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Abstract

Alexandrov spaces are complete length spaces with a lower curvature bound in the triangle
comparison sense. When they are equipped with an effective isometric action of a com-
pact Lie group with one-dimensional orbit space, they are said to be of cohomogeneity one.
Well-known examples include cohomogeneity-one Riemannian manifolds with a uniform
lower sectional curvature bound; such spaces are of interest in the context of non-negative
and positive sectional curvature. In the present article we classify closed, simply connected
cohomogeneity-one Alexandrov spaces in dimensions 5, 6 and 7. This yields, in combina-
tion with previous results for manifolds and Alexandrov spaces, a complete classification of
closed, simply connected cohomogeneity-one Alexandrov spaces in dimensions at most 7.
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1 Introduction

Alexandrov spaces (with curvature bounded from below) are complete length spaces
with a lower curvature bound in the triangle comparison sense; they generalize Rie-
mannian manifolds with a uniform lower sectional curvature bound. Instances of Alex-
androv spaces include Riemannian orbifolds (with a lower sectional curvature bound),
orbit spaces of isometric actions of compact Lie groups on Riemannian manifolds
with sectional curvature bounded below, or Gromov—Hausdorff limits of sequences
of n-dimensional Riemannian manifolds with a uniform lower bound on the sectional
curvature.

The classification of spaces with compact Lie group actions is a central problem in
the theory of transformation groups. In this context, a space with an effective action of
a compact Lie group is of cohomogeneity one if its orbit space is one-dimensional. In
the topological and smooth categories, the geometry and topology of cohomogeneity-
one manifolds have been studied extensively (see, for example, [16, 36] and references
therein) and closed, simply connected cohomogeneity-one manifolds of dimension at
most 7 have been classified (see [16, 22, 26-28, 30]).

Our main theorem is a complete equivariant classification of closed, simply con-
nected Alexandrov spaces of cohomogeneity one in dimensions 5, 6 and 7. In combina-
tion with classification results for Alexandrov spaces of cohomogeneity one in dimen-
sions 2, 3 and 4 (see [15]) and the manifold classification results cited above, our result
yields a complete equivariant classification of closed, simply connected cohomogeneity-
one Alexandrov spaces in dimensions at most 7.

Theorem A Let X be a closed, simply connected Alexandrov space of dimension 5, 6 or 7
with an (almost) effective cohomogeneity one isometric action of a compact connected Lie
group. If the action is not equivalent to a smooth action on a smooth manifold, then it is
given by one of the diagrams in Table 1 if dimX = 5, Table 2 if dim X = 6, or Tables 3, 4,
5,6, and 7 ifdimX = 7.

Let us discuss the context for Theorem A in more detail. In dimensions two and three,
the basic topological properties of Alexandrov spaces are fairly well-understood. Indeed,
two-dimensional Alexandrov spaces are topological two-manifolds, possibly with bound-
ary (see [8, Corollary 10.10.3]); closed (i.e., compact and without boundary) three-dimen-
sional Alexandrov spaces are either topological three-manifolds or are homeomorphic to

Table 1 Group diagrams in dimension 5

Diagram Space Orbifold
($* xS, I'x 7, T'xS",$3x27,) (S3/T) % S! Yes
(S xS, (T 5, e T, (Z, X DK, S X Zy,), $/z, Yes
K = {(eP?, &%}, g|(m, k), (p. k) = 1
(83 % 8%, N (8" x ST, Ns (ST x S1, 8% x S RP? % S$? Yes
(83 x S, N (S") x S, 8% x ST, 8% x S Susp (RP?) x S? Yes
(8% x §3, Ng: (') X Nga (1), Ngs (S1) x 83,83 x Nga (S1)) RP? + RP? Yes
(SUB), U(2),SU3), SUA3)) Susp (CP?) No
(Spin(5), Nspin(S)(Spin(AL)), Spin(5), Spin(5)) Susp (RP*) Yes
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Table 2 Group diagrams in dimension 6

Diagram Space Orbifold
(8% x S3, N (S") x 1, Ngs (S) x 83, 8% x 1) RP? + §? Yes
(87 X 83, Ny (8") X Z, N (S x 8", 8 x Z,) (RP* % S')-bundle over S Yes
($* xS}, Na(SH)x 1,83 x 1,8 x 1) Susp (RP?) x S? Yes
(8% x S3, N (S') x T, N (") x §3, 8% x IN) RP? % ($3/T) Yes
(83 x 8%, AS U (j, )AS', S X Ng (S1), AS®) RP? « §? Yes
(8% x $3, AS' U (j, HAST, T? U (j, HT?, AS?) (SO(5)/(SO(2)S03)))/Z,  Yes
(8% x $3, £AS" U (j, £)AS', T? U (j,)T?, +AS?) CP/7, Yes
(8% x $3, £AS' U (j, £/)AS', $3 X N (SY), £AS?) RP? % RP Yes
(8% x S, AS' U (7, )AS!, AS?, AS?) Susp (RP?) x S? Yes
(8* x 3, x S', N (SH) x 8!, 8% x §1) S?x (CP*/D;, ) Yes
(83 x $3,{(e?P4,€9) | 0 € R, A € Z,},T?, $* x SY) (CP?/Z,)-bundle over S? Yes
(P xS, xS, T'xS3, 88 xsh (S$3/T) * S? Yes
(83 x $3,£AS' U (j, £)AS', $% X N (S'), £AS?) RP? % RP? Yes
(8P x 83,2, x8",7, xS, 8 xS (83/2,) * S* Yes
(8% x $3, £AS", +AS?, $* x S') RP3 + S? Yes
(P xS, xS 8 xS, 8 xsh Susp (83 /T) x S? Yes
(83 x $3, {(e?94,€)}, 5% x S', 83 x S") (S$*/Z,)-bundle over S? Yes
(8% x $3, {(e94,€)},8" x 83,8 x S1) CP/Z, Yes
(S3x 83X S, N (S XS X Z,, N (SHx ST xS, 83 xS xZ,) (RP>+S')x$S? Yes
(SUB), S(U(2)Z,), U(2), SU3)) CP/7, Yes
(SUB), S(U(2)Z,), SU(3), SU3)) Susp(S°/Z,) Yes
(SU@B) x S, UQ) x Z,,U22) x S',SUQB) X Z,) CP? % S! No

(SP(2) X S", Ngyay (SP(DSP(1)) X Zy.. NgyoySP(DSP(1) X S, Sp2) X Z;)  RP*  S! Yes
(Spin(6), Nin(6)(Spin(5)), Spin(6), Spin(6)) Susp (RP%) Yes

quotients of smooth three-manifolds by orientation reversing involutions with isolated
fixed points, and closed four-dimensional Alexandrov spaces are locally homeomorphic to
orbifolds (see [14, Corollary 2.3]). In higher dimensions, however, similar general results
are lacking and considering spaces with large isometry groups provides a systematic way
of studying Alexandrov spaces. This yields manageable families of spaces with a reason-
ably simple structure but flexible enough to generate interesting examples on which to test
conjectures or carry out geometric constructions. This framework has been successfully
used in the smooth category to construct, for instance, Riemannian manifolds satisfying
given geometric conditions, such as positive Ricci or sectional curvature (see [10, 18-20]).

One of the measures for the size of an isometric action of a compact Lie group G on
an Alexandrov space X is its cohomogeneity, defined as the dimension of the orbit space
X/G. This quotient space, when equipped with the orbital distance metric, is itself an
Alexandrov space with the same lower curvature bound as X. From the point of view
of cohomogeneity, transitive actions are the largest one can have. These actions pre-
clude any topological or metric singularities: by the work of Berestovskii [5], homo-
geneous Alexandrov spaces are isometric to Riemannian manifolds. The next simplest
case to consider is when the orbit space is one-dimensional, i.e., when the action is of
cohomogeneity one. Alexandrov spaces of cohomogeneity one were first studied in [15],
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Table 3 Group diagrams for $3 x % in dimension 7

Diagram Space Orbifold
(P x$3,I'x7,,I'xS',$x27,) (($3/T) * S')-bundle Yes
over S?
($3%x8%,7,x1,8" x1,8?x 1) (CP*/Z,)x S? Yes
($*x $3,D; X 1Nag(S")x 1,83 x1) (CP/z,)x S Yes
(8 x 8" { (7T ) L@ x DKGL S X Z) (8°/2,)/2,Z, bundle  Yes
over S?
($*x 3. I'x1,I'x 83,83 x 1) §3 % (83/T) Yes
(38,7, x1,+A8%, 83 x 1) RP3 % §3 Yes
($®x$S,Ix1,83x1,8x1) Susp ($3/T) x §3 Yes
(3 xS, Tx AT xS 8 xA) (S3/T) % (S*/A) Yes
($3 x 3, +AA, +AS3, 53 x A) (RP3) % (S3/A) Yes
($?x §3,A7,,5" x Z,, AS?) - Yes
(83 x $3,AD}, ,(S' x DAD;, , AS®) - Yes
(83 x S?,AZ,, {(e"?, €19}, AS?) where k|(p — g) and if k is even p, — Yes
q are odd
(3 x 83, A7, {(e"?,e7)}, AS) where k|(p + g) and if kis even — — Yes
P, q are odd.
(83 x $3,AD}, |, {(e??,€10)} U {(je??, je'®)}, AS®) where m|(p — q) — Yes
and if m is even p, g are odd
(8% x 8%, AD},, {(e7?, e)} U {(je??, je710)}, AS®) where - Yes
k|(p + ¢) and if k is even p, g are odd
(83 x §?,+AZ,,S' X Z,, +AS?) - Yes
(87 x $3,£AD; ,(S' X 1)AD; , +AS?) - Yes
(8% x $3, £AZ,, {(e??, £1°)}, £AS?) - Yes
(83 x 83, £AZ,, {(e"?, e7119)}, £ AS?) - Yes
(8* X §%, £AD},, {(€79,€10)} U { (e, jel?)}, £AS?) - Yes
(8% X 8%, £AD;,, {(€7?,e710)} U {(je'??, je7i9)}, £AS?) - Yes
(83 x 83, AT, 83 x T, AS?) s7/r Yes
(8% x $3, AT, AS?, AS?) Susp ($3/T) x S? Yes
(83 X 8%, £0Z,;, £A;5%, +AS?) - Yes
(87 x 83, £AD},, £4,5%, £AS?) - Yes
($° x $3,+AD},, +A,5%, £AS?) - Yes

where the authors obtained a structure result and classified these spaces (up to equivari-
ant homeomorphism) in dimensions 4 and below. Simple instances of these spaces are,
for example, spherical suspensions of homogeneous spaces X with sectional curvature
bounded below by 1, equipped with the canonical suspension action of the transitive
action on X.

It was shown in [15, Proposition 5] that the orbit space of an isometric cohomogene-
ity one G-action on a closed, simply connected Alexandrov space X is homeomorphic to
a closed interval [—1, 1] and there exist compact Lie subgroups H and K* of G such that
H C K* C G and K*/H are positively curved homogeneous spaces. The group H is the
principal isotropy group of the action, and the groups K* are isotropy groups of points in
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Table 4 Group diagrams for 3 x $3 x S'and % x §® x S3 in dimension 7

Diagram Space Orbifold
($3xS3xSL,NESHYXZ,,NSHXT!, S x Z2,) (RP? % S')yx S? Yes
(3 X 83X S, Ny (ASHZ,, T? U (j,, 1)T?, AS3Z,) B'/Z, Yes
(P xS xS, IxS'xZ, ,T'xT? S xS xZ) (S3/T % S') x §? Yes
(83 x $3 x $3, N (") x T2, N (S') x $3 x §1, 8% x T?) (RP? % $?) x S? Yes
(3 XS X S N (SHXT?, 3 x T2, 8 x T?) Susp (RP?) x (S2 x $?)  Yes
(83 % 3 X $3, N3 (1) X N3 ($') x ST, N3 ($") x 8% x 81, 5% x Nz (S") x S") (RP?  RP?) x S? Yes

the orbits corresponding to the boundary points +1 of the orbit space. The groups K* are
called non-principal isotropy groups, and the orbits G/K* are called non-principal orbits.
We collect these groups in the quadruple (G, H,K~,K"), called the group diagram of the
action. The space X is the union of two bundles whose fibers are cones over the positively
curved homogeneous spaces K*/H. Conversely, any diagram (G, H, K~,K*), with K*/H
positively curved homogeneous spaces, gives rise to a cohomogeneity one Alexandrov
space. In the present article we complete the classification of these spaces in dimensions
5, 6 and 7 (assuming simply connectedness) and identify which of these spaces are smooth
orbifolds.

Closed, smooth manifolds of cohomogeneity one have been classified by Mostert [26,
27] and Neumann [28] in dimensions 2 and 3, and by Parker [30] in dimension 4, without
assuming any restrictions on the fundamental group. In dimensions 5, 6 and 7, Hoelscher
[22] obtained the equivariant classification of closed smooth cohomogeneity one mani-
folds assuming simply connectedness. It is well-known that these manifolds admit invari-
ant Riemannian metrics and are therefore Alexandrov spaces of cohomogeneity one. In
the topological category, the corresponding classification results in dimensions at most 7
follow from combining the smooth classification with the classification of closed, simply
connected cohomogeneity one topological manifolds with a non-smooth cohomogeneity
one action in dimensions at most 7, obtained in [16]. It was also shown in [16] that closed,
simply connected cohomogeneity one topological manifolds decompose as double cone
bundles whose fibers are cones over spheres or the Poincaré homology sphere, and hence
they admit invariant Alexandrov metrics. Our main result completes the equivariant clas-
sification of closed, simply connected Alexandrov spaces in dimensions 5, 6 and 7. Along
the way, we obtain topological characterizations for most of the spaces in the classification.

We point out that the diagrams (G, H,K~,K") in Tables 1, 2, 3, 4, 5, 6, and 7 contain,
as particular cases, the diagrams of non-smoothable cohomogeneity one actions on closed,
simply connected topological manifolds in [16]; in this special situation the positively curved
homogeneous spaces K*/H are either spheres or the Poincaré homology sphere. Compared to
the smooth and topological cases, the number of closed, simply connected cohomogeneity one
Alexandrov spaces that are not manifolds increases substantially, due to the fact that at least
one of the positively curved homogeneous spaces K*/H is no longer a sphere or the Poincaré
homology sphere. In many cases, we can identify the spaces in Theorem A as joins, suspen-
sions, products or bundles of familiar spaces. Moreover, many of the spaces in Theorem A
are equivariantly homeomorphic to smooth cohomogeneity one orbifolds. Indeed, they admit
a double cone bundle decomposition, where the cones are taken over spherical homogene-
ous spaces; this structure characterizes closed, smooth orbifolds of cohomogeneity one whose
orbit space is a closed interval (see [17]).
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Table 5 Group diagrams for SU(3) and SU(3) x §',i = 1, 3, in dimension 7

Diagram Space Orbifold
(SU(3), T2,SU(3), SU(3)) Susp (W%) No
(SU3),T?Z,,SU(3),SU(Q3)) Susp (W®/Z,) No
(SU@3), T2, U(2), SU(3)) - No
(SU@),T°7Z,,U(2),SU3)) - No
(SU@®), T?Z,,U(2),U(2)) Susp g[RPz)-bundle over Yes
CP
(SUB) x 1, 8(U()Z,) x Z,,5(U()Z,) x S',SU> x Z,) (S°/z) * S! Yes
(SU3) x 83, U(2) x S',SU3) x §',SUB) x S") Susp (CP?) x S? No
(SUB) x 83, U(2) x §1,SU3) x §',U(2) x $%) CP? % §? No
(SUB) X $2,U(2) X Ng:(SY), SUB) X Ng: (S1), U(2) x 5%) CP? + RP? No
(SUB) x $3,U(2) X Ng:(S"), U(2) x 3, U(2) x $%) Susp (RP?) x CP? Yes

Table 6 Group diagrams for Sp(2) and Sp(2) x S° in dimension 7

Diagram Space Orbifold
(Sp(2), Sp(1)SO(2), Sp(2), Sp(2)) Susp (CP?) No
(Sp(2), Sp(1)SO(2)Z,, Sp(2), Sp(2)) Susp (CP3/Z,) No
(Sp(2), Sp(1)SO(2), Sp(1)Sp(1), Sp(2)) - No
(Sp(2), Sp(1)SO(2)Z,, Sp(1)Sp(1), Sp(2)) - No
(Sp(2), Sp(1)SO(2)Z,, Sp(1)Sp(1), Sp(1)Sp(1)) Susp (RP?)-bundle Yes
over S*
(Sp(2) x 83, Sp(1)Sp(1) X N (S1), Sp(1)Sp(1) x 3, Sp(1)Sp(1) X S3) Susp (RP?) x S* Yes
(Sp(2) x 53, Sp(1)Sp(1) X Ns (S1), Sp(1)Sp(1) X §2, Sp(2) X Ngs(S1)) S* % RP2 Yes
(Sp(2) x $3, Sp(1)Sp(1)Z,, x ', Sp(1)Sp(1)Z, x 3, Sp(2) x S1) S? % RP* Yes
(Sp(2) x 83, Sp(1)Sp(1)Z, X Ngs(S1), Sp(1)Sp(1)Z, X §2,Sp(2) X N (S1))  RP* x RP? Yes
(Sp(2) x 83, Sp(1)Sp(1)Z, x S', Sp(2) x S', Sp(2) x 1) Susp (RP*) x S? Yes

Table 7 Group diagrams for G,, SU(4), SU(4) X § and Spin(7) in dimension 7

Diagram Space Orbifold
(Gy.Ng,(SUB3)), Gy, G,) Susp (RPS) Yes
(SU@),U(3),SU4),SU4)) Susp (CP3) No
(SU@) x S, Sp(2)Z, X Z,,Sp(2)Z, x S',SU#) X Z,) RP x S! Yes
(Spin(7), Nyin(7) (Spin(6)), Spin(7), Spin(7)) Susp (RP®) Yes

As in the smooth and topological cases, the proof of Theorem A follows from a case-by-
case analysis of the possible group actions. Using dimension restrictions, one first determines
the possible groups that can act. One then considers each group action individually, taking into
account the fact that the groups must satisfy restrictions imposed by the fact that the homoge-
neous spaces K* /H are positively curved. In this way, one obtains all the possible diagrams
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(G,H,K,K"), which determine the equivariant type of the Alexandrov space. Recognition
results for specific types of actions help us identify the topological type of the space.

Our article is divided as follows. In Sect. 2 we collect background material on cohomoge-
neity one Alexandrov spaces and prove some results we will use in the proof of Theorem A.
The proof of this theorem is contained in Sect. 3.

2 Preliminaries

In this section, we collect some background material which we will use in the proof of
Theorem A.

2.1 Group actions

Let X be a topological space, and let x be a point in X. Given a topological (left) action
G XX — X of a Lie group G, we let G(x) = {gx | g € G} be the orbit of x under the
action of G. The isotropy group of x is the subgroup G, = { g € G | gx = x }. Observe that
G(x) ~ G/G,, where the symbol “~” denotes homeomorphism between topological spaces.
We will denote the orbit space of the action by X/G, and let # : X — X /G be the orbit projec-
tion map. The (ineffective) kernel of the action is the subgroup K = (1) .y G,. The action is
effective if K is the trivial subgroup {e} of G; the action is almost effective if K is finite.

We will say that two G-spaces are equivalent if they are equivariantly homeomorphic.
From now on, we will suppose that G is compact and connected, and assume that the reader
is familiar with the basic notions of compact transformation groups (see, for example, Bredon
[7]). We will assume all spaces to be connected, unless stated otherwise. We will denote the
identity component of a Lie group H by H,,.

2.2 Alexandrov spaces

A finite (Hausdorff)-dimensional length space (X, d) has curvature bounded below by %,
denoted by curv (X) > k, if every point x € X has a neighborhood U such that, for any collec-
tion of four different points (x,, x,, x,, x3) in U, the following condition holds:

LyX1 XgXy + LpXo XXy + L X3 XX, < 27

Here, £,x,xyx;, called the comparison angle, is the angle at xy(k) in the geodesic triangle in
M]f, the simply connected Riemannian 2-manifold with constant curvature k, with vertices
(xo(k),xi(k),xj(k)), which are the isometric images of (xo,xi,xj). An Alexandrov space is a
complete length space with finite Hausdorff dimension and curvature bounded below by k
for some k € R. Recall that the Hausdorff dimension of an Alexandrov space is an integer
and is equal to its topological dimension. The space of directions of a general Alexan-
drov space X" of dimension n at a point x is, by definition, the completion of the space of
geodesic directions at x. We will denote it by X, X". It is a compact Alexandrov space of
dimension n — 1 with curvature bounded below by 1. We refer the reader to [8, 9] for the
basic results on Alexandrov geometry. We will say that an Alexandrov space is closed if it
is compact and has no boundary.
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We now recall the definitions of a spherical suspension and of a spherical join (cf. [9,
Sections 4.3.1 and 4.4.4]). These spaces will play an important role in the homeomorphism
classification.

Definition 2.1 Let (X, dy) be an Alexandrov space with curv (X) > 1. The (fopological)
suspension of X is the space

Susp (X) = (X X [0, 7])/ ~,

where (x;,0) ~ (x,,0) and (x|, 7) ~ (x,, x) for all x;,x, € X. We endow Susp (X) with a
metric given by

cos(d([x,, 1], [x,,1,])) = cost, cost, + sint, sint, cos dy(x;, x,).

With this metric, (Susp (X),d) is an Alexandrov space with curv > 1 and is called the
spherical suspension of (X, d).

Definition 2.2 Let (X, dy), (Y,dy) be two Alexandrov spaces with curvature bounded
below by 1. The (topological) join of X and Y is the space

X*Y=XXYXI[0,7/2])/ ~,

where (x;,y;,t) ~ (X,,¥,,1,), if and only if 1, =¢, =0 and x, =x, or ¢, =¢t, = /2 and
¥y =¥,. We endow X * Y with a metric defined by

cos(d([xy, ¥, 1], [X9, Yo, 1,]1)) = cost; cost, cosdy(x;,x,) + sint, sint, cos dy(y,, y,).

Note that, since X and Y have curvature bounded below by 1, their diameter is bounded
above by 7 (see [8, Theorem 10.4.1]). Hence the metric on X * Y given by the preceding
equation is well defined. The space (X = Y, d) is the spherical join of (X,dy) and (X, dy)
and is an Alexandrov space with curv > 1.

2.3 Group actions on Alexandrov spaces

Let X be an n-dimensional Alexandrov space. Fukaya and Yamaguchi proved in [12, Theo-
rem 1.1] that Isom (X), the isometry group of X, is a Lie group. Moreover, Isom (X) is com-
pact, if X is compact and connected (see [31, p. 370, Satz I] or [24, Corollary 4.10 and its
proof in pp. 46-50]). As in the Riemannian case, the maximal dimension of Isom (X) is
n(n + 1)/2 and, if equality holds, X must be isometric to a Riemannian manifold (see [13,
Theorems 3.1 and 4.1]).

As for locally smooth actions (see [7, Ch. IV, Section 3]), for an isometric action of a
compact Lie group G on an Alexandrov space X there also exists a maximal orbit type G/H
(see [13, Theorem 2.2]). This orbit type is the principal orbit type, and orbits of this type
are called principal orbits. A non-principal orbit is exceptional if it has the same dimen-
sion as a principal orbit.

The structure of the space of directions in the presence of an isometric action is given
by the following proposition.
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Proposition 2.3 ([15, Proposition 4]) Let X be an Alexandrov space with an isometric
G-action and fix x € Xwith dim(G/G,) > 0. Let S, C X, X be the unit tangent space to the
orbit G(x) ~ G/G,, and let Si ={veXX:zZv,w)=xn/2 forallw € S,} be the set of
normal directions to S,. Then the following hold:

(1) The set Si is a compact, totally geodesic Alexandrov subspace of . X with curvature
bounded below by 1, and the space of directions . X is isometric to the join S, * Si
with the standard join metric.

(2) Either Sj is connected or it contains exactly two points at distance 7.

2.4 Alexandrov spaces of cohomogeneity one

In this subsection we collect basic facts on cohomogeneity one Alexandrov spaces and
prove some preliminary results that we will use in the proof of Theorem A. For cohomo-
geneity one actions on smooth or topological manifolds, we refer the reader to [16, 22],
respectively.

Definition 2.4 Let X be a connected n-dimensional Alexandrov space with an isometric
action of a compact connected Lie group G. The action is of cohomogeneity one if the orbit
space is one-dimensional or, equivalently, if there exists an orbit of dimension n — 1. A
connected Alexandrov space with an isometric action of cohomogeneity one is a cohomo-
geneity one Alexandrov space.

Cohomogeneity one Alexandrov spaces were first studied in [15]. Recall that the orbit
space X/G of an Alexandrov space X by an isometric action of a group G with closed orbits
is again an Alexandrov space (see [8, Proposition 10.2.4]). Since one-dimensional Alexan-
drov spaces are topological manifolds, the orbit space of a cohomogeneity one Alexandrov
space is homeomorphic to a connected 1-manifold (possibly with boundary). When the
orbit space is homeomorphic to [—1, 1], we denote the isotropy groups corresponding to
a point in the orbit mapped to +£1 by K*. By the Isotropy lemma (see [13, Lemma 2.1])
and the fact that principal orbits are open and dense, the orbits that project to the interior
(=1, 1) of the orbit space all have the same isotropy group H (up to conjugacy) and H is
a subgroup of K*. The subgroup H is the principal isotropy group of the action, and the
corresponding orbits are the principal orbits. Let us now show that H is a proper subgroup
of K*. It suffices to show that if dim K* = dim H, then K* # H. Observe first that, in this
case, S+ = S with a transitive action of K* with isotropy H. Hence K=/H = S, which
shows that K* # H. We call the orbits mapped to +1 non-principal orbits.

Let X be a closed cohomogeneity one Alexandrov G-space. Since the orbit space X/G
must be a compact one-manifold, it must be either a circle or a closed interval. When X/G
is a circle, X is equivariantly homeomorphic to a fiber bundle over S! with fiber a principal
orbit G/H. In particular, X is a smooth manifold (see [15, Theorem A]). Since we are inter-
ested in non-manifold Alexandrov spaces, we will focus our attention on the case where
X/G is a compact interval.

A cohomogeneity one G-action on a closed Alexandrov space whose orbit space is an
interval determines a group diagram

(G,H,K™,K"),
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where K* are isotropy subgroups at the non-principal orbits corresponding to the endpoints
of the interval, and H is the principal isotropy group of the action. The following theorem
determines the structure of closed cohomogeneity-one Alexandrov spaces with orbit space
an interval.

Theorem 2.5 ([15, Theorem A)) Let X be a closed Alexandrov space with an effective
isometric G-action of cohomogeneity one with principal isotropy H and orbit space home-
omorphic to [—1,1]. Then X is the union of two fiber bundles over the two singular orbits
whose fibers are cones over positively curved homogeneous spaces, that is,

X =G xg CK/H) | ] G xg. C(K*/H).
G/H

The group diagram of the action is given by (G,H,K™,K"), where K* /H are positively
curved homogeneous spaces. Conversely, a group diagram (G,H,K~,K%), where K*/H
are positively curved homogeneous spaces, determines a cohomogeneity one Alexandrov
space.

We will use the following proposition to identify equivalent actions.

Proposition 2.6 ([15, Proposition 9]) If a cohomogeneity one Alexandrov space is given
by a group diagram (G,H,K~,K"), then any of the following operations on the group dia-
gram will result in an equivalent Alexandrov space:

(1) Switching K~ and K,
(2) Conjugating each group in the diagram by the same element of G,
(3) Replacing K~ with gk~ g~ for g € N(H),, the identity component of N(H).

Conversely, the group diagrams for two equivalent cohomogeneity one, closed Alexandrov
space must be mapped to each other by some combination of these three operations.

Let G be a compact connected Lie group acting on a closed Alexandrov space X with
cohomogeneity one, and let 7 : X - X/G = [0, 1] be the projection map. A minimizing
geodesic y : [0,d] — X between non-principal orbits has the following properties (see [13,
Lemma 2.1]):

e it goes through all principal orbits,
e forallz € (0,d), H= G, C Gq) G ) and
e the direction of y is horizontal.

We set K~ = G, and K* = G,,. We call such a geodesic a normal geodesic (cf. [1,
Section 4]).

Definition 2.7 We say that the cohomogeneity one Alexandrov space X is non-primitive
if it has some group diagram representation (G, H, K, K*) for which there is a proper con-
nected closed subgroup L C G with K* C L. It then follows that (L, H, K~,K™") is a group
diagram which determines some cohomogeneity one Alexandrov space Y.
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Proposition 2.8 ([15, p. 96]) Take a non-primitive cohomogeneity one Alexandrov space
X with L and Y as in Definition 2.7. Then Xis equivalent to (G X Y)/L, where Lacts on
GxYbyl-(g,y)= (g™, ly). Hence, there is a fiber bundle

Y ->X-G/L

Definition 2.9 A cohomogeneity one action of a compact Lie group G on an Alexandrov
space X is called reducible if there is a proper closed normal subgroup of G that acts on X
with the same orbits.

We now recall the following results which describe the reduction or extension of certain
cohomogeneity one actions (cf. [22, Section 1.11] and [15, Section 2]).

Proposition 2.10 ([15, Proposition 11]) Let X be the cohomogeneity one Alexandrov
space given by the group diagram (G,H,K~,K") and suppose that G = G, X G, with
Proj,(H) = G,. Then the subaction of G, X1 on X is also of cohomogeneity one, has
the same orbits as the action of G, and has isotropy groups K]ir =K*n(G, x1) and
H, =Hn (G, x1).

For the next proposition we will need the concept of a normal extension, which we now
recall.

Definition 2.11 Let X be a cohomogeneity one Alexandrov space with group diagram
(G,,H,,K~,K"), and let L be a compact, connected subgroup of N(H;) N N(K™) n N(K*).
Observe that the subgroup LN H, is normal in L and define G, :=L/(Ln H;). We can
then define an action of G; X G, on X orbitwise by letting

&) - 81(G)), = glgll_l(Gl)x

on each orbit G, /(G)), for (G,), = H, or K*. Such an extension is called a normal exten-
sion of G,.

Proposition 2.12 ([15, Proposition 12]) A normal extension of G, describes a cohomoge-
neity one action of G := G, X G, on X with the same orbits as G,and with group diagram

(G, X G,,(H, X DAL, (K~ x DAL, (K* X 1)AL),

where AL = {(I,[l]) : [ € L}.

Proposition 2.13 ([15, Proposition 13]) For X as in Proposition 2.10, the action by
G = G, X G, occurs as the normal extension of the reduced action of G, X 1 on X.

Recall that every compact Lie group has a finite cover of the form G| X --- X G; X T",
where the G; are simple Lie groups. Therefore, every cohomogeneity one action can
be written as an action of G = G| X --- X G; X T" if one allows for a finite ineffective
kernel. In this case, as pointed out in [22, Section 1.11] in the manifold case, the action
is reducible if and only if the principal isotropy group H projects onto some factor of
G. Propositions 2.10, 2.12 and 2.13 show that the classification of cohomogeneity one
Alexandrov spaces can be reduced to the classification of those with non-reducible
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actions. Thus we will assume from now on that all our cohomogeneity one actions are
non-reducible.

2.5 Further tools

The following proposition, whose proof is as in [22, Proposition 1.25], yields bounds on
the dimension of a Lie group acting by cohomogeneity one in terms of the dimension of
a principal isotropy subgroup.

Proposition 2.14 Let X be a closed Alexandrov space of cohomogeneity one with group
diagram (G,H,K~,K"). Suppose that G acts non-reducibly on X and that G is the product

of groups
G = SU@4)' x (G,) x Sp(2)* x SUB)’ x (8*)™ x (S')".
Then
dim(H) < 10i + 8j + 6k + 41 + m.

We now state some useful results on the fundamental group of cohomogeneity one
Alexandrov spaces. Their proofs follow as in the manifold case (see [22, Section 1.6]
and [16, Section 4]).

Proposition 2.15 (Corollary to the van Kampen Theorem [22, Proposition 1.8])
Let X be the closed cohomogeneity one Alexandrov space given by the group diagram
(G,H,K~,K*) with dim(K* /H) > 1. Then

7,(X) 2 7, (G/H)/N"N*,
where
* =ker{r,(G/H) - #,(G/K*)} = Im{z(K*/H) — =,(G/H)}.

Corollary 2.16 ([16, Corollary 4.4]) Let X be the closed simply connected cohomogene-
ity one Alexandrov space given by the group diagram (G, H,K~,K"), with dim(K*/H) > 1
,and K~ /H = S!, for | > 2. Then G/K* is simply connected and, if G is connected, then K*
is also connected.

Lemma 2.17 ([22, Lemma 1.10]) Let X be the closed cohomogeneity one Alexandrov
space given by the group diagram (G,H,K~,K%), and let K(;—'and H, be the identity compo-
nents of K*and H, respectively. Denote H* = H N K(f, and let af_r :[0,1] = Ka—' be curves
that generate nr\(K*/H), with &' (0) = 1 € G. The space Xis simply connected if and only if

(1) His generated as a subgroup by H-and H*, and
(2) o' and a, generate n\(G/Hy).

We will use the following results on transitive actions.
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Lemma 2.18 (cf. [16, Lemma 4.11]) Let G, be a compact, connected, simply connected,
simple Lie group of dimension n. Assume that G is, up to a finite cover, the only Lie group
that acts transitively and (almost) effectively on a manifold M with isotropy group H. Let
G, be a compact, connected Lie group of dimension at most n — 1. If G, X G, acts transi-
tively on M, then the following hold:

(1) The G, factor acts trivially on M and
(2) The isotropy group K of the (G, X G,)-action is H X G,.

Proof Let L C G, X G, be the kernel of the action of G; X G, on M. Then (G, X G,)/L is
isomorphic to G,. Hence, dim G, = dim L. Since L is a normal and connected subgroup
of G| X G,, Proj (L) is a normal connected subgroup of G,. Thus Proj (L) is trivial, since
dimG, <n—1. Asaresult, L=1XG,and K = H X G,. a

Proposition 2.19 ([29, Ch. 1, §5 Proposition 7]) Let a Lie group G act transitively on a
manifold M. Then Gacts transitively on any connected component of M. In particular, if
Mis connected, then G acts transitively on M, and G = G,G,, for all x € M.

The following two results give restrictions on the groups that may act by cohomogene-
ity one on a closed Alexandrov space. The next proposition can be found in [22, Proposi-
tion 1.19] for smooth actions. It was proven in [16] in the slightly more general case of
topological actions on topological manifolds. The proof for Alexandrov spaces follows as
in the topological case [16, Proposition 4.7], taking into account that, by the principal orbit
theorem for Alexandrov spaces [13, Theorem 2.2], all principal isotropy groups are conju-
gate to each other and conjugate to a subgroup of non-principal isotropy groups.

Proposition 2.20 (cf. [16, Proposition 4.7]) If a compact connected Lie group G acts
(almost) effectively on an Alexandrov space with principal orbits of dimension k, then
k<dimG < k(k+1)/2.

An argument as in the proof of [22, Proposition 1.18] yields the following lemma:

Lemma 2.21 Ler X be a closed, simply connected Alexandrov space with an (almost)
effective cohomogeneity one action of a compact Lie group G. Suppose that the following
conditions hold:

e G=G;xXT"andG, is semisimple;
e G acts non-reducibly;
® at least one of the homogeneous spaces K* /H is other than standard spheres.

Then, G, # 1 and m < 1. Moreover, if m = 1, then one of the homogeneous spaces K* /H,

say K~ /H, is a circle and K; = H,, - S~, where S~ is a circle group with Proj,(57) = T!
and Ky C G, x 1.
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2.6 Special actions and recognition results

In this subsection we list some special types of cohomogeneity one actions and prove some
recognition results that will allow us to identify such actions (cf. [22, 1.21]).

Definition 2.22 (Product action) Let G, and G, be Lie groups such that G, acts on an
Alexandrov space X with cohomogeneity one and G, acts on a homogeneous space G, /L
transitively. We call the natural action of G, X G, on X X G, /L given by

(81,82 - (x, gL) = (g1 x, g,8L)

the product action of G| X G,.

Proposition 2.23 Suppose that G, acts on an Alexandrov space X with cohomogeneity
one and with group diagram (G,,H,K~,K"), and G, acts transitively on the homogeneous
space G, /L. Then the product action of G; X G,on X X G, /L is of cohomogeneity one with
group diagram

(G, X Gy, HXL,K~ XL, K* X L). 2.1

Conversely, a cohomogeneity one action of G; X G, with the above group diagram, and
G, /K* positively curved homogeneous spaces, is equivalent to a product action of G, X G,
on X X G, /L, where Xis the cohomogeneity one Alexandrov space determined by the dia-
gram (G,,H,K~,K").

Proof 1t is clear that the product action of G; X G, on X X G, /L is of cohomogeneity one.
Now we prove that its group diagram is as in (2.1). Let y be a normal geodesic between the
non-principal orbits G, /K* in X giving the group diagram (G,,H,K~,K™"). If we fix a G,
-invariant metric on G, /L, then, in the product metric on X X G, /L, the curve 7 = (y, 1) is
a shortest geodesic between non-principal orbits. The resulting diagram is

(G, X Gy, HX L, K~ XL, K* X L),

as claimed. The converse follows from Proposition 2.6. a

Definition 2.24 (Join action) Let G, and G, be two Lie groups which act on Alexandrov
spaces X, and X,, respectively. The action of G, X G, on X, * X, is called join action, if
G, X G, acts on X, * X, naturally, i.e.

(81,82 - [(x,y, D] = [(g1x, 8y, D].

Proposition 2.25 If rwo Lie groups G,and G, act transitively on positively curved homo-
geneous spaces M, and M, with isotropy groups H, and H,, respectively, then the join
action of G = G| X G, on M, * M, is of cohomogeneity one with the following diagram:

(G, xGy,H XH,,G, X Hy, H X G,).

Conversely, a cohomogeneity one action of G; X G, with the above group diagram, and
G,/H, positively curved homogeneous spaces, fori = 1,2, is equivalent to the join action of
Gon(G,/H)) * (G,/H,).

Proof Let x € M,and y € M, be such that H, = (G,), and H, = (G,),. The curve
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7y 1 [0,7/2] = X, * X,
te [x,y,1]

is a shortest geodesic between [x, y, 0] and [x, y, 7 /2] which goes through all orbits. Fur-
thermore, G, = H; X Gy, G,(;/2y = G| X H,, and t € (0,7/2), G, = H; X H,. There-
fore, the action is of cohomogeneity one with the given diagram. By Proposition 2.6, the
converse is immediate. O

Definition 2.26 (Suspension action) Let G be a Lie group which acts on an Alexandrov
space X. The action of G on Susp (X) is called suspension action, if G acts on Susp (X) as
follows:

g [(x, 0] = [(gx,D)].

Proposition 2.27 Let G act transitively on a positively curved homogeneous space M
with isotropy group H. Then the suspension action of G on Susp (M) is of cohomogene-
ity one with diagram (G, H, G, G). Conversely, a cohomogeneity one action of G with the
above group diagram, and G/H a positively curved homogeneous space, is equivalent to
the suspension action of G on Susp (G/H).

Proof Let x € M be such that H = G,. The curve

y : [0,z] = Susp (M)
t— [x,1]

is a shortest geodesic between [x, 0] and [x, z] which goes through all orbits. Furthermore,
Gy(o) =G, Gy(ﬂ) =G, and fort € (0, ), Gy(,) = H. Therefore, the action is of cohomogene-
ity one with given diagram. By Proposition 2.6, the inverse is clear. a

Proposition 2.28 (Spin action) Let G be a compact, simply connected Lie group
which acts almost effectively and by cohomogeneity one on a closed, simply connected
Alexandrov space X" with group diagram (G,H,K~,K"). If X" is not a manifold and
dim G = n(n — 1)/2, then G is isomorphic to Spin(n) and the action is equivalent to the
cohomogeneity one action of Spin(n) on Susp (RP""1), which is the suspension of the tran-
sitive action of Spin(n) on RP"\.

Proof The proof of this proposition is analogous to Hoelscher’s proof in [22, Propo-
sition 1.20] for the manifold case, with slight changes. Namely, since in our case K< is
not a sphere, H, # H. As the only proper subgroup of Spin(n) containing Spin(n — 1) is
Ngpin(ny(Spin(n — 1)), we have H = N,y (Spin(n — 1)) and K*/H = RP" ., a

2.7 Transitive actions on spheres

We conclude this section by recalling the well-known classification of almost effective
transitive actions on spheres (see [3] and the references therein). We will use this classifi-
cation throughout our work. First, we briefly explain the notation used for the representa-
tions appearing in the classification.

The symbols p,, u, and v, denote, respectively, the standard representations of SO(n)
in R", of SU(n) or U(n) in C", and of Sp(n) in H". If 7 = u, or x = v,, we denote by x the
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underlying real representation on C" ~ R?* or H" ~ R*", respectively, where we consider
C" ~ R? or H" ~ R*" as real vector spaces. Moreover, if L* denotes the adjoint of a linear
map L between vector spaces, then we define 7*(g) := (z(g™"))*. Finally, ¢, stands for the
standard representation of G, in SO(7) and A, is the spin representation (see, for example,
[25, Section 3.7.5]).

Theorem 2.29 ([3, Section 2.1]) Suppose that a compact, connected Lie group G acts
almost effectively and transitively on the sphere S™™'(n > 2). Then the G-action on S" ' is
equivalent to the following linear action of G on S"~' via the representation1 : G — SO(n)
with an isotropy subgroup H.

(i) Ifnisodd, then Gis simple and (G,n, 1, H) are
(SO(m), n, p,,, SO(n — 1)), (2.2)

(G, 7. ¢,,SUQG)). (2.3)

(ii) Ifn is even, then G contains a simple normal subgroup G’ such that the restricted G’
-action on S" ' is transitive and G /G'is of rank at most 1, and (G, n, 1, H) is

(SO(m), n, p,,SO(n — 1)), (n#4), (2.4)
(Spin(7),8, A7, Gy), (2.5)

(U(k), 2k, (g, Utk — 1)), (2.6)

(Sp(k), 4k, (vi)r. Sp(k — 1)), 2.7

(Sp(k) X S', 4k, (v ® 1} )g. Sptk — 1) x S1), 2.8)
(Sp(k) x 8%, 4k, (v ® Vi), Sp(k — 1) X §%), (2.9)
(Spin(9), 16, Ay, Spin(7)), (2.10)

(SU(k), 2k, (ui)g, SU(k — 1)). (2.11)

3 Proof of Theorem A
3.1 Possible groups

We first list the Lie groups that can act (almost) effectively and by cohomogeneity one on
an Alexandrov space of dimension 5, 6 or 7. This list is obtained as in the manifold case,
and we refer the reader to [22, Section 1.24] for more details.

Let G be a compact connected Lie group acting (almost) effectively and by cohomoge-
neity one on an n-dimensional Alexandrov space X". It is well-known that every compact
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Table 8 Compact, connected, simply connected simple Lie groups in dimensions 21 and less

Group Dimension Rank
§? > SU(2) = Sp(1) = Spin(3) 3 1
SU@) 8 2
Sp(2) = Spin(5) 10 2
G, 14 2
SU@4) = Spin(6) 15 3
Sp(3) 21 3
Spin(7) 21 3

Table 9 Compact, connected, proper subgroups of dimension &, up to conjugation

Group Dimensions Subgroups
T2 k > 1 {(eipﬂ,e[qﬂ)}
§3 k>1 {e*? = cos @ + xsin 0}, where
x € Im(H) N $* C Im(H).
Su@3) k>1 S ¢ T2, T2,S0(3), SU(2) and U(2)
Sp2) k>4 U(2), Sp(1)SO(2) and Sp(1)Sp(1)
G, k>8 SU@3)
Su@4) k>9 U(3) and Sp(2)

and connected Lie group has a finite cover of the form G,, X T*, where G, is semisimple
and simply connected, and T* is a torus. The classification of simply connected simple Lie
groups is well-known, and all the possibilities are listed in Table 8 for dimensions 21 and
less.

If an arbitrary compact connected Lie group G acts on an Alexandrov space X, then
every cover G of G still acts on X, although less effectively. Hence, allowing for a finite
ineffective kernel, and because G will always have dimension 21 or less, we can assume
that G is a product of groups from Table 8 with a torus T*.

In Table 9 we list the proper, connected, non-trivial closed subgroups of the groups in
Table 8, in dimensions at most 15, and of T2; these are the dimensions that will be relevant
in our case. These subgroups are well-known (see, for example, [11] or [21, Tables 2.2.1
and 2.2.2]). Note that for the group Sp(2), we only list the subgroups in dimensions at least
4; for G,, the subgroups in dimension at least 8; and for SU(4), the subgroups in dimension
at least 9. The subgroups of lower dimensions can be distinguished by the information from
the subgroups of the previous groups. The explicit embeddings of each subgroup depend
on the way these groups are acting and are described in the course of the classification.

3.2 Possible normal spaces of directions

As stated in Theorem 2.5, for a cohomogeneity one action with group diagram
(G,H,K~,K%), the homogeneous spaces K*/H are positively curved. The classifica-
tion of simply connected positively curved homogeneous spaces has been carried out by
Berger [6], Wallach [32], Aloff and Wallach [2], Berard-Bergery [4] and Wilking [33] (for
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Table 10 Positively curved homogeneous spaces in dimensions at most 6

Dimension Space

0 S

1 s!

2 S%, RP?

3 3-Dimensional spherical space forms
4 S*, RP4, CP?

5 5-Dimensional spherical space forms
6 S°, RPS, CP3, CP?/Z,, WS, W®/Z,.

a complete exposition of the classification, correcting some oversights in the literature, see
the article by Wilking and Ziller [34]). Combining this with the classification of homoge-
neous space forms due to Wolf [35], and the fact that in even dimensions there can be at
most Z, quotients, by Synge’s theorem, it follows that the positively curved homogene-
ous spaces in dimensions 5 and below are (diffeomorphic to) S, S!, S?, RP?, the three-
dimensional spherical space forms S /T, where T is a finite subgroup of $* as in [35, Cor-
ollary 2.7.2], St RP*, CP? (noting that CP? admits no Z, quotient) and, in dimension 5,
the five-dimensional spherical space forms. In dimension 6, there appear S°, RPS, CP3,
CP?/Z, and, finally, the Wallach manifold W® = SU(3)/T? and its Z, quotient. We collect
this information in Table 10.

Let X be a closed Alexandrov space of cohomogeneity one. If both K*/H are spheres,
then X is equivalent to a smooth manifold. These manifolds and their actions have been
classified by Mostert [27] and Neumann [28] in dimensions 2 and 3, Parker [30] in dimen-
sion 4 and Hoelscher [22] in dimensions 5, 6 and 7 (assuming X is simply connected). If
both K*/H are integral homology spheres, then X is equivalent to a topological manifold
and K*/H must be either a sphere or the Poincaré homology sphere P? (see [16]). These
manifolds and their actions have been classified in [16] up to dimension 7, assuming, as in
the manifold case, simply connectedness in dimensions 5, 6 and 7. From now on we will
assume that at least one of the homogeneous spaces K*/H is not a sphere, i.e., that the
action is not equivalent to a smooth action on a smooth manifold. We remind the reader
that we assume all cohomogeneity one actions to be non-reducible.

3.3 Classification in dimension 5

To find the group diagrams of cohomogeneity one actions on closed, simply connected Alex-
androv spaces in dimension 5, we first determine the acting groups. By Proposition 2.20,
4 < dim G < 10. Hence, in Table 8, G has the form (S3)” x T, SU(3) X T" or Spin(5). From
Proposition 2.21, we have n < 1. Since dim H = dim G — 4, Proposition 2.14 gives the pos-
sible groups. These are, up to a finite cover:

$% x S', 8% x §3,SU3), or Spin(5).

Now we examine the action of each group case by case.
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G = S3 x S!. In this case, dim H = 0, so H, = {1}. By Proposition 2.21, and without loss of
generality, we can assume that K~ /H = S'. Therefore, Ky = {(e7?,4%) |0 e R} C S x S,
with x € Im(H), g # 0 and (p,g) = 1. Now we want to determine K*/H. Since we have
assumed that the action is non-smoothable, K+ /H is not a sphere. Hence, the possible dimen-
sions for K*/H are 2, 3 or 4. Since, by Proposition 2.19, K acts transitively on K*/H , it
cannot be 1-dimensional. Further, by Proposition 2.21, K} C §? x 1. Therefore, K} = §* x 1
and K*/H =S3/T", with ["# {1}. Consequently, by Proposition 2.19, we have that
H* =K nH=TxLl

Letp=0.ThenH™ = K; N H = 1 X Z;. Thusby Lemma 2.17, H = (H*,H™) = ' x Z,.
Therefore, by Proposition 2.19, K~ = KO‘H =T'xS! and K+ = K(;'H =53 x Z,, and we
obtain the diagram

(P x8'.I'x7,,T'xS",$*x 7). (3.1)

By Proposition 2.25, this action is a join action and therefore X is equivariantly homeo-
morphic to (S3/T") * S! with the join action of §? x S'.

Now let p # 0. After conjugation, we may assume that K = {(e”?,¢'’) | 6 € R}. Since
['x1CHCK CNgK;)=S"xS!, wehave that I = Z,,, for m > 2. Moreover,

H™=H0K; =2, = ((eF7,e57)).

Then, by Lemma 2.17,

2mi lktmps  2mi

H=(H_,H+)={<ek . ,eT‘f“>|1§s$k,1§l$m}.

By Proposition 2.19, we have then that

K*=KIH=SXZ4.
and

K™ =K H=(Z,xDK;.
We now look for conditions on the parameters p, g, m, k. By Proposition 2.15, and the long
exact sequences of homotopy groups of the fiber bundles

K*/H - G/H - G/K*,
K - G- G/K,

one can see that 7,(K~) = Z,,/Z,. Thus glm. In addition, since

27 _k

H nH* = {(ﬁ@’"ply 1<s< (k,q>},

we have (k, ) = g, i.e., glk. We can also assume that H N (1 x S') = 1to have a more effec-
tive action. This condition gives, in particular, that (p, k) = 1. Therefore, the diagram is
given by
3 1 2xi lktmps 2xi 3
(88 {(F 5T 11 <5<k 1 <I<m @, x DE;LS X 24, ),
3.2)
where (p, k) = 1 and gl(m, k).
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G = S3 x S*. We have dim H = 2. Since the only connected 2-dimensional subgroup of
G is its maximal torus, we have that H, = T?. Therefore, K7, which contain T2, must be
§3 x S'or S! x §3. In particular, K= /H is 2-dimensional. Since at least one of the positively
curved homogeneous spaces K*/H is not a sphere, we may assume, without loss of gener-
ality, that K* /H = RP?. The other homogeneous space K~ /H can be S? or RP2.

First assume that K~/H = S?. Then by Proposition 2.15, K* is connected. Let
K* = §3 x S'. Recall that $? is, up to a finite cover, the only Lie group that acts (almost)
effectively and transitively on RP2. Then by Proposition 2.18, H = Ng(S') x S!. Conse-
quently, K~ has to be Ny (S') x §3 since K~ contains H and K~ /H = S?. Therefore we have
the diagram

(8 x 3, N (8") x ', Ngs (81 x 83, 8% x §1), (3.3)

which corresponds to a join action. By Proposition 2.25 X is equivariantly homeomorphic
to RP? * S? with the join action of $* x S°.

Now let K~/H = RP?. Assume that K = §° x §' and K = 5% x S'. First notice that
since T2 C KS-’, the circles in the second component of K(;—’ are the same, so K; = K(J)r .
Since K* acts transitively on RP?, so does K. Furthermore, by Theorem 2.29, 5% x S
does not act almost effectively on RP?. Thus, by Lemma 2.18, the second factor acts
trivially and H N K7 = Ng(S') X S'. Since X is simply connected, by Lemma 2.17,
H= (H*",H™) = Nu(S") x S'. Therefore, K* are both connected and we obtain the
diagram

(8 X $%, Ngs(S") x §1, 8% x §1, 8% x S"). (3.4)
This action is non-primitive with L = §3 X S' as in Definition 2.7. Thus
(8> X S, Ngs(S") x 1,8 x ', 8% x S) (3.5)

is a group diagram of a cohomogeneity one action on a 3-dimensional Alexandrov space Y.
By Proposition 2.8, X is then equivariantly homeomorphic to G X; Y, which is a the total
space of a Y-bundle over G/L. The action on G X; Y is given by g.[a,y] = [ga, y]. There-
fore, to obtain the homeomorphism type of X, we need to figure out what Y could be.

Since proj,(H) = S!, by Proposition 2.10, the subaction of S* X 1 on Y is also by coho-
mogeneity one with group diagram

(P X L,Ng(SHx 1,8 x 1,8 x 1),

which is the group diagram of the suspension action of S° on Susp (RP?). By Proposi-
tion 2.13, the group diagram (3.5) is just the normal extension of the suspension action of
53 x 1 on Susp (RP?). Whence 7Y is equivariantly homeomorphic to Susp (RP?), and X is
equivariantly homeomorphic to the total space of a Susp (RP?)-bundle over S2.

Assume now that Kg =3xS and Ky = S'x 3. Thus H* =N33(Sl)><S1 and
H™ = 8" X Ng(S"). As before, the assumption that X is simply connected implies, by
Lemma 2.17, that H = (H*,H™) = N(S") X Ng:(S'). Therefore we get the following
diagram:

(8% X 83, N (S') X N: (1), Ns (S1) X 83, 83 x Ngs (S1)). (3.6)

By Proposition 2.25, this action is a join action and X is equivariantly homeomorphic to
RP? x RP? with the join action of §? x S°.
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G = SU(3). In this case dim H = 4. In Table 9, one can see that the only 4-dimensional
subgroup of SU(3) is U(2). Therefore, H = Hy, = U(2), as U(2) is a maximal subgroup of
SU(3). Since X is simply connected, the action does not have any exceptional orbits. Hence,
K* must be SU(3). Thus the diagram is

(SUB), U(2), SUE),SU3)). (3.7

By Proposition 2.27, this action is a suspension action of SU(3) on Susp (CP?) and thus X
is equivalent to Susp (CP?).
G = Spin(5). Since dim G = 10, by Proposition 2.28, the group diagram is

(Spin(5), Ngyin(s)(Spin(4)), Spin(5), Spin(5)), (3.8)

and, by Proposition 2.28, X is equivariantly homeomorphic to Susp (RP*) with the spin
action of Spin(5).

3.4 Classification in dimension 6

Proceeding as in dimension 5, we see that 5 < dim G < 15 and dim H = dim G — 5. It fol-
lows from Propositions 2.14 and 2.21 that G is one of the following Lie groups:

$x 83, x5 xS', SUB), SUB) xS, Sp(2), Sp(2) x S' or Spin(6).

If G = Sp(2), then dim H = 5. Since Sp(2) does not have a subgroup of dimension 5, we
can rule it out. We now carry out the classification for the remaining groups in the list.

Notational convention. The binary dihedral group D} of order 4m, m > 2, is a finite
subgroup of S3 (see [35], Section 2.6). Throughout the rest of the paper, we consider it as
the following subgroup:

D, = (")) C S 3.9)

If, in the right-hand side of (3.9), we assume that m = 1, then {¢"/™,j) = Z,. Therefore,
we use the notation D] for m > 2 (the binary dihedral group as in [35]), and, whenm = 1,
D; will correspond to the cyclic subgroup j) of S3 generated by j.

G =8%x 8% In this case the principal isotropy group H is 1-dimensional. Thus
Hy,=T' C S x S After conjugation, we can assume that H, = {(e??, %) | # € R} with
(», g) = 1. Exploring the subgroups of G and the homogeneous spaces with positive curva-
ture, we see that the normal space of directions to the singular orbits has to be a sphere, a
real projective plane or S* /T with I" # {1}.

First, suppose that K+ /H = RP?. Therefore, K is one of the subgroups $* x 1,1 x % or
AS®. Let K = 8% x 1. Then g = 0 and H* = HN K} = Ng(S') x 1. We now consider the
different possibilities for K~ /H, namely, S, [ > 1,RP?, and S* /T with " # {1}.

Let K-/H = S', 1> 2. Then K* is connected and H = Ng (1) x 1. Further, the only sub-
group K~ of G containing H and satisfying K~ /H = S' is Ng:(S') x S°. Hence we have the
following diagram:

(8% X 8%, Ngs(8") x 1, Ngs (8 x 83, 8% x 1). (3.10)

By Proposition 2.25, this action is a join action and X is equivariantly homeomorphic to
RP? % S? with the join action of 3 x S°.
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Let K /H=S. Then K;=T2 Since S'x1CHNT*>CS'xS', and
H-=HNT?is a finite extension of S'x 1, we have HNT? = §' x Z,. Consequently
H = (H™,H*) = Nu(S") X Z,. Thus we obtain the diagram

(S x S}, Na:(S") x Z,, Na (ST x S1, §* x 7). (3.11)

This action is non-primitive with L = S x S!. Therefore, by Proposition 2.8, X is equivari-
antly homeomorphic to the total space of a Y-bundle over S, where Y is the cohomogene-
ity one Alexandrov space given by the group diagram

(S* x ST, Na(S") x Z,, Na (ST x S1, §° x Z,). (3.12)

By Proposition 2.25, it is the join action of §* x S' on RP? % S!. Therefore, Y is equivari-
antly homeomorphic to RP? * S,

Let K~/H = RP% Hence, K~ is a 3-dimensional subgroup of G, namely $°x 1,
1x 8% or AS3. However, since S!'x 1 =H,C KO‘, the group K(; must be $?x 1, and
H =K;nH= Ng(SY) x 1. Therefore H = (H™, H*) = Ng(S') x 1, and we get the follow-
ing diagram:

(P xS, Na(S) x 1,8 x 1,8 x 1). (3.13)
This action is equivalent to the following action on Susp (RP?) x S

(8% x 8%) x (Susp (RP?) x $*) — (Susp (RP*) x S?)
(& 1), (Ix, 11, y)) = (Lgxg™", 11, hy).
Let K-/H = S3/T with T"# {1}. Therefore, K; = 3 xS or K; = S x §3. Assume
" # Z,. In this case, since S° is, up to a finite cover, the only Lie group which acts tran-
sitively and almost effectively on §°/I", by Lemma 2.18, HN K is I x S' and §' xT,

respectively. As HNK; C K* = §% x T}, where I'; is a finite subgroup of $°, we must have
HnK; = S! x I'. The diagram is then given by

(8% X 83, Ng:(S") X T, Ngs (S1) x §%, 8% x I). (3.14)

By Proposition 2.25, the action is a join action and X is equivariantly homeomorphic to
RP? x (S?/T) with the join action of S x S5,
Now letT" = Z,. According to Theorem 2.29, S' x S3 acts on S3/Z, in the following way:

S'x xSz, - $°/z7,
((z,v), [xD) = [vaZ"].

Thus H N KO‘ ={(z ) |ze S, 1 e Z,}. However, HN K(; is a subset of Kt = §3 x r,
which yields p = 0. Therefore we have the following diagram:

(* x S}, No(S") x Z,, Na (ST x $%, 8° x Z,). (3.15)

By Proposition 2.25, this action is a join action and X is equivariantly homeomor-
phic to RP* « (§%/2,) with the join action of $*x§° For K; =5%xS', we have
HNK; ={(4z",2) | z € §', 4 € Z;}, which is not a subset of K* = §% xI',. Therefore,
this case does not occur.

‘We now repeat the above procedure for KS’ = AS®. In this case H, = AS'and
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H* =HnK} =AS"U(.j)AS".

We consider the different possibilities for K~ /H, namely, S/, I > 1, RP?, and $*/T" with
r#{1}.

If K-/H= S!, 1> 1, then, as before, /= 1,3 only. First, suppose that K~ /H = S3.
Therefore, K* is connected and H = AS' U (j,j)AS'. Since KO‘ is 4-dimensional, after
exchanging the factors of G if necessary, we can assume that K; = §3 x S'. Hence
K™ =KjH = §% X N (S"), and the following diagram is obtained

(8 x 83, AS" U (j,)AS!, S* X Ngs (1), AS?). (3.16)
This action is equivalent to the following action:
(83 x 8% % ($* * RP?) — ($° * RP?)
(& 1), x, [y1)) = [gxh™", [hyh™"11.

That is, X is equivariantly homeomorphic to S* % RPZ.
Now let K~ /H = S'. Then K; = T>. Since

HC NK)NNK*) = +AS® 0 (NS x N(SY)
= +AS' U (j, 2)AS',

where +AS' = {(g,2)} U {(g.—g)}, we have two cases: H = AS'U(j,j)AS' or
H = +AS" U (j, +/)AS'. Thus we have the following diagrams:

(83 x 83, AS' U (G, HAS!, T? U (j, HT?, ASY) (3.17)
and
(83 x 83, £AS' U (j, £)ASY, T? U (j, /) T?, +AS>). (3.18)

Now assume that K~/H =RP?. Thus K~ is a 3-dimensional subspace con-
taining AS' U (j,j)AS!, which gives in particular that K, must be AS3, and
H™=HnK; =AS"U(,)AS". Thus H = (H™,H*) = AS' U (j,/)AS" and the following
diagram is obtained:

(83 x S, AS' U (j,)AS!, AS?, AS?). (3.19)
Note that this action is equivalent to the following action:
(83 x 8%) x (Susp (RP?) x §*) - (Susp (RP?) x $%)
(&), (%, 11, y) = (Lgxg~", 1], hyg ™).

Thus X is equivariantly homeomorphic to Susp (RP?) x S3.

Now, let K~/H =$°/T" with I'# {1}. Then K; =8’ x S' or K; =S'x 5. After
exchanging the factors of G, if necessary, we can assume that K = SxSLIT # 7,
then H N K; =T x S\ Since AS' = Hy C H n K, this cannot happen. Therefore I' = Z,,
and the action of S> x ' on §3/7, is given by:

(SPxsHYxs/z, - %)z,

((v,2), [x]) & [vxZ"].
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Thus HnKa ={(A?,2)|ze S A e Z,}. As AS C HnKa, we have that p = 1. Further,
HN K] C Ngys:(AS®) = £AS?, which implies Z; = Z,. Therefore H = +AS" U (j, £/)AS,
and the following diagram is obtained

(8% x $3, £AS' U (j, £)AS!, 83 X N: (S1), +AS?). (3.20)
This action is equivalent to the action given by
(8® x %) x (RP? % RPY) » RP? x RP®
(& 1), x, 3, 11) = [gxg™", hy, 1l.

Thus X is equivariantly homeomorphic to RP? x RP>,

Now assume that K* /H = S3/T" with " # {1}. Thus dim K* = 4. Since the connected
4-dimensional subgroups of $3 x §% are §® x S and S' x S3, we can assume, without loss
of generality, that K = §% x S'. The possibilities for K~ /H are S, 1>1,RP?, and S3/A,
where A is a non-trivial finite subgroup of S3. The case where K~/H = RP? has been
treated above, so we only examine the cases where K~ /H is a sphere or a 3-dimensional
spherical space form.

First assume that K~/H =S'. Then K; =T>. Since H, = {(e’", %)} C T?, and
H,= {(e"?, e1?)} C $3 x S, the circles in the second component of KO‘ and Kg are the same,
that is S' = {¢’}. This implies that K; C K. Therefore, H = (H™,H*) = H* = HNn K.
LetT # Z, C {€”} C S?. Then by Lemma 2.18, H N Ky =Tx S, since by Theorem 2.29,
S3 is the only compact connected Lie group which acts almost effectively on S3/I". Fur-
ther, H C K~ C Ng,(T?) = N (S') X N (S"). Among the finite subgroups of S°, only
Z, C {¢”} and D} are contained in Ng:(S') = §' U jS'. Thus ' = D}, which implies that
K~ = T? U (j, 1)T?. Therefore, we have the following diagram:

(8 x 8%, D} xS Ne(S") xS, 87 xS (3.21)
Now, suppose I' = Z, C {e?}. The transitive action of $*> X §' on $*/Z, gives
H* =KInH={("1¢%10€R, 1€ 2.
Thus we have the following diagram:
(P x 83, {(e"P1,e%) |0 eR, A€ Z,},T?, S x SY). (3.22)

Assume now that K~/H =S, [ > 2. Hence by Corollary 2.16, K* is connected. First
assume that I' # Z,. As aresult H =" x §'. For [ = 2, the only possibility for K is 1 x §°.
Then we obtain the following diagram:

(xS IxS" T'xS$, 8 xsh. (3.23)

By Proposition 2.25, this action is a join action and therefore X is equivariantly homeomor-
phic to ($3/T’) * S? with the join action of S x S°.

For [ > 3, there are no subgroups of G such that K~ /H = S*: thus, we need not consider
these cases.

Now let I" = Z,. Then the isotropy subgroup of the transitive action of > x S' on §*/Z,
would be {(¢”1,¢) | 6 € R, 2 € Z;}. Assume that [ = 2. Then K] = 1 x §? or K = AS°.
Therefore, p = 0, or p = 1, respectively. If p = 1, then Z, = Z, since H C N(AS®) = +AS°.
Thus we have the following diagrams corresponding to p = 0 and p = 1, respectively:
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($*x 83,2, x8",7, x5, 8 xS, (3.24)
and
(8% x 83, £AS!, +AS?, 83 x ). (3.25)

By Proposition 2.25, the first action is equivalent to the join action of $*x S on
(83/2,) * S*. The second one is the action of $* x $* on RP3 * S? given by

(P xS x(RP? +S?) > RP?  S?
(g h) - [x,y,1] = [gxh™" hyh™", 1]

For [ > 3, there are no subgroups of G such that K~ /H = S'.

Assume now that K~/H = S3/A with A a non-trivial subgroup of S. Therefore,
Ky =5¥xS" or K; =S§'x S First assume that K; = 5% x S'. Note that according to
the classification of the transitive actions on 3-dimensional space forms, g # 0, which
gives that the circles in the second component of KOi are the same, so Ka = KS’ , and
H= K; NH=K;NnH. Thus T"= A. Consequently, for I" # Z;, we have the following
diagram:

(> x 83, TxS", $3x8!, 83 xsh. (3.26)

By Proposition 2.23, this action is equivalent to the product action of §3x S on
Susp ($3/T) x S2. If T = Z,, the following diagram is obtained:

(P x 83, {(e"P1,e?) |0 eR, A€ Z,},5° xS', 8% x S, (3.27)

By Proposition 2.23, for p = 0, this action is equivalent to the product action of S* x S3 on
Susp (§%/Z,) x S%. For p # 0, the action is non-primitive. In particular, in the preceding
diagram, if Z, = Z, and p = 1, then the action is as follows:

($? x §%) X (Susp (RP?) x S?) > Susp (RP?) x S?
(g h) - ([x,11,y) = ([gxh™", 1], hyh™").

Now let K =S'xS° Hence H,= AS', and both T and A are cyclic subgroups of
§%, say Z, and Z,, respectively. Then we have H* = {(¢?1,¢?) |0 € R, 1 € Z,} and
H™ = {(%4,¢%)|0 € R, A€ Z,}. Hence H* and H~ are subgroups of both K and
K, , which gives that H = (H*,H") C K. It follows then from Proposition 2.19 that
K* = K(;“H = KO+ and K~ = K;H = K. Thus H~ = H = H" and, in particular, " = A. The
diagram is then given by

(P x 8, {(e4,e?) |0 eR, A€ Z,},5" x %, 8 x 8. (3.28)

G = 8% x 8% x S In this case, dim H =2 and H, C §* x S x 1, since the action is non-
reducible. As the maximal torus of S3 x S? is the only 2-dimensional subgroup of $* x S,
we have H, = T. Further, by Proposition 2.21, K~/H = S', and KJr CPxS$Bx1 Asa
result, K= = = T3. Since T> = H, C Ky C $3 x 8% X 1, we have Ky = S3 x 8!, Ky = St x $3,
or K+ S3 x §3. However, §* x S does not act transitively on a 4- dlmensmnal homoge-
neous space with positive curvature (see [34]). Therefore, K = 5% x S' or K+ St x $3.
Without loss of generality, we can assume that KS’ = 03 x S'. Thus K+ /H = RP2.
By the classification of the transitive actions on spheres, S5, up to a finite cover, is
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theonly Lie group which acts transitively and almost effectively on RP2. Therefore,
Ka’ NH = Ng(S") x S' x 1, and we obtain the following diagram:

(P x 8 xS, No(S") x S' x Z,, No:(S") x ST x 81, 8% x S' x 7). (3.29)

By Proposition 2.23, this action is equivalent to the product action of S3x 8% x S!' on
(RP? + Sy x S2.

G =SUQ@3). In this case, dim H = 3. Thus the only possibilities for H, are SO(3) and
SU®). If H, = SO(3), then K* = SU(3) since SO(3) is a maximal connected subgroup and
there are no exceptional orbits. This cannot happen since there are no homogeneous spaces
with positive curvature with an SU(3)-action and SO(3) as the isotropy group (see [34]).
Hence H, = SU(2). The subgroups of G which contain H,, properly are U(2) and SU(3). As
U(2)/H = S', at least one of the singular isotropy groups, say K*, is equal to SU(3). There-
fore, dim K*/H = 5, which gives that K* /H = S° /Z,. The classification of the transitive
actions on spheres then shows that H = S(U(2)Z,). Depending on whether K~ = U(2) or
SU(3), we have the following two diagrams:

(SUB),S(UR)Z,), U(2),SUB)), (3.30)

(SUB),S(UR)Z,),SU(3),SU3)). (3.31)

By Proposition 2.27, the space determined by diagram (3.31) is equivalent to Susp (S*/Z,)
with the suspension action of SU(3).

G = SU(3) x SL. In this case, dim H = 4. By Proposition 2.21, H,, I((J)r C SUB) x 1and
K~/H = S'. Therefore H, = U22) X 1, Ky =SU@3) x 1, and K; = U(2) x S1. Hence the
following diagram is obtained:

(SUB) x S, UQR) x Z,,UQ) x S',SUQB) X Z,). (3.32)

By Proposition 2.25, the space determined by this diagram is equivalent to CP? * S! with
the join action of SU(3) x S'.

G =Sp(2)xS'. In this case, dimH=6. As above, by Proposition 2.21,
HO,K(J)r C Sp(2) x 1, and K~ /H = S'. Therefore H, = Sp(1)Sp(1) x 1, and K(;r =Sp(2) x 1,
for Sp(1)Sp(1) is a maximal connected subgroup of Sp(2). Thus dim K*/H = 4, and there-
fore K*/H = RP* (note that the other positively curved homogeneous space in dimension
4 is CP?, which does not admit an Sp(2)-transitive action (see [34, Table B])). Hence we
get the following diagram

(SP(2) X 5", Ny, (SP(DISP(1)) X Zys Ny (SP(DSP(1)) X 8, Sp(2) X Z,). (3.33)

By Proposition 2.25, X is equivalent to RP* » S! with the join action of Sp(2) x S'.
G = Spin(6). In this case, since dim G = 15 = 6(6 — 1)/2, by Proposition 2.28, we
obtain the diagram

(Spin(6), Nyin ) (Spin(5)), Spin(6), Spin(6)). (3.39)

and X is equivariantly homeomorphic to Susp (RP3) with the spin action of Spin(6).
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3.5 Classification in dimension 7

By Proposition 2.20, we have 6 < dim G < 21 and dim H = dim G — 6. As before, Proposi-
tions 2.14 and 2.21give us the possible acting groups:

$3x 8%, x5 xS!, SU@B), 2 x5 xS%, SUB) xS, Sp2),
SUB) x 83, Sp(2) x $%, G,, SU4), SU4) x S, Spin(7).

Now we examine each group case by case.

G = §3 x S3. In this case, dim H = 0. Having looked at the classification of homogene-
ous spaces with positive curvature, and the subgroups of S> x S3, one can see that the only
homogeneous spaces with positive curvature that can happen as the normal space of direc-
tions of singular orbits are 3-dimensional spherical space forms.

Assume that K*/H = $?/T", with T' a nontrivial finite subgroup of S. Then K* is
3-dimensional and, as a result, K7 can be $° x 1,1 x 8% or A, §* = {(g,808¢,") | ¢ € $°},
for some fixed g, € S°.

Suppose first that Kj = $3 x 1. Then H N K; =T x 1. Furthermore, K~ /H is one of the
spaces S, $3, or § /A with A a nontrivial finite subgroup of S,

First assume that K~/H = S'. Thus K = {(¢%?,¢’?) | € R,x,y € Im(H) N $*}. If
p = 0, then we have the diagram

($*x8.I'x7,,I'xS,$*xz). (3.35)

This action is a non-primitive action with L = S x S!. Therefore, by Proposition 2.8, X is
equivariantly homeomorphic to the total space of an ((S*/T") * S')-bundle over S
If g = 0, then

I'x1CHCNg (' x1)=Ng(sh) xS,

which implies that I'=27, or I'= D;m. For I'=2, H*C K. Therefore,
H=(H*",H)C K. which gives, by Proposition 2.19, that K~ = K. Thus we get the fol-
lowing diagram:

(P %87, x1,8" x1,8 x1). (3.36)

By Proposition 2.23, this action is equivalent to the product action of $* x $* on X* x S3,
where X* is the 4-dimensional Alexandrov space with the following diagram (see [15]):

(8%, 2,,5", 8.

Indeed, X* is equivariantly homeomorphic to CP?/Z, with an S*-action induced by a coho-
mogeneity one action of S* on CP?,
ForT' = D;m, we have K~ = Ng (') x 1, and we obtain the following diagram:

(8 x 8%, D} X 1,Ngs(SH)x 1,87 x 1). (3.37)

Similarly, this action is equivalent to the product action of $* x §3 on X* x S, where X* is
given by

(8°,D; ,Nes(Sh), $).
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Again, X* is equivariantly homeomorphic to CP?/Z,, with an S*-action induced by a coho-
mogeneity one action of S* on CP2.
If pq # 0O, then, since

I'x 1 CH C Noys (€™, %)) = {7, 9} U @ w){(e?, &),

where z € x* N Im(H) NS and w € y* N Im(H) N S3, we have I' = Z,. Also, without
loss of generality, we may assume that K = {(e?, ¢'4%)}. Therefore, we get the following
diagram:
3. o3 B pi 2 - 3
(8% { (T ) 11 <5<k SIS m (2, X DK S X i)
(3.38)
where (k, q) = (g, m).

Now, assume that K~/H = S3. As a result, K* is connected and H =T x 1. On the
other hand, K is a 3-dimensional subgroup containing I" X 1. Therefore, there are two
possibilities: K =1 X $3, and Ky = Agl)S3. IfK;y=1x $3, then we obtain the following
diagram:

($*x 8, Ix1,I'x S8 x1). (3.39)

By Proposition 2.25, X is equivariantly homeomorphic to S* * (S°/T") with the join action
of §3 x §°.

Now let Kj = AgOS3. Since 1 x §* C N(H),, by Proposition 2.6 we can conjugate K~
by (1, g;") without changing the spaces. Moreover, K~ C N(A, §°) = +A, 5% so we can
assume that g, = 1. Now, since K~ /H is simply connected, the number of connected com-
ponents of K~ and H are the same. Since H # 1, and K~ has at most two components, we
conclude that I" = Z,. Thus, we get the following diagram:

(P x 8,7, x1,+A8, 8 x 1). (3.40)
This action is equivalent to the following action on RP3 * S3
(P xSHX(RP +S*) - RP? + S?
(g.h) - [x,y.1] = [gxh™", hy, 1].

If K~/H = §?/A, then K; is equal to one of the subgroups $> x 1,1 x 8% or A, §° First
assume that K = $3 x 1. Then

Ixl=K/nH=K;nH=AXx1.
Therefore, I' = A and by Lemma 2.17, H = (H*, H") = ' X 1 and we obtain the diagram
(xS Ix1,8x1,8 x1). (3.41)

This action is equivalent to the product action of §3 x S3 on Susp (53 /T") x S°.
Now let K; =1x 8 In this case, Ix 1=K nH, and K; nH=AX1, so by
Lemma 2.17, H =T x A. Hence, we get the following diagram:

(> xS, Tx AT xS, xA). (3.42)
Proposition 2.25 implies that X is equivariantly homeomorphic to (S*/T") * (S3/A) with the

join action of 8% x S°.

@ Springer



Annals of Global Analysis and Geometry (2020) 58:109-146 137

Finally, suppose that Kg‘ =4, 8% Since [ x 1 C K~ CN(A, $%) =+A, %, and T # 1,
then K~ has to be +A, §°, and F Z,. Also, the cla551ﬁcat10n of transmve actions on
spheres gives us that K NH=A, A Therefore H = +A, A, and the following diagram
is obtained:

(8P x 8, 28, A, 28, %, 5% x gyAgy"). (3.43)
According to Proposition 2.6 and Equation (3.43), we can assume that g, = 1. This

action is equivalent to the following action, and X is then equivariantly homeomorphic to
RP? # (S°/A):

(8® x $*) X (RP? % §*/A) — RP? (S /A)
(ga h) : [-xsyv t] = [th_lv hya t]

Now assume that KS’ = AgOS3. Thus HnN KS’ = Agol". As before, K~ /H can be a circle, a
3-sphere or a 3-dimensional spherical space form.

First suppose that K~ /H = S'. Therefore, K; = {(?, €*4?)} and, after conjugation, we
can assume that it is equal to K = {(e?, e’qe)} Since K* C N(K) = +A, (5°), there are
two possibilities for K*: either K+ =4, S3 or Kt = +A 0S3

Assume that KT = A, S3 Therefore H A, JT.Letg = 0. Then K| = = S! x 1and

K™ =K H = {(za,goaga YlaeTl, zes'}.
Since Proj ;(K™) € ' UjS', we have I’ = Z;, orI' = D . Thus K~ is equal to §' X g,Z, g,

or (S! x I)AgoD*m, respectively. By conjugating the subgroups by (1, ggl), we have the fol-
lowing diagrams:

($* x $%,A7,,5" x 7,, AS?), (3.44)
(8 x $°,AD; . (S' x DAD} ,AS). (3.45)
If p = 0, we have, similarly,
(P x $%,A7,,7, x S', AS®), (3.46)
(8 x $°,AD; . (1 x SHAD} | AS). (3.47)

Observe that these two diagrams are the same as Diagrams (3.44) and (3.45) up to exchang-
ing the factors of G.

Now assume that pg#0. Then N(K;)={("’, e?)}u{(e”,je'?)}. Thus
K== {(e??,649)} or K~ = {(e?, ¢4} u{(je??,je'??)}. If K~ = {(e??,e?)}, then
I' = Z,. We have

{(a.80a8,") la € Z,} = A, Z, = {(e%p,e%o }
Therefore,

2xi 2mi

=P -1 _ q
goe t gyl = enh.
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Since ¢7'” and ¢ 77 are elements in the maximal torus S! = {¢% |9 € R} C S3, by [23,
Proposition 4.53], they are conjugate in the Weyl group W(S3, S') = {S',jS'}. Thus one of
the following cases occurs:

o g,€{eand eTP = o1, Consequently k|(p — ¢), and if k is even, then p, g are odd. By
conjugating the isotropy groups by (1,g:'), we have K* = AS%, K~ = {(¢?, ¢'4%)} and
H = AZ,. y g

e g, € {je”} and ¢%? = ¢~ 7 ¢ which gives k|(p + g), and if k is even, then p, g are
odd. Again, by conjugating the isotropy groups by (1,g; D, we have K™ = AS?,
K~ = {(e?,e7%}and H = AZ,.

Summing up, we have the following diagrams:

(* x $3, A7, {(€7?, 7)), AS?), (3.48)
where k|(p — @), and if & is even, then p, g are odd, and we get

(S x 83, A7, {(€??,e7%)), AS?), (3.49)

where k|(p + ), and if k is even, then p, ¢ are odd.
If K- = {(e??, e'1%)} u {(je'??, je'1%)}, similar arguments as above give rise to the follow-
ing diagrams with the same conditions, respectively:

(87 x 8%, AD; . {(€7, %)} U {(je?’, je'")}, AS?), (3.50)
($*x §%,AD} . {(€??, e )} U { (e’ je %)}, ASY). (3.51)

IfKt = iAg()SS’ then H = +A, Z, or H = +A, D . By the same argument, we obtain the
following diagrams:

(P x $3,£AZ,,5' x 7,, +AS%), (3.52)

(83 x 8%, +AD? (S' x DAD: ,+AS>), 3.53
2m 2m ( )

(P x $3,+A7,,7, x S', +AS%), (3.54)

($3 x S, +AD! (1 x SHAD? |, +AS>). 3.55
2m 2m ( )

Observe that the last two diagrams are the same as Diagrams (3.52) and (3.53) up to
exchanging the factors of G.
In the following diagrams, p is odd and g is even, so k has to be odd:

($? X §?, £AZ,., {(e7,€°)}, £ASY), (3.56)
(83 x 83, +AZ,, ("7, e790)}, +AS?), (3.57)
(8* x 8, £AD; , {(e?, )} U {(je?’, je")}, £AS?), (3.58)

@ Springer



Annals of Global Analysis and Geometry (2020) 58:109-146 139

($* % §*,+AD; . {(e?,e7%)} U {(je?, je ")}, £AS?). (3.59)

Now assume that K~ /H = S°. Therefore, K* = Ki=A OS3 and H = A, T. Further, K] is
equal to $* x 1,1 x S or A, §°. For K = 8% x 1, 1 ><S3 we have

(3 x §3, AT, 83 x T, ASY), (3.60)

(S3 x $3, AT, T x S3, AS?). (3.61)

If Kj =A, S3 since K~ /H is simply connected, z,(K~) = zy(H). The number of con-
nected components of K~ is at most 2, for K~ C N(K;) = A, S% Thus H = ((—1, 1)). But
then H is not a subgroup of K*. Therefore, this case cannot occur

Now, let K~ /H = S3 /A with A a non-trivial subgroup of S3. Again, we have three possi-
bilities for K $3x1,1x 55, A, S3 ForK; = 83 x 1, 1 x S3, we obtain a diagram equiva-
lent to dlagram (3.43) by Proposmon 2.6. Hence suppose that Ky =4, S3 IfK* = A, S3
then H=A, I',so K' NnH =A, A C A, I"which implies g; g, E CSa(A) where

_ (1) ifA#Z,,
Co) = { ("0 €R) ifA=2Z, (3.62)

Moreover, {(—a,g,ag;') |a € A} & A, . Therefore, K~ = A, S3 A, A=A, T, where
z€ CI). I T # Z,, then by (3.62), z = +1 and in particular K~ = A, S% Hence “after con-
Jugating all subgroups by (1, g; 1), we obtain an equivalent diagram glven by

(S x S, AT, AS?, AS?). (3.63)

If I' = Z,, then we first conjugate all subgroups by (1,g5'). Then, since (1,z) € N(H), by
(3.62), we can conjugate K~ by (1, z) to obtain diagram (3.63).
This action is equivalent to the following action on Susp (S*/T") x S*:

(8 x 8%) x (Susp (§°/T) x S$*) = Susp (§*/T) x S?
(g’ h) ‘ ([—xv t]’ )7) = ([gxa t]v gyh_l)

Now assume that Kt = iAgoS3. Then, K~ = iAng3 and +A, T' = H = +A, A. Thus, we
have I' = A and g, = g,z, for some z € N(I'). We claim that if z € Cg(I), then this case
cannot happen, since we have assumed that X is simply connected. Indeed, if z € C(I")
thenA, I'=A, I'=A, I', and therefore, H~ = H*. Since X is simply connected, by Prop-
osition 2.15, H = (H™,H") = Agol“, which is a contradiction. Assume now that z & Cg (D).
A direct computation shows that either I = D;m, with z =1 or z =, where in the latter
case 2lm, or I' = Z,, with z = j and 4lk. As a result, we have the following diagram:

(8% x §3, +AT, +A_S3, +AS>), (3.64)

s =5z

where I' and z are as above, respectively.

G = 8% x 8% x S!. In this case, dim H = 1. By Proposition 2.21, K~/H = S' and both
K} and H, are subgroups of % x $° x 1. Thus we can assume that H, = {(¢"?,¢'?’)} x 1
and Proj ;(K;) = S'. Since K* C 83 x §® X 1, an examination of the subgroups of 3 x §3
shows that the only possibilities for K*/H are RP? and $3/T" with T finite and non-trivial.

First assume that K*/H = RP2. Therefore, dim K+ = 3. The possibilities for Kg are
S x1Ix1,1x8 xland A, § x 1.
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LetKS =8 x1x1.Then Hy=S'x 1 x L, HNKS =N(S")x 1 x 1, and K = §" x T,
where TP C §3 x S'is given by T' = {(e??, ) | # € R}, for some non-negative integer p.
Since N(S') is a maximal subgroup of 3, H N K, = S x Z,, where Z, C T". Therefore, we
obtain the following diagram:

(P x P xSLNESYX 2, NSHYX T, x Z)). (3.65)

We can define an action of $3 x §3 x §! on (RP? * S!) x S* with group diagram (3.65) as
follows. Let H denote the quaternions, and consider the action

(P xPxSHxS*xSHCUIMHXC)xH) - $*x S°
(((81. 82):2), s w, ) > (gyxg7 " 2w, g,37).

By considering the S* factor as the join S? * S!, the antipodal map on the S? factor com-
mutes with the action of $> X §3 x S! on (S? * S') x S? above and induces an action of
$3x 8% x S'on (RP? + S')x 3.

Let Kg = 1 x 83 x 1. This case only differs from the previous one by an isomorphism of G
which exchanges the factors. Therefore the analysis is analogous to the one in the preceding
case.

Now let K = AS® x 1. As aresult, Hy = AS' x I, K} N H = Ny (AS") X 1and

KO— — (ASI X 1){(ei09’eib9’ei09)}
= [(/@Fa0)_ (i @Hb0) ictyy
= {(£®, &% V).
Since the action is non-reducible, Proj;(HNK;) is a_ proper subgroup of S!, namely

Proj3(H NK;) = Z,. Therefore, HNK; = {(¢®,ee r ,e t )| 1 <I<k). The long
exact sequence of homotopy groups corresponding to the fiber bundle

K~ - G- G/K™

shows that #y(K~)=x(G/K")/Z, (note that =zy(K~) 1is mnot trivial since
KynH= Nag:(ASY) X 1 € K7). By Proposition 2.15, 7,(G/K~) = Z, as X is simply con-
nected. Thus ¢ = 1. On the other hand, Z, C N(K0+ ), which gives kI2p, and since we can
assume H N (1 X 1 x S!) = 1to have a more effective action, k = 1, 2. Therefore, we obtain
the following diagram:

(8 x $3 x S, Ny (ASHZ,, T U (5, j, DT?, AS?Z)), (3.66)

where T2 = {(¢'?, ee?? ) | ¢,0 € R}, and k = 1,2.

Now let K*/H = $°/T" with T finite and non-trivial. Therefore, K} = 5% x S' x 1 or
Kf=S'x8x1. -

Suppose that K = 8 X §' X 1andT" = Z;. Then H N K = {(e’x ", e?, 1) | 1 <1 <k}.
Since X is simply connected, by Proposition 2.15, and the exact sequences of homotopy
groups related to the fiber bundles

K*/H - G/H — G/K*,
K - G- G/K,

one can see that 7,(K~) = Z; /Z,. Therefore, clk and the following diagram is obtained:
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(S3Xs3Xsl’{(ezt:;"ie%epei’eQi’ezlf:l.”‘) | 1 Srﬁm,l Slsk},
i, (3.67)
{(eTe’pae’“‘/’,e’d’,e’w),l <Il< k},S3 x S! % Zg).

Now let I' # Z;. By Lemma 2.18, Kf N H =T" x S! x 1. Therefore, Hy = 1 x S' X 1 and,
by Lemma 2.21,

K(; — HO{(eiaG’ eibﬁ, eicﬁ')}
= (€, e, %),
for some integers @', ¢’. If @’ = 0, then we have the following diagram:
(P xP xS, I'xS'x7,, TxT? xS x7). (3.68)

By Proposition 2.23, this action is a product action and X is equivariantly homeomorphic
to ($3/T % S x S2. If @’ # 0, then N(K™) = {(“?, e, )} U {(/'?, je'?, €'?)} which
implies that I' = Z,. Thus, this case cannot happen.

G=SxS*%x83 In this case, dimH = 3. Since the action is non-reducible,
Proj;(H) ¢ S3, i=1,2,3. Therefore, H, must be a maximal torus of G. Further, by
considering the subgroups of G containing H, we only have RP? and S? as the normal
spaces of directions of singular orbits.

Assume, without loss of generality, that K*/H = RP?. Then there are two possibili-
ties for K~ /H, namely, K~ /H = S? or K~ /H = RP?.

Let K~ /H = S?. Therefore, K* is connected and, after exchanging the factors of G if
necessary, we can assume that K* = K = 8% x 7% Thus H=HnK} = Ng(S") x T°.
Also, since K~/H is simply connected, z,(K~) = ny(H) = Z,, and their components
intersect each other. Hence K~ = Ng(S!) x §? X S', and we get the following diagram:

(8P X 83 x P, N (S1) X T2, N:(S") x §* x §', 8% x T?). (3.69)

By Proposition 2.23, this action is a product action and X is equivariantly homeomorphic
to (RP? x $?) x S2.

Now let K~/H = RP?. Thus K is equal to S3xT? or §' x 3 x S If Ky = $3 % T2,
then H=HnK; =Hn K(J)r = Ng(S") X T?, and the following diagram is obtained:

(8P x 8 X S, Noo(SHy X T%, 8> x T2, 8% x T?). (3.70)

By Proposition 2.23, this action is a product action and X is equivariantly homeomorphic
to Susp (RP?) x (S? x §?). If K; = §' x §? x §', then H N K; = S" X N (S") x S', and so
H = Ng(S") X Ng:(S) x S'. Hence we have the diagram

(S X $% X $3, N (1) X Nao (") x S, Na (81 x 83 x 81, 83 x N (S x SY). (3.71)

By Proposition 2.23, this action is a product action and X is equivariantly homeomorphic
to (RP? x RP?) x S2.

G = SU(3). In this case, dim H = 2, and so H, = T2. The subgroups containing 72 are
U(2) and SU(3).

Assume first that K* = SU(3). Then the two following diagrams occur:

(SU@3), T, SU(3), SUM)), (3.72)
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(SUQ), T%Z,,SU(3), SUB3)), (3.73)

By Proposition 2.27, the space X is equivariantly homeomorphic to Susp (W% or
Susp (W®/Z,), respectively, where W® = SU(3)/T? is the Wallach flag manifold, and X is
equipped with the respective suspension action of SU(3).

Suppose now that K* = SU(3) and K; =U(2). Since U(2) is a maximal subgroup of
SU@), K~ = K; = U(2). We also have Ny,,(T?)/T* = Z,, which gives H = T* or T*Z,.
As a result, the two following diagrams are obtained:

(SU3), T%, U(2), SU(3)), (3.74)

(SUQ3), T*Z,,U(2), SU(3)). (3.75)

Finally, assume that K* = U(2) (up to conjugation in G). Let T? = diag (SU(3)). If K* con-
tains this 72, then it must be a conjugate of U(2) by an element of the group N(T2)/T>.
Therefore, there are two possibilities for the pair K*, K~ up to conjugacy of G: S(U(1)U(2)),
and S(U(2)U(1)) (see [22, Case 4]). On the other hand, since UQ2)/H,, = S?, H must be
T2Z,. However, S(U(1U(2)) N S(U(2)U(1)) = T?, so K-, K* should be the same. Thus we
obtain the following diagram:

(SUQ), T%Z,,U(2), U(2)). (3.76)

This action is a non-primitive action, and X is equivariantly homeomorphic to the total
space of a Susp (RP?)-bundle over CP2.

G = SU(3) x SL. In this case, dim H = 3. By Proposition 2.21, H, and Kg c SUQB) x 1,
K-/H=S'. Since H is 3-dimensional, H, must be SO3)x1 or SU@2)x1. If
H, = SO(3) x 1, then K* has to be SU(3) X 1 since there is no exceptional orbit. How-
ever, the classification of positively curved homogeneous spaces shows that this can-
not occur. Therefore, H, = SU(2) x 1. Since K*/H is not a sphere, K* = SU(3) x 1, and
K*/H = $%/7,. Thus K(J)r N H = S(U((2)Z,). On the other hand, K~ is a 4-dimensional
subgroup of G containing S(U(2)Z,) whose projection to S! is S!. Hence it has to be
S(U2)Z,) x S'. As a result, we get the following diagram:

(SUB) x S',S(UQR)Z,) x Z,,S(UR)Z,) x §',SUB) x Z,). 3.77)

By Proposition 2.25, X is equivariantly homeomorphic to (S°/Z,) * S! with the join action
of SU3) x S

G =SUB)xS* 1In this case, dimH=5. Since Proj »(Hy) € S° we have
H,=U@2)xS'. Thus U(2) C Proj 1(K5) € SU3) and S C Proj (K5 C S3. Since
U(2) is a maximal subgroup of SU(3), and S' is a maximal connected subgroup of $°,
Proj (K5) = U(2) or SU(3), and Proj,(K3) = S" or §*. But G/H is not homeomorphic
to a positively curved homogeneous space, so K* are proper subgroups of G. Moreo-
ver, dim K* > dimH, for X does not have an exceptional orbit. Therefore, we have
the following cases: Kj =SU(3)xS', Kf =SUQB)xS' and K; =U(2)x S3, and

5 =UQ)x S3.

Assume first that KOi = SU(3) x S'. Since U(2) is maximal, H = Hy=U(2)x S!, and

we obtain the following diagram:

(SURB) x $,U(2) x ', SUB) x §', SUB) x SH. (3.78)
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By Proposition 2.23, this action is a product action and X is equivariantly homeomorphic
to Susp (CP?) x S~

Suppose now that K = SU(3) x ' and K, = U(2) x §°. In this case, K~ /H can be either
S? or RP?. Therefore, we have the following diagrams, respectively,

(SUB) x $3,U(2) x 8", SUB) x ', U2) x %), (3.79)

(SUB3) x §%,U(2) X Ngs (S1), SU3) x Ngs (1), U(2) x §%). (3.80)

By Proposition 2.25, X is equivariantly homeomorphic to CP? % S? or CP? % RP?, respec-
tively, equipped with the respective join action of SU(3) x S°.

Finally, suppose that K = U(2) x §°. Since K3 = U(2) X § is a maximal subgroup of
SU3) x 8%, K* = K. Thus K*/H has to be RP?, and consequently, we get the following
diagram:

(SUB) X $%,UQ2) x Ne:(S1H), U2) x $%,U(2) x $2). (3.81)

By Proposition 2.23, this action is a product action and X is equivariantly homeomorphic
to Susp (RP?) x CP2.

G = Sp(2). In this case, dim H = 4. Hence H,, = U(2),,, (the maximal subgroup of Sp(2))
or H, = Sp(1)SOQ2). If H, = U(2),,.,» then K* have to be Sp(2), which is impossible, for
Sp(2)/U(2),.x does not admit a positively curved metric (see [34]). Thus H, = Sp(1)SO(2).
Since the only proper subgroup of G containing H,, is Sp(1)Sp(1), we have the following
cases: (f = Sp(2), K™ = Sp(2) and Ky = Sp(1)Sp(1), and K(J)—r = Sp(1)Sp(1).

Assume first that KOi = Sp(2). Therefore we have the following diagrams:

(Sp(2), Sp(1)SO(2), Sp(2), Sp(2)), (3.82)

(Sp(2), Sp(1)SO(2)Z,, Sp(2), Sp(2)). (3.83)

By Proposition 2.27, X is equivariantly homeomorphic to Susp (CP?) or to Susp (CP?/Z,),
respectively, equipped with the corresponding suspension action of Sp(2).

Suppose now that K* = Sp(2) and K; = Sp(1)Sp(1). The space K*/H is equal to either
CP3 or CP*/Z,, so H =Sp(1)SO(2) or H = Sp(1)SO(2)Z,, respectively. Therefore, we
obtain the following diagrams:

(Sp(2), Sp(1)SO(2), Sp(1)Sp(1), Sp(2)). (3.84)

(Sp(2), Sp(1)SO(2)Z,, Sp(1)Sp(1), Sp(2)). (3.85)

Finally, assume that K('J—+ = Sp(1)Sp(1) (up to a conjugation). Since K(')—* both contain
H, = Sp(1)SO(2), they should be equal, so H N KJ = H N K, which in turn implies that
K* is connected. On the other hand, K*/H should be a positively curved homogeneous
space not homeomorphic to a sphere. Therefore H = Sp(1)SO(2)Z,, and we get the follow-
ing diagram:

(Sp(2), Sp(1)SO(2)Z,, Sp(1)Sp(1), Sp(1Sp(1)). (3.86)

This action is a non-primitive action with L = Sp(1)Sp(1), and X is equivariantly homeo-
morphic to the total space of a Susp (RP?)-bundle over S*.
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G =Sp(2) x S3. Since the action is non-reducible, Proj,(H,) ¢ S*. Since dimH =7,
and the highest dimension of a proper subgroup of Sp(2) is 6, Proj ,(H,,) must be equal to S'.
Thus H, = Sp(1)Sp(1) x S'. Maximality of S' in $3, and of Sp(1)Sp(1) in Sp(2), gives rise
to the following cases: K5 = Sp(1)Sp(1) x 8%, K = Sp(1)Sp(1) x §? and K = Sp(2) x §',
and K3 = Sp(2) x S'.

Assume first that K7 = Sp(1)Sp(1) X S$3. Since HnN K, =HNK;, we have
H=HnK; =HnK, CK;. Therefore, K* are connected, and we get the following

diagram:
(Sp(2) x 8%, Sp(1)Sp(1) X Ng: (S1), Sp(1)Sp(1) x $3, Sp(HSp(1) x §*).  (3.87)

By Proposition 2.23, this action is a product action and X is equivariantly homeomorphic
to Susp (RP?) x S* with the product action of Sp(2) x S°.

Suppose now that K(J)r = Sp(1)Sp(1) x §* and Ky =Sp(2) X S'. We have the following
diagrams:

(Sp(2) x 8%, Sp(1)Sp(1) X N (S1), Sp(1)Sp(1) X 8%, Sp(2) X N (1)), (3.88)
corresponding to the join action of Sp(2) x S on $* * RP%;
(Sp(2) x %, Sp(1)Sp(1)Z, x S', Sp(1)Sp(1)Z,, x %, Sp(2) x S), (3.89)
corresponding to the join action of Sp(2) X $* on S? * RP*; and
(Sp(2) x 8%, Sp(1)Sp(1)Z, x Ng: (S1), Sp(1)Sp(1)Z, x S%,Sp(2) X Ng:(S1)).  (3.90)

which corresponds to the join action of Sp(2) X S* on RP* * RP?.
Finally, assume that Ké’ =Sp2)xS'. In this case K* are connected and
H = Sp(1)Sp(1)Z, x S'. Thus we obtain the following diagram:

(Sp(2) x 8%, Sp(1)Sp(1)Z, x S', Sp(2) x S', Sp(2) x SH). (3.91)

By Proposition 2.23, this action is a product action and X is equivariantly homeomorphic
to Susp (RP*) x S? with the product action of Sp(2) x S°.

G = G,. Since dim A has to be 8, we have H = SU(3). Thus K* = G,, for SUQ3) is a
maximal connected subgroup of G, and there are no exceptional orbits. As a result, we
have the following diagram:

(G,, NG, (SU®)), Gy, Gy). (3.92)

By Proposition 2.27, X is equivariantly homeomorphic to Susp (RP%) with the suspension
action of G,.

G = SU(4). In this case, dim H = 9, so H, = U(3). Because U(3) is a maximal subgroup
of G, we have K* = SU(4), and the following diagram is obtained:

(SU4),U(3),SU(4), SU4)). (3.93)

By Proposition 2.27, this space is equivariantly homeomorphic to Susp (CP?) with the sus-
pension action of SU(4).

G = SU(4) x S!. In this case, dim H = 10. We have K(;’,HO cSU@4)xlandK~/H = S!
by Proposition 2.21. Therefore, KS' =SU@4) X 1, Hy = Sp(2) X 1, K = Sp(2) X S!, and we

get the following diagram:
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(SU@) x S',(Sp(2)Z,) X Z,, (Sp(2)Z,) X S',SU4) X Z,). (3.94)

By Proposition 2.25, this action is equivalent to the join action of SU(4) X S' on RP3 % S'.
G = Spin(7). In this case, since dim G = 21 = (6 X 7)/2, by Proposition 2.28, we have

(Spin(7), Ngpine7y(Spin(6)), Spin(7), Spin(7)), (3.95)

and X is equivariantly homeomorphic to Susp (RP®) with the spin action of Spin(7).
This concludes the proof of Theorem A. a
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