved a similar result for the Green’s function of the Ising model.
He applied the lace expansion for percolation to the random current representation
of the Ising model. For his expansion to converge he required the dimension d of
the lattice to be large or alternatively the range of the Ising coupling to be large. In
a second paper [40] he extended his results to the scalar g|@|* model; he approxi-
mated the scalar g|@[* model by Ising models using the Griffiths-Simon trick [42]
and thereby derived a lace expansion for g|@|* that converges for weak coupling.
His breakthrough inspired us to find the expansion used in this paper.

4 Infrared bound and overview

A key step in the proof of Theorem 3.6 is to obtain the upper bound on G, y, (x)
provided by Theorem 4.1 below. This section begins the proof of Theorem 4.1 by
reducing it to lemmas which will be proved in later sections. Our reduction reviews
the guiding ideas of proofs by lace expansion, which are explained in more detail
and attribution in [44]. See also [25, 7].

Recall the definitions of the Edwards model and the g|¢|* model from Sec-
tions 3.1 and 3.2. The infinite volume Green’s functions G, y(x) for these models
are given by (3.12). We are mainly interested in the case where v = V., the critical
value given by (3.13). The hypotheses for results in this section include Assump-
tions 2.1.

Theorem 4.1. Suppose d > 5. For the n = 1,2-component g|o|* and Edwards
models there are go = go(d,J) > 0 such that if 0 < g < go then v.(g) is finite and

4.1 Gev,(x) <28(x), xeZ%
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Equation (4.1) is called an infrared bound. Infrared bounds in Fourier space for
nearest neighbour models (i.e., J as in Example 2.2) were first proved for n > 1
and d > 2 in [19] with the 2 replaced by a 1. The relation between Fourier infrared
bounds and (4.1) is not trivial, see [46, Appendix A] and [36, Example 1.6.2].

While Theorem 4.1 only stated Vv, is finite, a more precise estimate holds:

Proposition 4.2 (Proof in Section 11). For the n = 1,2-component g|@|* and Ed-
wards models, v. = —0(g) as g | 0.

In Proposition 4.2 and in what follows, for functions f,r, the notation f(x) =
O(r(x)) as x — a has its standard meaning, i.e., that there exists a C > 0 such that
| f(x)] < Cr(x) if x is sufficiently close to a.

4.1 The infrared bound

Recall that S is the free Green’s function from (2.8). The heart of the proof of
Theorem 4.1 is establishing the next proposition.

Proposition 4.3. Suppose d > 5. For the n = 1,2-component g|@|* and Edwards
models, there are go = go(d,J) > 0 such that if 0 < g < go then

“4.2) Ggv <28, forv >v,..
The possibility v.(g) = —oo is included.

Before giving the proof we review the strategy and state some preparatory
results. Lace expansion arguments have been reduced to three schematic steps,
all for v > v.. As we discuss these steps it will be helpful to recall (2.12), i.e.,
J*§ = —T,_g}. This is equivalent to

4.3) JS(x) = Lipegy +J4 #S(x),
where J and J,. were defined in (2.2). Define Ly € Rby
(44) Levai=limologZ, Loy =Lgy.i=HmLey.,

where x is any point in Z¢ and ZQA) depends on the model: for the Edwards model
7 = Z; in (3.4); for the g|¢@|* model Z}" = Z; in (3.8). We say that L, is well-
defined if the limits exist and L, does not depend on x. For the Edwards model
(3.4) implies that Ly, . = —V 14 and therefore Ly, = —V.

Step one. We will call a bound of the form
4.5) Ggv <KS

a K-infrared bound or K-IRB. Step one assumes a 3-IRB and uses the assumption
that g is sufficiently small to prove that there exists an O(g) integrable function
W, v: Z — R such that for all x

(4.6) (j— Lg,v)Gg,v(x) = l—0) +J4+ %Gy (x) + W,y * Gg,V(x)'

This is a generalization of (4.3). The proof of this step is accomplished by a for-
mula for Wy, called the lace expansion.
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Step two. Step two assumes W,y is small relative to J and shows that (4.6)
implies that G (x) satisfies a 2-IRB. Thus steps one and two combined show that
a 3-IRB implies a 2-IRB.

Step three. Step three removes the 3-IRB assumption of step one so that (4.2)
holds unconditionally. The removal of the 3-IRB assumption uses continuity of
G, v(x) in v together with an auxiliary result that G, (x) satisfies a 2-IRB if v is
large enough. The 2-IRB cannot be lost as Vv is decreased towards vV, because step
two implies that G, y(x) cannot continuously become greater than 3S(x).

4.2 Proof of Proposition 4.3

The three steps outlined in the previous section become the proof of Proposi-
tion 4.3 given at the end of this section, but first we state the lemmas which are the
precise versions of these steps. This requires two auxiliary functions. For |z| < S,
define S, and Df on Z¢ by

4.7 Se(x) =Y ()" (%), Dp(x) = —TLg—q) +2/4(x).

n>0

Df is a variant of J such that when z = J~! the jump rates are normalised by z to
probabilities and when z € [0,./7!) the walk has a positive killing rate. By (2.13)
the series defining S,(x) in (4.7) is absolutely convergent, and it is straightforward
to check that Df *S.(x) =—1 (=0} Let

4.8) S(x) =871 (x).

By comparing the definition of S, with Equation (2.13) and using (2.11)

49) 509 289 =I5 < ¢ ﬁ
X

for some C; > 0, where ||x|| := max{|x|,1}.
Step one is Lemma 4.4 (i), (ii) and Lemma 4.5 (ii) below.

Lemma 4.4 (Proof in Section 11). Let d > 5, and consider the lattice Edwards
model or the g|@|* model with n = 1,2. There exist o. > 0, go > 0, W,y such that
forall g € (0,80) if Ggv <3S then Ly, = O(g) is well-defined and

(i) W is a Z¢-symmetric function.
(ii) [ (x)] < garcf| 2.
(iii) (4.6) holds.
(iv) = Loy > 308
By the lower bound of item (iv) we can rewrite equation (4.6) as

(4.10) Dyy Gy y(x) = —1pgy,
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with the definitions
w(g,Vv) = (f_ ng)fla G&v(x) = W(ga")fngN(x)’

4.11) S )
Dg7v = DW(g,V) +\Ilg7‘/7 ng7V ('x) = W(g, v)‘P&V(x)‘

For C > 0 let 9 be the class of all functions D: Z¢ — R with the properties
(i) Dis Zd—symmetric,
(i) Loeze D(x) <0,
(iii) there exists z=z(g, D) € [0,/ '] such that ’D(x) —DS(x)| < Cg]llxf| 7.

Lemma 4.5 (Proof in Section 11). With the same hypotheses as Lemma 4.4, for
Vv € (V,g|, there exists Co > 0 such that

(l) Dg,V € -@C():

(ii) |Lgv| < Cog.

Step two rests on Lemma 4.6 below, which is a generalization of [7, Lemma 2]
to more general step distributions.

Lemma 4.6 (Proof in Section 10.2). Let d > 5, and C > 0. There exist gg =
g0(d,J,C) > 0and C' > 0 such that for g € (0,g0) and D € D there exists H: Z¢ —
R such that

(4.12) DxH=—1;_g
(4.13) |H(x) = Su(x)] < Cgllx]| 7“2, xe7l
where = J"1 (14 ¥, cz4D(x)) € [-(2/)71, 7).

By (J3) and Lemma 4.4, D, , given by (4.11) is in Z¢. For details refer to the
proof of Lemma 10.5. We will apply Lemma 4.6 with D = D, y, and the u created
by the lemma will be denoted by (g, V).

Step three uses the fact that the continuous image of a connected interval is con-
nected. We state this in the form of the next lemma and apply it to the function F
defined in (4.14) below. The use of this lemma to extend lace expansion estimates
up to the critical point originated in [43]; a related application is in [9].

Lemma 4.7 ([25, Lemma 2.1]). For vi > v let F: (v.,vi] > R. If

(i) F(vi) <2,
(ii) F is continuous on (V¢, V),
(iii) for v € (v., V1] the inequality F(v) < 3 implies the inequality F(v) <2,
then F(v) <2 forv € (v, vy].

The next two lemmas provide hypotheses (i) and (ii) of Lemma 4.7 with v; = g
for the function F': (V,,o0) — R defined by

— Gy (x)
(4.14) F(v):= xseuzg Q)
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Lemma 4.8 (Proof in Section 11). For the lattice Edwards model and the n = 1,2-
component g|@|* model, with F as in (4.14)

(4.15) F(v)<2whenv=g.

Lemma 4.9 (Proof in Section 11). For the lattice Edwards model and the n = 1,2-
component g|o|* model the function F in (4.14) is continuous on (v, g).

ForU,V: Ax A — R we write UV (x,y) = ¥ ,ea U(x,u)V (u,y). The following
lemma is the well-known algebraic fact that left and right inverses coincide for
algebraic structures with an associative product. We will use it in the proof of
Proposition 4.3 and in Section 9.2.

Lemma 4.10. Let U,V,W: Z* x Z¢ — R satisfy UV (x,y) = WU(x,y) = L,y
and ¥, ez |W (x,u) | |U (u,v)| [V (v,y)| < oo for all x,y € Z¢. Then V =W.

Proof. The absolute convergence of the sum over u and v implies associativity,
W(UV)= (WU)V. Therefore W =W(UV) = (WU)V =V. [

Let ¢7 = (P (Z%) denote the set of f: Z¢ — R with ¥, 5« |f(x)|” finite.

Proof of Proposition 4.3. By hypothesis, d > 5 and g is small enough such that the
results we have stated above in this section are applicable. By the argument below
(3.13) v. < 0 so (v,g| is not empty. In terms of definition (4.14) we will prove
that

(4.16) F(v)<2 for v e (v, gl

and the desired conclusion (4.2) then follows by Lemma 3.5. In Lemma 4.7 set
V1 = g so that hypotheses (i) and (ii) of Lemma 4.7 are supplied by Lemmas 4.8
and 4.9. Since (4.16) is the conclusion of Lemma 4.7, it is enough to prove hy-
pothesis (iii) which is: for v € (v.,g|, F(v) < 3 implies F(v) < 2. To this end,
assume F(v) < 3. Then the conclusions of Lemma 4.4 and Lemma 4.5 hold and
provide the hypotheses of Lemma 4.6 for D = D, \, given by (4.11). By part (4.12)
of Lemma 4.6, H is the right-convolution inverse of —Dy y. By (4.10) Gg,v is also
a right-convolution inverse of —D, ,,. We will show that this implies that Gg,v =H
after demonstrating that the result follows from this claim.

By the lower bound for S(x) below (2.11), the equality S( ) =JS(x) in (4.9) and
(4.13) we have |G, v (x) — Sy (x)| < O(g)S(x). Therefore G,y (x) < (1+0(g))S(x)
since |u| = |u(g,v)| <J~'. By (4.11), Lemma 4.5 and S(x) /S(x) this is the
same as

J
< ——
~J=0(g)
for v € (v, g] and x € Z4. By taking g smaller if necessary we have Gy (x) < 2S(x)
as desired.

It only remains to prove our claim that Ggy = H given that F(v) <3 and v €
(Ve,g]. By (4.13), |H(x)| < CJx|~@=2). The function Ggy(x) also decays like

(4.17) Gg v (x) (1+0(g))S(x) = (14+0(g))S(x),
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x|7@=2) by F(v) < 3. By Lemma 4.4 part (i), D y(x) decays like |x| 732
By the decay of Gg,v and D¢y and d > 4 the sum that defines the convolution
in (4.10) is absolutely convergent, see Lemma 8.2. Therefore this convolution is
commutative and Gg’v is a two-sided convolution inverse to —Dyg . Furthermore,
by Lemma 8.2, ¥, ez |Gy.v(x — )| |Dgy(u—v)| |[H(v—y)| < eo. By Lemma 4.10
with W = Gg,v, U=DgyandV = H, we have Ggy = H as claimed, and hence the
proof is complete. u

4.3 Proof of Theorem 4.1

Lemma 4.11 (Proof in Section 11). For the lattice Edwards model and the n =1, 2-
component g|@|* models, Ly — o as v — —oo,

We use this result to prove that Vv, is finite as claimed in Theorem 4.1: since
V. < 0itis enough to rule out v, = —oo. Towards a contradiction, suppose V., = —oo.
Then Proposition 4.3 implies a 2-IRB holds for all v < g, and hence Lemma 4.5 (ii)
implies |L, v| < Cog for all v < g. This contradicts Lemma 4.11.

Lemma 4.12. For the lattice Edwards model and the n = 1,2-component g|@|*
models, the finite volume Gy’ (0,x) is continuous in v at V..

Proof. For the Edwards model, observe from (3.4) that Z; is continuous in Vv point-
wise in ¢t and uniformly bounded in ¢ for each v. By dominated convergence it
follows from (3.2) that the finite volume Gy’ (0,x) is continuous in v at v.. A
similar argument applies to the g|@|* model. |

Proof of Theorem 4.1. For future reference, we note that the remainder of this
proof deduces the desired (4.1) from (4.2), (i) G® is monotone in A and (ii) the
finite volume G8\>(O,x) is continuous in Vv at V... Claim (i) is Lemma 3.4. Claim (ii)
is Lemma 4.12.

By (i) and (4.2), for v > v,

(4.18) Gy (0,x) < Ggy(x) < 28(x)
By (ii) G§’(0,x) is bounded above by 2S(x) when v = v,. By taking the infinite
volume hmlt with v = v, we obtain Ggy, (x) < 25(x). [

Remark 4.13. By reviewing Sections 4.2 and 4.3 we find that the proofs of Theo-
rem 4.1 and Proposition 4.3 have been reduced to Lemmas 3.4, 3.5 and 4.4 to 4.11
excluding Lemmas 4.7 and 4.10. Note that the proof of Lemma 4.12 is valid for
any Z; that is continuous in v pointwise in ¢ and uniformly bounded in ¢ for each
v. We classify Lemmas 4.4 to 4.6 and 4.9 as model-independent: although the
hypotheses of Lemmas 4.4 and 4.5 mention our specific models, they apply, with
understood variations in the ||| >“~%) decay, to all models with convergent lace
expansions. We classify Lemmas 3.4, 3.5, 4.8 and 4.11 as model dependent.
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4.4 Outline of the remainder of the paper

Our analysis is done in a general context that includes the Edwards and the
g|@|* models with n = 1,2 as special cases. The general context is a set of hy-
potheses on the function £ — Z; that enters into the definition (3.2) of the Green’s
function; see Section 10.1 for a full list of hypotheses. In the course of the paper
we introduce these hypotheses on Z; as they are needed. In some initial sections
we use hypotheses that will eventually be superseded; these are indicated by end-
ing in a 0, e.g., (GO) below. We verify that the Edwards and the g|¢|* models
with n = 1,2 satisfy the hypotheses in Section 11. We have based our proof on
hypotheses on Z to facilitate extending the continuous-time lace expansion to other
models: isolating properties that currently play a role should help the search for
more appealing hypotheses.

In Section 5 and Section 6 we develop a lace expansion for Green’s functions
as in (3.2) in finite volumes A C Z¢. Working in a finite volume is essential, as
we have only defined the g|@|* model as the infinite volume limit of finite volume
models.

The next part of the paper, Sections 7 through 9, develops estimates on our finite
volume lace expansion, under the hypothesis that the Green’s function satisfies a
3-IRB. These estimates establish the infinite-volume lace expansion equation (4.6)
under the general hypotheses on Z; and provide the key inputs for the proofs of
Lemma 4.4 and Lemma 4.5.

In Section 10.2 and 10.3 we complete the proofs of the lemmas we have used
in the last two sections, and thus establish the conclusions of Theorem 4.1 for any
Z satisfying our hypotheses. We then make use of this result, in conjunction with
a theorem of Hara [22], to obtain the Gaussian asymptotics of Theorem 3.6.

5 Functions on a set of intervals

In this section we begin to derive the lace expansion needed for step one of
Section 4.1. The main result of this section is Theorem 5.2, which is an expansion
for a function ¥ : ¥ — R, (s,t) — %, where

5.1 2 ={(5,1):0< 5 <t <o} C[0,00)%

Here (s,7) denotes an ordered pair, but the same notation will be used for an open
interval. Theorem 5.2 will be used in the next section to derive our lace expan-
sion for Green’s functions of the form (3.2). We begin with notation and minimal
assumptions on % needed for the main result of the section.

For a function % on & and t € (0,c0), we denote by %, : [0,¢] — R the function
s +— %, and for each s € [0,0), we denote by % .: [s,0) — R the function ¢ —
% We will write d; and 0, to denote partial differentiation with respect to the
first and second coordinates, respectively.

We will assume % satisfies the following assumptions. The almost every (a.e.)
statements in the assumptions are with respect to Lebesgue measure.
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[ ] [ ] [ ] o [ ] [ ] [ ] o o [ ]
so=sy, SIS sh 83 sh S48, S5 = S

Figure 5.1. A lace with m =5 intervals

Assumptions 5.1.

(1) & is continuous and strictly positive on Z, and % ; = 1 for all s > 0.

(2) For eachr € (0,0), %, is absolutely continuous. For each s € [0,00), %
is absolutely continuous on bounded subintervals of [s,eo).

(3) Fora.e. t € (0,0), the function (6,%')., is absolutely continuous on (0,?).
Fora.e. s € [0,00), the function (9, %), . is absolutely continuous on bounded
subintervals of (s,c0).

4) ”hY = 0,0 % a.e. on the interior of 2.

We will see in Section 6.1 that the absolute continuity statements are properties
of the random function (s,) — 7, | . defined by (2.5) with I = [s,¢] and x fixed. The
derivatives in Item 3 have open intervals of definition, while the standard definition
of absolute continuity concerns closed intervals. In this paper we say a function
f defined on a bounded open interval / C R is absolutely continuous on [ if for
€ > 0 there exists 8 > 0 such that for finitely many disjoint subintervals (a;, b;) of
I with endpoints in I, Y |b; — a;| < 6 implies Y. | f(b;) — f(ai)| < €. Such functions
are uniformly continuous on bounded intervals and therefore the derivative c» %/,
in Item 3 extends to an absolutely continuous function on the closed interval [0,7]
and similarly d; % . extends to [s, ). When we write derivatives on the boundaries
of their domains we mean these extensions by continuity.

5.1 The expansion

In this section we introduce the objects that enter into our expansion, and state
the expansion in Theorem 5.2 below.
Define vertex functions by

ry = —1limd; log%;,, 0<s< oo,
(5.2) 1
reyi=—0d1hlog %, 0<s<t <oo.

These are a.e. equalities. By Assumptions 5.1 and the paragraph that follows them,
the chain rule, which applies to a smooth function composed with an absolutely
continuous function, proves these derivatives exist a.e. and provides formulas for
them. The limit defining ry exists by the discussion under Assumptions 5.1.

For m € N alace L is a sequence

(5.3) L= ((5i:8041)) im0 m1
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of m open intervals (s;, s}, ) with 5o := 50, S = s),,, and
5.4 0<sH<s1<8]<s$2<5h< <l g < < oo

The meaning of (5.4) is illustrated by Figure 5.1. The union of all of the intervals of
alace is (s¢,s/,), and if any single interval is excluded from the union the resulting
set does not cover (5o, 5,,).

Let .%,, be the region in R*" defined by the inequalities in (5.4). We identify
%, with the collection of all laces containing m intervals. Let

(5.5) L= {S() ‘ 0<s9< 00}.
We associate to a lace L a product

) Tsos if L={so} € %,
r = - .
;n:Ol Ts. g ifL = ((si>s;+1))i:0,...,m71 Egm, m> 1,

L
i»Sig1?

(5.6)

of vertex functions. The weight L — w(L) of a lace is defined to be

1, Le %,
5.7 L)=r(L)x
(5.7) w(L) ==r(L) {P(L), LE YLy, m>1,
where for L = ((Si,sgurl))[:o coyin—1
m=29,
(5.8) PL) =g [1 577
i=0 7SSt

For m =1 the empty product in (5.8) is defined to be one by convention.

For m > 0 we define integration [, dL over .Z, to be integration with respect
to Lebesgue measure on .%,. For example, if m = 0 then [ ,dL = f[o7w) dso. Let
Zn¢ be the subset of .7}, such that s,, < ¢, and let &, be the subset of & with ¢ < /.

Theorem 5.2. Let & be such that (i) % satisfies Assumption 5.1, (ii) the function
rs; defined in (5.2) is Lebesgue a.e. bounded on %;. Then for £ > 0

(5.9) Doy=1+Y / aLw(L) %y

m>0 Zn,k

and the sum is absolutely convergent.

The proof of this theorem is given in Section 5.4 and is based on the two iden-
tities given in Lemmas 5.4 and 5.5. We will need the following fact from real
analysis, whose proof we omit.

Lemma 5.3. Let I C R be bounded. If f: I — R is Lipschitz continuous and
g: I — I is absolutely continuous, then f o g is absolutely continuous.
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5.2 The identity that starts the expansion

Lemma 5.4. Under Assumptions 5.1,

(5.10) %=1 +/ dso s, %Og—i—/ dso / ds’l Tsous. Dot
’ (0,0) ’ (0,0) (50,£) o

Proof. By Assumption 5.1(2),

(5.11) Do = %e—/w) dso 1% -

% is bounded below by a positive constant on &y by Assumption 5.1(1) and the
compactness of 7. Hence, by %o = 1, (5.11) can be rewritten as

I
ot

By Assumption 5.1(1) the range of t — %, for t € [so,/] is the continuous
image of a compact set, and the range does not contain zero. As z+ 1/z is Lip-
schitz on compact subsets of (0,c0), it follows from Lemma 5.3 that ¢ — % Lis
absolutely continuous in 7 for ¢ in bounded subintervals of (sg,0). Combined with
Assumption 5.1(3) this shows %[ - 1o, %, 1s absolutely continuous in ¢ € (so, /)
for a.e. sg, hence for a.e. so > 0

(5.13) i log %, o= (01102 )5, 5 +/( )ds’l dhdilog % .
50,0 ’

(5.12) Boo=1- [ dw Dy
(0,0) ’

In this equation (d; log %)y, s, is by definition the continuous extension of

(110g ¥ )sps = @S;} 1%, as a function of r > 0 to the boundary 7 = sp of its
domain. This is an instance of the convention we declared below Assumption 5.1.
By inserting (5.13) into (5.12) we obtain

Do=1— /(0 ) dso 5,0 (01102 ), 5

(5.14) - / dS() dsll @so,é 8281 IOg @50 g -

(0.0) (s0:¢) o
The proof is completed by substituting in the definitions of ry, and ry, . For the
last term the interchange of derivatives is justified by Assumption 5.1(4). |

5.3 The identity that generates the expansion
Lemma 5.5. Suppose % satisfies Assumptions 5.1. If the point (u,v) € 9y then

D
/ L4
(5.15) %75 = %,v @v! + /(u’v) ds /(v,({) dS+ Ts. s, *gu,s’+ @v’s; .

Proof. As % is bounded below by a positive constant on &;, we can rewrite the
left-hand side:

(5.16) Dt = @0+ (gﬂ - @> Dt
X
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By Assumption 5.1(2), %, = 1, and the absolute continuity of @ in ¢ noted
after (5.12), this can be rewritten as

‘O’?/us’
(5.17) o= Tt | [ dsl oo™ | B
(n0) Vsl

Since exp and log are Lipschitz on compact subsets of their open domains we can
compute the derivative in (5.17) using f(x) = explog f(x):

R4

5.18) Yy =Y + ( /

ds', (8210g Yus., )@M+ Xt
(10) D, ) s,

Y
. _ ’ , u,s’,
(5.19) =% </(v’€) ds., (/(W) ds, di0xlog %MJ 7%7S/+ ) D0

where we have used Assumption 5.1(3) in the second step. By Fubini’s theorem
this can be rewritten as the desired result. |

5.4 Proof of Theorem 5.2
Recall the definitions of w(L), r(L) and P(L) in (5.6)—(5.8) and define

(5.20) ,,:_/ dLw(L Zo ot n> 1.
né’ S; 1

Lemma 5.6. Suppose % satisfies Assumptions 5.1. Then
n—1
(5.21) D=1+ Z/ dLw(L) %y o +Ry 0> 1.
Lt

Proof. We first prove (5.21) withn = 1. By Lemma 5.4
(5.22) %‘g = l—l—/ dsg Tso @sg‘f'f'/ dso / dsll Fso.s! @So’g.
' (0.0 - Jop 50.0) B

By the definition (5.7) of w(L) and the definition of integration over .%,, ; given
below (5.8) (recall also that s6 ‘= 5p), this can be rewritten as

(5.23) %4 =1+ dL W( ) @/ LT dL I s, @s,
Lo L
This establishes (5.21) when n = 1 as the final term is R;.
We now prove (5.21) holds for n > 1 by induction, using (5.21) as the inductive
hypothesis. By Lemma 5.5 with (u,v) replaced by (s/,_;,s,),
6?/ 0= @ e D

Xt ¢
(524) +/ dS+ / dS+ S, S+ ‘O’?/S;i“sir @Snv .
St i) S8’y
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We insert (5.24) into the definition (5.20) of R, and use the definition (5.7) of w(L)
for the contribution from the first term @5271752 D 1

R, = /ff dLw(L)%; , + < /gi dL r(L) P(L)

@S’ s Wy Y
5.25 ></ ds / ds', r, g et Tt )
62 G S T B T,

. p / . : . .
Renaming 5,5 as s,,s,; and combining the integrals in the second term into an
integral over .%;, 11 ¢ yields

Yy ¢
gsirvs;-*—l
., became part of r(L) and

the ratio of %’s became part of P(L) when the range of integration became %}, ;| ¢.
By the definition (5.20) of R, this is

(526)  R,= / dLw(L) %, ¢ + / dL (L) P(L)
ffn,é f’gnJrl.[

For the second term on the right of (5.25), ry_ ¢ =1

/
SnyS),

(5.27) Ri= [ dLw(l) %o +Rusr.
nt

Inserting (5.27) into the inductive hypothesis completes the proof. |

Proof of Theorem 5.2. We justify taking the n — oo limit of Lemma 5.6.

The factors %, under the integrals in (5.21) are bounded above and below
because they are strictly positive and continuous functions on the compact domain
%y. Together with the assumption that r, is uniformly bounded this proves that
there is a constant C = C(¢) such that ]w(L)%;“A <C"lforLe€ % andn > 1,
where w was defined in (5.7). Similarly the integrand in R,, is bounded by C"*! for

L € %, . Because %, is bounded above and below we also have that ‘W(L)@SM‘

is bounded by a constant C' = C'(¢) when L € %} .
The Lebesgue measure of .%, ¢ is the Lebesgue measure of all 2n-tuples of

ordered points in (0,¢), which is (2}1)!62”. Therefore |R,| < C”“ﬁfz" and the

mth term in the sum over m in (5.21) is bounded by cmt! ﬁéz’". Therefore the
series in the right hand side of (5.9) is absolutely convergent and equals %, as

claimed because lim;_,., R, = 01in (5.21). [ |

6 The lace expansion in finite volume

In this section we continue with step one of Section 4.1. Throughout this sec-
tion A C Z¢ denotes a fixed finite set. The main result is Proposition 6.2, which
provides the finite-volume version of (4.6). This proposition involves a function
I1™(x,y), and the formula (6.3) for [T (x,y) is called a lace expansion for reasons
to be explained following Proposition 7.4. We begin by introducing some further
definitions and assumptions.
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Given ZW: [0,00)A — (0,00), u > Ziy', we choose the function % : 2 — R of
Section 5 to be the random function

(6.1) Y, =YW — (ZW> or® L w
) 5.t Z(()A) [5,¢] Zg\) T[(vlt])

Recall (3.1) and note that %, = Y, . Henceforth % is given by (6.1). Let GW

s

be the Green’s function determined by (3.2) with this choice of Z. Recall that the
weight w(L) of a lace is defined in terms of %, in (5.7). We write w¥(L) := w(L)
for the weight with the choice (6.1).

Let .2, (s) C .2, be the hypersurface defined by s; = s. For m > 1 we write
S Znls) dL for integration with respect to Lebesgue measure on .%,(s). Then, by
(5.4), we have

6.2) / dL = / ds / dL.
2 o) Lz

For m = 0, since .%(s) consists of the single point s;, = s we let dL in the inner
integral denote a unit Dirac mass at s.

In the following assumptions, and hereafter, we write Z in place of Z*) when
there is no ambiguity.

Assumptions 6.1. For all a € A,

(Z1) t > Zy is strictly positive and continuous on [O,w)A.
(Z2) t+ Zy is €2 on [0,00)7.

(GO) g Ea [%ﬂ < oo,
(FO) Y=o [, (0) AL Ea[[w™ (L)] ] < oo.

m

In (Z2), €7 at the boundary means that the derivatives have continuous exten-
sions to the boundary. Assumption (FO) enables us to define ITV: Ax A — R
by

6.3 o™ (x,y) = / dLE, [w™(L)1 )

and (GO) is equivalent to the Greens function G (x) being finite for all x € A.
Proposition 6.2. Under Assumptions 6.1,

(6.4) Gy (a,b) =S (a,b)+ Y $™(a,x)I1™(x,y)Gy’ (y.b).

X,yEA

In the literature of theoretical physics this relation between Gy, S® and TT™ is
called a Dyson equation [15, Equation (92)]. The proof of the above proposition
occupies the rest of this section.
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6.1 Derivatives of local time

For each x € A, (2.5) defines a local time 7 ¢ , that is absolutely continuous
in s for s < s/ with s fixed, and similarly is absolutely continuous in s’ for fixed s
when ¢’ is restricted to a bounded interval. Note that

(6.5) 821'[&5/]7)6 = 82 ] H{XSA):X} dr = H{XS(/A):X}’
(6.6) 81 T[s,s’],x = —]l{XX(A):x},
(6.7) 01 Ts ) x = D102 Ts, 9 x = 0.

The first equation holds a.e. in s’ for s < s’. The derivative does not depend on s, so
it is absolutely continuous in s. By similar reasoning (6.6) holds a.e. in s for s < s/,
and as a consequence (6.7) holds a.e. in {s < s'}.

6.2 Proof of Proposition 6.2

Lemma 6.3. [f Z; satisfies (Z1) and (Z22) of Assumptions 6.1 then w™ (L) is well-
defined and @v(? ) defined by (6.1) satisfies the hypotheses of Theorem 5.2.

Proof. The hypothesis that @s(?) =1 holds as 7,5) = 0. By (Z2) and the com-
pactness of [0, ¢]" the function Z; is Lipschitz in ¢. For each s, [, is absolutely
continuous as a function of ¢+ when ¢ is restricted to a bounded interval, and vice-
versa by Section 6.1. By Lemma 5.3 this implies that for each s, Zr_, is absolutely
continuous as a function of t when ¢ is restricted to a bounded interval and vice-
versa. Combined with (Z1) this proves the first of Assumptions 5.1. Furthermore,
by the chain rule, the composition Zr , is differentiable in 7 at points (s,t) where
T|s,) has this property. Therefore for each 8, Zn, is differentiable in 7 at all but
a countable number of points (recall that simple random walk takes only finitely
many jumps in any finite time interval), and hence is absolutely continuous in ¢,
and vice-versa. This verifies the second item of Assumptions 5.1, and an analo-
gous argument verifies the third item. The fourth follows by (Z2) and (6.7).
Lastly, we must prove that s,f — r; is a.e. bounded on Z;. By (5.2) we
must show that d;d,log%;, is a.e. bounded on Z,. By (Z2), u — Z, is €? on
[O,K}A. By (Z1) and the compactness of & the range of u — Z,, is bounded away
from zero. Therefore F: u — logZ, is €% on [0,/]" and log %, = F(7y,). Let
F"(u) be the partial derivative of F(u) with respect to u, and let F; (1) be the
second partial derivative of F(u ) with respect to u, and u,. By the chain rule
and (6.5) d1dhlog%;, = d (Zx U(m u )ﬂ{x,—x}) The sum over x € A is finite
and 1y _,y does not depend on s so it is sufficient to prove that I (Tis,) 1s ace.
bounded on %;. By the chain rule and (6.6) alF;”(r[sv,]) is a finite sum over y of
17)5}2,)(7-[57,])]1{ X,—y}- Therefore it is sufficient to prove that Fx(yz)(fm) is bounded. By

(Z2) Fx(;) is continuous on [O,E]A and by Section 6.1 7, is jointly continuous on
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2y. Therefore the composition Fx(yz)(r[m) is continuous on the compact set %, and
hence bounded as desired. |

Proof of Proposition 6.2. We omit the superscript A on Green’s functions, etc.,
since A is fixed. At two points in the proof we will use the Markov property;
the justifications for these applications are given in Appendix A.2.

By definition (3.2) and (6.1),

(6.8) Go(a,b) = /[0 dCE, [%761{,([:1,}} .

Lemma 6.3 implies we can expand % ¢ by Theorem 5.2. Using the definition (2.6)
of S(a,b) this yields

(6.9) Go(a,b) = S(Cl,b) + dlE, [ Z / dL W(L) @S/m’g ]l{Xy:b}]v
[07°°) m>0 fm[

where s/, is defined by the lace L as explained in (5.4). For convenience, define
Uap = Go(a,b) —S(a,b). Using (6.2) and (FO) we obtain

(6.10) Ua,b:/ ds / dL dUE, \w(L) %y 4 Lix_p|.
[0700) mzZ:O Zn(s) [S;n,oo) |: ms {Xf b}:|

By the change of variable ¢ +— s/, + ¢ in the integral with respect to ¢

6.11 U, :/ d / dL dl E, LYYy oo lyx, —pr|-
( ) b 0.0 smzz"o 2. 0.9) [W( ) s Xy L b}]

For £ > 0, let h(¢,y,b) = E, [%’g ]l{Xé:b}}. By conditioning on .Z¢ in the last
expectation in (6.11), using w(L) € .Zy , integrability by (GO), and the Markov
property for Eq[% o 10 1ix, =b) EZAR

m

(6.12) Ugp = / ds / dL / dlE, |w(L) h(¢,Xy ,b)|.
o o) Eo Zu(s)  J[0) [ "

By (GO) and (FO) the right-hand side converges absolutely and likewise for the
following equations. We bring the integral with respect to ¢ inside the expectation
and rewrite [, ) d¢ h({,Xy, ,b) using the definition (6.8) of Go(a,b):

6.13 U :/ d / dLE, [w(L) Go(Xy .b)].
(6.13) 0= Jouy @ B [ AL Ea[(0) GolXs )]

By changing variables in the integral over .%,,(s) so that it becomes an integral
over .Z,,(0) we rewrite this as

614 Ua :/ d / dLEll L+ G Xs/ sab 5
O 27 Jiow SE’O Z(0) [W( 5) Go(Xs, + )}

where for L € £,,(0), L+ s is defined to be the lace in .%,(s) obtained from L by
adding s to each s;,s!. For L € .%£,(0) define f(x,b,L) := E, [w(L) Go(Xs;ﬂ,b)} .
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By conditioning on .%; inside the expectation in (6.14) and applying the Markov
property to E, [W(L +5) Go(Xy, +5,b) ‘ﬁs} we obtain

(6.15) Ua,,,:/[0 )ds Y / dLE,[f(X,,b,L)].

m>0

The expectation is equal to

Y Eu |Ex [w(L)Go (X)L x| L
x,ye

(6.16) = Y Go(v.b) Ea [Lix,—q] Ex[w(L) L, —});

x,yEA

where we have used the fact that the sums over x,y € A are finite to take them
outside the expectation in the first line. Recalling the definition (6.3) we see that
(6.15) can be written as

(6.17) Uap = ds Y. Go(y.b)Eq [1ix,—q] I(x,y).
[0,00) X,yEA

By the definitions of S(x,y) and U,, this is the same as

Go(a,b) = S(a,b) + Z S(a,x)I1(x,y)Go(y,D). [ |
x,yEA

7 The terms I1; of the lace expansion

Throughout this section A C Z is a fixed finite set. Recall the definitions below
(6.1) and define

M) (1. y) e o > 0.
(7.1) IT, (x,y) /Zn(o dLE, [w (L)1 xW y}] , m>0

Am

Thus IT) is the m™ term in the series (6.3) that defines II™ (x, y). This section has
two parts. The first provides formulas for the weights w¥, and the second derives
bounds on I1% for m > 1. The main result is Proposition 7.4, which bounds Iy
in terms of G<0A); these bounds are used in implementing step one of Section 4.1.

7.1 Formulas for weights

We give formulas for Ho and the factors #V that enter into w”). Both compu-
tations are applications of the chain rule to our choice (6.1) of % together with the
formulas (6.5)—(6.7) for derivatives of the local time. The formulas of this section
are valid under Assumptions 6.1.
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The term IT;"

Recall the definition (4.4) of Lé,’?{,_’x where Z™ is now the function entering in
the definition (6.1) of %, At this level of generality Z“) need not depend on g, Vv,
but we retain them in our notation. The limit Lng’i,_’x exists and is finite by (Z1)
and (Z2); see below (5.2). The next result shows that Lng_’l,,x is essentially the first
(zeroth) term in the finite volume lace expansion.

Lemma 7.1. For all finite A, HE)A) (x,y) = Lg,\l/,x]l{x:y}'

Proof. From (7.1),

(7.2) Y (x,y) = / dLE,
#£0)

(A)
I"SO ]l{Xr(é\)}}] .

By definition, dL for L € %(0) is a unit mass at so = 0, and by definition s{, = so.
Moreover, X(()M = x under the measure E,. Hence (7.2) becomes

(7.3) HE)A) (x,y) = ]l{x:y}Ex [r(()A)]

By the definition (5.2) of ry", (6.1), and 9, Z" =0,

(7.4) rp) =—lim) 9 1ogZ"|,__w dity.
S/ OZGA _T[O7s/] W [y
— (A)
(7.5) —ZGEA&Z logZ; ‘tzoﬂ{XéM:z}’ a.s.

In obtaining (7.5) we used (6.6) and the right-continuity of the random walk. Since
XSA) =x a.s. under E,, the lemma follows by inserting the definition (4.4) of Li,’:{,’x.
|

The vertex weight rV

Recall from (5.2) that rff‘), = ryy = —d1dlog¥,,. Define, for x,y € A and
u<v,

(7.6) r(x,y) = 0,0, log Z}" | e

Lemma 7.2. For all finite A and all u < v,

(7.7) Fuw =2 Fun (60 Ly Ty
X,yEA

Proof. This follows from a calculation similar to the proof of Lemma 7.1. |
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/

/
X1 X2 X3 X4
X X1 / X /
1 X5 3 Xy y

Figure 7.1. The upper bound on H<5A) (x,y) from Proposition 7.4. All
vertices except x and y are summed over A. Lines connecting vertices
represent functions: wavy lines represent #*) and straight lines represent
G,

7.2 Bounds on I1,), m > 1

Our bounds on IT for m > 1 will rely on two assumptions. Recall the defini-
tion (7.6) of riy(x,y).

Assumptions 7.3.
(G1) Forall t € [0,0)", G} < Gy.

(RO) There exists 7~ : A x A — R such that ‘rﬁf ) (x,) ‘ <FM(x,y) forallx,y € A
and 0 <u < v <oo,

Given vertices x and y in A, and m > 1, define
(7.8) A)chqyl_z = {((xi,x))i=0...m € A2m+1) |xo =xy =x and x,, = x},, = y}.

Generic elements of Ai’;*z will be denoted by & = ((x;,x}

))i:O,.A.,m-
Proposition 7.4. Suppose (Z1)—(Z2), (GO), and Assumptions 7.3 hold. For m > 1
and x,y € A,

Yy <), Go (rxn) i (x,x))

mEA%Kf’Z
m—1
A A —
(7.9) X H G<0)(xj,x’j)GE)>(x’j,xj+1)r<")(xj,x’j+1).
j=1

See Figure 7.1 for a diagrammatic representation of the upper bound, which
explains our use of the term lace expansion: the upper bound is of exactly the form
that occurs in discrete-time lace expansion analyses of self-avoiding walk [11, 44].
In more detail, for the Edwards model, a computation (see (11.1)) shows that we
can choose 7" to be a constant times 1{y=y}. This amounts to shrinking the wavy
edges in Figure 7.1 to points, and these are the diagrams occurring in [11, 44].

The next two subsections prove Proposition 7.4. As A is fixed it will be omitted
from the notation.
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A preparatory lemma
Recall the definition (6.1) of %}, and define
= %,
(7.10) Dyv(w) = LA u<v<w.
Dy
By the definitions (5.7) and (5.8) of w(L) and P(L) for L € %, withm > 1,

w(L) = F(L)P (L),

A |
H Disalsia) sLi=so-

The term % L (s}) in the product is the factor % s, in(5.8) (recall that Z; o = 1).
For k = 1,2 define P_; (L) by replacing the upper limit m —2 in (7.11) by m —2 — k.
By convention empty products are defined to be one.

(7.11)

Lemma 7.5. Let 0 <u; <up <us, and let H > 0 be .#,,-measurable. Then almost
surely

(7.12) /[m’w) QOB [H Ty 1(0) Vx| Fos| = H Ty (13) G (K )

Proof. By the definition (7.10) of QZ,WZ (u3)

@Lll-z @ul us g”l.z _ _
. | —= % u @u s ().
%17’42 %1442 %17’43 1) 2(”3) 1, 3( )

Insert (7.13) into the left-hand side of (7.12). Using the nonnegativity of H, @_’417’42
and %17’43 we take the .%,,-measurable factor H %1 ., (u3) outside the conditional
expectation and the integral of what remains is

(7.14) /[ )dﬁEa D (O x,=y | P ] = Gy Kisy) s,
Uz, -

by the Markov property as stated in Lemma A.2. |

(7.13) Dy (£) =

Proof of Proposition 7.4

Before giving the proof of Proposition 7.4, we recall the following consequence
of the Fubini—Tonelli theorem that will be used in the proof. If X, is a real-valued
stochastic process satistying E[y, , du |Xu|] = Ji, ) duE[|Xu|] < o, then integration
and conditional expectation can be interchanged:

(7.15) duE[X, | 9] = [/ duX, |€4 a.s.
[a,b]
Proof of Proposition 7.4. Let L € £,,(0). Given a sequence x € A)%g’,*z as in (7.8)
and a time u € [0,c0) define the indicator function
(7.16) Aaa= [] Lx,= H Ly, =)
js]<u J" s, <u ’

JH1—=
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of the event that the path X is at the points (x;,x/, ) at the times (s;,s7, ) up to u in
L= ((s;, sgﬂ))izow"m,l. See Figures 5.1 and 7.1 and think of the solid lines in the
latter figure as a representation of paths X with Xo = x, X;, = x1, Xy, = x}, etc. For
y € A we have

(7.17) Ll 1= L JLad,

m=Y - eA%’SI* 5
since X cannot be at the absorbing state * at times earlier than s/, on the event
{X;;, =vy}. We have also used that {Xo = x} = {X;, = x} since L € .£,(0). Define

(7.18) Ty = / dLE, [JLM,M P(L)} .
2,(0) |

Since Lixy—x} = 1 a.s. under E,, we can insert (7.17) into the definition (7.1) of I,
to obtain

(7.19) I, (x,y)| = /
n(x.5)] \Az o

m

dLE, [ﬂms, r(L)P(L)} ‘

m—1

(7.20) < Y 175410,

xeAP~2j=0

where we have used the triangle inequality and (RO) to bound the vertex functions
in r(L), and P(L) > 0 to remove absolute values. This reduces Proposition 7.4 to
proving

m—1

(7.21) Tpa < Go(xo,x1) [ [ Golx),x;)Go (¥, xj11),
j=1

form>1landx € A)%f;’_z, which we will do by induction on m. The base case m =1
follows by noting that .%} ; ¢ = 1x, —,} under E; and recalling that 2 (0) AL =
1

Jo ds, so ' & = Go(x,y).

Suppose (7.21) holds when m = n for some n > 1. By (5.4) with s6 =0, for
L € %,:1(0) the measure dL factorizes as dL'ds/,ds,1, where dL' is Lebesgue
measure on

(722) "gn/(o) = {(Slasllas2a"~7sn715s:1—1?sﬂ) ‘ 0< s1 < sll << s;l—l <Sn}

and ds), ds, 1 is Lebesgue measure on the set of (s/,,s,+1) such that s, <), < s,41.
Rewriting I', 41 o using this factorization yields

(7.23) Tiie = / dr' ds' / ds,,HEx[jL,w,SMP(L)]
2100 Jisee) " Jisy00)

The induction step involves estimating the integrals over s, and s/, by Lemma 7.5
and (G1). To bound the s,,;; integral note the range of integration starts at s/, and
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accordingly insert a conditional expectation with respect to .7y under the expecta-
tion E,. Bringing the s, integral inside the expectation yields

(7.24) Toilo = /y(o) dr’ /[ )ds;Ex [JLM; } where
n S’L’OQ
(7.25) JL,m.,s;, = , )dsn-HEx |:jL,w7s,,+1P(L) gsfl} .

st 00

Recall that P_; (L) was defined below (7.11), and note that
(7.26) s = ILas, 1x P(L)=P_ 1(L)@;; s, (Snt1)

.§n+1:xn+l}7
We insert these identities into J; ;¢ and apply Lemma 7.5 with (uy,uz,u3) =
($h_1,8n,8,) and H = .97 o v P_{(L). Since H > 0, after using (G1) with ¢ =

n—1""n>"n
Tls. ,.s,] We obtain
n—1-

(7.27) Jras, < ILas, P-1(L) Go(Xy, Xnt1)
because @_S;H,s;l (s;,) = 1. Hence by (7.24) and that x], | = x,,11 by (7.8),

(7.28) Toita < / dar’ ds;Ex[ﬂL7m7S;1P_1(L)]Gg(x;,xnﬂ).
20 s

For the s/, integral in (7.28) the procedure is similar so we will be brief. Insert a
conditional expectation with respect to .%;, under the expectation in (7.28), bring
the integral over s/, inside E,, and then insert

(7.29) fL,m,sfl = fL,m,sn ]l{XS;l:x;b P (L) = P—2<L)@_S/ s! (S/ )

n—25p—1 3 1

We apply Lemma 7.5 with (uy,u2,u3) = (s,_,,s),_|,s,) and H = .J 5, with the
result, again after using (G1),

Frz+l,w < / dL/ E, |:jL7xvsn P (L) @_S' DA (sﬂ)
D%(O) n n

(7.30) X Go(Xn,X,)Go (X, Xns1)-
By (7.11) P_»(L) g_s;,z-,sﬁl,l(s") equals P(L') |g¢—s, v —x,- By (7.22) the measure
spaces (-Z)(0),dL’) and (.£,(0),dL) are the same. Therefore

030 e = ([, aE S PO)], ) Goln)Golynin)
' 2(0)

Y — Y J—
Sh =S X=X

By (7.18) the quantity in brackets is I,z with m = n. Applying the inductive
hypothesis (7.21) to this term completes the proof. |

8 Preparation for the infinite volume limit

This section continues with step one of Section 4.1. The main result is Corol-
lary 8.6, which is a bound on ¥, which is the finite volume version of the term ¥
in (4.6). A crucial aspect of the bound given by Corollary 8.6 is that it is uniform
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u a u
[ S ——
<C
v b Yy v y

Figure 8.1. A diagrammatic depiction of Lemma 8.3. Solid lines repre-
sents factors ||x —x1[|>~%. The vertices u, v,y are fixed, but  and b are
summed over Z¢.

in A. The bound relies on Assumptions 8.4, which play a continuing role in the
remainder of the paper.

8.1 Convolution estimates

Recall that ||x|| = max{|x|,1}. The next lemma says that when the sum over
w € Z is sufficiently convergent there is a bound as if w = 0.

Lemma 8.1 (Equation (4.17) of [25]). Letd > 5, u,v € Z4. There exists a C > 0
such that

4—-2d 2—d 2—d 2—d 2—d
Y Il i = vl= w1 < ClV I all
wezZd

The next estimate says the convolution of two functions decays according to
whichever has the weaker decay, provided at least one of them is integrable.

Lemma 8.2 (Proposition 1.7(i) of [25]). Let f,g: 7Z¢ — R be such that |f(x)| <
llxll = 1g(x)| < x| @ > b > 0. There exists a C > 0 such that

Cllxll ™", a>d,
xg)(x
(f+g)(0)] < {C\HXH\[J_(“H’), a<danda+b>d.

Figure 8.1 gives a diagrammatic representation of the next lemma.
Lemma 8.3. Fix u,v,y € Z¢, d > 5. There exists a C > 0 such that
@1 Y Mu—all*lly —all* o —all*~llv = oIy - o>~

a,bcz4
< Clly—ull P~y —v]I* .

Proof. Lemma 8.1 can be applied to the sum over a to upper bound the left-hand
side of (8.1) as if a =y, that is, by a constant C > 0 times

2—d 2—d 4—-2d 2—d
Iy =™ Y My =8Il ="y = &I=.
bezd
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The sum over b is a convolution of two functions that decay at rate Y = 2d — 4. As
Y exceeds d when d > 5, Lemma 8.2 implies the claimed upper bound. |

8.2 YW and uniform bounds on ¥™
Assumptions 8.4. For all A C Z finite,

(G2) For A’ C Aand x,y € A/, G<0A/)(x,y) < Gy'(x,y);
(R1) There exists 7 > 0 independent of A, such that for 0 <u <v < oo

(8.2) }rW X,y \ <n(1pe y}+G0 (x,y)%), x,y € A.

The assumption (R1) supersedes Assumptions 7.3(R0) by stipulating the spe-
cific form

(83) Y = n(]l{x:y} + Gg\) (xay)z)

for the bound 7V of (RO). This form is motivated by our applications, as will
become clear in Section 11. Note that (G2) implies limyzq G(OA ) = sup AZA Gy.
The propositions of this section will be made under the assumption that this limit
satisfies a K-IRB, i.e., that

(8.4) Gy (x,y) = sup Gy’ (x,y) < KS(y —x), x,yeZ4.
AZ4

The key aspect of the next proposition is that the bound is independent of A and
proportional to (c1)™. Recall that IT};’ is defined by (7.1).

Proposition 8.5. Suppose d > 5, and that (Z1)—(Z2), (G1)—(G2), and (R1) hold,
and that a K-IRB (8.4) holds. Then there are constants cy,cp > 0 depending only
ond, J and K such that for each m > 1

(8.5) T (x,y)| < e1(eam)™ [y —]f 242

Proof. The basic input in our estimates is that by (G1) and (G2), G;") (x,y) <
G5 (x,y), so the K-IRB and (4.9) imply

(8.6) G (x,y) < KCylly —x[*~*,
and hence, letting K; = max{KCj,1}, by (R1) in the form (8.3) and (8.6),
(8.7 () < (1 pemyy + KDy —x[[*>

For u,u’,v,v' € Z¢, define
u %

®
(8.8) AN (u,d v,V = G (u, ) (u, V)G (U v) =: ‘ ,
L]

u Vv
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where the right-hand side follows the diagrammatic notation of Figure 7.1. Recall
the notation « defined in (7.8), and note that (G2) combined with a K-IRB im-
plies (GO) holds. Hence we can apply Proposition 7.4, and this proposition can be
rewritten as

m—1
INYY — ! /. /
(8.9) }Hﬁﬁ)(x,y)‘ < Z G(())(XOaxl)”(A)(XO»xl) HA<A)(xj7xj’xj+laxj+l)'
e 2 J=1
To check this claim compare Figure 7.1 with
X0 XX x X X53oxg X5
(810) O~NAAAA9 E MN\A. E INAAAAQ
®
x) x X, X Xy X

and recall that xp = x6 = x and x,, = x,, =y and there is a sum over the remaining
xi,x;. To estimate the summands in (8.9) we introduce

K} (1+K3)

(8.11) Alu,u' v V') = ) 51d -
I e = Il = vl

e =

Inserting the bounds (8.6) (with ¢ = 0) and (8.7) into A (u,u’;v,V') we obtain

(8.12) AY (u,u' v,V < nA(u,u'sv,0),
(8.13) Gy (xp, x1)F™ (x0,%)) < MK A(xo,x)5x1,%)),
where (8.13) holds because x6 = xp. Inserting (8.12)—(8.13) into (8.9) yields
(8.14) [T (x,y) | < K ' Up(x,y)
where
(8.15) Un(x,y) = Z HA XXX, Xy ).
wezdPm ) =

In obtaining (8.14) sums over vertices in A have been extended to sums over 74,
which gives an upper bound as all terms are non-negative. To prove (8.5) holds for
m > 1 it therefore suffices to establish the upper bound

(8.16) Un(x,y) < crcly —x[|

We prove (8.16) with ¢; = K7 (1 +K?) and ¢; = max{1,C(K;)} (where C is a
constant defined in (8.17) below) by induction. For m = 1 there is no sum in (8.15),
so the bound follows from xo = x{, =x, x; =x] =y, and (8.11).

Suppose the upper bound has been established for some n — 1 > 1. By mul-
tiplying both sides of Lemma 8.3 by |[u—v||* % and inserting (8.11) there is a
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C = C(K;) > 0 such that for u,v,y € Z¢,

(8.17) Y A(v,us;a,b)A(a,b;y,y) < CA(v,u:y,y).
a,beZ4

Let m = n. By using (8.17) to estimate the sum over x,,_| ,x;l_l in the definition of
U, and then using the induction hypotheses we have

n—1
(8.18) Un(ey)= Y, [TAGHXpx40,%00)
mEZ;‘iﬁ-zniz) j=0
n72_
(8.19) <c Y TJTAG,sxp,%00)
sl i

~3(d—2
<crcjly =7,

where in the second line we have redefined x,,_; := x,, and x;hl := x},. The final

line follows by recalling that x,, = x, = y. |

Recall that TV =Y, TT,’. Define W™, the finite-volume precursor to ¥
from Section 4.1, by

(8.20) PO (x,y) =Y TR (x,y) = TV (x,y) —TI§" (x,).

m>1

Summing (8.5) over m > 1 immediately gives the following.
Corollary 8.6. Under the hypotheses of Proposition 8.5, if con < 1 then

8.21 P < G1en
G20 )< 2L

~3(d-2
lly =72, xyez.

9 The lace expansion in infinite volume

The main result of this section is Proposition 9.8, which constructs Lgy and
W, v such that (4.6) holds. This completes a key part of step one of Section 4.1.
The proof uses Corollary 8.6 and the algebraic structure of Proposition 6.2 to take
the infinite volume limit of Proposition 6.2. In particular we prove the existence of
the infinite volume limit IT* of TT™.

9.1 The infinite volume limit of GV

We begin by establishing some properties of G(g) which was defined in (8.4).

Lemma 9.1. I (Z1), (G2) and a K-IRB (8.4) holds then G8° '(a,b) is non-negative
and 74-symmetric.

Proof. Non-negativity is clear from (Z1) and the definition (3.2) of G,

By the K-IRB and monotone convergence provided by (G2) limy,zq G(é\ '(a,b)
exists for any choice of exhaustion A, 1 Z¢. Given A, T Z¢ and A/, 1 Z there exists
A, T 74 such that 1~\n:173:5’_” is a subsequence of A, and /~\n:274’67,,_ is a subsequence
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of Al,. Since these three sequences have the same limit, the limit is independent
of the exhaustion. Independence of the exhaustion implies G(g’ '(a,b) is translation
invariant: the limit of Gy’ (a,b) through A, equals the limit of G}’ (a’,b') through
(A, +e), where @ =a+e, b’ = b+e, and e a unit vector in Z¢. Simultaneously,
this latter limit is the same as the limit of Gy’ (d’, ') through (A,). This implies
that Gy'(a,b) = Gy'(0,b —a). A similar argument shows Gy’ (x) := Gy’ (0,x)
is Z4-symmetric. Therefore GS° '(x,y) is Z4-symmetric; see the discussion above
Assumptions 2.1. |

Since G8°) (x,y) is translation invariant, a K-IRB of the form (8.4) implies Gg’ '(x)
satisfies a K-IRB of the form (4.5). Thus in the sequel there is no ambiguity when
we say G8° ) satisfies a K-IRB without further specification.

9.2 The infinite volume limit of TT*")

In this section we prove the existence of the infinite volume limit of TT®). Recall
that TTW =Y, - IT;, and IT;; is defined by (7.1). By Lemma 7.1 the m = 0 term
is TT" (x,y) = Lg% <1 {x—yy Where Ly, . is defined in (4.4). The next assumption
postpones proving that L;“,C,x has an infinite volume limit to the next section.
Assumptions 9.2.

(Z3) If a K-IRB holds, then Lé,”v  1s bounded uniformly in x and A, and the limit
Lev= Lg{,,x = limyyz4 L(gA,)v,x in (4.4) exists and is independent of x.

Lemma 9.3. Assume the hypotheses of Proposition 8.5 and (Z3). If 1) is sufficiently
small, then for x,y € 74

©.1) 09 (x,9)] = O([lly— ]| ),
uniformly in x,y and A.
Proof. This is immediate from (8.20), Corollary 8.6, Lemma 7.1 and (Z3). |

Lemma 9.4. Assume the hypotheses of Proposition 8.5 and (Z3) and that M is suffi-
ciently small. Then for any sequence of volumes A, 1 Z¢ there exists a subsequence
An, such that TI(x,y) = limy_. [1*) (x,y) exists pointwise in x,y € 7.

Proof. Extend the definition of IT": A x A — R to Z4 x Z¢ by letting IV (x,y) =0
if x¢ Aoryé A. By Lemma 9.3, [TI®(x,y)]| is O(||ly — x|| ~>“~?)) uniformly in A.
Thus for any x,y € Z¢ and any increasing sequence of volumes A, 1 Z¢, there exists
a subsequence A, () such that H(A"M-"))(x, y) converges as k — oo. By a diagonal
argument we can refine this sequence such that the limit exists forall x,y € Z¢. W

Lemma 9.5. Assume the hypotheses of Proposition 8.5 and (Z3) and that 1 is
sufficiently small. For a sequence A, 1 Z% for which TI* converges pointwise to
H)

9.2) SOITIMGY™ (x,y) — STIGS (x,y)  x,y € Z°,
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and the product on the right-hand side is absolutely convergent, so there is no
ambiguity in the order of the products.

Proof. By Lemma 9.3, II"W(x,y) is uniformly bounded above by a multiple of
U(x,y) = |y —x|| "), ™ is bounded above by S and, by (G2), Gy’ is bounded
above by Gy’. Both S(x,y) and G’ (x,y) are non-negative and bounded above by
a multiple of ||y — x[|"***. Hence the products SU (x,y) and UG}’ (x,y) are both
absolutely convergent by Lemma 8.2, and decay at least as fast as a multiple of
lly —x[|~***. Applying Lemma 8.2 once more with d > 5 shows SUGS’ (x,y) is
given by an absolutely convergent double sum.

Since IT" — IT pointwise by hypothesis, S“ — § pointwise (see (2.9)), and
Gg\ Q— GBN ) pointwise by Lemma 9.1, (9.2) follows by the dominated convergence
theorem. |

Recall the definition of A® from (2.1).

Lemma 9.6. Assume the hypotheses of Proposition 8.5 and (Z3), that 1 is suffi-
ciently small, and that A, + 74 is such that TI™ — TI pointwise. Then —(A® +TI)
is a two-sided inverse of Gy and T1(x,y) = I1(y,x) for x,y € Z°.

Proof. By (6.4), Lemma 9.1 and Lemma 9.5,

9.3) Gy =S+ SIGy .
Multiplying (9.3) on the left by —A® and using (2.12) yields
(9.4) — (A" + )Gy (x,y) = Lixeyy-

In applying (2.12) we have used that A® (STIG) = (A®S)(IIG’), which holds
as A® (x,-) is finite range by (J4). Thus — (A" +11) is a left-inverse of G’
Letting A’ denote the transpose of a matrix A, note that

9.5) — Ly = (G (A + 1) (x,y) = G (A®) +T0) (x, ),

as (Gy))' = Gy by Lemma 9.1. Note I1(x,y) = O(|ly —x|\|73(d72)), as ITis a point-
wise limit of functions satisfying this uniform bound by Lemma 9.3. Since A (x, )
is finite-range by (J4), this implies (A® 4IT) (x,y) is O(|[ly — x|| ~*“~?)), and hence
(A® +T1) (x,y) is also O(|[ly —x|| >“~?)). Thus (A® +I1)G§” (A® +I1)' is abso-
lutely convergent and unambiguously defined by Lemma 8.2 and —(A™ +1T)" is a
right-inverse of G’. By Lemma 4.10 —(A® +T1) is two-sided-inverse to G’ and
A +T1 = (A™ +11),
and consequently IT(x,y) = II(y,x) as desired. |

Proposition 9.7. Assume the hypotheses of Proposition 8.5 and (Z3) and that M
is sufficiently small. The limit TI™ (x,y) = limu,70 11V (x,y) exists and is 7
symmetric.
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Proof. Let IT and IT be pointwise limit points of exhaustions A, 1 Z% and A, 1
7. Let A= —(A +1I) and A = — (A" +fI). By Lemma 9.3 A and A are

O(lly =l 7"?). Then ¥, ez |A(x,ul G5 ()| |A(v,y)| < o by Lemma 8.2.
By Lemma 9.6 A and A are two-sided inverses of Gg’). By Lemma 4.10 A = A. By
Lemma 9.4 limit points exist for every exhaustion and we have just shown that the
limit point is unique so T1 (x, ) := limyyz4 TI (x, y) exists.

Let 7 be an automorphism of Z¢. By Lemma 9.1 and the definition of Z?-
symmetry above Assumptions 2.1 Gy (Tx,Ty) = Gy (x,y) forall x,y. Let A’ (x,y) =
A(Tx,Ty) for A as above. By changing the summation variable from y to Ty,
Y, Gy (x,9)A'(v,2) equals ¥, Gy’ (x,T~'y)A(y,Tz) which equals ¥, Gy’ (Tx,y)
A(y,Tz) by the Z?-symmetry of G(ON ). Since A is a right inverse this sum sim-
plifies to 17, —7;) = L(,—;). We conclude that A’ is a right-inverse to Gg’ ). By a
similar calculation A’ is a left-inverse so A’ is a two-sided inverse to GS" ). Repeat-
ing the argument in the first paragraph we have A’ = A so A = —(A® +11*) is
Z4-symmetric as claimed. |

9.3 The infinite-volume lace expansion equation

In the next proposition ¥ (x) := ¥*)(0,x) is the infinite volume limit of ¥*
defined by (8.20) and Ly}, is as defined in (4.4), in which the limit exists by As-
sumptions 9.2. Recall G5 (x) = Gy’ (0,y —x). In Item (iii) of the Proposition below
we prove (4.6).

Proposition 9.8. Assume the hypotheses of Proposition 8.5 and (Z3) hold. Then
there exist o0 > 0, 19 > 0, and P such that for all m € (0,M9),

(i) W= (x) exists and is a 7 -symmetric function of x.

(i) ()] < a2,
(iii) (J—L§y)Gg' (x) = Lixeoy +J4 %Gy (x) + P % Gy (x).
(iv) J—L ;Zlgg(ggx

Proof. Ttem (i): Note W™ (x,y) = IT¥ (x,y) — IT;" (x,y). Both terms on the right-
hand side have Z?-symmetric infinite volume limits by Proposition 9.7, Lemma 7.1
and (Z3). Therefore ¥ (x) exists and is a Z¢-symmetric function.

Item (ii) follows from the finite-volume estimate given by Corollary 8.6.

Item (iii): By Lemma 9.6 and Proposition 9.8 —(A® +I1))Gy’ = 1. In terms
of the one variable functions I1*)(x) := I1)(0,x) and Gy’ (x) := G’ (0,x) with
convolution replacing matrix products this is (J — II®) x Gy (x) = Loy We
insert J (x) = —J1,_q} +J+ (x) from (2.2) and 1" (x) = Ly, L,y + ¥ (x) from
Assumptions 9.2. After rearranging we obtain (iii).
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Item (iv): We evaluate (iii) at x = 0, insert item (ii) using d > 5 to obtain |G8° ) %
¥ (0)| = O(n) and insert J; * Gy’ (0) > 0. The result is the desired bound
1+0(n) S 1+0(n)

GS(0) — KS(0) 7
where the second inequality is implied by the K-IRB hypothesis. |

A

9.6) J-Lg >

10 Final hypotheses and proof of asymptotic behaviour

In Remark 4.13 we listed the lemmas that collectively prove the infrared bound
of Theorem 4.1. As outlined in Section 4.4 we now revise the hypotheses of these
lemmas to replace their specialisation to lattice Edwards model and g|¢@|* model by
Assumptions 10.1 and 10.2 and we prove these revised lemmas. The main result
Theorem 10.11 is that these assumptions imply the desired asymptotic law for the
Green’s function G, v, (x). In Section 11 we will verify that the Edwards model and
the n = 1,2-component g|@|* models satisfy these assumptions.

10.1 Final hypotheses

This subsection summarizes the hypotheses under which we will draw con-
clusions about the asymptotic behaviour of the Green’s function. For each finite
A C 74 and parameters g > 0 and v € R let Z,%,: [0,00)" = (0,00), 1 — Z;,
satisfy
Assumptions 10.1. Assume J is such that (J1)-(J4) hold, and

(i) foreach g > 0,v € R, (Z1), (Z2), (Z3), (G1)~(G2) hold for Z{;

(ii) there exists v > 0 such that for all g > 0 Gy, (x) is summable in x uni-

formly in A;
(iii) there exists ¢, > 0 such that for each g > 0,v € R, (R1) holds for Zg?)v with
N =c«8-
Throughout this section we write G, , = G;:{,, which exists as a possibly infinite
monotone limit by (G2). The susceptibility is defined by

(10.1) X(V) =Y Gev(x),
xezZd

and the critical value v.(g) of v is defined by
(10.2) Ve(g) =inf{v € R | x,(V) < oo}.
In particular, v, < v; with v; given in Assumptions 10.1.

Assumptions 10.2. Assume that g > 0, that v.(g) < 0, and that

(G3) G, v(x) is non-increasing in v € R. Moreover,
(a) For v € (v,(g),) and x € Z?, G y(x) is continuous in v.
(b) If Gg v < 38 for some v € [V, ), then {G, \/(x)},c7¢ is a uniformly
equicontinuous family of functions of v/ € [v,e0).
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(G4) For v € (Vc(g),%), SUpyez:|y>r Ggv(x)/S(x) = 0 as r — oo.

(GS5) Gy, < 28.

(Z4) For each finite A and g > 0, Z%,: [0,00)* — (0,0) is continuous in v € R
pointwise in ¢ € [0,e0)" and uniformly bounded in ¢ for each v.

(Z5) (a) For g >0, L,y is continuous in v € (V¢(g), ).
(b) If Gy v < SS for some Vv, then L is continuous for v/ € [v, o). If,

additionally, L,y <Oand v € (vc(g) g). then L,y = O(g).
(Z6) Lgy — o0 as V — —oo,

These assumptions suffice for our applications, and are intended to be a starting
point on the road to better assumptions. The next lemma is a step in this direction.

Lemma 10.3. (Z1), (GI), (G2) and Y. ,ca G*(0,x) < oo implies G*(0,x) decays
exponentially in x as x — oo. In particular (Z1), (G1), (G2) imply (G4).

To prove this we establish a Simon inequality.

Proposition 10.4 (Simon inequality). Let G be the infinite volume limit of the
Green’s function of a model that satisfies (Z1), (G1), (G2). Assume G*)(0,x) is
summable in x € 7. For a,be 74 and N' C 79 such that A' contains a but not b,
(10.3) Gab)< Y G(ax)I( x)G(x,b),

X EN xeZA\N

where ]9 (x' . x) = J(x—x') Liyvea Liceza\ny i€, JON) (¥ x) is non-zero only for
jumps out of A

Simon [41] proved the progenitor for this inequality for the Ising model, and
showed that models that satisfy Simon inequalities are such that whenever the
two-point correlation is summable the two-point function decays exponentially.
Lieb [35] gave an important improvement in the Simon inequality, which was ex-
tended by Rivasseau [38] to two-component models. The improvement was to
replace G*'(a,x’) by G (a,x’). We are unable to obtain this improvement in the
generality of Proposition 10.4; see [10, Theorem 6.1] for a random walk proof of
this improvement for g|¢|* models.

The next proof paraphrases [41] in the notation of this paper. It explains why
we assumed the finite range condition (J4); without this (G4) would have to be
established by an alternative argument.

Proof of Lemma 10.3. Recall from Assumptions 2.1 (J4) that there exists a range
R such that J?")(x',x) = 0 for [/ —x| > R. For r > 1 choose A’ to be the ball
{x:|x] <rR} in Z%, let F(r) = Lyep Lagar G2(0,6) 1) (' x), and let f(s) =
Y=k G(0,x). The choice of A’ and the range R of JN) imply that we can
upper bound F(r) by replacing x ¢ A’ by |x| > rR and X' € A’ by |[¥| > (r— 1)R.
This yields F(r) < ff(r - 1), where J is given by (2.2). Note that for X' € A/
and |x| > (r+ 1)R, G=(0,x')J°)(x',.x) = 0, and hence by summing (10.3) over
|b| > nrR Witha:Owehavef( r)<F(r)f(nr—(r+1)) <Jf(r—1)f((n—2)r).
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By iteration we obtain f(nr) < (J f(r—1))"?£(0) for n even. By the summability
hypothesis f(0) is finite and f(r — 1) | 0 as r 1 . Therefore, for r sufficiently
large, J f(r— 1) < 1. With this choice of r and n even f(nr) < 27"/2f(0) which
implies G*(0,x) decays exponentially in x as desired and, by (2.11), (G4) is an
immediate consequence. n

Proof of Proposition 10.4. Let A C Z¢ such thata € A’ C A. Let . = inf{t > 0:
N ¢ A’} be the time of first exit from A’, and note that Xg) is the position of X
immediately after it jumps for the first time out of A’. Let

(10.4) Pla,x) =E [ZT[MIL }
’ e Zo {Xi;\):x} '

Recall that the finite volume Greens function GV (a,b) is G} (a,b) as defined by
(3.2) with t set to 0. Using (Z1) we interchange the integral with the expectation
in (3.2) and obtain

o,
[ [0700>d€ Zo IL{XSA):b}]

The hypothesis on a, b implies that £ > .. By conditioning on .% &~
Zroy Zr i
(A) o [0,.7] [0,.7] 7.0 or ,
(10.6)  G¥(a,b) = E, [ o /[ s [72 H{Xﬂw_b}‘@H .

70,71

(10.5) G"(a,b) =E,

By Lemma A.2 with I = [0,.#] and G5 (X ,b) < G™(XY)),b) from (G1) we have
Zeo
M (a,b) < Eq [—52 G (X, b)] which is the same as
(10.7) G™(a,b) <Y P(a,x)G™(x,b).

xeEA

To complete the proof it suffices to show that
(10.8) P(a,x) < Z G (a,x" )T (x' x)

x'enN
because inserting (10.8) into (10.7) and using (G2) to take the infinite volume limit
gives (10.3). For the remainder of this proof we write X = XY, By summing over
the possible values of Xy, and the (Poisson) number of jumps in (¢,¢+ &], one can
easily show that forx € A\A’, £ >0and 6 >0

(10.9) Eq[Lix, yoe}| ) Ligsey =T (x = X0)81 520, + O(87),

Zroq

Z and use this to

where the O(62) term is uniform in £,x, a.s.@. We let ¥, =
obtain

Eq [Lix, 5= Ly Yi] = Ea [Ea [L(x, ;| F] Loy Ye]
(10.10) = 8E, [J(x—X¢)1{ 5=y Ye] +0(8%).

Since for ¢ in a compact set [0, M] the vector of local times ranges within a compact
subset [0, M]*, we have by (Z1) that ¥; is bounded by a constant for £ € [0, M].
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Therefore O(5?) is uniform in x and £ € [0, M]. Note that ¥; is pathwise continuous
in £ by (Z1) and (2.5) and since also the probability that the walker jumps in a
small interval goes to zero as the length of the interval goes to 0, the expectation is
continuous in ¢. We insert £ = ¢, = md, sum over m =0, 1,..., |M /& | and take the
limit as 6 | O to obtain

(10.11)

[M/6]
lglﬁ)l mZ:'o E, [R{X[m+1:x}]l{,7>ém}yém} = /[O,M] Eq[J(x—X¢) 1 550yYe] dl.

On the other hand, taking the sum inside the expectation, and using Dominated
convergence we see that the left hand side converges to E, [l{xy:x}]l{ng}Y y]
because it partitions the event {.¥ < 6(|M /8] + 1)} into events {.# € (md, (m+
1)6]}, Yy is pathwise continuous, and Xy is right-continuous. We let M 1 o to obtain

(10.12) E, []L{Xy:x}Yy] = /[0 )Ea [J(x—X¢)LypopyYe] dl.

Recalling that ¥, = 0’ the left hand side is P(a,x) by definition (10.4). By
inserting J(x — Xy) = Zx A Il{xp_xf}J(x X ) we have

(1013) P / dg E H{X/_x,}ﬂ{v/>f}i| )(xljx)-

X EA’
We insert 115+, <1 and (3.2) with ¢ = 0 to obtain (10.8) and thereby complete
the proof. |

10.2 Model independent lemmas

In this section we prove and revise hypotheses for the model independent Lem-
mas 4.4 to 4.6 and 4.9 in the list of Remark 4.13.

Lemma 10.5. Lemmas 4.4 and 4.5 revised by replacing lattice Edwards model and
g|o[* model with Assumptions 10.1 and (Z5).

Proof. Recall that D, y, G,y (x), P, v (x) are defined in (4.11) in terms of L, and
W, (x) =P, (x), and in (4.7) we defined DS( ) = =T —0y +2J1(x).

Proof of revised Lemma 4.4. By Proposition 9.8, Assumptions 10.1(iii) and
hypothesis K = 3 we immediately obtain Lemma 4.4 with the desired revision.
Note that this revised lemma implies there is a constant ¢4 such that ford > 5

(10.14) 0<w(g,v) g, and [y (x)] < gare. x| =) < gare =Y.

Proof of revised Lemma 4.5. Part (i): recall the definition of Z- above
Lemma 4.5 and that we have chosen D = D,,. We have to prove item (i): Dy
is Zd—symmetric; item (ii): Y cz¢ Dgv(x) < 0; item (iii): there exists Cp and there
exists z =2z(g,Dg,v) € [0,/ '] such that

(10.15) Dy () = DS ()| < Cogllll =+
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Item (i) holds by (J3) and Proposition 9.8. To obtain item (ii), we sum (4.10)
over x and interchange the sum over x with the sum in the convolution in (4.10).
Since v > Vv, the sums are absolutely convergent and the interchange is valid. The
result is

-1
(10.16) Y Dgy(x (Z Gy ) <0,

xezZ4 xez4
as desired. The inequality follows from G,y (x) > 0 and w(g,v) > 0.
Item (iii).
(10.17) ‘D( )—DS(x ‘ | (w(g,v) = 2) | T4 (x) + w(g, V) e (x)]
For w(g,v) < J~!, the choice z = w(g, V) satisfies (10.15) with Cy > cgotc, by
(10.14). Otherwise, by (10.14), w(g,v) > J~! and we will now prove that z = J~!

satisfies (10.15). Accordingly set z = J~! until the end of the proof of this part.
Item (ii) bounds how much w(g, v) can exceed z as in the final inequality of

0<w(g,v)—z=/"Y D5, , )

(10.18) =Y Dy () = wlg, V) (x)) <T7TE —wl(g, V)W (4),

X

where equalities follow from ¥, J, (x) = J, the definition of Df (x) with z replaced
by w(g, V) and the definition of D, (x). This together with (10.17) implies

(10.19) )D(x) . Df(x)‘ < (Zw(g, V) (e ()] ) J+ng) (g, V)P ().

We insert (10.14). By (J4) there is a constant c;, such that (¥ H|x’|H_3 @-2) )J ( Wit

<cy |||le (@+4) " Therefore the right hand side is bounded by Cog|\|x|\| ) for
Co 2 caocy(cy, —l— 1). The proof of item (iii) and therefore of part (i) is complete.
Lemma 4.5, part (ii): We must show that L,y = O(g). By (Z5) and the hy-
pothesis v € [v,g] this holds if L, < 0. If L, > 0 this follows by inserting
w(g,v) = (J/ —Lgy)~!into (10.18) and solving the inequality for L . [

Next we prove Lemma 4.6. The hypotheses need no revision because they do
not reference our models. This lemma extends [7, Lemma 2], where the Laplacian
is nearest neighbour, to the finite range context of Assumptions 2.1 (J4). The proof
is, mutatis mutandis, that of [7, Lemma 2], so we discuss only part that needed
care.

Proof of Lemma 4.6. Note this reference uses —A for what we denote by D, and
that the formula for u and its range is stated in the body of the proof of Lemma 2
in [7, below (28)].

The most significant step to check is the Edgeworth expansion (24) in the proof
of [7, Lemma 4]. According to [7] this is equation (1.5b) of [49, Theorem 2] with
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m = 4. This is misleading even for the nearest neighbour Laplacian because (1.5b)
is not the same as (24), but the proof of [7, Lemma 4] remains valid with (1.5b) in
place of (24) so we momentarily set this aside. The equation (1.5b) of [49, The-
orem 2] continues to hold under our Assumptions 2.1. In particular, (J3) implies
that in (1.5b) the norm || - || is the Euclidean norm | - | and the odd Edgeworth coef-
ficients Uy, Us vanish. By the discussion below [49, Theorem 2] and (2.4) of [49,
Theorem 2] the Edgeworth coefficients U, (®") and Us(®) in (1.5b) are continu-
ous functions of the unit vector @* and are therefore bounded.

We return to the problem with [7, equation (24)]. The coefficients in (1.5b)
of [49, Theorem 2] depend on the direction @* by which x approaches infinity,
whereas [7, equation (24)] has no directional dependence. However the bounded-
ness of this directional dependence is all that is used in the proof of [7, Lemma 2,
Lemma 4]. |

Lemma 10.6. Lemma 4.9 revised by replacing lattice Edwards model and g|¢o[*
model with Assumptions 10.1 and (G3), (G4) of Assumptions 10.2.

Proof. Recall from (4.14) that F (V) := sup, .z« f(x,v) where f(x, V) = Gg v (x)/S(x).
We have to prove that F is continuous on (V,,g]. It suffices to prove that F is
continuous on (V.,g| for V. > v.. As in step (i) in the proof of [25, Proposi-
tion 2.2] we reduce the supremum defining F to a finite set. By (G4) there ex-
ists r such that sup|.., f(x, V) < 1£(0,8). For v € (¥,g] we have that F(v) =
supyy <, Gg,v(x)/S(x) because (G3)

1 1

(1020) sup f(X,V) < sup f(xa VL) < 7f(07g) < *f(O,V)-
x| >r x| >r 2 2

For fixed x, f(x,Vv) is continuous in v by (G3). Since the supremum of finitely

many continuous functions is continuous, F is continuous as desired. |

10.3 Model-dependent lemmas and proof of Theorem 4.1

By the previous section the list in Remark 4.13 has been reduced to the model-
dependent Lemmas 3.4, 3.5, 4.8 and 4.11. The conclusions of Lemmas 3.4, 3.5,
4.8 and 4.11 are contained in assumptions (G2), (G3), (GS5), (Z6). Remark 4.13
also records continuity properties that are used in the proof of Lemma 4.12. These
continuity properties are provided in Assumption (Z4). Therefore all the lemmas
listed in Remark 4.13 hold with revised hypotheses. As explained in Remark 4.13
this proves:

Theorem 10.7. Theorem 4.1 and Proposition 4.3 revised by replacing lattice Ed-
wards model and g|@|* model with Assumptions 10.1, 10.2: in particular, under
these assumptions, there is go = go(d,J) > 0 such that if 0 < g < go then V.(g) is
finite and

(10.21) Gev,(x) <28(x), xeZ%
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10.4 Proof of asymptotic behaviour

We begin with two lemmas. The first, Lemma 10.8, is an extension of a lemma
from [7], and hence we only describe where care must be taken in obtaining this
extension.

Lemma 10.8. Let D and H be as in Lemma 4.6. If ¥,.c74 D(x) < O then H(x) €
Nz,

Proof. By the definition (4.7) of . as a series

Y 5@ <Y Y zv) ")

xez4 x€Z4n>0
=Y " Y ) =) [T
n>0 xez4 n>0

where / =¥, J, (x) by (J1) and (2.2). The interchange of sums is justified because
all terms on the right hand side are positive. The right hand side is absolutely
convergent iff |z| < J/~! and when it is absolutely convergent ‘S’Z (x)| decays expo-
nentially like (|z|/)°UFID) as ||x[| — o by (J4).

From D+ H = —1 we can generate a series similar to S, but it is inadequate
because, unlike /. (x), D(x) # 0 for x # 0. However, this sign problem was solved
in [7], where in the proof of [7, Lemma 2], it is shown that

where we have expressed the equation preceding [7, Equation (32)] in the notation
of the present paper. In [7] it is shown that the first term (—D xS #)_1 is an element
of the Banach algebra B defined at the beginning of [7, Section 4], i.e., the set of
functions f on Z that are ¢! and have sup, | f(x)||x|“ finite. Since ¥, .7« D(x) < 0,
u defined in Lemma 4.6 satisfies || < J~!. Therefore, by the preceding paragraph,
Sy is an element of B since it decays exponentially in [|x[|. Hence the convolution
defining H is an element of B; in particular it is £! as desired. |

Lemma 10.9. Under Assumptions 10.1 and 10.2, if d > 5 and g is sufficiently
small, then {Dg v (x)},c7a is an equicontinuous family of functions for v € [V, o).
Moreover Dy is continuous in V € [V, ) as an { Lvalued function.

Proof. To prove that D, ,(x) is defined and continuous in v € [V,, ) we now dis-
cuss the definitions in (4.11) for v = v, as well as v > v,.. By Theorem 10.7 and
(G3) the infrared bound Gy y, < 2§ holds for v > v... This implies the hypotheses
of Proposition 9.8 hold with ) = ¢..g for v > v,.. By item (iv) of Proposition 9.8 we
conclude that D, , == va nt ‘i’g,v exists for v > v, as desired. This definition

(g:v)
together with item (iii) of Proposition 9.8 asserts that

(10.22) Dyy Gy y(x) = =1y
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Moreover, by (J4), items (ii) and (iv) of Proposition 9.8, and the lower bound on
w(g, v) following (10.14), there is a ¢; > 0 such that for v > v,

(10.23) D,y (x)] < e [lxfl =,
For vi, v, € [V,,0), (10.22) implies that
(10.24) Dy, ¥ (Gy, — Gy,) * Dy, + (Dy, —Dy,) =0,

where we have omitted the subscript g. Note that the omission of the order of the
convolutions in this equation is valid as the iterated convolutions are absolutely
convergent by (10.23), the infrared bound Gy, < 25, and Lemma 8.2. Therefore
[Dy, (x) =Dy, (x)| < sup |Gy, () = Gv, )| 1Dy, 111Dy, 11
YEZ!
(10.25) < Csup |Gy, (y) = Gy, (v)]|
yezZ4

for some C > 0 by (10.23). By (Z5) part (b), w(g,V) is continuous in v for v > v,.
Therefore the functions G, y(x) are equicontinuous on [V.,0) by (G3) part (b).
This proves that the functions D,  (x) are equicontinuous in v € [V, o) as desired.

The second claim, that v — Dy  is continuous in £ I follows from the first. This
is so because ) 74 | D, v(x)| converges uniformly in v by item (ii) and item (iv) of
Proposition 9.8. |

Lemma 10.10. Consider a model satisfying Assumptions 10.1 and 10.2. Ifd > 5
and g is sufficiently small then Y. .74 Dg v (x) = 0.

Proof. This follows from Lemmas 10.8 and 10.9 and the definition of v,. (Recall
that we showed H = G in the proof of Theorem 10.7). |

Theorem 10.11. For models satisfying Assumptions 10.1 and 10.2, if d > 5 there
exists go = go(d,J) such that if 0 < g < go, then there are constants C >0, € >0
such that

C 1
(10.26) Gg,vc (x) ~ d— +0 < d2+£> )
[ [

Proof. By Theorem 10.7, (Z5) part (b) L, y is (right-)continuous in V at V. and by
the revised Lemma 4.5 part of Lemma 10.5, L,y = O(g) for v € [v,,g]. Therefore
w(g,ve) =J1(1+ 0(g)) and it suffices to prove (10.26) for G, y, .

Let Q(x) = w(g, Ve) (J1(x) +Wg,v.(x)), and note that
(10.27) Dy y(x) = —T—o) +0(x),
by the definition of Dy, see (4.11). Let Q(k) = ¥ cz¢ Q(x)e’** be the Fourier

transform of Q. By [22, Theorem 1.4], (10.26) holds for Gy y, if there isa p > 0
such that

(H1) 0(0) =1,
H2) |0(x)] < Ki||x||~“***?), some K; > 0,
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(H3) Yoezu I3 10(x)| < Ka, some K, > 0,

(H4) there is a Ko > 0 such that Q(0) — Q(k) > Ko||k|[3, k € [, 7).
By Theorem 10.7, Gy, satisfies an infrared bound. Hence (H2)—(H3) follow from
Proposition 9.8, (J4), and the assumption d > 5. Furthermore (H1) follows from
Y «cz¢Dgy. =0, i.e., Lemma 10.10. Thus the proof of (10.26) is reduced to proving
(H4).

To prove (H4) let Ji (k) = ¥ cpzaJ s (x)e** be the Fourier transform of J, and

note that J defined by (2.2) equals the Fourier transform J, (k) evaluated at k = 0
by (J1). By absorbing w(g, v.) into Ky and J = J' (0), (H4) can be re-expressed as

J=J (k) + (g, (0) = Hyv, (k) = Ko K13
By item (ii) of Proposition 9.8, the Z¢-symmetry of ¥, y,, 1 —cos(k-x) < ¢ (k-x)?
and ¥ ||« 3% \x|2 <ooford >S5,
li!g-,vc(o) ng ‘ < Z ’lpgv 1 —COS<k X)) (g) ‘k|2
xezZ4

Thus to prove (H4) it suffices to show J—J, (k) > ¢’||k||3 for some ¢’ > 0; the
desired bound then follows by taking g small enough. The stated lower bound on
J—J (k) follows from [33, Lemma 2.3.2], whose hypotheses are provided by (J4)
and the irreducibility assumption (J2). |

11 Verification of hypotheses

Recall that in Sections 4.2 and 4.3 we reduced the proof of Theorems 3.6
and 4.1 and Proposition 4.3 to the lemmas listed in Remark 4.13. Then, in Sec-
tion 10 we revised these lemmas by replacing the lattice Edwards model and n =
1,2 g|@|* models by Assumptions 10.1 and 10.2 in the hypotheses and we proved
these revised lemmas. Therefore the next Lemma 11.1 completes the proof of The-
orems 3.6 and 4.1 and Proposition 4.3.

Lemma 11.1. The Edwards and n = 1,2 g|@|* models defined in Sections 3.1 and
3.2 satisfy Assumptions 10.1 and 10.2.

The remainder of this section proves this lemma, first for the Edwards model
and then for the g|@|* model. For each model we also prove Proposition 4.2.

11.1 Edwards model

By the argument below Lemma 3.4 Assumptions 10.1(ii) holds and v, < 0 as
required by Assumptions 10.2. By the Definition 3.1 of the Edwards model it is
clear that (Z1), (Z2), and (Z4) hold.

Short calculations starting from the definition (4.4) of Lé,fi,
tion (7.6) of ') (x,y) show that

x and the defini-

(11.1) Love=—Vigeay  row(y) = =281 5—yeny
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and therefore the infinite volume limits are L,y = —V and ry ¢ (x,y) = =281y
From (11.1) we immediately obtain (Z3), (Z6), and Assumptions 10.1(iii). The
continuity statements in (Z5) are clear from (11.1), and the claim L, , = O(g) in
part (b) of (Z5) follows as L,y < 0 implies v > 0, and (b) includes the hypothesis
Ve (Ve(g),8]

By (3.4) and (3.1) it follows that

(11.2) Yes:=exps —g Y, (s +57)—V Y 5

XEA XEA
which is decreasing in #, for each x, so (G1) holds. To verify (G2), note that
{xV =b} ={T™ > ¢,X;” = b} and on this event Ti0,0"Y = Tjo,q"". Hence
(11.3) Y

1 =Y @l e« 1
07 XM=kt T To,m) X =p) TS

which is non-negative and increasing in A since T™ is.

(G3). Monotonicity in Vv is clear from (3.4). We defer the proofs of (G3) parts
(a) and (b) until after Lemma 11.4 below, as they are very similar to the detailed
proof of Lemma 11.4.

Lemma 10.3 shows that (G4) is a consequence of (Z1), (G1), (G2) which we
have already established. (G5) is clear since Gg,f; < Sby (3.4).

We complete the proof of Assumptions 10.2 by showing v, < 0. This is im-
mediate from Definition 3.1: if v > 0 the Green’s function is dominated by the
Green’s function of a simple random walk with non-zero killing.

Proof of Proposition 4.2 for Edwards model. By Lg , = —V this is immediate from
L,y = O(g) by (Z5) part (b) and Lemma 4.5 part (ii). [ |

11.2 g|o|* theory with n = 1,2

Recall the definition of <>2,Ai/t from (3.9). In this section we abbreviate this to
<->(tA>. By the argument below Lemma 3.4 Assumptions 10.1(ii) holds and v, <0
as required by Assumptions 10.2. From Definition 3.2 it is clear that (Z1), (Z2)
and (Z4) hold. By the definition (4.4) of Ly} , and the definition (7.6) of r\", (x,y)

straightforward calculations show that

()
(11.4) L= <—v—g<!<px2>0 ) Len)
)

() 2 2.2\
115wy = (=280 (0108 ) L)
[s.5']
where (A;B)™ := (AB)® — (A)™ (B)™. Assumption (Z3) follows by (11.4) and
Lemma 9.1. The continuity statements in (Z5) follow from (G3), which we will
verify below. The L, y = O(g) part of (Z5) follows from (11.4) as the 3-IRB implies
the expectation is finite. Assumption (Z6) follows from (11.4).
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Lemma 11.2. For the n-component g|@|*-model with n = 1,2, a,b € A and t €

[0,00)2, G‘(gfi,at(a,b) is non-decreasing in v, in each component of t, and in A.

Proof. These statements follow by writing G, ;(a,b) in terms of (@4 - @) ; us-
ing Theorem 3.3. We prove that this expectation has the claimed monotonicity in
v by showing that the derivative with respect to v is nonpositive. Up to a pos-
itive constant of proportionality this derivative is minus the sum over y € A of
(Pa- Qb @y (Py‘>§?i/,t' As desired this correlation is nonnegative by the GKS inequal-
ity for n = 1 and the Ginibre inequality for n = 2. See [17, Lemmas 11.3 and 11.4].
Monotonicity in ¢ is proved in a similar way by differentiating (¢, - (Pb>fg/?)v,t with
respect to a component ¢, of £. Monotonicity in A follows from monotonicity in &
because letting 7, 1 o« is the same as adding the point y to A. |

Proposition 11.3 (Lebowitz Inequality). Consider the g|@[* model with n = 1,2
components. Then for all A, x,y,u € A and t € [0,0)",

0 < <(Px : (Py; Qu - (Pu>(tA) < 2 <(Px : (Pu>¥\) <(Py : (Pu>(tA) .

Proof. The lower bound is the GKS inequality for n = 1 and the Ginibre inequality
for n =2. See [17, Lemmas 11.3 and 11.4]. The upper bound for n = 1 is the
Lebowitz inequality [34] and for n = 2 was proved by Bricmont [8, Theorem 2.1].
See also [17, Theorem 12.1]. [ |

Both (G1) and (G2) follow immediately from Lemma 11.2. By Lemma 10.3
property (G4) is a consequence of (Z1), (G1) and (G2). Property (G5) is clear since
Géffg, < § by (3.4). The next lemma establishes (G3) parts (a) and (b); that G;’t)\, (x)
is non-increasing in v for v € R was already established in Lemma 11.2.

Lemma 11.4.

(1) Ggv(x) is Lipschitz as a function of v € (V,, o).

(2) Ifd > 5 and Gy, satisfies a K-IRB for some K then Ggy(x) is uniformly
Lipschitz as a function of V € [Vc, ), and hence {Gg v (x) } (<74 is uniformly
equicontinuous in v € [V, o).

Proof. (1) For any finite volume A and any v, by Proposition 11.3, (3.10) and (G2)

(00 0|9y e < 2(00-0)0 (9~ 9y)y) < 20° Gy () Gy (v — x)
(11.6) <Gy, (y) +n°Gy, (y—x),

and the final inequality is the elementary inequality 2uv < u® +v* for u,v € R.
Since

9 ! L2\
(11.7) =5, 0ev(®) =3 X (@0 9507),

YEA
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we have, for v and a such that v >a > v,,

(A) | < n’* Zd Gf;,v () = ca,
YEZ

(11.8) y gy
where ¢, =n Z}Ezd G «(y) and ¢, is finite for a > v, because G, 4(y) is summable
by (10.2). Fora > v, and v,V € [a,e0), by writing Gg " (x) — Gg (x) as the integral
of its derivative we have |G(g’?i,,( x) — Gy (x)| < ca|V/ — v|. Taking A 1 Z9 by (G2),
we obtain |Gy v/(x) — Gg v (x)| < ¢q|V' — V| and therefore G,y (x) is Lipschitz as
claimed.

(2) We repeat part (1) with a = v... Since d > 5, cy, is finite by the K-IRB, so
G,,v(x) is Lipschitz on [V, ) with uniform constant cy,. |

Proof of (G3) parts (a) and (b) for the Edwards model. We first claim that for any
finite volume A and any v € R,

d 1
(11.9) = Ge(x) S G+ G () < 5 X ((Gey (=) +(Gev (),

yez4

where the second inequality is the elementary 2ab < a® + b?. Granting the claim,
note that by (G2) and translation invariance this proves (11.8), and the remainder
of the proof is essentially identical to the proof above.

We now prove the claimed first inequality in (11.9). By the definitions (3.2) and
(2.5), the left-hand side of (11.9) is

(11.10) y / a | 'k, [%,EJL{X;/A):X,}H{XEMZX} .

X' EA

where %, = z™ ) /ZOA) as in (6.1), and, for the Edwards model, 7z =1. We
Tsy) _
reverse the order of integration over ¢,¢' and insert %, = % 0% ¢ (¢), where

Do () = (%’g/%ﬂ) asin (7.10). By Lemma 7.5 with H = % ¢ and (uy,us,u3) =
(0,¢',¢") the result is

(11.11) Z/ dl' E, %w (Xg/A),X)Jl{X;,m:x,J,

¥EA T[o ﬂJ

By (G1) and (3.2) read from right to left we obtain the first inequality in (11.9) as
desired. |

For 0 < u < v define
(11.12) A (x,y) =2g []l{x —yt+n g(G

(11.13) PV (x,y) = oo (%,y)-

The next lemma verifies Assumptions 10.1(iii).

) (x— y)ﬂ

[uy]
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Lemma 11.5. Suppose O < u <v, x,y € A. Then
(11.14) [rn(r, )| ST () <7V (xy).

Proof. As A is fixed we will omit it from the notation. Applying the triangle in-
equality to (11.5) and using Proposition 11.3 and (3.10),

(11.15) Fuy(X,y) < Fup(x,y),
The remaining inequality 7, (x,y) < 7(x,y) follows by Lemma 11.2. [ |

Proof of Proposition 4.2 for the g|@|* model. The same argument as for the Ed-
wards model shows Ly, is O(g). Since Ly y = —g (@7), — V. and g (@7), is O(g)
at v, since an infrared bound holds, the claim follows. |

Appendix: Random walk and the Markov property

A.1 Properties of continuous-time random walk

Proof of Lemma 2.3. We first prove that AW is invertible. Let f,h: A — R. The
quadratic form associated to AW is given by

(A.1) (f,=A™R) =Y fe(—A™h),.
XEA

For f: A — R define the extension by zero: f = f on A and f, = 0 for x ¢ A. We
claim that

(A2) (f.— Z J(x=y)(fe = Fy) (hx = hy).
xyeZd

By choosing h = f we obtain
1 -
(A3) (fi=A") =5 Y Ja=-»L-hF>0, [#0.

x#£yeZ4
The strict inequality holds because f} =0 for y ¢ A and for every point v € A there
is a walk with transitions of nonzero rate that starts at v and reaches a point not
in A. This positivity implies that the eigenvalues of —A™ are strictly positive and
therefore —AW is invertible as desired. Thus it suffices to prove the claim (A.2).
To prove (A.2) we start with the right-hand side which contains

(A4 (= ) s — ) = il — )+ Fo iy — ),

so by the symmetry under exchanging x and y we can rewrite the right-hand side
of (A.2) as

- Z Jx=y)(fe=f)he—hy) =Y J(x—y)fi(he—hy)

x YyeZA x,yezd

(A.5) = Y Jx—y)fi(-hy).

x,y€Z4
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For the final equality we used the zero row sum property Y., J(x —y) = 0. Recall

from (2.1) that J(x—y) = Aﬁf}) and that A&Ay) is the restriction of Aﬁfj to A. Therefore,
in (A.5) we insert

(A.6) Y J=y)(=hy) = Y (A = Y (A7) = (—A%h),
yezd yezd YEA
which proves (A.2) and hence completes the proof that AW is invertible.
Next we prove (2.7). By definition

A7) SV(ab) = / diPa(X, = b) = / dt (™) = / dr (™).
0 0 0

where the last equality holds since (A¥),, = ((A™)K),,, and where for a square
matrix A, e denotes the matrix exponential };° ,tjAk The right hand side of

(A7) is (—AW)_ | as desired: since —A™ is real symmetric with positive eigenval-
ues, this follows by diagonalizing and integrating. |

Proof of Lemma 2.4. Recall the definition of S (x) from (4.7), and let S(x) = S ; o1 (x).
Let T,, denote the time of the nth jump of X and Ty = 0. By (2.8)

oo

S(x) = Ey [ ;)(TIHI T,)1 {XTn }}

oo

(A8) Z [Tos1 = {ﬂ{x;:ex}}

(A.9) 12150[ e } J15(x).

By using the strong Markov property to restart at time 77 (see [33, Section 4.3]),
we have

(A.10) S(x) = Lpemoy + Y. I T (0)S(x —y),
y

and by (A.9) this can be rewritten as
(A.11) TS(x) = Loy + Y I+ (0)S(x —).
y

Collecting terms gives the first claim. To verify (2.13), we use (A.8):

ZEO n+1 — i .)C). [ |

A.2 The Markov Property

Recall that Q; is the space of paths defined in Section 2.4 and (Q,,.7,P,) is
the probability space for random walk X; such that Xo = x. For s > 0 define the
Z -measurable map 0;: Q; — Q; by 6s((x;);>0) = (X541 );>0. The following is a
standard formulation of the Markov property.
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Proposition A.1. Let H: Q) — R be .7 -measurable and integrable with respect
to E, for each a € 74, and let h(x) = E, [H] . Then for every x € Z¢ and s > 0,

(A12) E.[Ho6,|F] =h(X;), Pras.

The Markov property as used to obtain (6.12)

To justify this application of the Markov property, for £ > 0 and b € Z¢ let
Hyp =% 1ix,—py and h(¢,y,b) = E, [H;p] . Then, by Proposition A.1,
(A.13) Ea|% 50 Lix,, =p}|-Fs] = h(€,X,,b),  Poas.

The Markov property as used to obtain (6.15)
To justify this application of the Markov property, for L € .%,(0) let Hy j =
w(L)Go(Xy ,b), and f(x,b,L) := E, [Hy ] . Then, by Proposition A.1,

(A.14) Eq [w(L+5) Go(Xy, 15,b)|F] = f(X;,b,L).

The Markov property in the proof of Lemma 7.5

Fix b € A. We assume that the function G™ : (r,x) + G, (x,b) is defined for
(r,x) € [0,00)" x A and is bounded on this domain. Let . be a (.%);>0-stopping
time which is P,-a.s. finite. By definition the random variable G (X, b) is the
composition of G® with (17,X»).

Lemma A.2. Forb € A, and any % »-measureable Borel set I C [0,.7],

Z7'1+7'[.5”j

7 : l{X[:b}‘ﬂy] Py-a.s.
T

(A.15) G (X,b) :E[/ dr
[7>)
The proof of Lemma A.2 requires two preparatory ingredients stated for a gen-
eral probability space (Q,.7,P).

Lemma A.3. Let W : Q — R be integrable with respect to P, A € .F with P(A) > 0
and Ey = E[-|A]. Then

(A.16) LAE[W|.Z] = 1,Ea[W|.Z],  P-as.

Proof. Let L and R denote the left- and right-hand sides, respectively. Then both L
and R are .# -measurable. Let B € .%. Then E[15(L — R)] = 0 since

(A.17) E[11AEA[W|F]] = Ea[1pLaEA[W|.Z]|P(A)

(A.18) = E4[1514W]P(A)

(A.19) = E[1514W] = E[151,E[W|.Z]].

Taking By = {L > R} € % and B, = {L < R} € ¥ completes the proof. |

The following lemma is a standard result in the case that ¢ = (W), see [13,
Example 5.1.5]. Since we have been unable to find this particular formulation in
the literature, we give a proof below.
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Lemma A.4. For measurable spaces (S1,-71) and (Sz,-%3) let W;: Q — S| and
W,: Q — Sy be measurable, and let f: S| X S, — R be Borel-measurable on the
corresponding product space (S1 X Sy,.%) and either bounded or non-negative and
such that E[f (Wi, Wa)] is finite. Define h: S; — R by

(A.20) h(wy) = E[f (w1, W2)].
If W, is independent of ¢ C % and Wy is &-measurable then
(A21) hW) =E[f (Wi, W2)|9],  a.s.

Proof. If f(wi,w2) = fi(w1)fa(wz), where fi; and f» are bounded and #(R)-
measurable then h(w;) = fi(w1)E[f2(W2)]. Then h(W;) = fi(W1)E[f2(W2)] (s
% measurable) and by independence, almost surely

(A.22) HWE[2,(W2)] = E[fi(W1) 2(W2)|].

In particular this holds for any f of the form f(w1,w2) = 14, x4, = Ly, ea,) Liwrean)s
where A; € .7;. Therefore by linearity of expectation it also holds for indicators of
finite disjoint unions of events of the form A; x Aj.

Let o7 C . denote the collection of events for which the claim of the lemma
holds with f = 4. Then .« contains the field of finite disjoint unions of events of
the form A; X A,, and by dominated convergence .7 is a monotone class. Thus by
the Monotone Class Theorem o7 = .%, and hence by linearity the claim holds for
all simple functions f.

For non-negative f such that f(W;,W,) is integrable we can take non-negative
simple functions f,, increasing to f pointwise. Let h,(w1) = E[f,(w;,W>)]. Then
hu(wi) T E[f(w1,Ws)] =: h(w;) pointwise by monotone convergence. Next, by the
result for simple functions we have for each n

(A.23) ho(Wi) = E[f,(W1,W2)|¥].

The right hand side increases to E[f(W;,W,)|¥¢| by monotone convergence and the
left hand side increases to #(W)) by the above pointwise convergence. This proves
the result for non-negative f such that f(W;,W,) is integrable.

The claim for bounded measurable f follows by considering the positive and
negative parts of f. |

Proof of Lemma A.2. For r € [0,00) and a path § in Q let

3 Zr 144 1(5)
(A.24) ﬂnﬂ#@wﬂ’;f]ﬂw#»

where 7, ,)(7) denotes the vector of local times of the path § in the interval [u,v].
Let 8 be the time shift 6; : Q; — Q; defined at the beginning of this sub-
section with s = .. Since . is finite 8 is defined for P, almost all paths.
Let X = 6 (X). Then T = To,—.), Where ¥ is the local time of X, and
Lix,=py = Lyx, ,—p)- Equalities of random variables in this proof are F;-a.s. Inte-
grals and expectations are applied only to nonnegative functions and integrability
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is eventually implied by the assumed boundedness of G5 (X »,b). Let R be the
right hand side of (A.15). Then

Zr +T0,0—.7
R=E, [/ dat %H{)@;y/:b} ‘ﬁ\y}
[20) I

(29 B[00 T | = E LBl S| 7.
xe

The first equality is obtained by the change of variables ¢ = ¢’ + .7 followed by
inserting the definition of f(7,¥) and the second equality is obtained by inserting
1 =¥ ealix,—x under the conditional expectation. The indicator function can
be moved outside since the indicator function is .% & measurable. If for some x,
P,(X» = x) = 0, then the corresponding contribution to the above sum is 0 P,-a.s.
Otherwise, let P(-) := P,(-|Xo = x). By Lemma A.3 (A.25) becomes

(A.26) R=Y Tix,_yks [f (11,X \J/]

XEA

Let h(r) = E, { f(r,X )} . By the strong Markov property X is a random walk with

Xo = x that is independent of .%.». By Lemma A4 E, [f 7 X ‘J/] = hy(77), but

this is a P;-a.s.equality. However it also holds P,-a.s. because P, = ¥ cp Pu(Xo =

x)P,(-) is a countable sum. Therefore (A.26) becomes

(A27) R=Y Lix,—ghe(m) =Y Lix,—yGP (x,b) =GL(X»,b)  Pi-as.
XEA XEA

as desired. The second equality is obtained from (3.2) by interchanging the integral

over /' in the definition of f(77,X) with the expectation. |
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