CONVERGENCE OF SEQUENCES OF LINEAR OPERATORS
AND THEIR SPECTRA

SABINE BOGLI

ABSTRACT. We establish spectral convergence results of approximations of un-
bounded non-selfadjoint linear operators with compact resolvents by operators
that converge in generalized strong resolvent sense. The aim is to establish
general assumptions that ensure spectral exactness, i.e. that every true eigen-
value is approximated and no spurious eigenvalues occur. A main ingredient
is the discrete compactness of the sequence of resolvents of the approximat-
ing operators. We establish sufficient conditions and perturbation results for
strong convergence and for discrete compactness of the resolvents.

1. INTRODUCTION

The spectra of linear operators 7', e.g. describing the time evolution of a physical
system, are usually not known analytically and need to be computed numerically by
approximating the operators and determining the eigenvalues of simpler operators.
However, it is well-known that spectral computations may lead to spectral pollution,
i.e. to numerical artefacts which do not belong to the spectrum of T, so-called
spurious etgenvalues. Vice versa, not every eigenvalue or spectral point of T may
be approximated; an approximation (7),)nen is called spectrally inclusive if this
phenomenon does not occur. If spectral inclusion prevails and no spectral pollution
occurs, then (T},)nen is said to be a spectrally exact approximation of T

The existing spectral exactness results in the literature are restricted either to
bounded operators or to particular classes of differential operators, or they are only
local spectral exactness results, e.g. for spectral gaps of selfadjoint operators. On
the other hand, many important applications in physics such as linear stability
problems in fluid mechanics, magnetohydrodynamics, or elasticity theory require
reliable knowledge on the spectra of unbounded non-selfadjoint linear operators.

The present paper aims at filling this gap. The novelty of the results established
here lies in 1) their far-reaching generality covering wide classes of unbounded
non-selfadjoint linear operators; 2) their simultaneous applicability to different ap-
proximation schemes such as the Galerkin (finite section) method and the domain
truncation method; 3) their global nature which yields spectral exactness in the
entire complex plane; and 4) a comprehensive analysis of necessary conditions and
perturbation results for spectral exactness. We present applications to interval
truncation of singular 2 x 2 differential operator matrices, to domain truncation of
magnetic Schrédinger operators with complex-valued potentials on R?, and to the
Galerkin method for operators of block-diagonally dominant form.

The first main theorem (Theorem 2.6) is the following global spectral conver-
gence result: If (T},),en converges in generalized strong resolvent (gsr) sense to T
and the resolvents are compact and form a discretely compact sequence, then the
approximation is spectrally exact. In the second main result (Theorem 2.7) we prove
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that under the additional assumptions that the operators act in Hilbert spaces and
(T¥)nen converges to T™ in gsr-sense, then the resolvents converge even in oper-
ator norm. The third group of important results comprise additive perturbation
results: For a sequence (S),)nen of relatively bounded perturbations S,, of T,, with
(uniform) relative bound < 1, we establish perturbation results for gsr-convergence
(Theorem 3.3) and discrete resolvent compactness (Theorem 4.2). A fourth group
of results guarantee gsr-convergence and discrete resolvent compactness of a se-
quence of block operator matrices by means of easily verifiable assumptions that
are formulated in terms of the matrix entries. First we prove results for unbounded
finite operator matrices and then for infinite matrices (Theorems 3.15 and 4.9).

The notions of spectral inclusion and spectral exactness were introduced by
Bailey et al. [2] for regular approximations of singular selfadjoint Sturm-Liouville
problems via interval truncation. They were further studied, in particular, by
Brown and Marletta for the domain truncation procedure of non-selfadjoint differ-
ential operators [7, 8, 9]. The notion of generalized norm/strong resolvent conver-
gence developed in this paper for approximations of unbounded linear operators
is closely related to norm or strong resolvent convergence studied by Kato [17,
Sections IV.2,VIII.1], Reed-Simon [22, Theorems VIII.23-25] and Weidmann [28,
Section 9.3]; in the latter two, only selfadjoint operators were considered. In gen-
eral, the approximating operators 7;, cannot be chosen to act in the same space
as T, so we compare the projected resolvents (T, — \) 1P, and (T'— \)"'P in a
common larger space. Note that the meaning of “generalized” used in this paper
is different from Kato’s generalized convergence (meaning resolvent convergence)
where it indicates that the operators are unbounded. The spectral exactness result
(Theorem 2.6) relies on gsr-convergence, however we are also interested in general-
ized norm resolvent convergence (see Theorem 2.7) since the latter is used to prove
convergence of pseudospectra in Hausdorff metric (see [4, Theorem 2.1]).

To conclude spectral exactness, it is not enough to assume that the operators
T and T,, n € N, have compact resolvents and converge in gsr-sense. In fact,
even in the selfadjoint case, if the operator T is unbounded below and above,
then the Galerkin method may produce spurious eigenvalues anywhere on the real
line (see [19, Theorem 2.1]). We prove spectral exactness under the additional
assumption that the sequence ((T,, — \) 1) en is discretely compact. The latter
notion was introduced by Stummel who established a spectral convergence theory
for bounded operators in [25, 26]. Similar result were obtained by Anselone-Palmer
and Osborn [1, 21] for the closely related notion of collectively compact sets of
bounded operators. For relations between the various results and notions, we refer
to Chatelin’s monograph [10] (see, in particular, Sections 3.1-3.6, 5.1-5.5).

We mention that if the assumptions of Theorem 2.6 are not satisfied (in particular
if essential spectrum is present), a different approach is to establish local spectral
exactness results, i.e. to identify regions in the complex plane where no spectral
pollution occurs or to find enclosures for true eigenvalues. This was done for the
Galerkin approximation of selfadjoint operators by means of higher order relative
spectra (introduced by Davies in [11], see also the comprehensive overviews by
Shargorodsky et al. [24, 19]), the closely related methods of Davies-Plum [12] and
Mertins-Zimmermann [20], and the perturbation method of Hinchcliffe-Strauss [16].
For non-selfadjoint operators, we prove local spectral exactness results in terms of
the region of boundedness (see Theorem 2.3). An alternative but computationally
very expensive method to obtain reliable information on isolated eigenvalues uses
interval arithmetic which yields eigenvalue enclosures with absolute certainty (see
e.g. Brown et al. [6] and the references therein).
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This paper is organized as follows. In Section 2 we prove convergence results for
operators and their spectra under the assumptions that the operators have compact
and discretely compact resolvents and converge in gsr-sense. In Section 3 and Sec-
tion 4 we derive sufficient conditions and perturbation results for gsr-convergence
and for discrete resolvent compactness, respectively. In both sections we comple-
ment the general theorems by results for finite and for infinite unbounded operator
matrices. Applications to the domain truncation method for singular differential
operators (and operator matrices) and to the Galerkin method are given in Sec-
tion 5.

We use the following notation. The norm of a normed space E is denoted by ||| z.
The convergence in E, i.e. ||x,—2| g — 0, is written as x,, — x. In a Hilbert space H
the scalar product is (-, -) . Weak convergence in H, i.e. (x,,2)g — (x,z) g for all
z € H, is denoted by z,, — x. For two normed vector spaces D and E we denote
by L(D, E) the space of all bounded linear operators from D to E; we write L(E)
if D = E. Analogously, the space of all closed operators in E is denoted by C(E).
The spectrum, point spectrum, approximate point spectrum and resolvent set of
a linear operator T are denoted by o(T'), 0,(T), 0app(T) and o(T), respectively,
and the Hilbert space adjoint operator of T is T*. For an operator T € C(E) the
graph norm is || - ||z := || - ||le + |T - ||g; then (D(T),| - ||r) is a Banach space.
For bounded linear operators we write T, — T and T,, = T for norm and strong
convergence in L(D, E). An identity operator in a Banach or Hilbert space is
denoted by I; scalar multiples AI are written as A\. Analogously, the operator of
multiplication with a function m in some L2-space is also denoted by m. Given
A € C and a subset © C C, the distance of A to Q is dist(A, Q) := inf,ec |z — A
and By(A\) :={z€C: |z— A <r} forr>0. Let N:= {1,2,3,...}, in particular,
0 ¢ N. Finally, for a subset I C N, we denote by #I the number of elements in I.

2. CONVERGENCE OF OPERATORS AND THEIR SPECTRA

In this section we establish convergence results for operators acting in different
spaces and spectral convergence results. In Subsection 2.1 are the main convergence
results. Before we prove these results in Subsection 2.3, we recall the notions of
discretely compact sequences or collectively compact sets of bounded operators and
we analyze their effect on strong or norm operator convergence (see Subsection 2.2).

In the following, we assume that Ey is a Banach space and E, E,, C Ep, n € N,
are closed complemented subspaces, i.e. By = E+ E = E, + E, with ENE =
E,NE, = {0} for n € N. Let P : Ey — F be the projection on F along E and,
forn € N, let P, : Ey — E, be the projection on F,, along En converging strongly,
P, > P; note that then ||P| < liminf, . ||P,]| < co by [17, Equation II1.(3.2)].
Throughout, in results for Hilbert spaces Hy := Ey, H := E, H,, :== E,, n € N,
we assume that P, P,, n € N, are the orthogonal projections onto the respective
subspaces; then | P|| = ||P,|| =1, n € N.

2.1. Main convergence results for unbounded linear operators and their
spectra. The following definition of generalized strong and norm resolvent con-
vergence is due to Weidmann [28, Section 9.3], and the region of boundedness was
introduced by Kato [17, Section VIII.1].

Definition 2.1. Let T € C(F) and T;, € C(E,), n € N.

i) The sequence (T},)nen is said to converge in generalized strong resolvent
sense to T, T, % T, if there exist ng € Nand A € () o(T},) N o(T) with

n>ngo

(T, =N 'P, > (T —)\)"'P, n— 0.
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ii) The sequence (T, )nen is said to converge in generalized norm resolvent
gnr

sense to T', T,, — T, if there exist ng € Nand A € [\ o(T,) N o(T) with

n>ngo

(Tn_>\)71Pn — (T—A)ilp, n — o0.
iii) The region of boundedness of the sequence (T, )nen is defined as

A€ o(Tn), n > ng, }

Ab ((Tn)nEN) = {)\ cC: HTLO € Nwith (H(Tn _ )\)—1”) - bounded

The following notions of spectral inclusion and spectral exactness were intro-
duced by Bailey et al. in [2]. We will also use local versions of these notions.

Definition 2.2. Let T'€ C(E) and T,, € C(E,,), n € N.

i) The approximation (7}, )nen of T is called spectrally inclusive if for every
A € o(T) there exists a sequence (\,)nen of elements A, € o(T},), n € N,
with A, — A

ii) An element A € C for which there exist an infinite subset I C N and
A € 0(Ty), n € I, with A\, = Abut A ¢ o(T) is called spurious eigenvalue.
The occurrence of such a point is known as spectral pollution.

iii) The approximation (7}, )nen of T is called spectrally exact if it is spectrally
inclusive and no spectral pollution occurs.

The following result yields local spectral exactness in the region of boundedness.

gsr

Theorem 2.3. Let T € C(E) and T,, € C(E,), n € N. Suppose that T,, = T.
i) For each X € o(T) such that for some € > 0 we have

Be(M\{A} € Ay (T )nen) N o(T), (1)

there exist A, € o(Ty,), n € N, with A\, = X\ as n — oo.
i) No spectral pollution occurs in Ay ((Th)nen)-

Next we generalize results that are known for the special case Fy = F = E,, and
resolvent convergence to generalized resolvent convergence. Claim i) is a general-
ization of [17, Theorem IV.2.25] and [28, Satz 9.26 b)]; the latter result only applies
to selfadjoint operators. Claim ii) is a generalization of [28, Satz 9.24 a)].

Theorem 2.4. Let T € C(E) and T,, € C(E,), n € N.

i) If T, LT, then no spectral pollution occurs.
ii) Let Ey, E, E,, n € N, be Hilbert spaces, and let T, T,,, n € N, be selfadjoint
with T, YT, Then

o(T) C C\AY((Th)nen) = {A € C: liminf dist(X,0(T,)) = 0}, (2)
n—oo
and hence (T, )nen 18 a spectrally inclusive approzimation of T.

To formulate the main results (Theorems 2.6 and 2.7 below), we use Stummel’s
notions of discrete compactness of a sequence of bounded operators (see [25, Defi-
nition 3.1.(k)]).

Definition 2.5. Let D,,, n € N, be arbitrary Banach spaces and A,, € L(D,, E,,),
n € N. The sequence (A, )nen is said to be discretely compact if for each infinite
subset I C N and each bounded sequence of elements z,, € D,,, n € I, there exist
y € FE and an infinite subset I C I so that ||A,z, —yllg, = 0asn € I, n — oo.

The following theorem is the main spectral convergence result of this section.
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Theorem 2.6. Let T € C(E) and T, € C(E,), n € N. Assume that there exists

an element N\g € () o(Ty) N o(T) such that (T — Xo)™Y, (T, — Xo)~%, n € N, are
neN
compact operators and the sequence ((Tn — AO)_l)nGN is discretely compact. If

T, 22T, then the following hold:

i) The region of boundedness coincides with the resolvent set of T,

Ab ((Tn)neN) = Q(T),
and, for any A € o(T),

(T, = \)"'P, - (T = N)7'P, n— . (3)

ii) The sequence (T, )nen s a spectrally exact approzimation of T. More pre-
cisely, no spectral pollution occurs, and if A € C is an eigenvalue of T of
algebraic multiplicity m, then, for n large enough, T, has exactly m eigen-
values (repeated according to their algebraic multiplicities) in a neighbour-
hood of A which converge to X\ as n — oo and the corresponding normalized
elements of the algebraic eigenspaces converge (with respect to || - || g,)-

Now we assume that the underlying spaces are Hilbert spaces. We establish suffi-
cient conditions guaranteeing that generalized strong resolvent convergence implies
generalized norm resolvent convergence.

Theorem 2.7. LetT € C(H) andT,, € C(H,), n € N. Assume that there exists an

element \g € () o(Ty) No(T) such that (T, — X\o) L, n € N, are compact operators
neN

and the sequence ((T,, — Ao)fl)neN is discretely compact. If
(T, — Xo) 'Py = (T — Xo)"'P, (T —Xo) 'Pp =5 (T* = Xo) ™ 'P, n — oo,
then, for every X € o(T), the operator (T — X\)~! is compact and
(T, =\ 'P, — (T —))"'P, n— .
2.2. Convergence and compactness concepts for bounded operators. In
this subsection we study discretely compact operator sequences and the effect of
this notion on strong operator convergence.

First we prove multiplicative and additive perturbation results on discrete com-
pactness. Denote by D,,, n € N, arbitrary Banach spaces.

Lemma 2.8. i) Let A, € L(E,), B, € L(Dn,E,), n € N. If (Ap)nen 1
discretely compact and (Bp)nen s a bounded sequence, then (A,Bp)nen 18
discretely compact.

ii) Let A, € L(E,), B, € L(Dy, E,), n € N. If (Bp)nen is discretely compact
and there exists A € L(E) with A, P, = AP, then (A Bn)nen is discretely

compact. ‘ ‘
iii) Forj=1,...,k, let Aﬁf) € L(D,, E,), n € N. If the sequences (AS{))HEN,
j=1,...,k, are discretely compact, then so is
k
()
j=1 neN

Proof. i) Let I C N be an infinite subset, M > 0 and z, € D,, n € I, with
lzn|p, < M for all n € I. Define C := sup,,¢; ||Byn||. Then ||Byzy| g, < CM,
n € I. Now the discrete compactness of (A, )nen (see Definition 2.5) implies that
a subsequence of (A, B,y )ner is convergent in Ey with limit in E. So (4, By )nen
is discretely compact.

ii) Let I C N be an infinite subset, M > 0 and z,, € D,,, n € I, with ||z, || p, <
M, n € I. The discrete compactness of (B )nen implies that there exist y € F
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and an infinite subset I C I such that |Bpzn, — yllz, — O asn € I, n — oo.
By the assumptions, we have A, P, = AP, so the element z := Ay € F satisfies
|AnBrx, — z||g, — 0. Hence (A, Bp)nen is discretely compact.

iii) Let I C N be an infinite subset, M > 0 and z,, € Dy, n € I, with ||z, | p, <
M, n € I. By the discrete compactness of (ASS))H v there exists an infinite subset
IM ¢ I such that the sequence (Agll):cn)nem) is convergent in Fy with limit in F.
Now, inductively for every j = 2,...,k, the discrete compactness of (A,(ﬂ ))
implies that there exists an infinite subset I @) < 1U=1 such that (Agf )xn)
convergent in Fy with limit in E. Therefore

(5 )
j=1

is convergent in Fy with limit in F. O

neN

nel() 18

nelk)

Analogously to the result that the limit of a sequence of compact operators
is compact (see e.g. [17, Theorem II1.4.7]), one can show the following result for
discrete compactness. An application of Proposition 2.9 is given in Theorem 4.9
where infinite diagonal operator matrices are approximated by k x k matrices.

Proposition 2.9. Let Ey = E. For each n € N let A, A%k) € L(Dy, Ey), k €N,
with
supHA;k)—AnH — 0, k— oo (4)
neN

If all sequences (Aﬁf)) k € N, are discretely compact, then so is (Ap)nen-

neN’?
Proof. Consider an infinite subset I C N and a bounded sequence of elements
Xy, € Dy, n € I, ie. there exists M > 0 such that ||z,||p, < M, n € I. We show
the existence of an infinite subset I C I such that for all £ > 0 there exists N. €N
with

|Anxy — Apamlle <&, mn,me f, n,m > N..
Then the claim follows from the completeness of F.

(1)

The sequence (An is discretely compact by the assumptions, hence there

)nEN
exists an infinite subset I(Y) C I such that (A%l)xn)n ;) 18 convergent in E.
Inductively, for each k& > 2, we find an infinite subset I®) ¢ I(*=1) guch that
(A%k)xn)n cro 1s convergent in E. Therefore, there exists an increasing sequence
(N(k)>k€N C N such that N®) € 1)k € N, and
1
k k
APz, — AR x|, < o
We define I := {N® : k € N}. Let ¢ > 0 be fixed. By the assumption (4), we find
K. € N such that K. > g and

n,mel(k), n,mZN(k).

€
AP — A, < s "EN kK.
Altogether, for k > K. (which yields % < 1% < £) and | > k, the elements

n=N® m=N0¢ fsatisfy n,m > N = N, and
|Anzn — AmZm| g

< [|4n = AP [ ||

B+ [[Am = AR || ||

B, + |42 — ARz ]| 5
€ € 1
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Now we assume that the underlying spaces are Hilbert spaces. It is well-known
that an operator is compact if and only if so is its adjoint (see e.g. [17, Theo-
rem I11.4.10]). We prove an analogous result for discrete compactness of a sequence
of operators.

Proposition 2.10. Let A € L(H) and A,, € L(H,,), n € N. If
A, P, 25 AP, A*P, > A*P, n — oo,

then the following are equivalent:

i) the sequence (Ay), cy is discretely compact;
ii) the sequence (A}, Ay), ey is discretely compact;

iii) the sequence (Ay), oy is discretely compact.

Proof. The claim “i) = ii)” follows from Lemma 2.8 ii). To prove the reverse
implication (and thus equivalence), let M > 0 and let I C N be an infinite subset
and y, € Hy, n € I, with ||y,|lg, < M, n € I. We show that there exists a
convergent subsequence of (A, yn)ner C Ho with limit in H.

Since Hj is weakly compact, there exists an infinite subset I C I such that
(Yn)ner, C Hy is weakly convergent; denote the weak limit by y. Since P, = P, it
is easy to see that y = Py € H. In addition, A* P, > A*P implies

Anyn i> Ay7 n e IQ, n — oQ.

Below we show that (|| Anynl o, )ners converges to || Ayl g, for some infinite subset
Is C I; then we obtain the desired convergence ||Anyn — Ayllg, — 0 as n € Is,
n — 0.

By the assumptions, the sequence (A} A, ),y is discretely compact, thus there
exist an infinite subset I3 C I and x € H such that (A}, Anyn), ¢, converges in Ho
to z. On the other hand, the strong convergences A, P, = AP and AP, 5 A*P
imply the weak convergence

Al Anyn L A*Ay, nels, n— oco.
By the uniqueness of the weak limit, we have A* Ay = x. So we obtain, for n € I3,

this proves “ii) = 1)”.

The claim “iii) = ii)” follows from Lemma 2.8 i). Altogether we conclude
“lii) = 1)”. Now the reverse implication (and thus equivalence) follows from
taking the adjoint operators. O

Related to discrete compactness is the notion of collectively compact sets of
bounded linear operators (see Anselone and Palmer [1]).

Definition 2.11. Let B be the closed unit ball in Fy. A subset K C L(Ep) is
called collectively compact if the set

KB={Kzx: K€K,z € B} CEp
is relatively compact in Fy.

Remark 2.12. i) Every operator of a collectively compact set is compact.
i) A set {4, : n € N} is collectively compact if and only if the operators
Ay, n € N, are compact and the sequence (A4, ),en is discretely compact.

The following result yields sufficient conditions on Hilbert space operators such
that strong convergence implies norm convergence.
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Proposition 2.13. Let A € L(H) and A, € L(H,), n € N. Assume that A,,
n € N, are all compact operators and (A,)nen is a discretely compact sequence. If
A, P, > AP and Al P, =N A*P, then A is compact and A, P, — AP.

Proof. 1t is well-known that if A,, n € N, are all compact operators, then so are
AnPp, A P,, n € N. Proposition 2.10 yields the discrete compactness of the se-
quence (AX)pen. By Lemma 2.8 i), the sequences (A, Py )nen, (AfPn)nen are
discretely compact. Remark 2.12 ii) implies that {4, P, : n € N}, {A% P, : n € N}
are collectively compact sets. Then, by [1, Proposition 2.1 (a) = (b)], so are the
sets {A, P, — AP : n € N}, {A*P, — A*P : n € N}, and AP (and thus A) is a
compact operator. Now the claim follows from [1, Theorem 3.4 (c)]. O

2.3. Proofs of main results. In this subsection we prove the theorems in Sub-
section 2.1.
The following two elementary results will be used later on.

Lemma 2.14. Let T € C(E) and T,, € C(E,), n € N. Assume that T,, 25 T.
Then for all x € D(T) there exists a sequence of elements x, € D(T,), n € N, such
that

lzn — 2||lgy + | Thn — Tx|lg, — 0, n — o0. (5)
Proof. By Definition 2.1 1) of T), 23 T, there exist ng € Nand A € () o(T,)No(T)
n>ng
such that
(T, =N 'P, = (T —)\)"'P, n— 0. (6)

Let € D(T) and define
Ty = (T, — N\) " P (T — Nz € D(T)), n > no.
Then, using P, > P and (6), it is easy to verify that (5) holds. O
Lemma 2.15. Let T, € C(E,), n € N, and let K C Ab((Tn)neN) be a compact
subset. Then there exist Mg >0 and nxg € N such that
VAEK: MecoT,), (T,—N"'<Mg, n>ngk.
Proof. Assume that the claim is false, i.e. no such Mg > 0 exists. Then there
exist an infinite subset I; C N and (\,)ner, C K such that ||[(T, — A\,) 7| — o
asn € Iy, n — oo. By the compactness of K, there are A € K and an infinite
subset Is C I so that (A, )ners, converges to A. Since A € Ab((Tn)neN)y there exist
M)y > 0 and an infinite subset I3 C I3 such that A € o(T},) and ||(T,, — \) 7| < M,
for all n € I3. Then, for every n € I3 so large that |\, — A| < 1/(2M)), a Neumann
series argument yields
_ _ -1
(T = An) Ml = H(Tn =) 1(I_ (An = )(Tn = A) 1) H < 2M,.
The obtained contradiction proves the claim. O
For generalized strong/norm resolvent convergence we assume the resolvents to

converge for one particular A. In the following result we investigate for which points
the resolvents then converge as well.

Proposition 2.16. Let T € C(E) and T,, € C(E,), n € N.
i) Assume that T, ™3 T. Then Ay((To)nen) C C\oapp(T) and, for any
A€ Ay ((Tn)nen) No(T),
(T, =N 7'P, = (T = N)7'P, n— . (7)
gnr

i) Assume that T,, — T. Then o(T) C Ab((Tn)nEN) and, for any A € o(T),
(T, —\)'P, — (T - )N)"'P, n— . (8)
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Proof. i) By Definition 2.1 i) of T, % T, there exist ny € N and an element
Xo € ) o(T) No(T) such that

n>ngo

(T, — Xo) 1Py =5 (T — Xo)"'P, n — . (9)

Let A\ € Ab((Tn)neN). By Definition 2.1 iii) of the region of boundedness, there
exists ny € N (without loss of generality ny > ng) such that A € o(T},), n >
ni, and M := sup,>, [[(Tn —A)7'|| < oo. First assume that X belongs to the
approximate point spectrum o,p, (7). Then there exists € D(T) with |z]|g =1
and |[(T — N)z||g < 1/(2M). By Lemma 2.14, there exists a sequence of elements
xn € D(T,,), n € N, such that ||z,||g, =1 and ||(T,, — Nzn||g, < 1/(2M) for all
large enough n € N. The obtained contradiction to M = sup,,, [(T, — X))~
implies A ¢ Gapp(T).
Now assume that \ € Ab((Tn)neN) N o(T). If we set, for n > ny,

Spu(N) =T+ (Mo = AN)(To — Xo) P = (T, = N)(T), — Xo) ' Py + (I — P,),

then a straightforward application of the first resolvent identity yields
Su(N((T = NP, — (T —X)7'P)

=((Tn=20)""Pu=(T=X)"P) I+ A=) (T=N"'P), n>ny. (10)

The operators S, (), n > ni, are invertible,
SN = (T = M) (T =N P+ (I = P) =T+ (A=) (T — NP, (11)

and the inverses are uniformly bounded since A € Ab((Tn)neN). Now the claimed
convergence (7) follows from (9) and (10).

ii) Let A € o(T). By Definition 2.1 ii) of T, ©% T, there exist ng € N and an
element A\g € [ o(Ty) No(T) such that

n>ngo

(T, — M) ‘P, — (T — Xo)"'P, n — 0. (12)
This implies
SN =T+ N =N (T —Xo) ' Py — T+ N = N(T —X) 'P=:S, n— o0
Since S is boundedly invertible, [17, Theorem IV.1.16] yields the existence of some

ny € N such that the operators S, (), n > n1, are uniformly boundedly invertible.
Then (7,, — A), n > ny, are uniformly boundedly invertible because, by (11),

(T =N)"'=A=2)"" (SN =1)|, , n>n.
Now, analogously as in i), the claim (8) follows from (12) and (10). O
Now we are ready to prove the main results of Subsection 2.1.

Proof of Theorem 2.3. i) Let A € o(T) and € > 0 satisfy (1). Choose 6 > 0 with
§ < . Assume that there exists an infinite subset I C N with dist(\, o(7T},)) > 0,
n € I. For I' ;== 0Bj/5(\) define the contour integrals

1
Pp =

=5 F(zu,z)*ldz, Prpi=— [ (T, —2)"'ds, nel

’ 2mi Jp

The operator Pr is the spectral projection corresponding to A € o(T). However,
since z + (T,, — z)~! is holomorphic in Bs(\), we have Pr,, = 0, n € I. Let
x € Ey be arbitrary. For n € I define the function f, : ' — [0,00) by f,.(z) :=
(T - 2)"*Pz — (T,, — 2) "' P,z| - Then

1
||PFPJ:_PF,7LP7L$HEO < 7/fn(2)d‘2|, nel.
2w T
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Note that, by Proposition 2.16 i), f,(z) = 0, n — oo, for every z € I'. Moreover,
fn, n € N, are uniformly bounded by the compactness of I' C Ab((Tn)neN) and
by Lemma 2.15. Lebesgue’s dominated convergence theorem implies ||PrPzx —
Pr,P,z||g, — 0asn — co. Hence Pr P, 2 PrP, n — 00, and so we arrive at the
contradiction Pr = 0. Therefore, there exists ns € N such that dist(\, o(T,)) < 4,
n > ng. Since § can be chosen arbitrarily small, we finally obtain dist(\, o(T,)) — 0,
n — oo.

ii) Let A € o(T) N Ap ((Th)nen)- Definition 2.1 iii) of the region of boundedness
implies that there exist ngp € N and M > 0 such that A € o(T,), n > np, and
||(Tn — )\)_1H < M, n > ng. As a consequence,

dist(X,o(To)) 2 7 ! !

_— > — >
@o-NT = T

so A cannot be the limit of a sequence of points in the spectra of T;,, n > ng. [

Proof of Theorem 2.4. i) By Proposition 2.16 ii), we have o(T) C Ay((Th)nen)-
Now the claim follows from Theorem 2.3 ii).

ii) Since T is assumed to be selfadjoint, it satisfies o(T") = oapp(T) and thus
Proposition 2.16 i) implies Ab((Tn)nEN) C o(T). In addition, since T, is selfadjoint,
we have dist(\, 0(T,)) = |[(T, — A) 7|~ for any X € o(T},), which implies (2). O

Proof of Theorem 2.6. 1) Since T has compact resolvent, it satisfies o(T") = 0,(T) =
Capp(T'). Proposition 2.16 i) implies that Ab((Tn)neN) C o(T).

Conversely, take A € C\Ay((T},)nen). Note that o(T},) = 0,(Ty) since T,, is
assumed to have compact resolvent. Then there are an infinite subset I C N and
Zn € D(T},), n € I, with

lenlle, =1, nel, ||(Thn—Nznlle, — 0, n— . (13)

Define y,, := (T, — Ao)xy, for n € I. Then (||yn|| &, )ner is a bounded sequence. Since
((Tn - )\0)’1)” ¢y is discretely compact by the assumptions, there exist € E and

an infinite subset I C I so that ||z, —z| g, — 0 asn € I, n — co. By (13), we have
lzlle =1 and ||y, — (A — Xo)x||E, — 0. However, (T}, — >\O)71Pn > (T - /\0)71P
then yields

Zn= (T =) My — A=2)(T = Xo) 'z eD(T), nel, n— .

By the uniqueness of the limit, we obtain « € D(T") and Tz = Ax. Since z # 0, we
have A € o(T).

The convergence (3) for all A € o(T) now follows from Proposition 2.16 i).

ii) Spectral exactness follows from claim i) and Theorem 2.3; note that all A €
o(T) are isolated since T is assumed to have compact resolvent. In an analogous way
as in the proof of 2.3 i), one may prove that the corresponding spectral projections
converge strongly, Pr P, > PpP. This implies that for z = Pp Pz in the algebraic
eigenspace of X\ there exists a sequence of elements x,, := Pp,P,x € R(Pr.),
n € N, with ||z, — z||g, — 0, and the normalized elements converge as well. This
proves that m = rank Pr < liminf,_,. rank Pr .

To prove that limsup,,_, ., rank Pr , < m (and thus rank Pr,, = m for all suffi-
ciently large n), let A\, € o(T,), n € N, such that A, = A € o(T) as n — oc.
For n € N denote by k, the ascent of \,, i.e. the smallest & € N such that
(T, — )\n)ka)n = (T, — )\n)’H‘lem; then there exist k,, orthonormal elements
2P e R(Pr.,) with (T, — A)alY = 0and (T, = An)2lF =28V for k=2, ky.
By induction over k € N, we prove that if there exists an infinite subset I*) ¢ N
such that k < k,, n € I%¥), then there exist z(*) ¢ R(Pr) and an infinite subset



CONVERGENCE OF SEQUENCES OF LINEAR OPERATORS AND THEIR SPECTRA 11

I®) < 1®) such that [|#®||p = 1, (T — A)*z® = 0 and ||a:,(1k) — Mg, — 0 as
n € I'® n — oo; then we obtain limsup,,_, . rank Pp,, < m.

If k =1, then the claim follows from the proof of i) since A,, — A and thus xgll),

n e IV, satisfy (13). If k > 1, set ygk) = (T, — )\O)x%k) = :vglkfl) + (A — )\o)x%k),
n € I™, Since \,, — ), the sequence (Hygk)\ B, )nerto is bounded. By proceeding
as in i) and using the induction hypothesis, we obtain the claim. O

Remark 2.17. Theorem 2.6 would also follow from Stummel’s results [26, Sétze
2.2.(1), 3.2.(8)] applied to the bounded operators A,B € L(D, FE) and A,,B, €
L(D,, E,), n € N, where the Banach spaces D := D(T), D,, := D(T,,) are equipped
with the graph norm of T', T,,, respectively, the operators B: D — E, B,, : D,, —
E,, are the natural embeddings, and A, A, are defined by Az := Tx, Apxy, := Thxy,.
However, it is very technical to check that the assumptions of Stummel’s results
are satisfied (see [3, Chapter 1] for this approach).

Proof of Theorem 2.7. The claim for A = g is an immediate consequence of Propo-
sition 2.13 applied to A = (T — X\g) ™%, A, = (T, — X\o) ™!, n € N. The generalized
norm resolvent convergence for every A € o(7T') follows from Proposition 2.16ii). O

3. GENERALIZED STRONG RESOLVENT (GSR) CONVERGENCE

In this section we establish sufficient conditions for gsr-convergence of a sequence
of linear operators in varying Banach spaces. First, we find conditions that directly
yield gsr-convergence, but then we also give sufficient conditions for gsr-convergence
of a sequence of operators A, = T,, + S, € C(E,), n € N, if we know it for the
operators Tp,, n € N (see Subsection 3.1). Afterwards, in Subsection 3.2, we derive
sufficient conditions on a sequence of 2 x 2 block operator matrices that imply gsr-
convergence. Then we consider gsr-convergence of infinite operator matrices (see
Subsections 3.3, 3.4).

3.1. Direct criteria and perturbation results. As in Section 2, let Fy be a
Banach space and E, F, C Ey, n € N, be closed complemented subspaces, with
P:Ey— E, P,: Ey — E,, n €N, denoting the projections on the respective
subspaces (along the respective complements) that converge strongly, P, 5 P.

The next proposition is a generalization of Weidmann’s result [28, Satz 9.29 a)]
who considers selfadjoint operators.

Theorem 3.1. Let T € C(E) and T,, € C(E,), n € N. Let & C D(T) be a core of
T such that for all x € ® there exists no(x) € N with

Vn>no(x): PuxeDT,), |[|ThwPnr—Tz|g, — 0, n— occ.

gsr

Suppose that Ay ((Ty)nen) N o(T) £ 0. Then T,, = T.

Proof. The proof of Weidmann’s result [28, Satz 9.29 a)] remains valid in the non-
selfadjoint case. The only place in the latter result where the selfadjointness of
TeC(E), T, € C(E,), n €N, is used is the consequence

Ab ((Tn)nGN) n Q(T) 7é (Z) (14)

(since C\R belongs to the intersection). Since here T' € C(E), T,, € C(E,), n € N,
are not assumed to be selfadjoint, we require (14) to be satisfied by assumption. O

For bounded operators strong convergence implies gsr-convergence.
Lemma 3.2. Let B € L(E) and B, € L(E,), n € N, satisfy B, P, > BP. Then
{yeC: | > timsup [ Ball} © Ay((Balnen), (15)
n—oo
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and
VA EA,((Bp)nen) No(B): (By—A)"'P, =+ (B=X)"'P, n—oo.
Proof. Let A € C satisfy |A| > limsup,,_, [|Bn|| =: M. Then there exist € > 0 and
ng € N with
Al > [ Bnll +¢&, n=ne.

Now a Neumann series argument yields that, for n > ng, the operator (B,, — A) is
invertible, with
A

<

1
B,—N"t=-X1IT-X2"'B)"Y (BN} <—F-r— <=,
( ) ( ) II( )l =B = -

This proves the inclusion (15).
Let A € Ap((By)nen) No(B). Then there exists ng € N such that A € o(B,,),
n > ng, and ((B, — \)™') is a bounded sequence. Let y € Ey and define

x:= (B — \)"!Py. It is easy to verify that, for every n > ng,
((Bp=N7"'Pu=(B=X)""P)y
= (B, —\)"'P,(BP - B,P,)x — (B, = \)'P,(P - P,)y — (P — P,)z. (16)

n>ngo

Since the sequence (||(B, — )\)*1||)n>n0 is bounded, the assumptions B, P, ~» BP
and P, % P imply that the right-hand side of (16) converges to 0. O
Now we consider sums A = T+ S and A4, = T,, + S,, n € N. We study

perturbation results for generalized strong resolvent convergence, i.e. we establish
sufficient conditions that 7,, 3 T' implies 4,, 23 A.

Theorem 3.3. Let T € C(E) and T,, € C(E,), n € N. Let S and S,, n € N,
be linear operators in E and E,, n € N, with D(T') C D(S) and D(T},) C D(S,),
n € N, respectively. Define

A=T+S, A,=T,+5, neN.

Suppose that there exist A € () o(Tn) N o(T) and v\ < 1 with
neN

1S(T =N <1, [|Su(Tn =A<y, neN (17)
If
(T, —\)'P, = (T - NP,
Sp(Ty, — NP, = S(T —\)~'P,

then X € () o(An) No(A) and (A, —N)"'P, 5 (A= N)"'P asn — .

neN
Remark 3.4. The inequalities (17) imply that S is T-bounded with T-bound < 1
and S, is T),-bounded with T},-bound < v, < 1.

n — 0o, (18)

Proof of Theorem 3.3. Let A and ~y) < 1 satisfy the assumptions. For n € N, by a
Neumann series argument, (A, — \) is boundedly invertible and

(Au =07 = (= )7 (14 8,0 - 27 7

1 (19)
I—7

[ (I + 8 (T =N <

Analogously we obtain

1

A-N"'=T-N""{I+8ST-N"") . (20)



CONVERGENCE OF SEQUENCES OF LINEAR OPERATORS AND THEIR SPECTRA 13

Thus A € () o(An)No(A). Let 2 € Ey and definey := (I + S(T — )\)_1)71 Pz e E.
neN

Since ((T,—A\) "), cn
|(An = AP — (A— A)*lszEO

is strongly convergent, C' := sup,,cy ||(T,—A) ~!|| < co. Then

< H(Tn AR, ((I 4 ST =N Par— (T4 ST - N Px)’

Eo
+ (@ = 2P = (=N TP) (T4 ST -2 P

Ey
<C H (T4 Su(Tp = X)) " Paz— (T+ ST =N)") " Px’

Eo
+|((T = NPy — (T — )\)’IP)yHEO )
The first convergence in (18) yields
(T =N P = (T = XN) ' P)y|[p, — 0, n— oo
By (19) and (20), we have —1 € Ay ((Sn (T — A) ™ )nen) No(S(T — A)~1). Hence,

the second convergence in (18) implies that, by Lemma 3.2,

H (I + Sn(TH — /\)71)_1 Pyx— (I+S(T - )\)71)_1 Pz‘ — 0, n— oc.

Ey
Altogether, we have (A, — A\)"'P, > (A —-X)"'P, n — cc. O

The following result is an immediate consequence of Theorem 3.3 for the case
that the perturbations are bounded operators.

Corollary 3.5. Let T € C(E) and T,, € C(E,),n € N. Let S € L(E) and
Sp € L(E,), n € N. Define
A=T+S, A,=T,+S5, neN.

Suppose that, for some X € () o(Tn) N o(T) and some v < 1, we have
neN

IS < T =077 I1Sall € (T =N7HITH neN,

and
(T, -\ 'P, > (T-\N"'P, S,P, >+ SP, n— .

Then A € N o(An) No(A) and (A, —\)"'P, > (A—N)"'P as n — oo.

neN
3.2. Results for 2 x 2 block operator matrices. In this subsection we consider
diagonally dominant 2 x 2 operator matrices. To this end, all spaces are assumed
to consist of two components. For i = 1,2, let Ei(o) be a Banach space and let
E;, Ei(n) C EZ.(O), n € N, be closed complemented subspaces; denote by P; : Ei(o) —
E;, Pi(n) : Ei(o) — Efn), n € N, projections on the respective subspaces (along

the respective complements) that converge strongly, Pi(n) 5 P, n — oco. In the

product space £ := F{ @ E5 we consider a 2 x 2 block operator matrix
A= <g g) . D(A) = (D(A) N D(C)) & (D(B) N D(D))

where A : £y - E, B: E; - E, C : By — E3s, D : E5 — FE5 are closable
operators with dense domains. We assume that A is densely defined.

Definition 3.6. [27, Definition 2.2.3] Let § > 0. The block operator matrix A is
called

i) diagonally dominant (of order §) if C is A-bounded with A-bound ¢, B is
D-bounded with D-bound dp, and § = max{dc,dp},
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il) off-diagonally dominant (of order 0) if A is C-bounded with C-bound 4,
D is B-bounded with B-bound dp, and § = max{d4,dp}.

In the product space £ := E§") S3) Eén) we consider a 2 x 2 block operator
matrix

AT = (C(n) D(n))7 D(A™) := (D(A™)nD(C™)) @ (D(B™)nD(D™))

with operators A : B™ — g™ pm . g g oo g gl
D) Eén) — Eé") that are assumed to be closable with dense domains. We
assume that A is densely defined as well.

Theorem 3.7. Suppose that the following holds:

i) the block operator matrices A, AM n e N, are diagonally dominant;
ii) there exists a core ®1 C D(A) of A such that for all 1 € O there exists
n1(z1) € N with the property that

Pz e DA™, n>ni(a),
HA(")Pl(n)xl - A.Z‘1HE§0) + HC’(")Pl(n)xl - CleEf’) — 0, n— o0

iii) there exists a core @3 C D(D) of D such that for all x4 € Oy there exists
na(ze) € N with the property that

Pén)xg € D(D(”))7 n > na(x2),
’|D(”)P2(n)x2 - D!EQHEéO) + HB(")PQ(n)xg - B:chEéo) — 0, n — o0;

iv) Ay ((A™)nen) No(A) # 0.
Then A™ 2 A.
Proof. First note that A is closed by the assumption o(A) # 0. Define the subspace
D := Py @ Py C D(A). We show that @ is a core of A.

It suffices for each z = (21,22) € D(A) @ D(D) = D(A) to find a sequence
(:c(m))meN C ® such that (™ — z, Az(™) — Az as m — oo. Since ®; is a core of

A and @5 is a core of D, there exist sequences (xgm))meN C ¢4, (mém))meN C o,
with
x?’” — 21, Aacgm) — Axq,
m — 00.
xgm) — Tg, Dxém) — Do,

Since C' is A-bounded and B is D-bounded, there exist aq, b1, as, by > 0 such that
jO@™ —a1)lly, < allei™ =]y, + oA - o))

[B™ =22, < aflaf™ =]l g, + bl DL = 2) | o, — 0,

E, 07

Define z(™) := (ac(lm) (m)) € &, m € N. The above convergences imply z(™) — z,
Az(™) — Az as m — oo; hence ® is a core of A.
Let x := (z1,22) € ®. Then, for n > ng(z) := max{n;(z1), n2(z2)},

(P @ P )a = (P(" a1, Pas) € D(A™) & D(D™) = D(A™),

A(n) (P(n) @ P(n))x — Ar = (A(7L)P(n)x1 A.’El) (B(n)PQ(n)J}g — B.Z'g) —.0
o (C™ Py — Cay) + (D™ Py — Day)

as n — 0o. Now the claim follows from Theorem 3.1. O
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3.3. Results for bounded infinite operator matrices. In this subsection we
prove some useful lemmas about convergence of bounded infinite operator matrices;
the unbounded case is considered in the next subsection.

Definition 3.8. Let EJ(»O), j € N, be Banach spaces. Define

0 =p2(E"  jeN) = {(xj)jeN sy € BN |l |2 0 < oo},
jEN J

1
2
zllew = (Z ||$j||2;o>) , w=(z5)jen € Q.
jEN
For each j € N let E;, EJ(-n) - EJ(-O)7 n € N, be closed complemented subspaces; let
P;: Ej(-o) — E; and P;”) : Ej(.o) — Ej(.n), n € N, be projections on the respective
subspaces (along the respective complements). Then

E:=1(E;:jeN), €M .=PE" jeN)ce®, neN,

are Banach spaces. Denote the projections of £(©) onto the respective subspaces by
the diagonal block operator matrices

P:=diag(F;: jeN), P™ .=diag(P”:jeN), neNl.

The following lemma is very useful for applications. It may be viewed as a
Lebesgue’s dominated convergence theorem with respect to a counting measure.

Lemma 3.9. Let (™ := (xg-n))jeN cEO neN, and z = (x)jen € EO) with
VjeN: Hx;")HE@ <|zjll o, neEN, ng.n)HE@ —0, n—oo. (21)
J J J

Then Hx(”)Hg(O) — 0, n — o0.

Notation 3.10. Fori,j € N, let B;; € L(E;, E;) and B’ € L(E{, E(), n e N.

Consider the infinite block operator matrices B, B, n € N, in £, €™, n € N,
respectively, defined by

B:= (By)® B™ .= (B

ij=1> ij

)?o n € N.

i,j=1"
i) For each ¢ € N denote by N; C N the set of indices j such that B;; # 0 or
Bgl) # 0 for some n € N.

ii) For each j € N denote by M; C N the set of indices ¢ such that B;; # 0 or
BZ.(;-L) # 0 for some n € N.
| € L(E) and BM .= (BZ.(;L))DO € L(E™), n € N, we

i,j=1

For B = (Bij){5=
consider the following cases:
(a) We have N := sup;cy #N; < 00, M := sup,cy #M; < 00, and there exists
C > 0 such that

VijeN: |Byl<c, |BY|<cC neN
(b) There exist C; > 0, i € N, such that Y ;- C?#N; < oo and
Vi,jeN: |By|<Ci, |IBY|<Ci, neNl.
(c) There exist D; >0, j € N, such that Z;i1 D3#M; < oo and

Vi, jeN: ||Byl <Dy, "BZ(;Z)|’§Dj, n € N.
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Remark 3.11. i) Typical examples for case (a) are (uniformly) banded op-
erator matrices for which there exists L € N with

Bi;=BM =0, |i—j|>L, neN;

ij
in this case we have N < 2L +1, M < 2L+ 1.

ii) Typical examples for cases (b) and (c) are respectively lower and upper
(uniformly) semibanded operator matrices for which there exists L € N
with

By — Bi(;,,) 0 for {] — z > L (case (b)),
i—j>L (case (¢));
we then have #N; < i+ L and #M; < j + L, respectively.

iii) Note that, in general, neither (a) is a special case of (b) or (c) nor vice
versa. In fact, for (b) and (c), the norms of the entries need to decrease as
i — oo (in (b)) or j — oo (in (c)), whereas in case (a) the norms just need
to be uniformly bounded; vice versa, for (a), (#N;)icny and (#M;)en need
to be bounded sequences, whereas for (b) an (c) they may be unbounded.

Proposition 3.12. Let B := (By;);%_, € L(&) and B™ := (Bi(:))jj:l € L(EM),
n € N, satisfy one of the cases (a), (b), (c). If

K := sup max { sup ||Pj(") (B ||PJH} < 00
jEN neN
and
VijeN: BIPM™ BP0 oo, (22)
then we have BMWPM 5 BP as n — oo.

Proof. (a) Let y := (y;)jen € £©. For each i € N choose ¢; € Ei(o) such that
lleill s =1 and define, with the constant C' from (a),

" *(ijnE@)?CK% o= 3 (BYPM ~ByP)y € BY, neN
JEN; ! FEN;

The element z := (z;);en belongs to EO) since

o) o5} 2 o)
el =3 el =102 3 (3 Inslg ) <4C°K* Y43 5 Dl
i=1 ! !

i=1 “jeN; i=1 JEN;
(oo}
< 402K2N2Mj||yj||2E<_0) <ACPK’NMly|Z) < 0.
=1 ’
We fix an ¢ € N. Since N; is a finite set, the convergences in (22) imply
|2 | por < llaill g, €N, || gor — 0, 1= oo,

(n)

Now Lemma 3.9 applied to z(® := (mz )ieN € £0) n €N, yields

[EP — 8P|, = [ e — 0, o

(b) First note that N; is a finite set for every i € N. Proceed as in (a) with C
replaced by C; in the definition of x;. Then

o0 o0 2 o0 o0
S lail2 o < 4K ZO?< > ||yj|E<_o>> AR NS 2 ) < oo
i=1 ‘ i=1 ’ J

JEN; =1 Jj=1

The rest of the proof is analogous to (a).
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(¢c) For i € N define :Ugn), n € N, as in (a), and set
i ( > D]||yj||E<o)>2Kez ceEY, ieN.
JEN;
Then z := (;);ey belongs to £©) since
Z ||=T1H (0) < 4K22 Z D2 Z ||ka2<o> < 4K22D2 #M;) Z ||yk||E<o) < o0
i=1jEN;,  keN;

in particular, z; is well-defined. It is left to show

VieN: sz(-")HE@) — 0, n— oo (23)

then the rest of the proof is completely analogous to (a). We fix an ¢ € N and let
€ > 0 be arbitrary. First note that, for every n € N,

‘xgn)HEEO) < Z H(BZ(;)P](n — B; P)yJHE(O) < Z 2D K||y]||E<o) = ||J,‘ZHE(0) < 00.
JEN; JEN;

There exists j. € N such that

Z H n)P )y]HEm) < Z 2D K||y]||E(o> < 3’ n € N.
J_EJ\_T JEN;
Jj>je Jj>je

The convergences in (22) imply the existence of N, € N such that

Z H 2] . — B P )y]HE(O) < 5 n > Ne.
JEN;
i<ie
Altogether we have fon) HE@) < e for all n > N¢; hence (23) is satisfied. O

Corollary 3.13. If sup; ,,cn HP](H)H < 0o and Pj(n) 5 Pj,n — oo, for all j €N,
then P 5 P n — .

Proof. The claim follows immediately from Proposition 3.12, case (a); note that
|P;|| < liminf o || P || by [17, Equation IIL(3.2)]. 0

3.4. Results for unbounded infinite operator matrices. In this subsection
we analyze whether a sequence of diagonally dominant infinite operator matrices
converges in gsr-sense if the sequences for all diagonal elements do so.

Denote by £, £ £ n e N, the same spaces as in the previous subsection.
For i,j € N, let A;; : E; — E; and AE?) : Ej(-”) — E™, n € N, be closable and
densely defined, and let

A= (Ag)5,,  D(A):= lz(ﬂD(Aij) :j EN),
€N
A® = (A)E L D(AY) =2 (D(AL) - jeN), neN.
€N

We assume that A and A™, n € N, are densely defined in £ and £, n € N,
respectively.

Definition 3.14. The block operator matrix A is called diagonally dominant if,
for every j € N, the operators A;;, i € N, are A;;-bounded. Diagonal dominance
of A n e N, is defined analogously.



18 SABINE BOGLI

Theorem 3.15. Assume that A, A", n € N, are diagonally dominant. Let
T :=diag(A4j; : j €N), D(T):=1*(D(Aj;): j EN),
T = diag(A\Y : jeN), DT™):=2(DAY): jeN), neN, 2
and

Si=A-T, SMW =AM _TM  neN

Suppose that there exist X € () o(T™) N o(T) and Cx >0, v» < 1 such that
neN

(T =X~ <Ch, neN, 25)
ST =N <1, |8S™(TM™ =X <9, neN.
Further assume that the bounded operator matrices

B:=8S(T-\N7"Y BM™W.=8t(TM _ )71 neN,
satisfy one of the cases (a), (b), (¢) after Notation 3.10. If

vjenN: (A =N7P" S (4 - VTR
VijeN: APAD - TP S A4 - NP, o,
VjeN: P 2 p,
then A € ﬂNQ(A(n)) No(A) and (A(n) - )‘)_17)(”) > (A=XN)"P asn — .
ne

Remark 3.16. The inequalities (25) imply that S is T-bounded with 7-bound < 1
and S is T(™_bounded with 7)-bound < v, < 1.

Proof of Theorem 3.15. Let A € ) Q(T(")) No(T), Cx > 0 and v < 1 satisfy the
neN
assumptions, and set C := max{||(7 — A) ||, Cx}. Then
(A5 =N < [[(T=N" <C

1A =T < (T =N <6 neN.
Proposition 3.12, case (a) applied to (T — A) " and (70 = X) ™", n € N, yields

(T = N)7P™ (T - NP, n— oo,
By applying Proposition 3.12 to B, B, n € N, we obtain, for all of the cases
(a), (b), (¢),
SW(TM NP L S(T - NP, n— .

Corollary 3.13 yields P(™ 2 P, n — oco. Now the assertion follows from Theo-
rem 3.3. (]

The following example illustrates Theorem 3.15, case (c).

Example 3.17. Let £0 = £ = £ := [%(N), n € N. We define upper triangular
matrices A := (A;5)3%5_1, A™ == (AU)*_ € C(I’(N)) by

ij Ji,j=1
Joo 1 <J, - Joo 1<j<m
Aij=17% i=], A =143 i=j<n,
0,

otherwise, 0, otherwise.
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Let 7, T, n € N, be defined as in (24). Since the latter are selfadjoint operators,
it is obvious that C\R C (0 o(7™) N o(T) and, for every A € C\R,
neN
VjeN: (A§-?) - )\)_1 =5 (A =N n— .
Moreover, we have, for i # j,
S i< -1 =5, i<j<n
Aij(Aj; — A"t ==X A (Al Ny 2 TR ="
i(Aig =) {O, otherwise, *J ( 1 ) 0, otherwise.

Obviously, for [Im())| sufficiently large, the matrices satisfy the assumptions of

Theorem 3.15, case (c), with

j 1

= 7_3 — = S A’
N

#M;=j—1, jeN

So we conclude A € ) o(A™) N o(A) and (A —X)~1 % (A —N)"!asn — occ.
neN

4. DISCRETELY COMPACT RESOLVENTS

In this section we establish sufficient conditions for a sequence of operators T,
n € N, in varying Banach spaces to have discretely compact resolvents, i.e.

X € ﬂ o(Ty) : ((Tn - AO)*l)neN discretely compact;

for the definition of fi?screte compactness see Definition 2.5.

As in Subsection 3.1, we first prove direct criteria and perturbation results (see
Subsection 4.1). Secondly, we establish results for operator matrices, both 2 x 2 and
infinite matrices (see Subsection 4.2). Finally, we study the case that the operator
domains are contained in (varying) Sobolev spaces and derive discretely compact
Sobolev embeddings (see Subsection 4.3).

Consider a Banach space Ey and closed complemented subspaces E, E, C
Ey, n € N; as usual, we assume that the corresponding projections converge strongly,
P, 5 P.

4.1. Direct criteria and perturbation results. The following result relates (dis-
crete) resolvent compactness to (discrete) compactness of embeddings.

Proposition 4.1. Let T € C(E) and T,, € C(E,), n € N. Define the Banach
spaces D :=D(T), D, := D(T,), n € N, equipped with the graph norms || - ||p =
I-llzs - lp,, == 1" llT,, n €N, respectively. Let J: D — E, J, : D,, = E,, n €N,
be the natural embeddings.
i) Let o(T) # 0. The operator J is compact if and only if T has compact
resolvent. The analogous result holds for J, and T, .
ii) Let Ab((Tn)neN) # 0. The sequence (J,)nen is discretely compact if and
only if for some (and hence for all) X € Ay ((Th)nen) there exists ng € N
such that the sequence ((Tn — )\)’1)”>n0 is discretely compact.

Proof. We prove claim ii); claim i) is similar and well-known.

Let A € Ap((Th)nen) and ng € N such that A € o(T},) for n > ng. Consider an
infinite subset I C N and y,, € E,, n € I, and define x,, :== (T — \)~ly, € D,,
n € I. First note that we have

[znllr, = lznllE, + | Taznlle, < A+ A)l2alle, + (T — Nzalle,
< (A + AT = D)7+ Dyl 2.

ynllE, = (T = Nanllg, < | Tuznlle, + Al 2n]

n —

B, < (L+[A]) [lzn]

T
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Hence (||zn]|T, )nen is bounded if and only if (||yn ||k, )ner is bounded.

Assume that (Jp,)nen is discretely compact and (|||, )ner is bounded. Then
the sequence of elements (T, — \)~'y,, = z,, € D,, n € I, has a subsequence that
converges in Fy with limit in F'; hence ((Tn - A)’l)n>n0 is discretely compact. Vice

versa, the discrete compactness of ((Tn — )\)_1)”>n0 implies discrete compactness
of (Jn)neN' O

We prove a perturbation result for discrete compactness of the resolvents. Note
that the assumptions are similar to the ones used in the perturbation result for
gsr-convergence (compare Theorem 3.3).

Theorem 4.2. Let T,, € C(E,), n € N. Let S,,, n € N, be linear operators in E,,
n € N, with D(T,,) C D(Sy,), n € N, respectively. Define

An ::TTL+S’n,7 TLGN.
Suppose that there exist A € () o(Ty) and v < 1 with

neN
[1Sn (T = N7 <, neN. (26)
Then A € () 0o(Ay). If the sequence ((Tn — A)fl)neN s discretely compact, then

neN
50 is ((An — A)’l)neN.
Remark 4.3. The inequalities (26) imply that, for every n € N, S,, is T),-bounded
with T},-bound < v, < 1.
Proof of Theorem 4.2. Let A satisfy the assumptions. Then, using (19) and Lemma
2.8 i), the discrete compactness of ((Tn — /\)_l)neN implies that the sequence
(4, — )\)*l)neN is discretely compact. O

The following result is an immediate consequence of Theorem 4.2 for the case
that the perturbations are bounded operators.

Corollary 4.4. Let T, € C(E,),n €N, and S,, € L(E,), n € N. Define
A, =T,+S,, neN.

Suppose that there exist A\ € () o(Ty) and v\ < 1 with
neN

ISall < (T =N 7HITH neN.

Then X € () o(Ay). If the sequence ((T,, — A)_l)ne
neN

sois ((An — A7)

N 18 discretely compact, then

neN’

4.2. Results for block operator matrices. In this subsection we consider (fi-
nite and infinite) operator matrices. We study whether a sequence of diagonally
dominant operator matrices
— (N
A = (Tij )i,jzl’ n €N,
has discretely compact resolvents if the sequences (Ti(in)) 1 € N, of all diagonal
entries have discretely compact resolvents.
First, we consider diagonally dominant 2 x 2 operator matrices, i.e. N = 2. We
use the same notation as in Subsection 3.2.

neN’?

Theorem 4.5. Suppose that the block operator matrices satisfy the following:

i) the operators A neN, and D™, n €N, have discretely compact resol-
vents, respectively;
ii) the matrices A™, n € N, are diagonally dominant;
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iii) there exist A € () (o(A™) N o(D™)) and constants v, vP > 0 such
neN
that

((A™ =27
are bounded sequences,

It A =) <R [BUD™ =0T <RF neN, (27)

(D™~ X))

neN’ neN

and
e < L. (28)
Then A € nQNQ(A(”)) and the sequence ((A™ — A)_l)neN is discretely compact.

Remark 4.6. The inequalities (27) imply that A is diagonally dominant of
order max{y{!“,vPB} (see Definition 3.6 i)). Note that (28) is more general than
max{y{!¢,yPB} < 1 and it implies min{y{,vPB} < 1.

Proof of Theorem 4.5. Let A satisfy the assumption iii). We show the claim in the
case V)PB = min {fyfc,%’?B} < 1; the other case is analogous. For each n € N

define
An) 0 0 B®
(n) . (n) .— g(n) _ 7(n) _

Then, for each n € N,
(n) — )\t 0 0
) _ -1 _ ((A A0
(T =2) ( 0 o) Tlo (pm - x—

0 0
+ (—(D(") ~A)TLeM (A — \) 0) ’

denote the matrices on the right-hand side by U™, V(") W) respectively. The
assumption i) implies that (U("))neN, (V(”))neN are discretely compact sequences.

By the assumption iii), (C™ (4™ — A)_l)nEN
Lemma 2.8 i) imply the discrete compactness of (W("))

is a bounded sequence. Now i) and
nene BY Lemma 2.8 iii),
the sequence ((T(") —\)7!) _ s discretely compact. Assumption iii) yields the
estimate

Hg(n)(T(n) — )\)*1”
< maX{HB(”)(D(") —N)7ICM A — )T, |[B™ (D™ — ,\)—1”}
< max{y WP PP <1, neN

Now the claim follows from Theorem 4.2. O

Example 4.7. Let the operators A n € N, and D™, n € N, be selfadjoint and
have discretely compact resolvents, respectively. If the operators B(™, C( n e N,
are uniformly bounded, then the sequence of operators

A B
n) ._

has discretely compact resolvents. This follows from Theorem 4.5 since for every
v < 1 there exists A € C\R with [Im(\)| sufficiently large such that the assump-
tion iii) of Theorem 4.5 holds with

1 n n
R =P = (v Jup max { | B™ |, |C™)]|}.

[T ()]
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Now we study sequences of diagonal operator matrices; first for finitely many
diagonal elements, then for infinitely many. For block operator matrices that are
not diagonal, one may combine Theorem 4.8/4.9 with Theorem 4.2 or its corollary
(as in Theorem 4.5 for the 2 x 2 case).

Let EJ(O), J € N, be Banach spaces and, for every j € N, let Ej, EJ(-n) C EJ(O),
n € N, be closed subspaces.

Theorem 4.8. Let k € N and consider Banach spaces
E= P B, eW= P BV ce® = P B, neN
j=1,...k j=1,.0k =10k
Define
TM = diag(Tj(n) cj=1,....k) € C(E™), neN.

Suppose that there exists A € [ N Q(Tj(”)) such that
j=1,....k neN

(n) -1 C
((Tj -\ )nEN’ ji=1,...k,
are discretely compact sequences. Then we have A € () Q(T(”)) and the sequence
neN
(7™ — /\)_l)neN is discretely compact.

Proof. For k = 2 the claim is an immediate consequence of Lemma 2.8 iii) applied

to
(n)  y\—1 0 0
A0 — (T =X 0 e o eN.
" 0 o) T \o (@m-n") "
For k € N with k£ > 2 the claim follows by induction. O

Theorem 4.9. Assume that EJ(O) = F;, j € N. Consider Banach spaces
g™ =P(E™ . jeN)cE=1(E:jeN), neN
Define
T™ = diag(T\" : j€N) € C(E™), neN.

Suppose that there exists X € (| ) Q(Tj(")) such that
JEN neN

(" =2

are discretely compact sequences. We further assume that

neN’ j€ N’

sup |(T}" = X) 7| — 0. j oo (29)
ne

Then we have A € () o(T™) and the sequence ((T™ — )\)*l)neN is discretely
neN
compact.
Proof. Let A satisfy the assumptions. Fix an n € N. Since, by the assumption (29),
the sequence ((T;n) - A)*l)jeN is bounded, A belongs to o(7 (™). We define
A = (T = 3)71 = diag (T —A) 712 j € N),
AT = diag(T" =N ' j=1,... k) @0e L(E™), keN,
From the assumption (29), it follows that

lim sup ||.A(") - A(";k)H = lim sup sup H(Tj(n) N7 =0
k—00 neN k=00 j>k neN
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j
quences, Theorem 4.8 implies that (A(”?k))n <y 18 discretely compact for each k € N.

Altogether, Proposition 2.9 yields that (A™),en = ((T(”) — )\)*l)neN is discretely
compact. O

Since, by the assumptions, ((T-(n) — A)_l)neN, j € N, are discretely compact se-

4.3. Discretely compact Sobolev embeddings. In this subsection we assume
that By := LP(R?) and E := LP(Q2), where p € (1,00), d € N and 2 C R? is an
open subset. The space E, is assumed to be LP(€2,,) for some open subset €2,, C R¢
that may vary in n € N. Denote by my the Lebesgue measure on R

We consider operators T,, € C(E,), n € N, whose domains are assumed to be
subspaces of Sobolev spaces W™P(Q,,), n € N, for some m € N. In this case it is
sufficient to study discrete compactness of the Sobolev embeddings

Jn : WP(,) — LP(Q,), n €N,

in order to conclude that the sequence of embeddings J,, : D,, — E,, n € N, (as
defined in Proposition 4.1) is discretely compact (see Theorem 4.13 below).

Definition 4.10. Let 2, Q,, n € N, be bounded open subsets of R.

i) The set Q is said to have the segment property if there exist a finite open
covering {Oy : k=1,...,7r} of 9Q and corresponding vectors az € R4\{0},
k=1,...,7, such that

QNOk+tar, CQ, te(0,1), k=1,...,m

ii) The pair {Q,{€Q,, : n € N}} is said to have the uniform segment property if
there exist an open covering {O : k=1,...,7} of 9Q and corresponding
vectors o, € RA\{0}, k = 1,...,r, such that {Oy : k=1,...,7} is an open
covering of 0L, for sufficiently large n € N, say n > ng, and

Vn>mng: Q,N0g+tar CQ,, te€(0,1), k=1,...,m

Vee (0,1)3In. eN: U (Q, NOg) +eay, C Q, E=1,...,m
n>ne
Remark 4.11. i) It is easy to see that if the pair {Q, {Q,, : n € N}} has the

uniform segment property, then €2,,, n > ng, all have the segment property.

ii) If each compact subset S C € satisfies S C ,, for all sufficiently large
n € N, then Q C U,>,. Qn for each n. € N. If, in addition, the pair
{9, {9, : n € N}} has the uniform segment property, then Q has the seg-
ment property since, for each ¢ € (0, 1),

QNOg +eax C U (QnﬂOk)—i-EakCQ, k=1,...,r

n>ne

Example 4.12. i) The motivation for defining the segment property is that
the interior of the set ) shall not lie on both sides of the boundary. For
instance, in R? the set B1(0)\ ((0,1) x {0}) does not have the segment
property.

i) In dimension d = 1, it is easy to see that an open bounded subset 2 C R
has the segment property if €2 is the finite union of open bounded intervals
I;, 1 =1,..., L, where the distance between any two different intervals is
positive. Then r = 2L and each Oy contains exactly one endpoint of an
interval I;; the number «y is positive (negative) if it is the left (right)
endpoint, with |ag| less than the length of I;.
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iii) An example in dimension d = 1 for bounded open sets ,Q, C R, n € N,
such that the pair {2, {Q, : n € N}} has the uniform segment property is

Q= U (ar,br), ay < b <apg1,
1=1,...,.L
Quim | (@), o <4 <al®),
1=1,...,.L
with al(n) — ay, bl(n) — b, n — oo, forevery [ =1,..., L.

In the following we establish discretely compact Sobolev embeddings using earlier
results by Grigorieff [14]. As Grigorieff’s results are confined to dimension d > 2,
we prove the case d = 1 separately; to avoid unnecessarily technicalities, in d = 1
we prove the result directly for the case studied in Example 4.12 iii) where ,,,
n € N, are unions of L < oo intervals whose endpoints converge to the ones of 2.

Theorem 4.13. For d > 2, suppose that Q, Q, C R%, n € N, are bounded open
subsets that satisfy the following:

(i) each compact subset S C §) is also a subset of Q,, for all sufficiently large
n € N;
(i) the pair {2,{Q, : n € N}} has the uniform segment property;
(iil) we have mgy(£2,\Q) = 0, n — 0.
For d =1, suppose that Q, Q, CR, n € N, are as in Example 4.12 iii).
Let T,, € C(E,), n € N, with D(T},) C W™P(Q,), n € N, for some m € N. If
the embeddings

By (D(To), || - lI7,,) = W™P(Q), neN,
are uniformly bounded, then the sequence (Jp)nen of embeddings
Jn+ (D(T)s |- lIz,) = LP(Qm), n €N,

is discretely compact.

Proof. For dimension d > 2, the sequence (J,)nen of embeddings
Jn s WP(Q,,) = LP(Q,), n €N,

is discretely compact by [14, Satz 4.(9)]. Since (By,)nen is a bounded sequence by
the assumptions, the claim follows from Lemma 2.8 i).

For dimension d = 1, let I C N be an infinite subset and let f,, € D(T},), n € I,
satisfy that (||fnll7,),c; is bounded. Then (an||Wm.p(Qn))n€I is bounded since
(Bn)nen is a bounded sequence. Define

A:=0x(0,1), A,:=Q,x(0,1), neN.

These sets are bounded open subsets of R?2. The idea of the proof is to show
that A, A,, n € N, satisfy assumptions (i)—(iii) for d = 2; then the sequence of
embeddings

J@ wmP(A) = LP(A,), neEN, (30)

is discretely compact by [14, Satz 4
the sequence of elements f, € LP(
LP(R) with limit function in LP(2).

It is easy to see that properties (i) and (iii) are satisfied for A, A,, n € N. It
remains to check (ii), i.e. the uniform segment property. There exists 4 > 0 such
that by —a; > 36 foralll=1,...,Land a;41 —b; > 2§ foralll =1,...,L—1. Note

.(9)]. From this, at the end, we conclude that
2,), n € I, has a convergent subsequence in
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that the latter implies (b; — 8,0, 4+ ) N (a;4+1 — 8, aj+1 +6) = (). Since al(n) — a; and
bl(n) — b as n — 00, there exists ng € N with
Vn>ng: ’al(n) —al’ <9, |b§n) —bl| <d, I=1,...,L.
Since b; — a; > 30 we thus have, for all t € (0,1),
Vn>no: [0l a+6]+t6 CQy  [i—6,0"] —t6 C Qu I=1,...,L. (31)
For any € € (0,1) there exists n. > ng such that

sup ’al(n)—al‘<65, sBp |bl(n)—bl|<€5, l=1,...,L.

n>ne

Hence, again with b, — a; > 34,

Unzn. (af, a1 +08) +6 C (a — b, a1+ 8] + €5 C Q,

I=1,...,L. (32

Unsn, (b1 = 8,0™) — €8 C [by — 8,by + ) — &6 € Q,

Now (31) and (32) imply that {A, {A,, : n € N}} has the uniform segment property
with finite open covering

{(ar = 0,01+ 6) x (~1/2.2/3), (@1 — 6.0+ 8) x (1/3,3/2),
(bl —0,b +5) X (71/2,2/3), (bl — 4,0 +5) X (1/3,3/2),
(a1 +8/2,b, — 6/2) x (—=1/2,1/3), (a1 +6/2,b — §/2) x (2/3,3/2) : | = 1,...,L}

and corresponding set of non-zero vectors in R?

L) () (53)- () () () 2=

Altogether, assumptions (i)—(iii) are satisfied and thus [14, Satz 4.(9)] yields
that the sequence of embeddings in (30) is discretely compact. Note that f, €
W™P(A,), n €1, and (||anWm,p(A"))n€I is bounded. Hence there exist f € LP(A)

and an infinite subset I C I such that (jff)fn)neb converges to f in LP(R?).
Since f € LP(A), we have f(-,z2) € LP(Q2) for almost all o € (0,1); denote by
©1 C (0,1) the set of such x3. The convergence ||f,, — fl|Lr(r2y — 0 as n € Iy,
n — oo, implies the existence of an infinite subset I3 C I so that, for n € I3,

/ ful@r) — fl@r,22)P dzy — 0, 1 — oo,
R

for almost all zo € (0, 1) (see e.g. [18, Theorem B.98 (iii)] with u = 0, p = 1); denote
by ©2 C (0,1) the set of such zo. For x2 € ©1NO3 we hence obtain f(-,z2) € LP(2)
and || fn — f(-,22)||Lr(r) — 0 as n € I3, n — co. So we have shown that (J, fn)ner
has a convergent subsequence in LP(R) with limit in LP(Q). O

5. APPLICATIONS TO DOMAIN TRUNCATION METHOD AND (GALERKIN METHOD

In this section we give examples of spectrally exact operator approximations. All
underlying spaces are Hilbert spaces H and H,, C H, n € N, with corresponding
orthogonal projections P, with P, = I. For an operator T € C(H) and approx-
imating operators T,, € C(H,), n € N, we check whether there exists an element

Ao € ) o(Tn) No(T) such that
neN

(a) (T —Xo)™ %, (T, — Xo) ™1, n € N, are compact operators;

(b) the sequence ((T}, — AO)_l)neN is discretely compact;

(¢) the resolvents converge strongly, (T}, — \o) "' P, = (T — X\o) ™ };

(d) the adjoint resolvents converge strongly, (T — Xg) 1P, > (T* — X)L
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If (a)-(c) are satisfied, then Theorem 2.6 is applicable which yields, in partic-
ular, that (T, )nen is a spectrally exact approximation of T. If, in addition,
(d) holds, then Theorem 2.7 yields generalized norm resolvent convergence, i.e.
(T, — A\) 1P, — (T — \)~! for every X € o(T).

5.1. Operator matrices with singular Sturm-Liouville operator entries.
We study 2 x 2 block operator matrices with singular Sturm-Liouville-type operator
entries and prove that the regularization via interval truncation is a spectrally exact
approximation.

Let (a,b) C R be a finite interval. We consider Sturm-Liouville differential
expressions 7 of the form

(7f)(@) = —(p(2) f'()) +q(2) f(z), =€ (a,b),
where p, g : (a,b) — R are measurable functions with 1/p,q € L{, (a,b). Suppose
that there exist pmin > 0 and gmin € R such that

D> Dmin, 4 > Qmin almost everywhere.

We assume that 7 is regular at b and in limit point case at a. Let (an)nen C (a,b)
with a, \, a, n = co. For n € Nlet P, : L?(a,b) — L?(a,,b) be the orthogonal
projection given by multiplication with the characteristic function of [a,,b], i.e.
Pof = Xa, 4[> n € N. For 8 € [0,7) let T-(8), Trn(B), n € N, be the selfadjoint
realizations of 7 in the Hilbert spaces L?(a,b), L?(a,,b), n € N, respectively, with
domains

o ~ f,pf' € ACoc(a,b), Tf € L*(a,b),
DT 8) = {1 € oty G2 ATl T S et 1,

L _ fipf' € ACioc(an,b), Tf € L?(ayp,b),
Mﬂmw”’{fEHWWM'f@ﬁwﬁJmmwnmﬁ—afmw—O}‘

Theorem 5.1. Fori=1,2 let 7; be a differential expression of the above form, let
Bi € [0,7) and v; € C\{0}. Denote by ¥ € [0, 5] the angle between v R and voR.
Let s, t,u,v € L*(a,b) satisfy

[[lloo [8]loc

e <1, (33)
171|72] (COS 5)

and set
Sp 1= 3‘[an,,b]a by = t|[an,b]v Up 1= u|[an,b]v Up 1= v‘[an,b]a n € N.

Define the orthogonal projections P™) := diag(P,, P,), n € N, and the 2 x 2 block
operator matrices A, A™ neN, by

| T (Br) T (B2)+t -
A= <uTTl(ﬂ1)+v Yo T, (B2) > D(A) := D(Tr, (51)) ® D(Tr,(52)),

A = ( Y177 n(B1) $nTry n(B2) +tn>
' unTTl,n(ﬂl) + vp ’YZTszﬂ(ﬂQ) ’
D(A(n)) = D(Tn,n(ﬁl)) @ D(Tﬂ'z,n(/82))-

Then there exists Ao € C\(71RUy2R) such that A, A™, n € N, satisfy the claims

(a)=(c). If, in addition, D(T7,(81)) = D(Tr,(82)), D(Tr n(B1)) = D(Tr, n(B2)),
n € N, and (33) is replaced by the stronger assumption

e Al Ul 1y ”
|71 cos b 72| cos b

then there exists Ay € C\(71R U~2R) so that all claims (a)—(d) are satisfied.
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For the proof we need the following lemma.

Lemma 5.2. Let § € [0,7). Then, for every Ay € C\R, the operators T, (),
T:n(B), n €N, satisfy the claims (a)—(d).

Proof. Since the differential expression 7 is in limit point case at the singular end-
point x = a, the fact that

. (B):={f €D(T,(B)): f=0near x =a} C L*(a,b)

is a core of T7(p) is a well-known result from Sturm-Liouville theory (see e.g. the
proof of [29, Satz 14.12]). For f € ®,.(5) let no(f) € N be such that f(z) =
for # € [a,a,,(p]. This implies P,f € D(T;,(8)) for n > no(f). The strong

convergence P, > I, n — oo, implies
Pof € D(Trn(B)), 1= nolf),
| Trn(B)Puf = Tr(B)f|| = | PaT7(B)f = T-(B)f|| — 0, n — oo
The selfadjointness of T (8), Tr(8), n € N, implies
C\R C Ay((Tr.n(B))nen) N o(T+(B))- (36)

Thus T;.,(8) &5 T.(8) by Theorem 3.1. Therefore, (c) and (d) are satisfied for
every Ao € C\R.

Now we prove that (b) is satisfied for every Ao € C\R; the proof of (a) is
analogous. To this end, we show that the embeddings

By (D(Trn(B)): || - 7y 8)) = WH2(an,b), n €N,

(35)

are uniformly bounded. Then Theorem 4.13 implies that the sequence (J,;)nen of
embeddings J,, : (D(Trn(8)), |- l|7,..(8)) = L*(an,b), n € N, is discretely compact,
and hence (b) follows from Proposition 4.1 ii) and (36). We fix an n € N and denote
by [|“|ln, (-, ) the norm and scalar product of L?(ay, b). Let f, € D(Ty..(B)) satisfy
[fallz,..8) = fnlln + 1 Trn(B) fulln < 1. We estimate

b

L2 T n(B) fulln | fulln = (Trn(B) fr, fr)n =/ (= ®fR) fa +dlfal?) (@) da

Qn

b
= (~prm@| / (P14 + alal?) (@) o

z=b

pf’ fa)(@)|,_, =0.1f B € (0,m), then (pf;)(b) =
", = —cotB|fu(b)]>. If B € [r/2,m), then the
0 71'/2) then

If 8 =0, then f,(b) =0 and (
cot 3 f(b) and ( pfnfn)( )
(

latter is non-negative. If g €
J— r=b r=b
(~phf)@)| = (~cotplaP)@)| =—cot5/ (1fu(@)?) d

> —cot 82 folh Il = — oot (<1212 + 2512

where € > 0 is arbitrary. We also use the estimate

b
[ @I @) e 2 pual 721
An
Then, if we set € := pmin/(2cot §), we obtain altogether

1 Gmin, IB € [71./277‘-)’
1> —puinllfAl12 + ¢ 20 =
- 2pm1n|‘fn”n 5an||n B8 i — 2(;{125)2, ﬂ c [0777/2)
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From this it is easy to see that the embeddings B,,, n € N, are uniformly bounded,
and thus the claim follows. O

Proof of Theorem 5.1. Let Ag € C\(71R U~2R) be on the unique line yR (for some
v € C\{0}) so that for i = 1,2 the angle 9; between ;R and 7R is Z5%. Then

€l 1 1
sup

cenr €= o] sindi  cos ¥’

i=1,2.

Then, using the selfadjointness of T ,,(5;), ¢ = 1,2, and [17, Equation V.(3.17)],

- [/l oo €l [0]lo0
unT'rn +Un T‘rn —A ! S S .
||( ) (61) )(ryl ) (/61) 0) H ‘71| &EfylpR |£_>\0‘ dlSt()\[),’YlR)
_ ulls lolle )
|71\COSg diSt(Ao,’le) * Ao
- 5] o0 i £l
s Ty +tn) (12 Trn(B2) — Xo) M| < su ,
H( n ,n(ﬂl) L)(’YQ 7L(/82) 0) H |72| EG’YIQ)R |§ _ )\O| dlSt(}\O,")’QR)
18]l [t _. @

- |v2] cosg dist(Ag, 12R) T ot

Note that, by the assumption (33), every A\g € ¥R with |Ag| sufficiently large satisfies
7/(\?7&? < 1. Then Lemma 5.2 and Theorem 4.5 imply that ((AM™ — )\O)_l)neN is
discretely compact, i.e. (b) is satisfied. Claim (a) is shown analogously.

The generalized strong resolvent convergence in (c) follows from Lemma 5.2, (35)
in its proof, and from Theorem 3.7 using that Ao € Ay ((A™),en) N o(A) # 0.

To prove (d), we first note that if (34) holds, then max {fygi),vgi)} < 1 for all
Ao € YR with |\| sufficiently large. Therefore, the operator matrices A, A™),
n € N, are relatively bounded perturbations of diagonal operators with relative
bound < 1, and the same holds for the adjoint matrices if we assume that, in
addition, D(Tr, (81)) = D(Tr,(B2)) and D(Ty, »(51)) = D(Tr,n(B2)) for n € N.
Then [15, Corollary 1] yields

* ﬁTﬁ(ﬁl) ET‘H(BI) +v *\
A= <ST72 (62) +1 %Tm (52) > ’ D(A ) N D(A)7

n)\* 7T7'1,n mTﬁ.n Up n)\* n
o (G M) e -oue

Now the strong convergence ((A("))* - To)_lp(") 2 (A* — X\g)~! is shown analo-
gously as (c). O

5.2. Domain truncation of magnetic Schrédinger operators on RY. Let
Q, C R%, n € N, be nested open sets that exhaust R? eventually. Denote by
-1 G I s 5 Yns m € N, the norm and scalar product of L#(R?) and L?(9,,),
n € N, respectively. Let P,, n € N, be the orthogonal projections of L?(R%) onto the
respective subspaces, given by multiplication with the characteristic function xq,,.
Then P, > I as n — oo.

Consider the differential expression 7 := —A + p - V + v with a vector potential
p:R? - C? and a scalar potential v : R — C. An important application is given
by the magnetic Schridinger operator 7 = (—iV + A)? +V = —A +p- V + v with
p=—id and v =iV - A+ A% + V. The case p = 0 was already studied in [5].

We assume that p and v = ¢ + r satisfy

(i) p € L=(RY);
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(i) ¢ € AC1c(RY), Req >0, |g(z)| — oo as |x| — oo, and there are ay,by > 0

with
IVq(z)|> < ay + by |¢(2)|*>  for almost all x € RY; (37)
(iii) r € L2 .(RY), and there exist a,, b, > 0 with b, < 1 such that
Ir(x)]* < a, + belg(z)|? for almost all 2 € R, (38)

Theorem 5.3. Let A and A,, n € N, be the Dirichlet realizations of T in the
respective spaces,

Af:==7f, D(A):={f e W**R%): qf € L*(RY)},
Anf=7f, D(A,) =W»3Q,)NnW;%Q,), neN.
Then, for every real Ao < 0 with sufficiently large |Xo|, the operators A, A,, n € N,

satisfy the claims (a)—(c). If, in addition, p € WH>(R?), then (d) is satisfied as
well.

For the proof we use the following result.

Lemma 5.4. Let T and T,,, n € N, be the Dirichlet realizations of the Schrédinger
differential expression 1o := —A + q in the respective spaces,

Tf:=mf, D(T):={feW??R: qf € L*R?)},

Tof ==10f, D(Tn):=W>*(Q,) "Wy %), neN.
Then, for every real Ag < 0, the operators T, T,,, n € N, satisfy the claims (a)—(d).
Proof. To prove claim (b), we fix an n € N. First note that ¢, := ¢|q, is bounded
and thus 7T, is a bounded perturbation of the Dirichlet Laplacian on €,. By [13,

Theorem VI.1.4], the operator T;, is m-accretive with compact resolvent. Therefore,
every Ag < 0 satisfies Ag € o(T},) and, using [17, Problem V.3.31],

- 1 -
(T = Xo) M| < WE 1T (T — A0) I < L. (39)
So we have, in particular,
VA <O0: Ao € Ab((Tn)neN)« (40)
For any f € D(T,) we obtain, using integration by parts and Regq, > 0 by
assumption (ii),
T fIl = 1AFI7+gn f I3 +2Re(=AF, g fn 2 [ AFIE+ g0 f 17 +2Re(V £,(Van) fa-
Now, again using integration by parts and with (37), for any €,6 > 0,

12Re(V £, (Vn) f)n|

1 1
< VAR +el(Van) FI7 < Z(=AF, fa +eavllf 7 + ebsllanf |7

1 )
< — ) IFIZ + = AFI12 + ebe llan f1I2-
< (saw+ 5 I + SIAFIE + cbelon 1

Let o € (0,1) be arbitrary. We choose € > 0 and then ¢ > 0 both so small that
max{d/e,eby } < a. With these ¢, d, we set Cy, := cay + 1/(4€d) and arrive at

T 5 + CallF 17 = (1 = ) (1AL + llanfI7)- (41)

Now let I C N be an infinite subset and let f, € D(T,), n € I, be such that
the sequence of graph norms (||fn||z,)ner is bounded. Then (41) implies that
(1A falln)ner and (||gn frlln)ner are bounded, and hence so is (||V fy|ln)ner since
20V fall2 < Ifnll2 + [|Afnl|2, n € I. By extending every f, by zero outside its
domain €,, we obtain (f,)ner € WH2(RY), and the sequences (||Vf,|)nes and
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(llgfNner are both bounded. Since |¢(z)] — oo as || — oo by assumption (ii),
Rellich’s criterion (see [23, Theorem XIII.65]) implies that (f,)nes has a subse-
quence that is convergent in L?(R?). So we have shown that the sequence (J,,)nen
of embeddings J,, : (D(T5),] - |1,) — L*(Q), n € N, is discretely compact, and
hence, by Proposition 4.1 ii) and (40), claim (b) follows for every A\g < 0.

Let Tiin, Tmax be the realizations of 79 = —A + ¢ with

D(Tmin) = @ := CC(RY),  D(Tmax) := {f € L*(RY) : 7f € L*(R%)}.

By [13, Theorem VII.2.6, Corollary VIL.2.7], Tihax is m-accretive and the closure of
Tmin- Be proceeding as before, we arrive at the inequality (41) with T;, replaced by
Tonin; since Timax = Tmin, the inequality also holds for Ty... Therefore, it is easy to
see that Tynax = T. So T is m-accretive and @ is a core of T. Claim (a) is shown
analogously as (b).

For every f € ® there exists ng(f) € N such that f € D(T,,) and T,,f = P,Tf
for n > no(f). Hence Theorem 3.1 and (40) imply that (c) is satisfied for every
Ao < 0. Since, by [13, Theorem VIIL.2.5], the adjoint operators T, T*, n € N, are
the Dirichlet realizations of 7% = —A + G and ¢ satisfies the assumption (ii), we
obtain analogously that (d) is satisfied for every Ao < 0. O

Proof of Theorem 5.3. Let A\g < 0. The assumption (i) yields, for any 8 > 0,

4
lp- VFI* < lIplZ VAP < %Ilfll2 +BlIAfI2. (42)

Define p,, :=p|q, and r, :=7|q, forn e Nyand S:=A-T, 5, :=A4,—T,,neN.
Then the estimates (42) and (38) imply, for any v > 0,

1T = 20) 2 < (14 35 ) 1+ 9T = 20) 2+ (14 2 (T = ) 2

4v
2115 1 —1)2
< | —= R _
< (2= (14 L)+ oo m) 1 - 2
1 . _
48 (14 35 ) 1A =20 P 451+ 0)lan Ty = o) P
We choose v and then § so small that b := max{8(1 4+ 1/(4v)),b,(1 +v)} < 1. Set

[l 1
= Ploo (9 4 = ) g, (1 + ).
a 15 +4V +a-(1+v)

Then, by (41) and (39),

bC b
n(Tn = Xo)H* < NIT = 20) M2+ T (Tn — o)
150 ( 0) |l <a+1_a>|( o) I+ = 1T o) |l
bC, \ 1 b )
< =: o).
< (o 725 ) P * o ()

Now we choose o € (0,1) so small that b/(1 — @) < 1 and then |\g| so large that
Vrg,a < 1. Then Theorem 4.2 yields that A\ € p(4,), n € N, and ((An —AO)*I)neN
is discretely compact, i.e. claim (b) holds for this Ag. Claim (a) is shown analogously.

Analogously as [|S, (T, — Xo) 71| < Yag.e < 1, n € N, if |Ag] is sufficiently large,
one may show that ||S(T — Xo)71|| < 1 if [Ao] is sufficiently large. Now claim (c)
follows from Theorem 3.3 provided that S, (T, — \o)"'P, = S(T — X\o)~*. To
show the latter, we take f € ® = C5°(R?); the latter is a core of T (see the proof
of Lemma 5.4). Define g := (T — Ag)f. Then there exists no(f) € N such that
supp g C supp f C Q,, n > no(f). Hence, for n > no(f),

Sn(Ty —Xo) g = Su(Tr — Xo) (T — Xo)f = Spf =Sf =S(T - X)) 'g.
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Now S, (Ty, — Xo) " Py = S(T — Xg)~! follows since {(T'— Xo)f : f € ®} C L*(R?)
is a dense subset and ||.S,, (T}, — X\o) !, n € N, are uniformly bounded.
Now assume that, in addition, p € W1>°(R9). Then A* and A*

», n €N, are
Dirichlet realizations of the adjoint differential expression

™"=-A—-p-V+(-V-5+7).

Since the vector potential p := p and the scalar potential v := ¢+ r with ¢ := @

and 7 := 7 — V - P satisfy assumptions (i)—(iii), the above arguments imply that
(A% —Xo) " P, 2 (A* — \g) ™! for every A\ < 0 with |\o| large enough; thus (d) is
satisfied. O

5.3. Galerkin approximation of block-diagonally dominant matrices. Let
{er : k € N} be the standard orthonormal basis of H := [?(N). Define the k-
dimensional subspace Hy, := span{e; : i =1,...,k} C H. Denote by Py, : H — Hj,
k € N, the corresponding orthogonal projections. Obviously, P, = I as k — co.
We study the Galerkin approximation of a closed operator A € C(H). To this
end, we identify A with its matrix representation with respect to {e; : k € N},

A = (Aij)zoj‘:17 AU = <A6j,€i>, Z,_] S N
With ko := 0 and a strictly increasing sequence (k,)nen C N define the diagonal
blocks
B, = (Aij)fgzmkl_,'_l,
and split A as A = T + S with T := diag(B,, : n € N). Define the Galerkin
approximations A, := Py, Alg, ,n€N.

n €N,

Theorem 5.5. Assume that there exists \g € () o(B,) with ||(B, — Xo) || = 0
neN

as n — co. Then \g € o(T). If D(T) C D(S) and ||S(T — o)~ Y| < 1, then
A, A,, n € N, satisfy the claims (a)—(c). If, in addition, D(T*) C D(S*) and
|S*(T* — Xo) Y| < 1, then (d) is satisfied as well.

The proof relies on the following lemma.

Lemma 5.6. If |[(B, — o)~ !|| = 0 as n — oo, then the block-diagonal operators
T and T,, :=diag(By : k=1,...,n), n € N, satisfy the claims (a)—(d).

Proof. The assumption ||(B,, — X\o)~!|| — 0 implies that (T — X¢)~! is the norm
limit of the finite-rank (and thus compact) operators (T,, — A\g) "' P, and hence
compact by [17, Theorem IIL4.7]. In addition, (T, — Xo) ™" = P, (T — Xo) | a,,
and therefore (T, — \g)™!, n € N, are compact and form a discretely compact
sequence. Thus (a) and (b) are satisfied.

Again using ||(B, — o) || — 0, we see that (T, —\g) "' Px, — (T — o) ! which
implies, in particular, that (c¢) and (d) hold. O

Proof of Theorem 5.5. Define the Galerkin approximations Sy, := Py, S|g,, ,n € N.
Note that

Su(Tn = Xo) ™" = P, S(T — X)) Hu,,, neN.

So we readily conclude that [|S, (T, — Xo) || < |IS(T — Xo) 71| =: 75, < 1 and
Sn(Tyy — o)™ Py, = S(T — \g)~!. Using Lemma 5.6 and Theorems 3.3, 4.2, we
obtain claims (b) and (c) (and (a) analogously).

If the additional assumptions D(T*) C D(S*) and ||S*(T* — X\o)~}|| < 1 hold,
then claim (d) is proved analogously; note that (T + S)* = T* 4+ S* by [15, Corol-
lary 1]. O
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Remark 5.7. If the assumptions of Theorem 5.5 are satisfied, then the Galerkin
approximation (A, )nen with A, := Py, Alg, ,n €N, is spectrally exact. However,
if we consider all P;A|g,, k¥ € N, then spurious eigenvalues may occur. As an
example, let A be the selfadjoint Jacobi operator

0 q1 0

a 0 ¢ k+1, kodd,
A= . 3 qk ‘=

0 g O - k/2, Kk even.

One may check that the assumptions of Theorem 5.5 are satisfied for Ay = 0 and

kn =2n, B, = ( 0 qz”*), neN.
qon—1 0

So the operators Ps,A|m,,, n € N, form a spectrally exact approximation of A.
However, by induction over n € N one may check that det(Pzn—14|m,, ,) = 0;
hence \g = 0 € p(A) is an eigenvalue of every P, 1A|m,, _,, n € N, and thus a
point of spectral pollution.
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