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Abstract

We consider the cases where there is equality in Courant’s nodal domain theorem
for the Laplacian with a Robin boundary condition on the square. In our previous
two papers, we treated the cases where the Robin parameter h > 0 is large, small
respectively. In this paper we investigate the case where h < 0.
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1 Introduction.

We consider a bounded, connected, open set Q C R™, m > 2, with Lipschitz boundary and
h € R. The Robin eigenvalues of the Laplacian on Q with parameter h are A\; ,(Q) € R,
k € N, k > 1, such that there exists a function u;, € H'()) which satisfies

—Aug(z) = A n(Qup(x), =€,

0
—ug(z) +hug(x) =0, x €0,
ov
where v is the outward-pointing unit normal to 9. It is well known that under these
geometric constraints, the Robin Laplacian on 2 has discrete spectrum

ALa(€) < Agn() < ...

and that one can find an orthonormal basis (u)gen in L2(£2) such that uy, is an eigenfunc-
tion associated with Ay ;. By the minimax principle, the Robin eigenvalue problem has a
corresponding quadratic form:

Hl(Q)Bul—)/ |Vu|2+h/ luaa|*do
Q o9

where upq is the trace of u. Hence the Robin eigenvalues are monotonically increasing with
respect to h for h € (—o00,00). In addition, each Robin eigenvalue with A < 0 is smaller
than the corresponding Neumann eigenvalue, denoted p(2) = A 0(£2).

The Robin eigenvalues satisfy Courant’s nodal domain theorem [4] which states that any
eigenfunction corresponding to Ak, (£2) has at most k nodal domains. We are interested
in the Courant-sharp Robin eigenvalues of €2, that is the Robin eigenvalues A, ,(€2) that
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have a corresponding eigenfunction with exactly & nodal domains. As for the Dirichlet and
Neumann eigenvalues, A1 ,(2) and Ag ,(2) are Courant-sharp for all h € R.

We treat the particular example where € is the square S = (-7, g)Q C R2. Our key
question is whether it is possible to determine the Courant-sharp eigenvalues of the Robin
Laplacian on S with parameter h < 0.

In previous work [6, 7], we considered the case where h > 0. In [6], we proved the following
theorem which asserts that there are finitely many Courant-sharp Robin eigenvalues when

h > 0.

Theorem 1.1. Let h > 0. If Mg, (S) is an eigenvalue of the Robin Laplacian on S with
parameter h and k > 520, then it is not Courant-sharp.

In addition, we proved the following result that for h sufficiently large, the only Courant-
sharp Robin eigenvalues are for k = 1,2, 4.

Theorem 1.2. There exists hy > 0 such that for h > hy, the Courant-sharp cases for the
Robin problem on S are the same as those for h = 400 (i.e. the Dirichlet case).

It was shown in [9] that the only Courant-sharp Neumann eigenvalues of the square are
for k =1,2,4,5,9. On the other hand, in [7], we proved the following theorem.

Theorem 1.3. There exists hg > 0 such that for 0 < h < hg, the Courant-sharp cases
for the Robin problem on S are the same, except the fifth one, as those for h =0 (i.e. the
Neumann case) .

The goal of the present paper is to investigate the case where h < 0. As Ay, (5) =
A1 (S), it follows immediately that As j,(S) is not Courant-sharp for any h < 0. On the
other hand, we prove the following result for the fourth and fifth Robin eigenvalues of S
when h < 0.

Theorem 1.4. For h < 0, the fourth and fifth eigenvalues of the Robin Laplacian on S with
parameter h, Ay p(S), As.n(S), are Courant-sharp.

In [6], for the ninth Robin eigenvalue of S when h > 0, we proved that there exists hf§ > 0
such that A§(S) is Courant-sharp for 0 < h < hg, and is not Courant-sharp for h > h§. For
the ninth Robin eigenvalue of S when h < 0, we have the following proposition.

Theorem 1.5. There exists h§ < 0 such that the ninth eigenvalue of the Robin Laplacian
on S with parameter h, Ao 1 (S), is Courant-sharp for h§ < h <0 and is not Courant-sharp
for h < hg.

For the case where h < 0, numerically we have that hg ~ —1.6293.

In the case where |h| is sufficiently small, the arguments of [7] for & > 0 also apply for
h < 0. In addition, the labelling of the Robin eigenvalues A (.S) is the same as that for
the Neumann eigenvalues A 0(S) (see Remark 4.3). Hence, for h < 0, |h| sufficiently small,
the Courant-sharp Robin eigenvalues of the Laplacian on S with parameter h are the same
as for h = 0.

In order to prove the results of [6, 7], we made use of the fact that when h > 0, the
Robin eigenvalues interpolate between the Neumann eigenvalues (h = 0) and the Dirichlet
eigenvalues (h = +00). In addition, in [6] we employed the analogue of the Faber—Krahn
inequality for the Robin eigenvalues (due to Bossel-Daners) which asserts that among all
bounded, Lipschitz domains Q C R™ of prescribed volume, the ball minimises Ay 5 (€2).

In the case where h < 0, the Faber-Krahn inequality can be applied for the nodal
domains whose boundaries intersect the boundary of S in at most finitely many points, but
not for the nodal domains whose boundaries intersect the boundary of S in a non-trivial
arc. Indeed, for bounded, planar domains with C? boundary, the Robin analogue of the
Faber—Krahn inequality is reversed for h < 0 with |h| sufficiently small, [5], and cannot be
used in our analysis.

In addition, for h < 0 we no longer have an analogue of the aforementioned Dirichlet—
Neumann bracketing for the Robin eigenvalues as some of the Robin eigenvalues tend to
—o00 as h — —oo (see Section 2). The latter feature of the case h < 0 also gives an added
complication that the positive Robin eigenvalues of S could have multiplicity larger than 2.



We recall that to prove that the k-th eigenvalue is not Courant-sharp, we must show that
it has no corresponding eigenfunction with k£ nodal domains. As we do not know how to
treat the case with multiplicity larger than 2, we focus our attention on the negative Robin
eigenvalues and prove the following theorem.

Theorem 1.6. There exists h* < 0 such that for h < h*, the eigenvalues A ,(S), k > 6,
of the Robin Laplacian on S with parameter h < 0 that are negative are not Courant-sharp.

As outlined above, the methods used in our previous work [6, 7] do not apply to the
case where h < 0. To treat this case, we analyse the nodal sets of the Robin eigenfunctions
more explicitly (in particular, the interior critical zeros and the boundary zeros) and use
Euler’s formula, Sturm’s theorem and symmetry considerations to estimate the number of
their nodal domains.

It was shown by Léna [11] that the analogue of Pleijel’s theorem holds for the Robin
Laplacian with parameter A > 0 on a bounded, connected, open subset of R™, n > 2, with
a Ob! boundary. As a consequence, there are finitely many Courant-sharp eigenvalues. To
the best of our knowledge, the general case where h < 0 remains open. In Section 8, we
prove that the number of Courant-sharp Robin eigenvalues of S can be bounded from above
independently of the parameter h < 0. Hence the Robin Laplacian on the square with pa-
rameter h < 0 has finitely many Courant-sharp eigenvalues.

Organisation of the paper. In Section 2 we recall the formulae for the eigenvalues and
eigenfunctions of the Robin Laplacian of an interval with parameter h < 0. We also discuss
the asymptotic behaviour of the Robin eigenvalues of the interval as h — —oo. In Section 3
we give an improvement of Sturm’s theorem in a special case and recall Euler’s formula
and the symmetry properties of the Robin eigenfunctions. In Section 4 we investigate the
potential intersections of the Robin eigencurves for the square S. In Section 5 we treat the
fourth, fifth and ninth Robin eigenvalues of S. We then turn our attention to the negative
Robin eigenvalues of the Laplacian on S in Sections 6 and 7. In Section 8, we obtain a
uniform upper bound for the number of Courant-sharp Robin eigenvalues of the Laplacian
on S with parameter h < 0.

Acknowledgements. We would like to thank Pierre Bérard for useful discussions about
Sturm’s theorem and Richard Laugesen for helpful comments. We also wish to thank the
referee for useful suggestions.

2 Eigenvalues and eigenfunctions of the Robin Lapla-
cian on the square for h < 0.

2.1 Robin eigenfunctions of an interval for A < 0

We derive the Robin eigenfunctions of an interval for h < 0 (see also Section V of [10] and
Subsection 4.3.1 of [3], for example). We wish to solve the following problem:

—u"(z) = Mu(z), z€(-m/2,7/2),
—u/(=m/2) + hu(—m/2) =0,
u'(7/2) + hu(r/2) =0, (2.1)

where A € Rand h < 0.
For the even eigenfunctions, we have

u(x) = Acos(VAz),
where A € R is a constant, and the boundary condition (2.1) gives
vV Vr hm
——tan | — | = —.
2 2 2
For the odd eigenfunctions, we have

u(z) = Bsin(V\zx),



where B € R is a constant, and the boundary condition (2.1) gives

Var Var hr
——5 cot <2> =5 (2.3)

By the minimax characterisation, for h < 0,

An((=7/2,7/2)) < pa((=7/2,7/2)) = 0,

so we must also consider the case where \ < 0.

Let A = —772/32 where 8 > 0 is a function of h < 0. Then for the even case, (2.2)
becomes 8 8 "
™
Ztanh (2 ) = =22 24
> tan (2> 5 (2.4)
and for the odd case, (2.3) becomes
Jé] Jé] hm
Eeoth (2) = -=E. 2.
B cot 5 9 (2.5)

We observe that = — xtanh(z) is increasing for > 0. So for each h < 0, (2.4) has a
unique solution Gy(h) > 0.

In addition, = — x coth(x) is increasing for > 0 and lim,_,o 2 coth(z) = 1. So (2.5)
has a unique solution 81(h) > 0 for any h such that —% > 1, that is for h < —%.

Hence, when h < —2, (=%, 7) has two negative Robin eigenvalues —7 233 and —7—23%.

Moreover, when 0 < h < —=, (=7, ) has one negative Robin eigenvalue —m232.

In the case where A > 0, let A = 7202 where a > 0 is a function of h < 0. Then via
(2.2) and (2.3), we obtain

ety
atan (%) = h, (2.6)

in the even case, and
—acot (%) = hm, (2.7)

in the odd case, as in equations (2.7) and (2.8) of [6].
We note that for p > 2, o, = a,(h) is the unique non-zero solution in [(p — 1), pm) of

2c (« )2 .
h—;cosap—i— <1— h;;rz)smapzo. (2.8)

For —2 < h < 0, a;(h) is the unique non-zero solution of (2.8) in [0,7). For h = —2

Oél(h) =0. "
We conclude that the eigenvalues of the Robin realisation of the Laplacian with h < 0
on I = (—%, %) are thus given by

2
Man(I) = —77263,

203, —2<h<0,
A2n(I) = 40, h=-2,
_W_2ﬂ127 h < _%7

-2 2
Apt1,h =7 “ag, forp > 2

with corresponding eigenfunctions

oL
uy,n(x) = ——3- cosh boz ) )
sinh m
a1z _2
v Sln(ﬂ_), = <h<0,
_ 2
ug’h(x) =4 7T, =T
}11,31 sinh (*3717—“”), h<—%,
sh -
sinla—p cos (“2%), if p > 2 is even,
u = 2
p+1,h 1 . apT . .
—op sin (T) , if p>2isodd.

=~



2.2 Asymptotic formulae for the (’s and a’s
In Figure 1, we plot Sy(h), f1(h), a1(h), az(h), as(h), as(h), as(h). By following analogous
arguments to the proof of Proposition 1 of [1], we have that

Bo(h) + hr ~ —2hmexp hm, h— —o0, (2.9)

and
B1(h) + hm ~ 2hwexp hm, h — —o0.

(See also Lemma IV.4 of [10]). The corresponding eigenvalues —f3q(h)?/72, —B1(h)?/m?
behave like —h? as h — —oco. In addition, they are exponentially close as h — —oco (see
Figure 1). We have indeed

Bo(h) — B1(h) ~ —4hmexphr, h— —o0.

a(h)
QO 1
—Bo(h)
oy (h)
= Bu(h)
—an(h)
—ag(h)
—ay(h)
lY.z(h)
57
xl
. h
-8 -2/m

Figure 1: The graphs of 5y(h), B1(h), aa(h), az(h), as(h), as(h), as(h) for —8 < h < 0.

We remark that since z — xtan(z) and x — —x cot(z) are increasing functions, their
inverses are also increasing. So for p > 2, h +— «a,(h) is an increasing function for h € R and
we recall that

a,(0) =pr.

See also [3] or [10]. The next lemma gives the asymptotics of oy, 41(h) as h — —oo (see [3]).

Lemma 2.1. For p > 1, we have
14
api1(h) =pr —2ph™' +dpr~th™% — (8p7r2 + 3p3) R34+ O(h™). (2.10)

Proof.

There is a complete expansion for a,+1(h) in powers of % We show how we can compute
the first four terms. Let o = apy1. From (2.8), we have

h2m%tan o + 2rha — o tan o = 0.
We now write a = pm 4 u, and we obtain
R*n? tan p + 2wh(pm + p) — (pr 4 p)*tanp = 0.
Using that

1
tanpe = p— zp’ + O,



we have that

1 1
h?r? (u - 3u3> + 2rh(pr + ) — (p7 + p)? <M - 3u3> =0(ut).

By writing
= prh™" + peh™% + push ™3 + O(h™4),

we first obtain

1 1
hn? (,u - 3M3> + 27 (pr + p) — (pm + p)? (,u - 3@3) ht=0(h"3).

Then

1 _ _ _ _ _ _ _
pm? — g/ffWQh 2 pom?h T 4 pam®h T2 4 2w (pr 4+ AT 4 pohT2) — (pr)2puh T2 = O(RT3) .
Identifying the coefficients of the powers of h~! we get

H1 = I2p
H2 = 1?1) 8 14
pz = spim® = 2mps + PPl = — 2% — Hp?,

and this gives (2.10). O

In Figure 2 we plot the first six Robin eigenvalues of the interval (—m/2,7/2) for —8 <
h < 0. We also plot the horizontal asymptotes corresponding to the first four Dirichlet
eigenvalues of this interval. We see that as h — —o0o, the eigenvalues corresponding to Ay p,
k > 3, converge to the Dirichlet eigenvalues as h — —oo, while the eigenvalues Ay p, Agp,
tend to —oo as h — —oo, see [3] for example.

T

Figure 2: The graphs of the first six Robin eigenvalues of the interval (—m/2,7/2) for
-8 < h<O0.

2.3 Robin eigenfunctions of a square for h < 0.

For S = (=%, %)%, an orthogonal basis of eigenfunctions for the Robin realisation of the

Laplacian on S is given by
Up.g.1(T,y) = Upn(T)tgn(y),



where, for p,q € N* (where N* is the set of the positive integers), u, p is the p-th eigenfunc-
m™ T

tion of the Robin problem in (—%, ) as defined above.

For —% < h < 0, the Robin eigenvalues have the form

—277_263, —7r_26§ + 7T_204(21, or 7r_2a12, + 77_2@3 ,

for p,q € N*.

For h < —%, the Robin eigenvalues have the form

—r2B2 — 2 32, —m282 + 7T_2043, or 7r_2a12, + 7T_2043 ,

for i,5 € {0,1} and p, ¢ € N*.

3 General properties.

In this section, we discuss the main tools that we will use to analyse the structure of the
nodal sets of the Robin eigenfunctions. Namely, an improvement of Sturm’s theorem, Euler’s
formula and symmetry properties.

3.1 Improvement of Sturm’s Theorem in a special case.

In this subsection we obtain an improvement of Sturm’s theorem (see, for example, [2]) for
the case of a finite linear combination of Robin eigenfunctions uq,us, ..., u,, on an interval
[a,b]. We start by recalling the following statement due to Sturm (see [2] for details).

Theorem 3.1. Let h > 0. For a given n > 0, let

ci € R, be a linear combination of the first n Robin eigenfunctions in (a,b) and let a; be the
zeros of @ in (a,b). Then

Sv(a) + 3 va) +gr) S0 -1 (3.1)

where v(x) denotes the order of the zero at x.

The proof given by Sturm explicitly uses the non-negativity of i and excludes the Dirich-
let case. The proof given by Liouville is true for any h € (—oo, +00] but is established in
the less precise but more standard form:

Zl/(ai)gn—l.

i

We were unable to find a reference for (3.1) in the case h < 0. Hence we give here a proof
obtained under stronger assumptions which will be satisfied in our particular situations.

Proposition 3.2. Let h € R. With the notation of Theorem 3.1, assume that
e d'(a) =0,
e d"(a) <0,
e & has only simple zeros in (a,b) or zeros a; of multiplicity 2 with ®"(a;) < 0.

Then ® has at most (n—2) zeros in (a,b) (counted with multiplicities). If in addition ®'(b) =
0 and " (b) < 0, then ® has at most (n — 3) zeros in (a,b) (counted with multiplicities).



Proof. Since u; is the first eigenfunction, it does not change sign on (a,b). Without loss of
generality, we assume that u; > 0 on (a,b). For € > 0, we consider

O, =D+ euy.

We note that u)(a) # 0 (via the Robin boundary condition as ui(a) # 0). We apply the
usual version of Sturm’s theorem to ®., hence ®, has at most (n — 1) zeros in (a, b).

We note that for e small the simple zeros are close to the previous ones. The double
zeros are split and become essentially a; & ¢;4/¢. But we also note that we have created a
new zero in (a,b) (behaving like a + ce, with ¢ > 0). Hence there are at most (n — 2) zeros
of ® in (a,b) (counted with multiplicity). O

3.2 Euler’s formula.

In this subsection we recall Euler’s formula with boundary for the Robin realisation of the
Laplacian with h € R (see [6]). We note that Theorem A.1 from Appendix A of [6] also
holds when h < 0.

Proposition 3.3. Let Q be an open set in R? with C*>% boundary, v a Robin eigenfunction
with k nodal domains, N(u) its zero-set. Let by be the number of components of 02 and
by be the number of components of N(u) U 0Q. Denote by v(x;) and p(y;) the numbers of
curves ending at critical point x; € N(u), respectively y; € N(u) N OQ. Then

k=1+b1—bo+2(@—1)+%Zp(yi)-

Remark 3.4. We remark that, the nodal set of an eigenfunction corresponding to a negative
Robin eigenvalue cannot contain an immersed circle that does not intersect 0S. Indeed, if
the nodal set of u contains an immersed circle C that does not intersect 982, then u restricted
to the nodal domain contained in C and with boundary C' is the first eigenfunction of the
Dirichlet Laplacian on this domain. So the corresponding Dirichlet eigenvalue would be
negative which is a contradiction. Therefore, if Q is connected, we observe that for the
Robin eigenfunctions corresponding to negative eigenvalues, we always have

bo = b1 .

In fact, we have a stronger property: for a Robin eigenfunction corresponding to a negative
eigenvalue, the closure of any nodal domain must intersect O in at least a non-trivial arc.

3.3 Symmetry of Robin eigenfunctions.

We now recall the symmetry properties of the Robin eigenfunctions from [7]. From the
formulae given in Subsection 2.1, we see that the Robin eigenfunctions u, , p € N*, of the

Laplacian on (—%,Z) with parameter h < 0 are alternately symmetric and antisymmetric:

2172
up p(—x) = (_1)p+1“p7h(37),

like in the Dirichlet and Neumann cases.

We now consider the symmetry properties of a general eigenfunction associated with an
eigenvalue Ay 5 (S) of (—%,%)? which reads:

u(z,y) = Z aij Uit1 (2)uj+1 ()
{6,JEN: X 1 (S)=7—2(aZ+a3)}

where u, (or upp if we want to include the reference to the Robin parameter) is the p-th
eigenfunction of the Robin Laplacian on (—7%, ) with parameter A < 0, and where we recall
the convention that ag = ify, and oy =iy (if h < —%)

By considering the transformation (z,y) — (-, —y), we obtain

ul=e,—y) = > aij (1) ugp (@) uj (y) - (3.2)
i,jGN:)\pyh,(S):ﬂ—z(Oélg_i_a?)

Remark 3.5. If (i + j) is odd for any pair (i,7) such that Ay »(S) = 7(af + aF), then
we get by (3.2), u(—z, —y) = —u(z,y). Hence u has an even number of nodal domains (see
also Remark 2.2 of [6]).



4 Analysis of crossings.

In this section, we study the potential number of intersections between eigencurves corre-
sponding to distinct pairs. We reconsider the arguments of the proof of Proposition 7.1 from
[6] and show that they also hold for the case when h < 0. We deduce the corresponding
result to Proposition 7.1 from [6] in certain cases.

Suppose that A, ¢ 1(S) = A\pr ¢.1(S) for some h = hy. Without loss of generality, suppose
that p < p’ < ¢’ < q. We are interested in the other potential crossings between the curves
h = Apg.n(S) and h = Ay ¢ 1(S), so we consider the function

1
(0,+00) > h = a(h) == — (ap(h)? + aq(h)? — apr (h)? — ag (R)?) .
The zeros of o correspond to the values of h for which the curves corresponding to (p, q),

(', q’) intersect. We note that

o'(h) = % (ap(h)a,(h) + ag(h)ag(h) — ap (h)ag (h) — ag (R)ag () -

Proposition 4.1. For distinct pairs (p,q) and (p',q"), with p < q and p’ < ¢, the sign of
o’(h) at a zero h of o is given as in the last two columns of the following table.

Table 1: The sign of ¢’ at a zero of o.

Case p,q,0,q —2<h<0 h<-2

i) | p=0,g>2p'=¢ =1 <0 <0

(i) | p=0,g>3;p'=1,¢ >2 <0 sign((ao + aq)(aoaq — aray))
(iif) p=0,g>3;p,¢ >2 <0 >0

(iv) p=1,¢>3;p,¢ >2 <0 >0

(v) p>2,9>4p,¢ >3 <0 >0

Proof. We deduce from the formulas that determine «y, (see (2.4), (2.5), (2.6), (2.7) and [6])
that h — «ag(h) satisfies the differential equation

/ 2 2.2
Oék<h7r—|—ak—|— ﬂ-)Zﬂ',

2 2

which implies
2 p2.2
Qg <h7r + % + 27T ) =Tag. (4.1)

We remark that (4.1) is true for any h € R where we use the convention that ag(h) = i5(h)
for h < 0 and ay(h) = iB;1(h) for h < —2. For h € R and k € N, we define

T
al  hPm?

ak(h)zhw—&-?-i- 5

We note that hr + # > 0 if and only if A < —% so clearly ax(h) > 0 for k& > 2 and
h< -2

On the other hand, by monotonicity with respect to h of the k-th eigenvalue, we have that
for k € N,

ozkoz;€ >0.

Together with formula (4.1), this implies:
ag(h) >0, for k>2and h <0. (4.2)
The same argument holds for k =1 and h € (—2,0), hence:

ay(h) >0 for h € (—2/7,0). (4.3)



Moreover, (4.1) also shows that
a1(h) <0 for h € (—o0,—2/7), (4.4)

and that
ap(h) < 0for h <0. (4.5)

We now analyse o’ (h). We have

If we assume that o(h) = 0, which implies
ap +aq = ap +aq

then at the crossing points we obtain:

() = ~n (14 7 ) (Ll Sl

2 (apaqap aq)

We now deduce the sign of ¢’(h) as given in Table 1.

e For case (i), we write

o' (h) = —2h (1 + h”) (Wgo%)) |
™ 2 apag,a?

and can use (4.2)—(4.5).

e For case (ii), we write

o) — _%m (1 . m) ((al +ag)(aray — aoaq)) |

2 (apaqaiaq)

Using again (4.2)—(4.5), o’(h) has the same sign as (a1 + ag)(—a1ay + apa,) and is
negative for h € (—2,0).

e For case (iii), we write

o'(h) = ~ 2 <1 + h”) (W *ay)(ayay — “0%>> |

2 (aoaqapaq)

This has the same sign as —(1 4+ 7).

e For case (iv), we write

o= o (127 (Lot o —ose),

2 (a104ap aq)

This has the same sign as (ayaq — a1a4). It is negative for h € (—2,0), and it is
positive for h € (o0, —2) if ¢ > 3.

e For case (v), we write

= A <1+ m) ((ap-l-aq)(ap/aq/ —a,,aq)> |

m 2 (apaqayaq)

This has the same sign as (14 &%) (ayaq — apag). As a(h) > 0 for k > 2, we have
that for € > 0, apy = ap + € and ay = a, — €. So ayay — aya, = e(a, — a,) — €2 < 0.

O

10



For an interval in which the derivative of o has constant sign at all crossing points,
there can be at most one point of intersection between the two curves. We thus deduce the
following corollary.

Corollary 4.2. Let (p,q) and (p',q’) be distinct pairs withp < q and p’ < ¢'. Then, in case
(i) of Table 1, there is at most one value of h in (—00,0) such that Ap ¢ 1 (S) = Apr g7 1 (5).
In cases (iii), (iv) and (v) of Table 1, there are at most two values of h in (—o0,0) such that
/\p,qﬁ(s) = /\p’,q',h(‘s’)-

Remark 4.3. From Table 1, there is at most one value of h € (—2,0) such that Ay g1 (S) =
Apr gt 1 (S) for distinet pairs, p < q, p' < ¢'. Since the labelling of the eigenvalue can only
change at a crossing, we deduce that there exists h e (—%,O) such that the labelling of the
eigenvalues g, (S) for h < h <0 is the same as that for the Neumann case h = 0.

To deal with case (ii) of Table 1, we make use of the following lemma.
Lemma 4.4.

(i) For k> €>2, h+ ay(h)?> — ag(h)? is increasing for h < —2.
(h)?

h

(ii) For k> € >1, h— ay(h)? — ag(h)? is decreasing for —2 < h < 0.

(iii) For h < —2, h s By(h)? — B1(h)? is increasing.

Proof. To prove (i), we wish to show that o (h)ag(h) — aj(h)ae(h) > 0. We observe that
ajag > ooy

2 2
T, > ey

= by (4.1),
Qg Qy
> aiag > ajay by (4.2),
a?  h?m? a?  h2r?
- a? (m+;+ ; )2(1? <h7r+2"—|— k )
which holds trivially for h = —%, and for h < —%, we have that it is equivalent to

h22 h22
ai(hﬁ—I— ;)Za%(hﬂ'—l— ;) — ai >a?,

which holds since k£ > ¢.
The fact that h +— oy (h)? — ag(h)? is decreasing for —2 < h < 0 follows by analogous

arguments since (hr + h22”2) < 0 in this case.
We note that when k =1, £ =0, h < —2, we have oy (h) = if1(h), ag(h) = iBo(h) and
the above arguments give rise to item (iii) by using that So(h) > £1(h). O

Proposition 4.5. Suppose that p =0, ¢>3,p =1 and 2 < ¢ < q. For h < f%, we have
that

Mg n(8) = 77 2(=B1(h)* + ag (B)*) < 772 (=Fo(h)? + ag(h)?) = Ao.0n(S)-

That is, for h < —%, the curve corresponding to (1,q") lies below that corresponding to (0, q).
Proof.
We observe that m=2(—£1(h)? + ag(h)?) < 7 2(=Bo(h)? + ag(h)?) if and only if
T2(Bo(h)? = Bi(h)?) < 12 (aq(h)? — ag (h)?).

We note that 8g(—2/m) < 7. This follows as Bo(—2/7) satisfies ﬁ"(;?/”) tanh 50(;2/”) =
1, z — ztanhz is increasing, and 7 tanh3 > 1. Indeed, for the latter we have that
Stanh 3 >1 <= €™ > (7 +2)/(m —2) and €™ > 8 while (7 +2)/(m —2) < 8.

By Lemma 4.4,

Bo(h)? — B1(h)* < Bo(—=2/m)? — Bi(—2/m)? < n°,
and
ag(h)? = ag(h)? > ay(—00)* — ay(—00)? = (¢ — 1)* = (¢ = 1)*)x* > =°.
So
Bo(h)? = B1(h)? < 72 < ozq(h)2 — ozq/(h)Q.
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5 The fourth, fifth, ninth Robin eigenvalues for h < 0.
5.1 The fourth and fifth Robin eigenvalues for h < 0.

In this subsection, we prove Theorem 1.4. In order to work with the fifth Robin eigenvalue
As.1(S) for b < 0, we must first consider which pairs it corresponds to. This leads us to
consider whether the curves corresponding to the pairs (0,2) and (1,1) intersect for some
h < 0. In fact, by using the results of the previous section in the case p = 0, ¢ = 2,
p’ = ¢ =1, we prove the following lemma.

Lemma 5.1. For h < 0, the fifth Robin eigenvalue of S is given by the pair (0,2), that is
A5.0(S) = Xo,2.n(5).
Proof. Suppose that the curves corresponding to Ag 2, (S) and A1 1 5(S) intersect for some
h < 0. By Proposition 4.1, we have that in this case o’(h) < 0 for h < 0 (Case (i) of Table
1).

For —% < h < 0, we have

a(h) = m7(=fo(h)* + az(h)* — 201 (h)?).

We have that ¢(0) = 2. In addition, o(—2) > 0 as

o(=2/7) = 77 2(=Bo(=2/7)* + aa(—2/m)?) > 77 2(—=72 + az(—00)?) = 0.

Hence, if there was a crossing for some f% < h < 0, then there should be at least two
crossings on this interval and ¢’(h) would be positive on some subinterval. This gives a
contradiction.

For h < —%, we have

o(h) = 77 2(=Bo(h)? + az(h)? + 261 (h)?),

s0 limy_, oo 0(h) = +00. As o(—2) > 0, we obtain a contradiction as above.

Therefore the curves corresponding to Ao 2, (S) and A1 1,,(S) do not intersect each other.
In addition, /\0,270(5) > /\1,170(5).

We also observe that the curves corresponding to Aj x5 (S) with j > 1, £ > 2, do not
intersect the curve corresponding to Ag 2, (S) for any h < 0. Indeed, for f% < h <0,

720 +ai) 2 7 %03 > 7 (=57 + ad).
For h < —%, since By(h) > B1(h), we have
m 0] +ag) 2 7 (=B +a3) = 7 (=4 + ).
We conclude that A5 (S) is given by the pair (0, 2). O

For —% < h < 0, we have that

>

1a(S) = =272Bo(R)?,

20 (S) = =17 2Bo(h)* + 7 21 (h)? = A3 u(9),
(S)
(S)

> >

4.0(S) = 271’72041(}1)2,

}

>

5,h S) = —W_Qﬁo(h)z + 7T_2a2(h)2.

We observe that there exists a unique h} € (—2,0) such that Ay ,(S) > 0 for b < h < 0,
and A, (S) < 0 for —2 < h < h3. Numerically, we compute that hj ~ —0.4382.
For h < —%, we have that

An(S) = —27726y(h)?,

Aon(S) = =77 2Bo(h)* — 7 B1(h)? = Asu(9),
A p(S) = =272 (h)?,

As.n(S) = —17280(h)? + 7 %aa(h)?.

12



So A1, (S), A2 1 (S) are Courant-sharp for all h < 0, but Az ;,(S) is not for any h < 0.

We observe that # = 0 and y = 0 are nodal lines of u; 1 (x, y) for h < 0. We have therefore
proved the result for the fourth Robin eigenvalue Ay ,(S) = A1,1,5(S) given in Theorem 1.4.
We now complete the proof of Theorem 1.4 by treating the fifth Robin eigenvalue of the
Laplacian on S with A < 0.

Proposition 5.2. The fifth Robin eigenvalue X5 ;,(S) = Xo,2.n(S) of S is Courant-sharp for
all h < 0. In particular, the corresponding eigenfunction

o () () o () o (22).

has five nodal domains.

Proof. Any eigenfunction corresponding to Ag 25 (S) has the form

cos 0 cosh (ﬁo(h)“‘) (W) + sinf cosh (me) (“2“”90) .

s m m

In the case § = 7, we consider the nodal set of

m ™ s

We first observe that {x = 0} does not belong to the nodal set. Indeed,

o) = o (2200 1 (B0

™

Similarly {y = 0} does not belong to the nodal set.
We also observe that g 2(—z,y) = g 2(z,y) and g 2(z, —y) = Go2(z,y). So, by sym-
metry, it is sufficient to analyse the nodal set of g 2(z,y) in [0, 5]*.
At the corner (%, %), we have
to,2(m/2,m/2) = 2cosh(fBo(h)/2) cos(az(h)/2).

We note that as(h) € (m,27) for h < 0, so cos(az(h)/2) < 0 for h < 0. Hence g 2
for all h < 0, and the nodal set of g 2(x,y) does not intersect the corner (
symmetry, to,2(5,—%5) < 0 for all h <0.

By Sturm’s theorem (see [2] and references therein), g2 (%,y) has at most 2 zeros in
(7%7 g) Since ’(1072(%, %) < 0, ’ELQQ(%,O) > 0 and 17,072(%,*%) < 0 forall h < O7 ﬂo,g(g,y)
has exactly 2 zeros in (=3, 7).

So the nodal set of g 2(z,y) intersects the edge x = 7 exactly once for y € (0, %), by
symmetry. Thus, the nodal set of g 2(z,y) intersects 05 in exactly 8 points (2 points on
each edge of 95). Since {z = 0}, {y = 0} do not belong to the nodal set, g 2(z,y) has 5

nodal domains (see also Figure 3). O

<0
By

(5,%)
T T
5’5)'

In Figure 3 below, we plot the corresponding fifth Robin eigenfunction

cos 6 cosh (ﬁO(h)m) cos (aQ(h)y> + sin 6 cosh (BO(h)y> cos <a2(h)x) :

™ ™ ™ ™

for (z,y) € (=%,%)% h=—0.1, h = —0.6366, h = —2 respectively, and various values of 6.

For h = —0.6366 and h = —2, we see that there is more than one value of 8 giving rise to 5
nodal domains.
5.2 The ninth Robin eigenvalue for h < 0.

In this subsection, we prove Proposition 1.5. Numerically, we see that Ag ;,(.5) is either given
by the pair (2,2) or the pair (0,3) (see Figure 4).

Lemma 5.3. There exists h < 0 such that the ninth Robin eigenvalue g ,(S) of S is given
by the pair (2,2) for h§ < h <0, and by the pair (0,3) for h < hj.

13



i

Figure 3: The nodal sets of the fifth Robin eigenfunction for A = —0.1 (left), h = —0.6366

(centre), h = —2 (right) respectively and § = 0 (blue), # = Z (magenta), 6 = 3% (purple),

s 3 s 3

0 =7 (red), 0 = 5 (lime), 0 = 3 (orange) and 6 = = (navy).

Proof. To prove that Ag j,(S) is either given by the pair (2,2) or the pair (0, 3), it suffices
to prove that the curves corresponding to (0,3) and (1,2) do not intersect for h < 0. The
remaining cases can be eliminated similarly to the arguments of the proof of Lemma 5.1.
For —2 < h <0, case (ii) from Table 1 gives ¢/(h) < 0. In addition, we have

a3(0)? — Bp(0)® — az(0)* — a1 (0)? = 472 > 0,
and, by Lemma 4.4,
az(—2/7)% = Bo(=2/7)? — an(—2/m)* — a1 (—2/7)? > az(—00)? — 72 — ag(—00)? = 272 > 0.

So the curves corresponding to (0,3) and (1,2) do not intersect for —2 < h < 0. In fact,
the curve corresponding to (0, 3) lies above the curve corresponding to (1,2) for —2 < h < 0.
By Proposition 4.5 with ¢ = 3 and ¢’ = 2, this is still the case for h < —2.

We see that the curves corresponding to Az 2 1 (S) and g 3.5 (S) must cross exactly once
for some hg, as )\2’27700(5) = 2, )\0’3’700(5) = —oo while )\2’270(5) = 8, )\073’0(5) = 0.
Numerically, we find that h§ ~ —1.6293 (see also Figure 4). O

T
o w
Loy

W WM NN O

P e o T
—H ONFROFOO
bbb 2NN NN N

|

Figure 4: The first nine Robin eigenvalues of S for —4 < h < 0.

Proposition 5.4. The ninth Robin eigenvalue Ag 1,(S) of S is Courant-sharp for h§ < h <0,
and is not Courant-sharp for h < hg.

14



Proof. For hi < h < 0, Ag;(S) is given by the pair (2,2). A corresponding eigenfunction?

IS o () ()

which has 4 nodal lines x = :I:#Q(h), Y= iﬁih) giving rise to 9 nodal domains. Hence in
this case, Ag ,(5) is Courant-sharp.

For h < h§, Ao n(S) is given by the pair (0,3) and no other pair. We therefore deduce
that it is not Courant-sharp. Indeed, any corresponding eigenfunction has the form

Dy 3.1.0(2,y) ;= cosf cosh (ﬁo(:)x) sin (a35rh)y> + sin 6 cosh (W/) sin (cm(ﬂh)x) )

s

and ®o3p.0(—z,—y) = —Po3n0(z,y). So Po3.5.0(x,y) has an even number of nodal do-
mains (see Remark 3.5). O

6 Analysis of the spectrum as h — —oo.

In this section, we consider the negative Robin eigenvalues of S. We observe that these
eigenvalues correspond to pairs of the form (0,¢), 0 < ¢ < N(h), and (1,¢'), 0 < ¢’ < N'(h),
where N(h), N’(h) are integers depending on h.

Indeed, let p,q > 2. Then by monotonicity and (2.10), for all h < 0, we have

Apan(8) =72 (ap(h)? + aq(h)?) = (p— 1)* + (¢ = 1)* 2 2> 0.
On the other hand, Ay qn(S) and A1 4(S) tend to —oo as h — —oo since gm > a4(h) >
(g —1)m (for ¢ > 2 and h < 0) while Sy(h), 51(h) tend to —oo as h — —oo.
6.1 Multiplicities.

We first prove the following proposition which compares the eigenvalues corresponding to
the pairs (0,¢ + 1) and (1, ¢q).

Proposition 6.1. For any h < —% and ¢ € N, ¢ > 2, we have
72 (=Bo(h)? + ag1(h)?) > 772 (=B1(h)? + ag(h)?).
That s, the eigencurve corresponding to (1,q) lies below that corresponding to (0,q + 1).

In addition, by the proof of Lemma 5.1, we have that
2
M1a(S) < Ao2n(S), Vh < —=.

g;OI(i];mma 4.4(i), since h — ap(h)? — ay(h)? is increasing if p > ¢ > 2, we have
g1 (1)? = ag(h)? > gsn(—00)% — ag(—00)? = 72(2g — 1) > 372,
Again by Lemma 4.4(iii), we have
Bo(h)? = Bu(h)* < Bo(=2/m)* = pr(=2/m)* < n°.

Hence
Bo(h)? = B1(h)? < agp1(h)? — ag(h)?

as required. O

Proposition 6.2. For any N > 0, there exists hy < 0 such that for h < hy, the 4N
first eigenvalues are given by the pairs (0,0), (0,1), (1,1), (0,2), (1,2), ..., (0,N), (1,N).
Moreover there exists hy < hy such that forh < iLN, these eigenvalues (except the first and
fourth ones) have multiplicity 2.

For h = h§ the eigenspace has dimension 3 but this does not affect the argument.
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Proof.

We observe that )\O,O,h(S) < )\071’]1(5) < )\1’1’}1(5) and )\O’Q’h(S) < )\172’}1(5) for all h < —%.
By the proof of Lemma 5.1, A1.1,4(S) < Ag,2,1(S) for all A < —%.

So for any h < —%, we have that the first eight Robin eigenvalues of S correspond to (0, 0),
(0,1), (1,0), (1,1), (0,2), (2,0), (1,2), (2,1) respectively.

We also observe that Ag.q,n(S) < A1, (S) as Bo(h) > Bi(h) for b < —2.

The required ordering of the pairs now follows from Proposition 6.1.

We set hy to be the value of h < —2 for which A1,N,1(S) = 0. The existence of hy follows

as A, N5 (S) = —o0 as h — —o0. " O

Alternatively, we have the following proposition.

Proposition 6.3. For any h < —%, there exists N(h) such that the negative spectrum of
the Robin Laplacian on S consists either of eigenvalues given by the sequence (0,0), (0,1),
(1,1), (0,2), (1,2), ..., (0,N(h)), (1, N(h)) or of eigenvalues given by the sequence (0,0),
(0,1), (1,1), (0,2), (1,2), ..., (0,N(h)). These eigenvalues have multiplicity 2 (except those
corresponding to (0,0), (1,1)).

We recall that there exists —% < h3 <0, hy ~ —0.4382, such that there is one negative

Robin eigenvalue for h3 < h < 0 which corresponds to the pair (0,0), and there are three

negative Robin eigenvalues for —% < h < hj which correspond to the pairs (0,0), (0,1),

(1,0). All other Robin eigenvalues of the square are non-negative for —2 < h < 0.

6.2 The eigenvalues corresponding to pairs (0,¢), ¢ odd, or (1,q).

In this subsection, we show that the negative eigenvalues of the Robin Laplacian on S are
not Courant-sharp when they correspond to pairs of the form

¢ (0,9), g odd,
e (1,q), q even,
e (1,q), g odd.

Let N > 0. By Proposition 6.2, there exists hy < 0 such that for h < hy, the 4N first
eigenvalues are given by the pairs (0,0), (0,1), (1,1), (0,2), (1,2), ..., (0,N), (1, N).

Any eigenfunction corresponding to Ag 4.5 (S) with ¢ = 25 + 1, j € N*, has the form (up
to multiplication by a non-zero scalar):

Bonofo.) = costos (U )i (o) g ot (L) i (2007

™ s m ™

We see that
Q0,4.n0(—7,—y) = —Po g.n0(z,y)
so any such eigenfunction has an even number of nodal domains.
In this case, for £ € N, the eigenvalue Age19 5 (S) corresponds to the pair (0,2(¢+1) +1)

(see Table 2). So the corresponding eigenfunction has an even number of nodal domains,
but 8+ 9 is odd.

Table 2: The pairs (p,q) corresponding to the eigenvalues A, ,(S), k € N with h < 0, |h|
large enough.

k11234567 |8]9|10|11 12|13 |14 |15 |16 | 17| 18| 19
p|0]0 3 1 310 4 1 410 ) 1
g|0|1]0j1(210]2|1|3] 0 3 1 4 | 0| 4 1 ) 0 )

—
—_
(@)
(&)
—
[\
(=)

Similarly, any eigenfunction corresponding to A1 4, (S) with ¢ = 27, j € N*, has the form
(up to multiplication by a non-zero scalar):

@1 o no(z,y) = cosOsinh (61(]1):”) cos (aq<h)y) + sin @'sinh (ﬁl(h)y) cos (O‘Q(W) .

s s ™ ™
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We see that
(I)l,q,h,e(_xa _y) = _(I)l,q,hﬁ(xv y)
so any such eigenfunction has an even number of nodal domains.
In this case, for £ € N, the eigenvalue Aggy7.5(S) corresponds to the pair (1,2(¢+1)). So

the corresponding eigenfunction has an even number of nodal domains, but 8¢ + 7 is odd.
We therefore obtain the following proposition.

Proposition 6.4.

(i) For any N > 0, there exists hy such that for h € (—oo, hy) the eigenvalue of the Robin
Laplacian on S corresponding to the pair (0,q) with g = 3+ 2¢ with £ =0,..., N has
multiplicity 2 and minimal labelling (8¢ +9) and is not Courant-sharp.

(i) For any N > 0, there exists hy such that for h € (—oo, hy) the eigenvalue of the Robin
Laplacian on S corresponding to the pair (1,q) with ¢ =24 2¢ with £ =0,..., N has
multiplicity 2 and minimal labelling (8¢ + 7) and is not Courant-sharp.

Alternatively, one can write the previous proposition in the following way.
Proposition 6.5.

(i) For any h < —%, the negative eigenvalues of the Robin Laplacian on S corresponding
to pairs of the form (0,q) with ¢ = 3+ 2¢ for some ¢ € N have multiplicity 2, minimal
labelling (8¢ 4+ 9) and are not Courant-sharp.

(i) For any h < —%, the negative eigenvalues of the Robin Laplacian on S corresponding
to pairs of the form (1,q) with ¢ = 2+ 2¢ for some ¢ € N have multiplicity 2, minimal
labelling (8¢ 4 7) and are not Courant-sharp.

Finally for the eigenvalues corresponding to pairs of the form (1, ¢), ¢ odd, we have the
following proposition.

Proposition 6.6. For any h < —%, the negative eigenvalues of the Robin Laplacian on
S corresponding to pairs of the form (1,q) with ¢ = 3 + 2¢ for some £ € N have multiplicity
2, minimal labelling (8¢ + 11) and are not Courant-sharp.

Proof. Any eigenfunction corresponding to such an eigenvalue has the form

®1,9,n,0(2,y) := cosfsinh (ﬁl(h)x) sin <aqsrh)y> + sin 6 sinh (ﬂl(h)y> sin (W) :

™ ™

We observe that the z-axis and the y-axis belong to the nodal set of ®1 4 5 ¢(x, y). Moreover,
we see that

Do,q,m,0(—2,Yy) = =Po,,n,0(T,y), Po,gne(x,—y) = —Po,qgno(T,y).

Hence the number of nodal domains is a multiple of 4, but the labelling of the eigenvalue is
congruent to 3 modulo 4. O

It remains to treat the eigenvalues of the Robin Laplacian on .S corresponding to pairs
of the form (0, ¢), ¢ even. This will be carried out in Section 7.

7 The eigenvalues corresponding to pairs (0,¢), ¢ even.

7.1 Preliminaries.

We note that the negative eigenvalues corresponding to (0,2¢ + 2), ¢ € N, with labelling
8¢ + 5 are the eigenvalues corresponding to (0,q), ¢ even, ¢ > 4 with labelling 4¢q — 3.
We wish to show that any corresponding eigenfunction has at most 4¢ — 4 nodal domains.
Then a consequence would be that any negative Robin eigenvalue corresponding to (0, q), ¢
even, ¢ > 4 is not Courant-sharp. Note that we are only considering the case of negative
eigenvalues, hence we work under the assumption

aq(h) < Bo(h).
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Let h, be the value of i such that 8y(h) = ay(h). The corresponding eigenfunctions associ-
ated to the negative Robin eigenvalue that is given by the pair (0, ), Xo,q,x(S), (up to scalar
multiplication) are

®0,q.1.6(,y) := cos 0 cosh (60(]1):”) cos (aqgrh)y) + sin 0 cosh (Wh)y) cos (aq(h)x) :

s m s

where it suffices to consider 6 € [0,7) as

Do,g,hmr0(2,y) = —Pogno(z,y).
These are the only eigenfunctions corresponding to Ag 4.5(S) when it is negative because in

this case, Ao 4,5 (S) has multiplicity 2 as Bo(h) > B1(h).

7.2 Boundary zeros and interior critical zeros.
7.2.1 Boundary zeros.
From Proposition 3.2, we deduce the following lemma.

Lemma 7.1.

~—

(i) If ®o,gn0(5,5) #0, then o g no(x,5) has at most g boundary zeros in (=%, %

(ii) If ®o.q.n,0(5, %) =0, then ®o g no(x, 5) has at most (q—1) boundary zeros in (=5, 5).

7.2.2 Interior critical zeros.

We first consider the case where ®g 41,9 does not have any interior critical zeros. We have
the following proposition.

Proposition 7.2. If @y 4 1.0 is a Robin eigenfunction corresponding to a negative eigenvalue

(i.e. h < Bq), which has no interior critical zeros and q is even, q > 4, then it is not
Courant-sharp.

Proof. By Theorem 3.1, Zy,- p(y:) < 4q. We apply Euler’s formula to obtain
k<1+2¢<4q—3
for q even, q > 4. O
We now investigate the cases where ®¢ 46 has interior critical zeros.

Proposition 7.3. For any eigenfunction corresponding to a negative Robin eigenvalue which
is given by the pair (0,q) with q even, ¢ > 4, with h < 0, the interior critical zeros (x,y) are
solutions of the equations:

Bo sinh (ﬂ?f> cos (%) + a4 cosh <ﬂ70:3) sin (%) =0, (7.1)
Bo sinh (570:}) cos (%) + a4 cosh (670Ty> sin (%) =0. (7.2)

Proof. Any eigenfunction corresponding to the negative Robin eigenvalue Xg 4., (S) (up to
scalar multiplication) has the form:

D¢ q.n.0(x,y) = cosf cosh <ﬂ0z> cos (%) + sin 6 cosh (602/) cos <%> .
™ s ™

™

8<I>0,q,h,9

At a zero critical point we have that ®ggne(z,y) = 0, —32=¢(z,y) = 0 and

%%’7‘;”(95, y) = 0. This reads

Qg g.n.0(x,y) = cosf cosh (50Cﬂ> cos (ﬁ) + sin # cosh (ﬂoy) cos (%) =0, (7.3)
T

™ ™ ™
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P
9%0.4.0 (x,y) = Bo cos # sinh (3(}70) cos (%) — %9 i1 9 cosh (603/) sin (%) =0,
ox s 71' 71' s 7r T
(7.4)
and
P
020,00 (z,y) = ~ % o5 cosh (ﬁox) sin (%) ho sin # sinh (,80y> cos (%) =0.
oy T T ™ T T
(7.5)

We see that cos§ # 0. If cos = 0 then by (7.3), cos (%2%) = 0 and by (7.4), sin (%4%) =
which is not possible. Similarly sinf # 0 (via (7.3) and (7.5)).

We also have that cos (“4%) # 0. Indeed, if cos (2£%) = 0 then sin (%£%) = 0 by (7.5)
but then ®¢ 4.5.0(z,y) # 0.

Similarly, if # # 0, then sin (%£%) # 0. If sin (%£%) = 0, then by (7.4), cos (=2
then ®¢ q.5.0(x,y) # 0.

If 2 =0, y = 0, then %(0,0) = 0 and 8(1'%](,57‘;’”’(0,0) = 0 and we have that
®0,4,1,6(0,0) = 0 if and only if § = 2F.

If =0, and y # 0, then 6% il . (0,y) = 0. By using O7“9(0 y) = 0, we obtain

o

)zObut

g sin (222)

Bo sinh (B—)

By substituting the latter into (7.3), we obtain (7.2).
For the remaining cases, we have that (7.3) implies

sin @ = cos 6

— cosh (%) cos (aqy)

tand = — (52 o (2] (7.6)
(7.4) implies
Bosinh (522 ) cos (24
and (7.5) implies
tang = 22" (%) sin () (7.8)

At an interior critical zero, we have ®¢ 4.5.9(
by equating (7.6) and (7.7), resp. (7.6) and (

) =0 and V®g 4 p0(z,y) = 0. Therefore,
.8), we obtain (7.1), resp. (7.2). O

<

)

N

We see that up to renormalising,

W (x) = By sinh (%’f) cos (%) + a4 cosh (?) sin (%) (7.9)

is the Wronskian of uy and ug.

Remark 7.4. We observe that x = 0 is a zero of W(x). In addition, if x = v is a zero of
W (x), then x = — is also a zero of W(zx) as W(—x) = —W (x).

Lemma 7.5. W has at least ¢ — 1 zeros in (=5, 5).

Proof. We consider **t = k% for k € Z. We recall that (¢ — 1)7 < ag(h) < gr for
h € (—00,0).

For k > 0, we have xj, = kgl hence

k1<mk<kz
2q

2(¢—1)

In light of Remark 7.4, it suffices to consider the zeros in (0, ). So we consider 1 < k < ¢g—1.
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For k =40+ 1, £ € N, we have 4L — (40 + 1) so cos (245
hence W (z4p41) > 0.

For k =40+ 3, { € N, we have 2243 — (40 + 3)Z so cos (%) = 0 and sin (2£%) < 0
hence W (z4¢4+1) < 0.

Thus, in (v1,274-1), W has at least 2 (32) zeros (as 4/ +1=¢q—1 <= (= 42 and
for each ¢ there are 2 zeros, one in (4¢41,T4¢+3) and one in (T4p43, Tao45))-

Therefore, in (—%, Z), W has at least 2- 2 (4> ) 1=q—1 zeros. O

) =0 and sin (%£%) > 0

s

Remark 7.6. By the proof of Lemma 7.5, we see that for 1 < k < ¢ — 1 and k odd,

cos (*£*£) = 0. This corresponds to 4= 2 41= 4 zeros in (0, ).

Lemma 7.7. W has exactly ¢ — 1 zeros in (=5, 5) .
Proof. Up to renormalising, we have that
W) = (Ag = Ao)uo(@)ug ().

As up does not change sign, and uy has ¢ zeros in (=%, §) by Sturm’s theorem, W’(z) has
q zeros in (=5, 7). Hence W(x) has at most (¢ — 1) zeros in (=7, 3). Since W( ) has at
least (¢ — 1) zeros in (=%, 5) by Lemma 7.5, we obtain the desired conclusion. O

By the proof of Lemma 7.5, we obtain the localisation of the zeros of W.

Lemma 7.8. Let —y—2y/2,--->=71,0,71,---,%q-2)/2 denote the zeros of W. For { =
1,...,(¢g—2)/2,
()
agm /T E (g,ﬂ') s, agye/TE (W,fﬂ'),... (7.10)
@ )
hEIP Ye(h) = (20 — 1)2(61 - (7.11)
(iii) As h — —o0,
aglhhe(h) @QEZDT 1y myt (7.12)

T B 2
Proof.

(i) By the proof of Lemma 7.5, we have ay1 /7 € ((% 7’)“) agye/me (3F, 55, ...

Observing that cos(agye/m) sin(agye/m) < 0 by we obtain (7.10).

(ii) In order to ensure that W(vye(h)) = 0 as h — —oo, we recall that Sy(h) — +o0 as

h — —o0, and we must have
lim cos (W> = 0.
s

h——o0

(%;1)77. So we obtain

Now 2% — ¢ —1as h — —oo and cos((¢ — 1)z) = 0 if (¢ — 1)z =
(7.11).

(iii) Starting from

o sinh (ﬁo%) Os(aqw) + ag cosh (ﬁo%) sin (M) =0,
m ™ 7T

by (2.9) and (2.10), we obtain that as h — —o0,

Bove(h) \ o agve(h)
s (aq'YZ(h)> _ _th tanh (4771_ 7) Ssin ( —Yﬂ_ ) N 7T(C] B 1)(_1)%—1. (713)
s Bo (=7h)

Hence, as h — —oo, we have (7.12).
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We can improve (7.12) as follows. If we start from the left-hand side of (7.13), then, with

~ h i
A = %é() and €, = 32, this reads

q
0
cot Yp,q = —€4 tanh <’Y€,q) ,
€q

and

20-1
Yo, = % — arctan <eq tanh @) .

Note moreover that we have

2
arctan (eq tanh 50%) — arctane; ~ —2¢4 exp — Bore .
™ ™
Hence o1 )
Ne,q = % — arctaneg + 2€q(1 +o(1)) exp — 57(;%7 . (7.14)

We observe that up to an exponentially small term %ﬁ(h) is an affine function with respect

to /4. O

Analogous arguments to those in the proof of Lemma 7.5 hold for (7.2). Hence we have
proved the following proposition.

Proposition 7.9. Any eigenfunction corresponding to a negative Robin eigenvalue which is
given by the pair (0,q) with q even, ¢ > 4, h < 0, has at most (q— 1)? interior critical zeros.

Remark 7.10. We observe that if (x,y) is an interior critical zero of ®y then (—x,y),
(z,—y), (—x,—y) are also interior critical zeros. In particular, if vy # 0, we get four
distinct interior critical zeros.

Remark 7.11. The estimate on the number of interior critical zeros given in Proposition 7.9
18 too rough. By using a 0-independent condition we obtain a set of possible interior critical
zeros corresponding to all values of 0. However, we are actually interested in the supremum
over 0 of the number of interior critical zeros of ®y.

In addition, we must count “with the degree of singularity”. This is the same and equal to
2 if we show that the interior critical zeros are non-degenerate.

We note that the improvement of Sturm’s theorem, Proposition 3.2, gives an upper bound
for the quantity 3 p(yi) as it counts the zeros with their multiplicities.

Lemma 7.12. If cosf # 0, all the interior critical zeros of ®g are non-degenerate.

Remark 7.13. The case where cos® = 0 (i.e. 0 = T) can be treated directly and ®g has
q+1 nodal domains (By Sturm’s Theorem uqy1,n has q zeros in (=%5,%)). Asq+1<4q—3
forq> %, 0,q.n, 7 (2,y) is not Courant-sharp for h < hy.

Proof. If ®g 4. p.6(z,y) =0, then

29 2 a2
w(x, y) = 6—2 cos 6 cosh <60x> cos (%) — —Z sin § cosh (ﬂoy) cos (ﬁ)
™ T ™ ™

O0x? T 2
2 a?
= (53 + g) cos 6 cosh (5036) cos (ﬁ) ,
0 T T T

and
0?® % 2
Lg’h’e(gc, y) = ——4 cos f cosh (5037> cos (%) + ﬁ—g sin 6 cosh (M) cos (%)
y 7r T 7r T T T

2 2
= - <Bg + ag) cos ) cosh (,Bw) cos (%) .
T T T T
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So the Hessian has the form 11 12 .
mi2 —MmMi1
2 2
We note that the trace of the Hessian is zero since —%(I)O,q,hﬁ(x,y) — %@07%}1)9(.’1}, y) =

X0.0.h,0%0.q.n0(T,y) = 0 at a zero point. The determinant of the Hessian is —m?, — m3,.
Hence the fact that the determinant is non-zero can be deduced from the condition my; # 0.

Here
2 a?
mip = (g + g) cos 6 cosh (W) cos (%) .
T T T T

We have cos (%) % 0 if y is a zero of W as a direct consequence of (7.9). O

™

Proposition 7.14. For all h < 0, for all even q > 4, there exists € > 0, such that, for all
0 € [0, T + €) there are no interior critical zeros of ®g 4.n,9 on the x-avis.

Analogously, for all h < 0, for all even q > 4, there exists € > 0, such that, for all § €
(4 — €, 5] there are no interior critical zeros of ®o.q.n,0 on the y-awis.

Proof. We have that

D g.n,0(2,0) :=sinb cos (ozqgrh)x> + cos § cosh (W) .
For 6 € [0, 7], ®0,4,n,0(x,0) > 0. To extend this inequality to a larger interval of 6, we have
only to prove it for each possible interior critical zero on the z-axis. If x # 0, it is enough
to observe that cosh(8y(h)z/m) > 0. For x = 0, we just observe that cos@ + sinf > 0. It is
then clear by continuity that there exists some € > 0 such that ®¢ 4.5.9(x,0) > 0 for these
interior critical zeros on the interval.
On the y-axis, we have that

®0,4,1,0(0,y) := cos f cos <aq(h)y> + sin 6 cosh <50(h)y> .

™ ™

It is enough to observe that ®¢4n0(0,y) = ®o,4nz-6(y,0) and to apply the previous
argument. O

Proposition 7.15. A point of the form (x,x) is an interior critical zero of ®g q.n.0(x,y) if
and only if tanf = —1.

Proof. Suppose (z,x) is an interior critical zero of ®¢ 4.1.6(x,y). Then

0=y qno(z,):=(cos + sinf) cosh (50(11)30) coS (ozq(h)x) .

s s

Now cosh W > 0 and cos (%W) # 0 by (7.1) as (x,z) is an interior critical zero.

So cosf +sinf =0, i.e. tanf = —1.
On the other hand, if there is no point of the form (z, x) in the nodal set of ®¢ 4 n0(z,y),

then h L
Qg q.n0(x,x) := (cosf + sinh) cosh (BO()I) cos (%()I> #0,
™ ™
which implies that cos € + sin 6 # 0, i.e. tanf # —1. O
The analogue of Proposition 7.15 also holds for points of the form (x, —x).

Lemma 7.16. Forf = %’r, @th’% has no interior critical zeros of the form (v;,0), (0,7;),
or (vi,7vj) where i and j are of different parity.

Proof. First consider critical zeros of the form (v;,0) and let 6; = 6(~;,0). Then (v;,0)
corresponds to
tan 0; = — cosh(Bo /), cos(arg i/ )
by (7.6).
If tan§; = —1, then cosh(Bov;/m) = cos(agyi/m). But cos(aqvi/m) < 1, cosh(Boy:/m) >
1, and cosh(Byvy;/m) = 1 if and only if 7; = 0 which is not the case. So tanf; # —1 and
0; # 3¢
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Next consider critical zeros of the form (0, ;) and let 0; = 6(0,v;). Then tan 6, tan 0; = 1,
and tan®; # —1 so tanf; # —1 and 6; # 3{.
Now consider critical zeros of the form (v;,7;) where ¢ and j have different parity. We
have
tan 6(v;,v;) = —tand(v;, 0) tan 6(0, ;).

In addition, by Proposition 7.8,
2j—1)m .
agY;/m € ((2) ) JW)

s0 cos(arg; /) cos(agy;/m) < 0. Hence tan(v;,7;) > 0 and therefore 6(v;,v;) # 3T. O

Remark 7.17. By Proposition 7.9 and Lemma 7.16 with q = 6, we deduce that $ ¢ j, sx (z,v)
has at most 25 — 4 — 4 — 8 = 9 interior critical zeros. By Lemma 7.1, there are at most 20
boundary zeros. So by Euler’s formula, we have

k<14+9+10=20 <21

Hence @ g j, 3z (¢, y) is not Courant-sharp.
However, by similar considerations for ¢ = 8, @0’8’]."7% (z,y) has at most 49—6—6—8—8 =
21 interior critical zeros and at most 28 boundary zeros. Hence, we get

k<1+21+14=36,

to compare with 29.
So Lemma 7.16 is not strong enough to show that (I)O,q,h,%’ (x,y) is not Courant-sharp for

q > 8. We need to show that if i and j have the same parity and i # j, then tan@(vy;,v;) #
—1. We will show this in the case where h < 0 with |h| sufficiently large by considering the
(=h) large asymptotics.

We now analyse the asymptotic behaviour of the 6(v;,7;) in order to compare them
asymptotically as h — —o0.

Proposition 7.18. For j =1,...,4 — 1, we have that
tanf; ~ (—1)j+1¢650’“/ﬂ. (7.15)
204 cos arctan ¢4

Proof. By (7.7), we have that
_ Bo . :
tanf; = o sinh(Boy;/m)/ sin(agy;/7),
a

and we recall from (7.14) that

agyi/m =EZ0T _arctan (eq tanh (50% )

, T ‘ (7.16)
= 7(2351)” — arctan €, + 2¢4(1 + o(1)) exp (——Qﬂf’) ,
with ¢, = a4/80 = o(1).
This implies
sin(a,y;/m) = (=1)"*! cos (arctan (eq tanh (BO%)>) ,
T
and )
sin(a,y;/m) = (=1)7*! cosarctan e, + 0(63) exp (_m) )
™
From this we obtain that as h — —oo,
. , 280y 2B07;
tan @, = (—1)9+1 Ho Bovi/m (1 — ¢=2B0%i/™ [ 1 4 @(e? _ J .
an b; = (1) 2a, cos arctan eqe (1—e ) + Oleg) exp ™
(7.17)
O
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We wish to show that there exists qu < 0 such that for h < iLq, all 6,0 = 0(v;,0),
6oi = 6(0,7:), 6i; = 0(7s,v;) are distinct and different from %”.

Due to the symmetry properties of the interior critical zeros, Remark 7.4 and Remark
7.10, it is sufficient to consider the cases where ; > 0.

From (7.17), we see that for h < 0, |h| sufficiently large, tan,;o # £1 so 00 # 6o;.
Indeed, if 60 = 6p;, then (tanf;0)* = 1 which is not possible.

We are now interested in the quotient of tand; and tan@y. For j # k, we get

(1-— e*Qﬁo’Yj/“)
(1- e—Qﬁovk/W)

« (1 L O(2) exp (—250”> L O(E2) exp (_250%)) .

s s

tanf;/tan 6y = (—1)7~kefolrvi=m)/m

We take the logarithm and obtain

log ((—=1)7 " tanf;/ tan 0y,) = Bo(vj — i) /7 + e 2PoM/™ — g=2Bo% /7
28074 2
+o(1) exp (_50%) + o(1) exp (—M) .

s s

On the other hand, dividing (7.16) by €, = % leads to

By /7 — (25 — 1)Bom B Bo arctan e, L 901+ o(1)) exp (_ 2507j) .

20 oy T

This finally leads to

log ((—1)7=" tan 6;/ tan 6y,)
— %(3 _ k)ﬂ — e~ 2Bovk/m + e—2B0v;/m + 0(1) exp (,26%) + 0(1) exp <,25+’Yk
(7.18)

By (7.18), it follows immediately that there exists h, < 0 such that for h < hy, if j <k,
then 6; = 0,0 # 6ro = 6. This also gives that ;5 # %Tﬂ' By using (7.15), it also follows
that there exists ﬁq < 0 such that for h < iLq, Oj0 # Ook, j < k. In addition, we can show
that there exists hy < 0 such that for h < hy, 0,0 # 0, 7 < k.

The most difficult case is to show that 6, # 6;/;,. We wish to compare the quantities

ojk(h) :=log ((—1)j_k tan6;/tan6,) and o/ (h) :=log ((—1)j,_k/ tanHj//taHGk/) .

If j — k # j' — k' it follows from (7.18) that ;5 # ;5 for —h large enough.
Now suppose that j —k =7 — k' and j < k and j < j' < k. We obtain from above that

ou(h) — o (h) = —e2Bovk/m | o=2B075/7 4 o=2Bom/ T _ o=2B07j /7 o(1) exp (=280, /7)

where we use Lemma 7.8 which gives that v; < ’Yk,%-,%@- For —h large, this quantity

is equivalent to e=260% /™ and consequently has positive sign. This leads to the following
lemma.

Lemma 7.19. If j < k, j' <k and j —k = j' — k', then there exists h}; < 0 such that
O'jk(h) — O’j/kl(h) >0 fO’i‘ h < h;
In particular,

tan6;/ tan 0y, # tan 0/ /tan 6y , Yh € (—o0, hy].

The above discussion leads to the following proposition.

Proposition 7.20. For each even q > 4, there exists hy < 0 such that for h < hg, no
etgenfunction associated with Ao q.1(S) is Courant-sharp.

Proof of Proposition 7.20. If ®g 4 5.9(x,y) has no interior critical zeros, then Proposition 7.2
applies to give that @ 41 ¢(x,y) is not Courant-sharp.

In the case where ®¢ 4 5.0(x,y) has interior critical zeros, the above arguments give the
existence of hy such that 6(v;,0), 6(0,7;), 0(7:,7;) are distinet for h < h,. We wish to count
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the number of potential interior critical zeros corresponding to each such 6 in order to apply
Euler’s formula. For 6 # 7, we showed that the interior critical zeros are non-degenerate

(Lemma 7.12). The case of § = 7 was treated in Remark 7.13.

For i € {7(q§2), U I P (qu)}, if (v;,0) is an interior critical zero then (—y;,0)
is also an interior critical zero for the same value of § = ;5 by (7.6). Since the critical 6’s
are distinct, there are only 2 interior critical zeros of ®g 4.4.0,,(z,y). By Lemma 7.1, there

are at most 4¢ boundary zeros. So, by Euler’s formula, we have

E<1+2+2¢<4q—3

for ¢ > 3. Hence @ ¢.5,0,, (%, y) is not Courant-sharp.

Analogous arguments for the case with interior critical zeros of the form {(0,;), (0, —v;)}
give that ®g ..., (x,y) is not Courant-sharp where 6y, = 6(0,7;).

For i,j € {—(‘1;22), N P PO @} such that ¢ # j, if (v;,7;) is an interior critical
zero of ®g g ne,,;(,y), then (—vi,7;), (i, —;), (=, —7;) are also interior critical zeros
(Remark 7.10) where 6;; = 6(7;,7;). Since the critical 6’s are distinct, ®g g.4,0,, (7, y) has 4
interior critical zeros. By Lemma 7.1, as ¢ # j, there are at most 4¢ boundary zeros. Hence
by Euler’s formula,

E<14+4+2¢q=2q+5<49-—3
for ¢ > 4. Hence ® g0, (,y) is not Courant-sharp.

It remains to treat the case § = 2T. By Proposition 7.15 and Lemma 7.7, ®g,g,n,2x has
at least 2(¢ —2) 4+ 1 = 2¢ — 3 interior critical zeros. By Lemma 7.16, @quyh’% has no interior
critical zeros of the form (v;,0), (0,7;), or (vi,7,;) where ¢ and j are of different parity. In

the preceding discussion, we showed that there exists izq < 0 such that for h < ﬁq, 0;; # %’T.
Therefore, for h < hg, (I)o,q,h,%’ has exactly 2q — 3 interior critical zeros. By Lemma 7.1,

¢O’q’h)% has at most 4(¢ — 1) boundary zeros. By Euler’s formula, we have
k<1+4+2¢g—3+2(q—1)=49—4<4q-3.
S0 @ 4 4, 3= is not Courant-sharp. O

Remark 7.21. The proof of Proposition 7.20 holds more generally for any h < 0 such that
the 9(vi,v;) are distinct.

7.3 Detailed analysis for ¢ = 4.

In this subsection, we consider the Robin eigenvalue of S corresponding to the pair (0,4)
for h < 0. In order to see what is at stake, we first consider the nodal partitions for the
case where h = —4. We then give a general argument which shows that the negative Robin
eigenvalue given by the pair (0,4) is not Courant-sharp.

7.3.1 Particular case h = —4.

We note that with h = —4, the first 16 Robin eigenvalues are given by the pairs (0,0), (0,1),
(1,1), (0,2), (1,2), ..., (0,4), (1,4). Numerically, with h = —4, we compute that v ~ 0.6625
is a solution of W(z) = 0. Since W(—z) = =W (z), x = —y ~ —0.6625 is also a solution.
So W(x) = 0 has 3 solutions in (-7, %).

In Figures 5 and 6 we plot the nodal sets of the eigenfunction ®¢ 4 _4¢(x,y) for various
values of 6.

We now discuss the values of 6 that are presented in Figure 5. The majority of these
values corresponds to a change in the number of interior critical zeros or in the number of
boundary zeros, and hence to a change in the number of nodal domains (see [12]).

e 0, is obtained from (7.6) with y = 7 and x ~ 0.6625.

e 05 is obtained from (7.6) with y ~ 0.6625 and = = 0.

e 011 is obtained from (7.6) with y = 7 and x = 0.

We observe that the number of nodal domains is 5,9,11,9,11,9,5,7,12,7.
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(a) From left to right: fy = 0, 6; ~ 0.0264, 5 = (61 + 63)/2 ~ 0.0593 .
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b) From left to right: 63 =~ 0.0921, 64 = T, 05 = £ — 03 ~ 1.4787 .
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(c) From left to right: 0 = g — 02 =~ 1.5115, 67 = % — 01 ~ 1.5444, 03 = % .
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(d) From left to right: 69 = Z + (m — 611) ~ 1.5732, 619 = 3T, 611 = 3T .

Figure 5: The nodal sets of the Robin eigenfunction ®¢ 4 5,9 for h = —4 and various values
of 6.
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(e) From left to right: 012 =

T G135 ~ 3.1302.

Figure 6: The nodal sets of the Robin eigenfunction ®¢ 45,6 for h = —4 and various values
of 6.

7.3.2 Complete analysis for ¢ =4 and h < 0.

By Lemma 7.7, W has exactly three solutions {v,0,—~} with v # 0. A priori, there are
nine situations to consider. But, using the symmetry property observed in Remark 7.10,
there are only four situations to consider (v,7), (0,0), (v,0), (0,7).

e The two first cases lead to the same condition on 6: tanf = —1. So for 6§ = ?ﬂf there
are five interior critical zeros: (0,0), two lying on the diagonal y = = and two lying on
the anti-diagonal y = —z.

e The third case corresponds to two interior critical zeros lying on the x axis with
tan @ = — cosh(Boy/7)/ cos(ayy/m).

e The fourth case corresponds to two interior critical zeros lying on the y axis with
tand = — cos(a,y/m)/ cosh(Byy/m) and is similar to the third one. Indeed, § = 5 - 0
(see Figure 5).

Note that tan @ # 1 in all these critical cases.

Hence, there are only three cases to analyse and this corresponds to what is shown in
Figures 5 and 6 for h = —4.

By Lemma 7.12; in these three situations the interior critical zeros are non-degenerate
and we apply Euler’s formula.

When 6 = 2T there are at most 4(q — 1) boundary zeros (counted with multiplicity) by
Lemma 7.1. We obtain

1
F<145+5(4x3)=12<13.
Here it is natural to interpret 5 as 2(¢ — 2) 4+ 1 and to write it in the form
E<142(q—2)4+1+2(¢g—1)=4¢9—-4<49—3

which leads to a natural conjecture (see below).

For the two other cases, there are only two interior critical zeros. The corners are not
in the zero set so there are at most 4¢ = 16 boundary zeros (counted with multiplicity) by
Lemma 7.1. We have that

E<14+24+8=11<13.

As observed above, there are no interior critical zeros for ¢ = 7.
Hence we have proven the following proposition.

Proposition 7.22. If Ao 44(S) is negative, then no associated eigenfunction is Courant-
sharp.

We note that in Figure 5 all the upper bounds are optimal in some cases. For example,
for 0 = ?jf there are 12 nodal domains.
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7.4 Conclusion for the pairs (0,¢), ¢ even.

Our main conjecture is the following.

Conjecture 7.23. For g even, ¢ > 4 and Ao 41 (S) negative, no associated eigenfunction is
Courant-sharp.

This has been proved for ¢ = 4 and for ¢ > 4 with A < h;. We also note that in all the
cases that we were able to analyse, the maximal number of nodal domains is achieved in the
case where 0 = ?jf. It is natural to ask if this is always true under the assumptions of the
conjecture.

8 Upper bound for positive Courant-sharp Robin eigen-
values of the square.

The analysis of the positive eigenvalues of the Robin Laplacian on S with parameter h is
much more delicate because these eigenvalues could have multiplicity larger than 2 for some
values of h. Hence we can only obtain rather weak results in this case.

Proposition 8.1. For h < 0, the positive Courant-sharp Robin eigenvalues of the Laplacian
on S are bounded. More precisely, if Ap n(S) is a Courant-sharp Robin eigenvalue of the
Laplacian on S, then

)\k,h(S) < 1091.

To prove Proposition 8.1, we adapt the h-independent arguments from Section 3 of [6],
which in turn were based on the proof of Proposition 2.1 in [9].

Proof. For A\ > 0, we denote the number of positive Robin eigenvalues of the Laplacian on
S that are strictly smaller than A by Nf’h()\) and we have that

NEPO) = #{k € N1k > 1,0 < M u(S) < A}
> #{(i,7) € N? 1,5 > 2,7 2 (;(h)? + a;(h)?) < A}

Since for h < 0, 77 %(c; (h)? + ;i (h)?) < 77 2(;(0)? + a;(0)?) = i? + 52, we have that
NP > #{(,5) e N? 14,5 > 2, + j2 < A}
> IA— a4V,
4
If A\ 1 (S) is Courant-sharp, then Mg p > Agp—1,5, and
k> Nf’h()\kyh) > %)\k,h —4 )\k,h'

By following the arguments from Subsections 3.2 and 3.3 of [6], we obtain

T T 8
4 e

(instead of inequality (3.13) of [6]). We observe that the mapping

is increasing for A > 0, and that f(1090) < 0 while f(1091) > 0. Hence, if Ay 5, > 1091, then
(8.1) is violated. O

We now use Proposition 8.1 to show that the number of positive Courant-sharp Robin
eigenvalues of the Laplacian on S is bounded independently of h < 0.

Proposition 8.2. There exists N > 0 such that, for any h < 0, the number of positive
Courant-sharp Robin eigenvalues of the Laplacian on S with parameter h is less than N.
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Proof. From the previous proposition, we can deduce that there are finitely many positive
Robin eigenvalues of the form

7 3 u(h)? 4+ o;(h)?), i,5,>2.

We denote the number of such eigenvalues by N, (h) and we search for a uniform upper
bound for this quantity when h < 0. Since (i — 1)? + (j — 1)? < 7 2(a;(h)? + a;(h)?), we
have that for A > 0,

#{(i,5) e N? 10,5 > 2,772 (a;(h)* + a;j(h)?) < A}
<#{(0,7) €N 1ij 2 2,( -1+ (- 1)? <A} < Th

So we have a uniform bound for N, (h)
N, (h) < EAM < % % 1091 < 857.

‘We now suppose that —% < h < 0. We are interested in the number of ¢ € N* such that
0 < 77 2(=Bo(h)* + ay(h)?) < 1091.

We note that
X0.g4+1,1(S) = X0,g.n(S) = 72 (i1 (h)? — ag(h)?),

and by Lemma 4.4 (ii), h — ay11(h)? — ag(h)? is decreasing. So
N1 (8) = A0 (S) > 721 (0)2 — 4y (0)2) = 2 +1> 3.

Hence in the interval (0,1091), there are at most % = 363.67 < 364 positive Robin
eigenvalues corresponding to pairs (0, q) for —% < h<0.

Next we suppose that h < —%. We are interested in the number of ¢ > 2 and ¢’ > 2

such that
0 < 7 2(=Bo(h)? + ay(h)?) < 1091, 0 < 7~ 2(=B1(h)* + ay(h)?) < 1091.
We note that
20,4+ 1,1(S) = A0, () = 72 (g1 (R)* = aq(h)?) = A1 g41,1(S) = ALgn(S),
and by Lemma 4.4 (i), h — agy1(h)2 — ag(h)? is increasing. So
20,4+1,8(8) = A0,g,n(8) = 7172 (ag11(—00)* — ag(—00)?) =2¢ —1 > 3,

and similarly A g4+1,4(S) — A1,¢,n(S) > 3. Hence in the interval (0,1091), there are at most
;%2: 727.33 < 728 positive Robin eigenvalues corresponding to pairs (0, ¢q) or (1,q) f(;
<-2

Finally we show that the number of Courant-sharp Robin eigenvalues of the Laplacian
on S is bounded independently of h < 0.

Proposition 8.3. There exists N > 0 such that, for any h < 0, the number of Courant-
sharp Robin eigenvalues of the Laplacian on S with parameter h is less than N.

Proof. We denote the number of negative Robin eigenvalues of the Laplacian on S with
parameter h < 0 by N_(h). We observe that the number of negative Robin eigenvalues of
S is a decreasing function of h. So the number of Courant-sharp Robin eigenvalues of S is
bounded from above by

N+ N_(h) < N+ N_(h"),

for h* <h <0, and by N +4 for h < h* by Theorem 1.6 and Theorem 1.4. O
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