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An effective equidistribution result for SL(2,R) x (R?)®* and
application to inhomogeneous quadratic forms

Andreas Strombergsson and Pankaj Vishe

ABSTRACT

Let G = SL(2,R) x (R?)®* and let " be a congruence subgroup of SL(2,7Z) x (Z*)®*. We prove
a polynomially effective asymptotic equidistribution result for special types of unipotent orbits
in I'\G which project to pieces of closed horocycles in SL(2,Z)\ SL(2,R). As an application,
we prove an effective quantitative Oppenheim-type result for the quadratic form (m; — )? +
(m2 — B)? — (m3 — @) — (ma — B)?, for (o, B) € R? of Diophantine type, following the approach
by Marklof [Ann. of Math. 158 (2003) 419-471] using theta sums.

1. Introduction

The results of Ratner on measure rigidity and equidistribution of orbits of a unipotent flow
[31, 32], play a fundamental role in homogeneous dynamics. These results also have many
applications outside of dynamics, ranging from problems in number theory to mathematical
physics. In recent years, there has been an increased interest in obtaining effective versions of
Ratner’s results in special cases, that is, to provide an explicit rate of density or equidistribution
for the orbits of a (non-horospherical) unipotent flow (cf. [3, 6, 13, 20, 27, 30, 38]). In
particular, in [3, 38], effective equidistribution results were obtained for orbits of a 1-parameter
unipotent flow on SL(2,7Z) x Z?\ SL(2,R) x R?, using Fourier analysis and methods of from
analytic number theory, and in the very recent paper [30], building on similar methods, effective
equidistribution of diagonal translates of certain orbits in SL(3,Z) x Z3\ SL(3,R) x R? was
established. Our purpose in the present paper is to prove results of a similar nature for
homogeneous spaces of the group G = SL(2,R) x (R?)®* for k > 2, and to apply these to
derive an effective quantitative Oppenheim-type result for a certain family of inhomogeneous
quadratic forms of signature (2,2). Here, (R?)®* denotes the direct sum of k copies of R?, each
provided with the standard action of SL(2,R).

We now turn to a precise description of our setting. We represent vectors by column matrices.
Throughout the paper, we will identify (R?)®* with R?*, so that the action of G’ := SL(2,R)

is given by
o T = ax + ba’ ab ’ / k
(Cd)<m/)_(cic+da}’> for (cd)eG’w’w c R".

G = SL(2,R) x (R*)®F

The elements of
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are then represented by pairs (M,v) € G’ x R?*| with a multiplication law
(M,v)(M',v") = (MM’ v+ Mv').
Let

aly) = <\6§ 1/‘3@) and u(z) = <é ”f) (y>0, z €R).

We will always view G’ = SL(2,R) as a subgroup of G through M + (M, 0); in particular, a(y)
and u(z) are also elements of G. We set

T =SL(2,Z) x (2*)%*.

In our notation, this is the subgroup of all (M,v) € G with M € SL(2,Z) and v € Z2%. Given
a subgroup I' of I of finite index, we consider the homogeneous space

X =T\G.

As we will detail below, this space is a torus bundle over a finite cover of the familiar 3-
dimensional homogeneous space SL(2,7Z)\ SL(2,R) classifying unimodular lattices in R?. We
fix 4 to be the (left and right invariant) Haar measure on G, normalized so as to induce a
probability measure on X, which we also denote by u.

The following equidistribution result is a special case of [5, Theorem 3]T; alternatively
it may be deduced (with some work) as a consequence of [36, Theorem 1.4]. Note that
both [5, Theorem 3] and [36, Theorem 1.4] depend crucially on Ratner’s classification of
invariant measures.

For any a,b € R¥ we denote by ab the standard scalar product, ab = a1b1 + - - - + aby.

THEOREM 1.1. Let I be a subgroup of T' = SL(2,Z) x (Z?)®* of finite index. Fix & = (21)
2

in R?* subject to the condition that there does not exist any m € ZF\ {0} for which both
mg&, and m&, are integers. Then for any Borel probability measure A on R which is absolutely
continuous with respect to the Lebesgue measure, and any bounded continuous function f on
X =T\G,

tim [ FO02Ou()aw) Na) = [ Fan (1)

y—0t

In view of the relation
u(x)aly) = a(y)u(y'z),
the integration in the left-hand side of (1) is along an orbit of the unipotent flow
U':Tgws Tgu(t) (t€R)

on X. Let D: G — G’ be the natural projection sending (M, v) to M; then D(T') is a finite
index subgroup of SL(2,7Z), and D induces a projection map from X to X’ := D(I")\G’, which
we also call D; this realizes X as a torus bundle over the space X’, which in turn is a finite
cover of SL(2,Z)\ SL(2,R). The orbits which appear in (1) are exactly those orbits of the flow

!
tApply [5, Theorem 3] with d =2 and M = 13 and use the anti-automorphism (M, (:,)) — (M, t]W(j:w))

of G to translate from the setting with G/T" in [5] into our setting with X = I'\G. As noted in [5, Remark 7.2],
the proof of [5, Theorem 3] extends trivially to the case when T' is an arbitrary subgroup of SL(2,Z) x (Z2)®*
of finite index.
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Ut which project to a closed horocycle in X’ around its cusp at co. Letting y decrease toward
zero means that we are considering expanding translates of the initial orbit x — I'(1g, &)u(z).

Let us note that the condition imposed on £ in Theorem 1.1 cannot be weakened. Indeed,
for any m € Z* \ {0}, set

X,, = {I‘(M, (21» . M € SL(2,R), mv, € Z, mvs € Z}.

2

This is a closed embedded submanifold of codimension 2 in X. If both m&; and még, are
integers, then

(13, 8)u(z)a(y) € Xy forall x €R, y >0, (2)

and therefore the curve certainly cannot become equidistributed in X, that is, (1) fails for some
f. (For example, consider any bounded continuous f > 0 such that fx, =0 while J v fdu>
0.)

Marklof in [24, Theorem 5.7] proved Theorem 1.1 in the special case of €& = 0, and then in
[25, Theorem 3.1] in the special case of &, = 0. Note that if & = 0, the condition on &, in the
theorem becomes that 1 together with the k components of &, should be linearly independent
over Q (and vice versa if &, = 0). Our main results in the present paper are in Theorems 1.2
and 1.3, which give effective versions of these two special cases of Theorem 1.1, under the
further requirement that I' is a congruence subgroup of I.

To prepare for the statement of the main theorems we introduce some further notation. For
a positive integer N, T'(IV) denotes the principal congruence subgroup of SL(2,Z) of level N:

I(N) = {(i Z) € SL(2,7) : (CC‘ Z) = (é (1)) mod N}.

We will consider X = I'\G where I is a subgroup of T' of the form I' = T'(V) x Z?*. (The case

of an arbitrary congruence subgroup of T' can easily be reduced to the case of I' = T'(V) x Z2,

by using the fact that for any ¢ € Z", the map (M, v) — (M, qv) is an automorphism of G.)
We introduce the following cuspidal height function, for (M,v) € G:

Y(M,v) = Y(M) = sup{Im~yM (i) : v € SL(2,Z)}, 3)

where in the right-hand side, we use the standard action of G’ = SL(2,R) on the Poincaré upper
half plane H = {7 = u+iv € C : v > 0}. Then Y(M,v) > v/3/2 for all (M, v) € G. Note that
Y(M,v) depends only on the coset I'(M, ), and in particular ) can be viewed as a function
on X. Given p1,po,... € X, we have Y(p;) — oo if and only if the sequence py,po,... leaves
all compact subsets of X.

For m > 0 and a € R, we let C'(X) be the space of all m times continuously differentiable
functions on X, all of whose derivatives up to order m are < Y% throughout X. In more
precise terms, let g be the Lie algebra of G, and fix a basis Xi,..., Xort3 of g (we make a
definite choice of this basis; cf. (18)). Each Y € g can be realized as a left invariant differential
operator on functions on G, and thus also a differential operator on X = I'\G, which we will
also denote by Y. For any f € C™(X), set

flloy == > sup [Y®) (D)D), (4)
ord(D)<m peEX
where the sum is taken over all monomials in X3i,..., X349, of degree < m. In particular,

|| - leg is the supremum norm. Then C7'(X) is the space of all f € C™(X) with || f[lcy < oco.
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For any integer n > 0 and real numbers a > 0 and p € [1, +00], we introduce the weighted
Sobolev norm Sy, , »(h) on functions h € C"(R) through

n

Span(h) =Y (1 + |z])* & h(z)|ws.

J=0

For z € R let (x) denote the distance to the nearest integer; (x) = min, ez |z — n|. Given
B>k &R T >0, we define

Spe(M =Y Irl™?> j2+Tj<.rJ€> , (5)

rezk\{0} i=1

o 14 10g+ (T<J7’§>)

where log™ (z) := log(z) for z > 1 and log™ (z) := 0 for = € [0, 1]. Since log™* (z) < = (Vx > 0),
one has

e}

0p6(T) < Crpi= Y |rlPD 57 < oo, (6)
rezk\ {0} j=1

for all €& and T.

We now state our two main theorems.

THEOREM 1.2 (Effective version of Theorem 1.1 when &, =0). Let k > 2 and ' =T'(N) x
Z* . Fix ¢ > 0 and an integer 3 > max(8 — k,1+ k), and set m = 3(8+k + 1) and a = (5 —
1)/2. Then for any f € C7(X), h € C*(R) with Seo 21c 2(h) < 00, &, € RF andy > 0, we have

/Rf<r (12, <£02)>u(m)a(y)) h(m)dx—/deu/thx

< I fllog Se.ztea(h) (95, (y~H) + 4 ), (7)

where the implied constant depends only on k, N, €, 3.

THEOREM 1.3 (Effective version of Theorem 1.1 when &, =0). Let k > 2 andT' =T(N) x
72%. Fix e > 0 and an integer 3 > max(7 — k,1+ k), and set m = 3(8 + k) +2 and a = (3 —
1)/2. Then for any f € C7(X), h € C*(R) with S1 92(h) < 0o, &, € R¥ and y > 0, we have

/Rf (F (12, (%)) u(x)a(y)) h(z)dz — /deu/thx

< [ Flley Sroa(h) (3., (v™3) +y77), (8)

where the implied constant depends only on k, N, €, 3.

Let us make some comments on these results. First, note that for any fixed &, € R* and
B>k, one has §g¢ (y~1/?) — 0 as y — 0 if and only if r€, ¢ Q for all r € Z* \ {0}. Hence,
Theorem 1.2 indeed gives an effective version of Theorem 1.1 in the special case when I is
a congruence subgroup of I and &, = 0. Similarly, Theorem 1.3 gives an effective version of
Theorem 1.1 when &, = 0. Second, as we will explain in Section 3 (see especially Lemmata 3.1
and 3.3, and the relation (28)), for a sufficiently large § and &, subject to a Diophantine
condition, the majorant function 3 ¢, (T") has a power rate decay in T' as T" — oc. In particular,
for any € > 0, dz.¢,(T) < T ' holds for all &, € R* outside a set of Hausdorff dimension < k.
Note that for any such g and &£,, the bound in Theorem 1.2 decays like y%’g as y — 0. An
analogous statement holds for Theorem 1.3.
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One should also note that the integral in Theorem 1.3 (but not the one in Theorem 1.2)
runs over a closed orbit in X; indeed the point I'(12, (3))u(z) is invariant under = — z + N,

since u(t)(%) = (§), Vt, and u(N) € T'(N). Hence, it is only natural that the bound obtained
in Theorem 1.3 is invariant under translations of h.

We have made no effort to optimize the dependence on the test functions f and h in the
theorems; rather, we have simply imposed as much smoothness and decay of these as needed
to comfortably reach the best decay rate with respect to y that our method can give.

The proofs of Theorems 1.2 and 1.3 are given in Sections 4-8; the basic approach is to
use Fourier decomposition with respect to the torus fiber variable, just as in [38]; however,
there are several new difficulties that have to be tackled. In particular, the T -orbits in 72" ,
which are used to partition the Fourier decomposition, are more complicated for k& > 2 than
for k = 1: There are two types of orbits, which we call ‘A-orbits’ and ‘B-orbits’, where B-orbits
only appear for k > 2 (cf. Section 4). Establishing cancelation in the contribution from the
B-orbits requires a novel treatment, which we give in Section 8. The treatment of the A-orbits
(cf. Section 7) becomes more delicate for k£ > 2 than for k¥ = 1, and this is where we need to
require that the test function f decays sufficiently rapidly in the cusp (cf. the parameter ‘a’ in
Theorems 1.2 and 1.3); this is not needed for k = 1. Other differences versus [38] are that we
consider congruence subgroups and not just I' = SL(2,Z) x (Z2)®* itself, and the fact that the
Diophantine conditions are more complicated in the present paper, as they concern vectors in
R,

As will be seen, in the present paper we make crucial use of the assumptions in Theorems 1.2
and 1.3 that either £ =0 or £ = 0. It is an interesting problem to seek a more general
treatment so as to obtain an effective version of Theorem 1.1 for general &;,&,. We have some
preliminary results on this problem and hope to return to it in a later paper.

We next turn to an application of Theorem 1.2: Following an approach introduced by Marklof
in [24] using theta series, we will prove an effective quantitative Oppenheim-type result for the
inhomogeneous quadratic form

Q(x1,22,23,14) = (21 — a)* + (22 — B)° — (23 — @)* — (x4 — B)° 9)

for a fixed vector (a,3) € R? subject to Diophantine conditions. Recall that the original
Oppenheim conjecture states that for any indefinite nondegenerate homogeneous quadratic
form @ in n > 3 variables, not proportional to a rational form, Q(Z") is dense in R. This
was proved in celebrated work by Margulis [21]. An effective version of this result has more
recently been obtained by Lindenstrauss and Margulis, [20]. A quantitative (but non-effective)
version of the Oppenheim conjecture for forms of signature (p,q) with p > 3 and ¢ > 1 was
proved by Eskin, Margulis and Mozes, [7], and extended to forms of signature (2,2) subject
to a Diophantine condition in [8]. Similar quantitative results were later proved also for
inhomogeneous quadratic forms by Margulis and Mohammadi [22]; in particular the result
proved by Marklof [24] for the form @ in (9) is a special case of the results in [22]; however,
the method of proof in [22] is different and does not involve theta series.

Effective quantitative results for indefinite forms in n > 5 variables have been proved by
Gotze and Margulis [11]. However, we are not aware of any previous effective quantitative
results for forms in 3 or 4 variables.

Returning to the form @ in (9), for f € C.(RY), g € C(R)NLY(R) and T > 0, set

Nop(,0.T) == Y, [T 'm)g(Q(m)), (10)

m€Z4\A

where A 1= {(m,m;) : m; € Z?}. We also set

27 27
/ f(rcos(y,rsinéy,rcos (e, rsins) d¢y dlo rdr. (11)
o Jo
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One verifies easily that

1
Jin 7 [ £ @)aQa) de = s [ atr)an

We say that £ € R* is x-Diophantine if there exists a constant ¢ > 0 such that ||g€ — m| >
cq" for all ¢ € Z* and m € ZF (cf. [23, Section 1.5]T). We also say that £ is [; ¢]-Diophantine
in this case. The smallest possible value for & is k = k~!, and on the other hand Lebesgue-
almost every & € R¥ is (k~! + ¢)-Diophantine for every € > 0. In Section 3, we will also discuss
a different (also standard) Diophantine condition, which is more directly connected to the
decay properties of dg¢(T).

In Section 9, we prove the following effective quantitative Oppenheim result for the form Q.

THEOREM 1.4. There exists an absolute constant B > 0 such that for any [k; c|-Diophantine
vector (a, ) € R? with |a|,|3| <1, any f € CL(R*) with support contained in the unit ball
centered at the origin, any g € C*(R) with S; 23(g) < 0o, and any T > 1,

4

<y

j=1

S1.2.3(9) KeE 56,(a,ﬁ)(T)1/(BK)a (12)

L,o°

Nop(f,9.T) = As / o(s) ds

0
;7

where the implied constant is absolute.

The assumption in Theorem 1.4 that supp(f) is contained in the unit ball simplifies the
statement of the theorem, but can easily be weakened by an a posteriori scaling argument;
furthermore one can remove the assumption that (o, () € [~1,1]?, as long as T is large
compared to ||(c, B)|| (cf. Corollary 9.12).

As we will show in Section 9.5, by a standard approximation argument, Theorem 1.4 implies
the following effective counting result. For real numbers a < b and T > 0, set

Nos(a,b,T) i= %#{m €Z'\A : || <T, a < Q(z) < b). (13)

(One could also replace the ball {||z| < T} in (13) by a more general expanding region in R?;
however, in order to keep the presentation simple we will not elaborate on this.)

COROLLARY 1.5. There exists an absolute constant B’ >0 such that for any [k;c]-
Diophantine vector (a, ) € [~1,1]? and any real numbers a < b and T > 1,

Nog(a,b,T) = Z(b—a)| < (14 |a| + [b])*ke™* 8 () (T)/E), (14)

where the implied constant is absolute.

Note that the right-hand sides of (12) and (14) tend to zero as T' — oo (keeping all other data
fixed) whenever 1, o, § are linearly independent over @Q and the vector («, 3) is k-Diophantine
for some k. If (o, 8) furthermore satisfies a Diophantine condition of the type discussed in
Section 3, then we even have a power rate decay with respect to 7' in (12) and (14). In
particular, by a result of Schmidt [34] (or [33]), we have a power rate decay with respect to
T whenever «, 8 are algebraic numbers such that 1, «, 8 are linearly independent over Q (cf.
Remark 4).

fNote that our  corresponds to ‘x — 1’ in [23, Section 1.5]. Both of these conventions are common in the
literature, and we made our choice so as to make the statement of Theorem 1.4 and later results as simple
as possible.
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REMARK 1. The actual powers for the decay with respect to T' which we obtain in
Theorem 1.4 and Corollary 1.5 are quite small and depend strongly on the a and m appearing
in the C'-norm in Theorem 1.2 (which, as we remarked above, we have not attempted to
optimize) (cf. Lemma 9.8 and Remark 12). It is an interesting problem to seek the maximal
power 1 such that the difference in (12) decays like T, for any fixed (a, ) subject to an
appropriate Diophantine condition and any sufficiently nice test functions f and g.

REMARK 2. The relation limp_,o Nog(a,b,T) = Tr;(b —a) also holds for (a,f) k-
Diophantine with 1, «, 8 linearly dependent over Q, except that for certain such pairs «, (3,
the definition of N, g(a,b,T) in (13) has to be modified by removing one more exceptional
subspace besides A. This follows as a special case of the (ineffective) result of Margulis and
Mohammadi [22, Theorem 1.9]". The reason why Theorem 1.4 and Corollary 1.5 fail to give the
desired limiting result in the case when 1, o, 5 are linearly dependent over QQ is that as a crucial
step in the proof, Theorem 1.2 is applied with £, = (), and as we discussed in connection with
Theorem 1.1 (cf. (2)), the asymptotic equidistribution therein fails when 1, a, 8 are Q-linearly
dependent. This situation is discussed in [24, Appendix A], and as indicated there, and carried
out in some special cases, it is possible to extend the proof method of [24] to the case of Q-
linear dependence, by utilizing equidistribution in the appropriate homogeneous submanifold
of T\G. Tt would be interesting to make this approach effective, that is, to seek a satisfactory
effective version of the statement that limp_, o Ny g(a,b,T) = 7T;(b — a) for all k-Diophantine
vectors (o, ) € R2.

It should be noted that some Diophantine condition on («,3) is certainly necessary
in order for limy_ oo Ny g(a,b,T) = %Z(b—a) to hold (cf. [24, Theorem 1.13, Section 9].
By contrast, the non-quantitative result that @Q(Z*) is dense in R, and in fact even
liminfr_,o Ny g(a,b,T) > 7r;(b —a) for all a < b, is known to hold for all irrational vectors
(o, B), that is, for all (o, 3) € R? \ Q2. This is a special case of [22, Theorem 1.4].

Finally, let us note that Theorem 1.4 implies an effective version of the main theorem of
[24], which says that under explicit Diophantine conditions on (a, 3) € R?, the local two-
point correlations of the sequence given by the values of Q1(m,n) = (m — a)? + (n — 3)?, with
(m,n) € Z?, are those of a Poisson process — a result which partly confirms a conjecture of
Berry and Tabor [1] on quantized integrable systems. For fixed («a, ) € R?, denote by 0 < \; <
A2 < -+ — oo the sequence of values of Qq(m,n) for (m,n) € Z?, counted with multiplicity.
One easily verifies that the asymptotic density of this sequence is 7:

#{ N <Ay =#{(m,n) €Z* : (m—a)’ +(n—P) <A} ~7A as A — .
For a given interval [a,b] C R, the pair correlation function is then defined as
1 . .
Rala,b](A) = W—A#{(],k) €LY+ j#k Ak <Ay Aj— A € (a,b) ). (15)
In Section 9.5, we will prove the following.

COROLLARY 1.6. There exists an absolute constant B” >0 such that for any [k;c]-
Diophantine vector («, 3) € R?, and any real numbers a < b and A > 1,
| Rafa, b)(A) = m(b — a)| < (1 +[a + [b]) ke~ % 86 o) (1) P77, (16)

where the implied constant is absolute.

TThe notion of &€ € R* being ‘s-Diophantine’ in [22] is different from the one which we have defined; however,
it is easy to verify that if £ is k-Diophantine in the sense of [22, Definition 1.7], then £ is (k — 1)-Diophantine
in our sense, and if £ is k-Diophantine in our sense, then £ is k(x + 1)-Diophantine in the sense of [22,
Definition 1.7]. One also verifies by a direct computation that the form Q in (9) with (o, 8) ¢ Q2 admits at
most one more exceptional subspace in the sense of [22, p. 124(bottom)] besides A = {(m1,my) : m; € Z?},
and such an exceptional subspace can only occur when 1, «, 8 are linearly dependent over Q.
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This corollary indeed gives an effective version of Marklof [24, Theorem 1.8], as well as of
[23, Theorem 1.6] in the case k = 2, since the right-hand side of (16) tends to zero as T — oo
for any fixed k-Diophantine vector (a, ) (any k) such that 1,«, 8 are linearly independent
over Q.

The main result in Marklof [23, Theorem 1.6] generalizes [24, Theorem 1.8] to the case
of the local pair correlation density of the sequence ||m — «|* (m € ZF) for any k > 2 (and
also for k = 2 it is a stronger result, since the Diophantine condition imposed on the vector
(o, B) € R? is weaker). Unfortunately, it seems that Theorem 1.2 above cannot be used to
prove an effective version of this more general result when k > 3. The reason is that the key
equidistribution result required, [23, Theorem 5.1], concerns the integral

v [ 1(0(12. () )uwrats) )ty a) da (1)
k_

with 0 = § — 1, that is, the integral which appears in Theorem 1.2 but with the function h
replaced by x — y“h(y”x). With this choice, the Soo 24 2-norm in the right-hand side of (7)
grows rapidly as y — 0, making the bound useless. This failure may at first seem surprising,
since the factor y” means, when o > 0, that we are considering a unipotent orbit expanding
at a faster rate than for o = 0, so the result can be expected to be easier (or at least not more
difficult) to prove. However, there is a genuine difference between x near zero and z far from zero
in the integrand in (17); for example, for any u(n) € T', using u(n) (12, (602)) = (1o, ("é?))u(n),

we have
£(0(12: (¢)) Ju@rato)) = £ (0 (12, ('¢2) o + matw)).

It is clear from this that if one would solve the aforementioned problem of proving an effective
version of Theorem 1.1 in the general case with both &, &, allowed to be non-zero, this can be
expected to also lead to an effective version of [23, Theorem 5.1], and so, with further work,
should also lead to an effective version of [23, Theorem 1.6] for general k > 2.

2. Some notation

We use the standard notation A = O(B) or A < B meaning |A| < CB for some constant
C > 0. We shall also use A < B as a substitute for A < B < A. The implicit constant C will
always be allowed to depend on k£ and N without any explicit mention. If we wish to indicate
that C also depends on some other quantities f,g, h, we will use the notation A <y, B or
A= 0js41(B).

Recall from Section 1 that G’ = SL(2,R) and G = G’ x R?*. Let g be the Lie algebra of G;
it may be naturally identified with the space sl(2, R) @ R?* with Lie bracket [(X,v), (Y, w)] =
(XY —YX, Xw — Yv) (see, for example, [19, Proposition 1.124]). Using this notation, we fix
the following basis of g:

(DD (D (AL S
Xgpp = (o, <‘f{)) Xgyhie = (0, @)) (t=1,....k).

Here, e; = (1,0,...,0),e2 = (0,1,0,...,0),...,ex = (0,...,0,1) are the standard basis vectors
of R”.
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We set
T'=SL(2,Z) and T'=T(N), sothat T =T xZ?* and T =T 2z

(cf. Section 1). Given a function f on X = I'\G, we will often view f as a function on G through
f(g) = f(Tg), and we will write f(M,v) in place of f((M,v)), for (M,v) € G. Furthermore,
given any R € f/, we set

fr(M,v) := f(R"(M,v)) = f(R"'M,R 'v). (19)

Since I is normal in f/, fr is also left I'-invariant, that is, fr can be viewed as a function on
X. Note also that || fr|cm = || f]lcm for all m >0, a € R.

3. Linear form Diophantine conditions

Given real numbers x > k and a > 1, we say that a vector € € R* is k-LFD (short for k-linear
form Diophantine) if there is a constant ¢ > 0 such that

(ré) = c|r|™" for all rc Z*\ {0}, (20)
and we say that £ is (k, «)-LFD if there is a constant ¢ > 0 such that
(Gre) = cj %|r|7" forall jeZ', reZF\ {0}. (21)

Recall here that for € R, (x) denotes the distance to the nearest integer, and r£ is the scalar
product, 7€ =r1& + - -+ + 1€ The condition in (20) is very standard in the Diophantine
approximation literature; however, we are not aware of any discussion of the more general
condition in (21). When (20) holds, we will say that & is [k; ¢]-LFD, and similarly when (21)
holds, we will say that € is [(k,@); ¢]-LFD. Note that being [x; c]-LFD is equivalent to being
[(k,@); c]-LFD for any « > k. Hence, the notion of being [(k,);c]-LFD is mainly relevant
when 1 < « < k, and in this case the condition (21) is equivalent to the same condition with
r restricted to being a primitive vector in Z* (namely, a vector with ged(ry,...,7;) = 1).

Note that if € is (k, «)-LFD, then £ is also k-LFD and furthermore each co-ordinate &, of &
is an a-LFD (& a-Diophantine) real number (apply (21) with = e;). Hence, if either xk = k
or a = 1, then the set of (k,a)-LFD & € R* has Lebesgue measure zero [16, 17, 29]. On the
other hand, if both Kk > k and « > 1, then the complement of that set has Lebesgue measure
zero, and moreover, it has Hausdorff dimension strictly less than k.

LEMMA 3.1. Ifk > k and a > 1, then the Hausdorff dimension of the set of all ¢ € R¥ which
are not (k,«)-LFD equals k — 1 + max(%, %H)

Proof. The set in the statement of the Lemma contains the set of all £ € R* which are not
k-LFD, and the latter set has (Hausdorff) dimension k — 1 + ﬁ—ﬁ (cf. Bovey and Dodson [2]).
Furthermore, taking » = e; in (21) we see that the set in the statement of the lemma contains
the set of all £ € R for which &; is not a-LFD, and this set has dimension k — 1 + 04-2&-1'

Hence, it remains to prove that the dimension in the statement of the lemma is bounded

above by k — 1+ max(ﬁ—ﬁ, %ﬂ) It suffices to consider £ € [0,1)%. Set

Djrm ={€€[0,1)" : [jré —m| < j~||r|"}.

Then every non-(k,a)-LFD £ in [0,1)* belongs to A; ., for infinitely many (j,r,m) € Z* x
(Z* \ {0}) x Z. Note also that A} . ., = @ unless |m| < j||r||, and for any (j,r,m) € Z* x (Z* \
{0}) x Z, if we set £ =, = j° !r||7""1, then the set A, can be covered by < ¢1=F
open hypercubes each having sides of length < ¢, with the normal to each face being parallel

to a co-ordinate axis. If s > k — 1+ max(ﬁ—ﬁ7 %H), then the total s-volume of the family of
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hypercubes obtained as (j, 7, m) runs through Z* x (Z* \ {0}) x Z (subject to Aj ., # 0) is

<<Z S dllel G el ) T <

Jj=lrezk\{0}

Note also that for any d > O there are only a finite number of non-empty sets A ;. ,,, satisfying
¢; » > 6; hence every non-(x, a)-LFD & € [0,1)¥ is contained in the union of hypercubes in the
above family restricted by ¢;, < 4. It follows that for every s >k —1+ max(ﬁ—ﬂ, 113_1), the
s-dimensional outer Hausdorff measure of the set of all non-(x,@)-LFD & in [0, 1)* equals zero.

This completes the proof. O

We will need the following auxiliary result.

LEMMA 3.2. Letn € R, c>0, k > 1, and assume that (jn) > c¢j=* for all j € Z*. Then
- 1
Y o < (D) TR log?(2+ 1) forall T > 0. (22)

< 3%+ Tj{jn)

(The bound is essentially optimal. Indeed, if (jn) < ¢j~" holds for some j, then for
T = j'** /¢, already the term m is bounded below by %(CT)_%.)

Proof. We assume ¢T' > 1 since otherwise the bound is trivial. Note that the assumptions
of the lemma imply that 7 is irrational, and 0 < ¢ < (n) < % Thus, T > 2.

Let pi/qr be the kth convergent of the (simple) continued fraction expansion of 1 (see, for
example, [14, Chapter X]; in particular 1 = ¢qp < ¢1 < g2 < --+). For any £ > 1 we have

oY Y eyl ¥ ey

1<5<qe/2 k=1 qp 1 /2<i<qn/2” g{am) k=1 1<5<aqn/2 Pl

J<

where the last bound follows from [28, Lemma 4.8], since |n — 22| <

qm+1 [14, Theorem 171].
But for every k > 1 we have cq;, "} < (qr—17) < q,;l, that is, gx < ¢~'¢f_,; hence we get

4
1 o
Z ﬁ 10g qe Z qy_ << c IOg QE) %,117 (23)
1<j<qe/2 J k=1

where we used the fact that ¢, is bounded below by the ¢th Fibonacci number.
Next note that for any £ > 1 and h > 1, by [28, Lemma 4.9],

Z 1 S i ) (T 1 )<< 1 +10gqg (24)
) -/ . X mm { —, 2 .
haesr<ienanyg S T L) Thae 7 hae” ((hae +r)n) ) (hge)* ~ Th
Similarly,
1 1 & <T 1 > 1 log g,
Z f<<*2min - | < =5+ . (25)
24T T ' 2 T
i ea BT 3 (in) it qe’ (rm) qa

Adding (25) and (24) for all h < T'/qs, we obtain

5 1 1 logglog(1+ L)
+ .

- <= 2
PZ4+Tin) ¢ T (26)

qe/2<j<T
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Now choose £ > 1, so that g1 < (cT)TIN < q. Then ¢y < c'qf | < (CT)—%MT < T. Now
(22) follows from (23), (26) and the bound }7,_ . j 2 < T~ O

We now give a result on the rate of decay of the majorant function s ¢(T) (cf. (5)), assuming
that £ is of an appropriate LFD type. In fact, we consider the following slightly simpler
majorant:

~ i 1
e = D Il g (27)
rerio) = 2+ Ti(iré)
Note that dg¢(T") and gﬁlg (T") decay with very similar rates, since

35.6(T) < 35.6(T) < (2log T)ds.(T), VT > e. (28)

LEMMA 3.3. Foranyk >k, a>1and > k+ 1%:”(“ if € € R* is [(k, a); c]-LFD, then

83.6(T) Kppo (¢T) 5 log?(2+T) for all T > 0.

Proof. Using Lemma 3.2 and the assumption that £ is [(k, ); ¢]-LFD, we have

(e}

1 Rk ——2_ 1 9 k
——————— L (c||r]|T"T) " T log“(2+T), foreach reZ 0}.
> Frrigeg < ™D 2+T) \{0)
Multiplying by ||r||~# and adding over all » € Z* \ {0}, we obtain the stated bound. O

REMARK 3. A standard argument also shows that given any 8 > k and € > 0, the bound
85.¢(T) < T~ as T — oo holds for Lebesgue almost all € € R*. We here give an outline of the

proof: One verifies that for T large, f[o&]k gﬁé(T) d¢ < T35 1, and hence the set of £ € [0,1]*

satisfying 05.¢(T) > T35~ has Lebesgue measure < T~3°. The sum of these measures over
T = 2',22,23, ... is finite, and so, by Borel-Cantelli, for almost every & € [0, 1]* there is some
M € Z* such that dg¢(2™) < (2m)35! for all integers m > M, and thus dg¢(T) < 273!
for all (real) T > 2™. The desired claim then follows using (28) and the fact that d¢(T) is
invariant under € — & + m, m € ZF.

REMARK 4. By Schmidt, [34],if &, ..., & are (real) algebraic numbers such that 1,&1,..., &
are linearly independent over Q, then £ is k-LFD (and thus [k, k]-LFD) for every « > k. Hence,
for such a &, Lemma 3.3 implies that for any 8 > k(1 + 1-%1@) and € > 0 we have dg ¢(T) <¢ g,

T°~ % for all T > 0. In connection with Theorem 1.4, it should be noted that any such £ is
also r-Diophantine for every x > k~'; again (cf. [34]).

4. Fourier decomposition with respect to the torus variable

We now start with the proof of Theorems 1.2 and 1.3. In this section, which generalizes [38,
Section 4], we consider the Fourier decomposition of a given test function on X with respect
to the torus variable, and prove bounds on the resulting Fourier coefficients. Some parts of our
discussion is a close mimic of [38, Section 4], but there are also some new aspects that have to
be considered; see, in particular, all of Section 4.2.

To start with, we consider an arbitrary function f € C(Z?*\G), where Z2* is viewed as
a subgroup of G through n — (12,1). We view f as a function on G by composing with the
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projection G — Z2*\G. Then f(M, &) = f((12,n)(M, €)) = f(M, & + n) for all n € Z** which
means that for any fixed M € G', & — f(M, &) is a function on the torus T?* = Z2*\R?*. We

~

write f(M,m) for the Fourier coefficients in the torus variable:

~

f(M,m) = /Z\R f(M,€)e(—mé)dé, M cG', m ez, (29)

Here, d¢ denotes Lebesgue measure on R2*. Thus, for f e C*T(Z?*\G) we have [12,
Theorem 3.2.16]

FOM,€) = > F(M,m)e(mé), (30)

meZz2k

with a uniform absolute convergence! over (M, €) in any compact subset of G. (Indeed, the
function & — f(M, €) is in CF(T2%), with || f(M, et (p2xy depending continuously on M €
G')

If f is also invariant under some 7' € = SL(2,7Z), this leads to a corresponding invariance

~

relation for f(M,m):

LEMMA 4.1. For any T € r, if f € C(Z**\Q) is left T-invariant, then
F(TM,m) = f(M, ‘Tm), VM eG', m ez, (31)

where T is the transpose of T

Proof. We have

~

f@IM,m)= [ f(TM,§)e(—m&)d§ = | f(TM,T&)e(—m(T§))d§

T2k T2k

= [ s@One)e-mre)de= [ (M E)e(-m(TE)) de,

T2k T2k
where in the second equality we used the fact that &€ — T€ is a diffeomorphism of T?* preserving
d¢, and in the last equality we used the fact that f is left T-invariant. Using m(T€) = ('T'm)&
we obtain (31). O

Because of Lemma 4.1, if f € C*"(T\@), then it is convenient to group the terms in (30)
together according to the orbits for the action of T on Z2*. We call an orbit for this action an
A-orbit if it contains some element of the form (2), where r € Z* \ {0}. Every other non-zero
orbit is called a B-orbit.

LEMMA 4.2. Every B-orbit contains an element 1= (2) (g = (q1,...,qx), 7 = '(r1,...,7%))
with the property that there are some 1 < {1 < {y < k such that r; =0 for all j < {1, ¢; =0
for all j < {3, and rg, > 0, 0 < rpy < |qey]-

Proof. Let = (?) be an element in a B-orbit. Then n # 0, and we may take ¢; to be the

a0,
7‘[1

smallest index for which ( ) # (8). After replacing n by T'n for an appropriate T' € T we
can ensure that g,, = 0 and r,, > 0, while clearly still ¢; =r; = 0 for all j < ¢;. Now since n
is not in an A-orbit, we cannot have g; = 0 for all j, and we take ¢ > ¢; to be the smallest
index for which ¢, # 0. Finally, by replacing i by (* 9)n for an appropriate = € Z we can make

0 < 74, <qe,| hold, while g; and r; for j < {5 remain unchanged. a

TFor any fixed ordering of Z2F.
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Let us fix, once and for all, a set of representatives Ay, By C Z?* such that A, contains
exactly one element from each A-orbit and By contains exactly one element from each B-orbit,
and furthermore each n € A, is of the form 7 = (°) and each € B}, has the property described
in Lemma 4.2.

n 1

LEMMA 4.3. The stabilizer in T’ of any n € Ay, equals {(1 N:ine Z}. The stabilizer in T
of any ) € By, is trivial.

Proof. Immediate verification. O

The lemma implies that we can decompose Z?* as a disjoint union of singleton sets as
follows:

oo (U U ) U (U Uers) 32

NE€AL 7T, \T n€Bk Tl

where T, \T" denotes any set of representatives for the right cosets inside T' of the subgroup

= {(é T) : neZ}. (33)

Grouping together the terms in (30) according to (32), and then applying Lemma 4.1, we get,
for any f € CFT(T\G):

FO,E) =F,0)+ > > FTMme((‘'T)€) + > > F(TM n)e((‘Tn)f).
MEAR TeT . \T' NEBk Tl
(34)
If k=1, then By =0 and (34) can be seen to agree with [38, Lemma 4.1]. However, By, is
easily seen to be nonempty for every k > 2.

We now wish to give a similar decomposition of a general function f € C*™(X). Recall
that X = T\G and T =T’ x Z?* with " = T'(N), a normal subgroup of T = SL(2,7Z). For
any subgroup H of G’ and any subset A C G’ satisfying HA = A, we denote by H\A a set
of representatives for the distinct cosets Ha (a € A). We also write f;c\f/ JT' for a set of
representatives for the double cosets of the form f;oRF’ with R € T'. Let

r, ::F’mr’ooz{(é]\i”> : neZ}.

One then verifies that | |, N I—lTEF;c \rvr{T} is a set of representatives for f;o \f/. Hence,
from (32) we get

=y L\ U U Loty LW U U U (7w

NEAr ReT, \T" /1" TETL\IVR neEBk ReT 17 TE'R
(35)

Using IR = RI and YRv)n = %('Rn) for v € T', this formula is seen to provide a decompo-
sition of Z?* into orbits for the action of T =TI"”. In order to get a convenient corresponding
partition of the sum in (30), recall (19), and note that for any R € T',MeG, mez? we
have

-~

Fr(M,m) = F(R™"M, ‘Rm).
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This is proved by a computation similar to the proof of Lemma 4.1. Using Lemma 4.1, we get
F(M, %*Rn) = fr(RYM,n) for all v € T’ or in other words:

~

(M, 'Tn) = fr(TM,n), YReT,TeI'R, MG, neZ?. (36)

Now from (30), (35) and (36) we get

FM€) =FM00+ Y Y ST Fa(TM n)e((‘Tn)€)

NEA, ReT/_\T' /1" TETL\I'R

+30 Y S Fr@Mme(('Tn)e). (37)

nebBy Ref//l’v TelR

Note here that for any n € A and R € f/, the function M f;;(M7 n) is left T/ _-invariant,
by (36) and Lemma 4.3. However, for 1 € By, there is no such invariance present.

4.1. Bounds when n € Ay,

We now give bounds on f(T,n) for n € Ay.

LEMMA 4.4. For any m >0, a € R, » € ZF\ {0} and f € C'(X), we have

@

T

(20 (2)] Mgt + % min (1, ). (39)

Proof. The left invariant differential operator corresponding to Y € g is given by
Y f(g) = limy—o(f(gexp(tY)) — f(g9))/t. In particular, if we parameterize G as ((%7),(¥)),
where y = Yy1,...,yx) and 2 = Y(21,..., 2;), then (cf. (18))

0 0 0 0
X3+£ = a@ + Caizé and X3+k+[ = baiye + daizz, le {1, ey k} (39)

) Q) £ L A(e2) Qs

and hence by repeated integration by parts we have

e (49 0)) = L L5 (28) () o
e 7(28) ()= L L5non((22) () v

e ) -[7( (4 1) (7)) < e misten v ((50))

for each £ € {1,...,k}. Using Y((% 3)) = max(v/3/2, (¢ + d*)~1), we get (38). O

Now

and

Hence,
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Using Lemma 4.4 we immediately obtain bounds on derivatives of f(, -) with respect to the
first variable. We express these in terms of Iwasawa co-ordinates, that is we write (by a slight
abuse of notation)

o= () (P ) ) ) o

foru € R, v>0,0 € R/2nZ, n € Z2".

LEMMA 4.5. For any a € R, r € Z¥\ {0}, integers m, {1,02,03 > 0 and f € CZLH(X),
where { = {1 + {5 + {3, we have

(o) () () (e ()

Proof. This is just as in [38, Lemmas 4.3 and 4.4]. O

m g0,

Lmta [ fllepelr™"v min(1,v=%).

(41)

4.2. Bounds when m € By

We now give bounds on f(T, n) when 1 € Bj,. We will use the Frobenius matrix norm,

1T =t (T'T) = Va2 + 02+ +d2, T= (CC” Z) ed.

In Iwasawa co-ordinates, we have, for any u € R, v > 0, § € R/27Z,

RIS x| EREETS -

This is veriﬁed by a quick computation, where the first step is to use the fact that the matrix
U= (55 .22 lies in SO(2), that is, U U = 1,.

sin@ cos 6

We have the following analogue of Lemma 4.4.

LEMMA 4.6. Foranymn € By, m >0, f € Cj*(X) and T € G/,

£ llcg
(TN + Il /1T 1)™

REMARK 5. As a consequence, for any 0 < § < % we have

1fllcg
[T =25

‘ ~

)| <

f(r, n)‘ m .
‘ In|™s

Proof. We write n = (?) and T = (* }). Repeated integration by parts gives (cf. the proof
of Lemma 4.4)

(2mi(qea + rec))™ - F(T,m) = //X3+1, < <)>e<n<z>)dydz
eritan +ra)” Frm = [ [ g (7(2) )e(-n(Y) ) ava=

and
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Hence, if we write n(*) := (I¥) € R?, then we conclude that for each £ € {1,...,k} and for each
column vector v of T', we have

[ fllcy

—_— . 44
(277)'Hl|,r’(£>v|’rn ( )

Frm)| <

Now fix a column vector v of T’ with the largest norm. Then ||T|| < v/2||v||. By our definition
of By, n has the property described in Lemma 4.2, that is, there are 1 < ¢; < 5 < k such that
rj =0forall j < {1, q; =0forallj <y, andr, >0,0<ry, <|gy| In particular, the vectors
n“1) and n“2) are non-zero, hence both have length > 1, and the angle between the lines Ry(‘t)
and Rn(“2) in R? is > 7- Hence, the normal line to v in R? has an angle > 5 to at least one of
the lines RpU1) and Ry*2), and it follows that at least one of the scalar products n“)v and
n*2)v has an absolute value > sin(%)||v||. Hence, using (44) we get

[ £l
1™

Frm)| < (45)

Next let v' be the other column vector of T', and let a € (0, 5] be the angle between the
lines Rv and Rv’; then ||v||||v’||sina = 1, since det T = 1. Let £ € {1,...,k} be the index for
which ||| is maximal; then ||| < v&||n®||. Now the normal line to n*) in R? must have
an angle > % to at least one of the lines Rv and Rv’. Hence, either

100 > [n®olsin(3) > S ol sina = P15 1l
20| T 2vE| T
or else
: : I [l
') = [ [|v"]| sin(§) > 30" |l|v'|| sine = > :
. 2wl ~ 2vE|T|
Applying (44) for the appropriate column vector of T we get
> /e
Fm| < o (16)
‘ (I ll/117°[1)
Together, (45) and (46) imply (43). O

Using Iwasawa co-ordinates, the bound in Remark 5 can be expressed as follows, for any
0< B <3 (cf (42)):

m(3-8)
U —m
o () ol . (47)

fu,v,0; ‘ m
[Fl,v.:m)| <o Iflop (g

Arguing again as in [38, Lemmas 4.3 and 4.4], we now obtain the following bound on derivatives.

LEMMA 4.7. Fix 0 < 8 < 3 and integers m, {1, (3,03 > 0. For anyn € By, and f € Crri(Xx),
where ¢ = {1 + {5 + €3, we have

(2)'(2)(3) 7o

L v m(5—8) -
Lm.e | fllgmee v “ ﬂz(lmm) Il =™
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5. Obtaining the leading term
Our task is to study the integral

[ gu@anw = [ (((FIVE)e) Jrwar s

We may assume 0 < y < 1 from the start, since (7) and (8) are otherwise trivial (indeed, the
left-hand sides of (7) and (8) are always < || f||coSoc,0,2(h)). Decomposing f as in (37), we get
that (48) is

- L(F) o

XYY e [F(r(Y g nas

NeAr ReT_\T'/T" Tel’ \T"
T=R mod N

XY X e [ GtV ) )
n€Br ReT'/T"  Tel’ R
T=R mod N
Here, the change of order of summation and integration will be justified by an absolute
convergence which holds for any f and h as in Theorems 1.2 or 1.3 (see Lemmata 7.3 and
8.2 as well as (102) and (103)).

Recall that M — f(M,0) is invariant under I” = I(N); hence the first integral in (49) is
simply a weighted average along a closed horocycle in I"\G’, a case which has been thoroughly
studied in the literature (for arbitrary lattices in G’ = SL(2,R)) (see, in particular, [4, 9, 37]).
By the bound by Kim and Sarnak [18] toward the Ramanujan conjecture, the smallest non-zero
eigenvalue of the Laplace operator on the hyperbolic surface I'(N)\H satisfies A\; > 1 — (55)°.
Using this in [37, Theorem 1, Rem. 3.4], we obtain

L0 3a) 0 narde= [ san [ ni01sley Suonvi%). (a0

REMARK 6. Note that in the more general setting of Theorem 1.1, we could have, for
example, I' = A x (Z?)®* with A being a non-congruence subgroup of SL(2,7). If we would
seek to extend the present methods to that case, when carrying out this first step of using
equidistribution on A\ SL(2,R), we would obtain an analogue of (50) with an error term
decaying as O(y°™) for some 0 < ¢(A) < 1. However, in this case it is known that for certain
choices of A the spectral gap for A\ SL(2,R) can be made arbitrarily small [35], meaning that
there is no uniform lower bound on the exponent c(A).

6. Cancellation in an exponential sum

In this section, we derive bounds on certain exponential sums which give nontrivial cancellations
in various sums that arise frequently in our arguments in the rest of the paper. Recall that

T' =SL(2,Z) and I' = T(N). Let R = (“° '*) € T be given. We set [R] := I"R = RI"; this is

the set of all matrices in T which are congruent to R modulo N. We let T',_\[R] be a set of
representatives for the right cosets of I', contained in [R], and let I, \[R]/T., be a set of
representatives for the double cosets of the form I', TT’  with T' € [R]. For any given integer
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¢ = comod N, we consider the following subsets:

w;wm;dxz{C”“)er;qm;(n:c}

c1 dy

and

R s d = { (8 0) €T < o =l
c1 dy

Note that [I'. \[R]/T" ; c] is a finite set. We introduce the symbol Z(l) to denote summation
over all matrices in [IZ\[R]; ¢], and 2(2) to denote summation over all matrices in
[T \[R]/T., ; c]. Note that the summation range in both Z(l) and 2(2) depend implicitly
onc, N and R.

REMARK 7. In the rest of this section, we will assume ¢ # 0. Note that we have an obvious
bijection, T' — —T', between the two sets [, \[R] ; ¢] and [I', \[-R]; —c|. Hence, without loss
of generality we may assume ¢ > 0.

For any N, R,c as above with ¢ > 0, and m,n € Z, we introduce the following generalized
Kloosterman sum:

(2 d a
S e RyN) = — — . 51
(m,n;c ) Z; e (mc +n ) (51)
(c d)
This sum is well defined, since, for (¢ ) € [, \[R]/T" ; ], both d mod ¢cN and a mod cN are

independent of the choice of coset representative. We begin by deriving bounds for the sums
S(m,n;c; R, N).

LEMMA 6.1. Let ¢ and N be positive integers, let R = (“0 b“) eT with co =cmod N, and

co do

let My, Ms be coprime positive integers such that cN = My M. Then
S(m,n;¢; R,N) = S(m, Mon; K3; Ry, K1)S(m, Min; Ky; Ra, Ko), (52)
where K1 = (N, Ml),KQ = (N, M2)7K3 = (C, Ml),K4 = (C7 Mg), and Ml €7Zis a mu]tip]ica—

tive inverse of My mod Mo, Mo € 7 is a multiplicative inverse of My mod M, and

_ [ Maag Kybg _ (Myag Ksbg
R, = ( K M2d0) mod K1, Ry = ( K, M1do) mod K. (53)

Note that the existence of matrices Ry, Ry € T satisfying (53) is guaranteed (see, for
example, [26, Theorem 4.2.1]).

a b

Proof. By a straightforward analysis one verifies that the map (C d) —
(amod ¢N,dmod ¢N) gives a bijection from [I",_\[R]/T., ; ¢] onto the set Ulc, N;aq, by, do]
consisting of all pairs (a,d) in (Z/cNZ)? satisfying a =aomod N, d=dymod N and
ad =1+ bpc mod c¢N. Hence,

d
S(m,n;¢; R,N) = > ‘A\"en T ”a>' &9
(a,d)€U[c,N;a0,bo,do]

The formula (52) now follows since the map

(a,d), (d',d)) = (MyMaa+ MM .d', Mod + My d')
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is a bijection from U[K3,K1;M2a0,K4bo,ﬁ2d0] X U[K4,K2;M1a0,K3b0,Edo] onto
U[C, N; ap, b(), d()]7 with inverse <A, D> — <<M2A,M2D>, <M1A7M1D>> O

For n a positive integer, we write o(n) for the number of (positive) divisors of n, and o1 (n)
for their sum: o(n) =3_,, 1 and o1(n) =3>_,, d.

We now use the multiplicativity relation to prove that the generalized Kloosterman sums
satisfy a Weil-type bound (cf. (55)), and to give an explicit formula in the case n = 0.

LEMMA 6.2. For any m,n € Z, ¢, N € Z* and R = (“" b”) e T’ with co =cmodN,

co do
|S(m,n;¢; R, N)| < o(c)(m,n,c)/?c!/?, (55)

where o(c) is the number of (positive) divisors of c¢. Moreover, in the case n = 0, if we write
c=cicy with ¢y, co € Z1, ¢1 | N T and (co, N) = 1, then

sm 063 ) = er | {5 e (e ) (56)

where I(-) is the indicator function and ¢; is a multiplicative inverse of ¢z mod N. In
particular,

[S(m, 0;¢; R, N)| < (¢, m). (57)

Proof. Let ¢y, ¢z be as in the statement of the lemma, and set N’ = (¢§°, N) and N = N/N’.
Applying Lemma 6.1 twice, first with My = ¢y N, My = ¢3 and next with My = ¢; N, My = N”,
we get

S(ma n; c; Ra N) = S(m7n’/; C13 R/7N/)S(m’n//; 17 Rua N//)S(m7n2; C2; R2a 1)? (58)

forsomen’,n”,ny € Zand R',R",R> € r. Here, |S(m,n”;1; R”,N")| = 1, and the third factor
is a standard Kloosterman sum; S(m, no; co; Ro, 1) = S(m, na; ca). Regarding the first factor,
elementary arguments give, with R’ = (Z, 3/):

S(m,n’;c1;R',N') =e n’gbl Z el m d +n' d
s 165 €1, ’ N ClNl ClN’ )

d€Z/ciN'Z
d=d’ mod N’
C(H/Eb//N/) Z ( ]d/) . ’ ’
= el == |S(m+jci,n';e1N').
N JEL/N'Z N

Now (55) follows using Weil’s bound on the standard Kloosterman sum [39], [15, Chapter 11.7].
Also (56) and (57) follow, using basic facts about Ramanujan sums (see, for example, [15,
Chapter 3.2]). O

We are now set to state and prove the main lemma in this section.

LEMMA 6.3. Let N,c€ Z* and R= ({° ?) € T, with co = ¢ mod N. Write ¢ = ¢, ¢, where
c1| N and (co, N) = 1. Let F(xy,22) be a function in C*(R x (R/NZ)) such that F and its
derivatives 9) OF F for j,k < 2 are in L'(R x (R/NZ)). Then for any subset K C Z and any

a € R,

TThat is, ¢; | N for all sufficiently large ¢; equivalently, each prime divisor of ¢; divides N.



162 ANDREAS STROMBERGSSON AND PANKAJ VISHE

= (/RX(R/Z)F(le,N:EQ)e((CNam)zl)dzld@)u((cfm)) ¢<ﬁ§iii§>>e(”§fﬁ°)

melK
O(|IF P F _em et F 02 02 F
FO(IF s + 12, Flu) D0 s + OO, F s+ 192, 02, Fllu o (e) Ve

meZ\K
(59)
where ¢ is a multiplicative inverse of co mod N.

We remark that the sum in the left-hand side of (59) is well defined, since, for
(¢5) € [T \[R]; ], both d and the congruence class of a modulo ¢N are independent of the
choice of a coset representative.

Proof. Set

H(zy,22) = Z flz1 +4,25), where f(zq1,22):= F(Nx1, Nzo)e(cNaxy). (60)
LeZ

Note that since f € C*NL(R x (R/Z)); the sum defining H(x1,x5) is absolutely convergent
for almost all (z1,z2) € R x (R/Z), and any H € L'(R?/Z?). We will use the notation
Fir= 3:{18’;2F and fjr = 8%1852]”. In order to get a stronger convergence statement, we note
that

143
[f (1, 22)] </ (f(rsx2)| + [ fr0(r, 22)]) dr. (61)

T1—735

This follows by integrating the inequality |f(w1,22)| < |f(r,@2)|+ [T |f1.0(t, z2)||dt| over
r€ (z1— 3,21+ 1), Similarly, we have |fjo(r,22)| < fR/Z(|vaO(T’S)| + [fja(r,s)])ds, and
using this in (61), we obtain the following elementary Sobolev embedding-type inequality:

z1+3
el < [0 07 ol )+ o)+ ) dsdr (@
l’lfg
Using (62) and the fact that f;, € L'(R x (R/Z)) for j,k < 1, we conclude that the sum in
(60) is absolutely convergent for all (x1,x2), uniformly over (z1,z3) in any compact set. In
particular, the function H(z1,z5) is defined everywhere on R?/Z?, and is continuous.

Consider the Fourier coefficients of H,

Aoy = / H(zy,z0)e(—max; — nxe) dxy dao
' R2 /72

= / F(Nzy,Nzo)e((cNa — m)xy — naa) dry des. (63)
Rx (R/Z)
Note that for any j < 1 and k£ < 2,

/ |Fji(z1, Nzo)|deg — 0 as a3 — +oo. (64)
R/Z
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This follows by applying (61) to Fj(z1, Nao) and using Fjx, Fj41 € L'(R x (R/NZ)). We
may now integrate by parts repeatedly in (63), using (64) to justify convergence, to obtain

Ni+k
A = e — F; i(Nz1,Nzo)e((cNaw — m)xy — nxa) dey dze, (65)
(2mi)7tF(m — cNa)ink Jp p/z
X

for any 0 < 7,k < 2 and any integers m,n subject to m # cNa if 5 >0 and n # 0 if k> 0.
Using this formula for j € {0,2} and k = 2 gives

lam.nl €N (|Fo2lltr + [|[Foz2||n:) min(l, |m — cNoz\*Z)nfz, Ym € Z, n € Z\ {0}. (66)
Similarly, using (65) for j € {0,2} and k = 0,
lam.o] <N (|1 Fllrs + || F2 o0l ) min(1, [m — cNa|™?), VmeZ. (67)

These bounds imply that the Fourier series of H is absolutely convergent; and since H is
continuous, H is in fact equal to its Fourier series at every point (see, for example, [12,
Proposition 3.1.14]):

H(xy,29) = Z A ne(mey + nes). (68)

m,ne”’

Now we consider the sum in the left-hand side of (59). We have

1) (2) d+/{lcN a (2) d a
da) d+lcN)) = Hl —,— |.
> etaor(55) = 3B RS ooy = 2 (5 )
() ) )
(69)
Here, all sums are absolutely convergent, since the sum in (60) is absolutely convergent and
2(2) runs over a finite set. Substituting (68) in the last sum, and using (51), we obtain

Z<1) e(da)F(d, a) = Z Am.nS(m,n;¢; R, N). (70)
((Z Z) m,ne”Z
Now we bound the contribution from all terms with n # 0 in (70) using (66), (55) and
> nzo(m,m, e)'?n=2 < Dm0 |n|~3/2 < 1, while the terms with n = 0 are handled using (63)
and (56) when m € K, and using (67) and (57) when m ¢ K. In this way, we obtain (59). O

REMARK 8. If¢< 0, R= (“g b“) €T and co = cmod N, then we see from Remark 7 that

the sum Z( ) e(da)F (7, (ﬂ) remains the same if we replace (¢, R, o) by (—¢, —R, —a); after this
replacement, Lemma 6.3 applies to the sum.

Lemma, 6.3 will suffice for most parts of our discussion. However, at one step in the treatment
of the sum over By, in (49), we will need a more delicate estimate. The point here is to obtain
a bound which only involves derivatives 97052 F with ¢, as small as possible. Lemma 6.3
requires using o = 2 but the following lemma will effectively allow us to take ¢ = % + ¢ (see
also Remark 11). We define a mixed L', L? norm for functions F on R x R/NZ as follows:

9 1/2
1Pl = { [ ( / |F<z1,x2>|dx1) i)
R/NZ \JR
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LEMMA 6.4. Let 0 <e <1 and let N,c,R be as before. Let F(x1,x2) be a function in
C*(R x (R/NZ)) such that ||9] 0% F||11.2 < oo for j <2, k < 1. Then for any a € R,

(b d a 9 (¢, [cNa+£])
> ctaar (£.2)| < (1Flhs + 02, Pl 3 LR

&

- (1F e + 102, Flluie) ™ (100, Fllue + 110205, Flluie) * o(@®2ve.  (11)

Proof. Note that | Fjx|lL: < V/N||Fj |12 by Cauchy-Schwarz. Hence, as in the proof of
Lemma 6.3, H(z1,22) in (60) is a well- deﬁned continuous function on RQ/Z2 and its Fourier
coefficients a,, ,, satisfy (65) for any j < 2, k < 1; that is,

Nitk

m,n — ~ - F _ d ,
“ ’ (27rl)j+k(mcha)jnk’ R/Z m,j,k ( >e< n$2) T2

where F,, ; (z2) fR ik(Nzi, Nzo)e((eNa — m)xy1) dzq is a function on R/Z. This gives a
relation between a,, ,, and the nth Fourier coefficient of F,,, ; 1. Using this relation for j € {0, 2}
and applying Parseval’s identity, for any & > 0 and m € Z, we get

> 0Hlamnl? <kn (1Fmokliz + 1 Fm2kll72) min(1, [m — cNa| ™)
neZ\{0}

LN (||F0k||%12 + ||F27k‘|%1,2) min(l, |m — CNO[|74). (72)

1
Using this bound, 3=, o |am.n| < (32,20 [7172)* (32,120 7% [am,n | ) and (67), we conclude that
the Fourier series of H is absolutely convergent, and hence as in the proof of Lemma 6.3, we
again have

Z(l) e(da)F(d, a> = Z am.nS(m,n;c; R,N). (73)

(«h) et

Using (67) and (57) for n = 0, and the generalized Weil bound (55) for n # 0, we see that (73)
is

< (P + 1Rl Y CLEO D o0 e S S lamalvama. (79
LEL meEZn#0

Note that for any integer m,

Z|am,n‘\/ (n,c) < Z

n#0 n#0

Z [ i [

1+
Inl Nz

Now, since 0 < € < 1, we may apply Holder’s inequality with p = = and ¢ = 13—, to get

|
Q=

2
>l P = 3 Jamnl? - (lamonl7014) < (3 lamal? || D lamal2In 07

n#0 n#0 n#0 n#0

< (|IF |12 + | Poollpie) (| Foallire + | Foallpie) (1 + |eNa — m])~*
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Here, in the last step we use the Parseval bound, (72), for K = 0 and k& = 1. Furthermore,

1 —&
Z |n‘1+8 Z Z mlite 2Zd k‘d)“‘a < Zd <

n#0 m>1 dlc k=1 dlc
(m c)=d

Hence, for any m,

Z |am~,n| V (n,c)

n#0

<o (1Fllre + [Foollr=) ™ (1Foallues + 1 Faallr2) 2 (1+ |eNa —m])~2y/o (o).

Using this bound in (74), we obtain (71). O

7. The contribution from Aj-orbits

7.1. The case of Diophantine &,

We next study the sum in the second line of (49). This sum will be bounded by a generalization
of the method in [38]. We first prove a bound which is adequate for any & = (g;) € R? for
which &, has good Diophantine properties. This bound will be used in the special case §&; =0
in the proof of Theorem 1.2. We note that we allow the special case k = 1 in the present section,
to allow comparison with [38, Proposition 8.3] (cf. Remark 10).

PROPOSITION 7.1. Fix an integer m > max(8, k + 3) and real numbers a € (£ — 3,2 — 1)

and € > 0. Then for any fe€ Cl'(X), he CQ( ) with Sy g2(h) < oo, €= (E;) c R%* and
0 <y <1, we have

S X S et [ (YD) )i i

= =
NEAr ReT. \T" /1" TETL\[R]

miae [ fllemS10,2(h) (ng1+1,52 (y_%) + y%_a) (75)
(Recall that the majorant function 5,@75 ,(T') was introduced in (27).)
To start with the proof of Proposition 7.1, let us fix some n = (%) € Ay and R = (“° ) € r.

co do
Using the notation introduced in Section 6, the corresponding inner sum in (75) can be written

L O O

The contribution from the terms with ¢ = 0 can be bounded easily. Indeed, there are at most
two such terms in (76), and by Lemma 4.4 and the remarks below (19), for any b € Z we have

Je(e(on) O 7)) e

Using this with m = k + 1 and adding over all n € Ay, we see that the contribution from all
the terms with 7' = (§ ) in the second line of (49) is O(]|A||; Hf||ck+1y(k+1)/2) which is clearly

subsumed by the bound in (75).

dz < ||hlleallf legy™ el =™ (77)
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Hence, from now on we focus on the terms with ¢ # 0. The following lemma expresses the
integral in (76) in the Iwasawa notation (cf. (40)).

LEMMA 7.2. For any ( d) € G with ¢ > 0, any y > 0 and any [ € C(G"),

AEET v [ -2 B o) 2%

in the sense that if either of the integrals is absolutely convergent then so is the other, and the
equality holds.

REMARK 9. In the case ¢ < 0 one obtains exactly the same formula, except that foﬂ is
replaced by fir in the right-hand side.

Proof. See [38, Lemma 6.1]. O

We now prove that we have an absolute convergence in the left-hand side of (75); this fact
is important in order to justify the manipulations which we will carry out later.

LEMMA 7.3. Set m = max(3,k +1). Then for any f € Cj'(X) and any h € C'(R) with

S1.01(h) < 0o, the expression
AUVEVIRIEE

is finite for all y > 0. If, furthermore, f € C}'(X) for some a and m subject toa >0,a > 5 — 1
and m > 2a + 2, then the expression in (78) stays bounded as y — 0.

da (78)

nEAr ReT._\T'/T" TET,

(Note that the lemma in particular applies to any f and h as in Proposition 7.1.)

Proof. As previously, we write 7' = (¢ Z) The contribution from terms with ¢ =0 in (78)
is treated by (77). Thus, we only consider the terms with ¢ > 0; the terms with ¢ < 0 can be
dealt with similarly. By Lemma 7.2, and since f;o\f/ /T is finite, it suffices to prove that for
each fixed R = (2 %) € T\,

co do
sin20 sin? 6 0 d
_ .0 h| —— t 0
(C 2¢%y "ty ’("">> ( C+yco )

> x>
By Lemma 4.5 (and the observations below (19)), for any m > 0 and a € R3¢ we have

reZk\{0} c=co gl(v)adN(
sin” ¢ 20 0 _ |sin9|>m ) (|sin0|>_2a
,0; < r|™™ min | 1, ,
(0 (2)) | < Wttt i i

uniformly over v € R. Using this bound for both m = 0 and a general m > 0, we conclude

bln 29 0
(0 ()

< [|fllc min |r|-m('m"')m||r|-m(m9')m2a ('51“9')2" (50)
a C\/@ ; C\/y s C\/g .

< 0

Y
sin? 0
c d

(79)

C a
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We decompose the innermost sum in (79) in the same way as in (69), and then use the fact
that

D In@E+n)| < S1oa(h), VER, (81)
nez

which holds since |h(a)] <fa+1/2

o1/9 (In(x)] + |W (x)]) dz for all € R. From the proof of

Lemma 6.1, we also have

#ILNR]/T 5 ] = #U[e, Niag, by, do] < ¢
Hence, we conclude that if f € C;"(X) and S1,0,1(h) < oo, then the left-hand side of (79) is

S (e R RO

rezk\{0} c=1

Assuming m > 2a + 2, we get (cf. Lemma 7.4)

- e~ (ey/m)™™  if 1< ey
< >0 D> ey el ey i e < ey <1
rezZ\{0} =1 7] ~2* Heyy) ™t if ey < el

< 3 min (]2l Tyt ).
reZ*\{0}

(Here, m > 2a + 1 suffices for the first step, while m > 2a + 2 is needed to get the last bound.)
The last sum converges provided that either m > k or 2a + 2 > k; and if 2a + 2 > k, then it
also stays bounded as y — 0. U

In the proof above, we used the following bound, which we will need again later.

LEMMA 7.4. Fix a > 0 and m > 2a + 1. Then for any u > 0 and r > 1, we have

/ﬂ , (_m<|sin9>m _m<|sin9|)m_2a <|sin9|>_a> 9
min | r _— , T E— 5 )
0 u U U sin“ 6

r —-m if1<u
< r—mu2a—m if 7,,—1 g U g 1

r2e=ly =l if u <l

—m

u

Proof. This is a straightforward case-by-case analysis. O

We continue with the proof of Proposition 7.1. Using Lemma 7.2 and Remark 9, the sum in
(76), excluding all terms with ¢ = 0, can be expressed as

€Y a sin260 sin?@ 0 er y do
> e G5 e () ()e)

c=co mod N
c>0

0 . )

1) d ~ (a sin20 sin"0 , (0 cr ydb

¥ _Zm:m/—w > h(—c+ycot9) fR(C— s <T)>e<(dr>£> 15
T (¢ )

(82)
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Here, the change of order of summation and integration is justified by Lemma 7.3. We will only
deal with the first sum in (82); the second sum can be dealt with similarly (cf. Remark 8). By
Lemma 6.3 (applied with K = ) and a = r€,), for any positive integer ¢ = ¢y mod N and any
0 € (0, ), we have

1) d ~ (a sin20 sin’@ 0
Z h<_c —|—ycot0> fr (c T2y a2y ,0; <r>>e(cr§1 +dré,)

(¢ 2)
A G I EE

< S102(h) (/
R/NZ
0? ~ sin? 6 0
WfR(“a C2y 797 (,,,))

+ 51,072(}1) (/
R/NZ

Here, we will use the bound (80). By a similar application of Lemma 4.5 as in (80), we have
for any m’ € Z>¢ and o/ € R, uniformly over u € R:

0% ~ sin” @ 0
atn(v 7, (7))
i (e (1O o (s (i) 7
<N F e 7)) 4 min | |7 7"( I = 3 :
Flly Il (| oo () e (1252 7

Using these bounds, we conclude that the first sum in (82) is

< S102(h {fllcmZ/ min <||r| m(|sm\/§|) il m(|sm¢f|)m2a7(|im\/gl)2a>

do ¢, |cNr€y + ¢
y Z(L i)

du) a(c)v/e.

sin? @ = 1+ /2
= [T sing] \™ ° ' 806 =2 gin g T2
eyl 3 [ i (”' ') el () ( )
a — Jo rlleyy NG NG
v a<c>¢6}. (51)
sin” @

By Lemma 7.4, assuming m > 2a + 1 and m/ > 2a’ + 7, (84) is

o lda—m = _ _ 1+2a—m (c, [cNr€y +£])
< I llegSoa@lrl =y =5 S (rllym) ™ +e) Y R
c=1 LeZ

, . o0 B 7 /
1 oy Stoa Py =% 3 (el ym) ™ + e = (85)
c=1
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LEMMA 7.5. Fix 8 > 1. Then for any a € R and X > 0,

X8 (24 XjGja)) ! if X > 1
ZC (X +0) BZ1+|I€ ca|2<<5{ =1 )

. (86)
= 1 if X <1.

Proof. If 8 € Z, then this is [38, Lemma 8.2] (with n = 1 and m = § + 1). The proof extends
without changes to the case of an arbitrary real § > 1. (]

LEMMA 7.6. For any X >0 and 8 > %

> _40(0) X2 Plog(l1+X) ifX>1
X+ P L
;( °) N {1 if X < 1.

Proof. See [38, Lemma 8.1]. This follows by using >, ., o(c) < zlog(1l + z), Vo > 1 (see,
for example, [15, (1.75)]), and integration by parts. O

Using Lemmas 7.5 and 7.6, and assuming from now on that m > 2a + 2 and m’ > 2a’ + 2
we find that (85) (and thus (84)) is

m=2a=2 Irllvy y s
<<|f||cm51o2<h>||r||—’"y”“_?{(”rm” Y min(i 2 ) i ||r||¢@<1}
a if vl 5 > 1

!
’ ’
||2—m 4+a' — 15

+ /] y

cm S102(h)|r

y {<||r||¢y>m'2“’lflog<1+<||r||¢@>1> if |Irlly/y < 1}
1 if ey > 1

N R, .
Cou_1 | D 52, min(j ) T if ||r||lvy <1
< Hf”C;"Sl,O,2<h)||7“|| 2a 1{ =1 ( i( 52>) H Hf }

(lrllve)* "y it flrflyy > 1

m’—2a’ ———e
A it |Irll /5 <
+ m/S h 2—m’', 4+a (HTHI) 1 87
£l Sro2(lrl~™ y Il f>1 (87)

In order to obtain a bound on the left-hand side of (75), we have to sum over R running

through the finite set T, \I' /T”, and add over all § € A, which means that = runs through a
subset of Z* \ {0}. For this to give a satisfactory result, we have to assume 2a + 1 > k, while in
k

the second bound we choose a’ = max(% — 11, 0); with this choice, m’ = max(8, k + 3) satisfies

the condition m’ > 2a’ + 12—5 Adding now over R and m, we conclude that the left-hand side
of (75) is < || fllcm S1,0.2(h h)dai1 &5 (y=2) + ||chm’Sl 0.2(h)yi <. Finally, we note that a > a,
and so if we also assume m > m’, then ||f||cm’ < [l fllcm, and we obtain the bound stated in
Proposition 7.1.

2 lIrlvy
’j<j7'£2>) g

) was used. In the special case k =1, by avoiding using this bound

REMARK 10. In (87), the somewhat crude inequality min(j~

2 _ VY

» 5 {iréa)
one can keep a = 0 in the treatment, that is, no cuspidal decay of f has to be required (cf.
[38, Proposition 8.3]). Note also that [38, Proposition 8.3] has a better dependence on the
test function h (called ‘v’ in [38]) than Proposition 7.1, namely, essentially, ‘S1 ,14c(h)’ in

place of Sy g 2(h). We have avoided this in the present paper for simplicity of presentation.

[l min (5
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7.2. The case &, =0
In this case, we prove the following bound.

PROPOSITION 7.7. Fix an integer m > max(8, k + 3) and real numbers a € (£ — 1 2 — 1)

and &> 0. Then for any f € CI"(X), h€ C*(R) with S;g2(h) < oo, &= (%) € R?** and
0 <y <1, we have

> Z Z ((tTTl)ﬁ)/RJ?R<T(\6§f;%> )h(:c)dac

NnE€AL ReT TAT " yrr TET N\

Kmia,e 1fllemS1,0,2(h) (52n,+1,§1 (yié) + y%%)- (88)

Proof. Arguing as in the proof of Proposition 7.1, we arrive again at the expression in (82),
where we now have (.)€ = cr€&,. Applying Lemma 6.3 with « = 0 and K = {0} gives, for any
positive integer ¢ = ¢y mod N, decomposed as ¢ = c¢jcy where ¢ | N and (c2, N) =1, and
any 6 € (0,):

1 R 020 sin?
Z( )h<—d+ycot9> fR<a_51n29’51r; 979; (0))
(a b) c c 2c?y " c*y T
cd

~ inZ6
:clgb(cQ)/h(fNa:lercotO)dxl/ Tr (Nzg,s‘l;y,g; (0>>de
R

r
sofsen, (5520 ()

du> > 1(12)2
+O<S1,o,2(h) /R/NZ Ou2 fR( Smyo " (2)>

LeZ\{0}
Note here that the error term in the last line is the same as in the last line in (83); hence it
can be bounded as before (cf. (84) and (87)). In the remaining error term in (89), we have

3 1+ zzz Z%go(c).

LeZ\{0} mlc n= 1 mle

du) a(c)v/e. (89)

We can now argue as in the proof of Proposition 7.1, but instead of Lemma 7.5 using the simple
bound

m 14+2a—m —1-2a—e,,5= if <1
R SO (VIR R TCRS H TR
Iy g el > 1

which is valid under the assumption that m > 2a + 1, and for any fixed € > 0. This leads to
the conclusion that the contribution from the error terms in the last two lines of (89) to the
left-hand side of (88) is

1

< 1 Flleg St (gt + 1 fllgn S102(h)yt %,

with azg—%, m=k+1, o’ =max(

subsumed by the right-hand side of (88).

I

—110) and m' =max(8,k+3). This is clearly
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Now, it only remains to consider the first line in the right-hand side of (89). The contribution
from this line to the expression in the first line of (82) can be written as follows, after expressing
the indicator function of ¢ =cymod N as N=' >, . e(b(c— co)/N)'

b [ 5 () [, St (s 528 () 28

r
= sin? 6’

(90)
where o :=r&, + b/N. We will use integration by parts to handle the sum over ¢. Thus, we
let

B.(X) = Z e(ca)erg(ea) Z Z

e(cieaa)cip(ca).
1<e<X

1< <X 1<e1 <X /ea
(c2,N)=1 ¢1|N*>®

We have the following bound, analogous to [38, Lemma 9.2]
LEMMA 7.8. Forany a € R, and X > 1
1 1
E2x 3 Xj(je)

Proof. For any co > 0, we have ¢(c2)

= > dje, H(c2/d)d. Using this formula and substituting
co = jd, we get
Bo(X)= > u() Y. > dee(jdea) = > op() Y. ke(jka). (91)
1<<X 1<d<X/j 1<e1 <X/ (jd) 1<j<X 1<k<X/j
(4,N)=1 (d,N)=1 c1|N=® (4,N)=1
However, for any j,n € Z™,
Z ke(jka) < min <n2, n)
S {a)
(See the proof of [38, Lemma 9.2].) Applying this bound to (91), we get the lemma O

For any m > 0 and a € R>, by Lemma 4.5 we have (in a similar way as in (80))

0 0
fR(Nw27S;?y597 ('f‘))

< Hf”chrlXil min ||,,,||m(|Sin9|)m’ r|m<|SiI10|)m2a, <|sin9|)2a . (92)
‘ Xy Xy Xy

Using summation by parts in (90) (justified using (92) and B, (X) < X?), we have

Dzoe(ca)cw(cz)fz% (ng, %,9, <2)> = —/100 ( 0 fr (N:JcQ, %,9, (0>)) B, (X)dX.

T
Furthermore, Lemma 7.4 implies that for m > 2a + 1,

T o Isin@\" o |sind] TR sin)\ 2 ydo
min | [|7|| |l ~ ; -
o X Xy Xy

sin® 6
< X—l —-m 1+a—% ” ” 1 +X 14+2a—m
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Hence, also using Lemma 7.8 and (ja) = (j(ré&, +b/N)) > N-1(jNr¢,), we find that the
expression in (90) is

1+a—2 [o'e) 14+2a—m 1 1
) -1 .
<<S" h f m 17/ T Yy +X mln(,7,.>dX.
ool e [ (el ™ + X) ZX 5 XTGNED
(93)
LEMMA 7.9. Assume m > 2a + 2. Then for any € R and U > 0 we have
& 1 1
(U + X)tH2emm min ( ST ) ax
/1 1;X 3 Xj(iB)
> 1 1 U{jB)
Kma (U+1)*27N “min ( — ) (1 + log™ ()) 94
v { ) 2 72 UG(iB) j &9

Jj=1

Proof. Changing the order of summation and integration, the left-hand side of (94) becomes

- > U X 1+2a—m _ <1’]‘) dx
;/J U+ 5 X508

Here, for each j > U we use (U + X)!T2¢=m L X1+2a=m and min(ji27 Xj%jm) < j72, to see
that ffo -+ dX < j%¢7™ . On the other hand, for j < U we have

oo U e’
1 1 1 1
ngU”?fH”/ min <> dX + min ( : )/ Xlt2a=m gx
/J- ; 327 Xj{iB) 327 U8 ) J;

2+2a7mmin i 1 + U<.] >))
<v (j?’Uj<jﬁ>)(”k’g ( i ))

where the last bound is proved by splitting into the two cases U < ﬁ and U > ﬁ and
evaluating the integrals. The proof of the lemma is completed by adding up our bounds over
all positive integers j, and noticing that Zj>Uj2“_"” < (U + 1)t+2a=m which is bounded
above by the contribution from j = 1 in the right-hand side of (94). O

Assuming now m > 2a + 2, using the lemma we get, via (93), that the expression in (90) is

A+lrlyp)* ™" &S (1 el + [ (UNTEy)
< S0z = S min (5 il ) (10w (7R )

j=1

U+l " & (1 ||r||¢z7)< +<<jr£1>>>

S h m1 E , 1 -] .
< S1,00( )Hf”ca [r]22 j:1mm 7 50rE) 1+ log NG

(95)

(Indeed, the last bound holds even if the last sum over j is restricted to j = N,2N,3N,....)

Finally, we have to add this bound over all R in the finite set f;o\fl /T, and over all n € Ay,
which means that » runs through a subset of Z* \ {0}. Comparing with the definition (5),
assuming now a > k—;l (that is, 2a + 1 > k), we immediately find that the sum of the bound
in (95) over all r € ZF with 0 < ||r|| <y~ /2 is

< S1.00(M)Ifll e+ d2atre, (¥~ 7). (96)
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On the other hand, for » with ||| = 3~/2, the sum over j in (95) equals Py j=2=m?/6,
and hence the sum of the bound in (95) over all such » is, assuming m > k

_ —m K
<L S0 fllgm+ Z e~y e < Sto oW fllemer y' T3

rez”
(lrl=y=""%)

However, this is subsumed by the bound (96), since a > 252 and 6, ¢(T ) (T +1)~1 for all
T > 0 (as is clear by taking r = ey, j = 1 in (5)). Hence, for any fixed a > =L and m > 2a + 2,
m € Z, we have proved that the contribution from the first line in the right-hand side of (89) to
the left-hand side of (88) is bounded by (96). This completes the proof of Proposition 7.7. [

8. The contribution from By-orbits

8.1. The case &, =0
In this section, we will bound the sum in the third line of (49). We will assume &k > 2 throughout

this section, since By is empty for k£ = 1. We will prove the following.

PROPOSITION 8.1. Let k > 2. Fix a real number € > 0 and an integer m > max(8,2k + 1).
For any f € Ci™3(X), h € CY(R) with S 91c1(h) < 00, & € RF and 0 < y < 1, we have

2 5 5 (om(@) [ () e

NEBk ReT’ Yand Te[R

me I g ssSooz o1 (B) (Om-r.e, (™ F) + 31 79). (97)

Note that Theorem 1.2 follows from Proposition 8.1 together with Proposition 7.1 and the
relations (49) and (50).

To start the proof of Proposition 8.1, note that taking 8 = 7 in Lemma 4.7, replacing m by
3m and using the remarks below (19), we get

m/2
05 o037 ) —m , — v
i 0,209" fr(u, 0, 0;m) | e |l amere Il 07575 <u2_|_vg_|_1) ; (98)

foral RET, ueR, v>0,0€cR/2xZ, g€ By, and {1, 05,05 >0, with £ = {1 + l5 + (5.

Any T = (2)) € T’ with ¢ = 0 can be expressed as T = e(o 1), where e € {~1,1} and n € Z,
and the contribution from these T' to the left-hand side of (97) is

e (57 375 e

wherein R denotes the unique element in our chosen system of representatives T /T satisfying
R=¢(y ") mod N. Using (98) and m > 2k + 1, we get that the sum in consideration is

dz, (99)

neBy EE{ 1 1} nez

m/2

SUCPIL S > T @l < Mo”3l [ el da

neBy nEBy,
< |Iflegmllhlliay®. (100)
This is clearly subsumed by the bound in (97).
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Hence, from now on we focus on the terms for 7 = (¢ ) with ¢ # 0 in the left-hand side of

(97). We will restrict to the case ¢ > 0; the case ¢ < 0 can be handled completely analogously.

We fix some 1= () € By, and R= () € T'. Using Lemma 7.2, the inner sum can be
expressed as:

T~ (a sin20 sm9 d ydb
bg +d - , . 0; —Z L ycotd . 101
I A ) Ll G AR ) P )
((:d)e[R]
c>0

Let us first record a trivial upper bound on (101), variants of which will be used repeatedly
below.

LEMMA 8.2. Foranym € By, and R € f//F’,

sin26 sin” 6 d ydo
Z / fR(c_ 2c2y " 2y ,9,n)h<—c+ycot9) sin? @
(c d
(>O
Km [ Fllogm Sse.2.0(R) [0l =™ (102)

Proof. We overestimate the sum by letting (a, ¢, d) run through all integer triples with ¢ > 0
and ad = 1 mod c. Using (98) we then get that the left-hand side of (102) is

m/2
< Wl lnl ™3 3 / Z(u2+v2+1>

c=1 deZ
(d,c)=1

d y db
hl — + t0 )| ——, 103
< c yeo >’ sin” 0 (103)

where v = v(y, ¢,0) = sin’0 and wu,, = un(y,c,d,0) =n+ < — 5120 with o = a(c, d) being the

c2y 2c2y
unique integer between 1 and c satisfying ad = 1 mod c. But here

v m/2 v m/2 v m/2 . v 1w
> (u2+v2+1> < 2 (Uz T 1) + ) <u2) < min (0¥, 0! %),
" nez

neZ nez n
[un | <140 [t | > 140
(104)

where we used the fact that m > 2k > 2. Furthermore, if Sy 2,0(h) < 0o, then we have

>

d€Z

Hence, we obtain that (103) is

-2
h(—ccl + ycot 0)‘ < Soo,2,0(h) Z (1 + ‘—i + ycot GD <L Seo,2,0(h)c. (105)

deZ

do

sin? 0

w3

< I lcgnSseno®lnl ™y e /0 min (v%, v %) (106)
c=1

However,

" my df

/ min (v?,0'" 7 ) —— < min ((ey/y) ", (evy) ™), (107)
0 sin” 0

as one verifies by treating the two cases c?y > 1 and c?y < 1 separately, and in the latter case,

splitting the interval for 6 into the parts {0 : [sinf| < c\/y} and {0 : [sinf| > c¢/y}. Now the

lemma follows by using (107) in (106). O
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Adding the bound in Lemma 8.2 over all R € f//F’ and 1) € By, (again using m > 2k), we
immediately see that the sum in the left-hand side of (97) stays bounded as y — 0. In order to
show that the sum actually decays as y — 0, we have to establish cancellation in (101).

It will be convenient later (cf. Lemma 8.4) to note that we may restrict the integral in (101)
to those 0 € (0, 7) which satisfy y|cot 8] < 1. Indeed, if y|cot 8| > 1, then |sinf| < y, and we

note that for any ¢ > 1 we have, with v = S‘C’?zya as in the proof of Lemma 8.2,

0<0<m sin” 0 sin 0
(| sin 0| <y) (] sinf|<y)

: z 1-z g m df —m -1

mln(v2,v 2)7:/0<9<W v 2 < € y .
Using this bound in place of (107) in the proof of Lemma 8.2, we conclude that the contribution
from 6 with y|cot 8| > 1 in (101) is < ||f||Cngoo72_yo(h)||n||*my’”/2. Adding this over R and
1 as in the left-hand side of (97), we again obtain a bound which is (by far) subsumed by the
bound in (97).

Let us also note that if 7= (¢ ) in (101) has d = 0, then necessarily ¢ = 1, and inspecting
the proof of Lemma 8.2 we see that the contribution from all such T in (101) is <
[ fllczm Sec,2,0(h)[[ml|~™/y. This gives a contribution < |[f|lcsmSec,2,0(h),/¥ in the left-hand
side of (97), which is ok. Hence, from now on we may consider the sum in (101) restricted by
d#0.

Next we will make use of the approximation ¢ = 1'5—5“ ~ %. The error in doing so is controlled
by the following lemma.

LEMMA 8.3. Assuming that m > 4, we have
~ (a sin20 sin®6 sin20 sin” 6
Z / fR PN S R S 777 fR _TvTaa;n
0 c 2c?y T c?y 2c?y T c?y
(¢ a)etr)

c>0, d#0

h(—ccl +ycot9)

Proof. For any (¢}) € T’ with ¢,d # 0 we have, letting J be the interval with endpoints

a sin 260 b sin 29 b _ 1
& — Sz, and 5oz, » and using ¢ — 7 = 4o and (98),

G sin20 sin® 6 7 sin20 sin’ 0 0
R c 202y7 ch ) an R 2023/’ ng yOin

sin’ 0 ) »
0 fR( C2y 797"7)‘ < ||fHCgm+1||7’H—m|c‘_1v_1 (> |

\/gjlog(2+y_1).

X
[l

[fllczmrSoo.2.0(h) (108)

Y
n2o

sup

|d|leJ u? +v2+1
with v = Si;;—ﬁ and u = % — 52”;—226. (We used the crude bound |d|~* < 1, and the fact that

(u+€)2+1=u?+1forall u€R, |¢ < 1.) Hence, arguing as in the proof of Lemma 8.2, and
using the same notation ‘u,,’ as there, we find that the left-hand side of (108) is

Z > [y "2 d do
m -1 Y
<< ||f||037n+1||n“ Cc / 'U (M) h(_ +yC0t9>’ S .

3
(ddEZ nez in” 0
C

The rest of the proof is very similar to Lemma 8.2, except that we now use

[ min (01,07 ) S i (o) (v

Sin

in place of (107). O
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Adding the bound in Lemma 8.3 over all REFI/F’ and n € By gives a
bound||f|\cgm+1Soo72_,0(h)\/§log(2+y*1), and this is subsumed by the bound in (97).

Hence, from now on we may replace % by % in (101). Restricting the summation to d > 0
(the case d < 0 being completely analogous), and writing I, :== {6 € (0,7) : y|cotd| < 1}, the
resulting sum is:

~ (b sin20 sin’6 d ydo
bg + d -, —,0; h{—+ t 0 .
) bE e((bg 7')52)/1y fR(d 2%y " 2y 77) ( - yco ) sinZo
(¢ a)eir)

c>0,d>0

—co —ao).

Replacing (a, b, c,d) by (—b,d,—a,c) in this sum gives, with R:= ( AN

B ~ (d sin20 sin’6 ydb
= Z ((dq+cT)£2)/nyR<C Wy oty 077) ( +ycot9)

a*y sin? 6
(¢ %)elr
a<0, c>0
a do
- e(cré,) / Z e(dge) 09( )y <3 (109)
c= do mod N ) S
c>0 (‘(i

where Z(T) is the same as Z(l) (cf. p. 16) but using R in place of R, and for any ¢ € ZT and
0 € (0,7), Frg(x1,x2) is the function on R x (R/NZ) given by

sin26 sin“ 0 1
Foo(x1,22) = E fR (gcl 2y02527 s 2,9,77)h(8 + y cot 9). (110)
sETz-‘BNZ
s<

(Note that F. g also depends on N,y, R,n.) Using |fR(u7v,9;n)| < min(v, v~ 1)™/? (cf. (98)),
we see that the sum defining F. g(z1,22) is absolutely convergent, and that F.g(x1,22) is
continuous on R x (R/NZ). If F, g is sufficiently differentiable with the first few derivatives
being in L2, then we may apply Lemma 6.4, to see that, for any 0 < & < %,

" d a c,[cNgg, +¢
5 ettag) P (4. 2) < (1Fuolus 102 Fogll) Y L0220
(22 iz

+ (1Fuollure 41102 Fegllnz) * (100, Fepllure + 102,00, Feglliiz) ¥ Fo(e)*/?ve. (111)

Bounds on the L'*?-norms of derivatives of F. ¢ are provided by the following lemma.

LEMMA 8.4. For any integer { with 1 < ¢ < 4(m —1), we have F,4 € C'(R x (R/NZ))
provided that f e Cy™ ™ (X) and h € CY(R) with S.o.(h) < oo. Furthermore, for any
integers £1,€2 2 0, anda € Ry, 0<e <1, ifd =41+ 0, m>20+1, f € C3'"‘M he Ciz( ),
Seo,ats(h) < 0o and y|cot 0] < 1, then we bave

(1

1/2

841+52 2
dxy | dzo L L,e ||f||cgm“soo,alz (R)[[mll—™

WFC,Q(ZZ'17 JUQ)
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| sin 0]~ [sino| ) '~ if ¢y/y < |sind)
ey \/y\

: — 4 ( |sin 6| 3ta—t | sin 6] m—g—a—201+£2 ) )
x ¢ |sind] Z(W) 1+(C\/§) if [sinf] < ey < 1

. 1ia—2¢ . m—2L%_aq—20,+2¢
(Iz%l)z 2{1—|—|sin9|—£2(i‘35) ? ! 2} if e\/y>1.

(112)

Proof. By repeated differentiation we obtain, for any ¢; > 0 and ¢ > 1,

ot ~ sin20 sin’0 1
aa(f( ) zycw’yczsw@vn)h(ﬁycm@))

_ Z () (sin20)*(sin )% [6él+aaﬁfR} <x1 _ sin2f sin? 0 ""I)
o a,B,y 2 2o+ gy +L 1 2 2627 025277
1<a+B+y<ls (yC s )Q s 2yC §° ycs

1
X h(w)(s—l—ycotQ), (113)

where (a, 8,7) runs through all triples of nonnegative integers satisfying 1 < o+ 8+ v < {o,
each coefficient K{E‘fé)w is an integer, and 0; and J» denote differentiation with respect to the

first and second argument of fR. Using (98), we find that the absolute value of (113) is

_ sin 20\ ? sin2 0\ ” ¥ rsinze) F0 s
L, e Hf”c‘g"‘“”n” "l((xl—W) +(y0282> +1 <chs2> |s|~"

x Y [sing|7s|

ISatB+v<l

h(“’)(l + ycot 9)‘ (114)
s

Here, the sum in the second line is =<, 222:0 |sin 6]7=“2|s|=7|h() (s~ + y cot A)|. On the other

hand for £, = 0, the left-hand side of (113) trivially equals [} fR](. ) h(s71 +ycot ), and
thus the bound in (114) is again valid, with the last sum replaced by ‘|h(s~! + ycot 6)|".

Now assume S. 0., (h) < oo. Then the bound in (114) is < |s|7™F20=% for |s| > 1 and
< [s|m+26=28 for 0 < |s| < 1, uniformly with respect to z; € R when keeping all other
parameters fixed. Hence, if m > max(2¢; — {5 + 1, —2¢; + 2{5), then the sum obtained by a
term-wise application of 9/ (axflax?) in (110) is absolutely convergent, uniformly with respect
to (x1,22) € R x (R/NZ), and defines a continuous function of (xy,z2). (The continuity along
the line 25 = 0 holds since the bound in (114) tends to 0 as |s| — 0.) In particular, if m > 2+ 1
and S.. 0.4(h) < oo, then it follows that F.y € C* and that (97 /(9 0x3?))F. o may be
computed by term-wise differentiation in the sum in (110), for any ¢1,¢s > 0 with £; + €5 < £.

We now turn to the proof of the bound (112). Using Sec q,¢, (h) < 00, y|cot 8] < 1 and (114),
we see that (113) is <0 B(x1, s), where

m

o sin 20 \ > sin 6 7
B(xy,s) = ||fHCgm+eSoo,a,£2(h)”n” ((ml ) +(> 1

2922 yc2s?

sin” # 5h =
(Z) S O s (115)

2q2
c°S
Yy ~=0
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This bound is also valid when ¢ = 0. Next, using the fact that [, (u? + A)~™/? du < A1=™)/2
for all A > 1, we have [, B(x1,s)dx1 <p ¢ Bi(s), where

sin? 0\ E sin2g\ 2 "
R —m —/
Bi(s) = | F g Sme.aes ()] (1 (25 ) (359) " e
Lo
X 3 sim | (L Jsl) 7 (116)
~=0
It follows that the left-hand side of (112), after squaring, is
2 2
oyt / / B(z1,s)dz | dro <y / Z Bi(s) | dzs
R/NZ \ JR (i N2 R/NZ \ seariNZ
5<0 s<0
0
/ Z Bi(s)* (1 + |s)) " dwy = / Bi(s)*(1+]s])' e ds
R/NZ s€zaf-NZ —o0

Lo
= ||f||ég7,,+45007a752 (h)Qqu”—?m Z ‘ Sing‘Q("/—Zz)

v=0

S ) 2\ 1-m m—20,
0 0
e GER)) GE) e an
0

Using m > 20+ 2 > 20+ 1+ £, we find that the integral in the last line of (117) is

. 2—20y—2~+¢
| sin 6] | sin 6]
(55¢) it e 21
Smite ) 205 —2v42a+1 ) 2m—4f; )
| sin 6] | sin 6] if | sin 6] <1
Ve Ve Vye TS
Carrying out the addition over 7, we obtain the bound in (112). a

Note that Lemma 8.4 also applies to give a bound on |05 802 F, g1, since [|F|1: <

VN||F||11.2 for any function F' on R x (R/NZ), by Cauchy-Schwarz. However, in the case
c\/y < [sind|, we need to get rid of the e-power in (112). Thus, we prove.

LEMMA 85. For any integers £, >0 and m > 20, +1, for any fe Ci™ ™ (X) and
h € C"(R) with Sec 0,0(h) < 00, if 0 < ¢,/y < |sin 6], then

o4
/R/NZ /

(’M{l
Proof. Following the proof of Lemma 8.4, we see that the left-hand side of (118) is
< f_ooo Bj(s)ds, where By(s) is given by (116) (with a = ¢ = 0). This integral is bounded
by a direct computation, and we obtain the bound in (118). a

|sin 6|
. 118
N

Feo(x1,22)| dr1 dvy i e, ||f||CSrn+hSoooo( Nmll—™

We are now ready to complete the proof of Proposition 8.1. Take m > max(8,2k + 1),
2<a<3andee €(0,3); also take f € Cim+3(X) and h € C*(R) with Su 4.1 (h) < oc. Let
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&€, € R and 0 < y < 1 be given. By Lemmata 8.4 and 8.5, we have for every ¢ € Z* and every
6 with y| cot 8] < 1 (and using the fact that m —a — 5 > 0),

|Zi\r/‘g‘ if ¢\/y < |sinf)

|sing ) 2
( ;I\I}g ) if |sinf| < ey/y.

1Feollis + 1107, Feolls <mer [|fllcam+2Sc0,0.0(R) ImlI ™™

Therefore,

ydo
Fo.gllir + 1102 Fopllir) 25—
| (ol + 102 Feal) 27

—1 -1 .
m T 1+ log((c\/y if ey/y<1
[l =S wo() -y VD)~ (1 +loalleym) ™) i ey (119)
0 (eyy)~2 if c\/y>1.
Lemma 8.4 also gives (again using m — a — % > 0, and also using the fact that if c¢,/y > 1, then

|sin @]~ 1( Zl\nfe‘)miaié < |Sin9|_17|zi;§| <1)

5te

(IFeollre + 1107, oeHle) (1022 Fepllie + 107,00, Fepliniz)?

" _1_.(]|sind| 3te’—e . i
|sin@|~27¢( == if ¢\/y < |sind|

NG
Kimer ||fHCgm+3Soo,a,1(h)||77H_m |sin9|_%_5(|%}gl) if [sinf] < ¢y <
sin a7%725 .
(7'6\/5‘) if c,/y>1
(120)
This leads to (using a > 2 > 3 +¢)
i+ ydb
/ (IFeollur + 1102, o9||Ll2) (102, Fepllirz + 1107, 0, Fepllriz)* T =
I, sin” 6
_ (c\/ﬂ)fgfs if ey/y<1
m m 121
<<m,a,€ ||f||Cg +35<>o,a,1(h)||77|| y{(c\/y)a+%+25 lf C\/—> ( )

@22 Then —a+ 5 +2c < —3 —¢, and using (111), (119) and
(121), it follows that the expression in (109) is

s . . 1
Cmae WlegrssSom @l S {7t + 3 (1 1o (ﬂ))

c=1

¢, |cNgé, + /4 1 _q_e
xZ—( LH;Q ) + oyt it 2}. (122)
tez

We now need the following modification of Lemma 7.5.

LEMMA 8.6. Fix 8 > 1. Then for any a € R and X > 1 we have

Zc (X +¢)” <1+log+ (f)>kzzl+|(;f)m|2 (123)
o m gl o (292

Jj=1
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Proof. The proof of [38, Lemma 8.2] carries over with easy modifications. The main new
technicality is to verify the bound

> a1 (7))

X181 if 1<X/0< (ba)™!
<5 X~ Bla)~ (1+1og(X<"”>)) if (6a)~! < X/t
I if X/0<1,
valid for all d,¢ € Z™. O

Using Lemma 8.6 (with 8 = a — 1), it follows that (122), and hence also (109), is

oo

Cae [ llegmssSooar (Wi~ > min (fw j<ﬁ2>> (l +log” (<?qfﬁ>>) i

Jj=1

e
nlm

(We replaced ‘Ng&,’ by g€, through the same type of estimate as in (95).) Adding the
- ]

last bound over R € I' /I and m € By, using 3, 7o oy [0 7™ < 00 and 3=, o [T <

llg||*~™ for every q € Z*\ {0}, and noticing that a and ¢ can be taken arbitrarily near 2

and 0, respectively, we obtain the bound in Proposition 8.1. This completes the proof of

Proposition 8.1, and also of Theorem 1.2.

REMARK 11. We now explain why we had to use Lemma 6.4 in place of Lemma 6.3 in the
above proof of Proposition 8.1. One can prove a bound for the L*-norm of 6511 8:‘;’; ¢,0 which is

very similar to the bound in Lemma 8.4, and in the case ¢,/y < 1 this leads to a bound

d
0805 Frpllur Y

0 1
s < uleym) .

0<f<m
(y] cot 0]<1)

Multiplying this with o(c)3/?\/c and adding over ¢ (cf. (109) and (111)) gives (if £> > %) a
bound y1~%2)/2 which is insufficient. Indeed, Lemma 6.3 requires us to take £ as large as 2.
Using instead the L"?-norm and Lemma 6.4 means that we can effectively take £, to be as
small as % + ¢, leading to the final bound y%_%. (One could sharpen Lemma 6.3 to a bound
of the same style as in Lemma 6.4 but only involving the L'-norm; this would allow us to use
‘09 = 1+ €’; however, this would still not be sufficient.)

8.2. The case €&, =0

The treatment in this case is quite a bit easier than that for £; = 0. We prove the following
bound.

PROPOSITION 8.7. Let k > 2. Fix a real number € > 0 and an integer m > max(7,2k + 1).
For any f € C3™ (X)), h € CQ( ) with S102(h) < 0o, & € R* and 0 < y < 1, we have

> 2 2 Aer(§)) [R(r (65

ne€Br Rel’ /1" TE[R

e Ifllegre2S1.02(0) (Bre, (r~H) + 91 79). (124)
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Note that Theorem 1.3 follows from Proposition 8.7 together with Proposition 7.7 and the
relations (49) and (50).

Proof. The beginning of the proof of Proposition 8.1 carries over without changes; the first
difference is that in place of (101) we get:

T~ /a sin20 sin’0 d ydo
bz: 6((‘“1-1—07“)51)/0 fR(c - %Qy,c%!ag,’ﬂ)h(—c +ycott9> ey (125)
(¢ 2t

c>0

Interchanging the roles of a and d in the summation, we see that (125) can be alternatively
expressed as:

sin260 sin” 6 a ydo
CT'€1 / Z dqsl fR(C - 2C2y ) C2y 7617’)’/(_6 +yCOt6) M7

c=co modN )
c>0

(126)

where v(z) = > ., h(z +nN) (a function on R/NZ) and where Z(I) is the same as Z(l) (cf.

p. 16) but using R := (40 20) in place of R = (% }*). Now by Lemma 6.3 we have, for any ¢ and
0 appearing above:

I ~ (d sin20 sin?0 a
> e(dqsnfR(C— .y en> v(~% +ycotd)

(1) Y
“{/

2 2
Pl 320 6 du+/ L e P
2y r | Ou? c2y

cNg€, +/
<||V||L1(]R/NZ) Z WD + VI/|L1(R/NZ)U(C)ﬁ>~
ez

Using (98) and writing v =

o' ~ sin“ 6
/R’wf’%@’czyﬂ’”)

> 0, we get:

du < [ fllggeselml ™o F [ (@ 40?4 1) % du
R

. 0 —20+m . 9 2% —m
< | fllgsmse Il =™ min <|sm> 7(|Sm |> |
’ Yy ey

and thus
| sin 6] med | sin 6|
.2 if <1
sin 0 —m ( V4 ) VY
|2 2l i) s < U hgselil 57
re{0,2} ( o7 ) it =5 =1
Using also

0 , - .

. 2—m . 2 < ymin ((C\/y) 15 (C\/?)LL )

<\sm9|) if | sin 6| >1 sin” 6
ey &

<P EF Ny T 40,
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we conclude that (125) is

—m 3—m = _ 1 —-m (Ca LCng +€J)
< N fllgamzlInll="y* {Sl,o,o(h);c 2 +e) Z% 1+£12

+ S1,02(h) Z(y*% + C)5m0\(;c)},

c=1
and by Lemmas 7.5 and 7.6 (using m > 7), this is

oo

< | fllggme=Sr02(M)mll =™ >

Jj=1

1
2 +y2%5(jq€,)

€

—s—y%’

Adding this bound over R € T'/T” and n € By, using S [@ON7™ < |lg|[F~™ for every

q € Z* \ {0}, and >_nezzi\(oy M|~ < oo (these hold since m > 2k), we obtain the bound in
Proposition 8.7. This also completes the proof of Theorem 1.3. (]

9. Application to a quantitative Oppenheim result

Our goal in this section is to prove Theorem 1.4, by making Marklof’s approach from [24]
effective. This will involve an application of Theorem 1.2 at a key step.

9.1. Set-up

Let H= {7 =u+iv € C : v > 0}, the Poincaré upper half plane. Let k be a positive integer
and let S(R¥) be the Schwartz space of functions on R* which, together with their derivatives,
decrease rapidly at infinity. A central role in the approach of [24] is played by the Jacobi theta
sum, O (7, ¢;€). Tt is defined by the following formula, for any f € S(R¥), 7= u+iv € H,
¢ €Rand £ = (g}) € R*":

O(7,¢;:8) =" Y7 fol(m— &' ) e(§m — &lPu+m - &), (127)

meZr

where, for ¢ in any interval vm < ¢ < (v + 1)w (v € Z), f, is given by the formula

f¢(u’) / Gtﬁ(wvw/)f(w/)dwla
R
with the integral kernel

-+ ﬂ))lsimrkme[;(nwn? ') cos 6 — w - w'

sin ¢ 1)

Gy(w,w') =e

while for ¢ = v (v € Z) we have fys(w) = e(—£2) f((—1)”w). The operators U? : f — f, form
a 1-parameter group of unitary operators on L2(R¥); in particular, U¢ o U¢" = U?*¢" for any
¢, ¢ € R (see [24, Sections 3-4]).

For any f, g € S(R"), the product © (7, $;£)0, (7, ¢; €) depends only on ¢ mod 27 and may

thus be viewed as a function on G' = SL(2,R) x R?* through the Iwasawa parameterization
(cf. (40))

(1,0,€6) — <<(1) 1{) (? 1/%> (Zlor?i c(iisn¢¢)’£>’ where 7 = u + iv.
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By [24, Proposition 4.9], this function ©,0, € C*(G) is in fact left I'* invariant, where

{<< ) ( )*m) : (22) GSL@Z),meZ%} (129)

with s := %(1/2,...,1/2) € R*. The group I'" is a finite index subgroup of SL(2,Z) x ($Z)**,
and contains I'g x ZQk as an index 3 subgroup, where I'y is the theta group, that is,

Iy = {(CCL Z) € SL(2,Z) : abEchOmon}.

See [24, Lemmata 4.11 and 4.12].

For the proof of Theorem 1.4, we will eventually specialize to k = 2: The starting point for
the method developed in [24] is the following identity’, valid for any f,g € S(R?), h € L'(R),
T >0 and &, € R?:

/R@f<u+T2z,0; (g)) @g<u+T2i,0; (g)) h(u) du

S Y s m-e) i me-ena(-1e(lm)). aw

m€Z2 mo€Z?

where @ is the inhomogeneous quadratic form on R* given by (9) with &, = (3) € R?, that is,

T2

Q(”“) 21— &l — 22— &%, Van, @ € R, (131)

The formula (130) follows by replacing O and ©, by their defining sums (cf. (127)) and
changing the order of summation and integration.

The key step in [24] is then to determine the limit of the left-hand side of (130) as
T — oo, by using the invariance properties of the function ©;0, and an equidistribution
result as in Theorem 1.1 above (with &, = 0); this is where we will apply our effective result,
Theorem 1.2, instead. A central difficulty in [24] comes from the fact that the theta functions
©,0, are unbounded; thus one needs to truncate the function © f@79 in the cusp before the
equidistribution result can be applied, and then bound the error caused by the truncation. In
fact it turns out that one picks up an explicit extra contribution from the part of the integral
in (130) over a tiny interval |u| < T~(+2) whereas the error caused by the truncation for the
remaining part of the integral can be proved to be appropriately small, provided that &, is
Diophantine. The treatment of these matters in [24] is already in principle effective, and so our
work concerning the truncation error will essentially only consist in keeping more explicit track
on how the bounds in [24] depends on various parameters (see, in particular, Proposition 9.6).
Also, for the application of Theorem 1.2, we require precise bounds on derivatives of the
function © f@g; this is worked out in Lemma 9.2.

9.2. Bounds for the derivatives of © 0,

Although we will eventually specialize to k = 2, we will consider a general k € Z* as long as
this causes no extra work. We will use the same notation .S}, , , as introduced in Section 1 also

tSee [24, Section 2.3], where the identity (130) appears in the special case when f(:c) w1 (||lx||? ) g(x) =
¥a(]|z||2) and using a slightly different notation than in (130). Note that we write (s fR h(u)e(—su) du

n (130), in line with previous definitions in our paper, whereas a different normahzatlon of h is used in [24,
p. 423(top)].
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for the corresponding weighted Sobolev norm of a function f € C"(R*) with k > 2; namely

Span(f) = Y L+ [l2])* 07 f(a)||r- (132)

[vI<n

Here, we use standard multi-index notation, that is, v runs through k-tuples of nonnegative
integers, || =1+ -+, and 97 = 9]} --- 97*. Note that if a(> 0) is an integer then (see,
for example, [10, Chapter 8.1, Exercise 1)),

Span(F) = D 3 2?0 f @) =< D D 0% f(=))]

[Bl<n |8/ |<a |Bl<n [B'|<a

e, (133)

where the implied constant may depend on p, a,n, k. In particular, for p = 2, combining (133)
with the Plancherel theorem, we have

So.an(f) = Somalf), (134)

where f ka (—xy) dx is the Fourier transform of f. We also record the following

basic Sobolev embeddlng inequality which we will use several times: For any a € R>¢, n € Z>¢
and f € S(R¥),

Soc,a,n(f) < S2,a,n+|_k/2j+1(f)a (135)

where the implied constant may depend on k,a,n. The proof of (135) is completely
elementary: Set m := |k/2] 4+ 1; then (1+ |z[)~™ € L?, and so by Fourier inversion and
Cauchy—Schwarz,

~

1l < Dl < |0+ )™ )", < SamolD) < Saom(f). (136)

This proves (135) when @ = n = 0. In the case of general a and n, one notes that S qn(f) <
S 1en 1L+ [|2]|?) % - 87 fll1~, and then applies (136) to (1 + [|z[)"* - &7 f.

We will often work with the Sobolev norms Ss , , on functions in C*(R*), and we introduce
the notation | - [[p2 for these. Thus, for any integer a > 0 and f € C*(RF),

1fllez = Szaa(f) = D 1+ ])*0” f(@)llez- (137)

1Bl<a

Given f € S(RF), we view f,(w) as a function on the space R**1, given by the co-ordinates
w, ¢). Thus, ° f4(w) for B € (Z>0)*+! denotes 91 - .. 92 86’“’1]" . The following lemma
¢ >

w1 wy,

corresponds to [24, Lemma 4.3], but extended to arbltrary derivatives of fy and with the
implied constant made more precise.

LEMMA 9.1. Let A€ Zso, B € (Zso)™! and a€Z, a>A+§+4|,8|. Then for any
f€SMRY), weRF and ¢ € R,

107 fo(w)] <ap IFllz (1 + [lawl)~*

Proof. For ¢ in any interval v + 100 <¢op< v+ m v € Z, we use

_ L
100°

0% f5(w) = / (099G p(w, w')) f (') e,
]Rk
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with G4 (w, w') as in (128), and with 9” acting on the k + 1 variables w, . . ., wy,, ¢. One proves
by induction that

Pg(w,w', sin ¢, cos ¢)

PG y(w,w') = Gy(w,w)

(sin ¢)215l ’
where Pj is a polynomial in 2k 4 2 variables, with complex coefficients which only depend on
k and 8, and only containing terms w{ -+ - wmw] T - w] “** (sin @) *2++1 (cos ¢)*2++2 with

?k a; < 2|B]. Integrating by parts n > 0 times with respect to w’ for some j, it follows that

6(7%]6(21/+ 1)) ( sin ¢

| sin ¢|F/2 27iw,

0 fo(w) =

)” K(w,w’,qﬁ)e{—w.w/} dw’
Rk

sin ¢

where

, 0 \" [ [3(lw]? + [[w|]?) cos ¢] Py(w, w', sin ¢, cos ,
K(w,w,¢): (au}/> (€|:2 w Sin’l; COS :| ﬁ(w(:;n;)QBCOb(b)f(w ))

J

and so

n—~{
- 0
K (w,w',9)] < (14 [[w])?PY @+ [l D[ o2 ) f(w)
P ow;;
for all w,w’ € R¥ and ¢ € (v7 + 155, (v + 1)7 — 155). If [|w]| > 1, then we apply the above with
n = A+ 2|f| and j being the index for which |w;| = max(Jw|,...,|ws]); if [|w|| < 1, then we
instead use n = 0. The desired bound follows using the Cauchy—Schwarz inequality combined
with the fact that (1 + H'w’H)*k;S € L*(R¥) for any € > 0.

To treat the remaining values of ¢, we use the fact that fy1z = e‘i”kiU“ﬁf; hence by what
we have already proved, |9” f,(w)| < ||ﬂ|L3(1 + [|[w])~* for ¢ in any interval (v — $)7 + 155 <

¢ < (v+ )T — 155, v € Z, and the desired bound follows using (134). O

Using Lemma 9.1, we now obtain bounds on arbitrary derivatives of the function
070, € C™(G). Recall that we write -, 4p)<,, to denote a sum over all monomials D of
degree < m in the fixed basis Xi,..., X3495 of g (cf. (18)).

LEMMA 9.2. Let f,g € S(R¥). Let m and a be integers satisfyingm > 0 and a > 2k + 6m +
1. Then for any (7,¢,€) € G withv =Im7 > 1,

Yo [(D(©;8,)) (7, :€)| <om IF Iz llgllez v 2. (138)

ord(D)<m

Next let A and a be integers satisfying A > 1 and a > 3k + 2A. Then for any (1,¢,€) € G with
v=Im7r>1
EY)

(050,) (. ¢:6) — "2 Y fu((m = €)0'*)go((m — E)01/2)| < | fllz lgllzo ™™,

mezk

(139)

and if furthermore &, € n+ [—%, 31" and n € Z", then

(058,)(7. ¢:€) — 0" fy((n — €,)0"?)gs((n — &,)0/%)| <a If [zllgllizo™. (140)
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Proof. Recall that we write 7 = u + iv. We have
0,0,(r,6:6) =" 3" fullmy — €0 )gs((ma — €5)0'/?)
mi,moEZF
< e(3(lmy — &|* = lma — & *)u+ (my —my) - &)
=2 ST fyllmy — &)0")gs((ma — €)0'77)
mi,mo€ZF
x e(5(m1 —ma)((my + my — 26, u + 2¢,))
= > VP((m— &) ) ge((m —m/ — €)' 2) e(m/ - (m — im/ — &) u+¢€)))

m,m’ €Lk

= Z Fm,m’(Taqb;E)?

m,m’'€Zk

say. Note that Fp, o(7, ;&) = v*/2 f,((m — &€,)vY/?)gs((m — &5)v1/2).
In the (u+ iv, ¢; €)-co-ordinates with & = (&, ..., &), the Lie derivatives X7, ..., X3 o
are given by

X1 = v(cos 2¢)9,, — v(sin 2¢)9, — (sin $)?0y;

Xo = v(cos 2¢)0,, — v(sin 2¢)d, + (cos ¢)28¢;
X3 = 2v(sin2¢)0, + 2v(cos 2¢), + (sin2¢)0y;

X3t = (UCOS dj_;usm(b)a& + (Si\/ng)aﬁku
X3+k+£ — (—’1) sin %U cosd))a& + (cc\);;d))agk_w

(The formulae for X7, Xo, X3 are standard and may, for example, easily be derived using the
formulae in the proof of [38, Lemma 6.1] and X5 — X; = (} ') = 9. Regarding X3, and
Xstpte, cf. (39).) Using the automorphy of ©76,, it is enough to prove (138) when |u| < %
and ||€|| < 1. Using the above formulae we then get, for any monomial D in Xi,..., X540k
with d; factors in {X, X2, X3} and ds factors in {Xy,..., X310 }:

|DF s (7,03 €)| < 0B P22 3~ %" \a;fla;fzagsa?;--~8§;:Fm,m/(u+w,¢>;£), (141)
la|<dy [B]<d2

(Ce{1,2,..., k).

where « runs through multi-indices in (Zx()® and B8 runs through multi-indices in (Z>)?*.

Next, from the definition of Fp, (7, ¢; ), by a standard computation, we obtain

01020320 -+ O P (w4 0, 63€)| < (14 |+ [+ 612072

<Y |7 f)(m - &) )(07 g (m ! — €)'/,
[B1+18" <] +18]

where 8’ and " run through multi-indices in (Zxq)**!, with 97" and 97" having the same
meaning as in Lemma 9.1. Applying now Lemma 9.1, with any fixed integers A and a subject
toA)Oanda>A+§+4(d1+d2),we get

1 2dy1+d
|D P (7,8 )] < || Iz llgllz v F2 25 (1 4 m]| + (| )™ 7

)7A

X (L4 [m = &llo?) " (1+ |m —m' — &0"/?)~
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Let d = dy 4+ da = deg(D). Using 1 + |m|| + ||m/|| < (1 + ||m|])(1 + ||m — m’||) we obtain

_ 1 _ _
[(D(©;6,))(7,6:€)] < IIfllLz lgllzv™ =% Y~ (14 m])** (1 + [lm —m/|)**~ .
m,m’'eZk
Taking here A = 2d + k + 1, we obtain (138).
For the remaining bounds, we apply Lemma 9.1 with fixed integers A’ > 0 and a > A’ + g
For any (m,m/) satisfying |[m — &,|| + |[m — m’ — &,|| > 3 this leads to

| Fop,m (7, 05.€)] = 72| fo((m — €5)0" /%) gs((m — m/ — €,)v"/?)

< | fllz llglliz o™ 72 (1 4 fm = &) (1 + m —m' — &)~

In particular, this holds for all (m,m’) with m’ # 0. Hence, taking A’ = k + 24, we obtain
(139). Similarly, if £, € n + [—2, 1], then we note that [|[m — &, + [[m — m’ — &,|| > 1 holds
for all (m, m’) except (m,m') = (n,0), and we thus obtain (140). O

9.3. Bounds on the truncation error

Let us fix, once and for all, a C* function g;: R-o — [0,1] satisfying gy,1 =0 and
g1)[2,00) = 1. For any Y > 1, we define gy : Roo — [0,1], gy (y) := g1(y/Y), so that gy|0,y) =0
and gy|j2y,o0) = 1. Next, we define the function Xy : G — R through

Xy (1,0;€) = Xy (1) = Z gy (Im~yT). (142)
YE(ET,)\ SL(2,2)

Note here that (:I:f;o) ={%(; 1) : n€Z} (cf. (33)). The function Xy is smooth and SL(2, Z)-
invariant. For any 7 € H, there is (since Y > 1) at most one term in the sum in (142) which
gives a non-zero contribution. In particular, Xy (g) € [0,1] for all g € G. Also, in terms of the
cuspidal height function Y (cf. (3)), we have Xy (g) = 0 whenever Y(g) <Y and Xy (g) =1
whenever Y(g) > 2Y.

LEMMA 9.3. For any Y > 1 and any monomial D in X,..., X329, of degree < m, DXy is
a bounded function on G with | DXy ||~ < 1.

Proof. Since Xy (and thus (DXy)) is SL(2, Z)-invariant, it suffices to consider points (7, ¢, £)
with 7 = u + iv belonging to the standard fundamental domain for SL(2,Z), that is, |u| < §
and |7| > 1. Then we may in fact assume v > 1, since otherwise (7, ¢, €) is not in the support
of Xy . However, for v > 1 we have

(i) = v ) = on (1 ()7 1))

Since D is left invariant, this implies that |DXy ||p= = ||[DX||L~, where X; is the function
Xy :G—10,1], (1,6,&) — g1 (Im 7). This L>-norm is clearly finite, and independent of Y. O

For &= (2) €R* and v =(.;) €SL(2,Z), we introduce the short-hand notation
€, = c& + d§,. We also write v, := Im~7 when 7 = u+iv € H. Given Y > 1 and f € C(RF)
with Seo 4,0(f) < oo for some A > k, we define the function Fyy : G — C by (cf. [24, 6.2])

Fry(réi€) = Fry(m€) = > Y f((& +mpul?) ot gy (w,).  (143)

el \ SL(2,2) meL*
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This series is absolutely convergent, and Fyy is left T' invariant. In fact, we will only use Fyy
for functions f > 0; then of course Fy > 0.
As in [23, 6.3; 24, 6.4], we have the explicit formula

Fry(m€) = 3 {£((6+mw'/?) + £((~& +m)o'?) }o gy (v)

meZk

+ > {f(&l +m) |1/|2) (( £ +m) |1/|2>} |j|/§gy<|:|2> (144)

meZk

. ol/2 ok/2 v
+ Z Z f((C£1+ g2—‘_Tn)CT—&-d|>|c7’—i—d|kgy(|c7’—|—d|2>'

(¢c,d)€7? meZk
ged(e,d)=1
c,d#0

The following lemma shows that for an appropriate choice of f*, the function Fy« y controls
the error when truncating © 0, at height < Y.

LEMMA 9.4. Let f, g e S(R*¥) and let A and a be integers satisfying A > 1 and a > %k +2A.

Set f*(w )_SUP(be]R’fa% w) gy % ’ Then for any Y > 1,

Xy (1) [(©O,)(1,6:€)| < Fy- v (1526) + Oa( ), V(6.6 eG. (145)

(Here, Fy« y(7;2€) is well defined, since Se a7,0(f*) < oo for all A’ > 0 by Lemma 9.1.)

Proof. See [24, 8.4.3]. For any (7, ¢, &), with 7 lying in the standard fundamental domain
F for SL(2,Z), F={r=u+iveH : |u| < 3, |7| > 1}, it follows from the definition of f*
together with (139) in Lemma 9.2 that

(0,8,)(7,6:6) < v/ 3 7 (20m — £)0) + Oa (I lnz lgllzo ).

mezZk

Multiplying this inequality with gy (v) and comparing with (144), we obtain that (145) holds
for all (1,¢,€&) € G with 7 € F, since Xy (1) = gy (v) for all such 7. But both sides in (145)
are functions of (7,¢,&) € G which are I'* left invariant (for the function ﬁf*7y(7';€) =
Fy- y(7;2€) this is noted in [23, 6.9-10; 24, 7.5-6]); hence the inequality holds for all
(1,0,€) € G. O

The following lemma is a more explicit version of [23, Lemma 6.5]. Recall that our s
corresponds to ‘k — 17 in [23].

LEMMA 9.5. Let A > k. Then for any [s; c]-Diophantine o € R*, and any D, T > 1

IS DASL(eT) =4 if prt+AT <el
SN A+ Tda+m)) " < {1 if D* < T < DA™ (146)
d=1mezt D(cT)=1/x if ¢TI < D*.

Proof. Since a is [k;c]-Diophantine, ||[da +m|| > ¢d=* for all integers d > 1 and m € Z*.

Also for each fixed d, there is at most one m € Z* in the box —da + (—1, )*, and in particular
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there is at most one m € Z* with ||da + m| < 3. Hence, for d € {1,..., D},

A
— DH
S (A4 Tda+ ml) ™ < (14 Ted ™) + T4 <4 (CT) ,
mezk

where in the last inequality, we use the fact that D" /c > 1 (note that a being [x; ¢]-Diophantine
implies ¢ < %) Adding the above bound over d =1,..., D, we obtain that the left-hand side
of (146) is < DAHL(cT) =4,

To prove another bound on the same sum, for any fixed b € Z, we start by considering the
set

M, = {T((b+ dyoe+m) : deZ,0<d< (cT)/*, me Zk}. (147)
The distance between any two distinct points in this set is bounded from below by

min {Tlga+nl| : g€ 2, ne 2", gl < (c1)'/", [g# 0 or n £ 0]}

0<g<(cT)t/ =

> min (T, min ch_”) > 1,

where the first inequality holds since v is [k; ¢]-Diophantine. (Note also that there is no double
representation in (147), that is, T((b + d)a + m) is an injective function of (d,m) € Z x Z*.)
Hence, for any R > 1, M, contains <;, R* points with ||z|| < R, and so by a standard dyadic
decomposition we have

> A+l <pal, (148)
x e My
Now by appropriate choices of b, the sum in (146) can be majorized by 1 + D(cT)~ /% sums

as in (148).

We have thus proved that the left-hand side of (146) is always < DA*+1(¢T)~4, and also
that it is < 1+ D(cT)~/%. Splitting into cases depending on which bound is strongest, we
obtain the statement in (146). O

The following proposition is an effective version of [24, Proposition 6.5], and is the central
result needed to bound the error caused by truncating the function © 0, in the integral (130).
We here specialize to the case k = 2; the case k > 3 involves in principle the same computations,
however, there are several differences in the detailed analysis (cf. [23, Proposition 6.4]).

PROPOSITION 9.6. Let k = 2 and let €&, € R? be [k; co]-Diophantine. Let Y > 1,0 <v <Y,

A>2 B>1, and H > 1. Then for any f € C(R?) with Se a0(f) < 0o, and any bounded
function h : R — R with support contained in [—H, H|,

/ Fry <u+iv; <0>> h(u) du
|u|>Bwv 52

% 1
< Seno(H)lAlL~ {Bl + H(H*lcgluﬁ) o k- } (149)

We remark that the integral in (149) vanishes if Y ~! < v < Y; hence the bound in (149) is
mainly relevant when v < Y 1.

Proof. Without loss of generality, let us assume that f is positive and even, that is, f > 0
and f(—w) = f(w). Recall the expansion (144), and note that the terms with gy (v) vanish



190 ANDREAS STROMBERGSSON AND PANKAJ VISHE

since v < Y; hence we are left with

o ((2)) -2 X (o) o ()

vl/? v v
2 Z Zf(d£2+m) +d|>|c7'—|—d|29y<|c7'—|—d|2>' (150)

(¢c,d)ez? mEeZ?
ged(e,d)=1
¢>0,d#0

The contribution from the first sum in (150) to the integral in (149) is

o2\ v .
/u|>Bv ZZZ f(m|7_|> 72 gY(|7_|2) h(u) du

me

S 2 (s e () v s

Using |f(x)| < Seo,4,0(f)(1+ ||:c||)’A and A > 2, we have

Z f<1/2152+1)1/2> <a Soo,a0(f)

mezZ?

—1/2

uniformly over all v,¢ subject to v—/2(# + 1) > 1; and for all other pairs v,t the factor

gy(m) vanishes (since Y > 1). Hence, (151) is

dt
< Soo o)1l / < SoonolF)hllu=B1.

t|> B 2+1

The contribution from the remaining double sum in (150) to the integral in (149) is bounded
above by (we drop the condition |u| > Bv in the integral):

vl/? v v
[ X 3 (uermpng )t () o

(c,d)ez? mEeL?
gcd(c d)=1
c>0,d#0

- Y /X
(c,d)ez? meZ?

ged(e,d)=1
¢>0,d#0

(s o (o= 8) e 09

where we changed the order of integration and summation and then substituted v = vt — %.
The gy-factor in the above expression vanishes unless ¢ belongs to the set

1 1
— - — . 2 —5 .1
I“_{tGR'c%(t? 1)>Y}_{teR.\/t+1<(vY) 2c }

Furthermore, the factor h(vt — ¢) vanishes unless [vt — 4| < H, and for ¢ € I this forces
‘d‘ <+ YL cmii<om
c c\/?
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Also using f(x) < Soo.a.0(f)(1+ ||z|)~*, we conclude that the expression in (152) is

y
|d€, +m| dt
< Soo,a,0( ||hHL°°Z / Z Z ( \/%) 2+ 1

e 0<|d|<2Hc mez?

Applying Lemma 9.5 with

1

D=2Hc and T=———,
o(t? + 1)

and both a = &, and o = —&,, we get

o dt dt
Swaallhll e ([ D) J
<4 Soo,a0(H)IR]IL ;C ( . (coT) t2+1 * L. tP+1

s dt
-/ D(coT) 5t2+1), (153)
3,c

where § := 1/k and
I . {t el : \/zm < co(v%c)lef(’”"JrA_l)};
L. = {t €1t colvie) 'D AT « 2 41 < CO(U%C)flpw};
I, = {t €l : covie) D < Ve T 1}.

We discuss the three integrals in (153) one by one. First, note that I; . # 0 implies
- 1 K -1 . .
c<Cy = ((2H)*("‘+A l)covfi)l/( A ), and for each such ¢, ¢t € I; . implies V2 +1 <
(Cy /e)s 147" Hence,

o0

. dt
20—2/ DAn+1(C()T)—A .
pr I t?+1
Z c 2. DA LAy Te / (t* + 1)%71 dt
1<c<c1 I e
< Z 2. DA'H'ICO_Av%cA(CJC)WH_FAA)(A_U

1<e<Cy

-1 _q 1 -1 -1 4 1 . -1 _
= (2H)"t ¢y lw2 E AT < (2H)AT gtz ot = ot
1<C<C1

Turning to the integral over I ., the fact that ¢ € I . forces V12 +1 > (Cl/c)”+1+A_l, with
C: as above. Therefore, we see that

20—2/ D DI (VORISR SR Yo/
IZC

1<e<0 c>C1
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Finally, for the integral over I3 . we have, using only I3 . C I,

dt
Zc*2 D(coT) % =—— < QHCO—%%/ 3 ST+ 1) dt
Is, t + ]. R
¢ 1<e<(vY (1241)) ~1/2

)
Hence, we obtain the bound in (149). O

s Y2 +1))"32
<<Hco_6v5/M(t2+l)’_ldt<<Hﬁc Y5,
R

Next, we note that Proposition 9.6 can be extended in a straightforward manner to the case
of functions A which do not have compact support but decay appropriately at infinity:

COROLLARY 9.7. Let &, € R? be [k;co]-Diophantine. Let Y > 1, 0<v <Y, A>2 and
B >1. Then for any f & C(R?*) with Se a0(f) < oo and any funct1on h:R— R with
500,2,0(]7,) < 00,

/ Fyy (u+iv; <O)> h(w) du
|u|>Buv 52
<a Soo,A,o(f)Soo,Q,o(h){B + ( 7) A + ey Y T } (154)

Proof.  Decompose the function h as h = hg + hy +--- where hg = h-x[_11 and h; = h -
(X[ 24,—2i-1) + X(2i-1 QJ]) for j > 1; then apply Propos1t10n 9.7 to bound the contribution from
each function h;, using supp h; C [ 27,279] and ||h; |1 < Seo,2,0(h)27%. O

9.4. Proof of Theorem 1.4

We are now ready to give the proof of Theorem 1.4. The first step is to give an effective rate
for the convergence of the integral in (130) to its limit; this is obtained in Proposition 9.10.
The proof of this proposition is divided into two lemmas, Lemma 9.8 which concerns the part
of the integral where u is not very near zero, and Lemma 9.9 which concerns the remaining
part. These two lemmas are (in principle) effective versions of [24, Corollary 7.4] and [24,
Lemma 8.3], respectively.

Throughout this section, we let I' =T'(2) x Z*, and G = SL(2,R) x (R?)®2. Recall that
070, is a left I'? invariant function on G, with I'? as in (129); thus in particular, it is left
invariant under I' = T'(2) x Z*. As always, we let 1 be the probability measure on I'\G induced
by an appropriately normalized Haar measure on G (which we also denote by p).

LEMMA 9.8. Let f,g € S(R?) and h € C*(R), and assume Sy, 32(h) < co. Let &, € R? be
[r; c]-Diophantine. Then for any v € (0,1] and any real number B subject to

N % T+6ir
1<B< o z( 5652(1) z) > , (155)
we have

.0 (° u + v, 0; 0 u) du — o, u
foon0r(erin(g)) oulurines(g) ) rdu— [ 05 [ na

1

_1 _1 " _
€z ol Sonar) (e do(v4) ™7 4 571). (156)
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REMARK 12. As will be seen in the proof, the (quite small) power ﬁ which we obtain in

(156) depends strongly on which C}'-norm of the test function (that is, F' below) is required
to bound in the effective equidistribution result of Theorem 1.2. Since we did not make any
effort to optimize the a and m in Theorem 1.2, we do not attempt to optimize the decay rate
with respect to v in Lemma 9.8 nor in Lemma 9.9 or Proposition 9.10. We instead focus on
giving results which are simple to state, yet explicit.

Proof. Let F =©;0,. Also, for Y > 1 a real number which we will choose below (cf. (161)),
let F=(1—Xy)-F, that is,
F(1,6,6) = (1= Xy(r)) - (0,0,)(r, 6:£).

Then both F and F are I'? left invariant functions on G in particular, they are left invariant
under I' = I'(2) x Z*. Our choice of Y will be such that

1

Y < —i—. 157
3B+ 1)v (157)
Then for all u with |u| < Bv, we have
Im 0-1 (u+iv) | = > 1 >2Y >2, and thus Xy(u+iv)=1
1o Cwr40? T 14+ BT T T Y -

(cf. the discussion below (142)). Hence, f‘u|>Bvﬁ(u+iv7O;£) h(u) du = [, F(u+
iv,0;€) h(u) du, and so by Theorem 1.2, applied with 8 =6, m =27 and a=5/2, we

have
=~ . 0
/ F(u+w,0;< ))h(u)du
|u|>Bv 62
— [ F [ by du+ O (I1F ey, Swazl) (doe, o +017)). 59
e R

In order to bound H}?HCg;Q7 we apply Lemma 9.3 and (138) in Lemma 9.2, together with the
fact that F and F are [-invariant. It follows that for any integer a > 4+ 6 - 27 = 166,

> |OROLE| < Iflallghz YOS, V(M€ € 6.

ord(D)<27
Hence, since the support of F is contained in {Y(M) < 2V},

1Fllczr, << Ifllz llgllz Y72,

Next, we bound the error caused by replacing a by F' in the two integrals fF\G fd,u and
qu\>Bv ﬁ(u +iv,0; (¢)) h(u) du in (158). First note that by Lemma 9.4, we have

|F(r,6:6) = F(r.0:6)| < Fr- v (r:26) + O(If Iuzllglhz¥ '), ¥(ros€) € G, (159)

with f*(w) := sup¢€R|f¢(%w)g¢(%w)|. Hence,

‘/u>Bvﬁ<u+iv’0; (g)) h(u) du — /u|>BvF<u+w’0; (502» h(u) du

. (0 —1
[ r(uiv (o)) Ildu OISl oozl Y ).

N
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Note that since &, is [k;c]-Diophantine, 2&, is [k;27"c|-Diophantine. Hence, applying
Corollary 9.7 with A = 3, and noticing that Sec 30(f*) < || f[lL2/|g[lLz by Lemma 9.1, we get

(o0
/|u,>Bv Frer (u o <2§2)) |h(u)| du

. _1 1\ V/(s+3) S
< flizllglis S 0()d BT+ (c7ot) tre ity L
Also by (159) we have
[ Jp=Flans [ Frvimzeyaur e+ o(Ifllaly ).
G G
Here, one computes, by a standard unfolding argument (cf. [23, 6.2]),

3 [ dy . B
Ff*,y(7;2£)du=/ Ff*,Y(T;E)du=7/ 91(y)7/ frdw < || fllezllgllzY
NG NG ™ 0 Yys Jr2

We combine the above bounds with (158), where we also use the fact that dge, (T) > T
(VT > 1), which follows by just considering the terms corresponding to » = +e; and j =1 in
(5). We then get, with a = 167:

(0 -
/u|>BvF<quw,07 (52)>h(u)du /F\GFd,u/thu

1.1l 9., 61 _
<e Ifllzllglliz Sso3.2(h) do.e, (v 2) 2™ Y= + || fllzllgllizllhll Y~ (160)

1)1/(H+%)

+ ||f|L;i||g||L;§Soo,2,0(h){B_1 + (c_lv2 + ,{c—iy—zlx}.

In order to minimize the order of magnitude of the maximum of dg ¢, (v"2)272Y % and
Y’ﬁ, we now make the choice

2%k
Y= (% 56,52(1}—%)%—26) e (161)

Because of the factor % in this expression, we are guaranteed to have Y > 1, as required

above. Indeed, one verifies 3, 72\ (o3 l|]| =6 Z;ilj’Q < 9; hence dg¢,(T) <9 for all T > 1

(cf. (6)). Furthermore, our assumption (155) ensures that (157) is fulfilled, so long as 9%° < 3.
1 1 K 4 1 1

Note also that Y ~2= > Y ! (since x > %) and (cilvi)l/( +3) K ke ®"Y 72 (since Kk > %,

0<c<2 %2 <1 and 56_,52(11*%)%’25 > vi~¢ > ¢7). Finally, we take ¢ =

L and note that
we then have (% — 25)# since k > 1 also 9%¢ < % as required above. Hence, the

bound (156) now follows from (160). O

508
T561x 2 127n 27

LEMMA 9.9. Suppose f,g € S(R?). Let h € C'(R) with h and k' bounded. Then for any
£=(2), ve(0,1] and B € [1,07 /2], we have

/| 0 i0.0: €80 . 0E ) du = Ay (0) + O (1 lhgllolhzSmeoa (B ),
u|<Bv
where

o] 27 2m
Afg = / ( f(rcos(,rsin() dC) (/ g(rcos¢,rsin() dC) rdr. (162)
0 0 0
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Proof. Recall that the function © 0, is left I'* invariant; in particular, it is invariant under
left multiplication by (((1) Bl),O) €I, and so

O4(7,0;€)0,(7,0;€) = Of (—j_,argr; (_§2>)@g (—j_,argT; (_052)>7

for all 7 =u+iv € H. By (140) in Lemma 9.2 (applied with A =1), if Im(—1/7) > 1, then
the last expression equals

Fursr O 0] +0<||f|L2||g||L2 il )

Note that |u| < v'/2 <1 implies Im(—1/7) > 1, that is, the above holds for all 7 € H with
lu] < v/? < 1. Hence, we get

/ Of(u+1iv,0;£)O,(u + iv,0; §)h(u) du
|ul<Bv

-/ o T (OO h(w) - O (gl elh= B0 ).
u|<Bv

Using polar co-ordinates we get (cf. [24, p. 457])

Funs - 0 (@) = T2 (2 )J ().
Where = % f f(v/r(cos¢,sin()) dC, Po(r) = 5= O%g(ﬁ(cos ¢,sin¢))d¢, and
fo Wy(r

) dr. Therefore, using also h(u) = h( ) + O(|[1[|Le<ul),
v _— 72h(0) ~ U\~ U
/ 7farg7'(0)gargT(0)h(u) du = /u|<BU (2 (%)¢2(%) du

u|<Bv |T|2 v

ro( M= [l ()e)

To bound the last error term, first replace the integration variable u by 2vu; then use the
fact that by integration by parts we have |1 (u)| < [i ([;] + [¢}]) dr - min(1, [u|~"). Here,
fooo |11|dr < l\|f||L1 while

2m
| o< o [T (100 (Vieossin0)]| + 101, ) (Viteos.sin ) )

= L [ (100 H@)+ [0n N @) 2
21 Jpo 2]

(The next to last bound follows by splitting the domain of integration into the two parts
{||z|| < 1} and {||x|| > 1}, and the last bound follows from (135).) Similarly for 5. Hence, the
error term in (163) is

du). (163)

d¢ dr
2yr

L 80,01 (f) + S1,01(f) <[ fllrz-

< £z llgllz 17 |Lee viog(B + 2).

Finally, we are left with

T G R(g ) de=ro [ G (5)(5)

= *h(0) ( | (3)(5) du+ O<||f|Lg||9||L§ /. |u|-2du>>
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—2220(0) [ wn(ryiar dr + 01 lhallalz )5

= Asgh(0) + O (I ez lglla p(O)|B),
where in the next to last equality we used Parseval’s identity.
Collecting the above results, and noticing that vlog(B + 2) < B~! and B3v? < B! because

of 1 < B < v /2, we obtain the statement of the lemma. O

PROPOSITION 9.10. Let f,g € S(R?) and h € C*(R), and assume S, 32(h) < oo. Let
&, € R? be [k; c]-Diophantine. Then for any v € (0,1],

/R®f<u+w,o; (é)) @g<u+w,o; (g?z)) h(u) du

= f(w)@dm/hdu+Amh(o) (164)
R2 R

+ 01 iz, Nglliz, S a(h) e * G g, (v F) 7275 ).

167 167

Proof. By [24, Lemma 8.2] (see also [23, Lemma 7.2]),

0,6, du= | fl@)@ de.
Vel R2

Therefore, the proposition follows from Lemmas 9.8 and 9.9, applied with

1

B=tvi(lae (v ?)) 165
) 1066, \V ) (165)

as long as this number satisfies B > 1. Indeed, from the observations below (161) we see that
the number B in (165) satisfies B < v™2, as is required in Lemma 9.9. Furthermore, using
b6,¢,(T) = T~ VT > 1 (as noted in the proof of Lemma 9.8) and ety T e < 1, it follows
that B~! < dg¢, (v=7) 1277, so that we indeed obtain the error bound in the last line of (164).

It remains to consider the case when the number B in (165) is less than 1. Using d¢ ¢, (v2) >
v? it then follows that v is bounded below by some positive absolute constant. Hence, by (138)
in Lemma 9.2 and the I'* invariance of ©;0,, we have ‘Gf (u + v, 0; (502))99 (u + iv, 0; (goz)) ‘ <
Il fllizllgllLz for all we R, and so the left-hand side of (164) is < || fll12/lg/l125%,2,0(R).
Furthermore, from (162) together with UOQW flreos¢,rsing)d¢| < Sep0(f) - 1+7) 2 <
[fllLz - (1 +7)72 (cf. (135)) and the corresponding bound for g, it follows that |A;5h(0)] <

I £llzllglliz 2]l Finally, |fg. f(z)g(z) da [; hdu| < |[flli2llgllzSc.20(h). Hence, (164)
holds trivially in this case. O

With Proposition 9.10 established, the proof of Theorem 1.4 can now be completed by a
sequence of approximation steps.

Proof of Theorem 1.4. Let (a, ) € R? be given as in the statement of the theorem, and set
&, = (3). By (130) and Proposition 9.10, writing g; and gz in place of f and g, respectively,
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we have for any g1, ¢> € S(R?), h € C*(R) with Seo32(h) <oo,and T > 1

S % alr o - ) me-e) Ao

m1 EZQ szZQ
- / 91(@)g2() daz - F(0) + Mgy g (0) (166)
RQ

_1 1
+0(llg1llez,, g2z, So.s.2() re™* 6728 ),

where we use the short-hand notation ¢ := g ¢,(7'). Let us consider the contribution from all
terms with mo = m; in sum in the left-hand side. Set G := g1 9o € S(R?). Note that

_ _ Soo 1(G)
G(T 'z :/ G(T 'y dy+0<’3'), Yz € R2.
( ) o2 ( ) T(1+T_1Hw‘|)3

Adding this relation over all x =m; —&, (m; € Z?), and noticing > (147 '||m; —
&) < T2, we get

% > (9192)(T 7 (my — &) = /W 9192 dx + O(Soc,3.1(9192) T7").

m €Z?
We multiply this identity by ﬁ(O), and note that the error term is then subsumed by the

error term in (166), since Sx1(9102) < 3o Soc 5. (91)S00 3 1-m(92) < gtz llgall (.
(135)). Hence, subtracting the resulting identity from (166), we obtain

S Y e - &) w(rome - ) i(-1e(1)

m1€L? mycZ?
moF£m,

S 1
= 201,02h(0) + O(llgn Iz, N9allz,, Soc.s.2(k) we™ * 57275 ). (167)

Next, we take g1, g2 in (167) to be given by g;(z) := fj(x + T~'¢,) for some fi, fo € S(R?).
Recall that §, = (), and by assumption in Theorem 1.4 this vector lies in [-1, 1]%. Hence,

lgille,. < I fillLz,, and [|g; — fjllLe << Soc0,1(f;) T, for j = 1,2. Inspecting the definition
of Ay g in (162) it follows that

Agigs = M. fal K (S50,3,0(91) 550,01 (f2) + So0,0,1 (f1)S3.0(f2)) T~ / (L+7r)Prdr
0

< Iillea ol T

Hence,
> > f1<T-1m1>f2<T-1m2)ﬁ<—§Q(ﬁg))
m1 €22 myeZ?
mao#m,
= A71.120(0) + O (1, I f2llz,, Soo, 2 () ke ¥ 67977 ). (168)
Next, take h to be glven by h(u) = %@\(% ), where g is any function in C*(R) with S; 2 3(g) <
0. Then h\W)(u) = f mis)e(—gus)ds (j € {0,1,2}), and so, by integration by
parts, (mu)mhm = (dsm {g( ) —mis)’}) e(—ius)ds (j €{0,1,2}, m € {0,1,2,3}).

It follows from these 1dent1tles that Seo 3,.2(h) < S1.2,3(g). Furthermore, by Fourier inversion,
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g(s) :ﬁ(—%s). Let us also write f; ® fo for the function in S(R*) given by (1o )G =
fi(@1) f2(=2). Comparing (11) and (162) we then have Ay ;, = 2Af o5,. Comparing also with
(10), we obtain

Nag(f1 @ f2,0.T) = Apsor, 5(0) + O (Ifilliz,, I 2lus,, Sr.2(9) ke * 877 ). (169)

167 167

It will be useful to note the following consequence of (169).

LEMMA 9.11. For any [s;c|-Diophantine vector (a,f) € [~1,1]%, any gECl(R) with
S12,1(g) < 00, and any R > 1,

> 19(QUm))| < S12a(9)(1+ re ¥ dg, (R) 77 ) B2, (170)
meZ\ A
[mll<r

where the implied constant is absolute.

Proof. A standard construction shows that there exists a function g € C*°(R) satisfying
g > lg] and S123(9) < S1.21(g), with an absolute implied constant. Fix a choice of a non-
negative function f € C2°(R?) satisfying f(x) = 1 for all  with ||z|| < 1. Applying (169) with
T =R, fi = fo = f and g in place of g gives (cf. (10))

1

o 2 e R mIFQm)) < s + Suas@re o, (7)
meZ*\A

Using [|g]lp: < S12:3(9) < S1.2.1(9) and the fact that [f ® f](R~'m) > 1 whenever |m| < R,
we obtain (170). O

REMARK 13. By contrast, if («, ) is not Diophantine then the left-hand side of (170) may
grow more rapidly than R? as R — oo (cf. [24, Section 9]).

We now continue with the proof of Theorem 1.4. Take f € CL(R*) with support contained
in the unit ball centered at the origin. We wish to go from (169) to an asymptotic formula for
N, 5(f,9,T). Fix, once and for all, a function ¢ € C2°(R?) with support contained in the unit
ball centered at the origin and satisfying ng ¢(x)dx = 1. Then for an appropriate number
0 <n <1 (to be fixed below) we define ¢, € C°(R?) by ¢, (x) :== n~2¢(n~'x), and set

F=Fx(6,0,).

Note that for any =,y € R* with (¢, ® ¢,)(x —y) # 0 one has ||y — x| < V27 and thus
1/ (y) = f(®)] < Scc,0.1(f) - 5 hence

’f(ac) . f(m)‘ < Seoa(f) - m, Vo eRL (171)

Therefore, by (11) and using the fact that the supports of both f and f are contained in the
ball {||z| < 3},

‘)\f — >\f~| < Soo,O,l(f) e
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and also, by (10),

Na,ﬁ(fagvT)fNa,ﬁ(f,g,T) < 0001 77 Z

mGZ4\A
[m||<3T

< Soo,oﬁl(f)sl,gﬁl(g) (1 + HC_% 66,52 (T) %7”')77,

where the last bound follows from Lemma 9.11 and the fact that dg¢(T) is essentially a
decreasing function of 7', in the sense that

55_£(T/) < 25ﬁ~E(T) forany 0 < T < T’ (172)

(this follows from (6) and the fact that 1+11‘f 4 < 21+113i £ whenever 0 < z < y).

Next, using f:: f* (¢, ® ¢y)) we have
aﬁfga / fly Nag ¢ny1®¢ny2797 )dy,

where ¢, o() = ¢, (x — a) for x,a € R?, and as usual we writey = (J!) € R* with y,,y, € R?.
Hence, by (169),

Nas(f,9.T) = X75(0) + 0( /R NF @009, Iz, 90,0, Iz, S1.2.5(9) e 6 57 dy). (173)

Here, we have ¢, 5
the support of f,

L2 <o (14 [[b]))*n~ ! (Vb € R?); hence, using also the assumption about

L N R
Combining the above bounds, we obtain

INas(f,9,T) = Ap G(O)| < || fllroe S1.2,3(g) ke § 127 7y~ 336

+ Soo7o,1(f)51,2,3(g) (1 + 567% 1) ﬁ)n

< Soov()’l(f)SLQ’g(g)/{Ci% (5 ﬁﬁis?ﬁ + 77) .

Note also that Soc 0,1(f) < Z?Zl ||8xj f||LM, since we assume that the support of f is contained

in the unit ball. Choosing 1 = (3 9) mriz7e (this number satisfies 0 < 7 < 1, by an observation
which we made below (161)), we now obtain the bound in Theorem 1.4 with B =42799. O

9.5. Consequences of Theorem 1.4

Let us start by showing that the assumptions in Theorem 1.4 on f having a fixed compact
support and (a, ) satisfying |a|,|8| < 1, can both be weakened by simple a posteriori
arguments:

COROLLARY 9.12. Let B >0 be as in Theorem 1.4, and let ¢ > 0. Then for any [k;c]-
Diophantine vector & = (o, 8) € R?, any f € C'(R?) with So31c1(f) < 0o, any g € C*(R)
with S1 23(g9) < 00, and any T > max(1,¢||€]]),

Nas(fi9,T) = )\f/Rg(s) ds

1

e Soo,3+¢,1(f) S1,2,3(9)ke™ = (56,5(T)1/(B”> + H;H) (174)
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We stress that the implied constant in (174) depends only on e.

Proof. Let us first keep f as in Theorem 1.4, but allow £ = (a, 3) € R? to be outside [—1, 1]%.
Choose k € Z?, so that the vector (o, ') := € — k lies in [—1,1]?, and so that k = 0 if already
€ € [-1,1]%. Of course («/, ) is [k; c]-Diophantine just like &, and &g o/ g (T) = 86.¢(T) for
all T. Recall that the inhomogeneous form @ is defined by (9); let @ be the corresponding
form coming from (o, 8’), that is, Q'(x) = Q(x + (k,k)). Then

Nos(F0:T) =~ Noo(£,9.T) = g 32 (ST mot (. R) = (T m)) (@ (m).

meZ\A

Here,
(T (m+ (. K))) — F(T™ m|<<Z|\8I]fHLOOM. (175)

Furthermore, since f is supported in the unit ball, the d1fference in (175) vanishes whenever
lm| > T + \fHkH Hence, using Lomma 9.11 and 1+ ke~ = 565 (R) 2= < ke~ (the latter
holds because of (6), and since £ > 3 and 0 < ¢ < 271/2 < 1), we get

(T K\ |k
NaplF.T) ~ Nor .97 < 3 00 £ S1.an (e (T”') Ikl
=1

3

Note that ||k|| < [|€]|, and ||€]| < e~'T by assumption; thus (Tﬂk”) T‘ < @ Combining
the above with Theorem 1.4 applied to (o, 8'), we conclude that

4
e 30l Sttt (500 4 181

j=1

Naﬂ(fvg7T) - Af/Rg(S) ds

(176)

for all T > max(1,¢||&])).

We next wish to extend the bound to more general functions f, as in the statement of the
corollary. To achieve this, we will use the fact that both N, g(f,g,T) and A; transform in an
obvious manner under scaling of the function f. Indeed, introducing the scaling operator iz
(for any R > 0) acting on C.(R*) through [6rf](z) := f(Rz), we have by immediate inspection
n (10) and (11):

Na,ﬁ(éRf,g7T) = R_QNC!ﬁ(f7g7T/R) (T > O) (177)
and
Nonf = R2N;. (178)

Now let f € CH(R*) with Soo 31c.1(f) < oo be given. We will decompose f dyadically radially,
using a partition of unity Fix a C* function ¢ : R — [0, 1] satisfying ¢(r) =0 for r < 0.1
and ¢(r) =1 for r > 0.9, and then define the C*-functions ¢y, ®1,...: R = [0,1] through
wo(r) =1—(r—1) and

o(r—2771) if <27 .
(r) = , =1,2,3,..., 7 €R).
w3 (r) {1 —p(r—27) if r>2J Y " )

Then supp ¢y C (—00,2) and supp p; C (277,27 4+ 1) for all j > 1; furthermore

Z(p, =1 (YreR), and [¢)|lL> = |l¢'[lL= (1 =1,2,3,...).
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Then define f; € CL(R?) through f;(x) := ¢;(||z|)f(z). Then f(x)= >0 fi(x), and it
follows that

Nos(f:9.T)=> Nap(fi,g.T) and Ap =Y A (179)
7=0

j=1
(To prove the first relation one uses (10); the change of order of summation is justified
since we have absolute convergence; 37 ZmGZ‘l\A‘fJ (T~'m)g(Q(m))| < cc. This absolute

convergence follows from |[|fj|lL~ < Soo30(f)27% and the fact that the support of f; is
contained in the ball of radius 2/+! about the origin, combined with the bound

> gQm))| < S

mezZ*\A
lm|<S

for S large, which follows from (176) by the argument in the proof of Lemma 9.11. The
justification of the second relation in (179) is similar but easier.)
We also set

f]’ = 52j+1 f7
Then f; € CL(R*) and the support of E is contained in the unit ball centered at 0. Hence,
(176) applies to f;, yielding

NosFa.T) =g, [ atoas

4
<Y }
k=1

axkfjHLm S123(g)c > (56,(11,[1’)(T)1/(BK) + ”€T||>

(180)
for all T > max(1,¢||&]|). Here,
4 N o4 '
Z ‘ aﬂ:kfjHLoc - 2J+1 Z HakaJHLac < Soo,3+a,1(f) : 27(2+E)]' (181)
k=1 k=1

Indeed, for @ #0 we have |0,,¢;(|z|)|= |<p;(||m||)xk|/||:c|| < ¢ |lLee, while at =0
Oz, (||2|]) vanishes; hence

Z 102, fjll oo < sUD {If )|+ Z |00, f()] =z €RY, ||| € Suppcpj},

k=1

and (181) follows since |z|| € supp ¢, implies 1 + |lz|| < 2/. Combining (180) and (181) with
(177) and (178), we obtain

’Na,ﬁ(fjv%?_j_lT) -, [ oty

< 2780 54e1(f) S12,3(g)ke (56,(a,/5) (T)/(B*) 4 H;”) (182)

This holds for all 7' > max(1,¢||€||). We replace T by 21T in (182), use (172), and finally
add over all j, using (179). This gives (174). O

Finally, we give the proofs of Corollaries 1.5 and 1.6.

Proof of Corollary 1.5. Let x : R* — {0,1} be the characteristic function of the unit ball
and let x(qp) : R = {0,1} be the characteristic function of the interval (a,b). For n,n" >0
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(two constants which we will fix below) we choose f+ € C°(R*), sothat 0 < f- < x < fr <1
and f_(x) =1 whenever ||| <1—n and fi(x) =0 whenever ||x| > 1+ n, and we choose
g+ € CZ(R), so that 0 < g— < X(ap) <9+ <1 and g_(s) =1 whenever a+7' <s<b—17
and g4 (s) =0 whenever s <a—1n' or s 2 b+ 7. (Thus, if n > 1, we may take f_ =0 and if
n' > (b —a) we may take g_ = 0.) These functions can be chosen, so that Suo 41 (f+) < 7"

and S123(9+) < (1+|a| + |b|)2(b —a+ 77’72), so long as i, 7" < 1. By construction, we have
Na,ﬁ(ffvgfvT) < Na,ﬁ(aabaT) < Na,ﬁ(f+ag+7T)'

We also have |/\fi — )\X| < nand X\, = %2, thus Ay, = %2 + O(n). Hence, by Corollary 9.12,

[Nas(ab.T) = 5 (b a)
< (b= am+n 07 (14 lal + b (b= a0/ ) ke F 8y o, (1)

< (1+ |a| + [b])* ke (77 +n' + 77‘177’_256,<a,5)(T)l/(B“))- (183)
Choosing 1 = 7' = 8 (a,5)(T)/*5*), we obtain (14), with B’ = 4B. O

REMARK 14. Of course, the bound in (183) is often wasteful regarding the dependence on
a,b. However, recall that we have to keep 1,7’ < 1 in order for the first bound in (183) to be
valid, and our main aim in Corollary 1.5 was to give a reasonably simple statement of a general
bound with an absolute implied constant, and with a power rate decay with respect to T for
any fixed (a, 8) subject to a Diophantine condition.

Proof of Corollary 1.6. This can again be derived from Theorem 1.4 by an approximation
argument; however, it is easier to argue directly from (167), since there m; and my appear
shifted by &,, which is exactly what we need. Indeed, let x : R> — {0,1} be the characteristic
function of the open unit ball centered at the origin and let x(_;/2,_4/2) be the characteristic
function of the interval (—b/2, —a/2); then for g; = g2 = x and h= X(—b/2,—a/2), the left-hand
side of (167) is exactly equal to mRa[a, b](T?) (cf. (15)). Now the corollary follows by a similar
approximation argument as in the proof of Corollary 1.5. (]

Acknowledgement. We would like to thank Sanju Velani for helpful discussions regarding
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