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Determination of permeability using a classic Darcy water column
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Permeability is a macroscopic property of materials with a percolating pore phase, such as many
rocks and filters. We describe a simple experiment for the empirical determination of permeability
using a low-cost method similar to that used by Darcy. We advocate the use of controlled
cylindrical sintered filters, for which there is theoretical constraint of the permeability as a function
of porosity, against which empirical results can be compared. The methodology presented here
provides a step-by-step approach to laboratory experiments and numerical techniques for fitting a
linear equation to data and is appropriate for undergraduate Physics, Earth Science, or Engineering
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I. STATEMENT OF THE PROBLEM

Permeability is an intrinsic physical property of porous
solids and represents how efficiently a material can transmit
fluids. In both natural and industrial permeable materials,
this property can vary by many orders of magnitude. A clas-
sic example is to imagine a tube full of stationary sand grains
through which water is flowing; the permeability value is
essentially a measure of how much the sand and the tube
walls resist the fluid flow. Darcy’s law' uses this material
property of permeability as a coefficient to relate the pressure
drop across the material length to the average speed of the
fluid (u) through the material,

VP = == (u), ey

where p is the dynamic viscosity of the fluid (dimensions
MI[L] T Y, &is the permeability (dimensions [L]), and
VP is the pressure drop over a given length (dimensions
M][L]” [T]fz). Here, we have used the notation from dimen-
sional analysis, where [L] represents the length, [M] repre-
sents the mass, and [T] represents the time.

The Reynolds number defines whether a flow is influenced
by inertia in the fluid or not and is Re = puZ/u, where p is
the fluid density (dimensions [M] [L]?), u is the local fluid
velocity, and Z is a lengthscale relevant to the flow. Equation
(1) is valid in the low Reynolds number regime only.>
Forchheimer’s equation3 extends Darcy’s law (Eq. (1)) to a
high Reynolds number

K P2

VP = p (u) I (u)*, 2)
where k; is a second coefficient for this problem, usually
referred to as the inertial permeability (dimensions [L]).
Equation (2) allows us to define the lengthscale Z in the

problem of flow through porous media as Z = k/kj.
A student could easily plot the result of both Egs. (1) and
(2) for the same range of inputs over a wide range of (u) to
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see visually that Eq. (1) is the low flow speed linear limit of
Eq. (2). In Fig. 1, we provide an example of such a plot to
demonstrate that Eq. (1) is a limiting solution of Eq. (2) at low
values of VP for some realistic inputs for the fluid properties
=103 Pasand p = 1000 kg m~> (typical values for water
at 20°C) and for the solid properties of k = 1072 m? and k;
= 10"% m (typical values for sintered solids used here; see
Sec. IV). Using (u) in place of « in the Reynolds number given
above and the lengthscale Z defined as the ratio of the viscous
and inertial permeabilities, a student could add to Fig. 1 and
find graphically that, indeed, the solution to Egs. (1) and (2)
converges at Re < 1.

In this contribution, we confine ourselves to the low
Reynolds number regime in which Eq. (1) is valid and in
which the second term on the right-hand side of Eq. (2) is
effectively zero. In that situation, there is a useful opportunity
for students at a wide range of levels to explore the rigorous
work-flow involved in making experimental measurements
and performing data analysis to extract a single unknown
material property, k. Equation (2) provides an additional
opportunity for more students at higher levels to extend the
same work-flow to non-linear problems.

Given that models for £ generally exist only for idealized
internal geometries in porous mediafLG the toolkit used to con-
strain permeability using empirical measurement remains a
mainstay of many engineering or applied disciplines. Therefore,
it can be an engaging student practical in a classroom environ-
ment and offers a variety of opportunities for developing experi-
ence in data analysis, simple numerical techniques using code,
mathematics of scaling or dimensional analysis, and careful
experimental practice, as well as developing intuitions for gen-
eral fluid flow problems.

II. MOTIVATION

The permeability of materials is of fundamental impor-
tance in many physical science disciplines. In engineering
topics of study, permeability controls the rates at which gas

© 2020 American Association of Physics Teachers 20
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Fig. 1. An example solution to Darcy’s law (Eq. (1)) and Forchheimer’s
equation (Eq. (2)) for a specific set of input values, = 1073 Pa s,
p=1000kgm>, k = 107">m?, and k; = 10~ m. This shows that Darcy’s
law is the low (), low AP /L limit for Forchheimer’s equation. We note that
the pressure gradient VP = AP/L for small isotropic systems, such as are
the focus of this contribution.

or liquid moves through particle filters designed to scrub tox-
ins from the flow.” In Earth sciences, permeability controls
the migration and fluid pressures of hydrocarbons and water
in the Earth’s porous upper crust, as well as the rates at
which pressurized gas is released from active volcanoes.® In
the sub-millimeter flows (called microfluidics), permeability
controls the small-scale movement of fluids through porous
networks.” In the preparation of coffee, permeability of the
ground coffee pack determines the contact time between hot
fluids and the coffee itself.'’ And, more generally, there are
analogies between permeable flow through porous media
and the movement along electric circuits.

In Earth sciences, in particular, students often arrive at
undergraduate levels without experience of data analysis,
dimensional analysis, or experimental methods.'! While this is
not necessarily a problem because the geosciences have a
range of learning outcomes, not all of which demand strong
quantitative skills, it is possible that weaknesses in data-based
work such as shown here could hold students back.'? We pro-
pose that this exercise could be a useful addition to many exist-
ing engineering, Earth sciences and geography curricula at the
early undergraduate level or as part of high school (secondary
education) physics or geography courses, and that this is an
engaging example of how instructors can lead students from
problem statement, through hypothesis testing, and to theoreti-
cal and empirical results at extremely low-cost.

III. EXPERIMENTAL DESIGN: THE DARCY
COLUMN

We choose to use an experimental setup similar to the
classic Darcy design, which is composed of a column con-
taining water at the base of which sits a permeable sample or
material (Fig. 2). The column is made of a 2m long, 2cm
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Fig. 2. The experimental set up. The black section at the base of the plastic
water-filled tube is the sample-in-shrinking-hose array. The shrinking hose
is made tight against the sample and the tube by using the heat gun.

inner diameter, transparent plastic tube. The tube should be
marked with a vertical scale using a pen that can write on the
plastic. We recommend that the scale is marked at least at
every 2 cm, starting from zero at the point where the top of
the sample will sit. We use cylindrical coherent samples (see
Sec. III) of the same diameter as the inner diameter of the
tube. (The sample must be a snug fit to the tube or the mea-
surement will be less accurate.) We position the samples
such that they are half in the bottom opening of the tube and
half overhanging the bottom of the tube. We then wrap a
shrinking hose material around the outside of the tube and
the overhanging part of the sample. The shrinking hose is
heated with a heat gun to activate the shrinking hose, which
forms a tight seal around both the sample and the tube. If the
shrinking hose extends the full length of the sample, but
does not overhang the bottom of the sample, this produces a
system in which the sample is simply the basal plug to the
tube but where the water can flow freely through the sample.

Once the sample-tube assembly is constructed, we clamp
this on a laboratory stand so that it is vertical and we fill the
tube with water to a known height above the top of the sam-
ple. The weight of the water that overlies the sample confers
a pressure head, which drives flow of the water through the
permeable sample. We place a container on a calibrated
mass balance (accurate to 0.01 g) beneath the sample so that
the outflow of water drips into the container and its mass can
be measured during the experiment. It is crucial that the level
of the water in the tube above the sample is topped up con-
stantly so that the pressure head can be considered constant.
For some samples with a high permeability, this procedure
of topping up the sample will be more challenging because
the flow out of the tube will be rapid. This setup is low-cost
(plastic tubing, shrinking hose, container, and balance) and
easy to build and deconstruct when it is not in use.

The variables we measure are (1) the mass of water exiting
the sample as a function of time m(with dimensions
IMJ[T]™") and (2) the water level height relative to the top
of the sample (including a measure of how variable this
level was).

Wadsworth et al. 21



IV. SAMPLE MATERIALS

There are many different porous material types that could
be selected for testing in a classroom using the methods pro-
posed herein. We choose to use sintered cylindrical samples
with defined dimensions and porosity. These can be made in
a custom manner, or they are available commercially (e.g.,
via AmesPore® https://amespore.com/en/). We use a 2cm
diameter sample with a 4cm length. Samples smaller than
this will prove more challenging to measure.

We use sintered samples because there is a rigorous theo-
retical framework for their hydraulic properties'® (see Sec.
VI) and because they are simple and low-cost to manufac-
ture. We note that this is not essential, because it requires
specialist equipment (a furnace, large ceramic trays, and a
pillar drill with a sturdy coring diamond-tipped drill bit), and
that commercially available ready-sintered filters would also
be appropriate. Nevertheless, we describe below the method
for creating sintered samples for this exercise.

We use Spheriglass® glass particles available from Potters
Industries ™ with monodisperse radius (R) = 9.41 x 107> m
as a starting material. We pour them loosely into an AL24
alumina ceramic tray from Friatec GmbH (Germany), scrap-
ing the top until a flat, but not compacted bed of beads is cre-
ated. We then place the tray in a Hereus™™ furnace and heat
it at 10K min~!' to 900K for different hold-times before
cooling at 10 Kmin~! back to room temperature, rotating the
tray 180 °, and heating back to 900K for the same hold time.
For a specific temperature and glass bead size and composi-
tion, the hold time controls the resultant porosity, such that
longer hold times will result in lower porosity samples.'* As
an example, we used 10 — 60 h total hold times to reach
porosities in the range given here. If a higher temperature is
used, then the hold times required to reach the same porosi-
ties will be lower.

This method of using a relatively low isothermal tempera-
ture and rotating the tray halfway through ensures a sintered
block that is approximately homogeneous. We then tip the
sintered block out of the tray, and turn it on its end to drill
cylindrical cores sideways from the block using a 20 mm
inner diameter coring drill-bit with a diamond-tipped edge in

pour glass beads
into tray

bake at 900 K

single glass bead
S for a set time

o

a pillar drill. The resulting long cylinders are then cut to
length using a circular saw and the ends polished flat and
plane-parallel. In Fig. 3, we show a cartoon of this entire
sample-preparation technique and how it relates to the exper-
imental set up as a whole.

We measured the porosity of each sample using a simple
method. First, the mass m; and volume V| of the cylinder is
measured (where V; can be determined using the cylindrical
radius d/2, where d is the cylindrical diameter, and length L
measured using calipers). This permits us to compute the bulk
density of the sample p; = m;/V;. The samples are composed
of two phases, a solid glass bead phase with density p, (in this
case, p, = 2500kg m~3) and air in the pore phase with den-
sity p,. It is clear that because the air occupies some of the vol-
ume of the sample, then p; < p,. If we take p, to be
negligibly small compared with p,, the total porosity of the
samples is simply ¢ =1 — p /p,. Sintered samples such as
these do not have a measurable fraction of isolated porosity."

V. WORK-FLOW AND EXAMPLE RESULTS

Here, we provide an example workflow and an example data-
set (available in full in the supplementary material)* to demon-
strate the procedure we are proposing. The output from the
experimental design given above is 72 as a function of time 7
and of the height of the water above the sample top in the tube
h. Using the following work-flow, we can convert 71 to (u) and
h to VP, which both are the parameters needed in Eq. (1).

We collected measurements of rz as a function of time for
a single water height /, before repeating for another 4 (where
the measurement of /4 is facilitated by the scale drawn on the
tube). In Fig. 4(a), we show two examples of such time series
data. In our case, the data are at a steady state, such that we
can take the mean of the data (dashed line in Fig. 4(a)) and a
standard deviation ¢ about the mean (the 2 ¢ range about the
mean given by the grey bar in Fig. 4(a)). In other cases
(especially for low permeability samples), a transient non-
steady-state portion of these data may be measurable, and
should be discarded prior to further analysis.

We convert 71 to (1) via (u) = Q/A =m/(pA), where A
is the cross sectional area of the sample (with dimensions

Fig. 3. Optional sample preparation method to create reproducible permeable filter cylinders. See text for details.
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Fig. 4. Raw data. (a) Mass flow rate /2 as a function of time 7 shown for two example values of driving pressure gradient AP /L. The dashed line represents the
steady-state average value of 71, and the grey bar represents the range of values for 72 that are within 1o of that mean (such that the grey bar has vertical thick-
ness 20). (b) Average steady-state flow speed (i) as a function of the applied average driving pressure gradient AP/L with curves fit to each dataset using Eq.
(3) for which k is the only unknown fit parameter. The error bars on () are dominated by the uncertainty on the raw 1 [examples given in panel (a)]. The col-
our map for porosity in (b) is from Fabio Crameri (Ref. 21) and is designed to be perceptually uniform, colour-vision-deficiency friendly, and readable as

black-and-white print.

[L]*) and O is a volume flux of water (with dimensions
LIPIT] ™). The uncertainty on () can be related to the stan-
dard deviation (Fig. 4(a)), via the standard error € = a//n,
where 7 is the number of data points used for computing the
mean. This error is also converted to units consistent with
(u) using the above conversion, and then used to plot error
bars for each (i) (Fig. 4(b)).

Over small length scales and for isotropic samples, VP
can be approximated as AP/L, and AP is the difference
between the pressure on the top of the sample P; and the
pressure beneath the sample P,. The first pressure (or
upstream pressure) P is related to the height of the water in
the tube h, and is given by the hydrostatic equation
P, = pgh+P,, where g =9.81ms~! is the gravitational
acceleration at the Earth’s surface, and P, is the atmospheric
pressure of the air above the water in the tube. In our setup,
the second pressure P, = P,, such that AP becomes simply
AP = pgh. As p and g are constant here, the pressure differ-
ence AP is controlled solely by A.

These conversions (of our dependent variable 2 to (1) and
our independent variable / to VP, or AP /L) mean that Eq. (1)
can be solved explicitly as a function of the outputs from the
experiment. In Fig. 4(b), we show the results we obtained for
sintered samples of different ¢. Equation (1) then relates the
(1) to AP via a constant = 107> Pas (water at 20 °C) and an
unknown k. We use a few lines of code written in open-source
Python™ to fit for that unknown k for each sample in Fig.
4(b) and to output the uncertainty on these fitted values (see
Listing 1 in the supplementary material). However, a similar
approach could easily be done by plotting the solution to Eq.
(1) and adjusting & until it approximately matches the data. If
the data deviate from Eq. (1) at high AP, then it may be that
the flow had an additional inertial component and Eq. (2)
should be used instead—however this is not dealt with here,
and for the samples chosen here, Eq. (1) was valid.

VI. AN EXTRA STEP: USING A THEORETICAL
PERMEABILITY MODEL

An important part of investigating physical phenomena is
to compare empirical results with theoretical results. Here,
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we give the state-of-the-art theoretical result for the perme-
ability of a sintered filter as a function of its total porosity
and material properties. A sintering system of particles has
been shown to have a permeability similar to that of the
space between any domain of randomly placed freely over-
lapping spheres.'”'> The permeability for random distribu-
tions of freely overlapping spheres is given by k,, which in
turn can be used to calculate k,

p = 2= (0 =d))
' 2 ’ (3)
k= k(o —¢.)",

where ¢, is a critical porosity at which the system transitions
from being permeable at ¢ > ¢, to impermeable at ¢ < ¢,
s is the specific internal surface area of the pore network, and
b is the percolation exponent. The values ¢, = 0.03 and b =
4.4 are dimensionless and universal for systems of spherical
sintering particles.'*!'®

Commercially available samples come with a defined value
of 5. Otherwise, it must be measured or predicted. Predicting s
in sintered samples requires knowledge of the starting particle
size from which the sintered sample was made, (R). If the
sample is initially granular and monodisperse (i.e., glass beads
prior to sintering), then s = 3¢/(R). However, for sintered
samples, the internal surface area is smoothed out during sin-
tering and it is more effective to use a model for s that relies
on the internal pore size, (a), rather than (R). The calculation
for s is then for overlapping spheres'”

_(1-¢)in(1 - ¢)
(@

and in the supplementary material, we provide a short code
written in Python™™ to compute (a) from (R) based on the-
ory for random heterogeneous microstructures.'’

In Fig. 5(a), we show that Eq. (3) is an excellent predictor
of our experimental results without any adjustable parame-
ters. If we define a dimensionless permeability k = k/k,, we
can rearrange Eq. (3) as k = (¢ — qbc)b to provide a univer-
sal dimensionless plot (Fig. 5(b)).

; “
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Fig. 5. (a) The permeability determined using Darcy’s law (Eq. (1)) as a function of the total porosity. The solid black curves represent the theoretical results
for a porous solid sintered material using monodisperse particle sizes (R) = 9.41 x 107> m (glass beads) and a critical percolation threshold porosity of
¢. = 0.03 [from previous work (Ref. 14)]. For comparison, the Kozeny-Carman model (Ref. 18) is shown, which overestimates the permeability at low porosity.
(b) The results from (a) scaled by the factor k; (see Eq. (3)). Model results for overlapping spheres (in both panels) are given in the main text and in detail else-

where (Ref. 5, 13, 15, 22).

Finally, students could compare their data against other
formulations for the permeability of porous media such as
the widely used Kozeny-Carman model,>'®2° which states
k=¢° / (25%). We find that this model is not a good predictor
of our data (Fig. 5(a)). This model was derived for packs of
spheres and not for sintering systems and is not expected to
be a good predictor of fluid permeabilities in this case. This
is because sintering causes motion of the glass bead surfaces
and renders them non-spherical and interconnected.
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