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Quantum and nonlinear effects in light transmitted
through planar atomic arrays

Robert J. Bettles'2, Mark D. Lee3, Simon A. Gardiner' & Janne Ruostekoski® 4>

Understanding strong cooperative optical responses in dense and cold atomic ensembles is
vital for fundamental science and emerging quantum technologies. Methodologies for
characterizing light-induced quantum effects in such systems, however, are still lacking. Here
we unambiguously identify significant quantum many-body effects, robust to position fluc-
tuations and strong dipole-dipole interactions, in light scattered from planar atomic
ensembles by comparing full quantum simulations with a semiclassical model neglecting
quantum fluctuations. We find pronounced quantum effects at high atomic densities, light
close to saturation intensity, and around subradiant resonances. Such conditions also max-
imize spin-spin correlations and entanglement between atoms, revealing the microscopic
origin of light-induced quantum effects. In several regimes of interest, our approximate model
reproduces light transmission remarkably well, permitting analysis of otherwise numerically
inaccessible large ensembles, in which we observe many-body analogues of resonance power
broadening, vacuum Rabi splitting, and significant suppression in cooperative reflection from
atomic arrays.
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cing strong position-dependent correlations, even in the

limit of low light intensity, when the response (for the case
of a simple level structure) is entirely classical. Such a correlated
optical response can differ dramatically from that predicted by
standard electrodynamics of continuous media, where resonant-
light-induced dipole-dipole (DD) interactions between atoms are
treated in an averaged sensel2. Beyond the limit of low light
intensity, an isolated atom can scatter light quantum-
mechanically (such as in the incoherent Mollow spectrum?),
and quantum effects in the interactions of light with dilute atomic
ensembles have been utilized in, e.g., quantum information pro-
tocols. In strongly interacting dense systems the possible role of
quantum and cooperative effects is less clear and has been the
subject of long-standing debate!>8, A particularly promising
system to explore and utilize strong light-induced DD interactions
is a regular planar array of scatterers, such as atoms. As shown
both theoretically and experimentally, in the linear low-excitation
limit these manifest a wealth of phenomena, e.g., subdiffraction
features®19, nontrivial topological phases! )12, transmission varying
from complete reflection to full transparency!3-19, narrow reso-
nances, and subradiance!>-17:20-27 a5 well as quantum technolo-
gical applications?®2? and other collective effects30-3>.

We show that we can identify quantum effects in the light
transmitted through planar arrays and uniform-density disks of
cold and dense atomic ensembles. Many-body quantum correla-
tions are induced by light-atom coupling, which, surprisingly,
survive even strong many-body resonant DD interactions and
atomic position fluctuations. Specifically, comparing the corre-
lated optical response determined using the quantum master
equation (QME) to simulations neglecting any quantum fluc-
tuations between atomic levels in different atoms [referred to as
the "semiclassical” equations (SCEs)3°], we systematically identify
light-established quantum effects between atoms in the trans-
mitted light as a function of atom confinement, density, and
driving intensity. The effect of many-body quantum fluctuations
on the scattering manifests most prominently at high densities
when the light is close to saturation intensity, and especially
significantly in the vicinity of subradiant resonances. We find that
these conditions also produce maximal spin-spin correlations
and entanglement of formation in the underlying atomic system,
further confirming the role of many-body quantum correlations
and entanglement in observing a difference in light transmission
between QME and SCEs models. Incorporating the single-atom
quantum description of light emission into the semiclassical
scattering, we can typically use SCEs also for incoherent scat-
tering to qualitatively reproduce the full quantum scattering even
in the regimes where quantum effects in coherent scattering are
most pronounced, and elsewhere also quantitatively. SCEs there-
fore allow us to analyze cooperative transmission of light through
large atomic arrays and disks beyond the limit of low light
intensity, without needing to solve the full strongly-interacting
quantum dynamics. Doing so, we find collective phenomena due
to DD interactions that are many-body analogs of power
broadening and vacuum Rabi splitting of atomic resonances in
cavities’”8, and demonstrate a significant effect of intensity on
the transmission that may ultimately restrict the utilization of
atomic arrays as highly reflective cooperative mirrors.

I ight can mediate strong interactions between atoms, indu-

Results

An appealing feature of light scattering from cold atoms39->0 is
that light-mediated strong DD interactions can establish corre-
lations between atoms at fluctuating positions, which are most
simply described using atomic field operators for the ground and

excited states , (r). Hence, (l3+(r)) = (ﬁ;;(r)dge\]}e(r» denotes
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Fig. 1 Schematic illustration. A laser beam (waist wp) focused onto an
ensemble of atoms arranged in: (i) a planar square array with interatomic
spacing a; (ii) as in (i) but with standard deviation ¢ normally-distributed
fluctuations around their mean positions; (iii) random positions within a
radius R uniform-density thin disk.

the positive frequency component of the light-induced atomic
polarization, where d . = d:g is the dipole matrix element, and
the populations are (\P;(r)\@g(r)) and <\Api(r)fye(r)> Because of the
DD interactions, the polarization and populations also depend on
two-body  correlations (G (£)¥ (), ()i, (r)),  where
a, b, ¢, d € {g e}, representing the correlations in the optical
response of an atom at r given the presence of a second atom at r'.
These in turn depend on three-body correlations, etc., resulting in
a hierarchy of equations of motion for correlation functions®!->2,
In a cold, dense ensemble (Fig. 1) this hierarchy can significantly
and nonperturbatively modify the scattering behavior even in the
classical regime, invalidating attempts to truncate it!. This is a key
ingredient in, e.g., Anderson localization of light, which has been
a subject of considerable controversy and debate>3>4,

Quantum master equation. A numerical device for solving this
correlation function hierarchy is to treat the atoms as discrete
point particles, meaning for a particular configuration of atomic
positions {ry, ..., rx} that two-body correlation functions take the
form

(W)

ji £
= 5 i )o —x),
je(=l

(1)

where pi’ﬁc denote correlation functions of the internal atomic

energy levels only3°. We then solve the internal atom dynamics at
discrete positions, and the new correlation functions simply
emerge from the N-body density matrix p=p, . This

evolves according to QME:

. i () ~
P i | St~ X a0
j jG=0)

~(i) . Al ~(0) ~(j ~(0) ~(j
£ (200 )~ 6050 — 0,
jt

(2)

where the collective scattering is represented by the dispersive Q;,
and dissipative yj DD interactions, the single-atom half-width at
half-maximum (HWHM) linewidth by y; = y and

6@ = (&@)T = le);(g|- For simplicity, we consider two-level
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atoms and the Hamiltonian

H,,. = —hAsl) —d,-E(r )

sys.j
where £7 = (€7)" is the positive-frequency-component of the
frequency w = kc=27nc/A laser field, detuned from the atomic
resonance frequency wg. by A=w — wge and &Se) = le);(e[. We
take the polarization of the incident field to be parallel to the
orientation of the atomic dipoles. Spatial correlations are
numerically synthesized by ensemble-averaging over stochastic
realizations of atomic positions sampled from the density
distribution3%>°. Solving Eq. (2) for large systems is numerically
taxing, although few-atom ensembles already demonstrate many-
body effects in their spectra®.

- dge & (rj)[)'(_J)’ (3)

Semiclassical model. In the limit of low light intensity, where the
excited state population vanishes, the internal level correlations,
such as those described by pg&fgc in Eq. (1), also vanish for two-
level atoms. The stochastic electrodynamics simulations are then
formally exact36>°, reproducing the many-atom spatial correla-
tions, which are identical to those occurring in the classical
electrodynamics of coupled linear electric dipoles. Beyond the
limit of low light intensity, the full dynamics of Eq. (2) can be
greatly simplified by factorizing the internal atomic level corre-
lation functions:
(G:0) 0,0

Padipe = pa)dpbc (4)
Following the formalism of ref. 3¢ we then obtain coupled non-
linear equations:

. . i .
1 G R
) : 5
- i(nge) - 1) ;(Qj( + IYjZ)Pge)a
#]
40— _gy 0 +%Im[g—(r) d @}
dtpee - ypee h j ge pge

(6)

1)’1/) Pée ] .

Note the relatively small number of equations 2N compared to
the full quantum system size 2N. This formalism has been applied
to the modeling of pumping of atoms in dense clouds®?, and has
also been extended to cavity quantum electrodynamics (QED)>’.

Spatially correlated scattering between different atoms is
accounted for in Egs. (5) and (6) via Qjc and pje (for Qje = pje =0
they reduce to the independent-atom optical Bloch equations). In
the limit of low light intensity the ensemble-averaged response of
SCEs coincides with the exact classical electrodynamics; beyond
this limit, the model incorporates nonlinear internal level
dynamics of the atoms. However, because of the factorization
in Eq. (4), they cannot account for many-body quantum
entanglement between different atoms’ internal levels. Finding
situations in which the predictions of SCEs observably differ from
the full QME solution therefore identifies light-induced quantum
effects in the transmitted light. Conversely, regimes where
quantum fluctuations are minimal allow for the simulation of
much larger systems than are accessible with QME , and also test
the validity of related approaches in other contexts, based, e.g., on
mean-field approximations, intensity expansions, or truncations
of the correlations®$-62.

+21m|:2pg(

1#]

Light-established quantum effects in transmitted light. We
begin by calculating the coherent (Fig. 2a-c) and incoherent
(Fig. 2d-f) forward transmission, T, and Ti,. (see “Methods”

section), through planar square arrays and thin disks of N=4
atoms (Fig. 1), and the corresponding relative differences
(Fig. 3a—c) between quantum and semiclassical results (for the
effects of a larger 3 x 3 array, see Supplementary Note 1). The
array could be realized, e.g., by an optical lattice®® or dipole
traps®40>, Unless otherwise stated, we consider lattice spacing
a = 0.251 and disk radius R = 0.28). Physically, we calculate the
far-field light intensity in the same mode as the driving field
E*(r), integrated over the polar angle sin 6 < 0.24 (see “Meth-
ods” section and Supplementary Note 2). We account for the
fluctuations in atomic positions due to finite trap confinement by
ensemble-averaging over many stochastic realizations of position
configurations (see “Methods” section)!0. Light-induced position-
dependent correlations between the atoms (see earlier “hierarchy
of correlation functions”) exist also classically, since the DD
interactions depend on the precise interatomic separations. These
classical many-body position correlations are therefore present in
both the full quantum TS and semiclassical 75§, transmissions,
but all quantum effects have been neglected in T3 . Hence, we
unambiguously identify quantum effects in the coherent trans-
mission by the difference TS)IKI T5G . Moreover, since the
coherent scattering for a single atom is always purely classical,
T?f}f T5G cannot depend on the single-atom response, and
therefore represents quantum correlations solely due to many-
body effects.

To obtain the incoherently scattered hght (6B, (r) oM g (1)), we

write the scattered light field as Ed = <Ed) + 6Ed, where 6]3;
denotes the fluctuations®. This yields the incoherent transmis-
sion (see “Methods” section), from which we also isolate quantum
behavior by T — T5C, in which case all the quantum effects
have again been systematically neglected in Tj<. Although the
coherent scattering of a single atom is classical, this is not the case
for the incoherent emission. We can improve the semiclassical
incoherent model, without increasing the computational com-
plexity, by adding the single-atom quantum description of
incoherent light emission for all the atoms. In a single stochastic
realization of atomic positions, the incoherent scattering
contribution to intensity from independent quantum-
o) — |(&<fr)>\2), where A; encapsu-
lates the light propagation effects (see “Methods” section)®®.
Augmenting the semiclassical model with this single-atom
quantum description integrated over the sample yields the
incoherent transmission TS~. The quantum effects of the
incoherent signal solely due to many-body processes are then
encapsulated in TS — T3AQ
The optical depth of the coherent transmission (Figs. 2a-c, 3a,
¢) corresponds physically to the degree to which extinction of the
incident laser field by the averaged scattered field acts to reduce
the transmission. The incoherent fluctuations in the scattered
field (Figs. 2d-f, 3b) then counteract this reduction. In Fig. 2b, we
identify many- body quantum fluctuations in the coherent

mechanical atoms o Zj Aj(<&(j)>

transmission (TCoh Coh) that increase with increasing DD
interaction (Fig. 3a, c), reaching normalized residuals of over 10%
at a = 0251 and I ~ I, (when the dipole amplitudes are
greatest), where I = 2¢,c|E"(r = 0)|” is the peak incident laser
intensity and I, = 4m%hyc/3A3 is the saturation intensity.
Remarkably, even for a fully random disk quantum effects on
the scattering do not wash out, but can produce residuals between
the models of a few percent. On the other hand, there are also
regimes where TS accurately describes transmitted light. For

example, in Fig. 3c the difference between TQM and T35 is less
than 5% for a > 0.4\ or I/, > 16.
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Fig. 2 Quantum effects in the optical transmission through a strongly coupled atomic ensemble. Curves for the coherent optical depth (a-¢) and
incoherent light transmission (d-f), from bottom to top: atoms in a 2 x 2 square array in the xy plane with lattice constant a = 0.254 and normally
distributed position fluctuations (rms width o,,/a = 0, 0.1, 0.2, respectively); and 4 atoms randomly distributed within a radius R = 0.284 (peak density
1.0k3) thin disk. The shaded regions show the standard sampling error of atomic position fluctuations. For clarity each line is offset from that below it by 0.5
(a-c) or 0.2 (d-f). Fluctuations in z are characterized by a 6, = 0.0254 normal distribution, except when atoms are fixed (o, = 0, = 0). The incident beam
has waist wo, = 104, polarization (X 4+ ¥)/+/2, and intensity I//ss = 0.0001 (a, d), I/lss = 4 (b, @), or I/ls5 = 100 (¢, f). Red arrows in a show the atomic
dipoles in the xy plane for the uniform superradiant and checkerboard-patterned subradiant eigenmodes.

In Fig. 3c we observe two distinct peaks in the quantum many-
body signatures of the coherent scattering for a = 0.251. The peak

at /I/I, ~ 0.3 results from a Fano interference between a
narrow and an overlapping broad resonance (Fig. 3c inset),
originating from an  underlying highly  subradiant
(HWHM = 0.1y) and superradiant (HWHM = 2.7y) low light
intensity eigenmode, respectively. The incident light couples to
the phase-matched uniform superradiant eigenmode, but due to
nonorthogonality of the non-Hermitian eigenmodes (Supple-
mentary Note 3), the subradiant mode with rapid phase variation
(“checkerboard” phase pattern, with dipoles at adjacent sites 7
out-of-phase) becomes populated at the narrow resonance
(Fig. 2a). Strikingly, around this narrow resonance quantum
effects constitute over 30% of the coherent scattering signal. We
observe in Fig. 3¢ that, with increasing lattice spacing, the narrow

Fano peak at /I/I_, ~ 0.3 disappears, as the corresponding
eigenmode becomes less subradiant.

In Fig. 2e, f, on the other hand, we see the incoherent
transmission is almost entirely dominated by quantum fluctua-
tions when I 2 I, (TisfC — 0). However, once we incorporate the
single-atom quantum description into the scattering and there-
fore transmission TS~ the difference becomes much smaller and

the many-body quantum fluctuations are, as with the coherent
scattering, maximal around I ~ I, Hence, using the improved

model TPAQ, it is possible, even for incoherent scattering, to
obtain excellent qualitative, and frequently quantitative agree-
ment with the full quantum scattering (see Supplementary Note 4
for further demonstration of the different roles of quantum

fluctuations in the incoherent scattering).

Spin correlations and entanglement. Up until now, we have
identified many-body quantum effects via the transmitted light.
These originate from the light-induced quantum correlations
between internal levels of different atoms that do not satisfy the
factorization assumption [given in Eq. (4)] of SCEs. In Fig. 4 we
explicitly show these induced spin-spin correlations, and in
Fig. 5a-c we show the many-body entanglement of formation
(for a pair of atoms, using the formalism of ref. ©’—see Supple-
mentary Note 5). The spin-spin correlations and entanglement
exhibit behavior qualitatively similar to the quantum many-body
correlations observed in the light scattering. As in Fig. 3¢, both
the correlations (Fig. 4) and entanglement (Fig. 5a—c) are max-
imal at I ~ I, where the intensity at which this peak occurs and
the peak’s amplitude decrease for increasing atomic spacing. The
correlations and entanglement also both manifest linesplitting for
I 2 Iy, corresponding to when the atomic excited state popula-
tion starts to increase. This is consistent with Fig. 2, where the
observed quantum effects in transmitted light change from being
maximal close to zero detuning when I ~ Iy, to being maximal
off resonance when I > I The purity of the atomic state
(Fig. 5d) decreases to the limiting value 1/4 (Supplementary
Note 5) for increasing I and is less sensitive to the array spacing
than the entanglement E.

Large ensembles. When conditions are such that quantum effects
on the light scattering are minimal, we can neglect quantum
fluctuations, employing SCEs [Egs. (5) and (6)] to analyze the
coherent transmission through much larger ensembles, for which
the full QME is inaccessible. In Fig. 6a-c we show how the
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Fig. 3 Quantum many-body effects in optical transmission. a Relative
differences, diff(S) = max{|Ssces(A) — Sque(A)l/Sqme(A)}, between quantum
and semiclassical coherent optical depths (ODg}:‘ = 7Iog(Tg‘hA) and ODggh,
respectively) for a 2 x 2 array with lattice constant a = 0.254 and normally
distributed position fluctuations with varying rms width o,, = 6, 6, = 0.0251
(solid markers and thin solid lines). The open markers and thick solid lines are
for a disk of randomly distributed atoms with radius R = 0.281 and

o, = 0.0254. The light intensity is /I/I,; = 0.3 (circles), 2 (squares), and 10
(triangles). b Relative differences between quantum and semiclassical
(augmented by a single-atom quantum description) incoherent transmission,
TSL‘A and TﬁéQ respectively, for the same parameters as in a. ¢ Relative
differences between quantum and semiclassical coherent optical depth as a
function of light intensity, for fixed atomic positions and for different spacings.
The inset shows ODZ (solid) and ODZS, (dashed) for a fixed array with

a = 0.252 and /I/I.,; = 0.3. The incident beam has waist wp = 104,
polarization (X + ¥)/+/2, and detuning A/y € [—4, 4] (a, b) and

A/y € [-20, 20] (e).

transmission lineshapes of a 10 x 10 array differ significantly
from the Lorentzian of independent atoms. For a single atom the

linewidth is power broadened ypy(I) = y+/1 + I/I,. For spa-
cings a 2 0.3], the coherent optical depth for a 10 x 10 interacting

array can also be fitted well to a single Lorentzian (ignoring the
small structure present at low light intensity due to interfering
eigenmodes, Fig. 6a), with a linewidth which also scales with
intensity. If the linewidth at low light intensity is superradiant
(e.g, a = 1.1A) or subradiant (e.g., a = 0.81), it will also be
correspondingly larger or smaller than ypg for high intensities
(Fig. 6¢). For smaller spacings (e.g., a = 0.251), at high intensity
the lineshape splits into a double resonance, producing a dip or
“hole burning” (Fig. 6b). This dip is analogous to vacuum Rabi
splitting”-38, where the interatomic DD coupling has now taken
the role of the cavity coupling. In cavity QED, the mirrors create
images of an atom inside the cavity, mimicking a periodic array,
and the resonance doublet can be understood as a splitting of the
excited state (Supplementary Note 6). While the dip in Fig. 6b
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Fig. 4 Spin-spin correlations showing the emergence of light-induced
quantum correlations and deviations from the semiclassical
approximation. \We calculate the one- and two-body spin expectations, pg;
and p(aj(‘fgc respectively, for a 2 x 2 array with spacing a = 0.251 and atom
indices (j, ©), as illustrated in a. For fixed atomic positions, the correlations
are of solely quantum origin, occurring between internal levels of different
atoms. a The correlation lineshape for increasing intensity \/I/l.,; =1 (red-
dotted), 2 (blue-dashed), 5 (green-dot-dashed) exhibits an energy splitting.
b The correlations peak around | ~ I¢,;, tending to zero at very low and high
light intensities. The behavior is qualitatively similar for other spin/atom
pairs. The incident beam has waist wo = 104 and polarization ()AH-)A')/\/Z
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Fig. 5 Entanglement of formation E and trace purity for a pair of atoms.
a, b £ (see ref. ©7, Supplementary Note 5) for two atoms separated by

a = 0.254 and polarized along the separation axis as a function of detuning
and intensity [1/1/l; = 1 (red-dotted), 1.5 (blue-dashed), and 2 (green-
dot-dashed)]. The entanglement resonance splits for high intensities | > I,
and E is no longer maximal at the atomic resonance. ¢ Similarly, the
maximum entanglement decreases for increasing atomic spacing
(decreasing interactions) [a = 0.254 (red-solid), 0.34 (blue-dotted), and
0.351 (green-dashed)], and peaks around | = I, decreasing to O as
1/l = 0 or eo.d The purity of the atomic state decreases to the limiting
value 1/4 (Supplementary Note 5) for increasing | and is less sensitive to
the array spacing than E (spacings the same as in ). The black dot-dashed
line shows the purity for a single atom.

only occurs at sufficiently high density, it can interestingly still
exist even in the fully random ensemble. With increasing light
intensity, the incoherent scattering lineshape tends to that of the
independent atom (Supplementary Note 7).
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Fig. 6 Semiclassically evaluated optical depth, resonance Rabi splitting,
power broadening, and maximum extinction for 100 atoms. a, b From
bottom to top: semiclassical coherent optical depth ODSS, for a

10 x 10 square array with lattice constant a = 0.254 and normally distributed
position fluctuations (rms width ¢,/a = 0, 0.1, 0.2, respectively); and

100 atoms randomly distributed within a radius R = 1.44 (peak density 1.0k3)
thin disk. The standard sampling errors (shaded regions) are too small to see.
For clarity each line is offset from that below it by 0.5. Fluctuations in z are
characterized by a 6, = 0.0254 normal distribution, except when atoms are
fixed (oy, = 0, = 0). The incident beam has waist wo = 104, polarization
(X +¥)/+/2, and intensity I/, = 10~4 (a), and I/ls,; = 100 (b). Black dashed
lines show normalized lineshapes for a single atom with power-broadened
ypg = y(1+ ///sat)w. ¢ HWHM of OD, for atoms at fixed positions with
a = 0.8/ (squares), 1.14 (circles), and for a single atom (black dashed line).
The beam (wo = 30a) is nearly uniform over the atoms and the light is
collected over a solid angle sin6 < 0.04 (a = 0.84) and 0.03 (a = 1.14).

d Peak extinction (1 — T35 with fixed positions: a = 0.84 (squares), 1.14
(circles), and 0.4 (triangles). We set the beam waists to optimize extinction
(31 for a/A = 0.8, 1.1 and 1.54 for a/A = 0.4) over a collection solid angle

sin@ $ 0.37 using circular polarization —(X + iy)/+/2.

A key feature of general subwavelength-spaced resonant emitter
arrays is that they can exhibit perfect reflection!®14, which may
typically be modeled using point-dipole scatterers!>~17:19. Dipolar
planar arrays can act as cooperative antennae®8, with applications
to quantum information processing?’, making understanding

nonlinear transmission essential. We calculate this for large arrays
in Fig. 6d, and find that the reduction in the extinction as a
function of light intensity is considerable—although less promi-
nent with smaller spacings. This may ultimately restrict the
application of atomic arrays as highly reflective cooperative
mirrors to weak light intensities only.

Discussion

By comparing different descriptions of atom-light dynamics and
light scattering, we have identified light-induced quantum effects,
spin-spin correlations, and quantum entanglement in the light
transmitted through planar arrays and disks which survive both
position fluctuations and strong DD interactions. At narrow sub-
radiant resonances, quantum fluctuations can be over 30%. Outside
these resonances, provided we improve the model by incorporating
the single-atom quantum description, SCEs typically still reproduce,
also for incoherent scattering, the full quantum behavior at least
qualitatively. This provides a methodology to calculate transmission
of light through large arrays, consisting of hundreds of atoms,
which can exhibit striking many-body phenomena (even without
any quantum effects) reminiscent of single-atom power broadening
and vacuum Rabi splitting. The existence of many-body quantum
effects despite strong driving, high densities, and even with sig-
nificant atomic position fluctuations is surprising. It suggests that
optical quantum information processing in atomic ensembles* need
not necessarily be restricted to dilute systems. Subradiant resonance
narrowing has now been experimentally observed in the trans-
mitted light through an optical lattice of atoms in a Mott-insulator
state in the classical limit of low light intensity®. Several of our
findings could also be verified in this setup by increasing the
intensity of the incident light. The presence, even in uniform disks,
of many-body effects attracting considerable interest!»24%70 further
relaxes the conditions necessary for their experimental observation.

Methods
Dynamics and correlation functions. We simulate the optical response of N-atom
ensembles by stochastically sampling fixed positions {r;, ..., ry} of stationary atoms,

as the atomic center-of-mass dynamics are assumed negligible. In the full quantum
dynamics, for each stochastic realization we solve the equations of motion for the N-
atom density matrix pg, .4 (t) with the atoms at fixed positions {ry, ..., rx},
obeying QME [Eq. (2)]. In the Hamiltonian in Eq. (3) we use slowly-varying field
amplitudes and atomic variables where the rapid rotation at the laser frequency w has
been factored out by substitutions £ — £, 5U)(¢) et — V) (¢), etc. The
collective coupling matrices ;e and pje, resulting, respectively, in collective resonance
line shifts and linewidths in Eq. (2) (see Supplementary Note 3), are the real and
imaginary parts of the dipole radiation kernel G(r):

higodeg : [G(rj - rl)dge] =0 +iy, )
where
k! } o ikr o o i ; d &(r
Gr)d = :71 {(ﬁ x&)x a3 d) - 4] {ﬁ’ (kr)z}elkr} _d ‘Z( )
(8)

is the electric field amplitude for an oscillating electric dipole d at the origin and
fi = r/r. Note that we typically drop the contact interaction term3°.

Once p, . 1(t) is known, the one-body p,(jj,z (jth atom), two-body pgd/gc (jth
and ¢th atoms), etc., expectation values for this stochastic realization are given by:

Pl = <&(_j)> = Tr{ﬁ(-j)P{rp.., Ar,\,}}v )
o0 =190 = (60) = 1r{epp. o} (10)
o0y = (896 ) (1= 8 = {6V py, g Fa =80, (1)

and so forth. Here pge) represents the correlations (\P;\Pe) of Eq. (14), and
corresponds to the matrix element (e|p;|g) of the one-body density matrix p;.
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In each stochastic realization, the N-atom configuration of positions {r;, ..., ry}
is obtained by sampling from a joint probability distribution P(r, ..., ry), taken to
be the initial distribution of stationary atoms. Ensemble-averaging over many such
realizations then transforms the expectation values pgg(t), PSAQCU)’ etc., to spatial
correlation functions for the atoms at any given time ¢

(i) = [ @i @ (W0 x.0)

P<r17 7rN)7

{rpoy}
(12)

CACHINCACRIACY)
r (L R DF D0ae,0)) P,

/ &ry...
(13)

and so-forth for higher-order correlations. The atomic correlation functions for a
single realization of fixed atomic positions are given in terms of pab and pad bc by

(Wl i, (r,)) = Zpab (r—rx), (14)

{r.... .1y}

(R oW 0000t ) =P 03 )0l — e,

(15)

and it is through solving the coupled dynamics between the light and atoms for
each stochastic run and ensemble-averaging over many such realizations that we
establish the light-induced spatial correlations between atoms3¢->.

For a single, isolated atom at the laser focus, the solutions to Egs. (5), (6) (i.e.,
the optical Bloch equations) in the steady state are

g, =t £ __ Aty (16)
& h Ny (1+1/1G)
I y2/2
= 17
Pee IsatA2+y2(1+I/Isat)’ ( )
where I/I, = 2|d,, E7(0)]*/(hy)*. The effective linewidth in the denominators

of Egs. (16) and (17) is now power broadened, i.e., ypy = y/1 + /I,
We compare the full quantum solution of QME [Eq. (2)] with SCEs [Egs. (5)

and (6)] for the one-body terms pgjb based on the factorization Pe(:]d[bc o~ P?c{péc »

which neglects quantum fluctuations. In terms of the stochastic sampling
procedure, we express this semiclassical factorization as:

(IORENE0) = [ dne g
(18)
(Wwham), m<wb(r W) Pl )=o),
where the [1 — §(r — r’)] term is necessary to exclude the case where the

annihilation operators refer twice to the same atom. Despite the factorization
of the intemal atomic correlation functions, we generally have

0L 00 () (g (1) s # (91 ()1 (1)) (6 (), (). s the luctuations of the
atomic posmons that are included in SCEs approach can result in strong light-
induced correlations.

In general for the atomic distribution before the light enters the sample we have
P(ry, ..., tn) = [¥(ry, ..., ry)|% where ¥(ry, ..., ry) denotes the N-body atomic
wave function in position representation. For the initially uncorrelated atoms, each
atom is sampled independently. We consider two different geometries: (i) atoms
trapped in a two-dimensional array with precisely one atom per site; and (ii) a
random, uniform distribution of atoms inside a thin, cylindrical disk of radius R
and thickness Z. For the former case, we can sample the stochastic position of
an atom in each site!?, obtaining P(r), ..., ry) = 0i(ry)...on(rn), where the
density distribution of the jth array site, centered at r; = R;, is approximated

by a Gaussian:
X ’ Y, ’ Z ’
1 {X‘ B ] [y B ] |:Z. B ]
exp| — j - il . i . j . (9
83 0,0,0, 202 20), 202

Qj(fj) =

where the standard deviations o, 0,, 0, quantify the spatial confinement of the
trapped atoms in all three directions.

Scattered light. The total electric field operator B* (r)=E"(r) + E; (r) is the
sum of the laser field and the fields scattered from all atoms

/d”RGrf R)P(R). (20)

6OEd

To analyze the different contributions in the scattered light, we write it as
E;r = (EZ) + BI:ZI, where 8]3; denotes the fluctuations. We then obtain,

(B (E (1)) =& (& (1) + & (1)(E (1)) + (By (0))E" (x) + (B (1))(Eq (x))
+ (8B (1)0E; (r));

here B E' isa dyadic product with elements E;E;, with a, € {1, 2, 3} cycling
over the different polarization components, where the intensity is proportional
to its diagonal elements. The first term on the right hand side of Eq. (21) yields the
incident light intensity, the second, third, and fourth terms produce the coherent
scattering, and the final term produces incoherent scattering dependent on
fluctuations. Rearranging Eq. (21) to solve for the incoherent scattering gives:

(9B, (r) 8Eg (r)) = (By (1) By (1)) — (By (1)) (E; (1)), (22)
which describes correlations in the scattered light.

Consider first a single atom at the origin R = 0. According to Eq. (20), the
coherently scattered light consists of expectation values

(i) = [oma,] @), (23)

and there is no difference between the quantum and semiclassical coherent
scattering. Hence, any difference between the quantum and semiclassical coherent
scattering for a many-atom ensemble is due solely to many-body quantum effects.
The incoherent contribution in Eq. (22) is more subtle, as

(Eawki ) = 5 [60a,] [oma,] o) (24)

means the incoherently scattered light from a single atom yields

(8E; (1)0E; (1)) = i (6, [Be] (0e) ~ [60F), (29

where we have used 6, 6_ = G,. In the semiclassical approximation, where the
quantum fluctuations are ignored, one then replaces &, by (5., ) in Eq. (24)%, such
that

(21)

Al At 1 * NP
(B (DB, () = [6d] [6mdy] @[, (26)
0
and the incoherently scattered light intensity in Eq. (25) vanishes. Unlike the
coherent scattering, the incoherent scattering for a single atom therefore differs
depending on whether we treat it in a quantum or semiclassical manner.
Generalizing to the many-atom case, Eq. (24) now becomes

(B; (E; (1)) = i / FRER[G(r -~ R)|'[Gr - R)(P"(R)F'(R))),

(27)

where, as in Eq. (20), [G(r — R)]" acts on P~ (R) and likewise G(r — R') on

(R'). When calculating the full quantum solution, the correlation functions are
evaluated using the solution to QME [Eq. (2)] and by ensemble-averaging over
many realizations of atomic positions. However, we can also introduce the many-
body version of the single-atom semiclassical approximation [Eq. (26)] to light
scattering:

(P (RP"(R)) = / &y PP (R
) 1 TN (28)
(PR)), P,
substituting this back into Eq. (27) to give the semiclassical scattered field
(BB ), = [ ERERIGE-R) (Gl - R
0
/ &Ery.. d3rN<lA’7(R)>{rl‘_” . (29)

<13*(7z')>{rw Pl ).

Deriving the semiclassical scattered light in Eq. (29) corresponds to a systematic
way of neglecting all quantum fluctuations when the atomic response is first
calculated from SCEs [Egs. (5) and (6)]. Hence, comparing the scattered light of
Eq. (29) with the equivalent full quantum solution of Eq. (27) provides a signature
for quantum effects in the collective atomic response. Alternatively, if our goal is to
determine a computationally efficient and accurate approximation to the full
quantum solution, we can instead try to improve the semiclassical approximation.
A simple way to achieve this without increasing computational demands is to
include the single-atom quantum description to incoherent scattering [Eq. (25)]
integrated over the extent of the sample, which is sufficient in a number of cases to
capture the leading quantum contributions.

We begin this procedure by placing the atomic operators in Eq. (27) in the
normal order. This yields for the expectation term on the right hand side of
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Eq. (27) (for both fermionic and bosonic atoms)
(IR RNLRNL(R)) = (W(R)T(R))SR ~R)
+ (WRNR (R (R)).

Substituting this into Eq. (27) and using the semiclassical factorization
approximation of Eq. (18) we obtain

(B4 (E; ()

(30)

% [ @R[ - R4 (o6 - R (il RT(R))

sAQ €}

+§2 / / d3nd3R’{[G<r ~R)'[G(r~R)]
/ I (PR Ly

(P'(R)) o PR >}

(31)

where [* denotes a double integral over all {R, R’} excluding R = R’. The
difference between this augmented (semiclassical plus single-atom quantum)
expression and the semiclassical expression of Eq. (29) in the scattered intensity is
effectively the contributions of the single atom incoherent (quantum) scattering
from Eq. (25) integrated over the extent of the sample:

(B )~ (B 0B )
= [ #R[ew- R, (06— R (iR (R))

€

! N r—R)]"[G(r —
f%/m{[q R)[G(r—R)]

/ e (B (R, (PR)) Pl ,rN)}.

(32)

This improved description includes both the semiclassical contribution and the
single-body quantum fluctuations, meaning any difference in the incoherent
scattering between this improved model and the full quantum model is solely due
to many-body quantum effects.

Transmission. Coherently and incoherently transmitted light is calculated through a
disk of cross-sectional area S perpendicular to the optical axis a distance f = 5001
downstream of the atoms. We consider light transmitted in the same spatial mode as
the driving field, motivated by a typical experimental scheme of collecting transmitted
light into a single-mode optical fiber, although, for simplicity, we ignore any explicit
refocussing or fiber coupling. The transmitted light therefore has the form

. [ ds [dS'E"(r) - <iz’(r)fz*(ﬂ)> E(Y)
|fds € (r)- € (v ’

Note that because of the double integral over S and §' the expectation term is now a
function of r and ¥/, although substituting ¥’ into the preceding equations does not
affect our discussion of coherent and incoherent scattering.

To calculate the coherent transmission T, (plotted as optical depth
OD,,, = —log T, ), we substitute the first four terms on the right hand side of
Egs. (21) into (33). This gives quantum Tg)h}f or semiclassical T?Eh coherent
transmission, depending on whether we use the solutions to QME or SCEs . To
calculate the incoherent contribution to the transmission, we replace the two-field
expectation in Eqs. (33) with (22). Evaluating Eq. (22) using Eqs. (27) and (30),
along with the solutions to QME , results in the quantum incoherent transmission
T‘?ﬁ/{ Using instead the solutions to SCEs and either Egs. (29) or (31), respectively,
produces the semiclassical incoherent transmission T, or the improved model for

(33)

incoherent transmission TislﬁQ where the independent-atom quantum description is

added to the semiclassical model.
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