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THE ESSENTIAL NUMERICAL RANGE FOR UNBOUNDED
LINEAR OPERATORS

SABINE BOGLI, MARCO MARLETTA, AND CHRISTIANE TRETTER

ABSTRACT. We introduce the concept of essential numerical range W, (T') for
unbounded Hilbert space operators T and study its fundamental properties in-
cluding possible equivalent characterizations and perturbation results. Many
of the properties known for the bounded case do not carry over to the un-
bounded case, and new interesting phenomena arise which we illustrate by
some striking examples. A key feature of the essential numerical range W.(T")
is that it captures spectral pollution in a unified and minimal way when ap-
proximating T by projection methods or domain truncation methods for PDEs.

1. INTRODUCTION

The main object of this paper is the essential numerical range W, (T') which we
introduce for unbounded operators T' in a Hilbert space. This concept is of great
importance in the spectral analysis of non-normal operators and, in particular, in
the numerical analysis of differential operators and approximations thereof. Our
principal results include the analysis of several alternative, but only partly equiv-
alent characterizations of W.(T), a series of perturbation theorems, and results
showing that W, (T') captures spectral pollution in a unified and minimal way when
T is approximated by projection and/or domain truncation methods. Diverse ex-
amples and applications, e.g. to non-symmetric strongly elliptic PDEs, illustrate
the sharpness and wide range of applicability of our results.

There are good reasons for the long time elapsed between this article and the
first papers on the essential numerical range for bounded operators, dating back
to Stampfli and Williams [40] in 1968 and subsequent joint work with Fillmore
[17]. The unbounded case is significantly different from the bounded case in several
respects. We show that definitions which are equivalent in the bounded case may
yield very different sets in the unbounded case. It was not clear at the outset which
would be most appropriate to regard as the canonical essential numerical range.
Moreover, none of the usual tools such as graph norms or mapping theorems can
be used to reduce the unbounded case to the bounded case, so that a gamut of new
ideas and tools had to be developed. The pay-off has exceeded our most optimistic
expectations, both on the abstract level and for applications.

The original idea of the essential numerical range was to give a convex enclosure
of the essential spectrum, just as the (closure of the) numerical range gives a con-
vex enclosure for the approximate point spectrum. However we became interested
in the essential numerical range also because of an ambitious aim to establish an
abstract tool for capturing spectral pollution, independent of the particular type of
approximation method and not limited to special operator classes such as selfad-
joint, close-to-selfadjoint, or second-order-differential. The key connection between
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the essential numerical range W,(T') and spectral pollution is the new concept of
limiting essential numerical range (Definition 5.5 below).

Some of the earliest descriptions of the phenomenon of spectral pollution were
motivated by finite element approximations in plasma physics, see, e.g. [35, 1, 22],
which analysed sequences of eigenvalues of the approximating problems converging
to a limit that is not a true eigenvalue. Already there it was noted that such spu-
rious eigenvalues can only occur in gaps of the essential spectrum of the selfadjoint
operators considered. An interesting reverse perspective on spectral pollution is
that approximating large, finite-domain PDE problems by infinite-domain prob-
lems may result in a loss of spectral information, with the lost spectrum being
termed absolute spectrum in [34, 38].

Although a substantial literature on spectral pollution is now available, most of
it concerns selfadjoint operators and deals with particular methods to approximate
spectra such as projection and/or domain truncation methods, see, e.g. [10, 8,
31, 30, 14, 29, 24]; some works discuss methods to avoid spectral pollution, while
others try to characterize the sets in C in which spectral pollution may be present.
Dauge and Suri [11, 12] follow Descloux [15] to circumvent the unboundedness in
their selfadjoint problems by considering a concept of essential numerical range
with respect to a coercive form (a change of topology); their essential numerical
range is then the convex hull of the essential spectrum. The only step away from
selfadjointness without recourse to perturbation arguments, is the generalization of
the classical Titchmarsh-Weyl nesting analysis for M-functions of Sturm-Liouville
operators to non-selfadjoint cases in [9].

While the main applications presented concern spectral pollution, we emphasize
that this article is really about the essential numerical range itself. In the first part,
we start in Section 2 by fixing our definition for the concept of essential numerical
range and examining fundamental issues, including geometric properties related to
the numerical range and the question of when W, (T) is empty, which can only occur
for unbounded operators. In Section 3, our first main result, Theorem 3.1, intro-
duces four further possible definitions of essential numerical range. Unlike the case
of bounded operators studied by Fillmore, Stampfli and Williams [17], Salinas [37],
Pokrzywa [32, 33] and Descloux [15], in general these are not the same and the con-
ditions under which at least some of them coincide are non-trivial. For example,
an important role is played by the domain intersection D(T) N D(T™*) which, even
for m-accretive operators, can be anything from {0} to a dense set, see [2]. We
study the relationship between the essential numerical range and the convex hull
of the various different types of essential spectrum. In general, the latter may be
a much smaller set and only in particular cases, e.g. if the operator is selfadjoint
and bounded, do they coincide; for non-semibounded selfadjoint operators, W, (T')
coincides with the convex hull of the extended essential spectrum of Levitin and
Shargorodsky [29]. In Section 4 we derive several perturbation results and describe
some startling examples showing that some results which one may have expected to
be true, are actually false, see, e.g. Remark 4.2 and Example 4.3. We also establish
some useful results which may be used to compute the essential numerical range
when an operator can be decomposed into real and imaginary parts.

In the second part of our paper, Section 5 introduces the notion of limiting es-
sential numerical range for a sequence of operators (T},),ecn, which is even new in
the bounded case, and derives conditions on approximation methods under which it
coincides with the essential numerical range of the approximated operator T'. Sec-
tion 6 studies spectral pollution arising from approximation of operators by projec-
tion methods in a Hilbert space, while studies approximation by domain truncation
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of strongly elliptic, not necessarily selfadjoint partial differential operators on do-
mains in R?. Here our main results, Theorems 6.3 and 7.1, describe how closely the
essential numerical range captures spectral pollution, without any recourse what-
soever to hypotheses of selfadjointness or perturbation-from-selfadjointness. This
is illustrated by applications to non-selfadjoint neutral delay differential equations
and differential equations with non-real essential spectrum of advection-diffusion

type.
Throughout this paper we denote by H a separable infinite-dimensional Hilbert
space. The notations || - || and (-,-) refer to the norm and scalar product of H.

Strong and weak convergence of elements in H is denoted by z, — x and z,, — ,
respectively. By L(H) we denote the space of all bounded linear operators acting
in H, and by C(H) the space of all closed linear operators in H. Norm and strong
operator convergence in L(H) is denoted by T,, — T and T,, > T, respectively.
Identity operators are denoted by I; scalar multiples Al are written as A. The
domain, range, spectrum, point spectrum and resolvent set of an operator 7' in H
are denoted by D(T), R(T), o(T), 0,(T), o(T), respectively, and T* denotes the
Hilbert space adjoint of T'; note that whenever we assume that an operator has
non-empty resolvent set, the operator is automatically closed. The numerical range
is W(T) = {(Tz,z) : « € D(T), ||z|| = 1}. For non-selfadjoint operators there
exist (at least) five different definitions for the essential spectrum which all coincide
in the selfadjoint case; for a discussion see Edmunds and Evans [16, Chapter IX].
Here we use

0.(T) := {/\ € C: F(xn)neny C D(T) with ||a,|| =1, zp B0, (T =Ny, — 0},

which is o, 2 in [16]. Following Kato [26, Section V.3.10], we call a linear operator
T in H sectorial if W(T) C {\ € C: |arg(A —v)| < 0} for some sectoriality semi-
angle 6 € [0,7/2) and sectoriality vertex v € R. T is m-sectorial if, in addition,
A € o(T) for some (and hence all) A € C\W(T'). For a sesquilinear form ¢ in H
with domain D(t), sectoriality is defined analogously. A subspace D C D(T) is
called a core of a closable operator T if T|p is closable with closure T; a core of
a closable sequilinear form is defined analogously, see [26, Sections II1.5.3, IV.1.4]
(note that here we do not restrict ourselves to sectorial forms). For a subset Q@ C C
we denote its interior by int §2, its convex hull by conv €2, its complex conjugated set
by Q* :={Z: z € Q}, and the distance of z € C to Q by dist(z, Q) := inf,,cq |z—w].
Finally, B, (A) :={z € C: |z — A| < r} is the open disk of radius r around A € C.

2. THE ESSENTIAL NUMERICAL RANGE OF UNBOUNDED OPERATORS

The essential numerical range W, (T') was introduced by Stampfli and Williams
in [40] for a bounded linear operator T" in a Hilbert space H as the closure of the
numerical range of the image of T" in the Calkin algebra, W.(T) := N{W (T + K) :
K compact}. Various equivalent characterizations were established in the sequel
in [17]. It is immediate from the definition that W.(T) is a compact convex subset
of C, and one can show that W,(T) # 0 in the bounded case.

The generalization to the unbounded case is not as straightforward as one might
expect and leads to interesting new phenomena. In particular, for some character-
izations seemingly obvious generalizations might fail; e.g. in the original definition
one cannot replace compact perturbations by relatively compact ones. Moreover,
the different characterizations are no longer equivalent in general and some ques-
tions only arise in the unbounded case, e.g. when is W, (T') # 0.

In the unbounded case, the characterization established in [17, Theorem (5.1) (3)]
turns out to be a good starting point. Note that in general, if not stated otherwise,
we consider unbounded linear operators T that do not need to be closable or closed.
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Definition 2.1. For a linear operator 7' with domain D(T) C H we define the
essential numerical range of T by

W, (T) := {A €C: 3(zn)nen C D(T) with ||zn]| =1, Tn %0, (Tzn, zn) — )\} .

Clearly, W.(T) C W(T) by definition and W, (zT) = zW,(T) and W (T+z) =
Wo(T)+z for z € C.

Our first aim is to investigate the equivalence of other possible definitions of
W.(T), including the original one in [40], see Theorem 3.1. To this end we need
some geometric properties of W, (T'), which are of independent interest.

First we show that W,(T') continues to be closed and convex in the unbounded
case. Secondly, we investigate some relations between the geometry of the numerical
range W(T) and that of W,(T); they will also provide criteria for W, (T) to be
unbounded or non-empty.

Proposition 2.2. The essential numerical range W,(T') is closed and convex, and
conv o (T) C W.(T).

Proof. The closedness of W, (T') follows by a standard diagonal sequence argument.
To show that W.(T) is convex, let A, u € W.(T"). Then there exist two sequences
(@n)nen, (Yn)nen C D(T) with ||za]l = [lynll =1, 25 = 0, yn = 0 as n — co and

1 1 1
nyJIn ) Tn7n_)\ ) Tnan_ ) N.
(@) < = [Twn,@) =A<~ [(Tyny) =il <~ e

Let t € [0,1] and v := tA + (1 — t)u € conv{A,u}. For n € N, denote by P, :
H — span {x,,y,} the orthogonal projection in H onto span {x,,y,} and define
the compression T}, := P, T|g(p,). Since (T'xn,xn), (TYn,yn) € W(T,) and the
latter is convex, there exists z, € R(P,) with ||z,|| = 1 and

1
Tz, zn) — V| = |{Thnzn, 2n) — V| < e n € N.

Now 2, = 0, yn — 0 as n — oo and [(z,,y,)| < 1/n, n € N, imply z, = 0 as
n — oo and so v € W, (T).

The inclusion o.(T) C W.(T') is immediate from the definitions and so the last
claim follows since W, (T') is convex. O

Next we give criteria for W, (T') # 0 in terms of the numerical range. It turns out
that the case where W (T') is a half-plane is different from all others, see Corollary 2.5
and Example 2.5.

Proposition 2.3. If W(T) is a line or a strip or if W(T) = C, then W,(T) # 0.
In particular, W,(T) # 0 of T is densely defined and not closable.

Proof. In the case when W (T) is a strip, or a line which we regard as a special case
of a strip of zero width, we can always assume without loss of generality that W (T')
is a strip containing R.

Let (2 )nen C D(T) with ||lz,|| = 1 and @, % 0 as n — co. If (T, ) )nen is
bounded, then it has a convergent subsequence whose limit belongs to W, (1) and
hence W,(T') # 0. If ((TTpn,Tn))nen is unbounded, we can assume without loss of
generality that 0 < Re(T'z,,z,) — oo in all cases. To prove the existence of some
A € W.(T), we proceed in (at most) two steps, one to control the real part and, in
the case when W(T') = C, one for the imaginary part.

Since W(T) is either a strip containing R or W (T") = C, we can choose (Y5 )nen C
D(T) with |ly,| =1 and

<T'rn7 xn>

— 0, n — oo.
(TYn, Yn)

0> <Tynayn> —r —0Q,
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It is not difficult to verify that, for every n € N there exists 6,, € [0,27) such that
oy = Ty, 2,) + e (T, y) € iR

Re(T'zp, i
rim [ ROLEm ) g ey, nE .
|<Tynayn>|

Then 7,, — 0 and hence |u,| — 1 and u,, — 0 as n — co. Moreover,

Define

(Tun,up) = Im(Txy, ,) + rpa, €1R, n €N,

Now, with 2/, := u,/|lus||, n € N, it is easy to see that ||z/| = 1 and z/, = 0 as
n — oo. If (Ta),x))) = (Tuy, un)/|un||? € iR, n € N, are uniformly bounded, then
again W,(T') # (0. This is always the case if W(T) is a strip and hence the proof is
complete in this case.

So it remains to consider the case that W(T') = C and (T'z,,z!) € iR, n € N,
is not uniformly bounded, without loss of generality (T'z,,x)) — ico as n — oc.
Since W(T') = C, there exists (y),)nen C D(T') such that ||y, || = 1 and
(T, x,)

(Typ yn)
One may check that, for every n € N, there exist unique 6/, € [0,27), v}, > 0 with

(Typ,yn) €1(=00,0), (Typ,,y,) — —ico, —0, n—oo. (21)

/

n = P (Tyl 2l + o (T, y) € i(—o00,0],

(6%
1@y | | ah
@) | T [T |

Using the last convergence in (2.1), we deduce that r/, — 0 as n — co. Now define
ul, = a!, + 7l ey and v, := u,/||u,| for n € N. Then it is straightforward to
check that |lv,| =1, v, = 0 and (T'w,,v,) = 0, n € N; hence 0 € W,(T).

The last claim is immediate from the first claim and the fact that if 7" is densely

defined and W(T') # C, then T is closable, see [26, Thm. V.3.4]. O

Proposition 2.4. If there exist z€ W,(T') and w € C\{0} with z+w(0,00) CW (T,
then z + w0, 00) CW(T).

Proof. Without loss of generality take z = 0 and w = 1, which can always be
arranged by shift of origin and rotation. Hence there exists (z,,)neny C D(T) with
lznl = 1, 2, = 0 and (Tx,,z,) — 0 as n — co. Let A € [0,00) be arbitrary.
By the assumption (0, 00) C W(T), there exists (yx)ren CD(T) with |lyx]| = 1 and
0 < (Tyg,yr) — 00. Since x, “ 0 as n — oo, we can choose a strictly increasing
sequence (ny)ren C N such that

1 1
[y zn )| < 20 Ty, 2n )l < 2 k€N (2.2)
Now define .
Uk = Tp, + Tkelgkykn ke N’

with rp, > 0 and 6 € [0,27) such that
(T ) + 1l (T yi)| = A, e Ty, ) >0, keN.

Note that 7, — 0 since (Tyg,yx) — 00, and hence |jug| — 1, up, — 0 as k — oo.
By direct calculation,
(Tug, up) = (Txp, , Tn, ) + X+ 16 (Typ, ,,), k€N,

and the latter converges to A by (T'zy,,zn,) — 0, 7, — 0 as k — oo and by the
second estimate in (2.2). Now, with v, = ui/|lukl, k¥ € N, it is easy to see that
lloell = 1, v = 0 and (Twy, vg) — A € W (T). O
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Corollary 2.5. i) If W(T) is a line, then so is W.(T) and thus W, (T)=W(T).
i) If W(T) is a strip, then W,(T) is a strip or a line.

iii) If W(T) is a half-plane and W,(T)#0, then W,(T) is a half-plane.

iv) If W(T) =C, then W.(T) = C, and vice versa.
)

v) If W(T) is or contains a sector and We(T) # 0, then W.(T) contains each
sub-sector with vertex in W (T).

Proof. Using the convexity of W,(T) by Proposition 2.2 the claims follow from
Proposition 2.4 if we know that W,(T) # (). The latter was proved in Proposition
2.3 for cases i), ii) and iv), and it is assumed in cases iii) and v). The converse in
iv) follows from W, (T) C W(T). O

The following example shows that W, (T) = (} is possible if W (T') is a half-plane.

Example 2.6. For the diagonal operator T' = diag (n +i(—1)"n? : n € Ny) on the
maximal domain D(T) = {(Zn)nen, : (P*Tn)nen, € 12(No)} in the Hilbert space
H = 1?(Ny), we have W(T) = {z € C : Rez > 0} but W.(T) = 0; the latter
follows from the equivalent characterization W, (T) = Weo(T) = N{W(T + K) :
K € L(H), rank < oo} which we will prove in Theorem 3.1 below.

The following technical lemma for the case that W(T) = C is needed for the
proof of two of the main results of this paper, Theorem 3.1 and Theorem 6.7.

Lemma 2.7. Suppose that W(T) = C.

i) Let x,y € D(T), ||z|| = |ly|| = 1, be linearly independent. Then, for all but
at most three t € C,

W(T|(y+te)+rp()) = C. (2.3)

ii) Let y € D(T), ||yl = 1, be such that {y}*+ ND(T) # {0}. Then, for every
€ >0, there exists a we € D(T), |we| =1, with

W(T | wyropry) =C,  [(Twe,we) — (Ty,y)| <e. (2.4)

Proof. If (2.3) holds for every t € C, there is nothing to show. Hence assume
that (2.3) is false for some t € C; without loss of generality ¢t = 0. Then there exists

A E W(T |y onpery)- (2.5)

Since W(T') = C, we also have W,(T) = C by Corollary 2.5 iv) and hence there
exists (zx)reny C D(T) with ||lzg|| = 1, 25 = 0 and (Tag, 2x) — A as k — oo.
Suppose first that sup,cy [(Tzk, y)| < oo. If, for every k € N, we write z) =
x,(:) + x;f) € span{y} @ {y}*, then x,(f) € {y}t ND(T) since zi, y € D(T). Since
m,(;) = (zk,y)y — 0 and Hx,(f)H — 1 as k — oo, we arrive at
(Txg,zr) = (Tx,(:), Tk) + (T:z:,(f), 1:,(61)> + (Tx,(f), 1:,(62)>

= (@r 9) (T, i) + () (T, y) — (2, 0) Ty, y)) + (T2, 2?)

for k € N. Observe that all terms on the right hand side except the last tend to 0
as k — oo. Since the left hand side has limit A and x,(f) € {y}+ ND(T), we obtain
that A = limk%m(Tx,?),x,(f)) € W(T|{yy-np(r)), a contradiction to (2.5).

Hence supycy |(T'zk, y)| =o0; without loss of generality |(T'zk, y)| — oo as k— oo.
Since z,y are linearly independent, there exists u € span{z,y} with « L y and
[lu]l = 1. Replacing (zx)ren by a subsequence if necessary, we may assume that the

(Txy,u)

sequence T,y

converges to a limit &« € CU {oo} as k — oo. Then, for all
N
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s € C with s € C\ {0, o},

(Txg, (y + su)) 1+ sa
(Tzg, (u— sy)) — a—s

€eC, k— oo, (2.6)
with the convention that the right hand side is s if &« = co. We define

ys =y +su€D(T), us:=u—syc{y}NDT), scC.
Since |(T'zy,y)| — oo we see from (2.6) that

[(Txp,ys)| — oo, |[(Txp,us)|] — 00, k — oo. (2.7)

Now we fix s € C\ {0, a}. By (2.6),

<T'rk‘7ys>
sup |-—=———+| < 00. 2.8
keN | (Tok, us) (28)
For arbitrary z € C and k € N, set
lus||*2 — (Tus, us)
= C
Bk <T$k”us> G b
x 1y JS
Vg 1= Us + P (ajlc - <||Z ﬁ2>ys> € {ys}l ﬁD(T)

By (2.7), [{Txg,us)| — oo and hence B; — 0 as k — oo, from which it follows at
once that [|vg]|? — |lus||? as k — oo. Also by (2.8), (Bk(Tk,ys))ken is bounded,
and of course we already know that z;, — 0 as k — oo. Using these two facts,
together with the convergence (T, xx) — X as k — 00, a laborious direct calcula-
tion shows that (Twy,vk) — [lus||*z as k — co. Hence z € W(T|;,.y+np(r))- Since
z was chosen arbitrarily, we arrive at

W(T|yyrnpry) =C, s€C\{0,a}.

Since y,z € D(T) are linearly independent, we can write © = ay + bu for some
a,b € C, b# 0. Now we obtain (2.3) for all t € C\ {0, —1/a, (b/a — a)~'} since

b

t L: sL ith = .
{y+tx}- ={ys}— with s pEyr

i) If W(T|{y11np(r)) = C, we choose w. = y. Otherwise, by i), we can choose

We with ¢ > 0 so small that the second assertion in (2.4) is satisfied. O

_ y+itx
ly+t|l

3. EQUIVALENT CHARACTERIZATIONS OF W,(T')

Next we show that two of the other characterizations of W, (T') established in [17]
are equivalent to the definition of W, (T') given in the previous section also in the
unbounded case, and another one is equivalent for densely defined operators.

However, there is one characterization which, in the unbounded case, is equiva-
lent only under some additional conditions, even if T is densely defined and clos-
able; a counter-example will show that these conditions are also necessary, see
Remark 3.2 iv) and Example 3.5.

Theorem 3.1. Let V be the set of all finite-dimensional subspaces V- C H. Define
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Wer(T) := m W(T|ynp(ry),
vey

Wea(T) == ﬂ W(T + K),

KeL(H)
rank K <oco

Wes(T) = ﬂ W(T + K),

KeL(H)
K compact

Wea(T) = {)\ € C: 3(en)nen C D(T) orthonormal with (Te,,e,) "= )\} .
Then, in general,

Wor(T) € Wos(T) € Wea(T) = Wes(T) = Wo(T). (3.1)

If D(T) = H, then

Wer (T) C We4(T) ( ) = We3(T) = VVe(T) (32)
If D(T)ND(T*) = H orif W(T) #C, then
Wei(T) = Wo(T), i=1,2,3,4. (3.3)

Remark 3.2. If D(T) = H, then
i) D(T)ND(T*) = H necessitates that T is closable, see [41, Thm. 5.3];
il) W(T) # C necessitates that T is closable, see [26, Thm. V.3.4];
iii) if D(T) C D(T*), then D(T) N D(T*) = H is satisfied;
in particular, (3.3) holds if T is a symmetric operator. Unlike the bounded case,
iv) the inclusion Wey C Wo(T) (= Wei(T), i =2,3,4) in (3.1) can be strict if
D(T)ND(T*) # H and W(T') = C, see Example 3.5.

Proof of Theorem 3.1. In the following sequence of inclusions
We4(T) C VV;(T) C We3(T) = WeQ(T) (34)

all ‘C’ are obvious and the reverse inclusion We3(T') D Weo(T') follows since every
compact operator is the norm limit of finite rank operators.

Now we prove Wi (T) C Wey(T). Let A € W1 (T) and eq € D(T) with ||eg]] = 1.
To show that A € We4(T'), we inductively construct a sequence (e,)neny C D(T)
such that, for n € N,

leal =1, fener) =0, k<, [{Tenen) =N < .
For this, let n € N and assume that eg, ..., e,_1 with the described properties have
been constructed. Set V,, := span{eg,...,en—1} € V. Since A € W,1(T'), we have
A€ W(T|y1qp(r)) and hence there exists e, € V," N'D(T) with [le,|| = 1 and
[(Ten,en) — Al < 1/n. Now the claim follows by induction over n € N.

Next we show W,s(T) C W,(T). First we consider the case that W (T) is con-
tained in a half-plane, without loss of generality W (T) C {zeC: 0 < Rez}.
Wes(T) C We(T) were false, there would exist a Ag € Wes(T') \ W(T'). By Propo-
sition 2.2, W,(T) is closed and convex. Hence, by the strong separation property,
see e.g. [28, Thm. 3.6.9], there exists a closed half-plane H with H D> W(T) but
Ao ¢ H. Then there exist Oy € (—7, 7] and z0€C with H =20+ {z € C: g — § <
arg z < O+ 3 }. For every angle 0 € ( ), we take an arbitrary positive compact

T 37
2772
operator K and find (2,,)nen C D(T), ||z,]| = 1, without loss of generality z,, —
as n — 0o, such that

An = (Txp,xn) — ei9n<Kxn,xn> — Ao, M — 00.
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If O # 7, we can choose 6 € (3, 3%) so that 6 € [f+7,0x+2F]. Then cosf < 0 and
thus
0 <Re(Txp,x,) =cosOn{Kx,,z,) +Rel, <Rel, — Re)y, n— 0.

Hence there is a convergent subsequence (Re (T'zy, , Tn,))ken, which implies that
also ng(Kxp,,Tn,) = 1 > 0, k — oo; in particular, (Kz,,,zn,) — 0, k — oo,
which necessitates © = w—limg_,o0 ©n, = 0. Altogether we obtain the contradiction

(TZpy s Tny) — ewu +X e W(T)\H, k— oo.

If O = m, i.e. Wo(T) is contained in a vertical strip, then the same is true for

W (T) by Proposition 2.4. In this case we can rotate everything such that we are
in the case already proved. Now we assume that W(T) = C. Then W,(T) = C
by Proposition 2.4 and hence W 3(T) = C = W,(T) by (3.4). This completes the
proof of (3.1).

For (3.2) it remains to be proved that W.(T') C Wea(T) if T is densely defined,
which is the most difficult part. The inclusion will be a consequence of the following
two properties.

Claim. It D(T) = H and

1) if the inclusion W1 (T) C W,(T) is strict, then W(T) = C;
2) it W(T) = C, then W4 (T) = C.

In fact, if W(T') # C, then Claim 1) implies that W,(T') = W1 (T) C Wes(T); if

W(T) = C, then Corollary 2.5 iv) yields W.(T") = C and Claim 2) shows that also

W,s(T) = C.
Proof of Claim 1): Suppose there exists A\ € W.(T) \ Wo1(T). Then there
is a sequence (z,)neny C D(T) with ||z,| = 1, , = 0 and (Tx,,x,) — A as

n — oo and V € V with A ¢ W(T|y1ap(ry). We introduce a (not necessarily
orthogonal) projection P with R(P) =V and R(P*) C D(T). To this end, choose
any basis {¢1,...,¢r} of V. Now, since D(T) = H, we can choose a biorthogonal
set {Y1,...,¢} in D(T) so that (¢n,Y¥m) = Onm. Define P € L(H) by

k
Pr:=>Y (z,¢n)¢n €V, x€H.
n=1
Then P? = P and so P is a projection. Also,
k
Po=> (,¢n)n € D(T), z€H.
n=1

Note that
(T, xn) = (TP xp, xn)+{T(I— Py, (I—P")x,)+(T(I—P*)xy,, P x,). (3.5)
Since P* and TP* are compact, we conclude P*z,, — 0 and (T'P*z,,z,) — 0 as
n — o0o. For an arbitrary z € C define
Yn = z2P*xy + (I — P")z, € D(T), neN.

Note that ||y,|| — 1 and y,, — 0, and hence (T P*y,,,y,) — 0 as n — oo.

First assume that ((T'(I — P*)x,, (I — P*)zy))nen is bounded; without loss of
generality it is convergent, with limit y € W(T'|y Lqp(r)). Since, by assumption,
the latter set does not contain A, we have

c:= lim (T(I — P*)x,, P*x,) =X — u#0.

n—o0

Moreover, for n € N,

(TYn,yn) = (TP Ypn, Yn)+{(T(I— P )xp, (I — P*)xn)+Z(T(I— P*)x,, P*x,) (3.6)
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and hence ((Tyn,Yn))nen converges to pu + zc € W,(T). Since z € C was chosen
arbitrarily, we arrive at W,(T') = W(T) = C.

Now assume that ((T'(I — P*)xn, (I — P*)@n))nen is unbounded. Using (3.5),
together with (T'z,,z,) — A\, (TP*x,,x,) — 0 as n — oo, we conclude that
also ((T'(I — P*)xy, P*zy))nen is unbounded. Taking the difference of (3.6) and
(3.5) and using that (T P*y,,yn) — 0 as n — oo, we infer that ((Tyn,Yn))nen is
unbounded for every z € C\{1}. The arbitrary argument of z € C\{1} is reflected
in an arbitrary angle at which ((T'yn, yn))nen diverges. This implies W (T') = C.

Proof of Claim 2): Assume that W(T') = C and let A\ € C be arbitrary. To show
that A € We4(T'), we shall prove, by induction, that there exist sequences (e, )nen
and (yn)nen such that, for all n € N, we have ||e,|| = |lyn|| = 1, the orthogonality
conditions y,+1 € {e1,...,e,}" and e, € {e1,..., e, }* hold, the condition

W(T|¢e,,....eny o)) = C

is satisfied and

(TYnsyn) = A, [(Ten,en) — (Tyn,yn)| < 1/n.

To this end, we will employ Lemma 2.7 ii); here we will use that for every finite
codimensional subspace N C H the intersection N ND(T") is dense in N, and hence
in particular not {0}, since T is densely defined, see [19, Lemma 2.1].

At the first step of the induction we use the fact that W(T') = C to choose a
unit vector y; € D(T) such that A = (T'y1, y1). We apply Lemma 2.7 ii) with e = 1
and y; in the role of y to deduce the existence of a unit vector e; € D(T) such that

W(T|ie;yrnpry) =C, KTer,er) = (Tyi,y1)| < 1.

Since W(T‘{el}J_mD(T)) = C we can choose a unit vector y, orthogonal to e; such
that (T'y2,y2) = A, and the first step of the induction is complete.

Now suppose we have constructed ey, ...,e,_1 and y,...,y,. Define the space
Xn1 = {e1,...,en_1}* of codimension n — 1 and let T .= Px, \T|x, .np(T)
where Py, : H — X,,_ is the orthogonal projection in H onto X,,_;. We apply
Lemma 2.7 ii) with T in X, -1 playing the role of T" and y,, playing the role of vy,
together with the choice € = %, to deduce the existence of a unit vector e,, € D(T')
orthogonal to all of ey, ...,e,_1, such that

W(ﬂ{en}mD(T)) =W(Tle,....enyrnp(r)) = C, (3.7)
and
(Ten,en) — (TYn, yn)| < 1/n.
Now (3.7) allows us to choose a unit vector y,+1 € D(T), orthogonal to all of
€1y, €n, such that (Tynt1, Ynt1) ={(TYn+1,Yn+1)=A. The induction is thus com-
plete.

Finally, to show that (3.3) holds if D(T)ND(T*) = H or if W(T) # C, it
remains to be proved that the inclusion W1 (T) C Wi (T) = Wo(T), i = 2,3,4, is
an equality as well.

If W(T') # C, this is immediate from Claim 1) above. If D(T)ND(T*) = H,
we will show that Wea(T) C Wei(T'). Otherwise, there would exist A € Weo(T)
and V € V so that A ¢ W(T|yLqp(ry). After a possible shift and rotation we may
assume that Re A < 0 and

W(T|yraper) CH' :={z€R: Rez > 0}.

Since dimV < oo and D(T) is dense in H, V-ND(T) is dense in V+ and thus,
in particular, VN D(T) # {0}. Let p € W(T|y1ap(r)). As in the proof of
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Claim 1) above, now using that D(T) N D(T*) = H, there exists a (not necessarily
orthogonal) projection P € L(H) with R(P)=V and R(P*) CD(T)ND(T™*). Define
Ko := —TP* — PT(I — P*) + uPP*, D(K,):=D(T).

Since R(Kyp) C span(R(P) U R(TP*)) is finite-dimensional, the operator K, has
finite rank. The assumption that D(T) N D(T*) = H implies that D(T*) = H and
hence T is closable, see Remark 3.2 i). This and R(P*) C D(T)ND(T*) imply that
the operators TP* D TP* and (T*P*)* D PT are bounded and hence so is K.
Since D(Ky) = D(T) is dense, K is closable and its closure K := K, € L(H) has

finite rank as well. Note that D(T' + K) = D(T) = D(Kjy) and

T+K=T+Ko=(I—-P)T(I—P*)+ pPP*)|pr.
For arbitrary « € D(T), ||z|| = 1, we set
u:=P*z, v:i=(I—P*)zcR(I - P*)ND(T)=R(P): nD(T) =V*+ND(T).
Then
(T + K)z,z) = (Tv,v) + pllull® € {tz+ sp: 2z € W(T|yraper), t.s > 0}.

Since p was chosen in m C HY, we conclude Re{(T + K)z,z) > 0.
This implies that W (T + K) C HT and so A € Wo(T) C W(T +K) C H, a
contradiction to Re A< 0. This proves Weo(T) C W1 (T') and hence (3.3). O

Remark 3.3. i) For bounded T the identity W.(T') = W,1(T) is not explicitly
stated in [17, Theorem (5.1)], but it may be read off from the proof.

ii) In the bounded case there is yet another characterization of W, (T'), see [17,
Theorem (5.1) (5)],

Wo(T) = Wes(T) :={A € C: 3Q € Q with Q(T — \)Q compact}

where Q is the set of all projections Q € L(H ) with rank @ =oc. For the purpose
of this paper this characterization does not play a role. We only mention that
if, in the unbounded case, one adds the condition R(Q) C D(T') for @ € Q in
the definition of We5(T'), then the inclusion We5(T) C We1 (T') holds.

The next observation is useful for determining the essential numerical range in
concrete examples such as the following Example 3.5.

Lemma 3.4. Let Vo € V. Then Wei(T) = Wer(T|y,2 ap(1))-

Proof. The inclusion ‘D’ is obvious from the definition in Theorem 3.1. The inclu-
sion ‘C’ follows from

Wer(T) = ﬂ W(T|y+apry) C ﬂ W(T|y+ap(r))

vey vev
VDoV
= ﬂ W(T|VLmVOLmD(T)) = Wel(T|V0J-ﬂD(T)>' U
vey

The next example shows that the strict inclusion Wy (T') € W.(T) in (3.2) may

occur if D(T) = H, but D(T)ND(T*) # H and W(T) = C.
Example 3.5. Let Tj be a selfadjoint operator in a Hilbert space H with domain
D(Ty) and o(Ty) = 0.(Tp) = R. We perturb T by an unbounded linear operator S
with D(S) = D(Tp) of the form S = QP where & : H — C is an unbounded linear
functional which is Tp-bounded and @ : C — H, Qz = zg where g € H is a fixed
element. Note that D(S) is dense since so is D(Tp).

Then S is Ty-compact since S(Tp + 1)~ = Q®(Tp + 1)~ ! is the product of the
bounded finite rank operator @ with the bounded operator ®(Tp +i)~!. Hence for
T :=Ty+ S with D(T') = D(Tp) = D(S) we also have o.(T) = 0.(Tp) = R.
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Since ® is unbounded, f — (Sf,y) = (®f){(g,y) is continuous if and only if
y € {g}*. Thus D(S*) = {g}* is not dense and so S is not closable. Together with
the fact that S is densely defined it follows that W (S) = C, see [26, Thm. V.3.4].

Now we show that D(T) ND(T*) # H. This follows from D(S*) # H if we
prove that D(T) N D(T*) = D(Tp) N D(S*). For the latter we use the inclusions
D(To) ND(S*) =D(T)ND(S*) C D(T), To + S* C (Tp + 5)* = T* and that, for
y € D(T)ND(T*) =D(Ty) ND(T*) and x € D(S) = D(Tp),

T = <S$7y> - <(T - T0)$,y> - <TIIZ,y> - <T0x7y>
is continuous on D(S) and hence y € D(S*).

We claim that W(T) = C, which implies that W_(T) = C by Corollary 2.5 iv).
Otherwise, W(T) would be contained in some closed half-plane H. Since R =
o.(T) C W(T) C H, this half-plane must be of the form H = {z € C : Imz < h}
or H={z€ C:Imz > —h} with h > 0. E.g. in the former case, let hg > h. Since
W (S) = C, there exists f € D(S) = D(T), || f|| = 1, so that (Sf, f) = iho. But then
(Tf, 1Y = (Tof, f) + (Sf, f) and since Ty is selfadjoint Im(T'f, f) = Im(Sf, f) =
ho > h, a contradiction to W (T') C H.

Applying Lemma 3.4 with Vy = span{g}, we obtain We1(T') = Wer(T|y,L np(r)) =
Wer(Tolvapry) = Wer(To). Since W(Ty) = o(Tp) = R, Corollary 2.5 implies
We(TO): W(To):R Theorem 3.1 for TO shows Wel (T):Wel(To):We(To):R.

Altogether, in this example, D(T) N D(T*) # H, W(T) = C and

R=Wu (T) g We4(T) = We?(T> = WeS(T) = VV@(T) = C’ (38>

which shows that the conditions for (3.3) in Theorem 3.1 are necessary.

A concrete example of operators Ty and ® as above is Tof =if’ in L?(R) with
D(Tp)=H'(R) and ® = g, i.e. ®f := f(0) with D(®) = H(R), so that Sf=f(0)g
with some fixed g € L%(R). In this case T'f = if’ + f(0)g with D(T) = H(R) is
an example for the above abstract model for which (3.8) holds.

It is well-known that for a non-selfadjoint operator T" in a Hilbert space there are
several different, and in general not equivalent, definitions of essential spectrum,
denoted by oo (T), k = 1,...5, see e.g. [16, Chapter IX], which satisfy the inclusions

Uel(T) C UEQ(T) C 0'63(T) C 0'54(T) C 0'65(T).

By Proposition 2.2 we already know that for the essential spectrum o¢2(T) = 0¢(T)
from [16, Chapter IX], which we use here, convo.(T") C W.(T), and hence

conv 0.1 (T) C conv oex(T) = convo(T) C Wo(T). (3.9)
The following remark collects the inclusions for all the essential spectra.
Remark 3.6. i) If D(T)N'D(T*) is a core of T*, then
conv (o (T) U (T*)*) C We(T).

ii) If T is closed, then ge3(T) = 0¢(T) U 0.(T*)* and hence if, in addition,
D(T)ND(T*) is a core of T*, then

conv oe3(T) = conv (oe(T) Uoe(T*)*) € Wo(T).

iii) If T is closed, then o.4(T) C n o(T+K) and if, in addition, o(T) CW(T

KeL(H),
then K compact

~—

)

conv ooy (T) C Wes(T) = Wo(T);
in this case 0.5(T) = 0c4(T) and hence also

conv oes(T) C Wo(T).
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Proof. 1) By Proposition 2.2, see also (3.9), it suffices to show that o.(T*)* CW,(T).
If A\ € 0.(T*)*, there exist x, € D(T*), n € N, with ||z,|| = 1, z, = 0 and
(T* = X)xn|| — 0 as n — oo. Since D(T)ND(T*) is a core of T*, we can construct
T, € D(T)ND(T*), n € N, with ||Z,|| = 1, Z, = 0 and [[(T* — N)Z,|| — 0 as
n — oo. This implies (T — \) @y, Tpn) = (@, (T* — X\)Z,) — 0 as n — oo and hence
A€ We(T).

ii) The claim follows from the stated formula for o.3(7") for closed T', which is a
consequence of the Closed Range Theorem, see [16, Thm. 1.3.7], and from claim i).

iii) The claim will follow from the stated inclusion for o.4(T) for closed T, see
the first part of the proof of [16, Thm. IX.1.4] and note that T need not have dense
domain for the inclusion “C” therein, and from the equality W.(T) = W3(T)
by Theorem 3.1 if we show that the spectral inclusion o(T") C W(T') implies the
spectral inclusion o(T' + K) C W(T + K).

To show the latter, suppose first that W(T") = C. Then also W(T'+ K) = C, and
so the claim is immediate, since otherwise W (T + K) were contained in a half-plane

and hence, since K is bounded, also W (T") C W (T+ K 1B) i (0) would be contained

in a half-plane, a contradiction. If W(T') #£C, the convexity of W (T') implies that

the complement C\W(T') consists either of one component or of two components
in which case W(T) is a strip. Then the same is true for W(T+K) since K is

bounded and so W(T'+K) C W(T)+ B) k) (0). A Neumann series argument and
the resolvent estimate ||(T — \) || <1/dist (A, W(T)), A\g¢ W(T), yield o(T + K) C

W(T)+Bjx(0). The latter yields that in each component of C\ W(T+K) there
exists at least one point in o(T' + K') which implies o(T+K) C W(T+K). O

For a bounded selfadjoint operator T', the essential numerical range is the convex
hull of the essential spectrum, W, (T") = conv o.(T'), see [37, Corollary 5.1].

An analogous result for unbounded selfadjoint operators does not hold; it may
even happen that o.(T) = ) but W,(T) = R. In order to formulate the result for
arbitrary selfadjoint operators, we need the notion of extended essential spectrum.

Note that there are different notions of the latter for closed operators using the
one-point compactification of C or R, see [21], and for selfadjoint operators using
the two-point compactification of R, [29], which is needed here.

Definition 3.7. If T is selfadjoint, we define the extended essential spectrum
Ge(T) € RU {400, -0} of T as the set o.(T) with +oco and/or —oo added if
T is unbounded from above and/or from below, and as o.(T) if T is bounded.

Theorem 3.8. If T is unbounded and selfadjoint, then
W.(T) = conv(c.(T))\{+o0}.

Proof. If T is not semibounded, then W(T) =R and thus W.(T) =W (T) =R by
Corollary 2.5. Since conv(7.(T)) =R U {£oc} by Definition 3.7, the claim follows.

Now suppose that T is semibounded, say bounded from below; if T is bounded
from above, we consider —T. Then s, :=inf7.(T) =info.(T) € RU {4o00}. If
Se < 400, we have s, € W, (T) C W(T), (Se, +00) C W(T) and hence (s.,+00) C
W.(T) by Proposition 2.4. Therefore the claim is proved if we show that (—oo, s¢) N
W.(T) = 0. Let A < s = info.(T). Then (\,A+¢) C o(T) for some £ > 0.
If Er(A) denotes the spectral projection of T corresponding to some Borel set
A C R, we have dimR(Ep((—o00, A +¢€))) < 00, K := (=T + s)Ep((—o0, A +¢)) is
compact and T+ K > A +¢. Hence Theorem 3.1 ii) yields that W.(T') = Weo(T') C
W(T + K) C [A+ ¢, 00) which implies A ¢ W.(T). O
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The definition of the essential numerical range of a linear operator T involves
its quadratic form t[f] := (T'f, f), D(t) := D(T). This motivates the following
definition.

Definition 3.9. Let t be a sesquilinear form with D(t) C H. Define the essential
numerical range of t by

W, (t) := {/\ € C: I(@n)nen C D(t) with ||zl = 1, 2 20, tlzn] — A} .

Clearly, if ¢ is the quadratic form of a linear operator T', then W, (t) = W,(T).
Analogously as in Proposition 2.2 one may show that W_(t) is closed and convex. For
an extension ¢ of ¢t we have W, (t) C We(t), and equality prevails if D(¢) is a core
of t.

Theorem 3.10. Let T be a linear operator with associated quadratic form t, and
let t* be the adjoint form of t.
i) Then, with the quadratic forms Re t := L(t +¢*), Im ¢ := (¢t — t*),
Re W.(T) C W.(Re t), Im W, (T)C W.(Im t).

i) If T is m-sectorial with semi-angle < 7w/2 and ReT is the selfadjoint op-
erator induced by the (symmetric non-negative) form Re t, then

Re W.(T) = We(ReT) = conv(c.(ReT))\{o0}; (3.10)
in particular, Wo(T) = 0 if T has compact resolvent.

Proof. i) The claim follows from the fact that if (¢[x,])nen is convergent, then so
are ((Re t)[zn])nen and ((Im )[zyn])nen-

ii) By the assumption on 7', the associated sequilinear form ¢ is closed and
sectorial with semi-angle < 7/2 and there exists a non-negative selfadjoint operator
ReT associated with the symmetric non-negative quadratic form h := %(t + t%)
with D(h) = D(t) = D(t*), see [25, Sect. 3]. The inclusion Re W,(T') C W.(Ret) =
We(ReT) follows from claim i). Conversely, let A € W.(ReT). Then there exists
(2n)nen C D(ReT) C D(t) with ||z,|| = 1, 2, = 0 and

Retlz,] = (ReTxy, x,) —> A € W (ReT);

in particular, (Ret[z,])nen is bounded. Since t is sectorial, this implies that
(Im t[z,))nen is bounded and, thus, has a convergent subsequence. Hence (t[x,])nen
has a convergent subsequence whose limit has real part A € Re W,(T). Since D(T)
is a core of ¢ by [26, Theorem VI.2.1], we obtain A € Re W,(T') = Re W.(T).

The second equality in (3.10) follows from Theorem 3.8 since Re T is selfadjoint.
If T has compact resolvent, then so has Re T, see [26, Theorem VI.3.3], and hence
conv(ge(ReT))\{oo} = 0 because Re T is non-negative. O

Remark 3.11. i) As a consequence of Theorem 3.10 i), we obtain the inclusion

WT) = () e W, (#T) ¢ () e (W (Re (c)) +iW, (Im (1)) ).
$€[0,7/2) $€[0,m/2)
ii) Note that, while for a bounded linear operator T, the real and imaginary part
can be defined by the formulas %(T +T*) and %(T — T™*), respectively, this is not
always possible if T' is unbounded since D(T') N D(T*) may not be large enough;
even if T is m-sectorial with semi-angle < 7/2 the operator %(T + T™*) may not be

selfadjoint and hence it need not coincide with ReT" as defined above via forms, see
[25, Sect. 3].

The last claim in Theorem 3.10 is sharp, i.e. there are m-accretive, non-sectorial
operators with compact resolvent and W,(T) # 0, as the following example illus-
trates.
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Example 3.12 (Schrodinger operators with complex potentials).
a) Consider a potential Q € L{ (R?) with

loc

|Q(z)] — o0, |z] = 0. (3.11)

If @ is sectorial, then, by [7, Proposition 2.2], the quadratic form
t = IVAP +(QF ), D) :={f e H'RY): QIff° € L*(R))},

is closed, densely defined and sectorial in L?(R?), and the m-sectorial operator
T uniquely determined by ¢ has compact resolvent. Thus W.(T) = () by Theo-
rem 3.10 ii).

b) If the potential is not sectorial but only accretive, then W, (T") # ) is possible,
even under the assumption (3.11). As an example in dimension d = 1, consider the

complex Airy operator )

d .
T::—@—FQ, Q(z) =iz, z€eR,
in . Here we will show that
Lz(R) H 11 sh h
W(T)=W(T)={Ae€C: Re) >0}.

The inclusions “C” are obvious. Since W.(T') is closed, it remains to be proved that
{AeC: ReX >0} CW(T). Let A=wu+iv € C with u = Re X > 0 be arbitrary.
If ¢ € C§°(R) is an even or odd function with suppy C [—1,1] and ||¢||*> = 1/2,
I¢'12 = u/2, we define (fu)nen C D(T) by

f(e) = {sa(ac — (=) + gz — (n+2])), v>0,
! ez — (—n—=2v])) + p(x —n), v <0,

reR, neN.

Then it is not difficult to check that (Q fn, fn) = iv, | full = 1, fn = 0 asn — oo and

(Tfn, fu) = 1l +(Qfns fu) =2l¢'IIP +iw=u+iv=) neN,
which implies that A € W,(T), as required.
Note that the above arguments also prove directly that the closure of the numer-
ical range of the complex Airy operator is the closed right half-plane, while earlier
proofs rely on estimates of the resolvent norm, comp. [23, Sect. 3.1].

4. PERTURBATION RESULTS

While the essential spectrum of an unbounded linear operator is invariant both
under compact and relatively compact perturbations, we will see that, in general,
the latter is not true for the essential numerical range.

First we prove that the essential numerical range W,(7T') and all other, possibly
not coincident sets We,;(T'), i = 1,2, 3,4, are invariant under compact perturbations.

Proposition 4.1. For every compact K € L(H) we have
WoiT + K) = Wo(T + K) = Wo(T) = Wes(T), i =2,3,
Wes(T + K)=Wea(T), Weor(T + K)=W(T),

even if the latter two sets are not equal to W,(T).

Proof. For W_(T) the claim follows readily from Definition 2.1 since compact oper-
ators map weakly convergent sequences to strongly convergent ones. Alternatively,
as for Weo(T) it follows from the equality W.(T) = Wea(T) = We3(T) by The-
orem 3.1 since the claim for We3(T) is obvious from its definition. For Wy (T)
the claim follows from the property that (Ke,,e,) — 0 as n — oo for a compact
operator K and an arbitrary orthonormal system (e, )nen C H.

In order to show that W,y (T') = Wi (T + K) for every compact K € L(H), it
suffices to prove that Wi (T 4+ K) C W, (T); then the reverse inclusion follows
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from Wi (T) = W (T + K) — K) € Woi(T + K). Let A € Woy (T + K), and
suppose that V' € V and n € N are arbitrary. By Lacey’s theorem, see [27], [20,
Thm. II1.2.3], there exists a finite codimensional, hence closed, subspace W,, C H
such that |[K|w, || < 5. By Lemma 3.4, since V,, := W, is finite dimensional, we
have Wei (T + K) = We1 (T + K)|w, np(r)) and hence, by definition of the latter,
A e W((T + K)|y+aw,np(r))- This implies that there exists 2, € V-NW,,ND(T),
[@n|l = 1, with [A = ((T 4+ K)xy, 2y)| < 5. Since z,, € W,, and z,, € V=N D(T),
it follows that

(A= (Tan, 20)| < A= (T + K)ap, 2n)| + [(K2p, 20)| <
—_——
<IKlw, <55

n €N,

S

which proves that A € W1(T') as required. O

The following remark shows that, unlike the essential spectrum, the essential
numerical range is not invariant under relatively compact perturbations in general.

Remark 4.2. For an unbounded operator T', Example 4.3 below shows that the
definition of the essential numerical range is in general not equivalent to

WAT):= () W{T+K),
K T-compact
not even if T is selfadjoint and thus W.(T)=W;(T), i=1,2, 3,4, see Theorem 3.1.

In general, W,(T) C Wes(T) = W,(T) by Theorem 3.1 since every compact operator
is T-compact. Equality only holds under some additional condition:

W.(T) = Wo(T) <= W.(T)C We(T + K) for all T-compact K;  (4.1)

if T is closable, (4.1) holds with “C” replaced by “=" on the right hand side. In
particular, W, (T) #W,(T) if T has compact resolvent, W(T')#C and W,(T) #0.

Proof. “=" Suppose first that W,(T) = W;(T) and let K be an arbitrary T-
compact operator. Then

W)= () W@T+K)= () WIT+K+K)

K T-compact K T-compact

c () WET+K+K)=Wa(T +K)=W(T+K),

KeL(H)
K compact

where Theorem 3.1 was used for T+K in the last step. If T' is closable, then every T-

compact K is also (T + K )-compact, see [16, Prop. I11.8.3]. Using what was already

proved, we also obtain the reverse inclusion W, (T+K) C W, (T+K K) = W,(T).
“=" Conversely, if W,(T) CW,(T + K) for all T-compact K, then

W.(T) < N We(T—i-K)

K T-compact

cC N WIT+K)c N WT+K)=Ws(T) =W.(T),
KeL(H)

K compact

(4.2)

K T-compact
where Theorem 3.1 was used for T in the last step. This shows that equality prevails
everywhere and hence, in particular, W,(T') = W.(T).

To prove the last claim, we use that K = Al is T-compact and T is closed if T'
has compact resolvent, and hence the right hand side of (4.1) only holds if

W.(T) = Wo(T + M) = W,(T)+\, \eC,

which necessitates W, (T) = 0 or W,(T') = C; the latter is equivalent to W(T) =
by Corollary 2.5 iv).

=
Oa &
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Example 4.3. Let T be a selfadjoint non-semibounded operator with compact
resolvent. Then W (T') = R and thus, by Corollary 2.5 i), also W,(T') = W(T) = R.
So in this case W(T) # C and W,(T) # 0, whence W(T) # W,(T) by the last claim
of Remark 4.2.

The next proposition shows that the essential numerical range of a selfadjoint
operator T remains invariant under symmetric relatively compact perturbations.
Further stability results for W,(T') for non-selfadjoint operators are given below.

Proposition 4.4. Let T be selfadjoint. If S is symmetric and T-compact, then

Proof. The assumptions on S imply that o.(T) = o.(T + 5), that S is T-bounded
with relative bound 0 and hence T + S is selfadjoint, and that T' 4 S is bounded
from below/above whenever T is, see [16, Thm. I1X.2.1, Cor. 11.7.7], [26, Thm. V.4.3,
Thm. V.4.11]. Now the claim follows from Theorem 3.8. U

In the following result both the unperturbed operator 7' and the perturbation S
may be non-selfadjoint, but we assume that they admit decompositions into “real
and imaginary parts”, which need not hold for unbounded operators in general.

Theorem 4.5. Let T = A+ 1B and S = U + iV with symmetric operators A, B
and U, V in H such that one of the following holds:

(i) A is selfadjoint and semibounded, U, V' are A-compact, or
(ii) B is selfadjoint and semibounded, U, V are B-compact, or
(iii) A, B are selfadjoint and semibounded, U is A-compact and V' is B-compact.

Then W(T) = W(T + S).

Remark 4.6. Theorem 4.5 does not hold if S does not decompose and we only
assume that S is A-compact in (i) or S is B-compact in (ii), see Example 4.10
below.

Proof of Theorem 4.5. Tt is sufficient to consider the cases (i) and (iii); in case (ii)
the operators iT" and iS satisfy the assumptions of (i).

“37: Let A € Wo(T + S). Then there exists a sequence (x,,)neny C D(T') with
lznll = 1, 2, = 0 and (T + S)zyn, z,) — A, ie.

(Azy, xp) +(Up, xn) — Re A, (Bxp,xn)+(Vap,x,) — ImA, n — oo, (4.4)

First we show that all four sequences occurring in (4.4) are bounded. To this end,
suppose that ((Ax,, z,))nen is unbounded, i.e. there exists an infinite subset I C N
such that (Ax,,z,)— oo asnel, n—oco. In both cases (i) and (iii), A is selfadjoint
and semibounded and U is A-bounded with relative bound 0, and thus [26, Theo-
rem VI.1.38] (or, more generally, [18, Thm. 3.2 (i)]) implies ((A + U)xp, x,) — 00
as n € I, n — oo, a contradiction to (4.4). Thus ((Axy,, xn))nen is bounded, and
hence so is ((Uzy, Tn))nen by [26, Theorem VI.1.38]. In case (iii), the proof that
((BZn; Tn))nen and ((Vn, zn))nen are bounded is analogous. In case (i), V is
A-bounded with relative bound 0 and hence the boundedness of ((Az,,xn))neN
implies the boundedness of ((V,,Zn))nen by [26, Theorem VI.1.38]. Now (4.4)
yields that ((Bxy, x,))nen is bounded.

The boundedness of the four sequences in (4.4) implies that there exist an infinite
subset J C N and =, é € R such that

(Ukp, Tn) — 7, (Azp, ) — Red — vy =i a,
(Van, xn) — 0 (Bxp,Tn) — Im A —§ =: 3,

Now suppose that A¢ W, (T). Since a+i8 € W, (T), this would imply v#0 or § £0.

ned, n— oo



18 SABINE BOGLI, MARCO MARLETTA, AND CHRISTIANE TRETTER

First we assume that v # 0. In both cases (i) and (iii), we have W (A + tU) =
We(A) by Proposition 4.4. Then, for any ¢t € R,

oty = lim (A 0)en,0) € WelA +1U) = Wo(4),

which implies that W,(A) = R, a contradiction to the semiboundedness of A as-
sumed in (i) and (iii).

Now assume that 6 # 0. In case (i), in the same way as above, we arrive at y+td €
We(A+tV) = W.(A) for every t € R implying the contradiction W.(A) = R. In
case (iii), in the same way as above, we conclude that 3+t§ € W.(B+tV) = W,.(B)
for any t € R and hence W,(B) = R, a contradiction the semiboundedness of B
assumed in (iii).

Altogether, we have shown that v =6 = 0 and hence A € W_(T).

“C”: The reverse inclusion follows by applying the first part of the proof to the
operators T=T + S and S’= —S. Here, in case (iii) we have to note that A + U
and B + V are selfadjoint by [26, Theorem V.4.3] and that U is (A 4+ U)-compact,
V is (B + V)-compact by [16, Prop. 111.3.8]. In case (i), we also have to show that
V is (A + U)-compact. To this end, suppose that (2, )nen, ((A + U)xp)nen are
bounded. Because U is (A + U)-compact and thus (A + U)-bounded, this implies
that (Uz,)nen is bounded and hence so is (Azp)nen. Since V' is A-compact by
assumption in (i), it follows that (Va,),en contains a convergent subsequence. O

In the following theorem, instead of requiring the perturbation to decompose
into real and imaginary parts, we strengthen the relative compactness assumptions
on it. If e.g. A is uniformly positive, then instead of assuming that .S is A-compact,
ie. SA™! is compact, we have to assume that A=1/254-1/2 is compact.

That S is A-compact implies that S is A-form-compact, i.e. |S|*/2A~/2 is com-
pact, is not only true for symmetric S, see [26, Theorem VI.1.38], but even for
densely defined closed S, see [18, Thm. 3.5]. Therein it was also shown that, if
|S|/2A=1/2 is compact and D(A) C D(S) N D(S*), then even A~1/25A=1/2 is
compact. Note that this need not be true for non-symmetric S since S* may
not be A'/2-bounded; incidentally, Example 4.10 below shows that the condition
D(A) C D(S) N'D(S*) is also necessary.

Theorem 4.7. Let T = A+iB with uniformly positive A and symmetric B and let
A~128 be AY2-compact, i.e. A=V2SAY2 is compact. Then W,(T)=W,(T + S).
In particular, if S is A-compact and D(A) CD(S)ND(S*), then W (T)=W.(T+5).
Proof. Since D(T)=D(A) N D(B) CD(AY?)CD(S), we have D(T+S)=D(T).
“57: Let (xn)nen C D(T) satisfy ||z, = 1, 2, — 0 and

(TH+ S)xn,xn) — AEWL(T+S), n— . (4.5)
First we show that (||AY/2z,|), _ is a bounded sequence. To this end, we estimate
(T, z,)| > (Azp, 2,) = | AY%2,]|? to obtain

~1/2 1/2
(T + S)ms20)]| > |(Tzns 2] (1 AT PR, 4 ””">)

(T, )]

|A~/2 S|
Z ||Al/2an2 <l_||f11/2x|| 5 n € N.

(4.6)

Since A=1/28 is A'/2-compact by the assumptions, it is relatively bounded with
A'Y2bound 0 and hence ||A=1/2Sz,||/||AY22,| — 0 if ||A'/22,| — co as n — oco.
Together with (4.6) we see that ||A'/2z,,|| — oo implies |((T + S)x,, x,)| — oo as
n — 0o, a contradiction to (4.5). Thus (||A1/23:nH)neN is bounded.
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Since z,, — 0 and A~Y2§ is A'Y/2-compact, it follows that A=1/2Sz, — 0
as n — 0o. So we conclude (Sz,,x,) = (A~Y28z,, AY?2,) — 0 and hence
(Txp,xn) = A€ W(T) as n — oo.

“C™: Let (z)nen satisfy |2, = 1, 2, - 0 and

(Azy, Tp) + U Bxy, xn) = (Txp, xn) — X € Wo(T).

The assumptions on A and B imply that (||Al/2xn||)neN = ((AZp, Zn))nen is
bounded. As in the last step above, the compactness assumption on S yields
(Sy,x,)—0 as n — co. Therefore A € W, (T + 5). O

Remark 4.8. All possible choices of a,3 > 0 for which A=*SA~# is compact
implies W_(T) = W.(T + S) are given by a € [0,1/2], § € [0,1/2]. In fact,
Theorem 4.7 proves the admissibility of « = 8 = 1/2, and thus also of all « €
[0,1/2], B € [0,1/2] which correspond to stronger conditions. Example 4.10 below
shows that S > 1/2 is not eligible, and if we replace S therein by its adjoint S*, we
see that o > 1/2 is not eligible either.

The following example illustrates that 7-'/25T—1/2 may be compact, whereas
ST~! need not be compact, even for a uniformly positive selfadjoint operator T’
and a bounded selfadjoint operator S; in this case neither Proposition 4.4 nor
Theorem 4.5 apply, but Theorem 4.7 yields W, (T + S) = W.(T).

Example 4.9. Let {e; : k € N} denote the standard orthonormal basis of I?(N).
In I2(N) = @D,.cn My, with M, := span{ez,_1,€e2,} we introduce two selfadjoint
operators, identified with their block matrix representations

T~ diag <("02 g’) ne N> D7) ;—{m)keN € 2(N) : §|n2x2n_1|2<oo} ,

S :— diag ((2 é) € N) . D(S) == 2(N).

The operator T is uniformly positive and S is bounded and selfadjoint. It is easy
to check that ST—! is not compact whereas T—1/25T~1/2 is compact.
Therefore, by Theorem 4.7 and Theorem 3.8, we have

W (T + S) = Wy(T) = conv(5(T))\{£o0} = [1,0).

The following example shows that the essential numerical range need not be pre-
served if S is T-compact, i.e. ST ! is compact rather than T-1/28T~1/2 is compact.
To obtain the latter we need that D(T) ¢ D(S)ND(S*) by [18, Thm. 3.5 (ii)], and
to achieve the former we need that S is T-compact, but does not satisfy the stronger
assumption S = U +1iV with T-compact symmetric operators U, V (compare The-
orem 4.5); note that the latter necessitates D(S) = D(U) N D(V).

Example 4.10. Let T be the uniformly positive operator defined in Example 4.9,
and define the operator S in I2(N) = P,.cny My, with M, :=span{es,_1,€e2,} by

S :—diag ((g 8) € N) . D(S)i= {(mk)keN c zQ(N):gmx%lP < oo} .

It is easy to check that ST~! is compact, whereas T~'/28T~1/2 is not; further,
T=*ST~# is compact if 3 > 1/2 and T~*S*T~# is compact if 3 > 1/2, comp.
Remark 4.8. Note that here D(T) ¢ D(S*) and hence the condition D(T) C
D(S)ND(S*) is violated which would have implied the compactness of 7-/25T~1/2
by [18, Thm. 3.5 (ii)]. In fact, S is neither sectorial nor accretive and

D(S)ND(S*) = {(xk.)keN € lz(N):Z|k:z:k|2 < oo} C D(S),

k=1
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so there is no result to conclude that S = U + iV with symmetric U, V', let alone
that U, V are T-compact as required in Theorem 4.5.

Indeed, here the essential numerical ranges of 7" and 7'+ S do not coincide since
W.(T) = conv(c.(T))\{£oo} = [1,00) by Theorem 3.8, see also Example 4.9, and
we will show that

WE(T—I—S):{)\E(C:Re)\Zi,|ImA|§\/Re)\—i}::E, (4.7

so that W,(T) C W (T + S).
To prove (4.7), we first note that the numerical ranges of the 2 x 2-matrices
Py, (T+89)|n,, n€N, are ellipses with foci 1, n? and minor semi-axis n/2,

n?

10 N
En:W(PMn(T—i_S)'Mn):W(( 2)): ;1;-|—1y€(c 2_ + - <15p.

nn (5222 (3)?
Solving for y and letting n — oo, it is not difficult to check that the non-nested
sequence of ellipses F,,, n€ N, has the following convergence properties with respect
to Kuratowski distance of closed (unbounded) subsets of C, see e.g. [36, Chapt. 4],

E,—FE, n—oo, U,:= U E,—>FE, m— oo
neN,n>m
This means e.g. that the set of limits points of sequences (A, )nen with A, € E,,,
n € N, and the set of its accumulation points coincide and are equal to E. Since
every sequence (fn)nen with f,, € M, satisfies f, 2 0, this proves, in particular,
the inclusion “D” in (4.7).
For the converse inclusion “C” in (4.7) we use that, by Theorem 3.1,
W (T +S) = Weo(T + S) = Wea(diag(Pay, (T + S)|ar, : m > m))

C W(diag(Par, (T + 5)|a, = n = m))

for arbitrary m € N and hence

W(T+8) C () W(diag(Pas, (T + S)|a, : m=m)) = (] conv Up,.
meN meN
Since U,, — E implies conv U,,, — conv E = E as m — oo, see [36, Prop. 4.30 (c)],
and U,,, m € N, is a nested decreasing sequence, U,,, DU,,,/, m<m/, it follows that
Nimen conv Uy, = limy, o conv U, = E.

Remark 4.11. Note that the operators T' and S in Example 4.10 are related to
certain neutral delay differential expressions, see e.g. [4, Chapt. 3]. More precisely,
if we define

f”x+f”—a: f/CC—f’—SL'

() () i= - O ETED) (rsf) () = - LT ED)
and consider the realizations of 7 and 75 in L?(—m, 7) with periodic boundary con-
ditions and domain orthogonal to the constant functions, it is easy to check that the
corresponding matrix representations in [2(N) with respect to {cos(k-),sin(k-):k €
N} are given by the infinite matrices T and S, respectively, studied in Example 4.10.

5. THE LIMITING ESSENTIAL NUMERICAL RANGE OF OPERATOR
APPROXIMATIONS

In this section we introduce the notion of limiting essential numerical range
We ((Th)nen) of a sequence of operators (T},)nen, a concept that is also new in
the bounded case. We will establish conditions under which the limiting essential
numerical range coincides with the essential numerical range W.(T") of the limit
operator 7' in generalized strong resolvent sense.
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Our main result is that W,(T') contains all pathologies that might occur for any
such operator approximation; first spectral pollution where a sequence of eigenval-
ues of the approximating operator converges to a point A ¢ o(T), and secondly
failure of spectral inclusion where a true spectral point A € o(T') is not approxi-
mated.

To this end, we first provide some abstract notions for operator sequences, their
spectra and convergence behaviour. Let H, C H, n € N, be closed subspaces and
denote by P,, = Py, : H — H,, n € N, the orthogonal projections in H onto them.
Let T:HDD(T)— H and T, : H, D D(T},) = Hy,, n € N, be linear operators in
H and H,, n € N, respectively.

The following local notions of spectral inclusion and spectral exactness have their
origin in [3] by Bailey et al. for selfadjoint operators, the notion of spectral pollution
may be traced back to [35] by Rappaz for bounded non-compact operators (comp.
[5, Def. 2.2]).

Definition 5.1. i) The limiting spectrum of (T},)nen is defined as
o((Th)nen):={A€C:3 I CNinfinite, I\, €0(Ty,), n€I, A\, = A};

a point A € o(T) is called approzimated by (Tp,)nen if A € 0((Th)nen)-

ii) the set of spectral pollution of (T}, )nen is defined as
Opott (Tn)nen) ' ={A¢0c(T): 31 CNinfinite, I\, €0(T,), n€l, A\, = A};

a point A € opon((Th)nen) is called spurious eigenvalue of (T),)nen-

iil) (Tn)nen is called spectrally inclusive for T in A C C if
o(T)NA Co(Th)nen)-

iv) (T))nen is called spectrally exact for T in A C C if it is spectrally inclusive
for T"in A and no spectral pollution occurs in A, i.e.

U(T) NAC U((Tn)neN) and Jpoll((Tn)nGN) NA=0.

If iii) and iv), respectively, hold for A = C, then (T, )nen is called spectrally inclusive
or spectrally exact, respectively.

The following definition of generalized strong resolvent convergence is due to
Weidmann [42, Section 9.3] in the selfadjoint case. The limiting essential spectrum
was introduced in [6] and generalizes a notion from [8] for the Galerkin method of
selfadjoint operators.

Definition 5.2. i) The operator sequence (T}, )nen is said to converge in gen-
eralized strong resolvent sense to T, T, P20 T, if there exists ng € N with
INe(Ne@)neT): (Tn=X) "Po = (T—X)™", n— oo

n>ng
il) The limiting essential spectrum of (Ty,)nen is defined as

31 CNinfinite, 3 (xp)ner CH, z,, € D(T},),
Cwith ||z, =1, 2, 20, |[(Th=Nz,| =0 [

Ue((Tn)neN) = {)‘EC

Remark 5.3. The limiting essential spectrum o ((7,)nen) is closed and, if P, 51,

gsr

T, =T = UE(T) Coe ((Tn)nEN) )
while equality requires generalized norm resolvent convergence, see [6, Prop. 2.4, 2.7].

For a particular operator approximation (73,)nen, the following local spectral
exactness result from [6] identifies sets to which spectral pollution is confined and
outside of which isolated spectral points are spectrally included.
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Theorem 5.4 ([6, Thm. 2.3]). Let D(T) = H, D(T,,) = H,, n €N, and P, > I.

gsr gsr

i) If T,, = T and T} = T*, then

Upoll((Tn)neN) C Ue((Tn)neN) U Ue(( ;;)neN)* ) (5-1)

and every isolated A€ o(T) outside oc((Tn)nen)Uoe (T} )nen)”™ is approxi-
mated by (T)nen-

gsr

i) If T,, = T and all T,,, n € N, have compact resolvents, then claim i) holds
with oe((Ty)nen) U oe (T ) nen)™ replaced by oo (T )nen) ™

The following concept of limiting essential numerical range for operator sequences
is new even in the case of bounded operators.

Definition 5.5. We define the limiting essential numerical range of (T}, )nen by
37 C Ninfinite, 3 (2 )ner CH, z, € D(Ty),
with ||z,] =1, 2, =0, (Tptp,z,) =X |

We ((Tn>neN) = {)‘ eC

Clearly, We((2Tn)nen) = z2We((Tn)nen) and We((Tn+2)nen) = We((Th)nen) +2
for z € C.

The next results relating limiting essential spectrum, limiting essential numerical
range and essential numerical range will be used in later sections.

Proposition 5.6. i) The limiting essential numerical range We ((Ty)nen) 18
closed and convex with conv oo((Tp)nen) C We (Tn)nen), and, if P, > 1,

gsr

T,—=T = WA(T)CW.((Th)nen)- (5.2)
it If, for every n € N, D(T,,) N D(T}) is a core of Ty, then
COHV(Je ((T)nen) Uoe ((T;:)neN)* ) C We((Th)nen) -

Proof. The first three claims in i) are proved in the same way as Proposition 2.2;
claim ii) is shown in an analogous way as Remark 3.6 i).

In order to prove (5.2), let A € W,(T'). Then there exist z € D(T'), k € N, with
lzrl = 1, zx = 0 and (T = Nzg,z) — 0 as k — oo. Using P, > I, T, &2 T
and choosing Ao as in Def. 5.2 i), we let ., := (T, — Xo) " P (T — Xo)xx € D(T3,),
k,n € N. Then, for every k € N, we have ||z, —xx| — 0 and || T2k, —Txx| — 0 as
n — oo; in particular, ||z, || = 1 as n — co. Hence we can find a strictly increasing
sequence (ny)reny C N such that, for every k € N, the element yi, := 2, € D(Th,)
satisfies

1 1
— x|l < ——, | Twyr — Tl < ~.

Then the sequence (yi)ken is bounded and bounded away from 0 with
| Tnyrsyr) = A < (T, mr) — Al + 1 Tzellllye — zell + [ Toyr — Togllllysl] — 0

as k — oo. Hence T, := yi/|lyxll € D(Tn,), k € N, satisty ||Zp,, || = 1, Tpn,, — 0 and
(T, Ty, Tny) — A as k — oo, which proves that A € W ((Th)nen)- O

Proposition 5.7. If t is a sesquilinear form with domain D(t) C H such that
D(T,) C D), (Thxn,xn)=tlz,], x, € D(T,), n€N,

then W ((Ty)nen) CWe(t) and, if D(T) is a core of t, then Wo((Ty)nen) CWo(T).

Proof. The claims follow from Definition 3.9 and the remarks thereafter. U

The following example shows that the sets We((Tn)neN) and conv (Te((Tn)neN)

may be larger than W_(T), even if all operators are bounded with T, 5T, Tt also
shows that it is important not to choose the subspaces H,, unnecessarily large since
this may artificially blow up the limiting sets.
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Example 5.8. In H = H,, = [*>(N) with standard orthonormal basis {e; : k € N}
consider the operators T := I : [?(N) —12(N) and T}, : I*(N) —[?(N), n€N, given by
Thx = Z<$,€k>€k, r € I*(N).

k=1
Clearly, T and T,, n € N, are selfadjoint and bounded in I?>(N) with T, > T,
but the hypothesis (T, 2, x,) = t[z,] of Proposition 5.7 is not satisfied; rather,
(TnZn, xn) = t[Ppxy], where P, denotes the projection onto the first n standard
basis vectors. As a consequence we have the strict inclusions

oe(T) :VVe(T) :{1} - Ue((Tn)neN) :{Oa 1} - We((Tn)neN) = [Ov 1]' (5.3)
Here the equalities on the left are obvious. For the middle equality in (5.3), we
note that ||e,|| = 1, e, = 0 and ||(T — 1)en|| = 0, |Thens1]| = 0 imply that 1,0 €
e ((Tn)nen); vice versa, o(T,,) = {0,1}, n € N, implies that o, ((T),)nen) C {0,1}.
The last equality in (5.3) follows from W, ((T),)nen) € W(T,) = W(T,,) = [0, 1],
n € N, the middle equality and Proposition 5.6 i).

Note that if we consider the operators T,, in H,, := span{ey : k=1,...,n}, we
obtain o (T) = Wo(T) = ¢ (Tn)nen) = We((Tn)nen) = {1}.

6. APPLICATION I: PROJECTION METHOD

In this section we focus on projection methods. We prove that, for any projection
method, the essential numerical range W, (T') contains all possible spectral pollution
and that W.(T') is the smallest set with this property because arbitrary points in
W.(T) can be arranged to be spurious eigenvalues.

As in the previous section, for a closed subspace V' C H we denote by Py : H — V'
the orthogonal projection in H onto V. If V' C D(T), then Ty := PyT|y denotes
the compression of T to V.

Theorem 6.1. Assume D(T)=H. Let Py, : H— H,, n€N, be orthogonal pro-
jections onto finite-dimensional subspaces H, C D(T) with Py, 1. If Ty, T,
then
1) We (Tr,)nen) = We(T),
il) spectral pollution is confined to W,(T),
iii) every isolated A € o(T) outside W,(T) is approzimated.

Proof. 1) The equality follows from (5.2) in Proposition 5.6 i) and from Proposi-
tion 5.7 applied with the form ¢ associated with 7', noting that, for every n € N,
D(Tw,) = H, C D(T) and (Ty, Tn, Tpn) = (Txy, x,) for x, € Hy,.

ii), iii) By claim i) and Proposition 5.6 i), we know that

We(T) = We((THn)nEN) D 0e((Th, Jnen) U Ue((T;In)neN) .

Now the two assertions follow from Theorem 5.4 ii). O

Remark 6.2. If Ty 2 T and the subspaces H, = R(P,) C D(T), n € N, are
invariant for T, then

0 (T, )nen) = 0e(T).
Here the inclusion ‘D’ follows from the first assumption, see Remark 5.3, while the
inclusion ‘C’ follows from Definition 5.2 iii) since in this case D(T,,) = H, C D(T)
and T, = PHn,T|Hn =T H, N €< N.

The following result, together with its more detailed versions Theorem 6.4 and
Theorem 6.7, constitutes one of the key advances of this paper. It shows that W, (T)
is the smallest possible set that captures spectral pollution for projection methods.
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The proof is split in two steps and shows even more. Given an arbitrary A€ W, (T')
and finite-dimensional subspaces V,,, we construct subspaces H,, = ﬁn@span {en}
with IN/,L close to V,, so that A is a spurious eigenvalue for the projection method
onto H,; if W(T)#C or D(T) N D(T*)=H, we can even choose V, =V,,.

Theorem 6.3. Assume that D(T) = H. Then, for any A € W.(T) there exists a
sequence of finite-dimensional subspaces H,, C D(T), n € N, such that

Py, =1, dist(\,0(Tg,)) — 0, n— o,
and hence, for this projection method, X\ € Wo(T)\o(T) is a spurious eigenvalue.

In the first step of the proof of Theorem 6.3 we show that arbitrary compact
subsets of W,1(T') can be filled with spurious eigenvalues. Since W1 (T') = W.(T)
it W(T) # C or D(T)ND(T*) = H, see Theorem 3.1, this completes the proof of
Theorem 6.3 in this case.

Theorem 6.4. Assume that D(T) = H. Let V,, C D(T), n € N, be finite-
dimensional subspaces such that Py, 2 1. Then, for any compact Q C Wi (T),
there exist finite-dimensional subspaces H, C D(T), n € N, with V,, C H,, and with
the following properties:

Py, > I, supdist(\,0(Tg,)) — 0, n — oo,
A€Q

and if Q Cint Wi (T) is a finite set, then o(Th,) = o(Ty,) U Q. If, in addition,
(a) W(T) #C or D(T) C D(T*);
(b) Ty, ZT with corresponding o ¢ W(T) if W(T)#C and Mo ¢Q otherwise,

gsr

then the subspaces H, C D(T), n € N, can be constructed so that Ty, —T.

Remark 6.5. Theorem 6.4 contains various earlier results as special cases:

i) For bounded operators, assumption (a) holds automatically and assumption
(b) is satisfied for any sequence of subspaces (V,,)nen with Py, > I, and
hence [15, Theorem 3], [33] are contained in Theorem 6.4.

ii) For selfadjoint operators, conv o.(T) = W,(T) = W1 (T) by Theorem 3.8,
and thus [29, Theorem 2.1], [30, Theorem 1.1] are contained in Theorem 6.4.

For the proof of Theorem 6.4 we need the following lemma.

Lemma 6.6. Let V' C D(T) be a finite-dimensional subspace. Then, for given
ANEW,1(T) and € > 0, there exist v € VEND(T), ||z||=1, and p€ B-()\) such that
_ (Tv A

x

0 MI> in Vi :=V & span{z} (6.1)

with a linear operator A : span{z} — V and therefore o(Ty,) = o(Ty) U {u}.

Moreover, we can choose A = 0 if D(T) = H and D(T) C D(T*), and we can
choose =\ if A € int Wy (7).

Proof. Let A € W1 (T) and € > 0 be fixed. By definition, see Theorem 3.1, W, (T)
is the intersection of W (T'|y1~p(ry) over all finite-dimensional subspaces U C H.
Hence if we choose
U :=span(V UR(T|v)),
there exists u € B.(\) such that
Jz e ULNDT) cVEND(T), ||z||=1: (Tz,z)=p. (6.2)

Since € U, we have
(Tv,z) =0 veV,
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which implies the representation (6.1). Clearly, the matrix representation of Ty,
yields that o(Tv,) = o(Ty) U {p}.

If D(T) = H and D(T) C D(T*), we can even choose U := span(V UR(T|y) U
R(T*|v)). Then (6.2) yields that

(Tv,z) =0, (Tz,v)={(z,T*v)=0, veV,

which implies the representation (6.1) with A = 0.
If A €int W (T), there exists 6 > 0 with Bs(\) C W1 (T) and hence Bs(\) C
W(T|yrapery). This implies A € W(T'|y L Ap(r)) and so (6.2) holds for p = A. [

Proof of Theorem 6.4. Let n € N. There exists a finite open covering {Dy., : k =
1,...,N,} of Q by open disks of radius 1/n. By applying Lemma 6.6 inductively

N,, times with € := 1/n, we construct orthonormal elements z1,,,...,2N,:n €
VL ND(T) and points Pk € Dim, ..o, iN,:n € D, such that
H, =V, ®span{x1.,} ®--- ®span{zn, .n} (6.3)

satisfies Py, > I and
0(Tr,) = o(Tv,) U {pims -+ BNyin }-

If Q C int W,1(T) is a finite set, then we choose the covering so that the centre
of each Dy, is a point in Q and so o(Tx,) = o(Ty,) U Q. For a general compact
subset @ C W,1(T'), by construction of the disks Dy, k =1,..., Ny, we have

2
sup dist(A,0(Twy,)) < — — 0, n— oco. (6.4)
AeQ n

Now we show Ty, 2% T if assumptions (a) and (b) hold. First we consider the
case W(T') # C in (a) where Ao € [,y 0(Tv,,)No(T) in (b) satisfies Ao ¢ W(T').
Then, since o(Ty, ) C W(Th,) C W(T), we have Ao € o(Ty, ) and

1 1

-1 < <
= dist(ho, W (T7r,)) — dist(No, W(T))’

Lemma 6.6 yields that the matrix representation of Ty, in H, given by (6.3) is
upper triangular. Now assumption (b) implies that

(T, = Ao)

neN. (6.5)

(Tr, — M)~ Py, = (Tv, — M) ' Py, == (T = Xo)™", n— oo (6.6)
In addition, the uniform bound for the resolvents in (6.5) and Py, —» I show that
(T, = o)~ (P, = Pv,) = (Tu, = Xo) ™' Py, (P, — 1) =0, n—o0. (6.7)

Now (6.6) and (6.7) yield Ty, 2 T.

It remains to consider the case D(T") CD(T™) in (a) where Ao €[, (Tv;,)No(T)
in (b) satisfies Ao ¢ 2. Then Lemma 6.6 implies that the representation of Ty, in
H,, given by (6.3) is block-diagonal. Hence

N’Vl
(THTL - )\0)_1PHTL - (TVn - )\O)_lPVn + Z(Nk,n - AO)_lpspan{mkm,}'
k=1
Since \g satisfies (Ty, — Xo) "' Py, > (T — \o) ™!, it suffices to show that
Nn
Z(ﬂkm - >\0)71Pspan{a:k;n} i> 0, mn—oo.
k=1

Since Ao ¢ Q by assumption, we have dist(XAg,2) > 0. By (6.4), the eigenvalues
b € 0(Th,), k = 1,...,N,, lie in the 2/n-neighbourhood of Q. If we choose
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n € N so large that 2/n < dist(Xg, 2)/2, then |, — Ao| > dist(Ao,2)/2. Hence,
for every z € H,

N, 2 Ny, 9
Z(Mk;n_AO)_lpspan{zk;n,}x = Z |Mk;n_)\0|_2HPspan{zk;n}xH
k=1 k=1

2
S m |’Pspan{mlznv“‘?wNn?"}IH

4 2
< fioeae [Pl =0 nooe O

The next theorem is the second step in the proof of Theorem 6.3. It shows that, if
Wei(T) € W.(T), it is even possible to produce spectral pollution in W, (T)\We1 (T')
if we allow for a modification of the given subspaces V,,.

Theorem 6.7. Assume that D(T) = H. Let V,, C D(T), n € N, be finite-dim-
ensional subspaces such that Py, 5 T and let e, > 0, n € N, with £, — 0 as
n — oo. Then, for any A € W.(T)\o(T) and every n € N, there exist a finite-
dimensional subspace V,, CD(T) and e, € VEND(T), |len| = 1, with

and such that
1 B —
_(Ty, n ; =
Ty, = < ; )\I) in Hy =V, ®spanfe,} (6.9)

for some linear operator By, : V,, — span{e, }. Hence
Py, =1, o(Tu,)=0(Ty )U{A}, neN,
so if AeWL(T)\ o(T), then A is a spurious eigenvalue for (T, )nen-

Proof. It W,(T) = Wy (T), all claims follow from Theorem 6.4 with V,, =V,,, n € N.
If Wer(T) € Wo(T), then W(T)=C by Theorem 3.1 and hence W,(T)) = W(T') = C
by Corollary 2.5 iv).

If o(T) = (), there is nothing to prove, so we may assume that o(T) # 0, without
loss of generality 0 € o(7T"). This and D(T") = H imply that also D(T?) = H.

Let A € W.(T) = C be arbitrary. Let n € N be fixed and let d,, > 0 be arbitrary.
Then there exists W,, € D(T?) with

||PW,, — PVnH < 5n

Since W (T)=C, we know that T' cannot be a multiple of the identity on any finite-
codimensional subspace. Thus we can choose W}, such that W, N"TW,,={0}, i.e.

Vwe W,\{0}: Tw¢ W,. (6.10)

Let {y1,...,yn, } be an orthonormal basis of W,. By induction over k = 1,
..., N, we can construct

v € (Wy UTW, U{a; : j < k}U{Tx;: j <k})" NnD(T?) (6.11)
with ||| = 1; by taking an appropriate linear combination of such zj, and using
that T is injective, we can also achieve that

Tay € (W UTW, Ufa;: j <k}U{Tx;: j<k})". (6.12)

For every t > 0, we define the pairwise orthogonal elements

wy(t) == yp +toy, € D(T?), k=1,...,N,,
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and set W, (t) := span{w;(t),...,wn, (t)}. Note that R(T'|yy, 1)) C D(T). Further
note that the set {T'z; : j < N,} U{Ty, : j < Ny} is linearly independent due to
the injectivity of T and by (6.11).

Next we prove, by induction over k = 1,..., N,, and using Lemma 2.7 i), that
for all but finitely many ¢1,...,tx, s1,..., s, € C, the set {w;(¢;) : j < k}U{Tz; :
Jj <k}U{Ty;: j < N,} is linearly independent and

WA ({uw; (¢,): j<kyo{Tw, (s,): <k~ o)) = C. (6.13)

As in the proof of Theorem 3.1, see the proof of Claim 2) therein, we will apply
Lemma 2.7 i) successively in a sequence of subspaces X1 D X5 D ... of H of finite
codimension to which T is compressed.

Let £k = 1. Since y1,21 € D(T) are linearly independent, Lemma 2.7 i) in H
yields that

W(T |, (41) (1)) =C (6.14)

for all but finitely many ¢; € C. Using (6.11), (6.12) and the property that W, N
TW,, = {0}, it is not difficult to check that, for all but at most one ¢; € R, the set
{w1(t1), Tz1} U{Ty, : j < Ny} is linearly independent. We fix such a t; that also
satisfies (6.14), set X; := w (t1)* and let P; : H — X, be the orthogonal projection
in H onto X;. Then, since T is injective, it follows that PyTy,, P\Tx; € D(T)NX;
are non-zero and linearly independent. Hence Lemma 2.7 i) in X; shows that
WA(T | w, (1), 7w (s1)}-np(ry) = C for all but finitely many s; € C. This proves
(6.13) for k = 1.

Now assume that the induction hypothesis holds for some k €{1,..., N,—1} and
fix some admissible ti,...,tg, $1,...,8x €C. Then (6.11), (6.12) and the property
that W,, NTW,, = {0} imply that {yx+1, Tr+1 FU{w;(t;) : §<kFU{Tw;(s;) : j <k}
is linearly independent. Set Xox := ({w;(t;) : j <k} U {Tw;(s;) : 7 <k})* and
let Qr : H — Xy be the orthogonal projection in H onto Xor. Then Qryr+t1,
Qrxrp+1 € D(T) N Xy are non-zero and linearly independent. Now Lemma 2.7 i)
in Xof yields

WAT | (fw, (t;):5=1, ... k+1}U{Tw; (s, ):j=1,...k )L n(T)) = C (6.15)

for all but finitely many ¢ € C. By the linear independence induction hypothesis,
using (6.11), (6.12) and the injectivity of T, one can prove that for all but at most
one tg41 €C, the set {w;(¢;) : j<k+1}U{Tx; : j<k+1}U{Ty; : j<N,} is linearly
independent. We fix such a t;41 that also satisfies (6.15), and let Pyy1 : H — Xogy1
be the orthogonal projection in H onto Xopy1:= ({w;(t;) : j <k+1} U{Tw,;(s;) :
j<k}*. Then Py 1Tyri1, Poy1Txry1 € D(T) N Xopy1 are non-zero and linearly
independent. Finally, Lemma 2.7 i) in Xoj41 shows that (6.13) holds for £+ 1 and
for all but finitely many sx11 € C. This proves the induction step.

From (6.13) with k = N,, and letting t; =--- =ty, =t and sy =--- = sy, = t,
we conclude that, for all but finitely many ¢ € C,

WAL |, (t)uR(T\w, 1))+ nD(T)) = C.

Thus for all but finitely many ¢ € C, there exists e(t) € (W,, () UR(T |w, (1)) ND(T),
lle@®)|l = 1, with (Te(t),e(t)) = A. Note that (Tw,e(t)) = 0 for every w € W, (¢).
Now we choose d,, and ¢ so small that (6.8) and (6.9) hold with V,, := W,,(¢) and
en = e(t). From the representation (6.9), it follows that o(T'w,) = o (T ) U {A}.
The property (6.8) and e, — 0 imply [|Py, — Pp || — 0. Together with Py, = I,
this yields P‘~/n 5 I, and hence Py, 2 T since ‘771 Cc H,. [l
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Proof of Theorem 6.3. Let V,, CD(T), n €N, be arbitrary finite-dimensional sub-
spaces with Py, 5 I. If W, (T)=W,(T), we apply Theorem 6.4; if W (T) C W,(T)
we apply Theorem 6.7, to complete the proof of Theorem 6.3. (|

The next example gives an explicit construction of the subspaces H,, n € N,
in Theorem 6.4 so that the corresponding projection method has a given point
A€ We1 (T)\o(T) (even X € W, (T)\o(T) if W(T) # C) as a spurious eigenvalue.

Example 6.8. Let A := T+ S where T, S are the neutral delay differential opera-
tors introduced in Remark 4.11 with their matrix representations in Example 4.10
with respect to span{cos(k-),sin(k-) : k € N} C D(A).

It is not difficult to check that the spectrum of the lower triangular infinite matrix
A is given by its diagonal entries, 0(A) = {k? : k € N} and o.(A) = {1}. For the
latter note that, while for k£ > 2 all eigenvalues k? are simple, 1 is an eigenvalue
of infinite geometric multiplicity (with one two-dimensional algebraic eigenspace),

and o.(A) C ﬂ}l{(eL(H), o(A+K) ={1}.

According to Example 4.10 the essential numerical range of A is given by

We(A):{)\GC:Re/\Zi,|Im)\|S\/Re/\—i}z{|7|2+l+7:76@}.

In particular, W(A) # C and hence assumption (a) of Theorem 6.4 is satisfied. For
the projection method onto the subspaces
V,, := span{cos(k-),sin(k-) : k=1,...,n}, neN,
Theorem 6.1 i) shows that W, ((Am, )nen) = We(A), and it is easy to see that
o(Ay,) = {k*: k =1,...,n}. Thus, for every \g € o(A4) we have \g € o(Av,),
n € N, and
(Avn — )\O)_IPVn i) (A — )\0)_1, n — o0.

Hence also assumption (b) of Theorem 6.4 is satisfied. According to Theorem 6.4,
for every A € W,(A), there exist finite-dimensional extensions H,, D V,, n € N,

and A € 0(Ap,), n € N, with A, — .
In fact, if A € W,(A), then there exists v € C so that A = |y|> + 1 + . If we set

', & 2 cos(n-) +sin(n-), n €N,
n

and H,, :=V,, ®span{ f,+1}, then

<Afn+17 fn+1>

[ frt1ll?
Since the subspaces V,,, n € N, are invariant under A, Remark 6.2 and the decom-
position H,, = V,, ® span{ f,,+1} yield that

0 ((An, Jnen) = 0e(A) U{ lim An} = {1}U{A}.

So, starting from a given projection method onto subspaces V,,, n € N, for an
arbitrary point A € W, (A)\o(A) we have explicitly constructed a projection method
onto subspaces H,, D V,, with A as a point of spectral pollution.

Note that here the inclusion conv o, ((Ag, )nen) € We ((Am, )nen) is strict since,
by Remark 6.2 and Theorem 6.1 i),

convae (A, Jnen) =convo(A) ={1} C {|7[*+1+7:7€C} =We(A) =We((Am, Jnen)-

oc(Am,) =c(Av,)U{}, Api= — |7|2+1+'y:)\.

The following example shows that Theorem 6.7 is sharp in the following sense.
Without the modification of the subspaces V,, it may happen that, if the inclusion
Wei(T) € We(T) is strict, only points A € We1(T) can be arranged to be spurious
eigenvalues. Recall that W1 (T) C W,(T') necessitates W,(T) = W(T) = C.
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Example 6.9. In Example 3.5 we considered a selfadjoint operator Ty in H with
o(Ty) = 0.(Tp) = R and S with D(S) = D(Tp) is of the form S = QP where
® : H — C is an unbounded linear functional which is Tp-bounded and @ : C — H,
Qz = zg with fixed g € H \ {0}. We showed that W.1(T) = R ¢ C = W.(T).
Moreover, since S is Ty-compact, o(T) = 0.(T) = 0.(Ty) = R. Here we wish to
choose g € kerTy Nker . This can be achieved, e.g. by choosing Ty such that
ker Ty # {0}, ® := (Tp -, y) with y ¢ D(Tp) and g € ker Tp.

Let V,, C D(T), n €N, with Py, > I be such that g € V;,, n € N. Suppose that
QC W, (T)\We1(T) =C\R is compact, and assume there exist subspaces H,, DV,
as in Theorem 6.4 filling 2 with spectral pollution, i.e. supyeq dist(A, (T, )) =0
as n— 0co. Because g € V,, C H,,, we can write H, =span{g} ® U,. Then Tg =0,
Sg = ®(g)g =0 by the choice of g, Sy, =0 since U,, L g and so, because Ty is
selfadjoint,

o(Tu,) = {0} U o(Ty,) C {0} UW(Ty,) = {0} UW(Tow,) C R.

Since  C C\R is compact, this contradicts supyeq dist(A, o(Tw,)) =0 as n— oco.
Hence no such subspaces H,, n € N, can exist.

7. APPLICATION II: DOMAIN TRUNCATION METHOD

In this section we study spectral exactness of domain truncation methods for
strongly elliptic partial differential operators A in L?(R?) with arbitrary dimension
d € N. We show that, for domain truncation to bounded nested §2,, exhausting R?
and Dirichlet conditions, spectral pollution is confined to the essential numerical
range W,(A) and every isolated A € o(A) is approximated.

More precisely, we consider a strongly elliptic differential operator A of even
order 2m € N, induced by the quadratic form

1 1
alf] = Z <Qa’ﬁi‘T|Daf’ jTBIDBf% D(a) :== H™(RY), (7.1)
a,ﬁeNg
lal+181<2m

with coefficients Q, 5 € L™ (R?) for all o, B € Nd with |a|+ |3] < 2m and constant
leading coefficients, Qq g := ca,3 € C if |a| 4+ |F] = 2m. This means the associated
principal symbol

p2m(§) = Z Caﬁfa—i_ﬁa g € Rda

a,BeNg
|a|+|B|=2m

is independent of € R? and satisfies

Repom(€) >0, € eRN{0}; (7.2)

since p is homogeneous, this implies that ps,, is sectorial, i.e. there exist as,, bom >0
with

| Tm porn (§)] < azm + bam Repom (€), & € R (7.3)

Note that (7.1) allows for both divergence form (i.e. Qa3 = 0 if || > m or

|8] > m) and non-divergence form (i.e. Q4 5 = 0 if 8 > 0) with L>°(R%)-coefficients.

Theorem 7.1. Let Q, C R?, n € N, be bounded nested domains exhausting R and,
if d > 2, with boundaries of class C. Then the m-sectorial operators A, A,, n € N,
associated with the densely defined, closed and sectorial forms a and a,, := a\Hén(Qn)

in L2(RY) and L*(Q,), n € N, respectively, satisfy the following:

i) A,, neN, have compact resolvents, Ay, 9 A as well as A* L5 A%, and

n

We ((An)nen) = We(A). (7.4)
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il) Spectral pollution is confined to W,(A),
Tpott (An)nen) C We(A).

iii) Bvery isolated A € o(A) outside W.(A) is approzimated by (Ap)nen-

Proof. i) First we define the principal part of A,

1 1
T = pom <1D> S cas DU D)= HMRY. (1)
a.ﬂeNg
|a|+[B8|=2m

Since A is strongly elliptic, and hence (7.2), (7.3) hold, T is m-sectorial and C§°(R?)
is a core of T, see [16, Prop. 1X.6.4, Cor. IX.6.7]. The corresponding quadratic form

1 « 1 m
= > (capiarD f,—imlDﬁf% D(t) .= H™(R?),
a,Bend
lal+]8l=2m

is densely defined, closed and sectorial. Since Q.5 € L>°(R%), Fourier analysis
reveals that the quadratic form s := a — ¢t is Ret-bounded with relative bound 0,
i.e. for every € > 0 there exists a. > 0, without loss of generality a. > 1, such that

|slf]l < acllfI* +eRetlf], feH™RY). (7.6)

Hence [26, Theorem VI.3.4] implies that « is also densely defined, closed and sec-
torial, and the associated m-sectorial operator A satisfies, for ¢ € (0,1/2),

2e

L Tl

A€C, ReAS—%.

Next we introduce T, t,, sn, » € N, in the same way as T', ¢, s but with domains
D(T,,) == H*™(Q,) N HF' (), D(t,) =D(sn) := H'(Qy).

Note that, HJ'(Q,) € H™(R?) if we extend every function by zero outside €2,,.
Therefore (7.6) and (7.8) continue to hold if we replace s,t, A, T by $p,tn, An, Tn.
Let f € D(A). We construct f, € D(A,), n € N, so that

lfn—Fll — 0, ||Anfn —Af]| — 0, n— oo. (7.7)
To this end, let € € (0,1/2) and . € (—o0, —a./€). Then

2¢e

)= (T=X) 7Y, su —A) = (T —=A) ! TEGATWE
max{n(A AT (T =X 7 sup (A=) 7= (Ta =) ”}S(l_zgw

(7.8)

For every ¢ € C5°(R?) there exists no(¢) € N such that

Vn=no(9):  ¢la, € Co" () CD(Tn), Tu(dla,) = (T9)la,-

The m-sectoriality of T, T,,, n € N, implies that sup,cy [|(T;, — A=) || < oo and,
using that C$°(R9) is a core of T and [5, Theorem 3.1],

Vge L2(RY): (T — ) xa, — (T =A™ gl — 0, n— oo

Define
foi=(An = X) txa, (A=) f €D(A,), neN. (7.9)
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Then (7.8) and the inequalities A\; < —a./e < —1/¢ yield
1o = FI <1 ((An = A) ™ = (T = X)) xe, (A= A )|
+ I (Tw = A) " X0, = (T =A) ") (A=A
(A =2) 7 = (T=A)7) (A= A)f]

< g 1A= 1+ (@20 v, (=207 (A=A 1|
< f% AL+ A + [ (T =2) " xa, = (T=2) 1) (A=A ]| -

By taking first ¢ small enough and then n large enough, the right hand side can
be made arbitrarily small, which proves the first convergence in (7.7). The second
convergence in (7.7) follows from

HAnfn - AfH = HXQn(A - )\E)f + >\€fn - Af”
<N = xa)(A=A)f + [Aelll fn = FIl — 0, 0 = 0.

Now fix € € (0,1/2) and A. < —a./e as in the construction of f, in (7.9) satisfy-
ing (7.7). Then the m-sectoriality of A,, n € N, implies sup,, ¢y [|(4n, —Ae) 1| <o0.
Let g € L2(R?) and define f := (A — X\.)"'g € D(A). Then, by (7.7), (7.9),

[(An — )‘s)ilXQng —(A- /\6)719”

= [|(An — )‘s)_lXQn (A= A)f = (A = A) f) + o = £l

<N (An = 2)THHAS = Anfall + XS = full) + 110 = FIl — 0, 7 — o0,

This proves A, %% A. Since the adjoint quadratic form a* satisfies (7.2), (7.3) as
well, we analogously have A} 2L A,

The strong ellipticity of A and [16, Proposition IX.6.4] imply that T, is HJ"(£2,,)-
coercive. Hence, by the compactness of the embedding of H*(2,) in L?(9,), see
e.g. [16, Theorem 4.17], the operator T;, has compact resolvent, and so has A,
by [26, Theorem VI1.3.4] for every n € N.

Next we use that D(A,,) C D(a,) C D(a) and

Vfn € D(An) : <Anfna fn> = a[fn] (710)

Since D(A) is a core of a by [26, Theorem VI.2.1], it follows that W(A,) C W(A)
and hence, with Proposition 5.7,

We ((An)nen) C We(A).

Now equality in (7.4) follows from Proposition 5.6 i).
ii), iii) Let A € C\W,.(A). Then (7.4) and Proposition 5.6 ii) imply that \ ¢
0e ((An)nen). Now the claim follows from Theorem 5.4 ii) applied to the adjoint

operators if we note that opou((T)nen) = opoi((Tn)nen)*, which is immediate
from Definition 5.1 ii). O

In some cases W (A) can be determined explicitly, e.g. if A is in non-divergence
form or in divergence form, and the coefficients are asymptotically constant. In this
case, although A has complex coefficients and is not selfadjoint, the next proposition
shows that W.(A) is the convex hull of the range of the asymptotic symbol and
hence the convex hull of the essential spectrum of A.

Proposition 7.2. Suppose that A with domain D(A) in Theorem 7.1 is either given

in non-divergence form, i.e. Qo8 =0 if 3 >0,

1
(03
A= E Qa,O 1|a‘ D )
aeng
la|<2m
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or in divergence form, i.e. Qa3 =0 if |a| > m or |8 > m,

1
_ B8 e
A= Z i\a|+\B\D Qa.p D%,
a,ﬁeNg
lal,|B]|<m

and that, in both cases, there exist co,3 € C with
Qap(r) — cap, |z|— 0, o, BENL, |a| + 8| < 2m. (7.11)
Then, if we denote the limiting symbol of A by

poo(g) = p2m(§) + Z Ca,ﬂfaa § S Rdv

aeNg
lal+18]<2m

We(A) = conv {poo(é) : € € R} = conv o (A).

Proof. Let T be the principal part of A, see (7.5) in the proof of Theorem 7.1, and
define

1 « m
A =T+ o a7 P OD(As) = H*™(RY), Ag:= A—A. (7.12)

o,BeNg
|a|+[Bl<2m

we have

Since A has constant coefficients, Fourier analysis and [16, Proposition IX.6.4]
yield W(Ay) = conv 0(As) and 0(As) = 0c(Ano) = {Po(§) : € € R?}. Now the
sequence of inclusions W, (Ay) C W(Ax) = conv oe(As) C We(Ao) implies that
all sets therein coincide. Hence it remains to be shown that W, (A4) = W, (A4 ) and
Oc(A) = 0e(Axo)-

First we consider the case that A is in non-divergence form. By definition
(7.12) the differential operator Ay has order less than 2m and all the coefficients
of its symbol po(z,&) = ZaeNg,\asz(Qa,O(JC) — €0,0)§% tend to 0 for |z] — oo
by (7.11), and hence so do the coefficients of the real and imaginary part Re po(x, £)
and Impg(z,§), respectively. If we denote the differential operators induced by
Repo(z, &), Impo(x,€) and Repoo(§) by Re Ay, Im Ay and Re A, respectively,
it follows that Re Ay and Im Ay are Re A-compact, see [39, Thm. 5.5.4] or [16,
Thm. IX.8.2]. Now Theorem 4.5 yields

We(A) — We(Aoo + AO) = WP(ADO) (713)
In addition, we also have that Ag is As.-compact, which implies
Te(A) = 0e(Ax) = {Po(§) : € R} (7.14)

If A is in divergence form, assuming 0 € o(Re A,) after a possible shift of the
spectral parameter, we can write

(Re Aoe) 2 Ag(Redoe) ™2 = Y FiGap

«,BenNd
with the bounded operators jal+171<2m
1 _ 1 _
By = g DYReT) ™2, G 1= (Qus = o) i DY (ReT) ™,

Due to assumption (7.11), G4 g is compact, see [16, Thm IX.8.2], and hence so is
(Re Ano) /2 Ag(Re Aso)~Y/2. Now Theorem 4.7 yields (7.13). Similarly, one can
show that, for A € C, ReX < 0, (Ao —A\)"240(As —A)~/2 is compact, noting
that (Ao — A\)1/2 exists because Ay, — \ is m-sectorial, see [26, Sect. V.3.11]). It is
easy to check, using that A = Ay + A, that

(A== (A =N

= —(Aoe—N) T A (A = N) V2 (T4 (Ao —N) "2 Ap (A = N) " V2) " (A —N) V2
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which shows that the difference of the resolvents of A and A, is compact, and so

(7.14) follows. O
Example 7.3. Consider the advection-diffusion type differential operator
d? d
A=—— — D(A) := H*(R
o2 T @i TQo D(A) (R),
with complex-valued coefficients @1, Qo € L*°(R) such that
Ql('r) - _2a Qo(ﬂf) - 07 |3§‘| — 0.
Then we have, see (7.14),
Im \)?
go(A) = {A €C: Rex= . m2 ) } (7.15)

and Theorem 7.1 ii), iii) together with Proposition 7.2 yield that, for the truncated
operators A,, n € N, on intervals (a, b,) with a,, = —o0, b,, — 00 as n — oo, and
Dirichlet conditions at a,, by,

Opotl ((An)nen) C We(A) = convo.(A) = {)\ €C: Rel> (IIHZ/\)Q} (7.16)

and every isolated A € o(A) outside the parabolic region on the right hand side is
approximated by (4, )nen-
Im

4
0e(A) (E0WL(A)) |
ol ™=

true eigenvalue

(g We(A))
\ Re

-4 -2 2 4, © 8 10
-2
We(A)—]
-4t spurious eigenvalues
(EWe(4))

FIGURE 1. Eigenvalues of 4, with Q1(z)=-2, Qo(z)=20 sin(x)eﬂg2
truncated to [—sn, sn] = [—9,9] (blue/black points in R), o.(A) (red/
black curve) and We(A) (grey parabolic region with red/black curve).

If @1, Qo are real-valued, then interval truncation with Dirichlet boundary con-
ditions can only produce real eigenvalues. Indeed, in this case, if e.g. @1 € W1 (RR)
each truncated operator A,, can be transformed to an operator gn still satisfying our
assumptions which has the same eigenvalues without first order term and with real-

valued potential, given by A, = — <L, 1 Qg with Qp = Qo — Q4 +1(Q1)? € L®(R)
subject to Dirichlet boundary conditions. The transformed operator A, has real
numerical range satisfying

op(An) CW(A,) C {ess inf(Qo - %Q’l + E(Ql)z),oo), n €N,

independently of n. Together with our new result (7.16), this shows that, in this
case, spurious eigenvalues are confined to

Opott(An)ncr) € WolA) 1 [essinf (@0 — 5@ + 1(Q1)?) 00)

— {max {O,essinf(Qg — %Q'l + i(Q1)2) }, OO), (7.17)
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but also that the approximation (A;)nen is not spectrally inclusive since no non-
real spectral point A € 0(A)\R, and so, in particular, none of the non-zero points
on the parabola o.(A), is approximated.

That the inclusion (7.17) is sharp follows if we consider the special case Q1 = —2,
Qo = 0. Here Qo = 1 so that (7.17) yields Opotl ((An)nen) C [1,00). As remarked

by Davies [13], the set of eigenvalues of A, is given by o(A,) = {1+ 75128’;2 1k e N}
and hence the set of accumulation points A = lim,, o A, With A, € 0(7:4,1) is the
whole interval [1,00); since here o(A) = 0.(A) is the parabola in (7.15), [1,00)
consists entirely of spurious eigenvalues.

Another interesting example is the special case Q1 = —2, Qo(z) := 20 sin(x)e*ﬁ,
z € R, considered in [6]. Here Qo(z) = Qo(z) + 1, z € R, and essinfQy ~ —6.933
and hence (7.17) yields opoi((An)nen) C [0,00). The eigenvalues of the trun-
cated operator A, on the interval [—s,,s,] with Dirichlet boundary conditions,
which were computed numerically using a shooting method implemented in Wol-
fram Mathematica, are shown in Figure 2 for increasing values of s, € [0,9].

A
10
8
all limits therein
6 S VVE(A) < may be (and are)
4 spurious eigenvalues
2
0
-2
" ¢ VVE(A) — true eigenvalue!

FIGURE 2. Eigenvalues in the interval [—5, 10] of A,, with Q:1(z) = —2,

Qo(z) =20 sin(az)efIz truncated to [—sn, s,] for different values of s,,.

Our result (7.16) shows, first, that all accumulation points in [0, c0) may be spu-
rious and, secondly, that the accumulation point A ~ —3.25 which does not belong
to We(A) is not a spurious but a true eigenvalue, i.e. A € o(A), see also Figure 1.
This result agrees with the spectral exactness results of [6, Section 4.2] by which the
only discrete eigenvalue of A in the box [—5,10] 4+ [—5, 5] 1 is the point A =~ —3.25.
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