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1. INTRODUCTION

Decorate points of Z? with independent and identically distributed random weights w(m,n)
that are non-negative. Associated to this random environment is a growth function G as follows.
For every m,n > 1,

(1.1) G(m,n) =max{G(m—1,n),G(mn—1)}+w(m,n)

with boundary conditions G(m,0) = G(0,n) = 0 for m,n > 0. The function grows out from the
corner of the first quadrant along up-right directions, so it is a model of local random growth.

Consider weights chosen according to the geometric law: for some 0 < q <1,
Priw(m,n) =kl = (1—q)q* for k > 0.
The subject of this article is the calculation, and then a derivation of the asymptotic value, of
the multi-point probability
(1.2) Pr(G(my,ny) < a1, G(my,ny) < ay,..., G(mp,nyp) < apl,

where m; <my <--- <mp and n; <Ny < --- < Nyp. In the asymptotic derivation the parameters
m,n and a are scaled according to Kardar-Parisi-Zhang (KPZ) scaling [26, 27]. This means that
for a large parameter T, the mys, ngs and ays are written (ignoring rounding) as

(1.3) e = b T — e (4. T)3,

my =t T+ e (4 T)3,

W=

ax = cot T+ c3& (1 T)3.

The cis are constants that depend on q and will be specified in §2. They are determined from
the macroscopic behaviour of G(m,n). The parameters above are 0 < t; < t < -+ < tp,
X1,X2,...,Xp € Rand &, &,...,& € R. One is interested in the large T limit of (1.2) with this
scaling.

In Theorem 1 we provide the asymptotic distribution function of G under KPZ scaling (1.3).
Theorem 2 provides an expression for the distribution function (1.2). Theorem 1 is based on an
asymptotical analysis of the latter. The calculations leading to Theorem 2, contained in §3 and §4,
should be more broadly applicable.

The probability (1.2) is expressed in terms of a (p — 1)-fold contour integral of a Fredholm
determiant involving an n, x np, matrix with a p x p block structure. This structure persists in
the large T limit, and the limiting multi-point probability is expressed by such an integral of some
Fredholm determinant over H = L>(R_() @ - -- ® L>(R_o) ® L2(R~).

p—1

Interpretation as a growing interface and a non-equilibrium system. The growth model (1.1)
has several interpretations. It can be seen as a randomly growing Young diagram, or as a totally
asymmetric exclusion process, or yet a directed last passage percolation model, also as a kind of
first passage percolation model (with non-positive weights), a system of queues in tandem, and a
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type of random polymer at zero temperature. A natural interpretation is as a randomly growing
interface called discrete polynuclear growth, which we explain.

Rotating the first quadrant 45 degrees, define a function h(x, t) by

1 t—x+1
h(x,t):G<t+X+ t—x+ )

2 7 2
where x +t is odd, [x| < t and h(x,0) = 0. Extend h(x,t) to x € Z by linear interpolation. Then
(1.1) leads to the rule, see [25], that

h(x,t+1) =max{h(x —1,t),h(x,t), h(x+1,t) } +n(x,t+1).

The n(x, t) are independent and identically distributed with the geometric law if x + t is odd and
Ix| < t, and zero otherwise. This is an instance of the discrete polynuclear growth model, see [28].
If we extend h(x,t) to every x € R by linear interpolation then h(x,t) can be thought of as the
height above x at time t of a randomly growing interface.

Theorem 1 considers the re-scaled process
h(2cix(tT)3, 2tT) — cotT
c3(tT)3

and provides its joint distribution at the points (x1,t1),..., (xp,tp) in the large T limit. Since the

(1.4) Hr(x, t) =

times are distinct it does not provide all the asymptotic finite dimensional distributions of Hr,
although those could be obtained by considering limits in the time parameters. There is in fact
a limit function H(x,t) that is continuous almost surely, see [30], which means that in principle
the aforementioned distributions do determine the law of H. As can be seen from (1.3) and
(1.4), we study time-like distributions of Hy in the (1,1) direction of the (m,n)-plane. In other
directions we expect the distributions to become asymptotically independent since non-trivial
spatial correlations only occur at a scale of T>/3. Therefore we look in the so called characteristic
direction; see [16] for further discussion on this.

By re-scaling variables in the kernel from Theorem 1 it may be seen that for every A > 0,
H(x,At) has the same distribution as H(x,t) as functions of x and t. If we define A(x,t) =
t1/BH(t=2/3x, t) + t1x2, then this means that

A3 AN, AL 'Y A(x,t).
The relation above is known as KPZ scale invariance which, in this context, makes the polynuclear
growth model a part of the KPZ universality class. The latter is a collection of 1+1 dimensional
statistical mechanical systems whose fluctuations demonstrate the scale invariance above. Within
the KPZ universality class lies the Airy, process (see [9, 25, 32] for reference), which represents
asymptotic spatial fluctuations in x of the height function at a fixed time t. So A(x,t) may be
thought of as the space-time surface sketched out by a growing Airy interface. Some surveys that
discuss these topics in depth are [5, 7, 18, 33], and [38] is a nice introduction to the growth model.

The papers [1, 6, 10, 19, 30] have recently studied various aspects of limit distributions in the
KPZ universality class. Here we find for the first time a full multi-time distribution function
in the KPZ-scaling limit. A multi-time distribution function is actually derived in [1] for the
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related continuous time TASEP in a periodic setting, and the asymptotic limit is computed in the
relaxation time-scale, when the TASEP is affected by the finite geometry. It is not obvious how to
get the asymptotic result of the present paper from theirs, since it means computing asymptotics in
a situation where the TASEP is not affected by the finite geometry. However, after the completion
of this work, the paper [29] derived the multi-time distribution for the continuous time TASEP in
the infinite geometry. The relation between the formulas before the limit in [1, 29] and the one in
this paper is not clear so far.

The present paper generalizes previous work on the two-time distribution in [22]. The two-time
distribution has also been investigated in the theoretical physics literature, see [11, 12, 13] and
references there. Moreover, correlation function of the two-time distribution has been studied in
[2, 17]. The distribution of this growth model under a different asymptotic scaling, related to the
slow decorrelation phenomenon, has also been explored in [4, 8, 16, 20]. Finally, see the paper [35]
for some nice experimental work involving growth interfaces in liquid crystal.

Additional remarks. The formula for the limiting distribution function for H(x, t) in Theorem 1
is rather complicated. It is built from kernels given by compositions of Airy functions, which thus
generalizes the Airy kernel. In the two-time case it is possible to rewrite the formula in such a way
that the limits t/t; — 1 and ty/t; — oo may be studied in detail, see [23]. It would be interesting
to do the same for the Fredholm determinant in Theorem 1, so that these types of limits can be
analyzed in the multi-time case as well. The distribution can in fact be computed numerically
starting from the formula in Theorem 1 in the two-time case, see [14], which shows that although
complicated the formula is useful nonetheless.

In this paper we study the case of geometrically distributed weights w(m,n). The case of
exponentially distributed weights can be obtained by taking the appropriate limit (q — 1) in the
discrete formula. Similarly, the Brownian directed polymer model can be obtained as a limit.
The asymptotic analysis is completely analogous. We expect the limiting multi-time formula in
Theorem 1 to be universal within a large class of models. It should be possible to study the
limit of Poissonian last-passage percolation (Poissonized Plancherel) (¢ — 0) from our formula
in Theorem 2, but this would entail taking a limit to an infinite Fredholm determinant before the
large time asymptotics are computed.

2. STATEMENT OF RESULTS

In order to state the theorems we have to introduce notation. There is quite a bit of notation
throughout the article, so in the following, we introduce notation for both statement of theorems
and ones that recur.

2.1. Some notation and conventions. Consider times 0 < t; <t < --- < tp, points x1,xp,...Xp €
R and &1, &y,...,&p € R. Introduce the scaling constants

2,4 _ qe(1+/@)3

1 _1 2
(1+\/a)3/ c1=¢( 6(1+\/a)3/ C2*1_\/a/ C3 1_\/a ’

Q=

21) Co=q
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where ¢ is the parameter of the geometric distribution. We will investigate the asymptotics of the
probability distribution given by (1.2) under the scaling (1.3).

Delta notation. For integers 0 < k; < kp < p, and y being m,n or a from (1.3), define
(2.2) Ak Y =Yk, — Yk, and Axy =yx —Yk—1.
Also, define

(2.3) Akl,kzt =tk, — b and Apt =t —tx_1,

2

ti 5 T g
Ak k, X = Xk ( 2 ) — Xk ( 1 ) and AkX = Ak,1 kX,
v P\ Akt P A, t '

1

ty 3 ty
Ay 1 & = &k, <Ak i t) i &k <Ak ]1( t) T oand Agg = A&
1,K2 1,K2

By convention, yp = 0 fory =n,m, a, t,x, & To understand (2.3) note that it is such that Ay ,n =
(A, 1, )T — c1Ak i, X (Ax i, t T)%, and similarly for the differences between mys and ays. We
will also use the shorthand

A, (YY) = (A iyl o Ak oy®) and Ayl .. yh) = Ayl Ay,

Block notation. The matrices that appear will have a p x p block structure with the rows and
columns partitioned according to

{1/ 2/ .. '/np} = (O/ nl] U (nll nZ] U---u (np—l/ np]‘
The following notation will help us with calculations that depend on this structure. For y =
m,n,a, set
(24) y(k) = Ymin{r,p—1} if ke (nrfl/nr]r
™ =min{r,p—1} if 1<r<p.
For an np x nyp matrix M, 1 <1,j <np and 1 <1, s < p, write

M(T,'L,S,]) :1{ M(LJ)

ey, jE(me 1]}
This is the p x p block structure of M according to the partition of rows and columns above.

Suppose 1 < i < np. For € = (e1,...,6p-1) € (1,271 and 0 = (01,...,0p1) € (C\0)P1,
define the following quantities.

Pl 2—ex—1
£ &k Higny )}
(2.5) 0°(1) = J ] 0% 6,
k=1
r—1 p—1
orle)=JJor ™ J]ox ™ for 1<r<p.
k=1 k=r

Observe that 0%(i) = 0(r| &) for every i € (n,_1,ny], so these are block functions. Particularly
notable & will be

e*=(2,...,2,1,...,1) for 1<k<p.
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For these we define
2.6) O(r|k) =0(r]e") — (1 —L—pr—p-2)-0(r[e"T) for 1<k <min{r,p—1}, 1<T<p.

We may set O(r|k) to be zero otherwise. Let us also set

c Zmin{kz,pfl} £r
(—1) kel = (1) Fh=max{liy) for 0 < kg <kp <.

It will be convenient to write (—1)°ukal . (—1)% as (—1)%kikel T,

Define also the indicators functions

1 if e=1 mod 2,
27) xelx) =4 X0
1ix>0y if €e=2 mod 2.

Complex integrands. Define, forn,m,a € Z and w € C\{0,1—q, 1},
Wn(l _ W) a+m

(1-g)"

(2.8) G*(wln,m,a) =

as well as the function
G*(w|n,m,a)
G*(1-yqIn,ma)’

The number w. = 1—,/q is the critical point around which we will perform steepest descent

(2.9) Gw|n,m,a) =

analysis. During the asymptotical analysis it will be convenient to write in terms of G rather than
G*. Consider also the following function § that will become the asymptotical value of G.

(2.10) Gwlt,x, &) =exp { §w3 +t%xw2 —t% aw} forweCandt,x & cR.

Contour notation. We will always denote the contour integral

1
— J dz as ﬂ;dz.
2mi
Y Y
There will be two types of contours in our calculations: circles and vertical lines. Throughout, v~
denotes a circular contour around the origin of radius r > 0 with counterclockwise orientation.

Also, v»(1) is such a circular contour around 1. A vertical contour through d € R oriented
upwards is denoted I'y.

Conjugations. Throughout the article u will denote a sufficiently large constant used with a conju-
gation factor. Its value will depend only on the parameters q, ty, xx and &x. It will be convenient
to not state the value of u explicitly, although in the upcoming theorem it suffices to consider

maxj {thi/ 3} — miny {xkti/ 3}
miny {(At)!/3}

0>

Define, with c( given by (2.1),
VT = coTl/ 3
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Let us introduce discrete conjugation factors, which will be needed for asymptotical analysis.
Recall n(k), m(k) and a(k) from (2.4). For 1 <k <mnp,
(n(k)—k)
(2.11) c(k) =G*(1—qlk,m(k),a(k))-e" 7
Finally, set

(=1 (n() =),

2.12) c(i,j) = exp {u(n -

2.2. Statement of main theorem. For p > 1 consider the Hilbert space

H= LZ(IR<0) D---D I—2(1R<0) S LZ(]R>O)-

p—1

A kernel F on 3 has a p x p block structure, and we denote by F(r,u;s,v) its (1, s)-block. So

F(Lw;Lv) - F(Lwp,v)
Flu,v) =

Flpas1Lv) - Flpwpv) | 5y p

Recall the function G from (2.10), the notation ™* = min{r, p — 1} and likewise s* from (2.4).

Definition 2.1. The following basic matrix kernels over I will constitute a final kernel.

(1) Let d; > 0 and D > 0. Define

S(zp | Ap(t,x, £)) eV 2t
S(Cl | AS*,‘p (t/X/ Ev)) (Z’p - Cl) '

Flp 9] (1,055,9) = Ly 2§ty §
e, o

Recall T'q is a vertical contour oriented upwards that intersects the real axis at d.

(2) Let 0 < di < dj. For 0 < k < p, define

Flkx 0] (v,u;s,v) = 1{s<k<r*}e”("_”) j@ dg; 1; dép
Mq, M,
(C1—Gp) tev—am
G(C1 1A (t,%,8)) G(C2 | A x (%, E))

(3) Let 0 < d3 < dy and D > 0. For 0 < k < p, define

FlpxIpl (r,u;s,v) = l{T:p/S<k<p}e“("_“) ii; dé, ii; dis El; dz,
I_a, I_a, I'p
S(zp | Ap(t,x, &) (2p — C2) (G — Gg) eV 2o
5(C 1 Akp(t,x,8))5(Cs | As i (t,x, E))
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(4) Let 0 < dq,d3 < dy. For 0 < kq,kp < p, define

Flicy k1 k2 10] (1,158, V) = Ly, crv s <ky <y} etlv—u) + dg f# dép fi; dés
1 Mq, M qs

(G —C) ' (G —Gg) Ty —tn
G(C | Ay e (6%, 8)) (G | Ay, (1%, 8)) G(G3 1 Ag i, (1%, 8))

The upcoming kernels are determined in terms of integer parameters 0 < k; < kp < p and a
vector parameter € = (e1,...,€p_1) € {1,2J~1. Given k4, ky and &, consider any set of distinct
positive real numbers Dy for integers k € (kq, kp] that satisfy the following pairwise ordering:

(213) Dy < D41 if ex =1 while Dy > Dy41 if e =2.

It is easy to see, for instance by induction, that it is always possible to order distinct real numbers
such that they satisfy these constraints imposed by €. An explicit choice would be

D1 =27 and Dyyq =Dy + (1) 125,

Denote the contour
FDE = erl‘*'] X X erz'
(5) Let di > 0. Define

Felr |k kal] (1,158, 9) = L < 5ok <p, Ky <y €1 {) 4G ﬂg dzi 41+ dzig

M-a Ihe

[Tk <k<ie, S (21 1 AR (L%, €)) Tk, <ty (2 — 2kt 1) eZkgVTan

9 (Cl | Akl,r* (t/ X, E)) (Zk1+1 - Cl)

(6) Let di,dy > 0. Define

FElky ka | (k1kal) (1,058, V) = Tk, <v, s <k, kg <o} erv—u) 1; dg; i; dé, <J£ dzi, 41 - - - dzy,
rfdl rfdz ng

T, <k S (21 1AK%, E)) Ty creriey (26 — Zip1) @2V G0

G(C1 1 Ay e (1,%,8)) G(C2 [ Age iy (1,%, &) (21,11 — G (21, — C2)

(7) Let 0 < dq,d3 < dy and recall kg < k,. Define

Fg[kl/k2/k3|(kl/kz]](r/u/.srv):1{kl<r*,g<k3<k2}eH(V7u] jg d¢y fi; dd, ﬂ; dés + dzy, 41+ dzy,
Ma

=

1 Iq, Ta, r

DFE
ITi, <<, 92 1Akt %, 8)) Ty creciy (26 = 2ir1) ™ (G2 — Gg) H eV~ G
9(Cl ‘ Akl,T* (t/ X, a)) 9 (CZ | Ak3,k2 (t/ X, E.)) 9 (CB | As,k3 (t/ X, E,)) (Z’k1+1 - Cl) (Z’kz - CZ) .

When the conjugation constant p is sufficiently large these kernels decay rapidly to be of trace
class, which will be a byproduct of the proof of Theorem 1. (Specifically, their entries are bounded
by quantities of the form e MUAj(—u) e"VAi(v) where Ai is the Airy function.)
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Using these basic kernels we compose five other as weighted sums. Let 01,...,0,_1 be non-
zero complex numbers and 6 = (01,...,0,_1). Recall 0(r|€) and ©(r[k) from (2.5) and (2.6),
respectively. Define the following kernels over .

FOrwsv)= ) (1+0(r|k) - (1+O(k|s)) - Flklo] (r,1;s,v).

0<kLp
F(l) (r,u;s,v) Z O(r|k) - Flkx|0] (r,u;s,Vv).
0<kLp
FOrwsv) = Y Ok (1+0(kz|s)) - Flkykyka 0] (1,155, V).

0<ky ko <p

In the following, the variables kq,ky,k3 € {0,...,p}and € € {1,2pp— 1, They satisfy

gy=2if ey=1if
i<max{kq,1} arbitrary 1 or 2 i>min{k,,p—1}
—— —

(214) k1 < kz; given kl,kz, £= ( 2,...,2 /Emax{kl,l}/'"/gmin{kz,p—l}r 1,...,1 )
Recall the notation (—1)“1*2! following (2.6). Define
FOrasv) = Y (—1) ke g(r|8) x
kiko, €
satisfies (2.14)

Fg[k1 | (ke k1] + Fg[klzkz\ (k1 k21] + 1{k1:p,1,k2:p}F[p Ipl| (r,u;s,v).

FO s v) = ) (=) ks e g(r|g) x

k1,ko, k3, €
satisfies (2.14)

[(1 +O(ks |'s))F i ko k| (knkall = Lty —p, ey —p—1} (1 + ©O(p8)) FE lka,pp—11 (kypl] +

Ty <p kap} (1O (K | 8)) FE [y kea | (er ko] +

L —p—1,k,—p} (1 +O(k3|8))Flpks 9] — 11, —p 1,k —p ks—p—1) (1 + O(P ) Flp,p—11 p])} (r,w;s,v).
Finally, define the kernel
(2.15) F(0) = —FO 4 F1) L F@) G M),
Theorem 1. Consider the function G(m,n) from (1.1). Let ny, my and ay be scaled according to (1.3)
with respect to parameters T, ty, xy and &y. Suppose p > 2. Then,

lim Pr[G(my,ny) <ay, ..., G(mp,np) < apl =

T—o0

Yr Yr

where vy is a counter-clockwise circular contour around the origin of radius v > 1 and F(0) is from (2.15).
Moreover, the limit defines a consistent family of probability distribution functions.

When p = 2 this theorem agrees with the two-time distribution function from [22]. In this case
the only non-zero component of F(8) is F(?), whose non-zero basic kernels are Flo| (0,1], F[2|2] and
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Félo21(021] for € = 1,2. Our other theorem that presents a similar expression for the probability
(1.2) is stated as Theorem 2, towards the end of §4.

2.3. A discussion of results.

Single point law. When p = 1 there is a simpler approach for the single point limit as explained
in §4.3, where we express Pr[G(m,n) < a] as a Fredholm determinant of a matrix whose entries
are in terms of a double contour integral. More precisely, Pr[G(m,n) < a] = det (I+ M) with

G*(zln—1m,a—1)

M(i,j)=1;dc ﬁ; dZG*(C‘n_j+1,m,a—l)(l—(.).
Yt v (1)

Here 1 < 1,j <nand theradiisatisfy r<1—,/q<1-r<1—q.

An asymptotical analysis of it leads to

(2.16) Tlgl;o Pr(G(my,n) < aq] = det(I—K)Lz(]R>0) , where

S(zlty,x1, &) ebV =
K = d d . .
(u/V) % C% 29(C|t1/X1/£1) ZiC

ra Tp
One may observe that
1
(2.17) i; dzG(z[t,x, E)e 2 =t 3 eI HEF SWX Aj(r 432 4t Fu),
[B5}
Using this, as well as § dCS(CIt,x, &) 'e® = §dCSG(CIt,—x,E)e <, and that (z—()7! =
I_a Ta

f8° dA erM&—2) we find that

o0
Kt ) = | VAT U NAIE P VD) = KE P ),

0

This implies that det (I — K)Lz(]R> o) equals Fgue(&+ x2), where Fgug is the distribution function of
the GUE Tracy-Widom law from [39]. The single point law recovers a result from [24].

Kernels expressed in terms of Airy function. The kernels in Definition 2.1 may be written as
products of more basic ones. Consider the following kernel for x, £ € R and t > 0:

1
Alt, x, & (u,v) = E{; dw G(wlt,x, £)eV V) = t_%Ai(x2+£+t_%(V—u)) e3P Hx(E+t73 (v—u)),
o

We will show how to write FE[ky,k, | (kq,ka]] using A and the others are done similarly. Observe
(W —wp) 1 = jgo d\ e~ Mwi—w2)sgn(R(wi—w2)) - Ag a result,

00
(zx —Zk+1)_1 = J;] dAy M (DT (zie—2i) for k1 <k < ky,

(o0)

(o.¢]
(2141 —C) ' = JO A, a7 H ) (g — ) :L Dy, M (22,
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Let us set £, = 1 and ¢y, = 2 in the following. Then we see that

FElkka | (ko kal) (1,158, V) = 1{k1<r*ls*<k2,k1<kz}e“("’u) J H dAy
[0,00) k121 K <k<ks
—1 _ —1
3@ A1 G(C1 1 Apy e (t,%, ) et P =) 513 A0p G(Cal Age ey (t,%,€))  e2Pia V)

l",dl rfdz

I1 dzie §(zic | Akt x, £)) e (ZDH T M= (=17 A,
k1 <k<ky er

We can evaluate the C-integrals by changing variables { — —( as in the single time discussion.
Let us consider also the reflection R for which R - K(u,v) = K(—u, v). We have K((—1)¢u, (—1)¢'v) =
REKRE (u,v). Then we find that

Felkyka | (kg ko)) (1,58, V) = 1{k1<r*,s*<k2,k1<k2} ety J ! H dAx
10,0072 4, ke

A[Akl,r* t, _Akl,T*X/ Ak],T* E.] (U., Akl) H Rakil'A[Ak (t/ X, &)]RSk (}\kfll Ak) X
k1 <k<ko

RA[AS*,th/ _As*,kle As*,kza] (Ak2,\)).
We note that RéxoR¢ = x., where the latter is from (2.7). Therefore,
Fg[kl’kz JURSIACEAYES T <, 57 <k, k<o) et v ‘A[Akl’r* [P AV SV &l XoR x

H AlAk (t,x, E) ey, AlDk, (1%, E)I XoR AlAss 1, t, —Ass k%, Ass k, E] (W, V).
k1 <k<kp

We now express all of the matrix kernels from Definition 2.1 like above. We will omit the
conjugation factor e*(V"%) and the variables u,v from these expressions. Let us also use the
shorthand Ag p (t,—x, &) = (Agbt, —AqbX, Aqbé). We then have the following.

(1) Flpipl(r,s) = 1i—py RAIAL (t,%, &)l xoR AlAs+ p (1, —x, E)].
(2) Flk10](1;8) = Liscpewrey AlDk = (t, —x, E) x1 AlAg 1 (L, —x, E)].
(3) Flpx1pl(r,8) = 1ir—p, s<kwp} RAIAL (t, %, E) xoR A[A  (t, =X, E)I X0 AlAs x (t, —X, E)].
(4) Flicy ki ka 10](158) = L1, cpx, s < iy <y} Al v (8, =%, E) X1 AlAx, x, (1, =%, E) X0 AlAs x, (£, —X, E)].
(5) FElka | (kakall(15:8) = Lse, <+, s—kp <p, ky <ka) AlBicy v+ (£, =%, E) X0R %
[T At xe)xe, Alag, (tx E)R
ki <k<k;

(7) Fg[khkz,k?) | (k1k2)](1;8) = T <vv, s<ka<ka, ky<ka) AlBiey v+ (t, =%, E)I xoR X

H AlAy (%, E) Xe\ AlAy, (1, %, &) XoR AlAy, x, (T, —x, E) X0 AlAs 1, (L, —x, E)].
ki <k<ky
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3. DISCRETE CONSIDERATIONS: MULTI-POINT DISTRIBUTION FUNCTION

In this section we derive a determinantal expression for the probability in (1.2). As G(m,n) de-
pends only on the values of G to the left or below (m, n), the joint law of G(my,nq),..., G(mp,np)
depends on the restriction of G to [0, m] x [0, 1]

Let us set N = n,, throughout this section. Define the vector

G(m) = (G(m,1),G(m,2),...,G(m,N)) for m > 0.

—

The process G(m) is a Markov chain by definition. It turns out to have an explicit transition rule.

3.1. Markov transition rule. Let V be the finite difference operator acting on f: Z — C as
(3.1) Vif(x) = f(x +1) —f(x).
The operator has as inverse given by
(32) V) =) fly),
y<x
valid so long as f vanishes identically to the left of some integer. This will be the case for functions

that we consider. Since Vf and V~!f are then also functions of the same type, we may consider
integer powers of V acting on such functions.

Define the negative binomial weight

x+m-—1
X

W (x) = ( >(1 —q)"q" x>0y for m>1 and x € Z.

This is the probability of observing the m-th head at x +m tosses of a coin that lands heads with
probability 1 — q. It is a probability density, being the (0, x)-entry of (I — TﬂEV)_m
Define also

WN :{(Xll"'/XN) € ZN X1 €00 < XN}/

noting that G takes values in Wy.

—

Proposition 3.1. The process G(m) is a Markov chain with transition rule
(3.3) Pr [é(m) —ylG() = x} — det (vi*iwm,e (v —xi))ﬁ

for every x,y € Wy and m > (.

The proposition is proved in [21] following the paper [40] by Warren. It is related to deter-
minantal expressions for non-intersecting path probabilities that appear in Karlin-McGregor or
Lindstrom-Gessel-Viennot type arguments. The paths in this case are trajectories of the compo-
nents of G(m). The transition matrix of this chain turns out to be intertwined with a Karlin-
McGregor type matrix by way of an RSK mechanism, which allows calculation of the former. The
papers [15, 31] also give a systematic exposition to such computations.
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Remark 3.1. Formula (3.3) has very similar structure to Schiitz type formulas [3, 36, 37] for the
transition rule of G. Schiitz’s formula for the N-particle continuous time TASEP X(t) is
Pr[X(t) = y | X(0) = x] = det (V" Fu(g; — %))
i
where Fi(x) = %1{,@0} is the Poisson density. Here the finite difference operator V means
Vf(x) = f(x) — f(x + 1), and its inverse is V" 1f(x) = 2_y>x f(y). Particle locations are ordered
such that x; > xp > -+ > xn, we let &5 = xn 41—, and likewise for y.

A similar formula holds for the discrete time N-particle TASEP with sequential updates (see
[15, 34]), where the rightmost particle attempts to jump first with probability g, followed by the
particle to its left, and so on. The transition rule above is then modified by replacing F(x) with
the binomial density F¢ q(x) = (1 — q) "Wy p1(x). With parallel updates, discrete time TASEP
becomes equivalent to the discrete polynuclear growth model as explained, for instance, in [4, 24].

Denote Pr the probability (1.2) that G(m,,n,) < a, for every r. By proposition 3.1,

)
(3.4) Pr= Y Tldet(V w0 —xI).
xL,..,xPeWy =1 v

X, <ar

with the convention that x? = 0. We will drop subscripts 1i,j from the determinants since all of
them will be of N x N matrices with rows indexed by i and columns by j.

Lemma 3.1. Recall the Ay notation: Ayy =y —Yk—1 for y =n, m. The sum (3.4) simplifies to

p—1
(3.5) Pr = Z det (V“l_iwml (x})) H det (VArnwArm(x)T - x{_l)) X
T=2

j—1— ~1
x det (V’ 1 "Piwa m(ap —xP )) )
Proving this is the subject of the next section.

3.2. Summation by parts. The following is Lemma 3.2 in [22] and related to Lemma 3.2 in [21].

Lemma 3.2. Let f,g : Z — C be such that f(x) = g(x) = 0 if x < L (typically L is very negative). Let
ai,bieZfori=1,...,N, and consider k such that 1 < k < N. Then,
(3.6) Z det (Vj’aif(xj —yi)) det (Vbi’ig(zj —xi)>

xeWyN
Xk<A

_ Z det (kaaif(xj _yl)) det (Vbjfkg(z)' _Xi)) .
xeWyN
Xk<A

Moreover,
(3.7) Z det (Vj’aig(z]- —xi)) = det (ijlfaig(A — xi)) .

zeWnN
ZIN<A
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It is instructive to understand the proof of this lemma, so we will outline the argument. It
should be contrasted with the approach in [36], see also [3], which manipulates determinants by
using that V~! is a summation operator.

Proof. For identity (3.7), first note that ZE;}I Vf(x) = f(b) —f(a). Now perform the summation
from zn down to zj, using multi-linearity of the determinant, which reduces V by 1 in the corre-
sponding column. After each step one finds a difference of two determinants, and the one with
minus sign is zero due to two consecutive columns being equal. After the z;-sum, the determi-
nant with minus sign is zero because its first column stabilizes to zero as z; — —oo. For example,
during the summation over zn we have

A-1

> Y det (Vl_aig(ll —xq) - VNI gz g —xi) VT gz _Xi)> =
zeWN_1 ZN=ZN-1
N <A

D det (Vl*a"g(ll —xq) - VNI g (2N g —xq) VN*l*aiQ(A—Xi)) -
zeWnN_1
N1 <A

det (Vl*aig(ll —xq) - VNTImaig(zn g —x;) VN1 8ig(zn _Xi)) =

> det(VIT gz —x) - VNI glzn g —x) VNI g(A - xq) ).
zeWn_1
N1 <A

Identity (3.6) in based on the following idea. First, it is enough to establish it for the sum over
{x € Wy : xx = A}. Suppose [a; ;] is a square matrix, the {-th column of which has the from a; ¢ =
Vfie(xe), and variable x; appears nowhere else. Then det (ai,j) = V,det (ai,l < fie(xe) ),
where V, is the difference operator in the x, variable. Now recall the summation by parts identity:

b b
> u)V(—x)] = > Vux)v(—x) +u(b+1)v(—b) —u(a)v(—a+1).

Combining these we have the following. Suppose cj, d; € Z are such that for an index { > k,
cg =cey1 if £ <Nand d¢_1 = d¢ — 1. Define d].’ =dj — 15— and ¢ = —15—¢)- Then,

(3.8) Y det (vdi*aif(xj —yi)) det (vbi*Cig(Zj - xi)>
XEWAN
Xk=

= Z det (Vdiﬁ*a"f(xj fyi)> det (Vbj_cfg(zj fxi)> )
oA

In plain words, one can move a derivative from column { of the first determinant to the second’s,
decreasing d; and c; by 1 as a result. Indeed, consider the sum over variable x; on the Lh.s. of
(3.8) while holding the other variables fixed. Upon transposing the second matrix and using the
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aforementioned observations in order, we see that

Xe+1

Z det (Vdi_aif(xj fyi)> det (Vbi_ci g(zi —x; ))
Xe=Xe—1
Xg+1 _
= Z det (Vdi T (x; —yi)> det (Vbi*c? g9(z; —Xi)) + (boundary term).
Xe=Xe¢—-1

If £ = N then xp41 = 400, and if { = 1 then xy_1 = —oo. The boundary term equals (I) — (II),
where

(1) = det (V4 ~tf(x; — 1) )

- det (Vbi*ci glzi —x5 ))

Xe:=Xg41+1

- det (Vbi*ci g(zi — x5 ))

Xgi=Xe41

(I1) = det (vd?““f(Xj _Ui))

Xg=Xgq xgi=xg1—1

The term (I) = 0 because the ¢ and (£+ 1)-st column of the second determinant agree due to
c¢ = cg41 when £ < N. If £ = N then it is 0 because V™g(z —x) = 0 for all sufficiently large x,
which makes the last column of the second determinant 0. The term (II) = 0 for the same reason

with respect to the first determinant since dg_1 = dy — 1.

Analogously, for an ¢ < k, suppose cp41 = c¢¢+1 and d¢ = d¢—; if { > 1. Then we may move a
derivative from the {-th column of the first determinant to the second’s in the Lh.s. of (3.8), which
will result in ¢y and dg being increased by 1.

Identity (3.6) follows by first applying (3.8) to columns £ = N,N —1,...,k +1 in that order.
The conditions on ¢; and d; are then satisfied during each application. Then we apply (3.8) to
t =N,...,k+2, followed by to { = N,...,k+3, and so on. The derivative in column j > k
is reduced by j — k. Similarly, we apply the derivative incrementing procedure first to columns
{=1,...,k—1, then to columns £ =1, ...,k —2, and so forth to increase the derivative in column
j <kbyk—j. |

Proof of Lemma 3.1. In order to simplify the expression for Pr from (3.4) we apply Lemma 3.2
iteratively. Apply (3.6) to the expression (3.4) with respect to the sum over x!, which involves the
first two determinants. In doing so, set k = ny, a; = 1,b; =j, f = wy,, etc. We find that

Pr = Z det (V”lfiwm1 (x})) det (Vj’“lwAzm(x]2 - x%)) X

x1,.,xPeWy
T
X, <ar

p . .
X H det (VJ’lwArm(x; — x{’l)) .
r=3
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2

Next, apply (3.6) to the sum over x* — involving the 2nd and 3rd determinants — with k = n; and

ai =nq. Then,

Pr = Z det (V“l 1wml( )) det (VAznwAzm(xf —X: )) det (V) 2w A m ?’fx%))

xL,..,xPEWy
X, <ar

p . .
X H det (V’_lwATm(xjr — x{_l)) )
r=4

After iterating like this for all the variables, we finally use (3.7) to perform the sum over xP with
xpN < ap (recall np = N). This gives the expression (3.5). |

We would like to express Pr as a single N x N determinant. This would ordinarily be done

by using the Cauchy-Binet identity iteratively over each of the sums. However, the constraints

T

an

< ar prevent a direct application. This is addressed in the following section.

3.3. Cauchy-Binet identity. Let us manipulate the expression from (3.5) in the following way.
First, consider N x N matrices A = [a;] and B = [by;] such that det (A) - det (B) = 1. In fact, we
will chose A and B to be triangular with a;; = bal. We multiply the matrix of the first determinant
from (3.5) by A and of the last one by B. Doing so will set us up for the orthogonalization
procedure of the next section.

Formally, introduce functions fq 1, f1,...,fp—1,p as follows. We assume that p > 2. Whenp =1
we can use a simpler approach as explained in §4.3. For 1 <1i,j < N aswell as x,y € Z,

(39) fo (i, x Z aie VM Wi, (x4 ag) - (=)™,

fro1r(x,y) = VAmWATm(y —x+Ara)- (fl)AT“ forl<r<p,

N

fo1p(x%,j) =) V¥ I twa i (Apa—x) by - (1)
k=1

Then Pr equals

@10) Pr= Y det (f01 i,x )H det (fk el —1,x}<)) det (fp,l,p(xf—l,j)).

x1, .., xPleWy
x‘flk<0

k

Ty

fx—1x. Also, the powers of —1 in the fs do not change the product of the determinants because

N-(ni+Apn+-+A, n+n, 1) (_1)2an,1.

The summation constraints became xX < 0 because we have shifted x¥ — x¥ + a, in defining

they factor out as (—1)

Consider © = (0y,...,0,_1) where each 6 € C\0. Define an N x N matrix L = L(,j[0) as
follows with the convention that 6?( =1.

(3.11)
- Pl g g1
Lijle) = > foa(i,x1) [T 1 (a1, %) Fpo1p (xp—1,§) T 0,7 05,
(X1,0ees xp,l)ezpfl k=2 k=1
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The sum is actually finite because f._1 +.(x,y) vanishes for all sufficiently large x or small y. Apart
from the factors involving 0, L is the convolution fq 1 * - - - x f, _1 ;, or, if we think of the fs as matrix
kernels, then it is the product o - - - f;, 1. The conclusion of this section is

Lemma 3.3. Let vy be a counterclockwise circular contour of radius v > 1. Set y¥ " =7y x -+ X ;.

(3.12) Pr— jﬁ a0, do,,_, Set(L310))
p—1 HE:I (ek - 1)
¥

Proof. For x € Wy, the condition x, < 0 is equivalent to #{x; < 0} > n. Now for { € Z,

e?,
1 = ¢ do .
{e=0} f# 0—1
Yr
Consequently,
1
1—[}\1:1 0 {x]-<0}
(3.13) Ly <0p>my = § 40 =g
Yr

If we apply (3.13) to the expression (3.10) for Pr we find

p*l e;nk ) 1 1{x%<0}
Pr = jE do; - -- depfl H o —1 Z det fO,l(erj )61 X
vl A

xkeWn
1<k<p

Pl Kol ko Hixk<o) 1.
H det | fr1 (X7, %0y det (fp,l/p (xP ,])) )
k=2

We push 8, " into the first determinant by inserting 9;1 into its first ny rows. Then, by the
Cauchy-Binet identity, the quantity inside square brackets is det (L(i,j[0)). ]

Expression (3.12) is a discrete determinantal formula for the multi-point distributions functions
(1.2). However, matrix L does not have good asymptotical behaviour for the KPZ scaling limit (or
numerical estimates). It is necessary to express det (L) as a Fredholm determinant over a space
free of parameter N. This is the subject of the following section.

4. ORTHOGONALIZATION: REPRESENTATION AS A FREDHOLM DETERMINANT

Recall the triangular matrices A and B from §3.3. Multiplication by them is essentially perform-
ing elementary row and column operations, which is an orthogonalization procedure. The entries
of A and B, vaguely put, will be like inverses to entries of the first and last determinant in (3.5).
These are obtained by extending V"w (x) to negative m, which motivates the following. Later
in §4.3 we provide intuition for this orthogonalization by explaining it for the single point law.
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4.1. Contour integrals. Recall the functions G* and G from (2.8) and (2.9). The 3-parameter family
G*(-Im,m,a) and G(-|n, m, a) form a group in that forw #0,1—q,1:
4.1) G*win+n’,m+m’,a+ad)=G*win,ma) -G*(w|n’,m’,a’),
G*(w| —n,—m,—a) = G*(wln,n,a)7",
G*(w|0,0,0) =1,
and analogously for G. The group property will make it convenient to follow upcoming calculations
and give further intuition for the orthogonalization procedure.

From the generating function (142)~% =3 -, (7 ) * for negative binomials, it follows that
1— —m
wm(x) = % dz( 1 _qqZ> 27X,
Yo

where p < 1. Changing variables z — (1 — z)1 gives a contour integral representation of W, (x)
that, upon applying integer powers of V according to (3.1) and (3.2), shows that

4.2) VWi (x) = (=1)™ ! f# dzG*(z|n, m,x—1)
vr(1)

with radius r > 1 (so v+ (1) encloses all possible poles at z = 0,1 — g, 1). The condition r > 1 ensures
that the summation needed to apply V! to G*(z|n, m,x) in the x-variable, is legal throughout
z € vr(1). The right hand side of (4.2) continues V™wn, (x) to integer values of all parameters.

Define the matrices A and B as follows. Let c(k) be the conjugation factor defined in (2.11), and
recall m(k) and a(k) from (2.4). Consider any radius T <1 —q.

1
o= (i) (—1)K
43) ai = (i) (~1) ﬂgdCG*(cu_kﬂ,mm,au)_l)'
Yt
=1, 1k 1
big = () (~1) j e " TR

The matrices A and B are lower-triangular with ai; = c(i)(—1)* = b::!; so det (A) det (B) = 1. This

il /

iFdC 1 _ 1 ifTLZO
G*(¢In+1,ma) o if n<o.

Yt

is because

Lemma 4.1. The following identities hold.

(1) If1<i< Nand|z] >,

1 A —k
jgdC G*(C|i,m,a)(z—C :Z jg (CIi —k+1ma)'
Y+

v k=1
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(2) If1<j<Nandlz| >,

ZN+1 N 2k
%dC G*(¢(IN+1—j,m,a)(z— ) :kzlf{; *((lk—j+1,m,a)
Y =Ly

Proof. The first identity follows by expanding (z— ¢)~! in powers of (/z. The contribution of terms
on the r.h.s. with k > i is zero. The second one follows from the first by re-indexing k — N +1—k
and substituting i = N+ 1 —j. [ |

For the rest of this section we will deduce an expression for L(i,j|0) in terms of contour inte-
grals. Recalling the f;_j ;s from (3.9), then (4.2) and (4.3), we infer the following.

. L G*(z11my, my, a1 +x1 — 1)
fO,l(LXl) = _C(l) % dCl § le G*(Cl |l, m(l), (1(1) - 1) (Zl — C]) ’

Y7 YR, (1)
fro1r(Xem1, %) = — jg dz, G*(zv | Ay, Aym, Ava—1) forl<r<p,
YRy (1)

fotplep1d) =) § da § dzp (
Yt Yrp (1)

G*(zp | Apn, Apm, Apa—xp_1 —1)
6) |T‘-p —j+1,my *m(]')rap - a(])) (Zp —0G)

The contours above are circular and arranged as follows. Contours yr, and v, are around the
origin with T < 11 < 1—q (71 and T, are ordered for definiteness). Contours yg, (1) are around
1 with every Ry > 1+ 14, that is, they enclose the contours around the origin and the numbers
0,1—q,1. In deriving expressions for fo1 and f, 1, we have used Lemma 4.1.

Upon multiplying all the fs we get (—1)Ple(i)e(j) 1 x (a (p +2) — fold contour integral). In
this integral we would like to replace every G* by the corresponding G. In doing so we obtain
factors of G*(1—/q|-,-,-), which, by the group property of G*, multiply to

G*(1-vqlj—i—1,m() —m(), a) — a(i)).

When multiplied by c(i)c(j)™ 1 this equals c(i,j)/(1 —,/q), where c(i,j) is the conjugation factor
(2.12).

We may plug the product above into the definition of L(i,j|©) from (3.11). There we have a sum
over X € ZP~! and a product involving 0. Let us write the product of 0ys as follows, recalling
X1(x) = Lx<gy and x2(x) = 1 >0) from (2.7). Note plx<0) = 9271y (x) 4+ 6272 x5 (x). Therefore,

1 —1y 2 ex—1

{xp <0} Hisny} kT Hisny )

I | Gk"“ - E | | S Xsl(xl)"'Xspfl(X'pfl)
k=1 fef12)p1 k=1

= ) 0%(i)xe(®),

ge{1,2)p-1
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where xz(X) = HE;% Xey (x1c) and 0% (i) is notation from (2.5). From this expression we find that

. (DPYe(i,j) vz
(4.4) L(i,jl8) = E ——0°(1) L*(1,)),
ge(1,2)p-1 1=vq

where L€(i,j) is the sum over x € ZP~! of xz(x) times the aforementioned (p + 2)-fold contour
integral.

Lemma 4.2. Given € = (e1,...,&p_1) € {1,2)P}, LE(i,j) has the following contour integral form.
Consider radii 1) < 11 < 1— q, as well as radii Ry, ..., Ry, such that every Ry > 1+ 711 and they satisfy
the following pairwise ordering.

(4.5) Ry < Rk+1 lf e =2 while Ry > Rk+1 Zf ex = 1.

There is such a choice of radii, and given these,

I_g(i/j) = (—1)51+"'+£P’1 4; dd¢y % dép % dzq -- % de
Y Y YRy (1) Yrp (1)

ITE; Gz Akln,m, ) TTDTH (2 —zit) (291)

G(Gili,m(i), a() G(&2Inp —j+1,mp —m(j), ap —alj)) (21— C1) (zp — C2) |

™

Proof. From the discussion preceeding the lemma we see that

Lf(4,5) = > ﬂT dg ﬂ;y

(X1yeexp_1)EZP L

da§ dmeed dzpxalalexe (o)
YRy (1) Yrp (1)

]

[1021 Glzi | Akn, Aym, Aga + Arx — 1) Glzp | Apn, Apm, Aga —x, 1 — 1)
G(Glim(i),a(i)—1) G(&Inp —j+1, mp —m(j), ap —al(j)) (z1— 1) (zp — )

From the group property, G(z|n,m,a+x—1) = G(zIn, m,a)(1— z)* 1, Using this, we factor out
every (1— z1) A1 (1 — z][,)”‘P*l*1 and (1 — ¢;) L. Their contribution is

‘i—f( 1z, ) 1-4
AT Pz
Now suppose z € vy, (1), w € vp,(1) and ¢ € {1,2}. Then,

1—z\" c1l—w
St (122) ==Y,

XEZ

so long as p; < py in the case ¢ = 2 or p; > py in the case ¢ = 1. The radii Ry, ..., R, have been
chosen precisely to satisfy these constraints imposed by €. That it is possible to do so may be seen
by induction on p as follows.

The base case of p = 2 is trivial. Now suppose there is an arrangement of radii Ry,...,Rp
that satisfy the constraints given by e¢1,...,¢,_1, and we introduce an ¢}, € {1,2}. Find previous
radii Rq and Ry, such that Rq < Rp < Ry (one of these may be vacuous). Now choose any radius
Rp 11 > 1471 such thatif ¢, = 1then Rq < Rp 41 < Ry, while if ¢, = 2 then have R, < Rp11 < Ryp.
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This proves the claim. An explicit choice of such radii is the following:

k— 1 .
o 1 1 )EJ
(4.6) RlsatlsﬁesRl-(l—E—m = ——)>1+1; Re=Ry- 1+Z1 ).
)

Finally, using the summation identity above to carry out the sum over every xy, and simplifying
the resulting integrand, we get the representation of L¥(i,j) stated in the lemma. n

We conclude the section with a presentation of L(i,j|0) that will be used to get a Fredholm
determinant form in the next section and also for its asymptotics. Consider the contour integral
form of L¥(i,j) in Lemma 4.2. Deform each contour YR, (1) to a union of a contour around 0, say
Yoy (0), and a contour around 1, say Yol (1). The first of these should enclose v+, and v+, and lie
within the circle of radius 1 —,/q. That is,

Ty < T < px <1—+/q forevery k.

The second should enclose non-zero poles in variable zi, and lie outside the circle of radius 1 —,/q.
That is,
1—y/q<1—p; <1—q forevery k.

See Figure 1 for an illustration.

AN

i\
)R

F1GURE 1. The deformation of yg(1) into two contours v, (0) and v,/ (1).

The radii of the contours should be arranged so that the ordering imposed by & remains, that
is, if e = 2 then pyx < py41 and py, < p{(H, etc. In order to simplify notation, we denote vy, (0)
as g, (0) and Yo (1) as yg, (1). In this notation we write the contour integral for LZ(i,j) as a sum
of 2P contour integrals, where for each integral we make a choice of contours z; € vg,(81),22 €
YR, (82), .-, 2p € YR, (8p), and & = (51,...,8p) € {0, 1}P. Thus,

— C i/. . e .
(4.7) Lijle)= > >  (-pp tratotea 1£\%95(1)L§(1,]).
se{o,1}p ge{1,2}p1
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The entry Lg(i, j) looks the same as the integral in Lemma 4.2 except yg, (1) is replaced by yg, (5x)

in our simplified notation.

4.2. Fredholm determinant form. Looking at (4.7), the identity matrix in the Fredholm determi-
nantal form for L will come from the contribution at § = 0. So we define some matrices by which
the Lgs will be expressed. Recall notations from §2.1.

Definition 4.1. Let [ = 0. For 1 < k < p, define a matrix Ly as follows. For 1 < i,j < N (recall
N =mnp),

]—kh/]) =

1 G(¢1 Ing —i,m —m(i), ax — a(i))
d d .
1—¢a3E G flg 2 GG =i+ 1, me—m(), ax —a(3)) (&1 — &)

Y1 Yty
The radii should satisfy 1, < 11 <1—,/q.
Definition 4.2. Suppose 0 < k; < kp < pand € € 12 Lettho <ty <1— v/q. Consider radii
Ry, 4+1,..., Rk, such that g < Ry < ,/q for every k, and they are ordered in the following way:
Ry < Ry41 if e, =2 while Ry > Ry 41 if g =1.

Note this depends only on &y, 41,...,€x,—1. (It is possible to arrange the radii according to € as

shown in Lemma 4.2.) Set Yz = YRy 11 (1) x -+- x YRy, (1). Define a matrix L‘E'k],kﬂ as follows.
= . . 1
Lfkl,kz}(l,l) = 1{i>nk1,5<nk2} 1= NG jg dgy ﬁ; dép jg dzy, 41 dzy, 42 - - - dzy,
Yt Y, ‘?Rg

T, —
1 (1—gp \ M=) _ _
[Tk, <<k, Gz [ Ak(n, m, @) TTi, <k, (26— 211) 7! (ﬁ) N g — Q) e, — )

G(¢1 [i—ny,, m(i) — my,, a(i) — ax, ) G(G [, —j + 1, my, — m(j), ax, — a(j))

k—1 —k
- . . — /—p/R
Lemma 4.3. Suppose & is identically zero. Then Lg =0unless€=1(2,...,2,1,...,1) for some k. In other
words, it is the zero matrix unless there is a k € [1,p] such that the radii of contours yg,(0),. /YR, (0)
satisfy Ry <Rp < -+ < RkandRp < --- < Ryy1 < Ry

Proof. The contour integral for Lé: has every contour arranged around the origin. The poles of the
integrand in z-variables come from the term (z; — {;)(zp — C2) [ [ (2 — zk+1) in the denominator.
Given €, suppose there is an index ¢ with 1 < £ < p such that Ry < Rg_j and Ry < Ry4q. Then
we may contract the zg-contour without passing any poles in that variable. Hence, Lg (i,j) = 0.
It follows that Lz can only be non-zero if there is no such {, which is the condition on ¢ in the
lemma. |

Lemma 4.4. Suppose § is not identically zero. Then Lg = 0 unless § = (0,...,0,1,...,1,0,...,0),
ie., § consists of a run of Os (possibly empty), followed by a run of 1s (non-empty), and ending with
a run of Os (again, possibly empty). Moreover, suppose § equals 1 for indices on the interval (ki,k;]
with 0 < k1 < ko < p. Then for Lg to be non-zero it must be that 1 = --- = &, 1 = 2 and
€ky41 = - €p_1 =1,1e, Ry <--- <Ry, and Ry, 1 > -+ > Ry (some of these may be vacuous).
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Proof. Given § = (81,...,0p) suppose there are indices k; < kp such that &, =1, &, 41 = 0
and 0y, = 1. Consider the integral of L%(i,j) involving the zy, 4 1-contour, which is around 0. As
the zj, -contour is around 1, we may contract the z, 1-contour to 0 unless the zy, >-contour lies
below it (around 0). But then we may contour that one unless the zj, ; 3-contour lies below it, and
so on, until we get to the zy, i-contour. In that case, we can always contact the zy, 1-contour
because the z;,-contour is around 1. So Lg(i,j) = 0 for such &, which implies the condition on §
in the lemma.
ko—Kkq

Now suppose § = ©,...,0,1,...,1,0,...,0). Consider the contours in the integral for Lg(i,j)
in variables zy,...,zy,. They lie around 0 and we may contract the zy,-contour unless the zy, ;-
contour lies below it, and so forth, which shows Lg(i,j) =0 unless Ry < Ry < -+ < Ry,. Similarly,
it will be zero unless Rp < --- < Ry, 1. This proves the condition stipulated on e. n

k—1 —k
— L k
Lemma 4.5. For 1 <k <p,set e =1(2,...,2,1,...,1). Then, Ls = (—1)* 11— ) (Lx — Lx_1).

Proof. Look at the contour integral presentation of Lg (i,j) from Lemma 4.2. Since 5§ = 0, all
contours are around the origin. We will contract the z-contours yg,, ..., YR, in the order specified
by ¥, and use the group property of G to simplify the integrand. We have R; < --- < Ry and
Rp < -+ < Ryy1 < Rg.

First we contract the z,-contour and pick up residue at z, = (. This eliminates the variable z,
from the integral. We continue by contracting the z,, _1-contour, again with residue at z, 1 = (o,
and so on until variable zy ;1 is eliminated. Next, we contract the z;-contour and gain a residue
at z; = (3. We keep doing so until we have contracted all contours except for the variables (;, (p
and zi.. We will also obtain a factor of (—1)*~2 while eliminating variables zp,...,zx_1 due to the
factor ({3 —zp) - - - (zk—1 — z) in the integrand. Factoring out another —1 shows that

L 60 =15 § da § de § da
Yy Y, YRy

ﬂ)l{k:n

G (zic| Ak, Akm, Axa) G(Gr k-1 — 1, M1 —m(i), ak—1 — a(i)) (=3

G(G Ik —j+1,me —m(j), ax — a(j)) (zx — &1) (zx — C2)
Finally, we eliminate the zy-contour and gain a residue at zj, = (; followed by one at zy = (,
(recall T1 > 17). This gives the difference (1 —,/q) (Lk(i,j) — Lk 1 (i,j)). |

We remark that the identity matrix in the Fredholm determinantal representation for L(i,j| )
will appear from the sum ) e (i)Lgk (i,j) by way of Lemma 4.5.

Lemma 4.6. Consider 0 < k1 < kp < p and

£=1(2-.,2 Emax(ky 1} - Emaxikyp_1}s Lo, 1) € {1,2P 7L,
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Suppose 5 equals 1 on indices over the interval (kq,ky] and O elsewhere. Then, Lg = (-Dk(1—

NG )Lfkllkz]. Furthermore, pr_l,p] equals Ly, where

Tion, ) G(zp Inp —1,Apm, Apa)
1ﬁ3gdcz+ G —j+1,mp—m(),ap —a(h)) (zp — &)’
Yip (1) (G2Imp —j+1,mp —m(j), ap —alj)) (zp — &)

Y,

Lp(l/]) -

Proof. By Lemma 4.4, Lg = 0 unless € is as given in the statement of this lemma. Consider again
the contour integral presentation of Lg(i,j) from Lemma 4.2. The contours around 0 are those in
variables z1,...,zy, and zy,11,...,2zp. We also have Ry < --- <Ry, and Rp < --- < Ry, ;1.

As in the proof of the previous lemma, we contract the contours around 0, gaining residues,
and present Lg(i,j) as an integral involving variables (;, (o, zi, 41, - - -, Zk,. The calculation of this

is straightforward and we omit the details. The reason a factor (%)1“‘1:0) appears is that when
k1 = 0 the z{-contour is not contracted, so no residue is obtained at z; = (;.

The final result is a presentation of Lg(i, j) that appears like (1—,/q )L(gk1 K] (1,j) from Definition
4.2 except the indicator 1{i>nk1,i<nk2} is absent. To see why we may assume i > ny, observe the

variable (; appears in the integrand of L(gkl,kz} (1,j) as

G(G Iy, —1,my, —m(i), a, —a(i))

Zk+1— G
When ny, —1i > 0, there is no pole in the (; variable inside y~, and the contour may be contracted
to 0. Similarly, if j > ny,, there is no pole in (; inside y«,.

To simplify L?p—l, p) Dote that it does not depend on € as there is a single contour around 1 (the
zp-contour). Since i > n,,_1, its integrand decays at least to the order C1_2 in the ¢; variable (the
dependence is displayed above). Further, m(i) = m,_; and a(i) = ap_1. So there are no poles
at (4 = 1—q and 1, and the (;-contour can be contracted to co. In doing so we gain a residue
at zy = zp whose value is G(zp [n, 1 —1,0,0). Then simplifying the integrand using the group

property gives the desired expression for L(gpil,p}. |

The following simplifies Ly ; when k; <.
Lemma 4.7. If0 < k; <ky <pand € € {1,2}P~! then

Lfklsz] (1’J) = 1{] gnkz—l} L?kl,kz} (llJ) + 1{i>nk1,je (‘nszl,nkz]} ](Ekl,kz] (1/])/

where
1

T

% dg % dzy, +1 - - dzy,
YTl T/Ré‘

]fkllkZ] (L,3)

T, =
Hk1<k<k2 G(Zk | Ak (n, m, Cl))G(ZkZ [j—1— T, —1, Akz(m, (1)) (%:2) {kq=0}

G (G li—mue, mA) —mue,, ali) = ax,) [Ti, <, (26 — Z41) (21 11 — C1)

The contours in J(ky k) 7€ arranged like those in Ll ko)
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Proof. Consider L(Ekllkz}(i,j) when j € (ny,_1,ny,l. Since ko < p, we have m(j) = my, and a(j) =
ay,. Therefore, the integrand depends on (, according to the term G (Cz Iny, —j+1,0, O) (z, — (o)
in the denominator. Since ny, —j > 0, we may contract the (y-contour to infinity with residue at
(o = zy, to find that

1 1
dg - = . .
ﬁ; 2G(C2|nk2_)+1!O/O)(Zk2_cz) G(Zk2|nk2_J+1IOIO)
Y1,

So we evaluate the integral in (; and simplify the integrand using the group property of G, which
results in I‘Ejkl Kol |

We may now write L(i,j|0) from (4.7) in the following way by using Definitions 4.1 and 4.2, as
well as Lemmas 4.3, 4.4, 4.5 and 4.6. Observe that for € = €* as in Lemma 4.5, (—1)1"*1+Zi eftk—1 _

1. Also, for 0 < k1 < kp < p and € as in Lemma 4.6,
(—1)P—HXiectkn = (_pyktmin{ko =1} 1)fkk)  where (—1)°%1%2! is around (2.6).

Putting all this together with (4.7) we find that
48) L(ijle)= Zc 1) 05" (1) (L — Li—1) (i,§) +

Z Z (_1)5[kl,k2]+k1+min{k2/}9*l} C(l/]) eg(l) L%klrkz} (_L,J) )

0k <ko<p ge{1,2)p1
8112 if i<max{k1,1}
ei=1if i>min{ky,p—1}

It will be convenient to write the matrices associated to L(i,j|0) from (4.8) in the p x p block
form, which motivates the following definition.

Definition 4.3. A(6) and B(0) are N x N matrices with a p x p block form as follows. Recall
Definitions 4.1 and 4.2, and notation introduced in §2.1. In particular, from (2.4), that the (r,s)-
block of a matrix M is denoted M(r,1;s,j), and that r* = min{r,p — 1}.

(1) Define matrix B(0), © = (61,...,0,_1), by
1 ﬂg dw 1
-9 G(wli—j+1,AS,T*(m,a))’

Yt

B(1,i55,718) = (14O(r[s)) - ¢(r,ij5,)  Ljscre) 7

where the circular contour y. around 0 had radius T < 1—,/q and ©(r|s) is given by (2.6).

(2) Define matrix A(0) = A1(0) + A,(0) as follows.

P
Aq(r,i;s,j10) = Z (r|k) - Likxl0l(r,i;s,j), where
k=0

Llkk10] (r,1;s,3) = c(r,15,5) s crary - Lic(1, 18, 5).
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Let 0 < ki, ko <pand & € {1,2}P~ 1. Set
Aq(r,i;5,710) = Y (1) tare TR g (r | 7) x

k1<ksp, £
g1 =2 if k<max{kq,1}
e =1 if k>min{k,,p—1}
[Lg[kl,kz | Oerkal] + LE Dy | (kykal] + iy —p— 1, kgp LLp | p]] (r,i;8,3),
where recalling L, and I(gkl,kz] from Lemmas 4.6 and 4.7, respectively, we define

LE [k ko | (e kal] (1,58,3) = €(1,558,3) Liey <1, 5% <k Ky <k} * L?kl,kz] (r,4s,3)-
I—E[kl | (klrkzﬂ (T/ i; Srj) = C(T/ i; S/j) 1{k1<r*, S:k2<‘p,k1<k2} : ]fk],kz] (T', i; Srj)-

Lipipl(r,is,j) = c(r,i8,)) Lipepy - Lp (7, 58, ).

Some comments on these matrices. In terms of the p x p block structure, B(0) is lower triangular
with zeroes on the diagonal blocks. Its last two column blocks are zero as well. The matrix A;(6)
is also strictly block-lower-triangular with the last three column blocks being zero. The matrix
L&k, ks | (k1,kz1] has non-zero blocks strictly above row kq (r > kq) and at or below column k;. The
matrix LE[k, | (k,k,]] has non-zero blocks only on column k, < p and above row k;. The matrix
Llp Ip] has non-zero block only on row p.

Theorem 2. Let G be the growth function defined by (1.1). Let A(0) and B(0) be from Definition 4.3, and
suppose p = 2. Formy <mp < --- <mpand ng <ny < --- < np, we have

Pr(G(my,ny) < a1, G(my,np) < ap,...,G(mp,np) < apl =

1
jg doy---dbp 1 ———— det(1+A(e) +B(9)).
. [T (0w —
v
Here, v£— 1= =Yy X -+ XYy (p—1times) and v+ is a counter-clockwise, circular contour around the origin

of radius v > 1.

In order to prove the theorem we need the following.

Lemma 4.8. Set, for 0 <t <1—,/q,

1 !
B(i,j) = 1-vq j; dw G(wli—j+1, m({i)—m(), ai) —a(j))’

Then,

(L —Lk—1)(1,3) = Y1) € (nk—1,ud }-Hi=]j} +
i€ (ne—1,nkl, J < Mmink—1,p—2)}-B(LJ) +

Hi>ng, j<ny, k<p—21-Le(4,j) — Hi>npq, j<ng—g, k<p—1}-Li1(4,5).

Proof. Recall from Definition 4.1:

ﬁ;dCz G(C1 I — 1, m —m(i), ax — a(i))
GGk —j+1,m—m(), ax —a(j)) (G — &)
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o If j > ny then there is no pole at {; = 0 in the above and we can contract the (p-contour to
0. So Lk(i,j) = 0, which means Ly (i,j) = 1jj<n, L (15).

e If i > ni and m(i) = my (so a(i) = ayx as well), then Ly (i,j) = 0 because the (;-contour
may be contracted to co. The condition i > ny and m(i) = my is the same as i > ny and
k > p—1. Indeed, if i > ny and k > p —1 then m(i) = my = m,_1 (i > ny, is vacuous).

Therefore, I_k (‘L,]) = l{iénk,jgnk}l—k ('L,]) + 1{i>nk,j<nk,k<p—2}Lk (l,))

e When i < ng we can contract the ¢;-contour to 0, picking up a residue at (; = (p, which
equals B(i,j). Also, B(i,j) = 0 if j > i because there is no pole at w = 0 in that case.
Consequently,

Le(b3) = Licny, j<n, i<t BUI) + Loy j<ni, kcp—21 Li (1)

o If m(i) = m(j) then

B(Lj) = (1— @) § a1 =1,

Yt

Putting all this together we infer that

Le(Lj)=Hi<n, j<n
Hi<ny, j<ng, j<i, m(i)#m(G)}BG,j) +
<ny, k<p—2}-Le(i,j)

Taking the difference of Ly (i,j) from Ly_1(i,j) by using the expression above gives the expression
in the lemma, except that the indicator in front of B(i,j) reads i € (nyx_1, ], j < ng—1 and m(i) #
m(j). However, when j < ny_1, the condition m(i) # m(j) is precisely j < Npin(k—1,p—2}- |

Proof of Theorem 2. We have the basic integral expression for the multi-point probability from
Lemma 3.3. The matrix L(i,j| 0) is given by (4.8), which we will prove to equal I+ A(06) + B(0).

The matrix A;(0) is the one written in the second line of equation (4.8). We should explain
the conditions k; < min{r,p — 1} and min{s,p — 1} < ky in LE[ky, k| (k1,ko]]. Also, why is it that
ki < min{r,p—1}and s =k, < p in LE iy | (kK]

The condition k; < r appears because in the definition of L(gkl,kz] (i,j) we have i < ny,, while
we know i € (n,_1,n,]. The condition k; < p — 1 appears because L(Ekl,kz] iszeroif k1 > p—1
by Lemma 4.6. The condition on s arises from the decomposition of Lfy , ;in Lemma 4.7. Since
j € (ns—1,ms], we have s < kp, which we decompose into two conditions: (a) Lis<ioko=p) T

L5k ko<p} = Limin{s,p—1}<k,) and (b) 1{s:szp}. In case (b) the matrix L?kl,kz] becomes Ifkpkz]
by Lemma 4.7, and this results in the matrix L€ [k; | (k1 k,]].
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We have to show that the matrix associated to the first line in (4.8) equals I+ A1(0) +B(0). If
we write the statement of Lemma 4.8 in block notation, it reads
4.9) (L —Lx—1)(mUs,3) = Lr—x—s) - Limjy + Lr—k, s41 <min{r,p—1}} " B(r, 1s,3) +
Lok, s<iok<p—2) Lk (M68,3) — Lok 1, s<k—1, k<p—1) " Lk—1(7, 1, j).

We need to consider the weighted sum ) e (1) -c(r,i;s,7) x (4.9).

Observe that if i € (n,_1, k] then

k. —Tig —Tig 1 Lisn, 4y
05" (1) = 0(k|e*) =0, M. [Tl g T <,

Therefore, summing Gsk(i)l{rzkzs}l{i:j} over k and multiplying by c(,1;s,j) gives the matrix
1{i:j}c(r, i;s,j), which is the identity since c(,1;s,j) is a conjugation factor.

Consider the third term on the rh.s. of (4.9) containing the difference between Ly and Lj_.
This term is zero unless s < 1, and k satisfies s < k < r. When s < k < 1, it equals 1{k<p_1}(Lk —
Lx_1)(r,1;s,j). Also, the condition s < k < r is vacuous unless s < r—1. When k = s, the
term becomes Lsep—1yLs (v,i;s5,5). When k = 7, it equals 1{r<p}l_r,1(r, 1;5,j). We will see in the
following paragraph that Ls(r,1;s,j) = B(r,1;s,j). Thus, we find appearances of B(r,1;s,j) in the
third term from Ly when k = s, and from Ly_; when k = s + 1. Accounting for these B(r,1;s,]j),
we find the weighted sum

Z 0" (1) (third term of (4.9)) = (I) + (II), where
k

(I) = 1{s<r,s<‘p71} (9(T‘| e*) — (1{s+1<‘r,s+1<‘p71} + 1{S+1:‘r,‘r<p})e(r| ES_H))B(TI is,j),

W=tenn( Y 0 (Le—Lea)nisi) +
kis+l<k<r k<p—1

1{s<p72} G(r ‘ £s+1)LS+1(r, 5 S/j) - 1{T<‘p} LT—l(rr 5 S,j)) .

We have used that 06 (1) = 0(r | ).

Consider term (I). If s < rand s < p —1 then

1{s+1<r, s+1l<p—1} + 1{S+1:T,T<p} =1- 1{r:p, s=p—2}s
which gives the coefficient ©(r|s) in term (I) if we recall its definition from (2.6). If we take this
contribution of 1{s<r,5<p_1}®(r |s)B(r,1;s,j), and combine it with

k. . . . .
Z 0° (1) ook, s<r, s<p71}B(Tr is,j) = 1ts <min{r,p—1}} B(r,is,j)
k

coming from the k-summation of the second term of (4.9), then, after conjugation by c(r,1;s,j), we
get the matrix B(0) from Definition 4.3.

Now consider term (II). If we express it as a sum involving the Ly (r,1i;s,j) then the coefficient
of Lx(r,1s,j) i8 1 cxeminfr,p—1}) - (0(T] ek)—o(r|ekt1)). Recalling ©(r| k), we see that 0(r| ek)—
B(r|e*1) = @(r|k) because s < p —2, due to s < k < min{r,p — 1}. Hence, the contribution of Ly
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appears as O(r|k) Lx(r,1;s,j). The sum over k followed by multiplication by c(r,1;s,j) equals the
matrix A1(0).

Finally, we show that Ls(i,j) = B(i,j) for j € (ng_1,ns] and s < p—2 as is the case above.

B(1,j)
j) = as, which means that

Indeed, we have m(j) = mg and a(
G (Cl Ins —i,ms —m(i), as — a(i))

L) = § 4o § do

Yty Y1,
We can contract the {y-contour to oo, since j < ng, but doing so leaves a residue at {; = ¢;. Its
value is B(i,j). [ |

4.3. Distribution function of the single point law. When p = 1 one can write a Fredholm deter-
minantal expression for Pr[G(m,n) < a] where the matrix is in terms of a double contour integral.
Such formulas are nowadays frequent as discrete approximations to Tracy-Widom laws, so this
section is meant to provide some intuition for our orthogonalization procedure.

From Lemma 3.1 we see that Pr[G(m,n) < a] = det (Vj*iflwm(a)) Consider the follow-

ing matrix B = [by;], which is a slight variant of B from (4.3).

nxn’

1
by = ¢ d .
Y % ¢ G*(Clk—j+1,ma—1)
Yt
The radius T < 1 — . The matrix is lower triangular with 1s on the diagonal, so det(B) = 1. We
have
N . .
Pr[G(m,n) < al =det (£;), &= Z(—l)kﬂvk_‘_lwm(a)bkj .
k=1

Using (4.2) and Lemma 4.1 we find that

G*(zln—1,m,a—1)

b = j£ a ﬂg et ma-1-0"
Yt YR

The radii T < 1— q and R > 1. By collecting residue of the z-integral at z = (, we infer that

G*(zln—1,m,a—1)

- j—i—1
Y 1;‘1“ + %dc 1; S Tn—j+L,ma-1)z=0

Yt Yt v+(1)
— 15, + M(Lj).

Now we arrange the radii tohave t<1—,/q<1—-1<1—q.

If we write i = |con!'/3u| and j = [con!/3V], then a direct asymptotical analysis of M(i, ) leads
to the Airy kernel (2.16) under KPZ scaling.

5. ASYMPTOTICS: FORMULATION IN THE KPZ-SCALING LIMIT

In order to prove Theorem 1 we will consider the limit of the determinantal expression from
Theorem 2 under KPZ scaling. We will do so in several steps. In §5.1 we define the Hilbert
space where all matrices are embedded in the pre and post limit. The proof of convergence of the
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determinant will be based on a steepest descent analysis of the matrix entries. In §5.2 we provide
contours of descent and behaviour of the entries around critical points. The proof of convergence
is in §5.3. There is a technical addendum in §5.4, where it is also proved that the limit from
Theorem 1 is a probability distribution.

p—1
/—/_\
5.1. Setting for asymptotics. Consider the space X = R.g®--- ®R.g ® R~ and a measure A
on it defined by [ dAf =3 P71 [© dxf(k,x) + [ dxf(p,x). Define the Hilbert space
X

(5.1) H=12(X,\) =[3(R_p,dx) @ --- @ L*(Rp, dx) & L*(R=g, dx).

p—1
Recall the partition {1 ...,N} = (0,nq]U---(np_1,np]. Embed indices from {1,..., N} into X by
mapping each index i into a unit length interval in the following manner.

(5.2) points (k,u) for i—1<mng+u<iifie (ng_,nlandk <p,

. points (p,u) for i—1<mn, +u<iifie (n,_g,npl
Observe that for k < p the block (ny_1,ny] is mapped to the interval (—Ayn, 0] and for k = p itis
mapped to (0, Apn].

An N x N matrix M embeds as a kernel M on by

(53) M(T’, u; S/V) = M(T‘, Mmin{r,p—1} + ﬁﬂ; S, Mmin{s,p—1} + [VU

Here we have used the block notation (2.4) and [u] is the integer part of u after rounding up. The
range of u and v lie in the aforementioned intervals determined by each block, but we may extend
it to all of R (and to R~ for the final blocks) by making M zero. Then, by design,

det (1+ M):H = det (I+ M)y N
where

det (I + M)}c =1+ Z % J dA(r,uq) -+ - dA (T, ui ) det (M(ri,ui; r]-,uj))

! kxk
k>1

Xk
This is because M is constant to M(i,j) on a square of the form i— 1,?) X H— 1,)7) determined

according to the correspondence (5.2), and zero elsewhere.

In order to perform asymptotics we should rescale variables of M according to KPZ scaling
(1.3). In this regard, recalling vt = coTV/3, we change variables (v, u) — (r, v -u) in the Fredholm
determinant of M above. So if we define a new matrix kernel

(5.4) F(r,w; s,v) = vt M(r, VToW s, VT ov),
then
det (I+ F)y; = det (1+ M)y,

We will use the following estimate about Fredholm determinants.
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Lemma 5.1. Let A and E be matrix kernels over a space 1%(X, w), which satisfy the following for some
positive constants Cq, Cp and n1 < 1. There are non-negative functions aj(x), az(x),e1(x), ea(x) on X
such that

IA(xY)l < ar(x)az(y) and [E(x,y)l <mep(x)ex(y).
Moreover, both a1 (x), e1(x) < Cq and both jX du(x) az(x), fx du(x) ex(x) < Cy. Then there is a constant
C3 = C3(Cq, Cy) such that

[det (14 A+ E)2(x, ) — det (1+ A2 x| <N Cs.

Proof. For xq,...,x € X, consider the determinant of [A(x;,%;) + E(x,%;)]. Using multi-linearity,
Hadamard'’s inequality, and the bounds on aj(x) and e;(x), we find that

|det (A(xi, %) + E(xi,%))) — det (A(xi,%))| < Z nls‘kk/zC]fHez(xj)Haz(xj).
ScClk], S#0 jeS jES
If we integrate the above over every x;, use the bound on the integrals of ax(x) and e>(x), and
then collect contributions of 1, we see that

Jxk du(x1) - dplxi) |det (A(xi, x;) + Elxq, %)) — det (Alxi, %)) < K*2(C1C)* (1 +m)* —1).

Since 0 <1 < 1 we have that (1+n)% —1 < n2k. Consequently,
kk/Z K
[det (1+ A+ E)p2x) —det [+ A)zx | <1 Y S -(2C1C)* =nCs. M
k>1

We will use the following nomenclature for matrix kernels in the proof of convergence.

Definition 5.1. Let M, My, ..., be a sequence of matrices where My is an N x N matrix under-
stood in terms of the p x p block structure above. Let My be the embedding of My into H as in
(5.3), and Fy the rescaling according to (5.4).

o The matrices are good if there are non-negative, bounded and integrable functions g;(x),
..., gp(x) on R such that following holds. For every N,

[Fn (s, s, v) < gr(u)gs(v) forevery 1<r,s<p and u,velkR
o The matrices are convergent if there is a matrix kernel F on H such that the following holds
uniformly in u, v restricted to compact subsets of R.
lim Fn(r,w;s,v) =F(r,u; s,v) forevery 1<r,s<p.
N—o0
e The matrices are small if there is a sequence nn — 0 and functions gy, ..., gp as for good
matrices such the the following holds.
[Fn(w, s, v) <My gr(u)gs(v) forevery 1< 1,s <p and u,veR.
Remark in the above definition that u and v will be negative or positive depending on the blocks,

and we can think of Fyn being zero outside the stipulated domain. It will be convenient to hide
dependence of parameter N when discussing matrices and call a matrix good/convergent/small
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with N understood implicitly. The following are straightforward consequences of the definitions,
dominated convergence theorem and Lemma 5.1.
(1) If My, My, ... are good and convergent matrices with limit F on H then
det (I+Fn)g — det (I+F)g < o0.
F satisfies the same goodness bound as its approximants.
(2) If My, My, ... are good and S, Sy, ... are small then
det (I+Fpmy +Fsy) g —det (I+Fary ) g = 0,
where Fpq,, is the rescaling of My according to (5.4) and similarly for Fg,,.
5.2. Preparation. In order to apply the method of steepest descent to the determinant from Theo-
rem 2, we have to identify the limit of matrix kernels and also establish some decay estimates for

them at infinity, so that the series expansion of the Fredholm determinant converges. To do this
we need three things regarding the function G(w|n, m, a).

First, we need to understand the asymptotic behaviour of G(w|n, m, a) locally around its critical
point under KPZ scaling of n, m, a. This is the content of Lemma 5.2. Second, we have to find
descent contours for vy and ygr(1) that appear in the description of A(8) and B(6). These are
provided by Definition 5.2. Third, we have to establish decay of G along these contours, which is
the subject of Lemma 5.3.

Recall G(w|n, m, a) from (2.9) with the indices scaled as

(5.5) n =K —cyxK?3 4 cgvK!/3,
m=K+ clxK2/3,
a = oK+ c3&KY/3,

The constants c; are given by (2.1). When n = m and a = cyn the function

log G(w|n, m,a) =nlogw + (m+ a)log(l —w) —mlog(l — %) —log(G*(1—+/qIn, m,a))
has a double critical point at
(5.6) we =1—4/9.
Lemma 5.2. Assume that we have the scaling (5.5) and that |x/,|&|, V| < L for a fixed L. Then uniformly
in x,&,vand w € C restricted to compact subsets,
(5.7) Klgnoo G (Wc + Cél% ‘ n,m, a) =9wll,x,E—v) =exp {;WS +xw? — (E,—v)w} ,
where
q'P1—y/q)  we

(58) C4 - W - CO .

The lemma is proved in Lemma 5.3 of [22] by considering the Taylor expansion of log G with
the scaling (1.3).
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The circular contours y around 0 and 1 will be chosen according to the following two contours
with appropriate values for the parameters.

Definition 5.2. Let K > 0 and 0 < d < K¥/3. For |o| < 7K!/3, set

d 173
(5.9) Wwo(0) =wp(o;d) =we(1— m)e“ﬂ(
and
d | eV
(5.10) wl(cr):wl(cr;d)zl—\/a(l—m)e‘ﬂ( v

Thus, wy is a circle around the origin of radius w¢ (1 — #) and wy is a circle around 1 of radius

VAl —i5).

Recall the notation (v)+ = max{v,0} and (v)_ = max{—v, 0}.

Lemma 5.3. Assume |x|,|E| < L for some fixed L > 0. Consider the scaling (5.5) where v is such that
n > 0. There are positive constants Co, C1, Cp, C3, Cy, Cs that depend on q and L such that the following
holds. Let 0 < & < Cq. There are positive constants wy and yp that depend on q,L,d with the following
property. If K > Cs, there is a choice of d = d(v) such that

_ /
(511) [Glwo(o;d(v) [m,m, )| " < Cae™ Cat b alv)
and
3/2
(512) |Glwa(0;d(v)) [n,m, a)] < Cge Coo V=Tl

for every |o] < niK1/3, Ifv > 0 then d(v) may be any point in the interval [Cy, CoK1/3] (C; < Cp < 1). If
v < 0 then d(v) may be any point in the interval [Cq + & - (Y2, c,K1/3,

The lemma is proved in combination of Lemmas 5.6 and 5.7 in [22]. It is based on a direct critical
point analysis of the real parts of log G(wq(o, d)) and log G(w1 (o, d)) with the scaling (1.3).

Now we mention the choice of conjugation constant pu from (2.12). During asymptotic analysis
we have to set n and the parameter 6 from Lemma 5.3 such that they satisfy the following bounds
(in addition to 0 < & < Cyp).

(5.13) 5 < Cacy/*ty /2 ~mkin{(Akt)1/2} and 1> -m@x{(Akt)*l/S}.

So long as ty, [xk|, |&x| < L, these constraints depend only on ¢, L and miny {Ayt}.

The goodness and smallness of matrices will be certified as follows. Write

(5.14) W(x) = —p - (Y2 + g (%) 4
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where 1 and p; are according to Lemma 5.3 and 6 is set to satisfy (5.13). (The parameters ty, Xy
and &y from (1.3) are now fixed.) Suppose A > miny {(Axt)/3} > 0 and p is as in (5.13). Then,

4(na)’
(5.15) (1) e WtV (x/A) <o v for x € R. So it is bounded.
& 0 3/2 o0 o
_ _ . 3/24 11 (x)_ B2 (%),
(2) J dx e Hx T (x/A) J e M1 (x/A) 7 4 e (%) +J' dx e! W)+ < o,
e oo 0

(3) e MX TV (X/A) 50 as x — foo.

0
(4) J dx et X/A) oo
—0

5.3. Convergence of the determinant. In order to prove Theorem 1 by using Theorem 2, it suffices
to show there is uniform convergence of det (I+ A(6) + B(0)) to det (I—F(0))4 in terms of © over
the integration contour yffl. Parameter O enters the matrices in terms of 0(r|€) and ©(r|k) from
(2.5) and (2.6). These quantities will play no role in the asymptotical analysis as all estimates will
involve the basic matrices L[- - -]. So all error terms will be uniform in 6, and we may suppress 0
from notation as convenient.

The matrix A is good and convergent but B is not. (Under KPZ scaling, entries of B converge
to entries of the form Ai(v —u), which does not have finite Fredholm determinant). On the
other hand, BP~! = 0 because B is strictly block-lower-triangular with last two column blocks
being zero. So (I+ B! =1—-B+B%+---+(—1)P72BP~2. We may then consider instead the
determinant of [ + A — AB + - -- 4+ (—1)P"2ABP 2. These matrices turn out to be small from AB?
onward, and the first 2 are good and convergent. These considerations motivate the following.

Since det (I—B) =1,
det(I+ A +B) = det (I+ A + B) det (I — B) = det (1_B2+A—AB).

We will see in Lemma 5.4 that B2 = By — B,, where Bj is good and convergent. Proposition 5.1
will prove that A is good and convergent. We will also find, from Proposition 5.2, that AB =
(AB)g + (AB)s with (AB)g4 being good and convergent while (AB)s is small. Thus, under KPZ
scaling, as T — oo,

det (I+A +B) ~ det(I+ By + (A —(AB)g —B1)).

Proposition 5.3 will prove that P = A — (AB)4 — By is such that PB; is small. So
det(I+ B, +P)~det(I+By+P+PBy) =det(I+P)det(I+B,).

The matrix By is strictly block-lower-triangular due to B being such. So det(I+ B;) = 1. This
means that
det(I+A +B) ~det(I+P),

and the latter determinant converges under KPZ scaling. The limit of P is precisely the matrix
kernel F from (2.15). So we will have proved Theorem 1 after proving the upcoming lemmas and
propositions.
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Lemma 5.4. The matrix B2 = By — By, where By and B, are as follows. Recall we = 1—,/q, v* =
min{r, p — 1} and likewise for s*.

P
Bi(r,i;s,j) =) (14+0(r[k)- (1+O(k|s))-Lhk|0] (r,i;5,]).
k=0
P
By(r,is,j =) (1+O(r|k))- (1+0(kls))- (SL)kk0] (1,15, ]).
k=0

The matrix (8L) is given by

1
SO0k 0] (1, 55,5) = Tscrecrey €1, 5,) - - 3§ agy 3@ a,
¢ Y1 Y,
(G — )t
G(Gi—nk_1, Axre(m, @) G(G2 k1 —j+1, Agi(m, )’

The matrix By is good and convergent in the KPZ scaling limit with limiting kernel on 3 given by

P
FO@rws,v) =) (14+6(r|k))- (1+0(kl|s)) - Flkkiol (v, i;s,5).
k=0

(Recall Fs from Definition (2.1).)

Proposition 5.1. The matrix A is good and convergent due to the following. Suppose 0 < k; < ko < p.
(1) The matrix LE[ky,k, | (ky,ko1] is good and convergent with limit (—1)%27%1 F€ iy k, | (ky,k,)].
(2) The matrix LE[x; | (k1,k,]] is good and convergent with limit (—1)%2 %1 F&€ iy | (ky, ko).
(8) The matrix Lxx|0] is good and convergent with limit Flk,x|0].

(4) The matrix Llp|p] is good and convergent with limit —F[p |p].

Lemma 5.5. Suppose 0 < k1 < ky < p. We have

P
L ke | (k)] - B = Y (140(ks]s)) [Ls[kl,kz,ku(kl,kzﬂ—(SL)E[kl,kz,ksw(kl,kzﬂ]
k3=0

Lg[kl,k2,k3 | (kl,kz]] (T, 1, S,j) = 1{k1<1‘*, s<ksz<kp} C(T, l, S,j) X

1 1— ¢\ =0
e fi; dé f{; dép ﬂg dgs % dzy, 1 dzy, (1—21) X

Yt Y, Y3 ?Rg

Tk, <k G2k 1AM, M, @) T, creciy (26 — 2 1) ™ (2011 — 1) Mz, — Q) MG — G3)
G(C1[i—ny, Ak e (M, @) G (G2 | Axy ik, (1, m, @) G(Ga My —j 4+ 1, Ag iy (M, a))
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The contours are arranged such that T, < 11,73 < 1—,/q. Also, Yge = YRy, 11 (1) x - x YRy, (1), and

these are same as the equally denoted contours in LE[ky, ks | (ke ko] (seE Definition (4.2)).

(SI—)g[klrerkS ‘ (k]/kZ]] (T/ 1'/ S/j) == l{kl <T*,S<k3<k2} C(T/ 1'/ S,j) X

1 1— ¢\ =0
e § dgq jg dép jg dés jg dzy, 41+ dzy, (1_21) X

Yty Y, Y3 ng

TTi, <k<ior Gz [ Ak, m, @) [T, e, (26— 2141) ! (2001 — Q) Mz, — Q) G — G3) 7!

G(C1 i —ny, Ak e (M, a)) G(Co I My — Tigy—1, Akg ky (M, @) G(Ga I M1 —F + 1, Ag iy (M, @)

The difference here from LE[ky, ko, ks | (K1, k1] is that the number Ny, is replaced by ny,_1 in the second and

third G-functions of the denominator.

The matrix LE[ky ko, ks | (k1,k,)] is good and convergent. Its limit is (—1)%27%1 F& [k ky ks | (ke kol]. The

matrix (SL)E [k, ko ks | (1, ko] is small.

When ky = p there is an additional term in the representation above:

P
Lhpl(kapl] - B= > (14+0(ks|s))[LE0erpksl (kepll] — (14O (pls)) - LEDkt,pp—1] (ky p]]
k3=0

p—1
— > (8L ko ks (kl,kzﬂ].
k3=0
Lemma 5.6. Suppose 0 < k1 < ky < p. We have
I—E[kl [ (ki ko]l - B = (1 +0O(ks | S)) {Lg[kl,kz | (k1,ka]] — (SL)E[kLkZ\ (kllkﬂ]}, where
g L |
(SI—) [klsz | (kllkz]] (T/ L 5,]) = 1{k1<r*,s<k2} C(T, 1, S,]) wi dcl dCZ de1+l . dzkz

c
Y7 Y, Yre

1 (1= \ Yo =0y
[Tk, <k<k, G(zK [ Ak(n, m, @) G (2, 10, Ak, (M, @) [Tk, <<k, (2k — Zicr1) (%,2) !

G(C1 1=y, Aky (M, @) G(Go [ u,—1 =+ 1, Ag iy (M, @) (21,41 — C1) (21, — C2)

The contours are as in the lemma above. The matrix (SL)E k1%, | (k1,k,]] is small.

Lemma 5.7. Suppose 0 < kg < p. We have

P
Llky k(0] -B = Z (1+0O(kz1s)) {L[kl,kl,kz\m —(8L) [kl,kl,kzlfb]}, where
k=0

. R |
Llky kk210] (1,158, )) =1{k1<r*,5<k2<k1}C(m;s,J)Wf f{ﬁ dg fi; dé jg dés

C
Yt Y, Y3

(G1—C) H—G) ! .
G(G 11—y, Ak e (M, a) G(Go | A,k (M, m, @) G(G |, —j + 1, Ag x, (M, a))
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We arrange the radii T, < 11,73 <1—,/q.

dCzjg dds
Y

C T3

o oo 1
(SI—) [kllklrk2 0] (T/ > S,]) = 1{k1<1’*, s<kp<ki} C(T, Y S,]) o % dCl §
We Jyq, Y

el
(G — ) H—0) ! _
G(G1li—my,, Axy e (m, @) G(Go [, — Miy—1, Aky iy (M, @) G(G3 I Mu,—1 — + 1, Ag i, (M, a))

The difference from Llkykik,|0] is that the number ny, is replaced by ny,_1 in the second and third
G-functions of the denominator.

The matrix Lky,ky,k,10] is good and convergent with limit Flkyki,k, 10]. The matrix (SL)[ky ki ka2 10] is
small.

Lemma 5.8. For the matrix Llp | p] we have

P
Lipipl-B(r,is,§) = ) (1+0(k|s))Llpxipl (r,i;5,5) — (1+O(p|s))Lipp-11p] (r,i;s,])
k=0
P
— > (1+0(k|s))(SD)lpxipl (1,i;s,7).
k=0

The matrices Llp,k|p] and (SL)[p,x|p] are as follows.

. .o 1

LlpxIpl(r,i;s,3) zl{r:pls<k<p}c(r,1;s,J)w— fl; dé % dds 4; dz,
C
Y Y3 Yrp (1)

G(zp Inp —1,Ap(m, a)) (zp — &) (G2 — G3) !
G(GImp =i, Axp(m, a))G(GInk —j+1,Ag(m, a))’
. |
(SLIpk19] (1,15,3) = Lop, sty clnis ) oo § da § da § 2y

(&
Y1, Y3 YRp (1)

G(Zp |np -1 Ap(m/ a)) (Zp - CZ)_l(CZ - CB)_l
G(GInp —nk—1,Axp(m, a))G(GInk—1 —j+ 1, A (m, @)
The radii are arranged such that ) < 13 < 1—./q. (The difference between Llp k,|p] and (SL)[px, |p] is
that the number ny is changed to ny_1 in the second and third G-functions of the denominator.)

The matrix L[p,k|p] is good and convergent with limit —F[p,x|p]. The matrix (SL)[px|p] is small.

Proposition 5.2. The matrix AB = (AB)g + (AB)s, where (AB)q is good and convergent and (AB)s is
small. This is due to the following reasons, which also provides the limit of (AB)g. Recall from Definition
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(4.3) that A = Ay + Ay. Then (AB)g = (A1B)g + (A2B)g, given as follows.

(A1B)g(r,i;s,§) = Y O(rlki)- (1+0O(ky|s)) - Lkt ki ko 0] (T, 4;'5,).
0<ky, ko <p
(AB)g(ris,j)= > (~D)Rk ™t g g) x

0<ky, ko, k3<p, €
satisfies (2.14)

(1+O(ks | 8))LE [k ka ks | (et kall — Ly ks —p—1) (1 + O (P [ 8))LE ep,p—11 (y,pl] +
iy < p s —p} (14 Ok [ $))LE [k ke | (er kal] +
T —p—1,k=p} (1 + O3 [ s))LIp ks I Pl — L, —p—1,kp=p ks=p—1} (1 + O(p [s))LIp,p—1] p}} (c,i;s,3).

The summation variables ki range over 0,1,...,p. The matrix (AB)s looks the same as (AB)q except that
every L is replaced by SL.

Proof. We see in Definition 4.3 that A is a weighted sum - involving the 6ys - of the matrices
Lk 10], LE[ky,ka | (k1,kall, LE[ky | (k1,ko]] and Llp | p]. When we multiply A by B we replace every L[]
by L[.--]- B. Then if we substitute the representation of these matrices by using Lemmas 5.5, 5.6, 5.7
and 5.8, we get the representation (AB)4 + (AB)s as given by the statement of the proposition. M

Lemma 5.4 along with Propositions 5.1 and 5.2 imply that the matrix P = A — (AB)4 — By has
limit F from (2.15). Specifically, the limit of B is F(O). The limit of A; is F1) and that of A, is F(2).
The limit of (A1B)g is F®) and the one of (AB)g is F4). Let us also remark that when comparing
the matrix A with F, we see the factors (fl)s“‘lf"zﬁkﬁké have become (—1)¢t1%21 T 1o=p} | This is
because limits of the LE are of the form (—1)k2~¥1F€, and k3 + k2 = 2k —1jy,—p}- Likewise for
LlpIp] withk; =p—1and k, = p.

We then arrive at the conclusion of Theorem 1 once we have proved

Proposition 5.3. The matrix PB; is small, where P = A — (AB) g — By and B; is from Lemma 5.4.

The proof of this is in the next section. For the remainder of this section we will prove Propo-
sition 5.1 and the aforementioned lemmas. The proofs will be on a case by case basis, where
we consider each of the three types of matrices L[k k,10], L[k; k| (k1,k2]] and L[k | (k1,k,]], and then
prove the propositions claimed about them.

The following lemma will be used again and again to multiply matrices by B.

Lemma 5.9. Suppose 0 < N1 < Ny are integers and wy # wy belong to C\{0,1,1— q}. Then,

E 1 o We y
— m —n/ I Al -
Nifren, EWiin—t+1,m a)Gwz[E—n',m’a’)  wi—w;

1 1
[G(Wl In—Nj,m, a)Gwy [Ny —n/,m/,a’)  G(wy[n—Nj,m,a)Gwy|N; —n/,m/,a’)
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Proof. Due to the group property of G, the sum over { can be written as

1 Z m £—1 & {4
Gwi|m,m,a)G(wy | —n/,m’,a’) We wy )

N{<€<N,

The geometric sum evaluates to

2w /wa)N2 = (wr fwy) M| =

W1 —Wp

We 1 1
Wi — Wy |:G(Wl | =N2,0,0) G(w2[N2,0,0)  G(wq|—N1,0,0) G(W2|N1,0,0)} ‘
Then by the group property we obtain the expression on the r.h.s. of the identity . |

Proof of Lemma 5.4. We have that
B3 (r,i;s,i) =) >  B(rikOB(kUs,j)

Let us recall

o . . 1+0(r]s) 1
B(r,i;s,j) = Lis<pe(r, iis,j) jg d G(Cli—j+1,As(m,a))’
s Bs,r* 4

C
Yt

The conjugation factor satisfies c(r,1;k, €)c(k, {;s,j) = c(r,1;5,j). Therefore,

Ld 1
B2(1,555,J) =0, 55,1) Y- Lewre sty (1+©(1110) - (14 O(k1s)) 5 § dir § ds

k=0 Yty Y1,

1
Z G(Cl |i_e+11Ak,1‘* (m/ a)) G(C2|€_J + ]-IAS,k* (m/ Cl)) ‘

nk,1<€§nk

Observe that k* = k because k < r* < p. By Lemma 5.9, the sum over { gives the difference of the
integrand of L[kk|0](r,1;s,j) from that of (SL)[kx[0](r,i;s,j). Consequently, the expressions for
B; and B, follow and we have B2 = B; — B,. That By is good and convergent will follow due to
every L[k k|0] being such, which will be shown in the proof of Proposition 5.2 below. |

Throughout the remaining argument we will assume the following.
(1) The parameters ty, Xy, &k are bounded in absolute value by L and miny {Ayt} > 0.

(2) Cq4,L is a constant whose value may change from one appearance to the next, but depends
on q and L only.
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5.3.1. Proof of claims regarding L[k, ks | (k1 koll. The matrix LE[ky,k, | (k1,ko1] has the from

g L |
(5.16) L[k, ko | (ki kll(7, 158, ) :1{k1<r*,5*<k2}c(r,1;3,])W— jg dgy il’; dé;
(&
Y Y,

f(C1, &)
G(Cl |i_nk1/Ak1,T* (m/ a)) G(CZlnkz _J + 1/AS*,k2(m/ (1))

, where

— e\ Y =0}
liteney # d dzy,, Dra<iegia Gk Akl m ) (E2) ™
, — zZ .- Az .
VR P e T (@ — i) (241 — @) (2, — G)

41

Let us fix k1, k; and €. Let Ft be the KPZ re-scaling of our matrix according to (5.4). The indices

i and j on the (1, s)-block are re-scaled as

(5.17) i=np+[vru] and j=ne+[vyv].
It is convenient to ignore the rounding as it makes no difference in the asymptotic analysis. Con-
sequently,
. 2 u 1
(5.18) =1y = At T—c1(Aky re%) - (B 1+t T)3 + o (Ag,,tT)3,

(Akl,T‘* t)1/3

2
Ay rem = Ay o tT 4 e (A o X) - (Ag, +t T)3,

R

Ay ra = Ay ot T+ c3(Ay v+ E) - Ayt T)3.

Similarly,
v
(AS*,kzt) 1/3

@I
W=

(5.19) Ny, = = Agr 1, t T —c1(Agr 1, %) - (Asx 1, 1 T)3 + ¢ (Age 1, t T)3,

@I

Ay = Ags 1, t T+ (Age %) - (Agr i, t T)3,

W=

Ay @ = Agrj, t T+ €3(Agx 1, &) - (Agx 1, 1 T)3.

We note that Ay, -+t > 0and Ag+ y,t > 0 due to the conditions k; < v* and s* < ko.

Recalling Definition 5.2, choose the contours vy, and v+, as follows.
Y, = Wo(o'l, dl) with K= Akl,T*tT; Y, = WO(GZ/ dZ) with K:= AS*/thT'

The choices for d; and d; will be made later.

With the re-scaling (5.17) the conjugation factor satisfies

(5.20) c(r ijs,j) = etV (14 Cq T3

Proof that L[k, k, | (ki kyl] is good. From Lemma 5.3 we see there is a choice of d; = d(u) such

that we have the following uniformly in {; = ¢;(01) € wy(o1, dq).

_ 2 1/3
1G(Ca(01) [ = ey, A,y (m, @) < Cae~ Gt (w/ (A t)),
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Recall ¥(x) = —p - (x)i/z + Hy - (x)4. Also, there is a choice of dy = d(—v) such that the following
holds uniformly in ; = (p(02) € wy(o2, da).

. _ _ 2 _ . 1/3
1G(La(02) Iy —§ + 1, Age g, (m, @)1 < Cye™ a3 (=v/ (A 1010173)

We will see below that f from (5.16) satisfies the following uniformly in o; and o,.

(5.21) If(Ci(o1), C2(02))l < Cqr T2,

When we change variables (; — 07 and {; — 0, we have |d(¢/doy| < Cq,LTfl/3 for { =1,2. The
conjugation factor also satisfies (5.20). Therefore,

[Fr(r,ws,v)| < Cq vy T 23 et J doadoy [f(1(01), Ca(0)) e~ CaETF03)
R2

s eV (W (A )13)) W (—v/ (B i, 0)17)

< Cq Le—uu+‘¥((u/(Akl,T*t)m)) _euv—o—‘-l’(—v/(As*,kzt)lﬂ) .

Recall from (5.15) that e **+¥(x/A) js bounded and integrable over R if y satisfies the bound
from (5.13) and A > miny {(At)}/3}. This is the case for us and the matrix is good.

Proof of estimate (5.21) for f((1, (p). First, |(1 —¢1)/(1 —z1)l < 2/(1 —q). Suppose that ¢; €
wo(o,dq) for some d; and K = k1T, and zy, 1 € wi(o,dz) for some d; and K = k,T. Then
|G =z 41 2 T-Y3((d1 /K1) + (da/k2)). In our case, dy,dy, Ky, ky all remain uniformly positive
in T, and depends on q and L. Therefore, (; —zk1+1|_1 < Cq,LTl/ 3, Similarly, |Cp —zkz\_l <
Cq 1 TV3 if zy, € wi(o, dp).

The parameters Ay (n, m, a) are re-scaled according to

@I

(5.22) A = Apt, T—c1(Arx) - (At T)3,

@IN

Axm = Apt, T4+ c1(Arx) - (At T)3,

@I

Axa =co Art, T+ c3(ARE) - (At T)3.

We choose zj to lie on the contour wq (0o}, Dy ) with the choice K = At T. The number Dy is
chosen so that the estimate (5.12) from Lemma 5.3 holds, namely, uniformly in oy,

|G(zk (oK) | Ax(n,m, a)| < C3€7C4‘Ti_

This is for every k; < k < ka.

We need the Dys to be ordered according to €. The Dys may be chosen from an interval with
length of order T1/3. So we can choose them from the interval [1, 2p], say, which ensures that
they can be ordered accordingly and also that their pairwise distance is at least 1. Consequently,
lzi — ze1] 7 < Cq,LT1/3 for every k.
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When we change variables zy +— oy we have |dzy /doy| < Cq,LTfl/g. Thus, if {1 € wy(o,dq)
and ¢; € wy(o’, dp), then uniformly in {; and (p,
If(C1, )l € Cq (TT1A)ReHa j L dokg g1 dojge” R (113 kel
R*27%1

< Cqr T2

Proof that LE[k,k, | (kik,]] is convergent. Now we assume the kernel variables u and v in Ft
remain bounded and we are on the (1, s)-block. We will choose contours for all the variables in
the following way.

N Cq C4d1
G = G1(61) e wo <G1,> , K= A ot T
Va Va vt
Cq &, C4d2
C _Cl(GZ)EWO< > K=A * k tT.
\f "Va e
c4Dy
zi = z¢(0k) € Wy ( o), —— ) K= AtT.
Va Va
The constant c4 is from (5.8). The numbers d; and d; are as in the proof of goodness so that the

Y(u) and e¥ (V) into

estimate (5.11) holds. Since u and v are bounded, we may absorb the terms e
the constant C3 of the estimate. The number Dy are chosen so that the estimate (5.12) holds. They
are also to be ordered according to €. As before, we may choose them so that they have pairwise

distance at least 1 and are ordered accordingly; the condition of the ordering is (2.13).

Due to this choice of contours, arguing as before, we find the following estimates. We have
zi = zi(0k) and g = Ce(6).

[ [ IG(zx | Ax(n, m, a))|
IG(C1 11—y, Ay e (M, @) - G(Q2 [, — 5 + 1, Ags ki, (M, @)

d
viol ] E—ze) Mg —a) e, -7 ] Zk

k1<k<k2 k1<k<k2 =12

< Cq,L e Zk O'k+ + )

dCe

These estimates allow us to use the dominated convergence theorem to get the limit of the integral
in Fr(r,u;s,v). So we consider the point-wise limit of the integral.

Suppose oy and 6, lie on compact subsets of IR. We have

~ c . A _
(1(61) =we + m (161 +d1) + CqLT 2/3,
kl,T*
o c A _
(2(62) =we + W (162 +d2) + Cq LT 2/3,
S*, 2

- C4 s —2/3
z1 (o) —Wc+7(AktT)1/3 ( 10'k+Dk)+Cq,]_T .

Let us write z; = (—ioy + Dy)/Axt, {§ = (161 + d1)/(Ak, r+t) and ¢ = (162 + d2)/(Ag+ 1, ).
With the new variables, in the large T limit, the contour y., becomes the vertical contour I'_g,
intersecting the real axis at —d; (recall (; now remains bounded). The contour yg, (1) becomes
the vertical contour I'p, oriented downward. It is downward because yg, (1) crosses the real axis
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at the point 1 — Ry (which is the one near w¢) in the downward direction. If we re-orient the
contours upward then we gain a factor of (—1)k2— k1.

We see from Lemma 5.2 that
G(zx |Ak(n,m, @) — G(Axt-zi |1, Ak (x, &) = Slz | Ax(t, x, E)).
G (&1 11—y, Akyre (M, @) — G(Ary et - G 1T, Ay reX, Aigrr & — (Agy e t) 1/ 30)
= G(Lf | Ay e (1%, £)) €CT%
G(Glni, =+ 1, A5 1, (M, @) — G(Age iyt Q11 Ags iy X, A 1 &+ (A 1) V)
= G(Uf | Age 1y (1%, £)) €2V

These limits are uniformly so in {; and zy, as well as in u and v, because these variables are now
restricted to compact subsets of their domains. We also have the following.

Q) ] —ze) = (e (T3 T (2 —zf ) + Cqu (T3R5,

k1 <k<kp k1 <k<kp
b) J] dzc-vr=cole) M (Tl T dzf 4 Cq (T3
k1 <k<ky k1 <k<ky

¢) (zx — Go) 1A = (zf, — €)1l + Cqr T3 (K 0) = (k1 +1,1) or (kp,2).

Next, we have that coc4 = 1—,/q = wc, which is a factor we obtain from the ratio of the second
product above to the first’s. This cancels the factor 1/w, in Fr(r,u;s,v). Also, as T — oo, the term
(3=t1)1q=00 5 1 and the conjugation factor c(r,1;s,j) — c(r,u;s,v) = e*(V") by (5.20).

1 zZ1

Putting all this together we see that the limit of the kernel Fr(r,1; s, V) is the kernel (—1)k2—*1 x
FE k1 ks | (k1 kal] (T, 1 s, v), the latter from part (3) of Definition 2.1. This proves part (1) of Proposi-
tion 5.1. This same argument will be used with minor changes to show goodness and convergence
of all the other matrices. |

Proof of Lemma 5.5. First we will prove the decomposition of L€k ko | (K kol] - B given in the
lemma. We keep to the notation there. Using Lemma 5.9 we find that

P
L® [klkz\ (k1,1 Z 1+@ (ks |s) )[f_k3—8f_k3].

A

Lk3 (r, i Srj) = 1{k1<r*,s<k§<k2} c(r,i; Srj) X

1 1— ¢\ =0
b aa e § s § dsgedn (1_21) x

Yty Y, Y3 ?Rg

[Tk, <k, G (21 1A, M, @) T, creci, (26 — 214 1) 7 (20 11— ) Mz, — Q) MG — G3) !
G (G111 ="y, Ak re (M, @) G(G2 I M, — My, Ay iy (M, @) G (G My — 5 + 1, Ag iz (M, a))

The matrix kas looks the same as fks with the difference being that ny, is changed to ny, 1 in
the two G-functions corresponding to variables (; and (3.
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The matrix fk3 looks the same as LE[k; ky k3| (ki,ky]] except that kj appears instead of k3 in
1{S<k§<k2}, Akg,kz(mr a) and As,k;(m/ a). Now k; = k3 if k3 < p. An exception occurs if k3 =
ky = p. In this case ny, —ny, =0, so there is no pole at (; = 0 in the integrand. The (-contour is
the innermost one since 1 < T3, and it can be contracted to zero. So we may assume k3 < p, and
then replace k3 with k3 in the above. This results in LE kg ko ks | (kp ko]l

Now consider kaS. It will also equal (SL)E[ky ko ks | (k1,kal] unless k3 = ky = p. In the latter
case, since k3 = p —1, the matrix is LE[ky,p,p—11 (kp, kol Accounting for this case we get the
representation of L[k, ko | (K kol] - B given by the lemma.

Next we prove that LE[ky,ka,ks | (k1,k]], which we simply write L, is good. Fix ki, kp, k3 and an
(r,s)-block such that k; < * and s < k3 < ky. The argument is the same as the one for goodness
of LE [kq,k2 | (k1,k»]] since these matrices have the same structure. The variable (3 now has the same
role as the variable ¢, did for LE[k;k, | (k1 k)], i.e., it carries the j-index. The difference now is that
(o appears in ({ — 3) 71 /G (G | Ay iy (MM, @)).

We choose (; to lie on the contour y., = wyg(02,dy) with K= Ay, i, t T. The number d, is to be
chosen so that we have the estimate (5.11) from Lemma 5.3, i.e.,

-1 _ 2
|G(C2(02) | Aky iy (M, m, @) | < Cae™ S22,
As before, (3 is chosen to lie on v, = wy(03, d(—Vv)) so that we have the estimate

|G(C5(03) [ Ag ks — VTV, Ag iy (M, a))|_1 < Csefcwgﬂl(*v/(As’k3t)1/3)-

We have |, — (57! < Cq,I_Tl/3 uniformly over the contours, and also |d(y/doy| < Cq,LT_1/3.

Due to the term (Z, — (3)~! we have to ensure that the contours are chosen so that they remain
ordered, i.e., T < 13. This means we want d(—v) < (d, —1) - (As,k3t/Ak3,k2t)1/3 < Cq,Ldy, say.
Since the column block s < p, we have v < 0, and both d; and d(—v) can be chosen from intervals
of order T!/3 in length. So we can order the contours.

Using the estimates above and arguing as in the proof of goodness of LE [ki,ka | (kq,ko]] we find
that L is good as well. Specifically, if Fy is the re-scaled kernel of L according to (5.4), then

_ L1)1/3 _ 1/3
Fr(r,ws,v)| < Cq,Le uu—o—‘}’(u/(Aklm t) ) . eHV‘FW( v/(Asxyt) )

This bound certifies goodness.

Now we argue that L is convergent to (—1)*2=K1FE [, 1, k3| (ky,ko1]. This is the same as the earlier
proof of convergence of LE[ky, ks | (k1,k]]. In the KPZ scaling limit the function G((; [ Ay, k, (1, m, a))
converges to §(¢5 | Ak (t,x,&)). Then the KPZ re-scaled kernel is seen to converge as before.



46 MULTI-TIME DISTRIBUTION IN DISCRETE POLYNUCLEAR GROWTH

Finally, we prove that the matrices SLE[ky,ka ks | (ki ko]] are small. Let us fix k1, kp, k3, and con-
sider a block (1, s) such that k; < r* and s < k3 < ky. We have that

g . . c T/i/. S, j
SLg [kl,kz,kg, ‘ (kl,kz}] (T, 1, S,J) = u

§ i §az § asria el
Y Y, Yy
(G—a) !

G(C1 11—y, Ak e (M, ) G (G2 [T, — Nig—1, Ay iy (M, @) G(Ga I Miy—1 — + 1, Ag iy (M, @)
The function ({7, (p) is from (5.16) and satisfies the bound (5.21). The contours are ordered such
that tp < T3.

C

For convenience, introduce

Arsn Byt T3 4 Cq TV,

Ay = Dy )3, Ay = (A1, )3, A3 = (A i, )3, A =
vT Co

We find, ignoring rounding, that

(i— Ty, Agy o, Ay, re@) = Ay, v+ (M, m, @) + co(1/A1,0,0) - (At T3,

(M — Ta—1, D koM, Ay 1, @) = Ay 1, (M, M, @) + €9 (A/A2,0,0) - (A i, t T3,

(Miks—1 =, As k™, Ag ;@) = Ag iy (N, m, @) + co(— (V+2A)/A3,0,0) - (Ag st T3,

Note ny, 1 —j > 0 because j € (ns_1,ns] and s < k3.
Now we choose contours for the variables. We choose v, to be wy(oq, d(u)) with K = (A1)3T
such that we have the estimate (5.11) , namely,
1G(C(01) [i= Ty, Ay e (m, @)1 < Cae™ Caot ¥ (w/an),
Next we choose v, to be wy(o2, d(A)) with K := (A2)3T such that we have
1G(Ca(02) M, — Tt 1, Ak iy (m, @) 7 < Cae™ CooaH¥M/A2),

Finally, v+, is chosen to be wy(03, d(—v —A)) with K := (A3)3T such that

_ 2 _
1G(Z3(03) g1 — + 1, Ag ey (m, @)1 < Cae— Caod (= (v4n1/a3)

We have to maintain the ordering 1, < T3 due to the term ((; — (3)7 1 in the integrand. So we
should have d(—v —A)/A3 < (d(A) —1)/A,, say. We know that d(A)/A; may belong to the interval
[C1/Ay, CoTY3]if T is sufficiently large in terms of q and L. If v+ A < 0 then d(—(v +A))/A3 may
belong to [C1/A3, C,TY/3], and we may order the contours as we wish.

On the other hand, if v+ A > 0 then d(—v —A)/A3; may belong to the interval
[C1 /A3 +8(v+N)V/2 /A%, Cy T3,

Since d(A)/A; belongs to [C1/A;, C,TY/3], we can ensure that d(—v —A)/A; < (d(A) —1)/A, for
all sufficiently large T so long as &(v + A2 < C2A2/2T1/3 — ClAé/z. Now observe that v < 0
because index j belongs to column block s with s < p due to s < k3 < ky. Therefore, (v+ INEERS

A2 = (A t/co)V/2T1/3 4 C oy TS, So we are fine if & < Cocy/*AY?(Ar,t) /2. We note that
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Ag/ 2 > miny {(Axt)1/2} and Ayt < tpp. So § satisfies the required bound as it is chosen according
to (5.13).

Let Fr(r,u;s,v) be our matrix re-scaled according to (5.4). Recall [f({1, ()l < C q,LTl/ 3 accord-
ing to (5.21). Then, using the above bounds for the G-functions and arguing as in the proof of
goodness of L&k, ks | (1, k011, we find that

Fr(r,w;s,v)| < Cq L et (v—w) QW (W/A+Y(A/A2)+W(—(Vv+A)/A3)

= Cqp e FAFYIMAY) ootV IW/AL) | (A E (= (v4N) /43),

nr

Note that every A, > miny {(Axt)}/3} and p satisfies (5.13). Therefore, from (5.15), we have
that nt — 0 as T — oo due to A — oco. We also see that the functions e #u+¥(W/A1) and
et (VA +W(=(v+A)/A3) are bounded and integrable over the reals. This certifies smallness of

SLE[ky ko ks | (kpkall. u

5.3.2. Proof of claims regarding LE[ky | (ky,ko)]. We will first prove LE[k | (kq,kp]] is good and conver-
gent as stated by Proposition 5.1. Then we will prove Lemma 5.6.

Proof that it is good and convergent. Fix € and k; < k;. Note L[k, | (k1,k,]] has non-zero blocks
only of column block s = k; < p. Consider the block (, s) such that k; < r* and s =k; < p. On
this block the matrix has form

(5.23)

z .. |
Lk | (ki k2ll(1, 18, 5) ZC(m;s,J)Wf fi; d¢; ﬂg dzy, f(C1, zk,) X

c
Y7 YRy, (1)

G(zky I —i,—1 — 1, Ay, (m, a))
G (Cl | i— nk]/ Akl,T* (m/ (1))

T
1— {k1=0}
[T, <kt 62k | Akln, my @) (12)

[Tk, <k<x, (Zx — zK41) (2Ky 41 — 1)

f(C1 zx,) = 3€ dzy,+1 -+~ {5 dzy,—1

YRy 1 (D YRy, 1 (D)
The contours around 1 are ordered according to €.

Under KPZ scaling the indices i and j are re-scaled as i = ny» + vyu and j = ny, + v1v, where
we ignore rounding. Note that v < 0 since s = ky < p. We have that

(i— Ty, Ay re (M, @) = Ay pe (M, m, @) + o (U/ (Ag, 1 t)/3,0,0) - (A, et T3,
(G —Nky—1, Ay (M, @) = Ag, (N, m, @) + o (v/ (A, 1)/3,0,0) - (A, t T)/3.
The triple (i —ny,, Ak, (M, a)) has the form (5.18) and (j —ny,—1, Ak, (m, a)) has the form (5.19).
Now we choose contours for the variables. We choose v+, to be wy(6&1, d(u)) with K := Ay .+t T.
Then with an appropriate choice of d(u) from Lemma 5.3, we have the estimate (5.11):

G(G(61) (1= oy, Ay e (m, @) € Cae™ CooT ¥ (/A 017),
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Next we choose YRy, (1), the contour of zy,, to be wy(oy,, D(v)) with K := Ay, tT so that we get
the estimate (5.12):

CC.o2 1/3
Gz, (01,) | G — Tyt — 1, A,y (my @)))] < Cae~ 3o ¥ (V/ (4017,

For kq < k < kp, we choose the contour yg, (1) to be wy(oy, Dy ) with K := Ayt T such that we
have the estimate (5.12) from Lemma 5.3:

G(zk(0) | A (n,m, a))] < Cae~ 0%,

The parameter Dy may be chosen from the range [C1, Co(Axt T)1/3]. We have seen that we can
choose these Dys such that they are ordered according to e. The parameter Dy, 1 has to be
ordered with respect to D(v). We can first chose these two and then choose the remaining Dys
accordingly.

To see that Dy,_1 and D(v) can be ordered, set A; = (Akz,l)l/:‘} and Ay, = (Akzt)l/B’. Since
v < 0, D(v) may be chosen such that D(v)/A; belongs to the range [C; /A + 6(\))1,/2/Ag/2, C,TV/3].
The number Dy,_1/A; may belong to [Cy/Aq, C,TV/3). If €x,—1 = 2 then we require Dy,_1/A1 <
(D(v) —1)/A,, say, and this is possible within the aforementioned ranges. Suppose y,_1 = 1.
Then we are fine so long as 5(\))17/2 < C2A3/2 T3 — ClAé/z. Now since j € (ny,—1,n,l, we
have (v)- < Agn/vr < (Ayt/co) T3+ Coq 1 TV3. So (W)Y? < (A, t/cg)V/2TV3 4 C TVS,
Therefore, it suffices to have 6 < CZAS/ 2(Ak2t/ co)~1/2, which is the case since & satisfies (5.13).

Let Fr(r,u;s,v) be the re-scaling of our matrix by (5.4). Having chosen the contours, the esti-
mates above imply the following, if we argue as in the proof of goodness of LE kg% | (Kp, ko]l

1k, — n —Cy (624402 1o, —
Fr(r,8,v)] < Cq vy (T 3)k2Fat! Aoy o e OO (T ykeka
9 RX2—k1+1 2

1 <0}67Hu+‘y(u/(Akl,r*t)l/S) eHVJr“’(V/(Ath)W)
v\

<Cqr ot (1/ (A 1)) 1 <0}e“V+“’(V/(Akzt)1/3)
S , VX )

Both Ay, .+t and Ay,t are at least miny {Ayt} and u satisfies (5.13). So the functions of u and v
above are bounded and integreble by (5.15), and the matrix is good.

For the proof of convergence of LE[ky | (kp ko)l to (—1)%27MIFE (1, | (kp,ky)] We can repeat the argu-
ment for convergence of Lk ka | (kp, ko)l [ |

Proof of Lemma 5.6. Since L[k, | (k;,k,]] has non-zero blocks only on column block kj,

Lg[kl | (k1/k2]] : B(T, l'/ S/j) - (1 + ®(k2 | S)) Z Lg[kl | (klsz]] (TI lv k2/ e) B(er e/ S/j)'

Le(ny,—1,ni,]
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We can compute this using Lemma 5.9 as follows.

LEky | (ky k] - B(r,i;5,§) = (1+O(kals)) c(r,i;s,) x

1 jE #; #; (&1, zi,)
1 « — dc dac - X
fa=r 'S<k2<p}W% ! 2 G(C1 11—y, A, (M, @)

YT YRy, (1) Y

1
Z G(zi, IMky—1 — L+ 1, —Ax, (M, a)) G(G [L—j+ 1, A, (m, )

te(ni,—1,m,]

. 1
= (140 ) elr55,1) Lo v sctppi § 40§ A2
C
Y7 Yt YRy, (1)
{ (81, 2, ) (2, — C1) 716 (2, | Aky (M, M, @))
G(Cl |ﬂL - nkerkl,T* (m/ a)) G(CZ | le2 _] + 1/ As,kz (m/ Cl))
f(C1, 21y (2ky — C1) T1G(2x, |0, Ay, (M, a)) }
G(G1 li—ny,, Ak e (M, ) G(Go I Miy—1 — + 1, Ag i, (M, @)
= (14 ©(ka | $)) [L¥lkv ke ko)) = SLE D | ]

The function f is from (5.23). We observed above that f((;,zq)(z, — (’,2)*16(21<2 | Ay, (n, m, a))
divided by G(¢; | ---) - G(Ca| - --) makes the integrand of L[k ka, | (K1, k)], as is required.

To complete the proof we show that the matrix SLE[ky,ka, | (k1,ko]] is small. The argument is
analogous to the prior proof of smallness of SLE[ky,kaks | (ki ko)]. The role of variables (3, (y, (3
from there is now given to (y, zy,, (p, respectively. The parameter A = Ay, n/vt = (Ay,t/ co)T?/3 +
C q,LTl/ 3. Since the {-contour lies around 0 and the zy,-contour around 1, there is no ordering
between them. We need the z.,-contour to be ordered with respect to the zj,, _1-contour according
to ex,—1, and for this we may repeat the prior argument for the goodness of LEky, | (ke ko]l

After choosing contours as before we get the following estimates for the G-functions.
G (Ca(01) | Ay rem 4 VU, Ay e (m, @))| 7 < Cem CaoT Y (/A
6t Ag i = V(v A), Ag g (m, @) < Cae™Croa ¥ (Hlvin/a)

|G (zx, (03) [ Ag;n — V1A, Ay, (m, a))| < Cae Cao3+¥(=N/As),

Here, Ay = (Mg, +t)V/3, 80 = (Agx,1)V/3 and Az = (A, t)1/3.

Using these estimates, and arguing as before, we find the following estimate for the re-scaled
kernel Fr of SLE[ky ks, | (ky,kall.

IFr(r,ws,v)| < Cq,Le_”}‘“LW(_?‘/Aﬁ e HutV(uw/AL)  Gu(vHA)+Y(=(v+A)/Ag)

nr

We observe that nt = Cq,1 e A (A/A9)Y2 0, and the two functions of u and v are bounded
and integrable over R due to (5.15). So the matrix is small. |
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5.3.3. Proof of claims regarding Lk, k|0]. First we will prove that L[k,x|¢] is good and convergent to
Flk,x|0]. Then we will prove Lemma 5.7 by first showing that L[k;,k;,k,10] is good and convergent,
and then that 8L[k;,k;,k, | 0] is small.

Proof that L[xx|¢] is good and convergent. The matrix L[x,k|¢] has non-zero blocks (r,s) only if
s <k < r*. Let us fix such k, r and s, so then L[k,k|0](r,1;s,j) equals

(G — )t

clr, 1/ S, j) — dC ﬁ; dC . " .
( ]) We y% 1_y 2 G(Cl |l_nk/Ak,T*(m/ Cl)) G(Cz‘nk_J—’_l/AS,k(m/ (1))
T )

Ignoring rounding, the indices are re-scaled according to i = n+ +vru and j = ns +v1v. Note
that v < 0 since s < p. In this case the KPZ re-scaling of (i —ny, Ay = (m, a)) looks like (5.18), and
that of (ny —j, Ag k(m, a)) like (5.19). Set A} = (Akrr*t)l/3 and A, = (Asrkt)l/S.

For establishing goodness, contours are chosen so that the {;-contour is wy(o1, d(u)) with K =
Ay ++t T. The (p-contour is wy(0p, d(—v)) with K == A 1t T. With appropriate choices for d(u) and
d(—v), Lemma 5.3 provides the estimates

1G(C1(07) | A rem + V1, Appe (M, @) 7L < Cg e~ CooTHY(w/A)
G(Ca(02) | Ag i — VTV, Ag (M, @)L < Cz e~ Caoat¥(—v/A2),

We need to have 1) < 19, which translates to d(u)/A; < (d(—v) —1)/A,, say. Since v < 0, the
number d(—v)/A; may be chosen from [C1/A;, C,TY/3] once T is large enough it terms of q and
L. When u > 0, d(u)/A; can be chosen from [C;/A;1, C2TY/3], and we can order the contours
accordingly. If u < 0 then d(u)/A; may belong to [C;/A; + é(u)lf/z/Ai’/z, C,TY/3]. We can order
the contours so long as 6(u)1,/2 < CZA:I’/Z T3 — ClA}/Z. We have that (u)_ < (Ap)t/co) T3 +

C q,LTl/ 3. Therefore, as before, we are fine since & satisfies (5.13).

Let F1 be the re-scaled kernel of L[kx|¢] by (5.4). The estimates above for the G-functions and
the same argument used to show goodness of LE kKo | (K1, k1] implies the following bound.

(5.24) [Fr(r,ws,v)| < Cqp e ¥ /A envi¥(=v/a2),

This certifies goodness of L[k k0] by (5.15).

The proof of convergence to Flkk|0] is same as that of L€[k,k; | (ki,k,]] converging to the kernel
(—1)*27K1F€ k) ks | (ke ko]l SO we omit the details. m



MULTI-TIME DISTRIBUTION IN DISCRETE POLYNUCLEAR GROWTH 51

Proof of Lemma 5.7. We multiply L[kk|¢] by B using Lemma 5.9.

Llkklo]-B(r,is,j) = Z(l +O(ka[8)) Lcers, s<ky<k} (T, 18,3) X
k2

1 (G1— )7t
el §d“'§dﬁ %d@GHAH—nbAkmLan
Y11 Y, V~r3

e 1 )
G(GInk—0+1,Ak(m, a))G(G1L—j+1,Agk, (M, )

te (i, —1,mi,]

=Y (1+0(k2|s)) - [Llkke 10)(r,1;5,5) — (SD) [k ke 10)(1, 55, §)]
ko

Now consider L[ky,k;,k, |0] to see that it is good, and converges to Flkq,k,k, [0]. Recall

. |
Llky ki ko |0](1,158,5) = Tip, crs, s<ky<kq) C(m;s,J)wf ﬁ; dg 3g dé jg dds

¢ Y1y Y, Y3
(G1—C) M —G) ! .
G(C1 |1 —nyy, Ak e (M, @) G (G| Axy iy (M, m, @) G(Gr I, —j + 1, Ag i, (M, a))

This matrix has the same structure as L[k,k|0], and the proof of goodness and convergence is

analogous. The new terms in the integrand are ({; — (3)" ' and G((| Ay, x, (N, m,a)). The latter
converges to §((p | Ay, k, (t,x, &) under KPZ re-scaling by Lemma 5.2, which leads to the limit
kernel Flk;,k;,k,10]. In the proof of goodness, one uses estimate (5.11) from Lemma 5.3 to derive
the same bound (5.24) on the re-scaled kernel of L[k;,kq,k;, | 0].

During the estimates leading to goodness, one has to ensure that the contours are ordered
appropriately. We require that 7, < 71, T3 due to the term ((; — ()1 — ¢3)~ 1. We choose the
(p-contour to be wy (02, dy) with K= Ay, 1, t T. The parameter d, may be chosen from an interval
with length of order T'/3. Then, the same argument used for ordering contours in showing
goodness of L[k k0] shows that contours can be ordered accordingly.

We are left to prove that SL[k;,k;,k,10] is small. It is similar to proofs of smallness so far. Let us
fix k1, k, and consider a non-zero (1, s)-block, so then k; < r* and s < k; < kq. We have
. |
SL[ky k1 k2 10](T,;8,3) = c(r,1;s,) o f# dg jg dép jg dds
(¢

YT Y1, Y3

(G — &) G —G) .
G(C1 11—y, Ay (M, a)) G(Go [, — i1, Aky iy (M, @) G(G3 I Muy—1 — G + 1, Ag 1, (M, a))

The radii satisfy 1, < 11,13 <1—,/q.
We have i = ny« +vru and j = ng +vyv. Set A = A, n/vy = (Akzt/co)T2/3. Also set
A1 = (A, )3, Ay = (A, x,1)Y/% and Ay = (Agx,t)!/3. Then,
(i —ny,, Ay, e (M, @) = (A e+ vTU, Ay e+ (M, a)),
(M, —Miy—1, Ak, k, (M, @) = (A, 1+ VTA, Ay, x, (M, a)),

(Mg,—1—j+1LAgx,(m,a)) = (A, — VT (V+A), Ag i, (M, a)).
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We choose the (;-contour to be wy(o1, d(u)), the {o-contour as wy(0o,, d(A)) and the (3-contour
as wo(03,d(—v —A)). The corresponding values of K are Ay, +tT, Ay, i, t T and Agy,t T, respec-
tively. By Lemma 5.3, we have the following estimates.

2
1G(C1(01) | Ay 4+ VT, Agy (M, @) 7 < Cg e Coort ¥ uw/an),

1G(22(02) | Ay, + VTN, Ay (M, @) < Ca e Caost¥ VA
IG(G3] Agi,n — VT (VHA), Ag i, (M, @) 71 < Cg e G403 HY (= (viA)/Ag)

To ensure constraints on the radii of contours, we need (d(A) —1)/A; > max{d(u)/Aq, d(—v —
A)/As}, say. We can choose d(A)/A; from the interval [Cq/A;, C,TY3]. We also have (u)_ <
Ar+n/vT, and the square root of the latter is of order T1/3. Since v < 0 (duetos <p), v+A <A,
and A!/2 is of order T!/3. Then, since § satisfies (5.13), arguing as before we see that the ds can be
chosen to satisfy the constraints.

Let F1 be the re-scaled kernel of SL[k;k,k, 0] by (5.4). Using the estimates above and arguing
as before we find the following.
Fr(r,u;5,v)| < CqL eHh(v—u) Q¥ (u/A)+W(A/A)+ Y ((—v—A)/A3))

= Cqre MY IVAY) pmiut /A (v F((—vA)/A3),

nT
My
We observe that Nt = C q/]_e( % "M tends to zero since u satisfies (5.13). The functions of u and

v are bounded and integrable over R. So the matrix is small. ]

5.3.4. Proof of claims regarding L[p|p]. First we will prove that L[p|p] is good with limit —F[p|p],
which will complete the proof of Proposition 5.1. Then we will prove Lemma 5.8.

Proof that it is good and convergent. The argument is similar to the goodness and convergence
of Lkq|(ki,k,]] as these matrices are alike. The only non-zero row block of L[p|p] is for r = p
(see Lp from Lemma 4.6). On the (p, s)-block the indices 1i,j are re-scaled as i = n, 1 + vyu for
0 <u<Apn/vr, and j = ns. + vrv. We ignore rounding. So we find that

(Mp — 1, Ap(m, a)) = Ap(n,m, a) + co(—u/(Apt)/3,0,0) - (Apt T)1/3

(Mp =, Ass p(m, a)) = Agep(n,m, a) +co( —v/(Aspt)1/3,0,0) - (Ag- pt TIV/3.

We choose v, to be the contour wy(o1, d(—v)) with K :== As« ,tT and YR, (1) to be the contour
wi (02, d(—u)) with K := A,tT. Since the (;-contour is around 0 and the z,-contour is around 1,
we can ensure that |z, — (5[ > C q,LTfl/ 3 along these contours. According to Lemma 5.3 we then
have the following estimates.

(5.25) G(Ca(01) Inp — + 1, Age p(m, )71 < Cae™ CoTH¥ v/ (Mg p ),
G(zp(02) Inp — i, Ap(m, @))] < Cae CaoaH¥(-u/(Ap)?),

The re-scaled kernel of L[p|p] according to (5.4) then satisfies the following, arguing as before.

[Fr(r,1;5,v) < 1—pyCq L 1{u>0}e—uu+‘1’(—u/(Apt)l/s) MV (—v/ (A 1)13)
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The functions of u and v above are bounded and integrable by (5.15). So L[p|p] is good. The
argument for convergence of L[p|p] to —F[p |p] is the same as before.

Proof of Lemma 5.8. We multiply L[p|p] by B using Lemma 5.9:
Lipip]-B(r,1i;s,j) Z (14+0(k|s)) I_kf(8f_)k)(r,i;s,j),
k=1

where

Lk(rls,)—l{rps<k*} (r,48,3) Fﬁd&g%d@ f}; dzy,

YTZ 'YTS ’ykp

G(Zp |np _i/Ap(mr a))(zp - CZ)_ (G — CB)_l
G (CZ | Np — Ny, Ak*,p (m/ a))G(CC) |le _] +1, As,k* (m/ Cl)) ’

and (8L) looks the same as L[y except for ny being changed to ny_q in both of G({ [np —ny, - - -)
and G((3|ng —j+1,---) above. The contours are arranged to satisfy 1, < 13 < we.

Now if k < p then we see in the above that [ equals L[p,k|p] as k* = k. However, when k = p,
L, = 0 because there is no pole at {; = 0 in its integrand due to n,, = ny and the (p-contour being
the innermost one. So in this way we get the matrices L[p, k|p]. Now consider the matrix (8L)y. If
k < p then it equals (SL)[p,k|p] by definition. When k = p it is actually (SL)[p,p—11p] by definition
since k* then equals p — 1. This implies the expression for L[p |p] - B given in the lemma.

The goodness and convergence of L{p k| p] is analogous to that for L[p|p] above. We explain the
difference. We use the estimates from (5.25) to estimate the G-functions associated to the (3 and
z, contours. They involve the variables u and v from the kernel. There is an additional function
G(C2|Ap(n,m, a)) in the denominator of the integrand. For it we choose the (-contour to be
wo(o,d) with K = Ay ,tT, and use the estimate (5.11) from Lemma 5.3. We have to keep the (,
and {3 contours ordered (T, < T3), for which we require d/(Ay ,t)1/3 > (d(—v) +1)/(As+ pt) /5.
This is ensured as before since the parameter d may be chosen from an interval whose length is
of order T'/3.

The proof of smallness of (SL)[p,k|p] is also similar to the smallness of (SL)[k;k, | (kyk2])] from
before. Arguing as there, we will get the following estimate for the re-scaled kernel Fy(r,u;s,v)
of (S8L)[p,k|pl. Set A = Ayn/vt and Nt = e HMAFY(A/ (Mip %) Recall 1 <k <p,s0A — oo and
Ay pt > 0. If w satisfies (5.13), then nt — 0 and

Frr,155,9)] < 1y Cq it T sgpe HF Y/ (Ar0D) ORI (- (vaA) (8 )17

which guarantees smallness. ]

5.4. Tying up loose ends. Here we will prove Proposition 5.3 and that the limit from Theorem 1
is a probability distribution.

Proof of Proposition 5.3. It is enough to show L- B, is small where L is any one of the matrices
Ll k0], Llkykika 0], Lipipl, Lipklpl, LE[ky kol (kakall, LKy | (ko kall o LE[ky ko ks (k1ko]]. Recall
from Lemma 5.4 that B, is a weighted sum of the matrices (SL)[xx|0]. So it suffices to prove
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that each of the aforementioned matrices are small when the multiplication by B, is replaced by
(SL) k[ 0].

Lemma 5.10. Consider the matrix SL[xx|0] and denote Fr y its re-scaled kernel according to (5.4). Set
Ak = Axn/v = (Ayt/co) T?/3 + Cq,LT1/3, A = (Ak,r*t)l/?’ and Ay = (As,kt)l/g'. The following
bound holds for Fr .

IFr 11,105 5,9)] < Tg yere) Cal o HUFA) W (utAK) /A1) | (VA +Y (— (vHAK) /Ag)

Proof. Let us recall SL[x,k|0] from Lemma 5.4. The entry SL[k,k|0](r,1i;s,j) equals

c(r,i;5,j) (G — )t

Loro 3§ G ﬂS fop— . .
fs<k=m} § , G(G =y 1, A (M, @) G(G Iy 1 —j+1,Ag 1 (m, @)
’(1 T2

Indices 1i,j are re-scaled according to (5.17). Ignoring the rounding, this means that
(i =My, A (M, 0)) = Agepe (n,m, @) + co((w+ i) /A1,0,0) - (Aot T2,
(N1, Age(m, @) = Agk(n,m, @) — co((v i) /82,0,0) - (As it T)V/2.

We choose the (;-contour to be wy(o1, d(u+ Ay )) with K := Ay ;+t T. Similarly, the {;-contour is
wo (07, d(—v—2Ak)) with K := A 1t T. Due to the constraint T, < T; we should have d(u+2Ay)/A; <
(d(—v —A) —1)/A,. In this case, | (07) — ((0n)| L < Cq/LTl/B’. Furthermore, with d(-)s chosen
according to Lemma 5.3 we have the following estimates.

GG (o1) [ =i 1, Ay (m, ) < Cae™ Crotr¥((wnl/a),

G(alon) I met —J +1, Agielm, ) < Cye Coob ¥ (- (via/as),
With these estimates, changing variables ¢, — oy and arguing as before, we see that
Cy(03+03)

[Fr(r,w s, v)| < Lgorer) Cq L ,LR2 dojdor e X

erv—w) W ((Wrh)/Ar) ¥ (= (viAk) /42)

— 1o Car o RN HY (WA /A1) | gAY (= (vHAK) /As)

It remains to order the contours. We know that if T is sufficiently large in terms of g and L, then

[C1A7Y, CoTY/3) if u+A >0

du+M)/Ar € _
[C1A7 + A7 25 (u+ M2, CTV3) i ut Ay < 0;

[C1A51, CTV/3) if v+A <0

d(—v—»2A)/Az € .
[C1A; 1 + A, 25 (v+ M) V2, CuTV3) i v+ A > 0.

If wu+ A > 0 then we can order the contours by first choosing d(—v — Ay) and then choosing
d(u+ M) accordingly from an interval with length of order T'/3. Suppose u+ Ay < 0. Then we
will first choose d(u +Ay) and then d(—v — Ay) accordingly. We are able to do so if C{A] 1y
A725(w+ A2 < C,TY3. In this regard, since A, > 0, (w+Ar)_ < (u)_. Now (u)_ <
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Avn/vT = (Apt/co) T2/ + Cq,LT1/3. Therefore, we are fine so long as 6 < Czcé/zAi’/z(Ar*t)’l/z,
which holds because 6 satisfies (5.13). ]

Lemma 5.11. Let My, My, ... be a sequence of good matrices where My is . X nand n = ny, is according
to (1.3). Then the sequence of matrices My, - SL[k,k|0lnxn is small.

Proof. Let Fr and Fr i be the re-scaled kernels of M, and SL[k,k|0]n xn, respectively, via (5.4). Let
F/ be the one for their product. We have that
P

Frinas,v) = 3 [dzFrinubalfratzs,v) Tsoee)
=1

The z-integral is over R for { < p and over R~ if { = p. Note that SL[k, k|(] is non-zero only
for k < p—1, and so we may replace £* by { above. It suffices to show that for every { such that
s < k < {, the corresponding z-integral is a small kernel in terms of u and v.

Fix s,{ and k such that s < k < {. Let gy,...,gp be the bounded and integrable functions over
R that certify goodness of Fr. Recalling Lemma 5.10, let A denote the parameter Ay there. Also
set Ay = (A t)1/3, Ay = (Ag 1)1/ and the function f(z) = e~ #z+¥(2/A1),

First, suppose ¢ < p. Due to goodness of Fr and Lemma 5.10, we infer that

0 0
| J Az Fr(r,u; & 2)Fr (6 z5,v) | < cq,LJ
—00

dzge(2)f(z+ 1) - go(w) - eRFAFY(=v40)/82),
o0

By (5.15) we see that the function e”(VH‘HW(*(VH‘)/AZ)

variable v. Smallness thus follows if the z-integral tends to zero as T — oo. In this regard

is bounded and integrable over R in

M2
observe that for x > 0, f(x) = elar ”)X, and Z—i —u < 0 since p satisfies (5.13). Therefore,
maxy>g f(x) = f(B) = 0 as B — oo. Also, f is bounded. Therefore,

—A/2 A
dz ge(z)f(z+A) + J dz ge(z—A)f(z)

JOOO dz ge(z)f(z+A) = J "2

—0Q
—A/2

< Illeo J

—00

dzge(z) +1lgellh max {f(z)}.
Z>A/2
As T goes to oo so does A, and both the integral and maximum above tend to zero.

Now consider ¢ = p. In this case,

(o 0] (o0)
| J dzFr(r, w0, 2)Fr (6 z;s,v) | < Cq,LJ dzge(2)f(z+7) - gr(u) - el VFAT¥(=(v+2)/22)
0 0

< ot llgelh - max{f(z)} g law) - eV (-0702)/82),
z>

nr

We see that this is small as required. ]

Lemma 5.11 implies that the matrices L - By are small where L is any one of the good matrices
mentioned in the opening of this section. So this concludes the proof of Proposition 5.3.
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Proof that the KPZ-scaling limit is a consistent family of probability distributions. Let P(&4,..., &)
denote the limiting expression from Theorem 1 as a function of the parameters £y. Namely, re-
calling Ht from (1.4),

P(al,...,(z_,p) = Th_I:goPr[HT(Xl’tl) < E,l,...,HT(Xp,tp) < E,p} .

From the discussion for the single time law we know that P(&;) = Fgue (&1 + x%), which is a
probability distribution in &; (see [24, 39]). Assume that p > 2. We need to establish that P has
appropriate limit values as any &, — foo since the other necessary properties are retained in the
limit. Consider the parameter &; for concreteness. Since P is the limit of probability distribution
functions,

P(&1,...,&p) < P(&1) = Fgue (& +x3).

Soas & — —oo, P(&y,...,&p) tends to 0 as required.
Now consider the limit as &; — co. We have

PrHt(x1,t1) < &, Hr(xg, t2) < &,..., Hrxp, tp) < &l =PrHt(xz, t2) < &, ..., Hr(xp, tp) < &pl
—Pr[Hr(x1,t1) > &, Hr(xg, t2) < &, , H(xp, tp) < &pl.

Since the first two terms above have limits, so does the third, and we find that

P(Evl/EvZ/'--/E»p) = P(EvZI"'/E»p) 713(&1/&2/"-1513)/

where P is the limit of the third term. Moreover, P(&,..., &) < 1—Fgue (&1 +x3) since the corre-
sponding pre-limit inequality holds. It follows that P(&;,...,&p) tends to P(&y,...,&p) as & — oo.
This shows that the KPZ-scaling limit provides a consistent family of probability distribution
functions. It also concludes the proof of Theorem 1.

REFERENCES

[1] J. Baik and Z. Liu. Multi-point distribution of periodic TASEP. ]. Amer. Math. Soc. 32:609-674, 2019. ArXiv:1710.03284
[2] R. Basu and S. Ganguly. Time correlation exponents in last passage percolation. preprint, 2018. ArXiv:1807.09260
[3] A. Borodin, P. L. Ferrari, M. Prahofer and T. Sasamoto. Fluctuation properties of the TASEP with periodic initial config-
urations. ]. Stat. Phys. 129:1055-1080, 2007. ArXiv:0608056
[4] A. Borodin, P. L. Ferrari and T. Sasamoto. Large time asymptotics of growth models on space-like paths 1I: PNG and
parallel TASEP. Comm. Math. Phys. 283:417-449, 2008. ArXiv:0707.4207
[5] A. Borodin and V. Gorin. Lectures on integrable probability. In Probability and Statistical Physics in St. Petersburg,
Proceedings of Symposia in Pure Mathematics, volume 91, pp. 155-214, 2016. ArXiv:1212.3351
[6] A. Borodin, V. Gorin and M. Wheeler. Shift-invariance for vertex models and polymers preprint, 2019.
ArXiv:1912.02957
[7] 1. Corwin. The Kardar-Parisi-Zhang equation and universality class. Random Matrices Theory Appl. 1(1):1130001, 2012.
ArXiv:1106.1596
[8] 1. Corwin, P. L. Ferrari and S. Péché. Universality of slow de-correlation in KPZ growth. Ann. Inst. Henri Poincaré
Probab. Stat. 48:134-150, 2012. ArXiv:1001.5345
[9] I. Corwin and A. Hammond. Brownian Gibbs property for Airy line ensembles. Invent. Math. 195:441-508, 2014.
ArXiv:1108.2291
[10] D. Dauvergne, J. Ortmann and B. Virdg. The directed landscape. preprint, 2018. ArXiv:1812.00309
[11] J. De Nardis and P. Le Doussal. Tail of the two-time height distribution for KPZ growth in one dimension. J. Stat. Mech.
Theory Exp. 053212, 2017. ArXiv:1612.08695


https://arxiv.org/abs/1710.03284
https://arxiv.org/abs/1807.09260
https://arxiv.org/abs/math-ph/0608056
https://arxiv.org/abs/0707.4207
https://arxiv.org/abs/1212.3351
https://arxiv.org/abs/1912.02957
https://arxiv.org/abs/1106.1596
https://arxiv.org/abs/1001.5345
https://arxiv.org/abs/1108.2291
https://arxiv.org/abs/1812.00309
https://arxiv.org/abs/1612.08695

MULTI-TIME DISTRIBUTION IN DISCRETE POLYNUCLEAR GROWTH 57

[12] J. De Nardis, P. Le Doussal and K. A. Takeuchi. Memory and universality in interface growth. Phys. Rev. Lett. 118:
125701, 2017. ArXiv:1611.04756

[13] J. De Nardis and P. Le Doussal. Two-time height distribution for 1D KPZ growth: the recent exact result and its tail via
replica. J. Stat. Mech. 093203, 2018. ArXiv:1804.01948

[14] J. De Nardis, K. Johansson and P. Le Doussal. In preparation.

[15] A. B. Dieker and J. Warren. Determinantal transition kernels for some interacting particles on the line. Ann. Inst. Henri
Poincaré Probab. Stat. 44(6):1162-1172, 2008. ArXiv:0707.1843

[16] P. L. Ferrari. Slow decorrelations in KPZ growth. J. Stat. Mech. Theory Exp. P07022, 2008. ArXiv:0806.1350

[17]1 P. L. Ferrari and A. Occelli. Time-time covariance for last passage percolation with generic initial profile.
Math. Phys. Anal. Geom. 22:1, 2019. ArXiv:1807.02982

[18] P. L. Ferrari, H. Spohn and T. Weiss. Reflected Brownian motions in the KPZ universality class. In SpringerBriefs in
Mathematical Physics, volume 18, 2017. ArXiv:1702.03910

[19] A. Hammond. Brownian regularity for the Airy line ensemble, and multi-polymer watermelons in Brownian last passage
percolation. Mem. Amer. Math. Soc. (to appear). ArXiv:1609.02971

[20] T. Imamura and T. Sasamoto Dynamics of a tagged particle in the asymmetric exclusion process with the step initial
condition. ]. Stat. Phys. 128: 799-846, 2007. ArXiv:0702009

[21] K. Johansson. A multi-dimensional Markov chain and the Meixner ensemble. Ark. Mat. 48:437-476, 2010.
ArXiv:0707.0098

[22] K. Johansson. The two-time distribution in geometric last-passage percolation. Probab. Theory Relat. Fields 175:849-895,
2019. ArXiv:1802.00729

[23] K. Johansson. The long and short time asymptotics of the two-time distribution in local random growth. preprint, 2019.
ArXiv:1904.08195

[24] K. Johansson. Shape fluctuations and random matrices. Comm. Math. Phys. 209:437-476, 2000. ArXiv:9903134

[25] K. Johansson. Discrete polynuclear growth and determinantal processes. Comm. Math. Phys. 242:277-295, 2003.
ArXiv:0206208

[26] M. Kardar, G. Parisi and Y.-C. Zhang. Dynamic scaling of growing interfaces. Phys. Rev. Letts. 56:889-892, 1986.

[27] M. Kardar. An underlying link for scaling of fluctuations in growth fronts, fracture lines, strong localization, - - - . Seminar
slides from https://www.mit.edu/ kardar/research/seminars/Growth/talks/Kyoto/introduction.html

[28] J. Krug and H. Spohn. Kinetic Roughening of Growing Interfaces. In Solids far from Equilibrium: Growth, Morphology
and Defects, ed. by C. Godréche. Cambridge University Press, pp. 479-582, 1992.

[29] Z. Liu Multi-time distribution of TASEP. preprint, 2019. ArXiv:1907.09876.

[30] K. Matetski, J. Quastel and D. Remenik. The KPZ fixed point. preprint, 2017. ArXiv:1701.00018

[31] N. O’Connell. Conditioned random walks and the RSK correspondence. J. Phys. A: Math. Gen. 36:3049-3066, 2003.

[32] M. Prahofer and H. Spohn. Scale invariance of the PNG droplet and the Airy process. J. Stat. Phys. 108:1071-1106, 2002.
ArXiv:0105240

[33] J. Quastel. Introduction to KPZ. In Current Developments in Mathematics. International Press of Boston, Inc., 2011.

[34] A.Rékos and G. M. Schiitz. Current distribution and random matrix ensembles for an integrable asymmetric fragmentation
process. J. Stat. Phys. 118:511-530, 2005. ArXiv:0405464

[35] M. Sano and K. A. Takeuchi. Evidence for geometry-dependent universal fluctuations of the Kardar-Parisi-Zhang interfaces
in liquid-crystal turbulence. J. Stat. Phys. 147:853-890, 2012. ArXiv:1203.2530

[36] T. Sasamoto. Spatial correlations of the 1D KPZ surface on a flat substrate. ]J. Phys. A 38(33): L549-L556, 2005.
ArXiv:0504417

[37] G. M. Schiitz. Exact solution of the master equation for the asymmetric exclusion process. J. Stat. Phys. 88:427-445, 1997.
ArXiv:9701019

[38] T. Seppaldinen. Lecture notes on the corner growth model, 2009. Available from https://www.math.wisc.edu/
“seppalai/cornergrowth-book/ajo.pdf.

[39] C. A. Tracy and H. Widom. Level-spacing distributions and the Airy kernel. Comm. Math. Phys. 159:151-174,1994.
ArXiv:9211141

[40] J. Warren. Dyson’s Brownian motions, intertwining and interlacing. Electron. J. Probab. 12(19):573-590, 2007.
ArXiv:0509720


https://arxiv.org/abs/1611.04756
https://arxiv.org/abs/1804.01948
https://arxiv.org/abs/0707.1843
https://arxiv.org/abs/0806.1350
https://arxiv.org/abs/1807.02982
https://arxiv.org/abs/1702.03910
https://arxiv.org/abs/1609.02971
https://arxiv.org/abs/math-ph/0702009
https://arxiv.org/abs/0707.0098
https://arxiv.org/abs/1802.00729
https://arxiv.org/abs/1904.08195
https://arxiv.org/abs/math/9903134
https://arxiv.org/abs/math/0206208
https://www.mit.edu/~kardar/research/seminars/Growth/talks/Kyoto/introduction.html
https://arxiv.org/abs/1907.09876
https://arxiv.org/abs/1701.00018
https://arxiv.org/abs/math/0105240
https://arxiv.org/abs/cond-mat/0405464
https://arxiv.org/abs/1203.2530
https://arxiv.org/abs/cond-mat/0504417
https://arxiv.org/abs/cond-mat/9701019
https://www.math.wisc.edu/~seppalai/cornergrowth-book/ajo.pdf
https://www.math.wisc.edu/~seppalai/cornergrowth-book/ajo.pdf
https://arxiv.org/abs/hep-th/9211141
https://arxiv.org/abs/math/0509720

	1. Introduction
	2. Statement of results
	2.1. Some notation and conventions
	2.2. Statement of main theorem
	2.3. A discussion of results

	3. Discrete considerations: multi-point distribution function
	3.1. Markov transition rule
	3.2. Summation by parts
	3.3. Cauchy-Binet identity

	4. Orthogonalization: representation as a Fredholm determinant
	4.1. Contour integrals
	4.2. Fredholm determinant form
	4.3. Distribution function of the single point law

	5. Asymptotics: formulation in the KPZ-scaling limit
	5.1. Setting for asymptotics
	5.2. Preparation
	5.3. Convergence of the determinant
	5.4. Tying up loose ends

	References

