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Jordan - Cattaneo waves: analogues of compressible flow

B. Straughan?

“Dept. of Mathematical Sciences, Durham University, DHI 3LE, Durham, UK

Abstract

We review work of Jordan on a hyperbolic variant of the Fisher - KPP equation, where a shock solution is found
and the amplitude is calculated exactly. The Jordan procedure is extended to a hyperbolic variant of the Chafee -
Infante equation. Extension of Jordan’s ideas to a model for traffic flow are also mentioned. We also examine a
diffusive susceptible - infected (SI) model, and generalizations of diffusive Lotka - Volterra equations, including a
Lotka - Volterra - Bass competition model with diffusion. For all cases we show how a Jordan - Cattaneo wave may
be analysed and we indicate how to find the wavespeeds and the amplitudes. Finally we present details of a fully
nonlinear analysis of acceleration waves in a Cattaneo - Christov poroacoustic model.

Keywords: acceleration waves, shock waves, Jordan - Cattaneo waves, Chaffee - Infante equation, Lotka - Volterra -
Bass competition model, diffusive SI infection

1. Introduction

The concept of a surface of discontinuity, known also as a singular surface, is a very important one in the mechanics
of continuous media. The basic idea is an old one as Truesdell and Toupin [1] remark that ... “surfaces at which
derivatives of the velocity are discontinuous first appear in the acoustical researches of Euler,” whereas they also note
that ...“the possibility that the velocity itself may be discontinuous was first remarked by Stokes.” The basic mechanics
including compatibility relations for variables across a singular surface is described in great detail by Truesdell and
Toupin [1], pp. 491-529. These writers describe the motion of such a surface of discontinuity and give a detailed
account of the kinematics. In particular they, pp. 519-523, describe a singular surface of order one which includes
a shock wave where if x; = x;(X4,?) is the motion of the body the velocity X; is discontinuous across the singular
surface, S. Truesdell and Toupin [1], pp. 523-525, describe a singular surface of order 2, in which the acceleration
X; is discontinuous across S, and this they term an acceleration wave. The general history of singular surfaces in
continuum mechanics is covered in some detail in Truesdell and Toupin [1].

The general theory of acceleration waves in nonlinear elasticity is described in detail by Truesdell and Noll [2],
pp- 267-294. Truesdell and Noll [2], p. 267, introduce an acceleration wave in nonlinear elasticity by writing, “a
singular surface of second order with respect to the deformation x; = x;(Xy,t) is defined as a surface across which
the functions x; and their first derivatives are continuous, but at least one of the second derivatives xf p suffers a
Jjump discontinuity.” They recall the kinematic conditions of compatibility for such surfaces, Truesdell and Toupin
[1], and note that [%;] = U?a;, “where the brackets denote the jump occasioned; where the vector a, characterizing
the strength of the discontinuity, is called the amplitude of the singularity and is assumed different from zero, ..., and
where U is called the local speed of propagation. If U # 0 the surface propagates and is therefore called a wave; ...
such a wave must carry a jump of the acceleration, it is called an acceleration wave. It is customary to identify such
waves physically with sound waves.” The history of acceleration waves in nonlinear elasticity is succinctly described
by Truesdell and Noll [2]. Of particular note in the theory of acceleration waves is the work of Green [3], who
demonstrated that under appropriate conditions within an elastic material the amplitude of an acceleration wave could
become infinite in a finite time. This phenomenon is closely connected to the formation of a shock wave, and after the
blow-up time the shock would evolve according to the physics of shock waves, cf. Fu and Scott [4], Fu and Scott [5].
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Despite the fact that the mathematics associated to the evolution of an acceleration wave has been known for
some time, this is a highly useful technique, largely because it yields exact information in a very nonlinear theory in
continuum mechanics. Indeed, acceleration waves have been studied recently in many different areas of continuum
mechanics or even in biology. For example, they have been proved to be useful in random materials, Nishawala and
Ostoja Starzewski [6], Ostoja Starzewski and Trebicki [7, 8]; in saturated porous media, Jordan [9, 10], Jordan et al.
[11], Ciarletta and Straughan [12], Ciarletta et al. [13], Straughan and Tibullo [14], Straughan et al. [15]; in hypoplastic
materials, Weingartner et al. [16, 17]; in viscoelastic fluids, Giiltop et al. [18], Morro [19]; in inhomogeneous fluids,
Keiffer et al. [20]; in layers of isotropic solids Curro et al. [21]; in chemotaxis Barbera and Valenti [22]; in plasticity
Loret et al. [23]; in perfect gases, relaxing gases and in polytropic gases, Mentrelli et al. [24], Christov et al. [25],
Saxena and Jena [26], Shah and Singh [27]; in micro-structured media, Altenbach et al. [28], Eremeyev [29, 30],
Eremeyev et al. [31]; in complex materials, Paoletti [32]; in soft materials, Ziv and Shmuel [33]; and in Green-Naghdi
fluids, Christov [34], Jordan and Straughan [35].

The outline of the article is that in the next section we review the work of Jordan [36] who showed for the Fisher
- KPP equation that one can actually develop a shock wave analysis and the amplitude of the shock can be calculated
explicitly. In this sense, the work of Jordan [36] follows previous work on acceleration waves, but now for shock
waves. After this we review work on models for traffic flow which employs similar mathematical ideas to those used
on the Fisher - KPP equation. This is followed by a shock wave analysis for the Chafee - Infante equation. We then
show how the Jordan [36] method may be extended to a susceptible - infected model for the spread of a disease.
After this we indicate how similar ideas may be applied to predator - prey models, and in particular, to a model for
competition between two products. The article is completed with a fully nonlinear acceleration wave analysis for a
model for acoustic wave propagation in a saturated porous material allowing for temperature changes. This work we
believe is new and introduces a Darcy type model with the temperature and heat flux being governed by Cattaneo -
Christov theory.

2. The Fisher-KPP equation

Fu and Scott [5] write, “In sharp contrast with acceleration waves, shock waves are very difficult to analyse
because their evolutionary behaviour is always coupled with that of the higher order discontinuities that accompany
them. If one follows the same procedure as for acceleration waves, one finds that the shock velocity depends on the
shock amplitude, whereas the shock amplitude is governed by an evolution equation that also involves the amplitude
of the accompanying second order discontinuity.” A typical system where one encounters the phenomenon described
by Fu and Scott [5] is the hyperbolic system for heat propagation where the relaxation time depends on temperature,
as analysed by Carillo and Jordan [37] who examine the equations
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where ¢, 6, K and ¢, are the heat flux, temperature, thermal conductivity, and specific heat at constant pressure. The
constant « is a thermal relaxation time, and @ K6 has units of seconds.

In an inspiring piece of work, Jordan [36], showed that a shock wave in a hyperbolic version of the Fisher-KPP
equation behaves more like an acceleration wave in that the amplitude satisfies a Bernoulli equation and so may be
solved exactly. This work inspired several other articles dealing with other approaches to social problems and biology,
such as to gene-culture shock waves, diffusion of information, hunter-gatherer transition, hantavirus evolution, and
language diffusion, see Bissell and Straughan [38], Straughan [39, 40, 41], and to a basic SI model for infection
in Bargmann and Jordan [42]. We point out that there are several other articles dealing with shock like waves in
biological and social situations which treat hyperbolic versions of systems, many of these based on derivations from
extended thermodynamics; for example, in predator - prey and reaction - diffusion models, Barbera et al. [43, 44];
in pollution, Barbera et al. [45]; for the hantavirus infection, Barbera et al. [46]; for pattern formation in a semiarid
environment, Consolo et al. [47]; in the aquatic food chain, Barbera et al. [48]; in the spread of infectious diseases,
Barbera et al. [49]; in chemotaxis, Barbera and Valenti [22]; and in equations for the nerve axon, Zemskov et al. [50].
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We now briefly describe the work of Jordan [36] dealing with shock wave evolution. The Fisher - KPP equation
deals with the spread of an advantageous gene and is

ou 0 u

E—vﬁz/m(l——), (2.1)

where u(x, f) is a density per unit length, and v, A and u; are positive constants, such that 0 < u < u;. This equation
was proposed by Fisher [51] and by Kolmogorov et al. [52]. We employ standard notation throughout and may use
u; = 0u/ot, u, = du/ox, etc.

Jordan [36] analyses a hyperbolic version of (2.1) by modifying it and writing instead

6—”+6—q=4u(1—1),

ot Ox Uy 2.2)
og __, ou |
ot T ox’

where ¢ is a flux and ¢, is a positive constant. Jordan [36] notes that this is equivalent to a Green and Naghdi [53, 54]
type II formulation for the flux equation (2.2),. He also discusses an alternative formulation where (2.2), is written
instead as

0
T—4+qg=-v—, (2.3)
X

where 7 > 0 is a constant relaxation time. This formulation is equivalent to the Cattaneo [55] formulation for the
heat flux in continuum mechanics. Care must be taken with the derivation of equation (2.2), or (2.3) as is observed
critically by Christov [56], Jordan et al. [57], and Su et al. [58]. The reasoning of Cattaneo [55] which is based on
statistical mechanics is covered at length in Straughan [41], pp. 11-14. The type II theory for heat evolution in a rigid
body is examined at length in Straughan [41], pp. 29-31. Essentially the theory of Green and Naghdi [53] employs in
addition to the temperature 6 a thermal displacement

5
azfé?ds
fo

and a constitutive theory employing 6, @ and a; as independent variables leads effectively to an equation like (2.2),.
To describe the work of Jordan [36] we define the jump of a function f as

:fi_er?

= Ilim f — lim
XLS_ f xiS* f

(2.4)

where S is the singular surface and +, — refer to the regions ahead and behind the wave. For the system (2.2) the
function u is discontinuous across S, the singular surface which defines the shock wave. Jordan [36] begins with the
Rankine - Hugoniot equation for system (2.2), see e.g. Whitham [59], p. 31, to find

- Ulul +[¢q] =0,
5 (2.5)
= Ulgl + ¢ [u] = 0,
where U is the speed of the singular surface. Thus, for non-zero wave amplitude,
U=cs. (2.6)

If instead one employs the Cattaneo relation (2.3) rather than the Green-Naghdi one (2.2), , one finds exactly the
same wavespeed only now due to notation

U= ./-. 2.7)

T

Even though the wavespeeds are the same for the Cattaneo or Green-Naghdi formulations, the amplitude equations
are not. The Cattaneo formulation contains an extra damping term.
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To find the amplitude Jordan [36] takes the jumps of equations (2.2) to find
4
(ur] + [gx] = Alul = — [u7],
AT s 2.8)
[g:] + c2lux] = 0.

Now the Hadamard relation (see Truesdell and Toupin [1]) is used along with the equation for the jump of a product,
namely,

0
5 1= A1+ UL, (2.9)
[fgl=fTIg1+ & [f1+[f1lgl, (2.10)

where §/6t is the intrinsic derivative and is the rate of change as witnessed by an observer on the wavefront. Define
the wave amplitude A(?) by

A1) = [u(n].

Then using the above relations one may derive the amplitude equation

SA
— =aA -BA? 2.11
5 ¢ BA”, (2.11)

where . /

u

l, — b
B 2u,

as shown by Jordan [36].
When one employs relation (2.3) then again an equation of form (2.11) is found but now

with 3 the same as above.
Equation (2.11) is a Bernoulli equation and has exact solution

A(0)
exp{—at} + (B/a)(1 - exp{—ar}A(0))

The various possible behaviours of A(?) are discussed in detail by Jordan [36] who shows that A may blow-up in a
finite time. He also shows that the shock amplitude equation exhibits a transcritical bifurcation.

Waves which arise from equations of form (2.2); in the general case belong to the class of kinematic waves, see
Lighthill and Whitham [60, 61]. Lighthill and Whitham [60] write ... “we give the theory of a distinctive type of wave
motion, which arises in any one - dimensional flow problem where there is an approximate functional relation at each
point between the flow quantity q (quantity passing a given point in unit time) and concentration k (quantity per unit
distance). The wave property then follows directly from the equation of continuity satisfied by g and k. In view of this,
these waves are described as ‘kinematic’, as distinct from the classical wave motions, which depend also on Newton’s
second law of motion and are therefore called ‘dynamic’” The same writers, on p. 282, write, ... “One important
difference is that kinematic viscous waves possess only one wave velocity at each point, while dynamic waves possess
at least two (forwards and backwards relative to the medium).” The waves considered in this article all have forward
and backward waves. A very informative example of a kinematic wave is presented in the article of Kaouri [62].

A(r) = (2.12)

3. Traffic flow

In their classical paper, Lighthill and Whitham [61], inter alia, derived a hyperbolic equation for traffic flow on a
long one lane road. This equation has form
oq 0q 0q  0q
—+4+c—+T—-D— =0, 3.1
o ox " ar T Uox G-D
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see Lighthill and Whitham [61], eq. (21). In this equation T is the inertial time for a driver to react before pressing
the accelerator or before braking, D is a diffusion coefficient (decrement of flow per unit concentration gradient), ¢ is
the speed of the wave, and g is the traffic flow (quantity passing a given point in a unit of time).

Jordan [63] and Christov and Jordan [64] derived an equation not dissimilar to (3.1) by starting with a “density”,
p, of traffic at a point x at time ¢ and a “flux”, g, of cars across the point x at time 7. They thus have the conservation
law

dp 0q
—+—=0 32
ot Ox (3-2)
In addition Jordan [63] and Christov and Jordan [64] adopt a Cattaneo law to govern the flux, of type,
oq = P dq
TE +qg= Vmp(] —E)—Va, (33)

where 7 is the relaxation time, v is a positive constant, v,, is the maximum speed of a vehicle, and p; is a saturation
value for the density of traffic. Note that the saturation term is similar to that in the Fisher - KPP equation. Jordan
[63] and Christov and Jordan [64] eliminate g from equations (3.2) and (3.3) to derive the single equation

o o 2y

— - — 4
v o) o (3.4)

— +
B T T
Observe that this has a similarity to the Lighthill and Whitham [61] equation (3.1).
Jordan [63] analyses travelling waves for (3.4), in addition to shock waves and acceleration waves. Christov and
Jordan [64] also study shock waves and additionally solve (3.4) numerically using an MUSCL - Hancock procedure.
Christov and Jordan [64] write (3.4) as a hyperbolic system

I\, 9 (a)_1 0
ot (61) + ox (vp/‘r) T T (vmp{l —p/ps} — q) (3.5

Then, if S (#) denotes the shock amplitude, both sets of writers show the shock wavespeed is given by ¢y = vv/7, and
they derive a Bernoulli equation for S of form

oS
— + 1S + S2=O,
57 T Ho Bo

where : .

- Vi€l
,uo=——,30+2ﬂ0p—, Bo = 0
27 Ps 2y

with p! € [0, p,) being the value of p ahead of the wave evaluated as a limit on the wave.

Tha analysis of Jordan [63] and Christov and Jordan [64] defines the Mach number Ma by Ma = v,,/co and they
derive detailed shock amplitude behaviour depending on the value of the critical initial amplitude, o,

Jordan [63] concentrated on & > 0 whereas Christov and Jordan [64] allow all values. Christov and Jordan [64] show
S undergoes a transcritical bifurcation and study the shock stability and shock amplitude behaviour carefully.

The numerical results in Christov and Jordan [64] are very detailed. They show that a Taylor shock can form
behind the shock wave, and in certain cases a decaying shock may lead to an acceleration wave as ¢ — oo.

In a not unrelated work Bissell and Straughan [38] analyse the behaviour of a human crowd. In a two - dimen-
sional scenario with p(x, 7) the crowd density and v;(X, #) the crowd velocity Bissell and Straughan [38] work with the
equations

op ap v;
E + V,’a—xi + pa—x[
ov; av; 1 c?

ot Vja_xj = ;(Veei - Vi) - ;p,i.

= 0,
(3.6)
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Here v,(p) and c(p) represent a restricting velocity and a crowd pressure term, ¢; denote the unit vectors in R?, and
7 is a crowd relaxation time. They derive the acceleration wave speeds in two - dimensions and solve for the wave
amplitudes of a one - dimensional wave. They show that under the right circumstances the wave may reach a tipping
point where the derivative of the density becomes infinite which amounts to people tipping over each other and
effectively witnessing a stampede.

The subject of crowd behaviour is one of much recent study, see e.g. Aylaj et al. [65], Bellomo et al. [66], Bellomo
et al. [67], or the collected works edited by Gibelli and Bellomo [68].

4. The Chafee - Infante equation

The partial differential equation
__y_:/l(u—u3) 4.1)
X

is known as the Chafee - Infante equation, see e.g. Huang and Huang [69], named after original important work on
bifucation by Chafee [70] and Chafee and Infante [71, 72].

One may study a hyperbolic generalization of equation (4.1) using either a Green and Naghdi [53, 54] type II
formulation for the flux or a Cattaneo [55] one. If we employ a Cattaneo formulation then we write instead of (4.1)
the system

u+Jy = Au— u3),

4.2)
tJ,+J+vu, =0.

We develop system (4.2) in the same manner as Jordan [36] to see the Rankine - Hugoniot equations lead to the
wavespeed U = +v/7. By then taking the jumps of (4.2) and using the Hadamard and product relations one obtains
the amplitude equation

SA , A

A 3Au*
— =21 -3uHA - A2 -2 A3, 4.3
o = 203 2 2 4.3)

If we take u™ constant then we find there are three steady states to equation (4.3). These are given by

A=0, A= %(—31/’1 V4 -3u+2),

where for real A we require u*™ € [-2/ V3,2/V3]. If we set A = A + a then a linear instability analysis of (4.3) yields
the equation

oa 1
where 15 3
T+ 7.4*2— 5u+\/4—3u+2.

The graph of f shows f > 0 for
~2/V3 <ut < -(13 - V57)/42 ~ —0.36023,

and for
(13 + V57)/42 ~ 0.69949 < u* < 2/ V3,

and so from equation (4.4) we deduce A will grow for u™ in these intervals. For u* in the interval (—0.36023, 0.69949)
the function f is negative and we expect linear instability.

In general one will have to solve the nonlinear ordinary differential equation (4.3) numerically. This is typical of
what happens when the equation or system of equations becomes more complicated, as for example is found in the
hyperbolic co-evolution of a gene and a culture, cf. Straughan [39].

When the solution u is zero ahead of the wave, i.e. u™ = 0, then we may solve (4.3) exactly to find

At 2
o ENAO))
A= T Ao e -
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We see that in this case A remains bounded and A> — 1 as t — oco.
Remark 1. One may perform an analogous analysis on a hyperbolic form of the cubic - polynomial equation studied
by Rosen [73], namely
Oou *u )
i D@ + Au—u)(u—p),
where D, A and 8 are positive constants. In this case one would work with a system of form

up + Jx = Au—u?)(u - p),
7J; +J+ Du, =0.

5. An infection model with diffusion

Mulone et al. [74] considered the nonlinear stability question for an SI model of susceptibles and those with an
infection. Let S (x, ) and I(x, r) be the densities of susceptibles and infected, respectively, at position x and at time ¢.
Then the full model considered by Mulone et al. [74], which includes cross diffusion terms, may be written as

2 2

(Z—i =a(j)7§ +C(’% +u—uS —pBSI,

or 'S o'l

o~ ‘o T2
In these equations u is the recruitment rate of the population and also the per capita death rate, S is the disease
transmission coefficient, and € is the disease - induced death rate. The coefficients a and ¢ are positive and a is the
diffusion coefficient for S and [/ in their respective equations, while c is a cross diffusion coefficient representing the
weak influence of the gradient of one species upon the other, with 0 < ¢ < a.

Mulone et al. [74] derived an optimal nonlinear stability result when cross diffusion is absent, c = 0. When ¢ # 0
they constructed a novel Lyapunov functional to demonstrate nonlinear stability. In this work we consider a hyperbolic
variant of (5.1) by introducing Cattaneo laws for the flux terms. We concentrate on the case of zero cross diffusion,
although the cross diffusion case is considered in remark 1 below.

For a relaxation time 7 > 0 and fluxes J and H, related to S’ and /, respectively, we analyse the system

Si+Ji=p—uS -BSI,
tJ,+J+aS,=0,
I+ H, =BSI—-(u+el,
TH; + H+al,=0.

(5.1
+6S1—(u+ el

5.2)

We consider a singular surface S across which S and 7 have a finite jump discontinuity. For wavespeed U the Rankine
- Hugoniot equations are

-UlS1+[J]1=0,
- Ut[J]+alS]1=0, (5.3)
- Ul +[H] =0,

—Ut[H] +all] =0.

For non-zero amplitudes we see that U = + va/7, which corresponds to a shock wave moving to the right and to the
left.
To find the amplitudes [S ] and [/] we take the jumps of (5.2) and defining

A =[S,  B®O=1[],

one may derive the amplitude equations

SA 1
2— =—(=+pu+pI")A-pS*B-pAB,

gg T (5.4)
2— =—(=+u+e—pS*)B+pBI'A+BAB.

ot T
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When I = 0, i.e. the wave moves into a region of zero infection with S * = 1 and we find the steady state solutions
of (5.4) are either

A=0 and B=0,

or
‘z"1+;z+e_S+ and B ST+ _(T"+,u)
B TR

In general one will solve (5.4) numerically to determine the evolutionary behaviour of A(¢) and B(?).

A=

Remark 2. One may use the Jordan [36] procedure to analyse the full system of equations (5.2). The Rankine -
Hugoniot equations lead to two waves, each moving to the right and left, with speeds determined from U? = a/t+c¢/T.
Thus, there is a fast wave and a slow wave. Upon attempting to find the amplitudes, however, one faces the problem
pointed out by Fu and Scott [5] (see the beginning of section 2) where the amplitude equations involve not only A and
B, but also the jumps of weaker waves, namely [S ,] and [/,].

Remark 3. For a shock wave in a basic SI model where in (5.2) one sets also u = 0, € = 0, and one employs a Green
and Naghdi [53, 54] flux, a detailed analysis of amplitude and wavespeed behaviour is given by Bargmann and Jordan
[42], who also investigate travelling waves.

Remark 4. The Fisher - KPP equation analysed in section 2 has been employed by Gaudart et al. [75] to model the
spread of the Black Death in Europe and in the U.K., see also Coupland [76], section 7.3. Coupland [76] also assesses
whether a Jordan - Cattaneo model might be feasible to model the spread of the Black Death.

6. The Lotka-Volterra-Bass competition model

For a density of prey u(x,t) and predator v(x, f) the diffusive Lotka - Volterra system of equations with equal
diffusion coeflicients may be written as
u; = Duy, + u(a — bv),
6.1
v, = Dvy + v(hu — ¢),
where D, a, b, c, h are positive constants. These equations are named after the original work of Lotka [77] and Volterra
[78] on predator - prey dynamics.
Rothe [79] studied a generalization of this system which includes a logistic growth term (Verhulst [80, 81, 82],
Pearl and Reed [83]) for the prey, this system of equations being

Uy = Duyy + u(l — yu—v),
t : ( X ) 6.2)
v, = Dy + av(u — 1).

A very interesting generalization of these equations is introduced by Dalla Valle [84]. Dalla Valle [84] combines
the Lotka - Volterra predator - prey system together with the Bass model for product growth in an economic market,
Bass [85], to derive a realistic model for market growth in the pharmacology industry. The model of Dalla Valle [84]
is an ordinary differential equation system she calls the LVBC model. If we include equal diffusion coeflicients in the
LVBC model then one derives the system of equations

ou & u @)

o _D@ = (Pl + Eu)(Kl —u—apv),

o o . (6.3)
e D el = (p2 + _Kz v) (Ky —v—anu).

In these equations u and v are cumulative adoptions of products 1 and 2 in a market. The parameters p;, p; identify
the innovation of the two products on the market. The terms «@; and @, are growth rates of the products, K; and K,
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are the carrying capacities and @, and a;; are competition coefficients. Dalla Valle [84] gives estimates for these
parameters in a realistic model for pharmaceutical drugs in the health market.

One may use either a Green and Naghdi [53, 54] type II formulation or a Cattaneo [55] formulation to derive
a hyperbolic system of equations representing any of the three systems of equations (6.1), (6.2) or (6.3). After
that one may employ a Jordan - Cattaneo wave procedure to find the wavespeeds and derive a nonlinear system of
ordinary differential equations for the amplitudes, for all three cases. In general, the amplitudes will have to be found
numerically.

We outline brief details for the Rothe system (6.2). One introduces fluxes J and H and instead of (6.2) we propose
the system, using the Green and Naghdi [53, 54] type II formulation of Jordan [36],

ur=—Jy +u(l —yu—-v)

7J; = —Du,

(6.4)
vi=—H,+avu-1)
TH, = -Dv,.

Define the amplitudes A, B, C and E by
A1) = [u], B(r) = [v], C=1[J], E@®) = [H].

The Rankine - Hugoniot equations yield UA = C, UB = E and the wavespeed satisfies U = + vV D/7. We now consider
only the wave moving to the right and suppose it is moving into a region of zero predators, i.e. v* = 0. Then, after
employing the Hadamard and product relations one may show the amplitudes A and B satisfy the system of equations

A
2§—=(1—AWUA—XA?—MB—AB

ot 6.5
5B (6.5)
25 =a(" — 1)B + aAB.

The solutions u* and v* satisfy equations (6.4) and so in general, u* can still be the solution to (6.4); , with v* = 0.
However, we consider the constant solution u* = 1/y. Then there are three steady states A, B of this system, given by

1. A=0, B=0,

1. A=1--, B=1-y.

In general, the amplitudes may be found numerically from the nonlinear system of ordinary differential equations
(6.5).

7. Non - isothermal poroacoustic waves

Acceleration wave analyses for acoustic waves in a non - isothermal saturated porous material are presented in
sections 8.2 and 8.3 of Straughan [86]. There he introduces a Jordan - Darcy temperature model, and a poroacoustic
model which employs a Cattaneo theory for the heat flux. The work of this section continues in this vein and we again
use a Jordan - Darcy model coupled to Cattaneo theory. However, we introduce two new and physically important
effects. One, we include viscous dissipation, cf. Nield and Barletta [87]. The second involves the introduction of an
invariant derivative for the rate of change of the heat flux. Christov [88] argues that the material derivative for the heat
flux in a Cattaneo theory in a moving body should be replaced by a Lie derivative. We do this here and employ what
is now known as Cattaneo - Christov theory for the heat flux. Second sound, or the phenomenon whereby heat travels
as a wave, is a highly prominent subject at present and is particularly relevant in connection with nanoscale effects,
see Sellitto et al. [89].



We employ standard indicial notation in conjunction with the Einstein summation convention throughout this
section. Thus, for example, for a velocity field v;,
3
Z o, 0Ovy N vy N 0v;
v, = —_— = —_— —_—
i — ox, O0x; 0Oxy O0x3
_Ou N ov N ow
“ox 9y 0z

where v = (vi,Vv2,13) = (1, v, w) and X = (x1, X2, x3) = (x,¥,2). A nonlinear example involving the velocity and the
density field p is
> op ap op ap
Vip;i = Via_x,» =ua—x+v6—y+wa—z.
Let p(x, 1), vi(x,1), T(X, 1), and Qi(X, ) be the density, velocity, temperature, and heat flux in a saturated porous
medium. One may employ equations (2.15), (3.9), (5.3) and (6.1) of Eringen [90] to derive the equations for a Jordan
- Darcy material with a Christov [91, 88, 92] derivative for the heat flux. The governing equations may be shown to

have form, the balance of mass,

pi+vip;+pvi;=0, (7.1)
the balance of linear momentum,
PO +vvij) =—pi—&vi—yT,, (7.2)
the equation of energy balance,
peo(Ty +viT ) + Qi + pviy = —Evivi, (7.3)
and the Cattaneo - Christov equation
T(Qiy +v;j0Qij— Qvij+ Ovmm) + Qi + kT ; = 0. (7.4)

In these equations the pressure is p = p(p, T), & = u¢/K, where u, ¢ and K are the dynamic viscosity of the saturating
fluid, the porosity, and the permeability of the porous medium, ¢, is the specific heat at constant volume, 7 is the
relaxation coefficient, and k is the thermal conductivity of the porous medium. The term in 7y arises since the gradient
of temperature is a constitutive variable in the theory of Eringen [90].

We are unable to employ the Jordan [36] ideas to develop a shock wave theory for equations (7.1) - (7.4), since
the coeflicients of the highest derivatives are not constant and depend on the solution itself. This is analogous to the
situation of Fu and Scott [5]. However, we are able to progress with a fully nonlinear acceleration wave analysis and
solve the problem completely for the wavespeeds and amplitudes, even in the three dimensional case.

We suppose the body occupies a region B of Euclidean space for all time. Equations (7.1) - (7.4) are assumed to
hold on B X (-0, o). For an acceleration wave we suppose that p,v;, T and Q; are continuous functions of x;, t on
B X (—00, 00) and there is a surface S(7), for each t € (—o0, ), such that for each (x, ¢) a unit normal to S, n;, is defined
at x;, and the speed of S at (x,?) is u,(> 0) in the direction of n. The functions vi;, vij, Qis, Qij» P1sP,i» T,r and T ;,
and their higher derivatives, are assumed to be continuous functions of x;, 7 on (8 — S) X (—o0, o0) and to have at most
jump discontinuities across S. The surface S is an acceleration wave. The jump of a quantity f is denoted by [f] and
is defined as in (2.4).

We make use of singular surface compatibility conditions as are given in the treatise of Truesdell and Toupin [1]
and then from Hadamard’s lemma and the regularity of p,v;, T and Q; it may be shown that (details are similar to
those in Lindsay and Straughan [93], p. 61),

vijl =Cinj, [p;]1=Bn; [T;,]=An;, [Qi;]l=Rinj, (7.5)
where the wave amplitudes are defined by

A=[nT;], B=I[np:, Ci=I[nyi;l, R =I[n;0il. (7.6)
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To proceed with an acceleration wave analysis we take the jumps of equations (7.1) - (7.4) at S, to find

[p.] +vilpi] + plvii] =0,

_ O (o 4
plval +pv vl = =5 ol (57 + )T a7
peulT ] + pewilT ] + [Qii] + plviil = 0,

T[Qis] + v;[Qi ;] = 7Q;vi ] + TOilvim] +k[T;]1=0.

For any scalar, vector, or tensor function, the Hadamard relation shows that (see e.g. Lindsay and Straughan [93],
p. 62),

. 1
[#] = 5 [#] — (unre — vid[P il 5 (7.8)
where /6t is the derivative of a function at the wavefront, i.e.

) 0
= ()= > 1+ () e

and ¢ = ¢, +vi¢;. Now, define U by U = u, — v;n;. Then (7.7), yield

- UB+pC,‘I1,‘ =0,
(7.9)
- pUC; = —p,Bn; — (pr + y)An;.
From (7.9), it follows that C; = Cn;, where C = [v,n,np]. Then (7.9) become
- UB+pC =0,
(7.10)

—pUC+ p,B+(pr +y)A=0.

It is now necessary to introduce orthogonal surface coordinates u® (¢ = 1,2) on S. Let xf(,(z 0x'/0u®) denote the
tangential vectors to S, and then we decompose Q; and R; into normal and tangential components as

Qi=Qm +07x,, R =Rn+Rx,
where the sum on « over 1 and 2 is understood. From (7.7); we now derive
—pc,UA+ R, + pC = 0. (7.11)
Equation (7.7)4 splits into three equations as follows,
—TUR, + kA =0, (7.12)
and
~UR, + Q§C =0, a=12. (7.13)

Equations (7.10) - (7.12) are a system of four equations in A, B, C and R,, and yield the wavespeeds of S. Equations
(7.13) serve to find the tangential components R, once C is known. From (7.10) - (7.12) the wavespeed U is found to
satisfy the equation

(U? - U3 )(U? - U2) + K U* =0, (7.14)

where Ui/l = pp and U % = k/pc,T are the squares of the wavespeed of a purely mechanical wave and a purely thermal

wave, and

_rpr+7y)
pre,

We expect pr +y > 0 and so «; < 0. Thus, there are two waves (each moving to the right and left), a fast wave and a

slow wave with wavespeeds U; and U, which satisfy

K1 =

(7.15)

U? < {U3, U3} < U
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One may now progress to calculate the amplitudes themselves. For the full 3-D case the calculations involve much
differential geometry, cf. Lindsay and Straughan [93]. To prevent technical details masking the essential physics we
restrict attention to a plane wave in one space dimension. The density, velocity, temperature and heat flux are now
denoted by p,u, T and Q. Let P = p,/p and S = (pr + y)/p. We differentiate each differential equation with respect
to x and take the jump of each result. Define the amplitudes A, B, C and R by

A =[Ty], B =[ps, CO =[us, R =[Qx]

Then, after some calculation and use of the Maxwell relation and product relation for jumps one may derive the
following amplitude equations,

6B
5~ tnlond + 2utB +2pTC + 2BC + ulpy] + plu] = 0, (7.16)
and sC
=~ 2P B=P,B> = (S, + Pr)(p;A+ T B+ AB)
i (7.17)
~287TIA - S7A? - 2C + =B,
p P
together with
5A 1
Cy—/ — UCV[Txx] + _[Qxx] + E[uxx] + CV“IA + CVT;C
ot P P
| R R
+ CVAC - _ZQXB_ —szR 2 _ZBR
P P P (7.18)
+ P(oiC +ulB+ BC)+ S(T!C+ujA+AC)
2
+ %(p;c+u¢B+BC)+2QC— g,
p ‘ p p
and SR
7> = TUIQu] + KTl + R+ TR + Q7C + RC) = 0. (7.19)

We now restrict attention to the fast wave moving into a region at rest where p =constant, u = 0, T =constant,
0=0.

The procedure is now to form the equation Px(7.16)+Ux(7.17). Next form the equation TUX(7.18)+p~!x(7.19).
One then multiplies the first equation so obtained by 7pU/p and adds this to U? — pP times the second equation so
obtained.

After some calculation and use of equation (7.14) one may show that the [p,,], [ux.], [T xx] and [Q,,] terms are
removed. The next step is to use the equations (7.10) and (7.12) to find B, C and R in terms of A. This then leads to
the amplitude equation

‘2—? +aA+BA% =0, (7.20)
where the constants o and 8 are given by
207172 2
T _lUlsz%){UT(UT Yo _ pLK UAU* - U
and
2ptPS2U? 1 ptU%s?  ptU>S?P,
N A Ty |
— (S, + Pr)ptU*S +1U*PS?)

+7U*S? + 1c,U*S —
P
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Equation (7.20) is a Bernoulli equation whose solution is well known and presented in many places, e.g. Straughan
[41], equation (7.19), or (2.12) of the current article. Under appropriate conditions A(f) may blow up in a finite time,
and consequently also B(¢), C(¢) and R(¢), and a shock wave then forms. Details of how an acceleration wave may
develop into a shock wave are presented in Fu and Scott [4], Jordan [9], Keiffer et al. [20].

We have thus determined the wavespeeds and derived explicitly the Bernoulli equation (7.20) which leads to an
analytical solution for the amplitudes for an acceleration wave for equations (7.1) - (7.4).

8. Conclusions

We have reviewed the work of Jordan [36], and we have shown how his ideas may be extended to other equations
and to systems of susceptible - infected populations, and to predator - prey like equations. This may be a useful tool for
other systems of partial differential equations where a jump in the actual solution is to be expected. We stress that the
results for the amplitude in all cases reported are exact, up to possibly numerical approximation of ordinary differential
equations, and do not involve any kind of weakly nonlinear expansion techniques. In addition, a new new model is
presented for wave propagation in a non - isothermal saturated porous material. A fully nonlinear acceleration wave
analysis is given for this model.

Acknowlegments.

I am very grateful to three anonymous referees for incisive comments which lead to substantial improvements in the
original manuscript. I am also indebted to Dr Pedro Jordan for many enlightening discussions on nonlinear waves,
and in particular, for pointing out the significance of dynamic and kinematic waves.

References

[1] C. Truesdell and R. Toupin. The Classical Field Theories. In S. Fliigge, editor, Handbuch der Physik, volume III. Springer-Verlag, Berlin -
Heidelberg - New York, 1960.
[2] C. Truesdell and W. Noll. The nonlinear field theories of mechanics. Springer, second edition, 1992.
[3] W. A. Green. The growth of plain discontinuities propagating into a homogeneously deformed elastic material. Arch. Rational Mech. Anal.,
16:79-88, 1964.
[4] Y.B. Fuand N. H. Scott. The transition from acceleration wave to shock wave. Int. J. Engng. Sci., 29:617-624, 1991.
[5] Y.B. Fuand N. H. Scott. One-dimensional shock waves in simple materials with memory. Proc. Roy. Soc. London A, 428:547-571, 1990.
[6] V. V. Nishawala and M. Ostoja Starzewski. Acceleration waves on random fields with fractal and Hurst effects. Wave Motion, 74:134-150,
2017.
[7] M. Ostoja Starzewski and J. Trebicki. On the growth and decay of acceleration waves in random media. Proc. Roy. Soc. London A, 455:
2577-2614, 1999.
[8] M. Ostoja Starzewski and J. Trebicki. Stochastic dynamics of acceleration waves in random media. Mechanics of Materials, 38:840-848,
2006.
[9] P. M. Jordan. Growth and decay of acoustic acceleration waves in Darcy-type porous media. Proc. R. Soc. London A, 461:2749-2766, 2005.
[10] P. M. Jordan. Poroacoustic solitary waves under the unidirectional Darcy - Jordan model. Wave Motion, 94:102498, 2020.
[11] P. M. Jordan, F. Passarella, and V. Tibullo. Poroacoustic waves under a mixture-theoretic based reformulation of the Jordan-Darcy-Cattaneo
model. Wave Motion, 71:82-92, 2017.
[12] M. Ciarletta and B. Straughan. Poroacoustic acceleration waves. Proc. R. Soc. London A, 462:3493-3499, 2006.
[13] M. Ciarletta, B. Straughan, and V. Tibullo. Acceleration waves in a nonlinear Biot theory of porous media. Int. J. Non Linear Mech., 103:
23-26, 2018.
[14] B. Straughan and V. Tibullo. Thermal effects on nonlinear acceleration waves in the Biot theory of porous media. Mech. Res. Commun., 94:
70-73, 2018.
[15] B. Straughan, V. Tibullo, and A. Amendola. Nonlinear acceleration wave propagation in the DKM theory. Mech. Res. Comm., 103:1-5, 2020.
[16] B. Weingartner, V. A. Osinov, and W. Wu. Acceleration wave speeds in a hypoplastic constitutive model. Int. J. Nonlinear Mech., 41:
991-999, 2006.
[17] B. Weingartner, V. A. Osinov, and W. Wu. Effect of inherent anisotropy on acceleration wave speeds in hypoplasticity. Int. J. Engng. Sci., 46:
286-292, 2008.
[18] T. Giiltop, B. Alyavuz, and M. Kopac. Propagation of acceleration waves in the viscoelastic Johnson - Segalman fluids. Mech. Res. Comm.,
37:153-157, 2010.
[19] A. Morro. Thermodynamic restrictions and wave features of a non-linear Maxwell model. Int. J. Nonlin. Mech., 47:1008-1013, 2012.
[20] R.S. Keiffer, P. M. Jordan, and I. C. Christov. Acoustic shock and acceleration waves in selected inhomogeneous fluids. Mech. Res. Commun.,
93:80-88, 2018.
[21] C. Curro, G. Valenti, M. Sugiyama, and S. Taniguchi. Propagation of an acceleration wave in layers of isotropic solids at finite temperatures.
Wave Motion, 46:108-121, 2009.

13



[22]
[23]

[24]
[25]
[26]
[27]
(28]

[29]
[30]

[31]
[32]
[33]
[34]
[35]

[36]
[37]

[38]

[39]
[40]

[41]
[42]
[43]
[44]
[45]
[46]
[47]
[48]
[49]
[50]

[51]
[52]

[53]
[54]
[55]
[56]
[571

[58]
[59]
[60]
[61]

[62]

E. Barbera and G. Valenti. Wave features of a hyperbolic reaction - diffusion model for chemotaxis. Wave Motion, 78:116-131, 2018.

B. Loret, F. M. F. Simoes, and J. A. C. Martins. Growth and decay of acceleration waves in non - associative elastic - plastic fluid - saturated
porous media. Int. J. Solids Struct., 34:1583-1608, 1997.

A. Mentrelli, T. Ruggeri, M. Sugiyama, and N. Zhao. Interaction between a shock and an acceleration wave in a perfect gas for increasing
shock strength. Wave Motion, 45:498-517, 2008.

1. C. Christov, P. M. Jordan, S. A. Chin-Bing, and A. Warn-Varnas. Acoustic traveling waves in thermoviscous perfect gases: kinks, acceler-
ation waves, and shocks under the Taylor-Lighthill balance. Math. Comput. Simul, 127:2-18, 2016.

M. Saxena and J. Jena. Interaction of an acceleration wave with a characteristic shock in a non-ideal relaxing gas. Int. J. Nonlinear Mech.,
82:17-23, 2016.

S. Shah and R. Singh. Evolution of singular surface and interaction with a strong shock in reacting polytropic gases using Lie group theory.
Int. J. Nonlinear Mech., 116:173-180, 2019.

H. Altenbach, V. A. Eremeyeyv, L. P. Lebedev, and L. A. Rendén. Acceleration waves and ellipticity in thermoelastic micropolar media. Arch.
Appl. Mech., 80:217-227, 2010.

V. A. Eremeyev. Acceleration waves in micropolar elastic media. Doklady Physics, 5:204-206, 2005.

V. A. Eremeyev. Acceleration waves in media with microstructure. In M. A. Sumbatyan, editor, Wave dynamics and composite mechanics
Sfor microstructures materials and metamaterials, pages 123—132. Springer Nature, Singapore, 2017.

V. A. Eremeyev, L. P. Lebedev, and M. J. Cloud. Acceleration waves in the nonlinear micromorphic continuum. Mechanics Research
Communications, 93:70-74, 2018.

P. Paoletti. Acceleration waves in complex materials. Discrete Cont. Dyn. Sys. B, 17:637-659, 2012.

R. Ziv and G. Shmuel. Smooth waves and shocks of finite amplitude in soft materials. Mechanics of Materials, 135:67-76, 2019.

I. C. Christov. Nonlinear acoustics and shock formation in lossless barotropic Green-Naghdi fluids. Evol. Equ. Control Theory, 5:349-365,
2016.

P. M. Jordan and B. Straughan. Acoustic acceleration waves in homentropic Green and Naghdi gases. Proc. R. Soc. London A, 462:3601—
3611, 2006.

P. M. Jordan. Growth, decay and bifurcation of shock amplitudes under the type-II flux law. Proc. Roy. Soc. London A, 463:2783-2798, 2007.
S. Carillo and P.M. Jordan. On the propagation of temperature rate waves and travelling waves in rigid conductors of Graffi - Franchi -
Straughan type. Math. Comp. Simulation, 176:120-133, 2020.

J. J. Bissell and B. Straughan. Discontinuity waves as tipping points: applications to biological and sociological systems. Discrete and
Continuous Dynamical Systems, Ser. B, 19:1911-1934, 2014.

B. Straughan. Gene-culture shock waves. Phys. Lett. A, 377:2531-2534, 2013.

B. Straughan. Shocks and acceleration waves in modern continuum mechanics and in social systems. Evolution Equations and Control
Theory, 3:541-555, 2014.

B. Straughan. Heat Waves, volume 177 of Springer series in Applied Mathematical Sciences. Springer, 2011.

S. Bargmann and P. M. Jordan. A second-sound based, hyperbolic SIR model for high-diffusivity spread. Phys. Lett. A, 375:898-907, 2011.
E. Barbera, C. Curro, and G. Valenti. Wave features of a hyperbolic predator-prey model. Math. Meth. Appl. Sci., 33:1504-1515, 2010.

E. Barbera, C. Curro, and G. Valenti. On discontinuous travelling wave solutions for a class of hyperbolic reaction - diffusion models. Physica
D, 308:116-126, 2015.

E. Barbera, C. Curro, and G. Valenti. A hyperbolic model for the effects of urbanization on air pollution. Appl. Math. Modelling, 34:
2192-2202, 2010.

E. Barbera, C. Curro, and G. Valenti. A hyperbolic reaction-diffusion model for the hantavirus infection. Math. Meth. Appl. Sci., 31:481-499,
2008.

G. Consolo, C. Curro, and G. Valenti. Pattern formation and modulation in a hyperbolic vegetation model for semiarid environments. Appl.
Math. Modelling, 43:372-399, 2017.

E. Barbera, G. Consolo, and G. Valenti. A two or three compartment hyperbolic reaction-diffusion model for the aquatic food chain. Math.
Biosci. Engng., 12:451-472, 2015.

E. Barbera, G. Consolo, and G. Valenti. Spread of infectious diseases in a hyperbolic reaction-diffusion susceptible - infected - removed
model. Phys. Rev. E, 88:052719, 2013.

E. P. Zemskov, M. A. Tsyganov, and W. Horsthemke. Wavefronts in a hyperbolic Fitzhugh - Nagumo system and the effects of cross diffusion.
Phys. Rev. E, 91:062917, 2015.

R. A. Fisher. The wave of advantageous genes. Annals of Eugenics, 7:355-369, 1937.

A. Kolmogorov, I. Petrovsky, and N. Piscounov. ’Etude de I’équations de la diffusion avec croissance de la quantité de matiere et son
application a un probléme biologique. Bull. Univ. Moscow, Ser. Int., Sec. A, 1:1-25, 1937.

A. E. Green and P. M. Naghdi. A re-examination of the basic postulates of thermomechanics. Proc. Roy. Soc. London A, 432:171-194, 1991.
A. E. Green and P. M. Naghdi. Thermoelasticity without energy dissipation. J. Elasticity, 31:189-208, 1993.

C. Cattaneo. Sulla conduzione del calore. Atti Sem. Mat. Fis. Univ. Modena, 3:83—101, 1948.

I. C. Christov. Comments on “‘scattering cancellation - based cloaking for the Maxwell - Cattaneo heat waves”. arXiv:1908.02188, 2020.
P.M. Jordan, W. Dai, and R. E. Mickens. A note on the delayed heat equation: instability with respect to initial data. Mech. Res. Communi-
cations, 35:414-420, 2008.

S. Su, W. Dai, P. M. Jordan, and R. E. Mickens. Comparison of the solutions of a phase - lagging heat transport equation and damped wave
equation. Int. J. Heat Mass Transfer, 48:2233-2241, 2005.

G. B. Whitham. Linear and nonlinear waves. Wiley, New York, 1974.

M. J. Lighthill and G. B. Whitham. On kinematic waves I. Flood movement in long rivers. Proc. Roy. Soc. London A, 229:281-316, 1955.
M. J. Lighthill and G. B. Whitham. On kinematic waves II. A theory of traffic flow on long crowded roads. Proc. Roy. Soc. London A, 229:
317-345, 1955.

K. Kaouri. Solution of the kinematic wave equation with an accelerating point source. Wave Motion, 42:3-15, 2005.

14



[63]
[64]

[65]
[66]
[67]
[68]
[69]
[70]
[71]
[72]
[73]
[74]
[75]
[76]
[771
[78]
[79]
[80]
[81]
[82]

[83]
[84]

[85]
[86]
[87]
[88]
[89]
[90]
[91]
[92]

[93]

P.M. Jordan. Growth and decay of shock and acceleration waves in a traffic flow model with relaxation. Physica D, 207:220-229, 2005.

I. C. Christov and P.M. Jordan. Shock bifurcation and emergence of diffusive solitons in a nonlinear wave equation with relaxation. New J.
Physics, 10:042027-447, 2007.

B. Aylaj, N. Bellomo, L. Gibelli, and A. Reali. A unified multiscale version of behavioral crowds. Math. Models Meth. Appl. Sci., 30:1-22,
2020.

N. Bellomo, C. Bianca, and V. Coscia. On the modelling of crowd dynamics: an overview and research perspectives. Boletin de la Sociedad
Espariola de Matemdtica Aplicada, 54:25-46, 2011.

N. Bellomo, D. Clarke, L. Gibelli, P. Townsend, and B.J. Vreugdenhil. Human behaviours in evacuation crowd dynamics: from modelling to
“big data” toward crisis management. Physics of Life Reviews, 18:1-21, 2016.

L. Gibelli and N. Bellomo. Crowd dynamics. Theory, models, and safety problems, volume 1 of “Modelling and Simulation in Science,
Engineering and Technology”. Birkhauser, Basel, 2018.

H. Huang and R. Huang. Sign changing periodic solutions for the Chafee - Infante equation. Applicable Analysis, 97:2313-2331, 2018.

N. Chafee. A stability analysis for a semilinear parabolic partial differential equation. J. Differential Equations, 15:522-540, 1974.

N. Chafee and E. F. Infante. Bifurcation and stability for a nonlinear parabolic partial differential equation. Bull. Amer. Math. Soc., 80:49-52,
1974.

N. Chafee and E. F. Infante. A bifurcation problem for a nonlinear partial differential equation of parabolic type. Applicable Analysis, 4:
17-37, 1974.

G. Rosen. On the Fisher and the cubic - polynomial equations for the propagation of species properties. Bull. Math. Biol., 42:95-106, 1980.
G. Mulone, B. Straughan, and W. Wang. Stability of epidemic models with evolution. Studies in Applied Mathematics, 118:117-132, 2007.
J. Gaudart, M. Ghassani, J. Mintsa, M. Raehdi, J. Waku, and J. Demongeot. Demography and diffusion in epidemics: malaria and Black
Death spread. Acta Biotheoretica, 58:277-305, 2010.

H. L. Coupland. Heat waves. 4H M. Math. Project Report, Durham Univ., 2016.

A.J. Lotka. Undamped oscillations derived from the law of mass action. J. Am. Chem. Soc., 42:1595-1599, 1920.

V. Volterra. Variazioni e fluttuazioni del numero d’individui in specie animali conviventi. Mem. Acad. Lincei, 2:31-113, 1926.

F. Rothe. Convergence to the equilibrium state in the Volterra - Lotka diffusion equations. J. Math. Biol., 3:319-324, 1976.

P. F. Verhulst. Notice sur la loi que la population poursuit dans son accroissement. Correspondance Mathématique et Physique, 10:113-121,
1838.

P. F. Verhulst. Recherches mathématiques sur la loi d’accroissement de la population. Nouveaux Mémoires de I’Académie Royale des Sciences
et Belles - Lettres de Bruxelles, 18:1-42, 1845.

P. F. Verhulst. Deuxieéme mémoire sur la loi d’accroissement de la population. Mémoires de I’Académie Royale des Sciences des Lettres et
des Beaux - Arts de Belgique, 20:1-32, 1847.

R. Pearl and J. L. Reed. On the rate of growth of the population of the United States. Proc. National Acad. Sci., 6:275-288, 1920.

A. Dalla Valle. A new competition model combining the Lotka - Volterra model and the Bass model in pharmacological market competition.
Working paper series No. 7, Department of Statistical Sciences, Univ. of Padova, July 2014.

F. M. Bass. A new - product growth model for consumer durables. Management Science, 15:215-227, 1969.

B. Straughan. Stability and wave motion in porous media, volume 165 of Springer series in Applied Mathematical Sciences. Springer, 2008.
D. A. Nield and A. Barletta. Extended Oberbeck - Boussinesq approximation study of convective instabilities in a porous layer with horizontal
flow and bottom heating. Int. J. Heat Mass Transfer, 53:577-585, 2010.

C. I. Christov. On frame indifferent formulation of the Maxwell Cattaneo model of finite - speed heat conduction. Mech. Res. Comm., 36:
481-486, 2009.

A. Sellitto, V. Zampoli, and P. M. Jordan. Second - sound beyond Maxwell - Cattaneo: nonlocal effects in hyperbolic heat transfer at the
nanoscale. Int. J. Engng. Sci., 154:103328, 2020.

A. C. Eringen. A continuum theory of swelling porous elastic solids. Int. J. Eng. Sci., 32:1337-1349, 1994.

C. I. Christov. On the material invariant formulation of the Maxwell’s displacement current. Foundations of Physics, 36:1701-1717, 2006.
C. L. Christov. Frame indifferent formulation of Maxwell’s elastic fluid model and the rational continuum mechanics of the electromagnetic
field. Mech. Res. Comm., 38:334-339, 2011.

K. A. Lindsay and B. Straughan. Acceleration waves and second sound in a perfect fluid. Arch. Rational Mech. Anal., 68:53-87, 1978.

15



Work of Jordan on a hyperbolic variant of the Fisher - KPP equation is
described, where a shock solution is found and the amplitude is calculated
exactly. The Jordan procedure is extended to a hyperbolic variant of the
Chafee - Infante equation. Extension of Jordan’s ideas to a model for traffic
flow is discussed. We also examine a diffusive susceptible - infected (SI)
model, and generalizations of diffusive Lotka - Volterra equations, including
a Lotka - Volterra - Bass competition model with diffusion. For all cases
we show how a Jordan - Cattaneo wave may be analysed and we indicate

how to find the wavespeeds and the amplitudes.



