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p-adic L-functions on metaplectic groups

Salvatore Mercuri

ABSTRACT

With respect to the analytic-algebraic dichotomy, the theory of Siegel modular forms of half-
integral weight is lopsided; the analytic theory is strong, whereas the algebraic lags behind. In
this paper, we capitalise on this to establish the fundamental object needed for the analytic
side of the Iwasawa main conjecture — the p-adic L-function obtained by interpolating the
complex L-function at special values. This is achieved through the Rankin—Selberg method and
the explicit Fourier expansion of non-holomorphic Siegel Eisenstein series. The construction of
the p-stabilisation in this setting is also of independent interest.
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1. Introduction

Traditionally, p-adic L-functions have dual constructions — analytic and algebraic — and it is
the substance of the Iwasawa main conjecture that these two are equivalent. This conjecture
can be formulated for various settings; for example, over GL1, the conjecture asserts that the
analytic construction — Kubota—Leopoldt’s p-adic interpolation of the Dirichlet L-function
— is equivalent to Iwasawa’s algebraic p-adic L-function. The Iwasawa main conjecture for
classical modular forms of integral weight is formulated over GL5 and this has been a recent,
active research area with its connections to the Birch and Swinnerton-Dyer conjecture, see [8,
9]. Provided one has both the analytic and algebraic machinery, the Iwasawa main conjecture
can be formulated for higher dimensional modular forms and groups, for example, [17].

The algebraic theory of half-integral weight modular forms, both classical and metaplectic,
has long been inchoate due to the difficulties present in developing the ‘Galois side’. Recent work
by Weissmann in [18] has made progress in this regard by developing L-groups for metaplectic
covers, the length and methods of which further underline the difficulties present here. The
analytic theory is substantial however, and in this paper we give the analytic construction of
the p-adic L-function for Siegel modular forms of half-integral weight and any degree n. In
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[5], we gave a similar construction when n = 1; in that case, the p-adic L-function was already
known to exist by the Shimura correspondence, this is not so for general n > 1.

The proof found here is adapted from the method of Panchishkin found in [7, Chapters 2
and 3], which proves the existence of the analytic p-adic L-function for Siegel modular forms
of integral weight and even degree n. This method makes critical use of the Rankin—Selberg
method and reduces the question of p-adic boundedness of the L-function down to that of
the Fourier coefficients of the Eisenstein series that are involved in the Rankin—Selberg integral
expression. For full generality, it is assumed that p does not divide the level of the modular form
f and a crucial step is to produce another form fy such that p does divide the level. Significant
modifications to the method of [7] were required to make this work in the metaplectic case —
this is Section 4. Outside of this, the success of Panchishkin’s method is facilitated by the work
of Shimura in developing the Rankin—Selberg integral expression in this setting, [15], and the
arithmeticity of Eisenstein series, [16, Chapters 16-17]. Interestingly, the p-adic boundedness
of the Eisenstein series coefficients is almost immediate in this case, making the final step of
the proof simpler than that found in [7].

After preliminary Sections 2 and 3, we establish the p-stabilisation in Section 4. Fairly
elementary manipulations on the level of the Rankin—Selberg integral follow in Section 5.
Sections 6 and 7 are devoted to transformation formulae of theta series and Fourier expansions
of Eisenstein series — these are relatively well known. Finally the statement and proof of the
main theorem, and the subsequent existence of the p-adic L-function, are given in Section 8.

2. Siegel modular forms

This section runs through the very basics of the modular forms that we study and their Fourier
expansions are detailed.

For any ring R and any matrix a € M, (R), note the use of the following notation: a > 0
(a > 0) to mean that a is positive definite (respectively, positive semi-definite), |a| := det(a),
llal| := | det(a)|, and @ := (a’)~!. For any collection a1,...,a, of matrices with entries in R,
let diaglaq, ..., a,] be the matrix whose jth diagonal block is a; and is zero off the diagonal.

Let Ag and Igp denote the adele ring and idele group, respectively, of Q. The Archimedean
place is denoted by oo and the non-Archimedean places by f. If G is an algebraic group, let
Gy denote its adelisation. Let G := G(R), G, := G(Q,), and denote by G¢ the subgroup of
elements of G, whose Archimedean place is the identity of Go,. View G as a subgroup of G
by embedding diagonally at every place, but view G and G, as subgroups by embedding
place-wise. Recall the adelic norm

|z]a = |Zoo] H |Zp]p,
P

where x € Ag, | - | denotes the usual absolute value on R, and | - |, denotes the p-adic absolute
value, normalised in the sense that [p|, = p~!. Let T denote the unit circle and define three
T-valued characters on C, Q,, and Aq, respectively, by

ez X
ey x— e(—{z}),

en x> e(Too) Hep(xp),
P

where {2} denotes the fractional part of x € Q; if x € Ag and z € C, then write eoo(2) = e(2)
and e (z) = e(z2).
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For any fractional ideal v of Q, let v, denote the completion (with respect to the p-adic norm)
of the localisation of v at the prime p, which is an ideal of Z,,. Understand 0 < N(r) € Q to be

the unique positive generator of .
aa b
a= ,
(C(X d()t)

Write any a € GL3,(Q) as
where z, € M, (Q) for x € {a,b, c,d}. Define an algebraic group G, subgroup P < G, and the
Siegel upper half-space H,, by

G:=58p,(Q) ={a € GLy(Q) | ot =1},  1:= (f _é) ’

P:={aeG|c, =0},
H,:={z=2+iy € M,(C) | x,y € M,(R), 2" =2,y > 0}.

A half-integral weight is an element k& € Q such that k — % € Z; an integral weight is an
element ¢ € Z. The factor of automorphy of half-integral weight involves taking a square root;
to guarantee consistency of the choice of root, one uses the double metaplectic cover Mp,, of
Spn. The localisations M), := Mp,(Q,) and the adelisation My of Mp,(Q) can be described
as groups of unitary transformations, respectively, on L2(Qg) and L?(Ag") with the exact
sequences

1-T—>M, -G, —1,

where z € {p, A}. There are natural projections pr, : My — G and pr,, : M;, — G, either of
which will usually be denoted pr as the context is clear. On the flip side, there are natural lifts
r:G— My and rp : Py — M, through which we view G and P, as subgroups of Mjy.

For any two fractional ideals ¢,y of Q such that gy C Z, congruence subgroups are defined
by the following respective subgroups of G\, G, and G

Dyt 9] i ={x € Gy | ay,dy € Mp(Zy), by € M, (xp), ce € My (9p)},

Dlt,y] : = Sp,(R HD £y

[le,9] : =GN Dlx,y).

Typically these will take the form T'[b~1, bc] for certain fractional ideals b and integral ideals
.

One of the key differences in the theory of half-integral weight modular forms is in the
congruence subgroups one considers. The factor of automorphy involved can only be defined
for a certain subgroup 9 < M}, and any congruence subgroups I' must therefore be contained
in M. This subgroup, M, is defined via the theta series and is given by

cg :={€ € Dy[1,1] | (aeb )i € 2Zy, (ced? )ii € 22,1 < i <},
= Sp,(R H s

M:={o € M |pr(c) € P,C’}.

Typically we shall take b and ¢ such that ['[b=1, be] < T'[2,2] < 9.
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The spaces defined above interact with each other as follows. The action of Sp,(R) on H,
and the traditional factor of automorphy are given by

v-z=7z:=(ayz+by)(cyz+ clv)_l7

.7(’)/72) F= det(c’YZ + d"/)7

where v € Sp,(R) and z € H,,. If o € G4, then we extend the above by a2z = a - 2z and
Jla, z) = j(Qoo, 2). If 0 € My with a = pr(o) € Ga, then put x, = x, for any € {a,b,c,d};
the action of My on H, is given by 0 -2z =« - 2.

For any o € 9, we can define a holomorphic function h, = h(o,-) : H,, — C satisfying the
following properties

h(,2)* = (j(pr(o), 2) for a constant ¢ = ((o) € T, (2.1)
W(rp(7).2) = |det(d,) %] if 7 € Py, (2.2)
h(poT,z) = h(p, 2)h(o, T2)h(T, 2) if pr(p) € Py and pr(r) € C°. (2.3)

The proofs for the above three properties can be found in [11, pp. 294-295].

If k is a half-integral weight, then put [k] .=k — % € Z; if £ is an integral weight, then put
[¢] := ¢. The factors of automorphy of half-integral weights k and integral weights £ are given
as

Ja(2) : = ho(2)j(pr(e), )1,

](t;(z) ‘= j(a7z)e7

where 0 € M, o € G, and z € H,,. Given a function f:H, — C and an element £ € G, or
M, the slash operator of an integral or half-integral weight « € %Z is defined by

(fll€)(2) : = GE() T F(€ - 2).

DEFINITION 1. Let k€ %Z be an integral or half-integral weight, and let I' < G be
a congruence subgroup with the assumption that I' <9 if k ¢ Z. Denote by C°(T") the
complex vector space of C*° functions f:H, — C such that f||xa = f for any a € T. Let
M, (T) CCP(T) denote the subspace of holomorphic functions (with the additional cusp
holomorphy condition if n = 1). Elements of M, (I") are called modular forms of weight k,
level T; if k ¢ Z they are also known as metaplectic modular forms.

Elements of C2°(T") and M,,(T") have Fourier expansions summing over positive semi-definite
symmetric matrices, the precise forms for which are given later in this section. The subspace
S, (T) € M, (T) is characterised by all forms f such that the Fourier expansion of f||,o sums
over positive definite symmetric matrices, for any o € G if k € Z, or for any 0 € M if k ¢ Z.
Write

XK, = U‘XK(F)7
r

where X € {M,S} and the union is taken over all congruence subgroups of G (that are
contained in M if k ¢ Z).
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Take a fractional ideal b and integral ideal ¢ and put I' = I'[b=!, bc]; when & ¢ Z, always
make the crucial assumptions that

b-! C 27

C 27, (2.4)
be C 27, (2.5)

then we have I' < 91 in this case.
By a Hecke character of Q, we mean a continuous homomorphism ¢ : Ip/Q* — T. Denote

the restrictions to R*, Q/, and Qf by oo, 1p, and ¢, respectively. We have that ¢ (z) =

sen(Too ) |oo | for t € Z and v € R and we say that 1 is normalised if v = 0. For any integral

ideal a, let ¢, = lea Y.
Now take a normalised Hecke character ¥ of Q such that

Ypla) =1ifa€Z) anda €1+, (2.6)

Yoo ()" = sgn(wa)"". 2.7)
Modular forms of character i are then defined by
C2(0,9) i = {F:H, - C € C° | Flloy = e(la, ) F for all v € T},
M (D,9) 1 = M. 0 C2(T ),
Se(l, ) 1 = S N M (L, ).
Understand pr = id if k € Z. If f € M, (T,), then its adelisation fy : pr=1(Gy) — C is
fa(@) = e(|dw]) (f]lxw) (1),

where z = aw for a € G and w € pr~}(D[b~1, bc]), and i =il,. To give the precise Fourier
expansions of these forms, define the following spaces of symmetric matrices:

S:={teM,(Q) | =g}, Sy ={§€S[¢=0}
S7:={€ €S| & €L,&; € 3L, < j}, 57 :=57N5,
S(t) : = 5N M,(v), Se(v) = [[ S (),
pef

for any fractional ideal v of Q.
Take a congruence subgroup I' =T[b~!, bc] (contained in M if x ¢ Z), a modular form
f e M, (T,), and matrices ¢ € GL,,(Ag), s € Sy. The Fourier expansion of f4 is given as

Ia <7‘p <(q) sqq~>) = |goo ||| goo || F 71! Z e (1,q)en (tr(ig’ 7q) Jen (tr(1s)),
TESY

for some c¢(7,q) = ¢(7,¢q; f) € C satisfying the following properties

cr(1,q) # 0 only if ey (tr(q” 7¢s)) = 1 for all s € S¢(b™1), (2.8)
(677D, q) = [b]M]b]|*~Wes (7, bg) for any b € GL,(Q), (2.9)
Ve(lal)ep (T, ga) = cf(T, q) for any diagla,a] € D[b™, be]. (2.10)

The proof of the above expansion and properties can be found in [14, Proposition 1.1].
The coefficients c;(7,1) are the traditional Fourier coefficients of f in the following sense. By
property (2.8), the modular form f € M,(T',v) has Fourier expansion

f2)= 3 eplr De(in(r2)),

TESH
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where ¢f(7,1) # 0 only if 7 € N(b)SY. If F' € C°(T',4), then it has Fourier expansion of the
form

F(z) =) er(r,y)e(tr(ra)),
TES

where z = x + iy and the coefficients cp(7,y) are smooth functions of y having values in C.
We have cp(7,y) is identically zero unless 7 € N(b)SV.

We finish this section with some final key definitions. Consider b fixed in the definitions of
I' =T[b~!, bc], so that this group depends only on ¢, and let v be a normalised Hecke character
satisfying (2.6) and (2.7). For any two f,g € C°(T',4), the Petersson inner product is defined
by

(f.9)c = (f.g) = VOl(T\H,)"" / F(2@AR) <

I'\H,
in which

A(2) :=det(Im(z)), d*z:=A(z) "' /\(dxij A dyiz),

i<y
for any z = (zi; + iyi;);' ;=1 € H,. This integral is convergent whenever one of f, g belongs to

Sk(T', ).

3. Complex L-function

The standard complex L-function associated to eigenforms is defined in this section, and the
known Rankin—Selberg integral expression is stated. As in the previous section, take ideals b
and c¢ satisfying (2.4) and (2.5), and set T = T'[b!, bc].

For any Hecke character y of Q, let x*(p) = x*(pZ) denote the associated ideal character.
Although the integral expression can be stated for any half-integral weight k, we take k > n + 1
to ease up on notation — we shall be making this assumption later on anyway. For a prime p,
the association of the Satake p-parameters — an n-tuple (Ap1,...,Ap,) € C" — to a non-zero
Hecke eigenform f € S;(T, ) is well known (see, for example, [14, p. 46]). Now set a Hecke
character x of conductor §f. The standard L-function of f, twisted by ¥, is then defined by

n
[T =p"xt) ifple,
i=1

L,(t):=

n

H(l —p"Apt)(1 — p")\;’}t) ifptec

Ly(s, £,x) - = [[ Lo (X 0)p~) 7,

in which
)
“(z) = — |(x).
v = (1))
The Rankin—Selberg integral expression, (4.1) in [15, p. 342], is given there in generality; we
restate it now for our purposes. Fix 7 € N(b)SY such that cs(7,1) # 0 and let p, be the
quadratic character associated to the extension Q(i*/2l\/]27]); choose u € {0,1} such that
(¥X) oo () = sgn(weo)HI T4,
The key ingredients of the integral are three modular forms: the eigenform f, a theta series
6, and a normalised non-holomorphic Eisenstein series £(z, s). To define the theta series, take
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any 0 < 7 € S and define an integral ideal t by the relation h”(27)"'h € 4t~! for all h € Z".
Take p € {0,1} and a Hecke character x such that xoo(z)™ = sgn(z.)™". The theta series is
then the sum

00 (2;7) = 00(2) = D (XeoX) (][] e(tr(a" 722)), (3.1)
x€M,, (Z)

where we understand (x-cXx*)(0) = 1 if f = Z and as zero otherwise. This has weight % + u,
level I'[2, 2t§%] determined by [15, Proposition 2.1], character p,x !, and coefficients in Q().

The Eisenstein series of weight x € %Z is now defined in a little more generality. Let
" =T[r !, y] be a congruence subgroup, contained in M if k ¢ Z, and let ¢ be a Hecke
character satisfying (2.6) with y in place of ¢, and also such that ¢__(z) = sgn(z.)!" (note
that this is a more stringent condition than the usual (2.7)). The Eisenstein series is defined
by

E(z,50,0,T) = > py(lay)(A°F [,0)(2),
a€PNI/\TY

where recall A(z) = det(Jm(z)), and we have z € H,,, s € C. This sum is convergent for
Re(s) > % and can be continued meromorphically to all of s € C by a functional equation
with respect to s — 231 — s. This series belongs to C2°(T', ') and is normalised by a product

of Dirichlet L-functions as follows. Let a be any integral ideal and define

La(s,0) = [JA =" ()p ™)

pta
[n/2]
L,(2s,¢) H Lo(4s —2i,0%) ifk € Z,
) i=1
Ap"(s, ) =
[(n+1)/2]
I Las—2i+1,¢*) ifx¢Z

i=1
The normalised Fisenstein series is given by
E(z, 816, 0,1") 1= Ay (s, @) E(2, 5 5,0, T).
Set 7 := 1Xp-. In this setting, the integral expression of [15, (4.1)] becomes

n(n+1) s=n—14+k+p
2

Lw(s,f,pz):[Fn(%)ch(r,l)le(b) =4y

X (ﬁ*) (272) T] 90 (X ) (@) ") (F, 026 (-, 252)),V, (3.2)

qg€b

in which Aq(s) == AZ”k_%_“(s,n); p:=cN(2t%); b is the finite set of primes ¢ { ¢ such that
ord,(|7|) # 0 and g, € Z[t] are certain polynomials satisfying g,(0) = 1;

E(z,8) = E(z,sk — § — 7, T[67, by));
and V := Vol(['[b=1, by]\H,,).

4. p-stabilisation

Fixing a prime p, the initial key ingredient in our construction of the p-adic L-function is
the replacement of an eigenform f with its so-called p-stabilisation fy. The form f; is also
an eigenform away from p, whose eigenvalues there coincide with f, however, it has the key
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property that p divides the level of fy and is an eigenform for the operator U, — the Atkin—
Lehner operator that shifts Fourier coefficients. Thus, the L-functions of f and f, are easily
relatable and so for full generality we can begin with an eigenform f, assume that p{ ¢ does
not divide the level, and then pass to fo. In [5], we constructed fj explicitly in the case n =1
which was possible through explicit formulae on the action of the Hecke operators involved on
the Fourier coefficients. For general n, we modify the method of [7], which involves abstract
Hecke rings, the Satake isomorphism, and certain Hecke polynomials; at the end of this section,
however, we show how all this abstract Hecke yoga reduces to the explicit form found in [5],
when n = 1.

Let k be a half-integral weight, (b~!, bc) C 27Z x 27Z be ideals, and 1 be a Hecke character
satisfying (2.6) and (2.7); put I' = ['[b~!, bc] and D = D[b~!, bc]. Then define

O, : = GL,(Z,), O :=[[GL.(z,),
p
X, : = M,(Z,) N GL,(Q,), X:=GL,( QN [ X,
P
Zy : = {diag[g, q] | ¢ € X}, Z :=D[2,2]Z,D|2,2].

If (A,Z) is a Hecke pair, in the sense of [1, pp. 77-78], then the abstract Hecke ring
R(A,E) denotes the ring of formal finite sums 3 . ccAEA, where ¢¢ € C and £ € E. Each
double coset has a finite decomposition into single right cosets, and the law of multiplication
is given in [1, pp. 78-79]. Consider the Hecke ring R(V, W) defined in [14, p. 39] and let R
denote the factor ring of R(V, W) defined in [14, p. 41] or analogously to (4.1) below — this
is the adelic Hecke ring which acts on forms in My (T, ), and it is factored in order to give
the Satake isomorphism. We need the use of a slightly different Hecke ring and we define this
more explicitly. Let Dy := DN Py and T'y := ' N P; define

re HGLH(Q,,)},

p

Yo:= {diag[f, 7]

and
Wy :={(a,t) | t € T,pr(a) € G¢ N DyYy Do}
Vo: = {(as1) | pr(a) € Gr (1 Do},

Now define the Hecke ring S := R(Vy, Wy), which differs from R(V, W) of [14] in allowing
denominators of p into the matrices r defining Yy (contrast with the definition of Zj), and is
therefore analogous to the Hecke ring Lg of [1, pp. 81-82]. By [1, Lemma 1.1.3], there exists
a C-linear embedding ¢ : R(V, W) — S defined on single cosets as €(Dg) = Dog. The law of
multiplication in Wy, and subsequent actions of S on fy and f € M (T, ), are defined in the
same way as [14, pp. 39-41], and thus the factor ring

So = S/ Vo(a, )Vo — tVola, ) Vo | (a,t) € Wo) (4.1)

also has a well-defined action on f € My(T,v) and fy. The action of the double coset
D diag[q, q|D € R(V,W) on My(T',¢), for example, is given by first decomposing into single
cosets

G N (Ddiaglg, q|D) = | |Ta,

where a € G N D diag|q, ¢| D and then summing over the actions of a on f by the slash operator
involving an extended factor of automorphy J*(a, z) — see [14, Sections 2, 3, and 4] for the
details here.
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Let A; € R denote the image under projection of V' (diag[q, q], 1)V € R(V, W), for ¢ € X, and
let A, € Sy denote the image under projection of Vy(diag[7,r], 1)V, € S, for r € Hp GL,(Q,N
Q). Then the local rings R, and Sp, are the spaces generated by A, and A,, respectively,
where now ¢ € X, and r € GL,,(Q, N Q).

Assume p t c. Let W, be the Weyl group of transformations generated by the transformations
Ti T ~1. sy — x; for j # 4, and let C[Il yeen ,xﬂwn denote the ring of Weyl-invariant complex
polynomlals The Satake map wy : R, — (C[l’l ,o ., 7] is defined in [14, pp. 41-42] through
the composition of two maps

Wyt Ry~ R(O,, GL,(Qy)) 22 Clak, ..., 2],

i n

which we now give. By [1, Lemma 1.2.2], this is an isomorphism.

The map ®,. If o =diaglg,q] with g € X, then by [13, Lemma 2.1], we have the
decomposition

DpO'Dp = |_| |_| |_| Dpad,sv Qd.s = (g Sj) ) (42)

zeX s€Y, dER,
where X C GL,(Q,), R, C O, represents O,\O,20,,, and Y, C S,,. To define ®,,, we extend,
by C-linearity, the map

®,(DyoD,) ZJ rp(ag,s)) 1Opd,

d,s

where J(a) := J2 (o, i) for o € pr—*(D[2,2]ZoD[2,2]) (see [14, (2.7), Lemma 2.4] for the precise
definition and characterisation of J(«)). By [14, Lemma 4.3], the map ®, is injective.

The map wop. Note that any coset Opd with d € GL,(Q,) contains an upper triangular
matrix of the form

padl * . *
0 pdz *
0 0 pn

with aq, € Z, and then define

wop(Opd) = [ [ (')

i=1

Through the decomposition O,z0,, = | |, O,d and C-linearity, we extend this to obtain wp,.

By multiplying out elements of diag[,r](Dy),, for r € GL,(Q,NQ), we see that
(Do), diag[7, r](Dy), also has a single coset decomposition of the form (4.2). Thus, we can
analogously define <I>;, :Sop = GL,(0,,GL,(Q,)) and

w!, = wop 0 @/, : Sop = Clat, ..., 2]
The map P’ »» and therefore wp, is no longer necessarily injective. There is a local embedding
Eop : Rp — Sop and we have w, = w;, 0 cgp. There exists U, € Sy, — called the Frobenius
element — defined by
—1 —1 —1
_p (Pl 0 _ pIn pu
UPFO( 0 pIn>FO |_| FO< 0 pIn)'

w€S(b=1/p2b—1)
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If n = 1, it is well known that U, corresponds to the pth Hecke operator when p | ¢; for general,
n > 1, this is no longer true. Note that w,(U,) = pn(njl)xl C T

Let C := {A € 8o, | UyA = AU, } denote the centraliser of U, in Sp,. The map ®;, is injective
when restricted to C by the following argument.

PrOPOSITION 4.1. Any A € C is a linear combination of double cosets

@, (5 ) 0o

r

where r € M, (Z,) N GL,(Q,).

Proof. This is essentially the second statement of [1, Proposition 2.1.1] with § =0 (in the
pln 0
0 P711n

of both sides of the relation U;A,n = ATUP’ to see that r must have entries in Z; [p~1]. Define
the involution Aj := A,-1, which satisfies U; = U, and apply it to the condition U, A, = AU,
to obtain the proposition. O

notation of Andrianov). To prove it, define U, := T'o( )T then multiply out the cosets

PROPOSITION 4.2. The map &), is injective when restricted to C.

Proof. By the previous proposition, if A, € C, then r € M, (Z,) N GL,(Q,). We therefore
have the decomposition

(Do), diag|,7](Do)p = |_|(Do)pta.s,
d,s
where g is as in (4.2), ranging over d € O,\O,rO, and s € S(b~1),/d"S(b~1),d. This
is easily seen by multiplying out diag[F,r](Dy), for such r and is analogous to the
case p|c¢ in [14, Lemma 2.3]. Now J(rp(agqs)=1 by [14, Lemma 2.4], and therefore

D (A) = | det(r)], " 'O,rO,, which shows injectivity. O
The definition of the p-stabilisation is now achieved through factorisations of a certain Hecke
polynomial. This polynomial is an element R, € Clz7,...,z][z] defined by
. ~ n(n+1)
Ro(x1,...,xn;2) = Rp(2) 1 = H (1—p = aft - adnz),
sie{£1}

It has an immediate decomposition of the form

2'”
R(z) = (-1)"T2™,
m=0
where T, = Tm(zl, ceyXp) € C[l’i‘:, ..., xF]. By definition of En, the coefficients T}, are clearly

invariant under the group of Weyl transformations so, by the Satake isomorphism, there exists
a polynomial
27L
Ry(z) = Y (=1)"Tp2™ (4.3)
m=0

whose coefficients 15, € R, satisfy Tm =wp(Ty). If n=1 and T, denotes the pth Hecke
operator, then note, from [14, (5.4a)], that w,(T1) = w,(T}), and so T = T, in this case.

The polynomial R, (z) has a factorisation involving the Frobenius element U, — this part is
similar to the methods found in [1, pp. 90-91; 7, pp. 42-50].
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LEMMA 4.3. With T, and U, defined as above

on
S ()" U; T =0,
m=0
Proof. Denote the sum on the left-hand side by Y, this belongs to Sp),. It is easy to check
that R, (z) = (p% 2)2" Ry, ("1 2)71) so, immediately from (4.3), we have

T, = pn(n+1)(m72"’1)T2n_m. (44)

By (4.4) above and the same argument of Proposition 2.1.2 in [1, pp. 88-89], we therefore
have Tng"—m € C. Since <I>;) is injective on C by Proposition 4.2, we just need to show that

w,(Y) = 0. For this, note

P
which is zero, since (1 —w,,(U,)z) = (1 - e TR z,2) is a factor of R, (). O
For any 0 < m < 27, define
m
va,p = Vtm = (_I)ZTZUIT7£ € SOp-
=0

PROPOSITION 4.4. The Hecke polynomial R(z) can be factorised as

R(z) = < 2 szm> (1-U,2) (4.5)

m=0

Proof. By definition V) =1 and by Lemma 4.3, Von_1U, = —T5n. For the rest, 1 < m <
2™ — 2, we have

m m—1

Vi = Vo iUy = > () TU = > (1) U U, = (=1)" T
=0 =0

Expanding the right-hand side of (4.5) therefore gives the factorisation (4.3), which concludes
the proof. O

DEFINITION 2. Let f € My(T, %) be a non-zero Hecke eigenform with Satake p-parameters
(Ap1s---»Apn), assuming p 1 c. Set

n(n+1)

)\0 =p =2 )\p71"'>\p7".
Then the p-stabilisation of f is defined by

on _

1
for= 3 A H Vi (4.6)
m=0
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PROPOSITION 4.5. If f € My (T[b~! bc] 1) is an eigenform and p{ ¢, then we have that
fo € My(T[b~1, begl,v), where ¢g = cp2(2 —1. Moreover,

folUp = Ao fo-

Proof. Recall U, := Lo (" p—(f[n)ro € Sop; clearly fIU, = p"* f(p®z) has level T[b, bep?]
and therefore, as operators, U, Lot bep?] = U, . Recall ¢ as the involution on Sy, defined
by Aj = A,-1, which satisfies U, = (U,")". So, by the argument of [7, p. 49], we have
U,I'[b=1, bep?] = U, as operators as well. So we have that f|U, € My (T[b~!, bep?], 1)) and
the first property follows by definition of fy and V,,,.

The action of &« € C on f is considered the scalar one, that is, fla = af. The second property

is then given by the calculation

folo = Upl = Mo fol[1 — A5 ' Uy

2" —1

=Xof| [ D o) Vi |1 = AT,
m=0

= )\Of|R()\al)7

where Proposition 4.4 was 1nv0ked in the last line and Deﬁmtlon 2 in the penultimate. This
is zero since we have that fI[R(A;Y) = R(Ap1, -5 Apon; Ag )f and that (1 — Agz) is a factor of

Ryt Apns 2). 0

For ¢ # p, the gth Hecke operator commutes with V;,, ,. Therefore, f, and f share the same
eigenvalues away from p, and we then have the following corollary.

COROLLARY 4.6. Assume fy # 0. If 1 < ¢ € Z and x is a character of conductor p’, then

Lw<57f> X) = Lw(s»fmx)-

In [5] we showed, if n = 1, that the p-stabilisation of f takes the form

) = 1) - () Y (1o (5)) @ -0k (47)

where, for any Dirichlet character ¢ of conductor F,

(f®e) Z e(n)er(n, 1)e(nz)
n=1
denotes the twist of f by ¢. This satisfies fo|U, = pAp1fo by direct construction. If be C b~!
(for example, if b =271Z), then f® p € Sp(T'[b~1, F2bc],7 p?), so we can see immediately
that fo € Si(I'[b~1, bep?],9) and this matches the first part of Proposition 4.5.
By definition, we have Vi , = U, —T1 = U, — T}, in this case, so the abstract definition of fj
in Definition 2, when we set n = 1, becomes

fo=F+ @ 1) " Vip=F+p AU, —p A TAD) £,
where A(p) denotes the eigenvalue of f under T,. By [5, Lemma 3.1(c)], this is precisely the
form of (4.7) above.

Non-vanishing of fy. It is not clear from the above method that fy #£ 0 if f # 0. That fo
may vanish is entirely possible, as is remarked in [7, p. 50].
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Suppose that A : R — C is a homomorphism defining the eigenvalues of f, that is for all
1 <m <27, we have f|T,, = A(T),) f. By the definition in (4.6) and of V,, ,,, we get

m

2" —1
fo= D A" D (CD) AT f|Uy

m=0 =0

2" —1 2" —1
5 [z AT f

[A3

v=0 uU=v

Assume that f # 0, so that we can take 7 € Sy such that cs(7,1) # 0. Using the fact that
c(r,1; f|U,) = p""F1=Rc,(p?7, 1), the above formulation of fy gives

2" —1 2" -1
uU—v —u nndd) o v v
(1) =Y [Z(l) A(Tu—v)Aol]p =R (pPT ). (4.8)

v=0

u=v

The above formula may be used as a method of checking, computationally, whether one has
¢f,(1,1) # 0 as well. Given the formula in (4.8) above, it seems unlikely that cy,(7,1) should
vanish for all 7 outside of a few special cases. As an example, consider the n = 1 case and assume
that cy(7,1) # 0 for some 0 < 7 € Z such that p® { 7. By (4.7), the coefficient c,(7,1) = 0 only
if pAp1 = (%)M (3)4/P- This becomes less trivial a situation if c;(7,1) # 0 only for p?| 7. As
things become significantly more complex for general n, we acknowledge that this does not
constitute a particularly strong argument, but it is hopefully enough to convince the reader
that there should exist eigenforms f # 0 for which fy # 0 as well.

In [2, Section 9], Bocherer and Schmidt give an alternative construction for the p-stabilisation
of a Siegel modular form of integral weight, which does guarantee that fy # 0. Although this is
perhaps stronger than our construction, one still needs to make an assumption that such
a non-zero fy should exist and this is incorporated into Bocherer—Schmidt’s definition of
p-regular [2, p. 1431]. Their construction takes two Andrianov-type identities of Dirichlet
series for f and fy and uses them to compare their Satake parameters directly. It has a
fairly simple generalisation to the present setting by using the identity of [14, Corollary 5.2].
Indeed this identity becomes almost exactly the same as that of [2, Proposition 9.1] by putting
[[#|Z] = Y°ord» (=) and [v] =Y in the notations found in [14], as well as in the definition of
D(7,p; f) in [14, Theorem 5.1]. All that remains is to manipulate the lattice sum, the far right-
hand component of [14, Corollary 5.2], and express it as a sum of the U(m;) Hecke operators
(defined as the double coset T'y diag[#;, m;]T and 7; = diag[pl;, I,,—;]). This was done for the
Hermitian modular forms in [3, Section 7], but remains the same for our case.

5. Tracing the Rankin—Selberg integral

Given the relationship, established in Corollary 4.6, between L(s, f, x) and (s, fo, X), the focus
can be shifted to the latter. The level, vy, of the Rankin—Selberg integral (3.2) will depend on
X, which dependence we naturally seek to avoid. This is achieved in this section by making
crucial use of the behaviour of fy under U,.

Fix 0 < 7 € S; such that cg,(7,1) # 0. Recall t as an integral ideal such that h” (27)"1h €
4t~1 and define

7= N(t)(27)"" € M, (Z). (5.1)

Take a Dirichlet character x of modulus p’ and conductor p* with 0 < ¢, <€ Z, choose a
w € {0,1} such that (¢oox)(—1) = (=1)F*+~ and put 5 := ¥ xp,.
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This section involves many levels and liftings of modular forms through these levels, so first
we define and clarify these schematically. Fix b and note by (2.8) that b~! | t, so we can think
of fo as a form of level I'[b=2, b%tco] and put

y, = [tep™]2.

The ideal 9, can be taken as the level of the integral in the Rankin-Selberg expression of
Ly (s, fo,x) only if £, > 2™ — 1; to avoid this condition, we generally choose higher levels. The
levels involved are 'y, := I'[b~2, b%y,], where the integral ideals v, are indexed by a € {r,¢ €
Z|t, <L <r}U{0}. They are defined below, arranged in order of divisibility:

0, = nop?”
N

ne = yop*
IN

N
D1 = nop”
N
o 1= t2cco.

Later on, when we invoke the Kummer congruences, we shall take a set of Dirichlet characters
of varying moduli p* and we shall be considering a sum of Rankin-Selberg integral expressions
of varying levels ;. Then we shall take a single » > 0 so that all characters in the set are defined
modulo p" and therefore we can simply lift all the Rankin—Selberg integrals of varying levels
to all be of the same level y,. and finally we trace the Rankin—Selberg integral back down to
o which process is given in the rest of this section. This is so that we can treat all characters
uniformly. In specific cases, that is, when we consider a single primitive Dirichlet character
with £ = ¢, > 2" — 1, one need not lift up to r in the first place and such a case is given as an
example at the end of this section but will not be of much use later on.

Assuming that x is a Dirichlet character of modulus p’ with ¢ > 1, the Rankin-Selberg
expression from [15, (4.1)] of Ly (s, fo, X) is given as

s—n—14+k+p
2

—1
Lo(s, fo, X) = [T (252 ) 2c, (7, 1)] - N (0)" D famer

. | 2 (5.2)
) (An(:)(sz;") I 90 (@) (@a)(fo, 0EC, 252)), Vi,

g€b

in which r > ¢ and V,. := Vol(T'[b—2, b%y,.]\H,,).

Write Y, := N(b)\/N(y,) € Z for a € {0,¢,7,x}; then Yy = N(tbc)p?" ', and note that
Yy = Yop'x, Yy = Yop', and Y, = Yop'. Also Yy = Yopx—2""Lif £, > 2" — 1.

The definition of the trace map on modular forms is well known; with b fixed, the map
Tre? for any ¢o C ¢; takes modular forms in My (I's,¢) down to forms in My (I'1,v), where
I; =T[b~% b%c], and is defined by decomposing I'y = | |, I'>y and summing over all the slash
operator actions by these coset representatives. If g € Mz, (T[b7% b%y,], xp;), then put

Fy(z,5) = g(2)E(z, 2%k — % — p,7,T,) and we have

' I, 0 I, 0
Trgf)(Eq) = Z E{JH’V(N(UO)U In) = Z Fng(qu In).

ueS(Z/p>"Z) ueS(b=2/p*rb=2)
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Define, for any M € Z, the matrix

(0 —M'I,
M=\ v, 0 ’

which belongs to P¢ and is therefore in 9. Associate to ¢y the operator W (M), acting on any
modular form h of weight x € 1Z by h|W (M) = hl|,.tar.

PROPOSITION 5.1. Let x be of modulus p’, and let g and F, be as above. If r > 0 is an
integer, then

(fos Fy-y9)),, = (1) fo, Hy(-, ) U W (Y0))),

)

Do
where Hy := F,|W(Y,).

Proof. By the definition of the trace map and substitution of variables in the integral, we
have

(Sor Fyo8)hy, = (o T (F)),
To finish, note that W(Yy)? = (—1)"*] and we claim Tryr (Fy)|W (Yo) = H,|Uy, the proof of
which, in contrast to the integral-weight case, is twofold. That the matrices corresponding to
the operators match is given by the simple matrix multiplication

Lo 0N (p7L —pu
Y'02u I, Yo — Y- 0 I, )

for uw € S(b72/p?"b~2) and in which we used Y, = Yyp". For the claim to hold, however, we
need to check that the half-integral weight factors of automorphy match up as well, for which
the requisite identity is

In 0 1
h(<Y02u In) , Ly0z> h(vyy, 2) = h(ty,, auz)J 2 (Qy, 2), (5.3)

"I, —p "u

where a,, = (* ;' 7 ). We have h(unr, 2) = |Miz|z by considering t3; € Pi and using (2.2),
(2.3), and [12, (2.5)]. Per the definition of J* in [14, (2.7)], write v, = 3¢, where 3 € Zy and
¢ € D[2,2] are defined by o0 1= Ton, &oo = v, 3¢ = (7 o' 5 ), & = (5 1) for all primes
q. Thus, we get Jz (u,2) = h(&,2) = h(ay, 2) =p 3 by (2.2).

Finally, by [12, Lemma 2.2], we have

I, 0 _ 1
(B Z)one) =1t
Making use of Y. = Yyp" and combining all of the above, observe that both sides (5.3) coincide
with |Ygi(z — u)|2. Thus. the claim, and therefore the proposition, holds. O

As an example, assume that x is primitive, that ¢ =¢, > 2" — 1, and that g = 0. Let
H, := Hy_and V, := Vol(T'[b~2, 6%y, ]\H,,). Taking r = ¢, — 2" — 1 > 0, we have y, = 9, and
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I', =T, so applying the above proposition to the integral expression of (5.2) gives

s—n—14k4p
2

-1
Lu(s,fo, ) = [T (=252 ) 2cp, (7, 1) N ()" drr

(32 ) () Tl D)

q€b

< (fo HJUZ "1 W()) Vo
0

6. A transformation formula of the theta series

Transformation formulae for theta series of the form 6, |W (Y, ) when x is a primitive Dirichlet
character are generally well-known entities. The precise formula of this section is encompassed
by the generality of both Theorem A3.3 and Proposition A3.17 of [16]; what follows is a concrete
derivation and calculation of the integrals found in the aforementioned results. Theorem A3.3
of [16] gives the existence of a C-linear automorphism A — °X\ of 9t on the space of ‘Schwartz
functions on M,,(Q¢)’, and it gives formulae of this action by P, and the inversion ¢ = (;% ~").
This is relevant since a more general class of theta series is defined using Schwartz functions A

by
0(z,A) := Z Mae)|z|Me(zT T22),
€M, (Q)

for a fixed 7 € Sy and p € {0,1}. If x is a Hecke character of conductor f, then putting A :=
[1, Ap and

1 if y € M,(Z,) and p1f,
M) =19 xp(lyl) ifyeGL,(Z,) and p | f, (6.1)
0 otherwise,

gives the series 0(z, \) = 9)((“)(2; 7) of (3.1).
Assume that x is a Hecke character of conductor p’x and let Ly = Ly, . Since ¢, € C?, 16,
Proposition A3.17] says that

0(z, )W (Yy) = 9(2, ' 1/\> (6.2)
and so we calculate L;l)\. Note L;l = 10 where
-Y, I, 0 >
o= 1 e P,
( 0 =Y I,

and so 'x '\ = Y°A). Let d = %2 if n is even, d = 0 if n is odd, and let d,y be the Haar measure

on M, (Q,) such that the measure of bM,,(Z,) is |b|$2/2 for any b € Q. Theorem A3.3 (5), and
equation (A3.3) of [16], and the definition of A in (6.1) above gives

(N @) = D (W det@nlf [ Ve (- a2
Yy GLn(Zp)

— ity (—1)"] det(27)| /

r(zT2r
xollyhey (—5272 ) dyy.
GLn(Zp)
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making the change of variables y — Y,y in the last line. By the definition of 7 in (5.1) and
Y, = N(tbc)p* we have (“A),(z) is equal to

|det(27)]; tr(@T#1a) / (a5 1y)
“idv (-1 > Xp(la 6( — ) e (—7,X )d y.
(=) X0 (—1) p(lal N(be)p' pXG Ly (Zy) : N(oo)p? 8

a€G L, (Z/p*XZ)
The integral in the above equation is non-zero if and only if the integrand is a constant function

in y — that is, if and only if z € [N (bc)|, ' 7 M, (Z,) — at which point it is p* &% | Likewise by

the same process, if q # p, we have (“A) (v) # 0 if and only if z € [N (bc ¢)|; 17 M, (Z,) at which
point it is |det(27)|q Therefore, {\)(z) # 0 if and only if z € N(bc)7M,,(Z), for which

(ON)() = iy (~1)" 27~ Ep~F G (N (b)) 171, X)), (6.3)
where, for any Hecke character ¢ of conductor f and X € M, (Z),

Gn(X,¢) = > w;l(lal)e(“%a))

a€GL,(Z/N(f)Z)

denotes the n-degree Gauss sum and put G, (¢) = G,,(I,,, p). If ¢ is a primitive Dirichlet char-
acter, then Gy (X, ¢) = (I X]) "G i ([X], N(5)) = 1 and Gy (X, ) = 0 if (IX|, () £ 1.
So, under the assumption that y is a primitive Dirichlet character and x € N (b¢)7M,,(Z), (6.3)
becomes

n o ﬁ —1 A— —

(M) () = i (=1)" (27|~ Fp~ T x(IN(be) 7 ) G (X)- (6.4)

Hence, by the calculation in (6.4), the transformation formula (6.2) on theta series with
Schwartz functions translates, when y is a primitive Dirichlet character, to

i (=" w2 1. .
oy =2t Y MING T el )
2EN(b¢)7 M, (Z)

and this becomes, by writing 2 = N(bc)72’ and N(v/%) = |N(t)2], the desired formula

M G ()0 (N(\ﬂbC)Qg;?) (6.5)

0% (z )W (Yy) = x(=1)" 275 te P

7. Fourier expansions of Eisenstein series

The holomorphic projection map Pr: C°(T") — M, (T, ) and its explicit action on Fourier
coefficients is well known when 2n < k € Z — see [7, Theorem 4.2, p. 71]. This has a simple
extension to the half-integral weight case with the formulae remaining unchanged, and we did
this in [6, Theorem 3.1].

Given Proposition 5.1 and the transformation formula (6.5), it will be germane to give the
explicit Fourier development of Pr([05E*]|U}), where

0:(2) = 00 (N (Vibe* ;7).

E5(2) = E(z, 2m=n ik — 2 — 1, T,) W (Y,

for certain values m € %Z defined below. To ease up on notation, let
0 :=n (mod 2) € {0,1}.

The projection map is only applicable for certain values s at which the Eisenstein series
satisfies growth conditions; restriction to the set of special values, Q,, 1, at which the standard
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L-function satisfies algebraicity results guarantees this and this set is given by

Q;;k:: {me %Z

kmz“EZ,n<m<k—u},

Qn_’k::{me%Z’WEZ,Qn—i—l—k—&—ugmén},

Qp = Q;,k U Q;t,k'

PRrROPOSITION 7.1. For any ¢ € S, define

2
Vo= {(€1,§2) € Mn(Z) x S | L(\/g{bc) §1T7A'§1 to = g}'
Assume that k > 2n, x is a Dirichlet character, and m € Q,, ;. For any B € Z, there exists
a polynomial P(o,0';3) € Q[sij,;; | 1 <i<j < nl, defined on 0,0’ € S;; a finite subset c
of primes; polynomials f,, € Z[t], defined for each o € S and ¢ € c, whose coefficients are
independent of x; and a factor

n 3n—

C(o,m) s = il u) N (2, ) (2532 ) gnibont D (522)

-1 n+6—
s 1 (mgne) ol T fog (i)™ 57 ),

gec

where my =m —n — 1 and m_ =0, such that if m € Q, ,\{n+ 3} (and m #n+ 3 ifn > 1
and (¢*x)? = 1), then Pr([0;£*]|U}) has non-zero Fourier coefficients only when o >0 at
which

(o PO ENU)) = Y x(aDlon Cloa,m)P (00,9703 g2

(01,02)€Vpro

ifm € sz, whereas

o LPe(ENU) = Y0 xle Dl € (o2, m)P (o2, p7 oy BEmsi=1=n )

(01,02)EVprs

ifmeQ ;.
Furthermore, the polynomial P(c,0'; 3) satisfies P(o,0’; ) = |o|® (mod o)

When k£ € Z and n is even the above kind of result is well-known, see, for example, [7,
Theorem 4.6, p. 77]. Since the definition of the projection map remains unchanged, we can
obtain the above in a similar manner, by using results on the Fourier development of integral
and half-integral weight Eisenstein series as follows.

Let x € 37 be such that 2k + n ¢ 2Z, and let E.(z,s) = E(z,s; 5,7, Llr~ !, 1y]), assuming as
always that (r71,y) C 2Z x 27 if k ¢ Z. Further assume that N(n) and N(x) are both squares
and let Y :=/N(y) € Z. If 2s + 5 € Qik, s # "1‘1, and s # % if n > 1 and % = 1, then
by [16, Proposition 17.6], the analytic continuation of the Eisenstein series, and the fact that
(Te=t, wy]e = Tey, Y], we have

Eu(z,8)|e = Z ct(o,y,s)e(ox),

O<J€S+
N(y)oes”




p-ADIC L-FUNCTIONS ON METAPLECTIC GROUPS 247

where, if o > 0, we have by [16, Propositions 16.9 and 16.10] that

_ n(n+1)

Ci(@@/a ) = Zn(’{ [K] (p)) |y|S (yv o358 + 29 s — 5)
x I fv2oq(il@)g > t1E=r),

gec
§(g,his, ') - :/5 e(—hz)|z — ig|~*|z — ig| ¥ dw,

defined for 0 < g € So,h € So, and s,s’ € C. The above integral converges for large enough
NRe(s + s'), but is continued analytically via the hyperconfluent geometric function w(yg, h; s, s’)
of [10]. Through this analytic continuation, one can represent {(y, o, s + §,s — 5 ), for the above
values of s, in terms of the polynomial

R(g: B, s ) ( 1)/371 t1(9)|z|ﬂ+s det [88

0, ._<1+5ij ) )"
ang . 2 agt] i,j:17

where 0 < € Z. This is obtained by using, in order, the relation (17.11) and analytic
continuation of the hyperconfluent geometric function of [10, Theorem 3.1]; the properties
(4.7K) and (4.10) of [10] and the definitions (3.23)—(3.24) of [7, p. 63]; and, finally,
Proposition 3.2 of [10] to get

e )
(e—trg 2| ,
| o1)

c(o,y,8) = Clo, s)|dmy|*~ 2R(47my, 5 =5, 7L+1 L 3)672”“(””),

ntl—r
5 K\ ,—2mtr(oy)
5)e g

Ci(o—,yas) - C(U,S)|47Ty 7SR(47TO'y;S+ H_Tn_la87

(7.1)

n+3
2

Clovs) s = i7" N )5 0+

Ep— 1 = —2s+[k]—kK
< o5 I fyeoa l@)a ™1 70).
gee

DL, (5 4 5)7)

Now, since &, (z, 8)[W(Y) =Y " (E,(-, 8)[t)(Y?2), we have that

Ex(z,8)[W(Y) = Z cni(a,y,s)e(ax),

0<oeSY
where cni(a, y,s) := Y "t (Y20, Y%y, 5) are given explicitly by
ci(o,y,s) = YR O(Y 2o, s)|dnoy|tT 2 R(47my, £ g =R g)e T troy)

c, (0,y,8) = Y "C(Y 20, s) b _SR(47roy; s — L‘;_“,s — %)6_277”(07”).

n+l—k
2

Put Cf (0,5) :=Y ""|o|*"2C(Y ?0,s) and C; (0,s) := Y "*|o —5C(Y ?0,5).

Now let g € M, be a holomorphic modular form and let F,(-,s) = g[€.(:,s)|W(Y)]. By
analogy to [7, Theorem 4.6, p. 77] and using (7.1), the coefficients after application of Pr are
given by

(o, LPr(Fy (L s)|[Up) = Y. cyglo1,1)Cy(0,5)P(o1,p 03 & — s) (7.2)

o1to2=p"o
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when 2s + 7 EQZ’,C, s # "TH (s # "T% if 2 =1 and n > 1), and ¢ > 0, whereas

(0, 1; Pr(F) (-, 2)|U))) = Z cg(01,1)Cy(0, s)P(01,p 0y 5 + =2=1), (7.3)

o1t+o2=pTo

if2s + 5 € Q;k and o > 0. In both cases, the coefficients are zero for o < 0.
Specialising (7.2) and (7.3) to the caser = b%, p =1,, k = k — 5= l=35+u g=>0% and

2m—n
4

5= W for m € Qik, and also putting C% (o, m) := Ci(o, ) gives Proposition 7.1.

8. p-adic interpolation

8.1. p-adic measures and the main theorem

Alhough complex L-functions are defined on variables s € C, they can equally be viewed as
Mellin transforms of the continuous characters R~y — C*;y +— y°. In this latter vantage point,
p-adic L-functions can naturally be constructed as Mellin transforms of continuous characters
on Z, with respect to a p-adic measure.

Fix a prime p{ ¢, let C,, := @p denote the completion of the algebraic closure of Q,,, and fix
an embedding ¢, : Q = C,. The p-adic norm naturally extends to C, and its ring of integers
is given by

Op:={z€Cp||z|, <1}.
The domain of the p-adic L-function will be
X, :={z € Hom(Z,',C}) | x is continuous}.

The discussion in [7, pp. 23-25] concerning the decomposition of X, tells us that any C,-
analytic function F' on X, is uniquely determined by its values F(xox) for a fixed xo € X,
and y ranging over non-trivial elements of X;‘”S. This torsion subgroup can be identified as
the group of primitive Dirichlet characters having p-power conductor. So to define a p-adic
measure, it is enough to give its values on Xme] where x is a non-trivial primitive Dirichlet
character of p-power conductor, [m] =m — € Z, and

Jij] :Zy; —Cy

[m]

y—=y

DEFINITION 3. Let LC(Z},C,) denote the C,-module of all locally constant functions
Z, — C,, and let A be a C,-module. An A-valued distribution on Z; is an A-linear
homomorphism

v:LC(Z},C,) — A,

P

which we denote by

vo)= [ oa
Zy
for any ¢ € LCO(Z,,C,).
When A = C these are called complex distributions, whereas when A = C, they are p-adic
distributions.
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Since Z; = @(Z/ p"Z)X is a profinite group, taken with respect to the natural projections
mij  (Z)p'ZL)* — (Z/p’Z)* for each i > j, to any distribution there associates a system of
functions v; : (Z/p'Z)* — A satisfying

vi(y) = Z viz), ye(Z/pL)".
ZZ?Gﬂ';?l(y)

This association works by noting that each ¢ € LC(Z),C,) factors through some (Z/p'Z)*
and by

| v = > dlawila).

T€EL/P'L

The compatibility criterion of [7, p. 17] tells us when we can run the above process backwards.

PropoSITION 8.1 (Compatibility criterion). Consider and arbitrary system of func-
tions {v;: (Z/p'Z)* — A}3°,. If we have, for any fixed j€Z and any function
¢; € LC((Z/p’Z)*, A), that the sum

Z ¢ (mij(y))vi(y)
ye(Z/p'Z)>

is independent of i for large enough i > j, then there exists a distribution v on Z) associated
to {Vi}i-

DEFINITION 4. Let C(Z,’,C,) denote the topological C,-module of all continuous functions
Zy — Cp. A p-adic measure is a C,-module homomorphism

v:C(Z;,C,) — Cp.

So distributions are generally quite easy to define; p-adic measures arise from p-adic
distributions that are p-adically bounded. Hence, defining a distribution interpolating L-values
is relatively trivial and showing that these expressions are bounded is the crux of the matter.
To do this, we will invoke the abstract Kummer congruences, which criterion is well known in
generality and is due to Katz in [4, p. 258]; we give a specialisation of it.

ProPOSITION 8.2 (Kummer Congruences). Suppose, for an index set I, that {f;}icr C
C(Zy,0p) is such that spanc {f; |i€ I} is dense in C(Z;,C,). For a given system
{aitier € Oy, there exists an O,-module homomorphism v : C(Z,,O,) — O,, such that

fidl/ = a;
Ly
if and only if, for any finite subset S C I and any system {b;};cs C C,, the condition
> bificpho,
i€s
for an integer N implies

Z b;a; € pNOp.

i€S

The proof of this can be found in [7, pp. 19-20]; it covers C,-valued measures as well by
multiplication of some non-zero constant. An easy example of these criteria is the Fourier
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coefficients of the Eisenstein series given in the previous section. Recall the finite set of primes
c and polynomials f, , € Z[t] from Proposition 7.1.

COROLLARY 8.3. Ifm — % € Z and 0 < o € Sy, then there exists a p-adic distribution ¥, ,,
defined on non-trivial elements x € X;°™ by

Som(X) = tp lH fra((@a™ 5 ™).

gec

Setting ¥, = X 1 defines a p-adic measure that satisfies

1
’2

/ZX sz[gm]dZU =Y m(X)-

D

Proof. That 3, ,, satisfies the compatibility criterion is immediate. By taking Re(s) — oo
in the identity (16.46) of [16], we see that the product of polynomials has no constant term.

Take X:vg”] as the system {f;};c; in the statement of the Kummer congruences. If X C X;OYS

is a finite subset and } bxxxz[,m] C pNO,, then

Z by /X Xxg)m]dEg epo,

XEX Ly

is immediate, by the crucial fact that the coefficients of f, , are independent of x. O

If u(xx;’”]) = am(x) for some a,, : {T-valued characters} — C, and w is a primitive T-valued

character whose conductor is prime to p, then the twist of v by w, given by [V ® w](Xxl[?m]) =
am(xw), is also a p-adic measure.

A non-zero Hecke eigenform f with Satake p-parameters (A, 1,...,Ap ) is p-ordinary if
n(n+1)

[Xolp = 1, where recall that \g =p~— 2 Ap1---Apn. As usual, take a half-integral weight k,
ideals b and ¢ satisfying (2.4) and (2.5), a normalised Hecke character 1 satisfying (2.6) and
(2.7). The main theorem is given as follows.

THEOREM 8.4. Let pfc be a prime, k > 2n, and f € S, (T'[b~}, bc], 1) be a p-ordinary Hecke
eigenform. Assume the existence of T € Sy such that cy(7,1) # 0, ¢(7,1; fo) # 0, and recall t as
an integral ideal such that h™T (2r)"'h € 4t~ for all h € Z". There exist bounded C,-analytic
functions

V?:XP—HCP

that are uniquely determined by the following. In both cases, x € X;f’rs is a primitive
Dirichlet character of conductor p‘x with 1 < b € Z; n=1vxp-; p € {0,1} is chosen so that
(Yoox)(—1) = (—1)[’““'“; recall # = N(t)(27)%; put A (s) := (Ac/Atc)(QSZ”), which Is a finite
product of Euler factors defined by Section 3, and also put g,(s) :== [[,ey, 9o((VPY)(q)g )1,

n?
2

which is a product of polynomials in Z[t] also defined in Section 3; and recall d = if n is

even, d = 0 if n is odd.

(i) For any m — % € Z with n < m < k — u, the measure VJT is given by

_kfm—p—1-2n
2

1"kl 97| 5 +r 2
] o+ | (ZD)"H[27 _ N(Vibo)? .
/Z;f X’I’p dl/f =l Z’dN(tbc)nu 2 T

pnﬂx(n+1—’f—m)Gn()Z))\_gX Ly(m, f,X) ]
Ar(m)gr(m) " wnEmen(f ) ]
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whenever [m] = [k] + p (mod 2) (that is, whenever m € Q' ) and m # n + 5 (with the further
condition that m # n + % if (1*x)?> =1 and n > 1), otherwise the integral is zero.
(ii) For any m — % € Z with 2n+ 1 — k + p < m < n, the measure v, is given by

k4+3m—pu—2—4n
2

—1)nlEl [ 9r| 5 R
ml o+ [ (DM
/ZX XAy = | N ey

7
pnéx(n+1*k*m)Gn (X) —ly Ld; (ma f’ )Z) :|

TR e (m) 0 meEmen(f

whenever [m] =+ 1 — [k] (mod 2) (that is, whenever m € )., ), otherwise the integral is
zero.

‘_N(\/2€bc)2%"

REMARK 8.5. The condition that m # n + 1 (and m # n + 3 when (¢*Y)? = 1) arises as a
result of complications in the Fourier expansion of the Eisenstein series at this value, as seen in
the previous section. It is unique to the half-integral weight case since n + % does not belong to
the set of special values when k € Z. Most likely it can still be interpolated since one can use
the Kubota—Leopoldt measure to interpolate the extra Fourier coefficients arising here, but it
is not necessary in order to give the existence of the measure.

The p-adic Mellin transform of a p-adic measure is defined by

Lo(z) = /Z zdv

X
P

for any x € X,,.

DEFINITION 5. Let f € Sg(I',%) be a p-ordinary Hecke eigenform. The p-adic L-functions
of f are defined by

+ s—1 s—i 4
L, (s, f,x) = Lyfi(xxp 2) = /ZX xzp ‘dvy.

8.2. Proof of Theorem 8.4

The proof of the main theorem now follows along the following lines: prove the existence
of p-adic distributions interpolating L. (m, f,x) and show that they satisfy the Kummer
congruences, thus defining p-adic measures. Although it is enough to define the p-adic
distribution in terms of non-trivial primitive characters x € th)ors, to use the Kummer
congruences we need all characters in X;f’rs and we achieve this by lifting the undesirable
primitive characters (that is, the trivial character) into desirable imprimitive characters. The
definition of the distribution on primitive characters is similar to that seen in Theorem 8.4.
For imprimitive characters, we cannot use the transformation formula of the theta series (6.5),
instead we define it in terms of the Rankin—Selberg Dirichlet series

_ — gkt
D(s,f,9) == Y,  vy'eplo.)eg(o, D)o 7,
0€84/GLn(Z)

where f € My, g € My, and v, := #{a € GL,(Z) | a¥ oa = o}. This Rankin-Selberg Dirichlet
series has an integral expression similar to (3.2) — in fact it is used as an intermediary step
in the proof of (3.2) — and the flexibility in choice of g allows us to pre-empt the right-hand
side of the transformation formula (6.5).
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PROPOSITION 8.6. There exists a complex distribution v} on Z, which is uniquely

determined on Dirichlet characters of p-power conductor p*x as follows. If x is primitive and
1<t €Z, then it is defined by

—kts—pu—1-2n
2

—1)nlkl +u
by (EDMERTET N pe? L
v 00 = i by 27 )
8.1
p—néx(n+1—k—s)Gn<X) — -
X )\0 XLw(SafaX)a

A-(s)gr(s)

where d, A,, and g, are as in Theorem 8.4.
In general, for any £ > £, >0, let x; denote the character modulo p® associated to x and,
for any r > ¢, define

N |T| sfn—;#»k#»u N(\ﬁbc)2 _ k+s—}L2—l—271 )
v () = E g Ay (2552)
cro(T,1) ’ o (8.2)
% p'r'n(r’zl+2—2k—s))\07rD(QS—in—Q . fo, 9;[ |W(YT)),

where, recall, 0, (z) = 0\ (N (Vtbe)22/2; 7).

Proof. By the compatibility criterion, Proposition 8.1, we just need to show that the
definition of vy is independent of ¢ and r. When x is primitive, this is immediate. The
expression (8.2) is evidently independent of ¢ since ¢ > ¢,. Now fix ¢, to show independence

MI, 0

of r let V(M) for M € Z be the operator associated to (“;" ,,~1, ), which acts as g|V (M) =
M g(M?z) if g is of weight ¢. Note W (Y,) = W(Y;)V(p"~*) as operators, so the Dirichlet
series D(22=20=2 f, 0% |W(Y,)) becomes

s—nm—1+k+p
2

PGS e (5P 2, 1) e(o, 1303, W (V) el

U€S+/GL7L(Z)

We have ¢y, (p*" %0, 1) = pr =R =) (g1 f0|U;*£) and so the powers of p” in (8.2) cancel.
Since fo|U, = Ao fo, the proposition is proved. O

REMARK 8.7. Through the identities [13, (5.9b, 8.8)] relating D(s, fo,g9) to
Ly (s, fo,x), Corollary 4.6, the transformation formula (6.5) with the fact that G, (x)~' =

X(fl)”p*"zzxG,,,()‘()7 and the manipulations on D(s, f,g) found in the above proof, one can
check that the two definitions, (8.1) and (8.2), coincide if x is primitive (that is, when £ = £,,).

PROPOSITION 8.8. If k > 2n then, for any Dirichlet character x of p-power conductor and
m € Q;k, we have

Vm (X) O
w7, ) € @

Proof. In [6, Theorem 7.6], we showed the existence of a non-zero constant pu(A,k,)
through which the Petersson inner product, and subsequently the L-value, satisfied an
algebraicity result. Plugging g = f into that theorem of [6] gives (f, f) € u(A,k,¢)Q. So
whenever y is primitive, this is immediate from the main theorem, Theorem 7.8, of [6]. This
is also given in [16, Theorem 28.8].
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If x is not primitive, then use the unfolded integral expression [13, (8.5)] of D(s, f,g) to
obtain the expression

kdm—p—1-2n
2

71 _
0 = [2eg, (7 )T, (b )| | ke

« N(b)n(n-H) ‘47”_ wprn(%+2—2k—m))\ar (83)

X <f0a9;e|W(YT)5(Z7 2m47n;k - % - /-1/7,'75FT)>UT‘/7‘-

Repeating the process of proving the algebraicity of L-values in [6] — applying Proposition
7.5 with g = 05 |[W(Y;.) and Theorem 7.6 found in that paper — proves the proposition in this
case too. (|

By the above proposition, we can define a p-adic distribution v2;" for all m — % € Z with
n < m < k — p by putting

+
0+ . VnL(X)
v () = by | e (7, 7y |

for m € ij\{n—i- 1} (that is, whenever (¢Yox)(—1) = (=1)[™), and by otherwise putting
19 (x) =0 (and moreover v°7,(x) =0 if n>1 and ()*})?> = 1). To make the following

m n+%
expressions more manageable, we collect superfluous terms into a constant C,., independent of
X, as follows:

n

—1
C,:= (_1)71([19757;4]) Wn(k+m—n)2cf0 (7_7 ]-)Fn (m—ﬂ—k+§,—n—1)j| N(b)n(n-l-l)

mtktpon=1 o oo5n o op
X 47| 2 pr(F I em) Y,

The factor of (—1) appears as a result of 6% [W (Y;)? in the following calculation. Combining
the integral expression (8.3) above with the case g =0}, [W(Y,), for large enough r, of
Proposition 5.1, we get

(8.4)

0 = o | et g SR E IR D,

Yo’ U7

where recall £*(2) = €(z, 222k — 2 — 11,7, T,)|W(Y;). In light of the Fourier expansion in
Proposition 7.1, we make one final, artificial adjustment to this expression by inserting a

constant D;,. Define

z'”([k_%_“])Q—"(k—;H%)

D = i F <m+kin7‘u)
k N(b2nr)n(3n—22m,k+u)ﬂ_w n 5 ,

k+m—p—1—2n
2

Pr([07,E7U)),

RF (-omixi) : = Dy| -Gl

which latter is an element of My (T'[b=2,b%y,],¢) (which is true for all m € Q,, ;). For the
values of m € Qj{ . given in Proposition 7.1 (which are those upon which our distribution v9,"

is non-zero), it has cyclotomic Fourier coefficients that are non-zero only when o > 0 at which
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point, by Proposition 7.1, they are

(o RECmixd) = Y. xalloa]lon € (o2,m) P (o, p o Bt
(01,02)EVyrs

k4+m—p—1—2n

¢ (02,m) i = ’—Wf NPT (8.5)
n+6 1 —m
X H foq(T ).

gece

Insertion of Dy, to the expression (8.4) above leaves us with

R (-, m; W (Y.
V70n+(X) =1, |:0er1)\07‘ <f07 T ( ’m7X€>| ( 0)>‘)0:| ) (8.6)
(£ 1)
The distribution v; . To define v, , we just replace | — N(v/tbc)? /2|’M in the
k+3s—p—2—4n

definitions (8.1) and (8.2) with | — N(v/tbc)%7#/2|~ . As before, for m — 3 € Z with
2n+ 1 —k+ pu < m < n normalise this into the followmg p-adic distribution

Vo (X) == 1p [M]

whenever m € Q, ; and 19~ (x) = 0 otherwise.

Define R := | — N(v/tbe)27/2|~(m==2)9%} this has cyclotomic Fourier coefficients that
are non-zero only when o > 0. In such a case, they are given, when m € Q ., by

c(o, LR (- ms xe)) = Z Xe(|01|)\‘71|“¢*_(027m)P<02aPTU; W),
(01,02)EVyrs
where €* (g9, m) = | — N(v/tbe)27 /2|~ (m—n=2)¢* % (02, m). We obtain the expression
- — W(¥))
1/21 X) =1t [CTD or <f0’ ( m; X‘))‘ Do | 8.7
N e 7.5 (57

Define the linear functional
lr: My (D62, 0%y, 9) = Q

(fo, g|W (Y0))

(£ £
and we have £¢(g) € Q(f,g,A, 1) where A are the eigenvalues of f. Taking the similarly defined
linear functional £, found in (3.51) of [7, p. 109], we have that £; € (fo, fo){(f, f)"*£;Q. The
functionals £ and Ly are equal up to some algebraic constant, of bounded p-adic norm,
determined by the differences of the operator W(Y;) between this paper and [7]. So, by
[7, (3.52), p. 109], there exist positive definite oy,...,00 € ST and fi,...,0; € Q(f, A, 1)
satisfying

g —

g) = Z Bicy(0i,1). (8.8)

For any subset, X C th)ors take the integers ¢ large enough so that all x, for x € X are
non-trivial and then take r so that they are all defined modulo p”. Thus, the expressions (8.6)
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and (8.7) hold for all xy € X. We have
v (X) = 1 [Cr Dy NG T (R (o mi )] (8.9)

By assumption ||, = 1 and, by definition, C, and D, are independent of x and have bounded
p-adic valuation. So whether v9* () defines a measure or not is directly dependent on the
p-adic boundedness of £;(R;7). By the expressions (8 5) and the analogous one for R, , the
Qup-coefficients of %" do not depend on the modulus p of x, and therefore setting ., (x) :=

tple(o, 1 RE (-, m; Xp)] for m as m Proposition 7.1 defines a p-adic distribution. By (8 8), we
see that ¢ f(i)%i) is bounded if cg .m 8lve rise to a p-adic measure.

Fix o and for any (o1,02) € Vp ro fix o1; by definition of ¢t
Proposition 7.1, we have, for any 8 € Z, the congruences

N(thf%

we may assume p 1 |o1]. By

o,r,m?

ool = |-

(mod p"O,), (8.10)

B
P(o2,07; 8) = oo = [|- XL 4 |on2] - (mod p70,). (8.11)

So we have, by definition of R (see (8.5)), and Corollary 8.3, that

om0 = D xello Do, @w ] (xeal™)  (mod prO,),  (8.12)
(01,02)EVyrs

where w, is the primitive character associated to v*p,. The conductor of w; is tc, where ¢ is
the conductor of p,, and tc is prime to p by the following argument. By assumption p{ ¢, we
just show (¢,p) = 1. Since bc C 27 and ¢ C 47, we see p{ b~! as well, so that p,(p) # 0 if and
Z1
only if (mv([;)#) # 0. That latter Legendre symbol makes sense since we know 2N(b~1)71 €

M, (Z) by the Fourier coefficient property (2.8) of f. We can assume |o3] #Z 0 (mod p"O,),
since otherwise ¢, (x) =0 (mod p") by congruence in (8.11). By definition, following by the

o,r,m

use of the congruence in (8.10) above, we see

(B (5 ()
()

which is non-zero by assumption. So we see p 1t and hence X,, ® w, defines a p-adic measure.

Now define ¢, := cir 1 which satisfies cm (xzém}) =ct . (x) by (8.12).

a,T,m

The Kummer congruences now complete the proof that ci defines a measure. Assume

Z bxry €™ Oy,
XEX

for some b, € O,. Then the congruence (8.12) above gives

Shet el = Y e Y b / (xeal™) (gl A0, © wr](y)

X€X (01,02)EVprs XEX

taken modulo pVO,. The right-hand side of the above is clearly in p™¥O, since we have
lo1| € O) and we know ¥,, ® w, is a measure satisfying the Kummer congruences.
We have shown that v0F defines a p-adic measure. To finish the proof of Theorem 8.4, put

ijf = uli By (8.8), (8.9), (8.12), and the fact that ¢, T(xme]) =ct, .(x), we have

o,r,m

vy (xal™) = v (x).
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The main identities of Theorem 8.4 follow by using the definitions of the underlying
distributions, for example, (8.1), and the subsequent normalisations.
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18.
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