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Abstract. This is the third in a series of papers in which we consider one-dimensional Random Walk in Cooling Random Environment
(RWCRE). The latter is obtained by starting from one-dimensional Random Walk in Random Environment (RWRE) and resampling
the environment along a sequence of deterministic times, called refreshing times. In the present paper we explore two questions for
general refreshing times. First, we investigate how the recurrence versus transience criterion known for RWRE changes for RWCRE.
Second, we explore the fluctuations for RWCRE when RWRE is either recurrent or satisfies a classical central limit theorem. We show
that the answer depends in a delicate way on the choice of the refreshing times. An overarching goal of our paper is to investigate how
the behaviour of a random process with a rich correlation structure can be affected by resettings.

Résumé. Ceci est le troisieme d’une série d’articles dans lesquels nous considérons une marche aléatoire unidimensionnelle dans un
environnement aléatoire refroidissant (RWCRE). Ce processus est obtenu en partant d’'une marche aléatoire unidimensionnelle dans un
environnement aléatoire (RWRE) et en rafraichissant I’environnement le long d’une séquence de temps déterministes, appelée temps
de rafraichissement. Dans le présent article, nous explorons deux questions pour des moments de rafraichissement généraux. Tout
d’abord, nous examinons comment le critere de récurrence connu pour RWRE change pour RWCRE. Deuxiémement, nous explorons
les fluctuations de RWCRE lorsque RWRE est récurrent ou satisfait un théoréme central limite classique. Nous montrons que la réponse
dépend de maniere subtile du choix des moments de rafraichissement. Un objectif primordial de notre article est d’étudier comment le
comportement d’un processus aléatoire avec une riche structure de corrélation peut étre affecté par des rafraichissements.
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1. Introduction, main results and discussion
1.1. Background and outline

Random Walk in Random Environment (RWRE) is a classical model for a particle moving in a non-homogeneous
medium, consisting of a random walk with random transition probabilities, sampled at time zero from a given law.
Random Walk in Cooling Random Environment (RWCRE) is a dynamic version of RWRE in which the environment is
fully resampled along a sequence of deterministic times, called refreshing times.

RWRE exhibits anomalous behaviour due to the occurrence of trapping (i.e., the random walk spends a long time in
local niches of the environment). One-dimensional RWRE is well understood (see [19]). Much less is known in higher
dimensions, because the geometry of random walk paths is more complicated. Random walks in dynamic random envi-
ronments (RWDRE) can be even more challenging. Over the last few decades, there has been significant progress in this
area (see [1] for a survey). Often work concentrates on specific types of dynamics with good mixing properties that allow
for the identification of scaling limits.

RWCRE is a version of RWDRE that aims to capture the crossover between homogeneous RW and static RWRE. If
the increments between consecutive refreshing times remain bounded, then correlations decay rapidly over time and we
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expect to see a behaviour close to that of a homogeneous RW. Conversely, if these increments diverge, then we expect
to see a behaviour close to that of RWRE. In particular, the faster the divergence, the more RWCRE resembles RWRE.
Importantly, RWCRE allows for different resampling regimes, which are determined by the incremental structure of the
refreshing times. We will see that different regimes give rise to interesting new phenomena.

In order to understand RWCRE, we need certain concentration properties of RWRE. Some of these are available
from the literature, but others are not. A few preliminary results were obtained in Avena and den Hollander [3] under
the annealed measure and subject to certain regularity conditions on the refreshing times. In the present paper we find
conditions for recurrence versus transience and we identify fluctuations for general cooling schemes with non-standard
limit laws. In Section 1.2 we define one-dimensional RWRE and recall some basic facts that are needed throughout
the paper. In Section 1.3 we define RWCRE. Both these sections are largely copied from [2], but are needed to set the
stage and fix the notation. In Section 1.4 we state our main theorems. In Section 1.6 we place these theorems in their
proper context and state a number of open problems. Proofs are provided in Sections 2—4. Along the way we need a few
refined properties of RWRE that are of independent interest. These properties are stated in Section 1.5 and are proved in
Appendices A—-C.

1.2. RWRE: Basic facts

Throughout the paper we use the notation Ng = NU {0} with N= {1,2,...}. The classical one-dimensional static model
is defined as follows. Let w = {w(z): = € Z} be an i.i.d. sequence with probability distribution

u::aZ (1.1)

for some probability distribution « on (0, 1). We assume that « is non-degenerate and write (-) the corresponding expec-
tation. We also assume that « is uniformly elliptic, i.e.,

Je¢>0: afc<w(0)<1—¢c)=1. (1.2)

Definition 1 (RWRE). Let w be an environment sampled from p. We call Random Walk in Random Environment the
Markov chain Z = (Z,,)en, With state space Z and transition probabilities

w(x), ife=1,

1—w(z), ife=-1, (1.3)

Pw(Zn-'rl x+€|ZnI){
for € Z,n € Ng. We denote by PY(-) the quenched measure of Z starting from Zy = x € Z, and by P!(-) :=
/. o1z Fs () u(dw), the annealed measure. The corresponding expectations are denoted by E% and E*.

The understanding of one-dimensional RWRE is well developed, both under the quenched and the annealed measure.
For a general overview, we refer the reader to the lecture notes by Zeitouni [19]. Below we collect some basic facts and
definitions.

The average displacement is Ef[Z;] = <%Z), where p := 1:}‘("0()0 ). The following proposition due to Solomon [16]

characterises recurrence versus transience and limiting speed. Without loss of generality we may assume that

(log p) <0, (1.4)

because the reverse can be included via a reflection argument. Indeed, if @ is defined by w(z) =1 — w(—x), for x € Z,
then PY(-Z €-)=PFy(Z€-).

Proposition 1 (Recurrence, transience, speed of RWRE [16]).
Suppose that (1.4) holds. Then:

» Z is recurrent when (log p) = 0.
* Z is transient to the right when (log p) < 0, and for u-a.e. w,

i 20—y =10 i 21, (15)
n—soo n M 1;2% >0, lf<p> <1 ’

The above proposition shows that the speed of RWRE is a deterministic function of u (or «; recall (1.1)).
In the recurrent case the scaling was identified by Sinai [15] and the limit law by Kesten [9]. The next proposition

. . . d . T L» .
summarises their results. We write Q to denote convergence in distribution and — to denote convergence in LP. We
say that a sequence of random variables (X,,),en converges in LP to a random variable X, if there is a coupling under
which difference converges to 0 in LP.
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Proposition 2 (Scaling limit: recurrent RWRE [15], [9]).
Let o be such that (log p) = 0 and o3:=(log® p) € (0,00). Then, under the annealed measure P},

Zn ()
sV 1.6
o2log®n (1.6)

where the Sinai-Kesten random variable V is defined by P(V € A) := [, v 4 v(z) dx with

_1\k
v(z) == 2 Z ;ki)lexp[ (%H) | ] zeR. (1.7)
keN

Note that the law of V' is symmetric with finite variance o3, € (0,00). It was shown in [3] that for « satisfying (1.2),
under the annealed measure PSL ,
Z, P

= ISV Vp>0, (1.8)

oglog™n
In the transient case the scaling and the limit law were identified by Kesten, Kozlov and Spitzer [10]. The next proposition
recalls their result only for the case where the scaling and the limit law are classical. We say that « is s-fransient when
(log p) <0, (p*) =1 and (p(log p)+) < .

Proposition 3 (Scaling limit: transient RWRE [10]).
Let a be s-transient with s € (2,00). Then there exists a o5 € (0,00) such that, under the annealed measure P},

Zn -
Zn Ul (D), g,
gsv/n

where ® stands for a standard normal random variable.

(1.9)

1.3. RWCRE: Cooling

The cooling random environment is the space-time random environment built by partitioning Ny, and assigning inde-
pendently to each piece an environment sampled from p in (1.1) (see Fig. 1). Formally, let 7: Ny — Ny be a strictly
increasing function with 7(0) = 0, referred to as the cooling map. The cooling map determines a sequence of refreshing
times (T(k))keNo‘

Definition 2 (Cooling Random Environment).

Given a cooling map 7 and an i.i.d. sequence of random environments @ = (wy,)xey With law 4, the cooling random
environment is built from the pair (&, 7) by assigning, for each k € N, the environment wy, to the k-th interval I, defined
by It ;= [7(k — 1),7(k)), which has size Ty, := (k) — 7(k — 1) for k € N.

Definition 3 (RWCRE). Let 7 be a cooling map and @ an environment sequence sampled from . We call Random
Walk in Cooling Random Environment (RWCRE) the Markov chain X = (X,,)nen, With state space Z and transition
probabilities

PoT( Xy = +e| X, =x) = {‘*’“")(m)’ e=1, (1.10)

1- U.J[(n)(l‘), e=—1,

for © € Z, n € Ny, where ¢(n) := inf{k € N: 7(k) > n}, is the index of the interval that n belongs to. Similarly to
Definition 1, we denote by

PETC, Pt [ PR um), (1.11)
[(0,1)7)¥

the corresponding quenched and annealed measures, respectively.

The position X,, admits a decomposition into independent pieces. For k € N and n € Ny, define the refreshed incre-
ments and boundary increment as

Yi :=Xok) — Xre-1), V™= Xp = Xr(g(n)-1) (1.12)
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FIG 1. Structure of the cooling random environment (@, 7).

and the running time at the boundary as T™ :=n — 7(¢(n) — 1). Note that

L(n)—1
Z T, +T" =n. (1.13)
k=1

By construction, we can write X,, as the sum

l(n)—1
X, = Z Y, +Y", neN. (1.14)
k=1
This decomposition shows that, in order to analyse X,,, we need to analyse the vector (Y1,...,Yyn)—1, Y™), which

consists of independent components, each distributed as an increment of Z (defined in Section 1.2) in a given environment
over a given length of time determined by w, 7 and n. Fig. 2 illustrates the decomposition of X,.

w1 wa We(n)—1 We(n)
I I I I :
0 I I o |
o | l Vi1 Y |
Y- I
I 2 I ) I |
I I I |
I I I |
I I I I |
I I I I |
« T} »e—Th —>! e—— Tyn)-1 ————l—7n—>
0 (1) 7(2) T7(€(n) — 2) T7((n)—1) n 7(€(n))

FIG 2. The decomposition of RWCRE into pieces of RWRE as in (1.14). The random variables (Y%)1<x<¢(n) (Yo(n)) defined in (1.12) measure the
spatial displacement (vertical axis) on each time interval [T (k) A n, 7(k + 1) A n] (horizontal axis).

To ease the notation, when n is explicit we will sometimes write

To:=T", and Yy:=Y". (1.15)

1.4. Main results for RWCRE

In what follows, we write P for the annealed measure in (1.11) when the random walk starts at the origin, suppressing
u, 7,0 from the notation. We will denote by [E and Var the corresponding expectation and variance. We will further denote
by X,, the variance-scaled displacement at time n € Ny,

Xn
X0:=0, Xpi=—"  peN (1.16)

VVar(X,)’
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1.4.1. Recurrence versus transience
We start by exploring how the cooling map affects the recurrence versus transience criterion for RWRE (see Proposi-
tion 1). A few remarks are in place. Since for any event A,

P(A)=1 <= P (A)=1 pas, (1.17)

we do not distinguish between quenched and annealed statements when it comes to zero-one laws. Moreover, due to
the resampling, RWCRE is tail-trivial, i.e., all events in the tail sigma-algebra have probability zero or one. We know
from Proposition 1 that RWRE is recurrent if and only if (log p) = 0. We say that « is recurrent or right-transient when
(log p) = 0, respectively, (logp) < 0. For RWCRE the classification of recurrence versus transience is more delicate,
because it also depends on the cooling map 7. In what follows we say that («, 7) is recurrent or transient when

P(X,=0i0.)=1 or P(X,=0i0.)=0. (1.18)
We say that («v, 7) is right transient or left transient when

]P’( lim Xn:oo) -1 or 1}»( lim Xn:foo) 1. (1.19)

n—oo n—oo

By tail triviality, {0, 1} are the only possible values for the above events.
Our first theorem gives two conditions on the cooling map under which recurrence and transience are not affected by
the resampling.

Theorem 1 (Stability of recurrence versus transience).

(a) If «is right-transient, then (o, T) is right-transient for all T such that

lim T} = oo. (1.20)

k—o0

(b) If « is recurrent, then (o, T) is recurrent when
liminf |E [X,]| = 0. (1.21)
n—oo
The latter holds for all symmetric o and all T, and also for all non-symmetric o when T is such that

o1 3
hkn_1>10rclf =] log T}, > 0 for some ~y > 1 (1.22)

Non-symmetric « means that the laws of w and w are different (see below (1.4)). Note that (1.22) is much more stringent

than (1.20).

Remark: If the refreshing increments stay bounded (a regime that in [3] was referred to as ‘no cooling’), then RWCRE
has little relation to RWRE and no resemblance is to expected.

A recurrence criterion for general cooling maps is lacking and is presumably delicate, as shown by the following ex-
amples for which a weaker form of divergence of the increments is still in force. To weaken (1.20) we consider refreshing
time increments that Cesaro diverge, i.e., increments satisfying

1
ZE%ZZT,C_OO. (1.23)

Counterexamples to stability

(Ex.1) Right-transient can turn into lefi-transient or recurrent: There exist a right-transient o and two cooling maps 7/ =
7/(«) and 7" = 7" () satisfying (1.23) such that («, 7) and (a, 7") are left-transient and recurrent, respectively.

(Ex.2) Recurrent can turn into transient: There exist a recurrent « and a cooling map 7 = 7(«) satisfying (1.20) such that
(v, 7) is transient.

In Section 2 we prove Theorem 1 and show (Ex.1) and (Ex.2).
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1.4.2. Fluctuations in the Sinai regime
The following statements identify the scaling limits of RWCRE for recurrent «. They show that the scaling depends in
a delicate way on the cooling map. In particular, Theorem 2 below gives a characterisation of the possible limit points
as mixtures of Sinai-Kesten and Gaussian random variables, while Corollary 1 and (Ex.3)-(Ex.6) below give a further
characterisation of the various possible regimes.

To state our results we need the following definitions. Set

v/ Var(Yy)
A7—7n(k) = \/% {0<k<[(’ﬂ)}7 nEN, keNO, (124)

and A\ o(k) := 0xo, k € Ny. Note that, by (1.14), A, ,, is a vector of real numbers with unit £2(Ng)-norm, i.e., || A,
> keNo /\77”(k)2 =1, and recall that Y}, the boundary value defined in (1.15), is determined by 7 and n, the indices in
Ar,n. With this notation, we can write

n)—1

Y. —EY;

X, —E[X] = > Ara(k) Yi B (1.25)
—0 Var(Yk)

Let (Vj)jen, be a family of i.i.d. Sinai-Kesten random variables (see (1.7)). Define for A = (A(§)) je, € £2(No), the

A-mixture of normalised Sinai-Kesten random variables by

V=3 A0y V)= lim YA oy V), (1.26)
j=0

J€ENg

where the above limit is well defined from the convergence in L? of the series.

For A € £5(Np), let A¥ be the vector obtained from ) by reordering the entries of ) in decreasing order. Consider the
equivalence relation A ~ )’ when \¥ = \* and put [\] := { )’ € £5(Np): N ~ A }. The following lemma, which is proven
in Section 3.2, guarantees that up to reordering V' ®* corresponds to a unique vector \.

Lemma 1 (Characterisation of Sinai-Kesten mixtures).
V@ and VO have different distributions if and only if [\] # [N].

Define by A% the vector obtained from A by putting \(0) as the first entry and reordering the other entries in decreasing
order. This notation is needed in order to isolate the boundary increment. In what follows, (n;);cn, denotes a strictly
increasing sequence of integers with ng = 0.

Theorem 2 (Limit distributions in the Sinai regime).
Let o be recurrent with oy € (0,00) and let T be a cooling map. Under the annealed measure P, the sequence of centred
random variables (X, — E[%n])neNo is tight in the weak topology and its limit points are characterised as follows. If
(n;)ien, is such that

lim A% (k) =:\.(k)  VkeN, (1.27)

T,M;
1—00

then Ay = (Au(k))ken, € 2(No) and

X —E[Xn] VO £aM)®  Vp>0, (1.28)

Li

where a(\,) := (1 — || M]3 )2 ® is a standard normal random variable, and V®*+ is as in (1.26).

Remark 1. We note that if one is allowed to take subsequences, then condition (1.27) is not restrictive. Indeed, since for
any k € Ng and n € Ny the value A%, (k) belongs to [0, 1], if we take a (diagonal) subsequence (n;);en, then condition
(1.27) will be satisfied for some vector \,. By Fatou’s lemma we get

3 Xk =Y liminf (A%, (k)7 <liminf Y (A%, (k)" =1, (1.29)
keNo ke, O ‘o o

which guarantees that A, € ¢2(Np) and so V®A+ in (1.28) is well defined. With this it follows that Theorem 2 characterizes
all limit points of (X, — E[X,]),,cy, -
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Itis possible to distinguish between the different scaling limits by looking at the asymptotic behavior of (A - () (%)) ken,
the sequence of relative weights of the refreshed increments.

Corollary 1 (Limit distributions for regular cooling maps).
For any p > 0, under the annealed measure P

(@) X, —E[X,] converges in LP if and only if \; ) (k) — 0, in which case

X, —E[X,] 25 0. (1.30)
®) I Ar i () = 4 € (0, 1), then

X o VN, (131)

where Xy(0) := 0, and for j € N, A2(j) := ¢*(1 — ¢*)7~". Moreover, if for a subsequence (n;)icn, the limit w :=
lim; s o0 Ar n,; (0) exists, then

Xn, Dy woy Vo + (1 — w?) 3V, (1.32)
The proofs of Theorem 2 and Corollary 1 are given in Section 3.

Examples of subsequential limits We illustrate Corollary 1 by considering examples of cooling maps that diverge at
different rates. In examples (Ex.3)- (Ex.6) below all convergence statements are under the annealed measure P.

(Ex.3) Polynomial cooling : If k=5 T}, — B for some B, 3 € (0,00), then

Wiav( p >2<B+1)wl+”cp. (1.33)

agnm log? n pg+1 B

(Ex.4) Exponential cooling: If k' log Ty, — ¢ € (0,00), then

Xn Lr 1
L oy ® (1.34)
o2log? n V5ed
(Ex.5) Double exponential cooling: If k' loglog T}, — ¢ € (0, 00), then
Xy L. 4 . etc—1
— 2T loy VO with ¢ = €(0,1). 1.35
Zlog? (1) q. ov %= €(0,1) (1.35)
(Ex.6) Faster than double exponential cooling: If k~1loglog T}, — 0o, then
XT l LP
. é ) (1.36)
o§log”7(¢)

In (Ex.5) and (Ex.6) we can even characterise all the limit points. Indeed, if a subsequence (nz)l eNo is such that

. log T
lim

A e =1 b€ 0ol (1.37)

then

(1.38)

b2 Loy VENe £V, ifb>1,

Xo, 17 {qclavvwc FB2V,  ifb<1,
oz
oglog™n;

with b~! = 0 when b = co.
The claims in (Ex.3)—(Ex.6) are proven in Section 3.4.
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1.4.3. Fluctuations in the Gaussian regime
We next examine the scaling limit when « is s-transient with s € (2, c0), i.e., when RWRE satisfies a classical CLT (recall
Proposition 3).

Theorem 3 (Scaling limit in the Gaussian regime).
Let o be s-transient with s € (2,00) and let T be any cooling map. Then, under the annealed measure P,

2
Xp —E[X,] 25 . (1.39)
Theorem 3 says that in the Gaussian regime also RWCRE converges to a Gaussian. However, the scaling of the variance
as a function of the cooling map is subtle, as we show next.

Corollary 2 (Gaussian limits and stability of the variance).

Fix s € (2,00). The sequence ((X,, — E[Xy])/v/1), cn, is tight in the weak topology and its limit points correspond
to the limit points of o2 . (n) := Var (X,,) /n. Namely, given a subsequence (n;)ien,, if 0s.+(ni) — o, then, under the
annealed measure P,

X, —E[Xn] 12 o (1.40)
o/

Moreover, if Ty, — oo, then
os.r(n) = 05, (1.41)

with o the standard deviation from Proposition 3.

We conclude our analysis of the Gaussian regime by looking into the centering term in (1.39).
Centering and correction in the law of large numbers In general the centering term E [X,] in Theorem 3 (recall (1.16))
cannot be replaced by the limiting speed of X . In (Ex.7) below we provide a class of rapidly diverging cooling maps for

which such a replacement causes no harm. In (Ex.8) below we indicate that there exist slowly diverging cooling maps for
which it does.

(Ex.7) Stable centering for rapidly diverging cooling maps: For s € (2,00), if T}, — 0o and

l(n)—1

sup > Ar(k) < oo, (1.42)
neNy k—0

then
E[X,] —v.n
Vvn
with v, the RWRE speed in (1.5), from which it follows via (1.39) and (1.41) that

0, (1.43)

Xn—vyn 12
2L . 1.44
US\/H ( )

Moreover, (1.42) holds when lim infs,_,oc £~ ! log T}, > 0.
(Ex.8) Counterexample with slowly diverging cooling maps: For any s € (2, 00) there exist an s-transient e and a cooling
map 7 with T}, — o0, such that (1.44) fails. In particular, there exist “extreme” examples for which
E [Xn] —bun

limsup ————— = o0. 1.45
./ (149

In such cases, the sequence ((X,, —v,n)/v/n )nen, is not even tight (compare with Corollary 2).

Condition (1.42) in (Ex.7) imposes a growth condition on 7}. (Ex.8) shows that the convergence in (1.44) may fail even
when T}, — co.
The proofs of Theorem 3 and Corollary 2 are given in Section 4.
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1.5. Auxiliary properties of RWRE
In our analysis of RWCRE we need a few results about RWRE. The first states that in Proposition 3 the convergence can

be extended to L? for p < s.

Theorem 4 (LP-convergence in the Gaussian regime).
Suppose that the assumptions in Proposition 3 are in force. Then

Ly — VN LP
— 5 ® Vp<s. 1.46
s/ p=s (1.46)
The second result concerns various forms of oscillation of the mean of RWRE.
Theorem 5 (Oscillations of the mean).

(I) There is a recurrent v such that E[Z,,] # 0 for infinitely many n € N.
(I) For every s € (2,00), there is an s-transient « such that Ef[Z,,] # v,n for infinitely many n € N.
(M) If ovis recurrent with o € (0,00), then for every 0 <~y < 2 there is a C = C(«a,7) € (0,00) such that

| )
o2log”n

C

N. 1.47
Sigw "E (1.47)

The proofs of Theorems 4-5 are given in Appendices A—C. The line of proof of Theorem 5(III) was suggested by Zhan
Shi.

1.6. Discussion and open problems

Ellipticity. The uniform ellipticity assumption in (1.2) is needed in the proof of Theorem 5(III) only. Once this would be
extended, all our results would carry over. In the proof of Theorem 1(a) we need a concentration property for which it
suffices to have a very mild form of ellipticity. In the proof of Theorem 2 and Corollary 1 we use (1.8), which was proved
in [3] under (1.2) only, but should be true more generally.

Stability of recurrence and transience. While RWRE asymptotics are non-local due to space-time correlations, for
RWCRE, resampling adds extra noise and weakens space-time dependencies. From this perspective, we can view
RWCRE as a perturbation of RWRE. Theorem 1 describes how this perturbation affects the recurrence versus transience
criterion known for RWRE. Theorem 1(a) shows that transience is preserved as soon as the increments of the refreshing
times diverge, while Theorem 1(b) says that the situation is more delicate for recurrence, unless « is symmetric. In fact, as
shown in (Ex.2), for non-symmetric «, resampling is capable of destroying recurrence. We will see in Section 2 that this
happens because there are increments of the refreshing times during which the average displacement of RWRE is strictly
positive. By repeating such increments often enough, we are able to pull the random walk away from the origin. The
increments of the refreshing times in such cooling maps are diverging, but slowly enough so that RWCRE is qualitatively
different from RWRE. As shown in (Ex.1), cooling can even turn right-transience into left-transience.

Mixed fluctuations in Sinai regime. It is well-known that trapping phenomena are predominant when RWRE is recurrent
(see Proposition 2). The underlying correlation structure gives rise to subdiffusive scaling with a non-Gaussian limit law.
Theorem 2 and Corollary 1 show that this scenario is affected by the extra noise introduced by the cooling. Indeed RWCRE
is less localised, although convergence in distribution of the full sequence is not guaranteed in general. Theorem 2 shows
that regular subsequential limits are characterised by mixtures of Gaussian laws and properly weighted Sinai-Kesten laws.
Corollary 1(a) is stated in terms of the last increment in the sum (1.14) and is equivalent to the statement that the boundary
increment is negligible. It provides a necessary and sufficient condition under which all subsequential limits coincide,
in which case a standard Gaussian law emerges after a scaling that is gauged by the divergence in the cooling map.
Corollary 1(b), instead, says that if the boundary increment is not negligible, then the full sequence does not converge.
Indeed, as illustrated by (Ex.3)-(Ex.6), we see that properly chosen subsequences lead to different mixed limit laws.
These subsequences can be further characterised depending on whether the boundary term dominates or competes with
the other terms, as illustrated in (1.38). Such results yield the answer to a conjecture put forward in [3], where the analysis
of the fluctuations in the Sinai regime was carried out for cooling maps for which Lindeberg-Feller type conditions are
satisfied, essentially corresponding to the condition in Corollary 1(a).
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CLT in the Gaussian regime and centering issues. RWCRE can be seen as an interpolation between RWRE and a
homogeneous random walk. Thus, not surprisingly, Theorem 3 shows that if RWRE satisfies a CLT (i.e., when s €
(2,00)), then the same is true for RWCRE. Yet, as is clear from Corollary 2, the cooling can make the variance oscillate
on scale n, but not under (1.20). (Ex.7) and (Ex.8) shown that, if the cooling map is “sufficiently concentrated" as captured
in condition (1.42), it must be centered with the average displacement.

Refined properties of RWRE. Section 1.5 collects a few refined properties of RWRE that are not available in the
literature but are needed in our proofs. In particular, Theorem 4 extends the mode of convergence in Proposition 3 to LP,
and we use the latter in the proof of Theorem 3. Concerning Theorem 5, items (I) and (II) are similar in spirit, and say that
in the recurrent and transient regime, respectively, the limiting speeds are not achieved after a finite time. These statements
may sound plausible, but the disorder does not allow for a simple proof, as can be appreciated from Appendix B. We use
items (I) and (II) to construct (Ex.2) and (Ex.8), respectively. Item (III) gives some control (possibly not optimal) on the
rate of convergence in Proposition 2, which we use in the proof of (1.21).

Extensions and open problems:

* (Regime with limiting stable laws). The only regime for which we have not analysed RWCRE fluctuations is
when « is s-transient with s € (0, 2]. In this regime, the RWRE fluctuations are more intricate. Under the annealed
measure it is known that, after an appropriate scaling, RWRE converges to certain stable laws or inverse-stable
laws. Under the quenched measure fluctuations are drastically different and actually have only been partially char-
acterised. In particular, different subsequential limits are possible under the quenched measure. For precise state-
ments we refer the reader to [19] and references therein. The analysis of RWCRE with s € (0,2] should lead to
interesting cooling-dependent crossover phenomena.

* (Higher dimensions). The focus in the present paper and in [3], [2] is on one-dimensional RWCRE. It is natural
to consider RWCRE also in higher dimensions. However, much less is known for RWRE in higher dimensions,
and most of the relevant results require additional and often technical assumptions (see [19]). Nonetheless, some
of our arguments and results may be adapted to higher dimensions, in particular, those concerning the stability of
directional transience and directional speed.

* (Recurrence criterion for arbitrary cooling). We partially solved the problem of recurrence versus transience in
Theorem 1. The following problem is left open: If « is recurrent and non-symmetric, then what is a necessary and
sufficient condition on 7 such that RWCRE is recurrent?

¢ (RWRE oscillations). Some of the statements in Theorem 5 are non-optimal. For example, in part (2) we should
be able to show that Ef[Z,] # v,n for infinitely many n € N for every s-transient o with s € (2,00). Such an
improvement would allow us to strengthen the statement in (Ex.8) by saying that for every s-transient o with
s € (2,00) there exists a 7 such that (1.45) is satisfied.

2. Proofs: Recurrence versus transience
2.1. Transience is preserved for any cooling with diverging increments

PROOF OF THEOREM 1(a) We assume that (log p) < 0.

Basic coupling  Let us consider a probability space (.5, S, P) on which random variables (X, ),en, and (Zr(f) )keN,neNo
are defined such that

Yi=2¥ keN, Y"=2z!" neN,

( neNo ) =P ((X”)neNo € ) ’
(k

@2.1)
(z, ))keN neN, are independent in k € N,

P (2 ner € ) = By ((Zadnen, €°) - KEN.

This constitutes a coupling of RWRE and RWCRE. We write £ to denote expectation with respect to P.
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Leftmost record Set W :=inf{Z,: n € Ny} and W) .= inf{Z,(Lk): n € Ny}, k € N. By (1.14), for any a > 0 and
{eN,

Xe =Y Vi

14

ZZTk {25 >a }+Z {Z(’“>< 1

k=1 k=1

, 2.2)
k)
=D I ZW‘
k=1
The following lemma tells us that the expectation of —W is finite.
Lemma 2. Suppose that (log p) < 0. Then Eff[-W] < cc.
Proof. Write
By =W =" Pe(W <—m). 2.3)
meN
For j € Z, let p; := *Z¢8) and for m €N, ¢ > 0, define
S i1 logp;
Q(m,e):=qw: su L lo <egp. 24
(m, ) { up | (log p) 2.4
For 0 < e < —1(logp) and w € Q(m, ¢),
H p < 6% logp)(m-‘ri—l). (25)
j=—m+1
Therefore there is a ¢ > 0 such that, for all m € N and w € Q(m,¢),
e i—1
PY(W < —m) < Z H p; <e M, (2.6)

where the first inequality follows from a standard computation for RWRE (see [19, p.196 (2.1.4)]), and the inequality
uses (2.5).
Next we note that there is a ¢’ > 0 such that, for all m € N, using

1 —1
D e —mi11080;

- >
i1 (logp)| =

1 (w: sup s> < e*c/m, 2.7
ieN

where the inequality follows from the union bound in combination with the large deviation principle for the i.i.d. random
variables (log p;);jez. (For the latter the uniform ellipticity assumption in (1.2) amply suffices, but can be substantially
weakened.). Combining (2.6) and (2.7) we see that, for all m € N,

PY(W < —m) < 2e(A)m, (2.8)
The result follows from (2.3) and (2.8). O]

Transience along subsequences via the leftmost record  'We continue the proof of Theorem 1(a). Pick a := 4 Eff[-W] <
o0. Since « is right-transient and 7}, — oo, we have P(Yy, > a) = P}(Zr, > a) — 1. From stochastic domination together

with the independence of Z(Ti) , k € N, we get that

liminf — 7 Z Z(k)> 2 > ahmlnf Z 1 Z(];)>a} >a P-a.s. 2.9)
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Now, applying the law of large numbers and (2.9) into (2.2) we get

X 3
> — -a.s. .
hzrglorolf 7 2 4a P-a.s (2.10)

which settles right-transience along the sequences of refreshing times.

Transience of the full sequence Let Q(k) := {w: % > 3a}. On Q(k), for £ > k and n € [7((),7(¢ + 1)) we have

X, > Lal+W® . Let P* be P conditioned on Q(k). It follows that for £ > k,

Pk inf X,<0) <P W“)g—lae ) 2.11)
nelr(l),7(¢+1)) 2

By (2.8), > yen P (W < —1a () < oo and hence, by the first Borel-Cantelli lemma,

P* < inf X, <0 i.o.) =0. (2.12)
nelr(0),7(¢+1))

This implies that {n € No: X,, <0} is P¥-a.s. finite. Since P(Q2(k)) — 1 as k — oo it follows that {n € Ng: X,, <0}
is P-a.s. finite, which by the irreducibility of RWCRE implies the right-transience of the sequence. ]

2.2. Recurrence is preserved for fast enough cooling

PROOF OF THEOREM 1(b) The sequence (A, ,,)nen, Of £2(Np)-unit vectors in (1.24) admits an increasing subsequence
(ni)ien, € {7(k): k € N} for which there is a vector A, with ||\, |2 < 1 such that, for every k € No, AL, (k) — A (k).
By Theorem 2 (to be proved in Section 3.1), and condition (1.21)

X
TR NS VA S 3 (2.13)
Var(X,,)

Since Var(X,,) = 0o, (n;)ien, can be chosen such that

e (2.14)
Var(X,,) 2

Now, because V&>« + ¢ ® has full support on R, there is an £ > 0 for which
X, — X, e
|0 e —— Ut N 1 >P Xi >1|>e,
Var(X,,) 2 Var(X,,)

X, — X, | 1 X,
Pl ——< - | 2P| —/————=< -1 | >e.
Var(X,,) 2 Var(X,,)
Note that because n; € {7(k): k € N} for every i € N, the increments (X,,, — X,,,_, )ien are independent and therefore,
by the Borel-Cantelli lemma, we have that

Xp —Xn . 1. Xp, = Xn,, 1.
Pl 2l s o | =1, Pl 2« —o. | =1 (2.16)
Var(X,,) 2 Var(X,,) 2

Since X makes steps of size 1 only, we get from (2.14) that P (X,,, >0 i.0.) =1and P(X,, <0 i.0.) = 1, which proves
the first claim in Theorem 1(b).

It remains to show that (1.22) implies (1.21). In the remainder of the proof, ¢, C' denote constants that may change
from line to line, but do not depend on n. First note that (1.8) and (1.14) imply

(2.15)

l
clog Tj, < Var (V3,) < Clog* Ty,  Var(X, () > CZ log? T},. (2.17)
k=1
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For any fixed € > 0, Theorem 5(III), (2.17) yield

4

¢ logld+)
Z Var ’ Yi <C > ke log Tk. (2.18)
1 VA% T(@)) Var(Yk) /2221 10g4 T,

By Holder’s inequality it follows that

4/3+¢
1

Zlog i), < (Zlog Tk> Vs (2.19)

which leads to

(Shoatogtn) © % 05
[E[X- ]| < - <C e (2.20)
> k=1 log" Ty (Zi_l log Tk>
By (1.22) it follows that 3" _, log* T}, > ¢/*7+!, and so
68/3—5
4
E[X(p)]| S C———75—== cri—(i-e), (2.21)
(ﬁ‘l’y-‘rl) 1
when v > 2, [E[X, ]| = 0.
To conclude the proof we take arbitrary n € N. We have
Var(X-(mn)-1)) Var(Y") |E[Y™]]
E[X,]| < ———"E=D) 1pre oo . 222
[El%n]] < Var(X,) (B -] + Var(Xn) Var(Y™) (222)

By (2.21), the first term in the right-hand side of (2.22) vanishes as n — oco. As for second term, it is bounded by ¢ +
(K/Var(X,)). Indeed, by (1.8) and (2.1), for any € > 0 there is a K > 0 such that 7" > K implies [E[Y™"]| /Var(Y") <
e. As Var(X,,) — oo and € > 0 is arbitrary, [E[X,,]| — 0.

2.3. Breaking of transience
PROOF OF (Ex.1) We construct the two maps 7’ and 7" in (Ex.1)

The cooling map 7' There is a measure « on (0,1) such that (1.2) holds, (p) > 1 and (log p) < 0. Since w > w1 is
convex in R, by Jensen’s inequality we have

1
(1+p) =) >—, (2.23)
{w)
s0 (p) —1 > 0 implies that 1 — 2(w) > 0 and therefore v := E}[—Z;] > 0. By Proposition 1, P} (lim,_, Z= =0) =1
In this case we can build a cooling map satisfying (1.23) for which P(lim,,_,+, X,, = —00) = 1. The construction goes as

follows. Using the notation introduced in (2.1), we set Ny = 0 and for each 7 € N we choose N; such that N; > 2N, _4
and

Eg [ZiNi] < vN;. (2.24)

We take the i-th environment piece to be composed of one increment of size ¢/N; followed by N, increments of size 1
(see Fig. 3). By (2.24), the increments over the i-th piece have negative expectation.



N; intervals

FIG 3. The ¢-th environment

The idea to build the cooling map is, for each ¢ € N, to repeat I; times the ¢-th environment piece in order to induce
left-transience of the random walk. More precisely, for i € N, j € Ny, define s(0) :=0, s(i,5) :=s(i — 1) + j(N; + 1),
s(4) :=s(i,1;), let A;:={s(4,5): j <1I;}, and define the increments of the map 7/, {7} = 7/(k) — 7/(k — 1) }ren, by

)= {iNi, if k—1¢€ A; for some i € N, (2.25)

1, else.
We note that, irrespective of the choice of (I;);en, this construction ensures the Cesaro divergence of the increments.

Left transience Before choosing I;, we note that the displacement over different ¢-th environment pieces are i.i.d random
variables. For 7 € N and j € Ny, denote such displacements by

4 N s(i,5)+Ni+1
DY =2 Y 2. 220
k=s(i,j)+2

By the strong law of large numbers, there is a sequence of positive integers (M;);cn satisfying

My >M;,  P|sup Y DY >0f <27, 2.27)

The sequence (/) is chosen to satisfy the following condition:
I; 4 .
P ZDEJ) > —=(Miy1 +1)(i+2)Niy1 | <277, (2.28)
j=1

By the Borel-Cantelli Lemma, due to (2.1) (2.27) and (2.28), we have that eventually
Xor(siy) = Xrr(stim1)) < —(Mip1 + 1) (i +2) Ny 1,
(2.29)

sup X, — XT’(s(i)) < (Mi+1 + 1)(l + 2)Ni+1,
ne[r’(s(4)),7’ (s(i+1))]

where the second line follows from the fact that RWCRE is a nearest-neighbour random walk, so that to go beyond
(M1 4+ 1)(i 4+ 2)N;11 we need at least M, increments, in which case a positive displacement is bounded by (2.27).
The conditions in (2.29) imply left-transience (see Fig. 4).

The map 7" In the same setting as (Ex.1), we construct a recurrent RWCRE by modifying the cooling map 7/, inserting
large intervals. First note that, since (log p) < 0, we can define, for any N € N and ¢ > 0,

H(N,e):= inf{m eEN: P ( inf z(H < N) < g}. (2.30)

Let T}, :=7'(k) — 7/(k — 1). Inductively, define the increment sequence { 7} } ,cn by setting

{T]::/T;:,, kGN\{S(l)ZEN}’ (231)

T" )= T;(i) +H (ngfl) Ti//v2_i) . ieN,

s(i
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1; pieces 1; 41 pieces
i-th piece i-th piece (i + 1)-th piece (i + 1)-th piece
P A e e B RERRERRERE Pt A

7(]\"[#1 +1)(i+ 2)N1'+1
— (M2 +1)(i + 3)Niyo

FIG 4. Picture of the bound encoded in (2.29). The downarrows represent the decrease at the end of the last i-th environment piece in comparison with
the value at the beginning of the first ¢-th environment piece. The dashed line represents the upper bound on the supremum of the random walk.

where s(0) := 0 and
k ' s(i—1) .
s(iy:=3 inf P S zZW>- 3 1r|<2). (2.32)

1
k>s(i=1) i=s(i—1)+1 i=1

With these definitions, set 7/ (k) := Zle T} and note that, since 7}’ > Ty, the increments are Cesaro diverging. We
conclude the proof, by noting that (2.1), (2.30), (2.32) and the Borel-Cantelli lemma imply

IP( r(s()—1) — X.,_//(S(Z-,l)) > —T//(S(’i - 1)) 10) =0,

o . (2.33)
P (X‘r”(s(i)) — XT”(s(i)—l) <T (S(Z) - ].) 1.0.) =0.

U

2.4. Breaking of recurrence

PROOF OF (Ex.2) We show that there exists a recurrent non-symmetric « and a cooling map 7 for which («,7) is
transient. The construction that follows is possible because, by Theorem 5(1), there is a recurrent non-symmetric « for
which at least one of the sets

Ni:={neN: E}[Z,] >0}, N_:={neN: Ef[Z,] <0}, (2.34)

is infinite. Assume without loss that Ny = {n; <ny <...} is infinite.
Successively choose IV, consecutive increments of size n; for every j € N, where the sequence (V. j)j en Will be
chosen below. More precisely, define s(0) :=0, s(j) :=s(j — 1) + N, j € N, and let

fﬂ_zm ]Dm$m (2.35)

where IV; is defined in (2.38), as we explain next. By the strong law of large numbers, for all j € N,
il (k) —
ﬁﬂmZZ Zy,]>0 P-as., (2.36)
from which it follows that there are (M) e satisfying

P<mf ZU<Qg£. (2.37)

m>M;
k=1 J
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Next, pick N; such that

1
ZZ(k) <z EN J} < F7 (2.38)
N; k=1
and
1
§Nj Eg[Zn]] Z (Mj+1 + 1)7’Lj+1. (239)

Define s(0) :=0, s(j) :==s(j — 1) + N, for j € N. By (2.1), it follows that

1 1
P (Xf(sm) — Xrs-1) = 5N ES‘[ZnJD S (2.40)

Consequently, by the first Borel-Cantelli lemma, it follows that P-a.s. for 5 sufficiently large,
1 L
Xrs()) > Xr(s(-1) + 5 Ni B [Zn; - (2.41)

Now let A; = {inf,,>ar, S5, Z4 <0}, and note that (2.41), (2.39) and (2.1) imply
P (X, =0i0.)<7P(A;io)=0, (2.42)

where the equality follows from (2.37). ]

3. Proofs: Mixed fluctuations

3.1. Mixed fluctuations in the Sinai-regime

PROOF OF THEOREM 2 The proof is organised into several steps.

Tightness Tightness follows from the constant variance scaling in (1.16), because for any K > 0, by Chebyshev’s
inequality,

1

P2 — BlZ,)| > K) < 7.

3.1)

We identify the limit points. As noted in Remark 1, the sequence (A-,),, eng Of £5(Np)-unit vectors in (1.24) admits a
subsequence (n;);en, for which there is a vector A, € ¢3(Np) with ||A.||2 < 1 such that,

lim A, ., (k) =A(k) VkeN. 3.2)

1—00

We proceed by comparing X,, — E[X,,] with V®*~» By (1.8) with p = 2,

Zn
0

Coupling with error term  Consider a probability space (S, S, P) that is rich enough to include the sequence of random
variables (Vi)ren, defined in Section 1.4.2 and an array of random variables (R&k)) k,neN, satisfying:

(H1) Forany k,n € Ny and z € R,

Zy — E" 2] B
prZr 0 nl - — 1 (k) < . 4
; ( e _a:) P(UV Vi + RU _x) (3.4)

(H2) For all k: n € Ny, &] %k)] =0, where & stands for expectation w.r.t. P.
H3) (Vi, Ry )n keN, are independent in k under P.
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(H4) R%k) vanishes in L2, i.e

lim sup £ [( >) }0. (3.5)

n—oo kENo

The construction of the above random variables can be implemented via the Skorohod representation. More concretely, it
is based on a family (U®)),.cy of independent uniform random variables on (0, 1), which we may assume to be defined
in (S, S,P). For each k, let

p— -
Vi = UVF%(U( ))7 RW: FLE‘@

og(n)

(UW) - oy Vi, (3.6)

where, for a random variable X, F'y s the generalized inverse function of the distribution of X (see [13, p.6, Skorohod
Theorem]). Properties (H1)—(H3) follow from the construction, while (H4) is a consequence of (1.8). By (1.25) and (3.4),
for any bounded continuous function f,

£(n)—1
E[f (X, —EED] =€ |f [V + 3 AamRE |, (3.7)
k=0

i.e., X, —E[X,,] has the same distribution under P as the A, ,,-mixture of Sinai-Kesten random variables defined in (1.26),
up to an error term that is negligible because of (3.5).

The proof proceeds in two parts. First, we remove the error term. Second, we examine the convergence of the main
term.

e Asymptotics of the error terms  As a consequence of (H2)-(H3),

£(n)—1 2

Jlim limsup & Z Arn(k R ]l{Tk>J}

—00 p—oo

(3.8)
£(n)—

= lim limsup Z )\ {(RTk ]l{Tk>J}>2] 0,

J—00 nooo

where the last equality follows from (3.5). For any fixed J > 0, under P, (Y3 1{ 1, <})ken, is a collection of bounded
independent random variables. Thus, by the CLT for i.i.d. random variables, for any bounded continuous function f: R —
R we have

n)—1
Yy, — E[Y%]
Jim (E (2%n@wMW}
. 3.9)
£L(n)— 3
with @ a standard normal random variable. In view of (3.7)—(3.9), to prove Theorem 2, it suffices to show that
Y@ @ pex, @open a(\)®, (3.10)

where the equality is due to Lemma 1, whose proof is given in the sequel. We note that tightness in combination with
(3.10) characterizes all limit points in the weak topology of the sequence (X,, — E[X,,])nen, as mixtures of weighted
independent Sinai-Kesten and Gaussian random variables.
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Convergence of mixtures and removal of the error term  We explain why (3.10) suffices. Let f: R — R be such that
I flloc < o0 and || f'||oc < 0c. Abbreviate

X, =X, —E Dy, 1= YeENE]
%n %n [%n], yk: \/ma
—0,J —J,00 ~0,J
An (k) ::)\T}n(k)]l{TKJ}, An (k) == Arn(k) =X 7 (R),
(3.11D)
—0,J on)—1~—0.J < I —0,J
X, =>4 A (B)Vk, X, =X,-X, ,
R—nO,J — ;;(n) )\—nJ,oo(k)Rgi)7 R—nJ,oo — Rn RHOJ,
and note that from (H1) and (H3) we have
~ —=0,J —J,00
E[f(%)] :E[f<3€n + X, )}
(3.12)

= (v e ' v T L m )

For fixed J > 0, supj.cy, Tno"](k) — 0, because if T}, < J, then the numerator in A, ,, (k) remains bounded while the
denominator diverges (recall (1.24)). Hence, by the Lindeberg-Feller theorem for triangular arrays [5, Theorem 2.4.5],

Jm [e s (ver)] e s (5"
Via (H1) and (H3), (3.9) translates into

i [ (v )] e [

n—oo

H2<1>>”=0. (3.13)

JHQCI))] ’ —0. (3.14)

Combining (3.13) and (3.14), we get

lim ’5 (v R e R )]

e (3.15)
—& [f <V®A" Ty venTT RT,"’C’O)} ‘ =0.
Hence we can estimate
limsup [E[f(X,)] — E[f(VE +a(A\.)®)] ‘
n— oo
fJoo
_ limsup |E { ( )} - S[f(V%)}‘
n—oo
=1 V®>‘" V®>‘” i EJ7W
tmsup { ( + + )} (3.16)

e [r (v v ] ‘

oo 2
< inf limsupCy (5—1—6 e [( / ) ]),

8,J>0 p—oo

where C/ is a constant that depends on || f|| oo, || f||oc- The first equality follows from (3.10), the second from (3.12)—
(3.15), and the inequality from the following standard bound, which we state for generic random variables X and H:
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E[f(X +H) - f(X)]]
<IE[(F(X +H) = f(X)1{ m<5}] |

3.17
F1E[(FOX+ H) = FX) (1)) | G1
—92 2
SCf5-FCf’P(|H‘ >(5) < Cf(S-FCf(S 5[|H| }
From (3.8),
lim sup &[(R,,">)2] =0, (3.18)
J—00 neN
and hence (3.16) yields
En=%0 —E[x,] DLver a0, (3.19)

which is the claim in (1.28) with convergence in distribution. We note that the role of the truncation by J in (3.11) is to
capture the contribution of the small increments to the Gaussian random variable that appears in the limit.

LP convergence We recall that convergence in LP is understood as the existence of a coupling (Q, F, ]f”) of the random
variables and the limit point such that their difference converges to 0 in L?. Given the convergence in distribution X,, —

. . . . . a d ~ d = =
X, via the Skorohod representation theorem we may consider a coupling for which X,, = X,,, X, = X,,and X,, — X, — 0
almost surely. Therefore, to prove the convergence in L? it suffices to note that for any r € N,

£(n) r

E [%Z} =£ ’;JAT,n(k)iﬁk < Cy, < 0, (3.20)

where we use that ||\, ,||3 =1, £[Vx] = 0 for all k € Ny, and sup;, £[(V3)>"] < C by (1.8). The convergence in distri-
bution in (3.19), combined with the uniform bound in (3.20), implies that (1.28) holds. Indeed, let E denote expectation
with respect to P. Since 2r > p, by Holder’s inequality we have for any € > 0,

limsup E[| X, — X.|P] <limsupE[| X, — Xu|P Ljx, _x.|c) + 7
n—oo n

~ ~ ) (3.21)
< limsupE[\Xn - X*|2r}%P(|Xn - X*‘ > “5\)1_W +eP =¢P.

Limit of Sinai-Kesten mixtures In order to prove Theorem 2, it remains to show (3.10). We divide this part of the proof
into steps.

A triangle inequality To simplify notation, let us drop the index ¢ from the subsequence (n;);en satisfying (3.2). Also,
let \,, := )‘i,n' Because (3.2) holds, it follows that

Z M2(j) =1 — a? for some a > 0, (3.22)
J€Ng
. 27\

dim > NG =0, (3.23)
j>K
K

nlgr;ozl\An(J)—A*(ﬁlzo, K €N, (3.24)
iz

J=2K = () < K eN, (3.25)

1
VK’
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where (3.25) follows from 1 > Zf}l M (j) > KX2(K). Let (®;);en, be a family of i.i.d. standard normal random

variables defined on the same probability space (S, S,P). Set P := A(j)®; for a given vector \ € (2(Ny), and

note that the following isometry is in force (recall (1.26)):

j€No

elver ] =& [0 = IAulle (3.26)

To prove (3.10), we will show via a truncation that, for any f: R — R with bounded derivatives up to order three,

max{ || flloo s 1/ oo s 1f " Mloe s 1F 1l o } < 00,
E[f(VEI) — F(VEM +adg)] — 0. (3.27)

Indeed, for A € ¢»(Ng) and k, K € Ny with k£ < K, set

0, if0<j<k,
NEGY = AG), ifk<j<K, (3.28)
0, ifj> K,

and \$>°(5) := A\(j) — A\ K (§). By the triangle inequality, for all K € N,
€ [f(VE) = F(VEN +ady)]|
<le[rer - (ver® oo ]|

e s (Ve + o) < (VERT taag )] | 42

+ e[ (V" tado) - (VO™ +ady)]|.
To conclude the proof, we will argue that the three terms in the right-hand side of (3.29) can be made arbitrarily small.

Asymptotic negligibility of the last terms in the triangle inequality The last two terms in (3.29) can be treated via (3.17),
by using (3.22)—(3.26). Indeed, the third term in the right-hand side of (3.29) tends to zero as K — oo due to (3.23). For
the second term, note that, by (3.22), (3.24) and ZieNO A2 (i) =1,

i ], = i S0 = 630

By (3.17), we get for any § > 0,
]g [ (Ve £ o) e [ (VO +as)] |
= e 7 (Vo el 00)] - [ (v +ama)] 331)
<Ci6+Cpo% € [ (o= [A=]y) @+ v vt (]

and therefore, by (3.24) and (3.30), the second term vanishes as one takes K — oo and then n — oo. To show that the
first term in the right-hand side of (3.29) vanishes as well, we prove a bound that is independent of n by using a classical
argument in the spirit of the Lindeberg-Feller theorem (see [5, Theorem 2.4.5]).

Interpolation of random variables We consider

0,KAM K,M M, 00
An’ A”L A”L ’

Wi n(M):=V® + &% +Ve® (3.32)

obtained from V&= after replacing J;le by ®; for K < j < M in (1.26). Note that, by (3.28), Wk (M) = V&=
2 oo
for M < K, and also that, for fixed K,n € No, W (M) L Wk n(00) := VO L @A™ With these auxiliary
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random variables, we see that in order to show that the first term in the right-hand side of (3.29) vanishes, we must prove
that

lim suplimsup € [ (Wic.n (K)) = f (Wie.n())] | =0. (3.33)

K—oco mn—oo

‘We will show that

limsuplimsup > |€[f (Wiea(M)) = F(Wica(M +1)| =0, (3.34)
Koo n=oo hok
which in particular implies (3.33).
Bound by Taylor expansion  For the proof of (3.34) define, for M > K,
Wic (M) := Wi (M) — 07, Ap (M) Vi (3.35)
Note that W;;n(M ) is independent of ®; and V), and that
Wi (M +1) = Wi, (M) + X\ (M) ® (3.36)

Consider the Taylor expansion of f up to second order,
1
fl@+h)= (@) + ' (@h+ 5 " (@)h* + Cr(|hf? A RP). (3.37)

Note that, for any € > 0, |h|* A |h|> < |h|? Lijn>ey + |h|?, and that for j € Ny,

gl@j]=0, EV;l=0, £[0%=¢[(oy'V)’] =1. (3.38)

Use (3.35) and (3.36), respectively, to expand f(Wxk ,,(M)) — f(Wk (M + 1)) with the help of (3.37), which together
with the triangle inequality yield

1ELf Wrn(M)) = f Wk n(M+1))]]

< O (5 [|>\n(M)VJM|3 + I/\n(M)‘I>M|3}

(3.39)

_ 2
+& [|An(M)0v1VM‘ Len 0oy iva7>2)

2
+ [An (M) | ]l{\xn(M)éMl%s}])'

Next, note that Holder’s inequality and Markov’s inequality imply that

B 2
& [!An(M)leVM ]l{|)\n(M)<7v1VM|2>E}:|
< )\n(M)25 [|0\71VM|4] 2 P (’)\(M)0‘71VM’2 > 6)

A(M)E [W%ﬂ ’ (3.40)
\E

1
2

1
2

<A (D% [Joy ']

ad
skn(Mf(‘W-
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Since &[|V; \4] < 00, (3.34) follows from (3.39) and (3.40) via an analogous argument as for the terms involving ®,,,
because, for some C' > 0 independent of K and n,

> <5 [|An(M)g;1vM|2H{MM)VMPX}}

M>K
1 3
+5[|/\n(M)aV Vi | ]) (3.41)
1
gc§ N3 (M) < C sup A (M § M (M) <CO—,
M>K ) M>K ( )M>K (0 VK

where the last inequality follows from (3.25) and >° . ,x A2(M) < 1.

U
3.2. Characterisation of Sinai-Kesten mixtures
PROOF OF LEMMA 1 To prove Lemma 1, it is equivalent to prove
AN = vor@ypen (3.42)
/ A @) A
N#WN] = VO£V (3.43)

Proof of (3.42) Let A be a vector with finitely many non-zero entries. In view of the i.i.d. property of the random

variables (V) » we have that

AN — V®)\ @ V®/\,. (3.44)

For general \ € /5(Ny), let 0, 0" : Ng— Ny be such that Ao (i) = A*(i), and X0’ (i) = A¥(4). Define

- Ay), ifje{o(@):i<k},
AP0 () = 3.45
() {O, else. ( )
As in (3.44), VEAOF D yexOr By 317y for any § > 0,
€[] = e [FVN]| < Cro+ €2 A= A0 (3.46)

Since ||)\"’O”“H2 — || All5, the claim follows.

Proof of (3.43) We may assume without loss of generality that A = A, \’ = \'* and that there is a jo € Ny for which
AJ)=XN(G) YO<j<jo,  Aljo) >N (jo)- (3.47)

Let t — Lx (t) := E[e"X] be the moment generating function of a random variable X. To show that the distributions of
V@A and VO are different, by [4, Theorem 30.1] we must show that the moment generating function of V& is finite
in a neighbourhood of the origin and

JteR: Lyer(t) # Lyer(t). (3.48)

The proof proceeds in three steps. First, we analyse the Laplace transform of V®* for general A € £5(Np). Second, we
prove (3.48) when jg = 0 in (3.47). Third, we show (3.48) when jo > 0 by reducing it to the case jo = 0.
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Laplace transform of V®*  Abbreviate f(t) := Ea;lvl (t) and note that

Lyer(t) =& [etvw} Il ¢ [ewﬂ')"@lvf‘] =[] roG). (3.49)
J€No Jj€Np

By (1.7),

t| < infoy = |f(t)] <o,

(3.50)

t— %7‘(20‘/ = f(t) = 0.
Furthermore, by Morera’s theorem [17, Theorem 5.1], ¢ — f(t) is holomorphic on the open disk

B:={teC: |t| < in’ov}. (3.51)
Therefore Taylor expansion of f on B around 0 gives that

ft) =1+ 12 +t%g(t), (3.52)

with g a holomorphic function on B. From [17, Proposition 3.2], the finiteness of the {5-norm of A, and (3.52), we deduce
that ¢ — Ly ¢ (t) is holomorphic on the open disk

B(\) = {t eC: Jt| < gT;fov)} . (3.53)
Case jo =0 From (3.49) and (3.50), Ly ex(t) = 00 as t — %‘(’(}3, while, A(0) > X' (0) implies B(\) € B()\'),
sup |Lyex(t)| < oo. (3.54)
teB(\)

from which (3.48) follows.

Case jo € N Recall the notation in (3.28). By (3.47), we have A\%J0 = )\/0:Jo_ Suppose that

yer @yex, (3.55)

Since VEA = V@A | y@NOT gnq ON — @A 4 y@NO™ aking the Laplace transform of both random vari-
ables and using the independence, we get that

V®)\.7'07<>0 (i) V®)\’-70=°°’ (356)

which is a contradiction.

U

3.3. Identification of the limit points

PROOF OF COROLLARY 1(a)~(b) (a): To prove necessity of the condition on A, -(z(k), suppose that lim supy,_, ., Ar - x) (k) =

¢ > 0, and take a subsequence (k; ),y such that A, ;. (k;) — c and A% () = Au(j) for any j € Ny and for some

7,7 (ki)
Ax € £2(No). Next, since limsup,, , o, Ar,n(0) = limsupy_, ., Ar 7(x)(k) = ¢, we may take a subsequence (n;),y for
which
. ¢ 2c N iy .
Tim Ay, (0)€ (7, 7) and  lim A% (j)=X.(j) VjeN, (3.57)
i—oo " 273 i—oo

for some X, € £3(Ny). By Theorem 2, X (i, — E[X (1) D o and Xn, —E[Xn,] {9 . To conclude the proof

it suffices to show that VE s and V®*+ have different distributions. But this follows from Lemma 1, for which we argue
next that [\,] # [A.].
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Since limsup,,_, o, SUp ey Arn(J) < limsupy_, o Ar 7 x) (k) = ¢ > 0, it follows that for any € > 0 there is an n. >0
such that, for n; > n.,

sup)\ () <P +e. (3.58)
jJeN

Furthermore, by (3.57), for n; large enough,

VaI‘(XT(g(n.),l)) 02
YanAremo)-n) 4 _ ¢ 3.59
Var(X,,) - 4 (3:59)
Therefore, for € < 462 )

Var(X ) o
2 T(£(ni)—1)
A D =R T V(X tno-n )

2
< (1— 4> (®+e)<c?,

and therefore sup;cy, A, (i) < c <supl€N A«(1). For the reverse implication, by Theorem 2, it suffices to show that
Arr(k) (k) — 0 implies that for all i € No, lim,,—,oc A% (i) = 0. To prove this, we will show that

(3.60)

lim sup A-,,(7) =0. (3.61)

n—oo ZEN
Note that for 7 > 0,

lim A, ,(7) =0, Sup Arn (4) < Arrgiy (0). (3.62)

n—oo neN

By (3.62), it follows that

lim sup A, (4) < lim lim sup Ay, (7)

n—00 ;N J—oon—0o0 ;5 7

(3.63)
< lim bup Ar (k) (k) = limsup A - (k) = 0.

J=oo > k—o0

As to i = 0, define s, = 02(T")/0? (Tg y) and note that, by (3.3), there is a constant C' € (1, 00) such that s,, < C.
Therefore, since T" < Ty(ny and z — = 1s increasing on R for y > 0, we get

o2(T™) log® T™
Var(X, ) + o3 (T")log? T

A2, (0) = < CAr 7 (e(ny) (E(n)) = 0, (3.64)

from which (3.61) follows.

(b) As in the proof of (a), we examine the sequence of vectors ()\Ot( k)) ren and prove that it converges to A, with
= limj—y00 A 7 (k) (k). Abbreviate gj, := A, (k) (k) and note that (1 — ¢;)*Var(Y;) = ¢} Zk ' Var(Y;). Adding (1 —
) Zk ! Var(Y;) on both sides, we get

k k—1
(1-a2) > Var(vy) = 3 Var(Yi). (3.65)
=1 i=1

Since, Var(Yj,—;) = ¢?_; S0~ Var(Y;), recursively applying (3.65), yields to Var(Vi_;) = qf _, TT/_; (1=} _, ;) b, Var(Y;),
which implies that

@ar(Yk J

2 ]

—_ = Il 1— . .
Arry (k= 5) = Var(X,(x)) Uiyt (3:60)

For any k € N, A, -1)(0) = 0. As for j € N, since gy — ¢ >0,

. A\ 2 . ) i—1
lim (AQ}T( )(])) = lim A2y (k—j+1)=¢*(1-¢%) ", (3.67)

k—o0 k—o0
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and since [|Aq||, = 1, the first part of (b) follows from a direct application of Theorem 2. As to the second part of (b), if
Arn; (0) = w, then

Var(XT(Z(nk),l))

1—w?=1li 3.68
s Var(X,,) (3.68)
From (3.67) and (3.68), for any ¢ € N,
. ) 2 . .
Jim (A7, (7)) = Tim AT (€(n) = j)
 Var (Xr(n)-1) o . 3.69
- zlirgo Var(Xn,-) /\T"T(e(ni)*l)(é(ni) o ]) (3.69)
=(1-w) @ (1-4")""
Then, By Theorem 2, V ®*ni.r @, woy Vo + (1 —w?)z Ve,
U

3.4. Divergence of cooling maps and crossovers

In this section we examine the different classes of cooling maps presented in Section 1.4.2 and identify the corresponding
limit laws.

Proof. We treat the different examples one by one.
(Ex.3) Polynomial cooling When k=8T, — B, we have

n
lim — =1, (3.70)
n— o0 % g(n)ﬁ+1

Furthermore, by (3.3) we get that

Var(Y;
# =1 G.71)
k—oo gt 04 log™ (BEP)
Since Zi,:@%i‘(‘?ﬁ) — 1, it follows that
Var(X, Var(X,
lim —; ax( “L) — lim 2?(—“))4 —1. (3.72)
(=00 S oboglog(BEP) (= ofopBtlog" L
It follows that A2 _ ) (¢) = 0, garmtl— — 1, and by (3.72)
X
Var(X,,) - 1 573
sl (Stn) " log'n
Finally, note that (3.73) implies
1
X, —E[X, . 2 1\ 2D
# =ay, (}Zn — E[%n]), with  a, — oy <ﬁ> (W—> . (3.74)
02n2@0 log? n B+1 B
By Corollary (1)(a), it follows that
1
X, — E[X,, P 2 1\ 2G+D
# L_>0V <5) <5+) . (3.75)
02n?@0 log n p+1 B
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(Ex.4) Exponential cooling  When k= log T}, — ¢ € (0,00),

logT(f) = c. (3.76)

£ 4
Since 5=t 5 L via (3.3) it follows that

. Var( ()) . Var( T(g))
lim ————— =1 51
£—00 Zk L0208kt =00 07,0057 1e=51log® 7(¢)

=1, (3.77)

Var(X-(¢(n)-1))

Varxy 1. From (1.22) we obtain that E[X,,] — 0. Finally, note that

that )\T () (£) = 0, and that

Xn = o, (X, — E[X,]) + B (3.78)

\/5750‘/00 log2 n
with a,,, — 1, and 5, — 0. By (3.78) and Corollary (1)(a),

X, P
— e (3.79)
\/%Uvag logz n

(Ex.5) Double exponential cooling  When k~1loglog Ty, — ¢ € (0,00),

¢
7(¢) Zk:l 10g4 Ty 1

3.80)
Ty Zi _, edek (

. Var(XT(g))
From (3.3) it follows that T oTetel (1e—e) T — 1 and therefore

ML) = St =gl (3.81)
Note that

Var(X, oy log* Ti, log" T,
1 7%( (12)) = lim Zk:lfg k 0% ¢ :qc_2. (3.82)
(o0 gZotlogh () o log*Ty,  loghT(l)

Combining (3.81) and (3.82) with Corollary 1(b), we conclude that

Xrop  Var(Xo)  Xo

o2log’T()  o2log®T(¢) /Var(X, ()

Var( T(g))
Vo'vao log? 7(¢)

(3.83)

L? _
%T(@ — 0vq, 1V®/\40 .

(Ex.6) Faster than double exponential cooling In this case

Zi:l 1og4 Ty

— — 1, 3.84
T, log* Ty (3.84)

from which, by (3.3), it follows that

Va‘r( T(Z))

=1, (3.85)
t—o0 glod, log* Ty

élizgo AT,T(@) (6) = 1;

and therefore )‘3,7(4) () — 1. By (3.85) and Corollary 1(b),

Xr(0) (@)
02log® T(f) t—o

V. (3.86)
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Subsequences In (Ex.5) and (Ex.6) we need to examine the effect of the boundary. Let (n;);. be a subsequence for
which (1.37) holds. Then

1 l(n;)—1 1, ifb<1,

og7(f(ni) —1) RS (3.87)
logn; b=, ifb>1.

Decompose X, = Xr(¢(n;)-1) + Y™ By conveniently rewriting the scaling factors, we obtain

Xo, _log?r(t(ni) = 1)

oyoilog?n; log®n;
o ' o i} (3.88)

( Xeemo-1) L log7T™ Y )

ovodlog?r(£(n;) — 1)  log?7(£(n;) — 1) oyo2log? T

Using (3.83) and (3.86) in combination with (3.87) and (3.88), we conclude that

x g VBN + 0201V, ifb <,
n; L?
; (3.89)

JVUO log n; b—2qc—1v®)‘<1c +0";1V0) 1fb> 1.

O
4. Proofs: Gaussian fluctuations
4.1. Convergence in the Gaussian regime
PROOF OF THEOREM 3 By Theorem 4,
Zn,
o2(n): Var{\/ﬁ} — o 4.1)

Consider a probability space (S, S, P) that is rich enough to include a sequence of i.i.d. standard normal random variables
(Pr),, en, @nd a collection of random variables (R%k))k’neNO satisfying (recall (H1)—(H4) in Section 3.1):

(H1’) For any k,n € Ny and x € R,

Zn EM [Zn]
I3 0 - (k)
Po( ) <m)—P((I>k+Rn <x). “4.2)

(H2") Forall k,n € Ny, R =0
(H3”) (D, Rg{”‘))n, keN, are independent in k under P.
(H4") R vanishes in L2, i.e.,

2
lim sup & [(ng@) } — 0. @3)
n—r oo keN

Note that, by (1.24) 0=\ (k)& 2 &. and by (4.2),

£(n)—1 £(n)—1
X, —E[x,] 2 Z A (k) (@ +RE) Dot S A (RE. 44
k=0

i.e., X,, — E[X,] has the same distribution as a standard normal distribution, up to an error term that is negligible because
of (4.3). By (H2’) and (H3’), we have

o(n)—1 21 )1

EN X MamRE ) | = 30 XL meE[RY)). (45)
k=0 k=0
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Since Zi(z())_l A2, (k) = 1, it follows from (4.3) that
£(n)—1
Jim limsup € kz_; Arn (k) Relyg, = sy =0. (4.6)

—0 n—oo

On the other hand, for any fixed J > 0, under P, (YkIL{TkS J}) ren 18 a collection of bounded independent random
variables. Thus, by the CLT for i.i.d. random variables, we get

L(n)—1
) Y, —E|Yy
lim (B f( Ar,n(k)k[k]]l{nw})
n—roo =0 O—S,Tk,
. 4.7
L(n)—1 2
k=0
Theorem 3 follows from (4.6) and (4.7) by applying the same arguments that led to (3.16), it follows that
()
X, —-E[X,]—> . 4.8)
To prove the convergence in L? of (%%)neN, asin (3.11) we consider the truncated random variables 62”’, 6,{700, Rino"],
Rino"]. Now,
. . o 2 .
i s B (B o
. —0,00 —0,00 2
:Akﬂ;jggg{((¢n +Rn )1M%a>M}>} .9)
— J00\ 2
<inf sup & {(Rn : ) } -0,
J neNy
where we used the uniform integrability in L2 of (®,," ),en, and (R, )nen, to obtain the the inequality.
O

4.2. Limit points and stability of the variance

PROOF OF COROLLARY 2 Note first that (05 (n))nen is a bounded sequence. Indeed, C' := supy, g 5(Tx) < 0o by
(4.1), and by independence we obtain that

Var (X,,)

n

=Y em < (4.10)

To prove (1.40), note that as the sequence (o -(n),n € N) is bounded, it admits a convergent subsequence. Furthermore
if 05 +(n;) — o, then

)%—\)l*%Xm]: (000 (1)) (Xn, —E[20]) L5 00. @.11)

Note that (4.10) proves tightness of the sequence (n /2 (Xn — E[X,])nen, and (4.11) characterizes its limit points as
scalar multiples of a standard Gaussian random variable.
To prove (1.41), use (4.1). Indeed, if T}, — oo, then o2(T},) — o2 and

9 4
. US,T (n) . Var (Xn) .
lim ———— = lim ————~ = lim —
n—o0 [ep= n—o0 no’? n—o0 n (Tg

(4.12)

where the last equality follows from the Toeplitz Lemma [14, Thm.1.2.3].
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4.3. Stable centering and counterexample

Proof. We first turn to (Ex.7). To prove (1.44), note that the L?-convergence in (1.46) implies that

Ly —nu
E|—2—* 0. 4.13
[ Vi } - @19
Let C,, := f;(:())_l Arn(k) and C = sup,,cy Crn. Condition (1.42) corresponds to C' < co. In this case, by Markov’s
inequality, Theorem 5(II) and the Toeplitz lemma [14, Thm.1.2.3], we have
X O B | Y =T,
’E [”_m}”} <y o )‘]E{ L “’“] 4.14)
O'S\/’ﬁ =0 C Us‘/Tk: n—00

From (4.12) and (4.14) it follows that

X, —nv,
O's\/ﬁ

with o, — 1, 8, — 0, and (1.44) follows from (1.39).
We next turn to (Ex.8). To show (1.45), consider the sets

=ay (X, —E[X,]) + B (4.15)

Ny :={neN: E}[Z,] >0}, N_:={neN: E!Z,] <0} (4.16)

By Theorem (5)(2), there exists an s-transient « for which at least one of these sets is infinite. Assume without loss that
Ny ={ny <ng <...} is infinite. Define the cooling map by successively picking N, consecutive increments of size n,
for every £ € N, where the values of (/). are chosen such that

Ny
> et Nontin

Let s(0) := 0, and for £ € N, define s(¢) := s({ — 1) + Nyn,. Therefore,

(BY [Zn,] —vp) > L. (4.17)

k
N,
E [Xugo] = Vs(k) vu =Y it (B [Z0] ~ 0) > I (4.18)
=1/> 1 N,
which proves (1.45). O

Appendix A: LP-convergence in the Gaussian regime
We prove Theorem 4.

Preparation Recall that p; = IZ}EJJ()J ), Following Zeitouni [19, Section 2.2], we have

A(j,w) =140, 5(0w), jeZ, (A1)
where
0. 4 0
Swi=> — Il » (A2)
i=—co ' j=it+l
and 0 denotes the spatial shift operator acting on (0,1)Z (i.e., (fw)(j) =w(j + 1), j € Z). Now define, for n € N,

M, =2, —v,n+ S, + Ry, (A3)
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where (Sy = 0)

iz, AlGw), if Z,, < nuy,
nvy n
Sni=) A(w),  Ra:=q0, if Z,, = nv, (A4)
=0 Zn—1 . .
Zj:nvMJrl A(],OJ), if Zn >7’l’UM.

Note that, in this decomposition, .S,, depends only on w. Therefore we will distinguish between the different measures
and write F,, for expectation with respect to p. Next, by [16, Theorem 1.16 (i)], v;l = E,, [¥(w)], and consequently

E,[A(z,w)] =0. (A.S5)

Therefore, for s € (2,00), (A.3) is a decomposition of (Z,, — v,n), .y, into a martingale (M), oy, with respect to the
natural filtration of the random walk F,, = 0(Z;: 0 <4 < n) and the probability measure P¢ for any w € (0,1)%; a
mean-zero stationary sequence (S”)nENo with respect to the shift operator # and the measure (; and a remainder term
(R”)neNo' Furthermore, the assumptions of [19, Theorem 2.2.1] are satisfied and, under the annealed measure Pé‘,
d d d

n_%RnQ)O, TL_%MnQJLI_L(I)l, n_%SnQO'Q’#CDQ. (A6)
where o1 ,, 02, will be introduced below and @, ®, are standard normal random variables. To prove L”-convergence,
it suffices to show that, for any p € (2, s)

- p
sup EY n ] < 00, (A7)

neN

M 1
sup Efy ||n"2 M,
neN -

p} < o0, (A.8)

r P
sup B, n_%Sn }<oo. (A9)

neN

These conditions ensure uniform integrability in L? for p < s and, combined with (A.6), yield the desired result. The
proof of (A.7) is given in Section A.1, and the proofs of (A.8), (A.9) are given in Section A.2.

A.l. Remainder term

For p € (2, s), note that

sup EY H 2
neN

p} = sup /Oopép_l Pl (n_% |Ry| > 5) dé. (A.10)
0

neN

As P} (|Z, — nv,| > 2n) =0, by (A.4), we have
B (n*% |Rn| > 5)

+

<p Z

Jj— 7J+E(1;Mn 2n Joun+2n) by

\ \/

(A.11)

J+ .
A(i,w)
= max E ——|>4
% j—,j+€(—2n,2n) = =

B

0
<2 max
- j€(0,2n) Z

l\D\Oq
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where in the first inequality, since the random variable does not depend on the random walk and is a function of the
environment w only, we replace P} by u; the equality follows from the stationarity of A(i,w) and to obtain the last
inequality we estimate the invcrement from j— to j+ in terms of the distance to the origin and use symmetry. By
Markov’s inequality,

“(ﬁlm%%n) I Z5> <3 L £ 7 | o
We estimate this expectation with the help of [11, Proposition 7],
n P
where
¢
bimp 1= max ||A(,w) kZu [A(k,w)[G]| (A.14)

%
Gi:=o(w(j): j <i),and | f]|, = [ |f(w)[" du(w). Below we show that
sup b; np =: K < 0. (A.15)

To conclude the proof of (A.7) with the help of (A.15), note that (A.13) is uniformly bounded in n € N and therefore by
combining it with (A.11)—-(A.12) we can bound the right-hand side of (A.10) by

1 1 i oo 1 1
p—1 ph (=3 p—
/O poP~1 Pt (n IRn| > 5) d5+0/1 o=

for some C' > 0 and p’ € (p, s). Since for p’ > p the second integral above is finite, this conclude the proof of (A.7). It
remains to verify (A.15).

dé (A.16)

Bound on b; , ,,. To prove (A.15), the expression (A.2) allows us to bound the conditional expectation in (A.14) by

E, [AGi+k,w)|Gi]=—-1+ E, [Ell(w)]
X <<w(0>‘1> T+ () -+ ()" ) + <p>k2(91w)> (A.17)

L (@7 o
B 5w " < Gy 2 )>’

where the inequality follows from observing that

By [Bw)] = (@) 1+ o)+ (p)*+---). (A.18)
The right-hand side of (A.14) is bounded by

S 1A G@) By [AG+ k,w)IGll1g

keNy
< () F || (-1 4 vaB(0'w)) (I<_ <pl>> + 2(9%@)) .
ket 2 2 (A.19)
< Z ou(p)C (144 | (B0°0)"] )"
keNy

1 p % 00
:?@UHCO"F#[(E(W» ])? <oo,
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where in the second inequality we used that ab < a? + b? to separate the constants from the random variable ¥(6‘w), and

C > 0 is a constant that does not depend on k or i. The last equality follows from 3 (6'w) @ Y (w), and the final bound

follows from E,, [(X(w))”] < oo for p < s, as can be seen by applying Minkowsky’s inequality on the L? norm of (A.2).
A.2. LP-convergence to the normal

To prove (A.8) and (A.9) we will bound the expectations with a bound on the difference of the distribution functions of
the each random variables and the standard normal distribution.

Let (W,), cy be a sequence of random variables, P the underlying probability measure and E its corresponding
expectation. Assume that this sequence converges in distribution to the standard normal. To prove that this convergence
is also in LP- we need to show that, for p < s,

sup E [|[W, "] < c0. (A.20)
neN

‘We have

E|W,|F] = / dxpa? 1P (|W,| > z)
0

:/ dzpa? '[P (|[Wy|>2) — P(|®|>2)] (A21)
0
Jr/ocdxpxp*lP(@\ > ).
0

Since [ dxpa? 1P (|®] > z) < o0, if
[P([Wn| = 2) = P(|®]>z)| < Can f(z), (A.22)

where a,, and f(z) satisfy

(oo}
sup a,, < 0o, / drxP~! f(x) < oo, (A.23)
neN 0
then (A.20) follows.

A.2.1. Martingale part

We will use a result in [6] to prove (A.8). Define My = 0, and the square-integrable martingale difference sequence
(Dn)nen by Dy := My, — My_1. As shown in [19, p.211], the quadratic variation of (M,,),cn under P§ is given by
Aw =3 E§[D3|Fj—1], where

E§ (D] Fre—1]

(A.24)
_ o2 {wouf) (S@k) — 1)° + (1 — colk) (S0 e (k) + 1)1 ,

As shown in [19, Corollary 2.1.25], the sequence (w(k) := 6%Fw)yey is stationary and ergodic under Q ® PY, where
Q(dw) := AMw)P(dw), and A(w) := =+ g-p1 + gopipa + -+ = - (ZZO H;;E pj>. Therefore, letting £ denote
the expectation with respect to (), we see that the following limit exists (J-almost surely:

B
ail = nlggoﬁ;EO (D Fre—1]

(A.25)
= E° [vi {wo (B(w) - 1)2 +(2(07'w) + 1)2” .
Fix 6 > 0 such that 2 4 2§ < s, let Dy, ,, := (0,,11/n) "Dy, and consider the following two quantities:
Ans:=> Ef [IDk,nlm‘s} : (A.26)

k=1
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n 146
Bns:=E!|]1- Z El [D} | Fr-1] (A.27)
k=1
Since
1
2426] 2426
Ey ['Dk,nl } = T Egy “Mk — Mj—| ] ; (A.28)
we can bound A,, 5 by:
su E“[M /. 2+25}
Pren B || My — My—1| (A.29)
Since 2 + 26 < s, we have sup;,cy Ef [| M), — Mk_1|2+26] < 00, and therefore A,, 5 — 0.
To estimate B,, 5, we first note that
1
E! [Di|Fr-1] = / E§ [DR|Fr—1] dp(w). (A.30)
0

Now note that since A(w) > 1, for all positive f, E? [f] > Ef [f]. Next, we apply the von Neumann LP-ergodic theorem
in [18, Corollary 1.14.1] to the ergodic sequence (EY[D?|Fx_1])ken in L' (Q ® Pg), to conclude that

149
=0 (A31)

n

1= By [D} | Fr]

k=0

lim E©

n—oo

1+6
and that lim,, o0 By, 5 = lim,, 00 Ef “1 — > o E¥ [D,%’n|}"k._1} ‘ } = 0. By [6, Theorem 1], whenever a,, 5 :=

An.s + By s <1, then for any 0 > 0 there exists a finite constant Cy such that

Py <§:Dk <x> — P(|®] > z)

k=1

1

< CsaZt? (14 [2t2)7 (A32)

for all x € R. Since a,, s — 0, the terms in (A.32) satisfy (A.23). If we replace W,, in (A.20) by = My then we
w1V
obtain (A.8).

A.2.2. Stationary part
We show (A.9) with the help of [7, Theorem 2.4]. Indeed, if {A(j,w)},en satisfies [7, Assumption 2.1], then for some
constants C, > 0 and b,, ,, > 0

nvy,
Ef (Z A(j,w) < J#’Q\/E:’E) — ()| < Cpbpp (14 |z|P)1, (A.33)
k=1
for any x € R, where
1 - ’
0= lim EE{)‘ (Z A(k,w)) ) (A.34)
k=0

To verify the conditions in [7], we need to introduce some notation.
Let w'(0) € (0,1) be an independent random variable selected according to «, and define

o k), ik,
w(k)'_{w'(O), it k=0, (A3
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Recall (A.1) and (A.4). Since the sequence (w, )¢z s stationary with respect to 6 under p, we have
A(j,w) is stationary with respect to 6 under . (A.36)
In what follows, we verify the remaining conditions [7, Assumption 2.1] and fix p € (2, s). First note that

AR w)ll, <1+vul[BW)ll, <oo,  EF[A(),w)]=0. (A37)

Next note that, since ||A(k,w) — A(k,w')||, < Cp ||p||}; with |p||,, < 1 (because p < s), we obtain that
D R Ak, w) = A(k,w)], < o0 (A.38)

To verify the last condition note that, since A(j,0~*w) = A(j — k,w), by expanding (A.34) and using the stationarity of
A(k,w), we get

o2 =By [AO0,w)°] +2) By [A(0,w) Ak,w)]. (A39)
keN
Since
k 1 1 1
Y(0"w)=—+ P+t —pp X X patpp X ... X pr1E(w), (A.40)
WE WEg—1 w1

by (A.5) it follows that

Eg[S(W)E(0*w)] = v, 2(1 = (p)*) + (0)"Ef [Z(w)?] . (A4l
Since, for non-degenerate a, Efj[X(w)?] > Ef[X(w)]? = v, %, we obtain that
oo Y EL[A Ak, w)] > (A.42)
keN

which implies that 0372 > 0. Conditions (A.36), (A.37), (A.38) and (A.42) allow us to apply the result in [7] and ob-
tain (A.33). By substituting (A.33) into the right-hand side of (A.21) we obtain (A.9) and thereby conclude the proof of
Theorem 4.

Appendix B: Oscillations of mean displacement
B.1. Asymmetry in the Sinai regime
We prove Theorem 5(I).
Proof. To show that
{a: (log p) = 0, EX'[Zy] #01.0.} £, (B.1)

define, for 2 € (0,1), oz := 26, + (1 — x)dy)(s), Where n(x) € (0, 1) is defined by the relation (log p) = 0, which makes
a, recurrent. Let p, = oz% (recall (1.1)), and consider the sets

A, :={z€(0,1): Ef*[Z,]=0}, neN. (B.2)

By the implicit function theorem,  — 7)(x) is analytic. Therefore A, is finite (otherwise 2 — Ef* [Z,,] would be constant
equal to 0, which is not the case because lim,+; Ey* [Z,] = n and lim, |1 Ef* [Z,] = —n). Consequently, A := U,,enA,,
is countable and hence A°:= (0,1) \ A # (). Now (B.1) follows because, for any z € A°, E}*[Z,] #0 VneN. O
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B.2. Asymmetry in the Gaussian regime
In this section, we prove Theorem 5(II).
Proof. Fix s € (2,00). To show that
{a: (logp) <0, (p°) =1, Ef[Z,] # vun i.o.} #0, (B.3)

we proceed as above. Define «,, as in B.1, but define 7(x) € (0, 1) to satisfy

(57) va-a (7).

which implies that 7, satisfies (p) < 0. Let p1,, = %, and consider the sets

B, :={z€(0,1): Ef*[Z,)=v.n}, neN. (B.3)

By the implicit function theorem, x +— n(z) is analytic. Consequently, B := U, enB,, is countable and hence B¢ :=
(0,1) \ B # (0. Now (B.3) follows because, for any = € B¢, Ef* [Z,]| #v,n VneN. O

Appendix C: Bound on recurrent fluctuations
We prove Theorem 5(IIT). The line of proof was suggested by Zhan Shi.

Proof. Throughout this section, C'is a constant that does not depend on n and may vary from line to line.

Scaled potential process Define U*"" (t) := lign U“(|tlog®n|), where
Zle log p;, keN,
U“(k) =14 0, k=0, (C.1)

0
— iy log pi, ke —N.

From (1.1) and (1.2) it follows that ¢ — U“>"(¢) converges weakly to a Brownian motion. Let b" be the position of the
bottom of the smallest valley (@, b", ") of the process (U“""(t))¢cr, which contains the origin and has depth larger
than 1 (for a formall definition of the smallest valley see [19, Sec. 2.5]). Similarly, for any ¢ > 0, let (ay}, 5?, c3) be the
smallest valley containing the origin with depth larger than 1 + J. We start with the decomposition

o (B F) 43 =B, 4 €2

log®n B log“n

To control the left-hand side above, it suffices to show that for any ¢ > 0 there is a C' € (0, c0) such that

C

E, 0] < —5—, (C3)
log3™°n

BB < —o (C4)
log3 ™ °n

® Decay of E,, @n] The proof of (C.3) is done via a Skorohod embedding. It is organised in three parts. In the first part
we define the Skorohod embedding. In the second part, using the Skorohod embedding we compare the bottom of the
valley " of the scaled potential process with the bottom of the valley b™ embedded potential process. In this part we use
Kolmogorov’s inequality combined with estimates on the random times that define the embedding. The third part consists
of comparing the bottom of the embedded valley with the bottom of the underlying Brownian motion that we used for the
embedding. This part relies on the control of the oscilations between the random times in the embedding together with
the relation between conditioned Brownian motion and the Bessel bridge.
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Skorohod embedding Let (By),cp be a two sided Brownian motion with By := 0 defined on the probability space

(Q, F,{ Fi }ter, P), endowed with the double sided filtration generated by (Bt)cp starting from 0, ie., F; =
O'(B‘sTtI,O < s < |t|). By the Skorokhod embedding [5, Thm 7.6.3, p. 404] for each n, there is a sequence of stopping

times, (Tn,k)kez with Tn,o = 0 and satisfying

e ( ’ > 9B, . (C5)

log®n

Lett, ,:=k log_2 n denote the jump times of the scaled potential process. From now on
(T ) (C6)
teR

refers to the embedded potential process determined by (B;),.p With jump times Ty, x. We denote by (a”, b™,é") the

smallest valley of the process (U“"(t)))cr that contains the origin and has depth larger than 1. We write £ to denote
expectation w.r.t. the embedded random variables (log p; ), , that regulate the jumps of the scaled and embedded potential
processes.

Let (a, b, ¢) be the smallest valley of depth 1 containing the origin of the Brownian motion (B;),~.,. Note that the

distribution b is given by (1.7) and by symmetry:

E[b] =0. (C.7)

Note first that b < & —a". As shown in [3, Appendix C], the random variable J" .=¢" —@" satisfies sup,, E [ |j n |p ] <
00. Note next that

max{ [b"[, 6", [b] } < J". (C.8)

The general idea to prove (C.3) is to find sets A,, for which

. C - C
Eb"la,] < —5—, PIA}] < —5——. (C9)
log3 ™ °n log3™2n
To obtain (C.3), we use Holder’s inequality to bound E[b™1 Ac] by
po1
- C = ipqd 1 g C
B < B[] | ] <o (C.10)
' log3™ 2 n log3 ™ °n

where the last inequality follows by taking p sufficiently large. More specifically, to prove (C.3) will show that there are
sets A,, and E,, for which

E[pr—02[14,] < S PAs) < —2 ©1n)
log3™°n log3™2n
E{B”f?)’]l(AmEc)] < ¢ pacUE)<—C (C.12)
" log3™°n log3™2n
Reasoning as in (C.9)—(C.10), using (C.7) (C.8), (C.11) and (C.12), we obtain
AT I ~Tien 3 C
B < B[P0 + B [p" - bl] < ——. (C.13)
log3™*n

In the next two paragraphs we will show (C.11) by comparing the deterministic times ¢,, ;, with the random times Tn k
with the help of moment estimates. After that we will show (C.12) by comparing the location of the embedded minimum
b™ with the location of the true minimum b with the help of estimates on Bessel bridges.
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Comparing t, j, with Tn,k Let a” := a" log? n, b" := b log® n and ¢ := &" log® n and let J(n):=c" — a™. The times

(Tak :="Tnk — Tn k—1)kez defined by the Skorokhod embedding theorem stated in [5, Thm 7.6.3] are i.i.d. and satisfy

R /1 2 1
Blini=E < 0g Po > -
oglogn log“n

( log po )4 < C

o) log n ]og4 n '

Furthermore, since B2* — py(t) is a martingale for some polynomial py(t) of degree k, the optional stopping theorem
and (1.2) give

(C.14)

Ef ] <CE

LT . , - log po \ ¥ c
E{ 3 ﬂ<0E{B?k }:CE <= C.15
(T 7k> = Tk oologn = log%n ( )
Therefore, by Markov’s inequality, for any k£ € N,
k(2—¢)
A o logn C C
p (Tn,k > 2t ) (ot )2 i < (C.16)
log“ “n o log™n  log™ n

For ke — 2 > 2 + 2¢, and any fixed Jy > 0, a union bound gives that

o J(n)

log>~¢n’ log’n

R ) C
P (Hk <J(n): Fpg>2 < JO) < o (C.17)

Abbreviate J™ := .J(n)log™?n and define the set

Api=qw: sup Tpi < 2(277&5, J(n) < (loglog*n) p . (C.18)
k<J(n) log™ " n
We have
L . . C
P (J,, > loglog®n) <1 P sup |By| <1 | < ——, (C.19)
te[0,loglog n] log n

where c; stands for a constant that takes into account the double-sided necessary estimates to the right and to the left of
the origin. Furthermore, the constant ¢y also absorbs the uniform approximation error of the discrete walk, with respect
to the Brownian motion. From (C.17) and (C.19) it follows that

- C
PA) < —55—- C.20
(45) < e (€20

Therefore, on A,,, using that (%n,k — logf2 n) EZ is a sequence of i.i.d. mean zero random variables, by Kolmogorov’s

inequality and (C.14) it follows that, for any € > 0,

. . 1
P tni—Tni>—, Ay
(o oo )

an<j<en

; -
<P sup Tk — log™?n >
j<loglog*n k;zzo log TL_

log(log® n) 2] (€21

< (log>n)E Z Fok —log™2n
k=0
C
< (loglog*n)log®n T S ——5—=—
log"n " log" 2 n



Let

. 1
A, <= {w: sup  tpn; — Th; < } . (C.22)

Since Bn = Anybn, by (C.20) and (C.21), and arguing as in (C.9)—(C.10), we get that

Bl[p" -] < B[ i |a ] + B[ - 7|1
1 LT = N C (C.23)
< 4 B[ 1y Ta, | + BT 4] € ——
logn ™S " log? “n
Comparing b withb  To prove (C.3) it suffices to show that
AT - C
E [Ibn - b|]lAn} S—— (C.24)
log3 ™ °n

To prove (C.24) we first note that, conditioned on b being the bottom of the valley (&, 13, ¢) of depth 1, the trajectory of the
Brownian motion B; behaves as a two-sided Bessel bridge of dimension 3 (see [12]). Taking the point (b, BB) to be the
origin, we see that the two bridges we are considering can be described by

1 1 Xi—1 -
dX; = | — + + — | dt+dB;, fort<e—b, (C.25)
' <Xt 1-X; t(éb)) '

1 1 X, —1 )
dXiy=| —+ + = dt+dB; fort<b—a. C.26
! (Xt 1-X; t—(b—d)) ! (€20)

By the symmetry of Brownian motion, it suffices to analyse (C.25), which, in integral form, for ¢ < (¢ — b) reads as

th1 1 1— X,
Y, = —+ + — | ds + B,. C.27
k /0 <Xs Xs_l S—(é—b) ‘ ( )

By the invariance of Brownian motion, B, @ —-B; @ %. Then, by (C.27), for any § > 0 and 7 € (0, i) we get

R (1
P( sup Yt<n)§P(n‘15+Ba<n>

t€[0,6] 2
(C.28)
~ (1 11 _1
=P 517 52*7]5 2<Bl .
Next, by taking d,, =log™*n, n,, = log_’a n < % with 8 = % — ia and o = % — ¢, with € > 0 sufficiently small, we get
P(HtﬁénwithYt>nn):1—f3( sup Y <)
t€[0,6,]
A~ (1 & _e
21—P<2log2n—log 2n<B1) (C.29)
Sl
- exp(clog®n)’
for some ¢ > 0. Now let B(d,,,7,) :={w: 3t < d, with ¥; >, } and note that
. 1
P(B(0n,nn)) < —————. C.30
(B ) < o cioa ) (€30)
By the construction of the Skorohod embedding and by (1.2),
1—¢ 1
sup sup B; — BT,L S log (C.31)

kENLE[Ty k—1,Tn k] ¢ logn
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b —b| > 21_5 implies

So, on the event B(d,,, 7, ),

log3™ " n
. 1 1
inf YV; < —5—— whenY = —. (C.32)
t<é—b log" " n log3 " in
Let
. 1 . 1
E,=w: inf Vi< ———givenYy=—3—7—>. (C.33)
t<é—b log" " n log3~in
From the hitting times for Bessel processes [8, Problem 3.3.23, p.162] it follows that
“ C
P(E,) < - (C.34)
logs~ 1 n
Noting that J,, < log log4 n on A,, and using (C.8) and (C.32), we get
E {li)n - IA)' ]lAni|
<1 1B by —b| 14,1
- loggfa‘n n An {|57’75\>10g7(%75)n}
1 R X (C.35)
< —5—— +loglog'n (E e, ]+E [1(8(57“%))“])
log3™"n
C
S
log3 ™ °n

where the last inequality uses (C.30) and (C.34). Using (C.35), (C.23), and (C.13), we conclude the proof of (C.3).

e Decay of Elf [B,] It remains to show (C.4). We follow [19, pp. 249-251], with appropriate modifications. We define
the set of “good environments", with § and J both depending on n, as

TNn TNn
b - b5 5
any refinement(a, blg) of (@?,b",c})
Al = w: with b# b has depth <1 — 4, (C.36)

@3]+ [e5] < J,
inft_gn>5 Bt - Bi) > 5%,

with § and J chosen as

1

- log"n’

d=4(n): J = J(n) :=loglog*n, (C.37)
with 7 € (0,1) a parameter to be fixed later. From now on, we simply write P and E for the annealed measure and
corresponding expectation, as well as for the measure of the underlying Brownian motion that was used for the embedding

in the previous paragraph and its corresponding expectation.

Recall that B,, = Zl(’;’g—?b . Let

G, :={w: (X;),0 <14 < n hits the boundary of [a},c§]}. (C.38)
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With these definitions, we split E[|B,,|] as
B||Bul) = B [|Bul Lz + B [|BalLyz]
=L+E “BRMA#‘S]I{E"@}] +E [|Bn|]l,4i~5 1{5">0}}
=Ly +10, + E [|Bal1 4610y L | (C39)

+ B [|Bal Ly sy Tan

=1, + 11, +1IL,, + IV,

where

L= B [|Ball 4z WL, := B ||Bal1 301 gy las | ca

I, = E [\Bnﬂl%,sl{gnw}} IV, :=F [\Bnm%,s ﬂ{gnw}ngn} .
To prove (C.4), it suffices to show that there is a constant C' > 0 for which

C
max{ L, 1L, 111, IV,, } < —5—. (C.41)
log3 ™ °n

In what follows we will show that this bound holds for each of the above terms.

Estimate of I, The estimate of IV,, follows directly from the definition of A7»%. By Holder’s inequality, for p,q > 1
with 1 + 1 =1,
P a

»QM—‘

IV, <E[|B, |p]% P((A}9)¢)a. (C.42)

Since sup,,cy E [|Bn|P] < 0o (see [3]), it suffices to estimate P((A;°)¢). The definition of A;° consists of four condi-
tions. Therefore we estimate

P((Ap2)°) < P(b" #b3)
+ P(3 refinement (a,b, c) of (@, b",c})
with b #b" and depth > 1 — §) (C.43)
+ P (|ag| + [e5| > J)

+P( inf By - B; < 6%2).
t—bn>

Note that

{b" £b}} C {EI refinement (a, b, ¢) of (a},b",c})
(C.44)
with b " and depth > 1 — 5}.

Furthermore, the probability of having a valley of depth larger than 1 — § is bounded from above by the probability for a
Bessel bridge starting from 1 to reach a value smaller than §, which in turn is bounded from above by the probability for
the infimum of a Bessel process of dimension 3 starting from 1 to be smaller than . By the estimate for hitting times of
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Bessel process, it follows that
P (3 refinement (a, b, ¢) of (@},b",cy)
with b £ 5" and depth > 1 — 5)

< 2P( Bessel process of dimension 3 (C.45)
started from 1 reaches a value smaller than )

2

<25< T )
- log" n

where the factor 2 takes into account the double-sided necessary estimates (to the right and to the left of b™). Combining
(C.44) with (C.45), we get

P((AJ%)) <

— + P([a}|+ [} > J)+ P( inf B, — B; <§2). C.46
= log™n ([a5] +[e3| > J) + P( inf B, — By <06%) (C.46)

To estimate the remaining terms in (C.43), we first note that, by (C.19),

C
P(lag|+|c§| > J) < ——. (C.47)
log™n

The last term in (C.43) can be bounded via the same reasoning used in (C.30) and (C.34), and so we get that

P( inf Bt—Bl;>6g> < C . (C.48)

t—bn>4 log" n

Therefore, with r = % in (C.37) it follows from (C.46), (C.47) and (C.48) that there is a choice of p, ¢ in (C.42) such that
I, < —F—.

log3 ~ n

Estimate of 11,, 'The estimate of II,, is analogous to III,, + IV,,.

Estimate of 111,, Before proving the this estimate, we recall the expression for the hitting times as stated in [19, p.196
Q2.1.4)]:fora<x <b,

b1 .
__expU“(1
Pe(H, < Hy) = 2= U7,
YoicaexpU«(i)
(C.49)
>ig expU(0)
Yo g expUs (i)’
where, for any y € Z, H, := inf{i € No: Z; = y}. On the event Ej N A7° N {b" > 0} the random walk (Z;),cy,

is equivalent to the reflecting random walk at a™ denoted by (Zt)teNg~ More formally Z, is the random walk in the
environment &, = w, for z > ay, w;@ =1and wjg_l = 0. Therefore, for w € Ai"s,
[

PY(Hy< H,) =

Z —n
E3<1 7 ”Gz>
og“n
<loglog* n P¥(Hyn >n) + EY < log;n -b" ]l{Tb"<n}> (C.50)

<loglog*n P¥(Tyn B || =
<loglog™ n Py (T >n)+teg{‘c}3fmz b (

The arguments that lead to [19, Eqs. (2.4.4)-2.5.5, pp. 249-250], imply that
C < C
exp(2=16,logn) ~ exp (2-1 log!™" n) '

PY(Hyn >n) < (C.51)
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Therefore, for any r < 1 there is a C' > 0 for which

C
0g3 ™ °n
To estimate the second term in the right-hand side of (C.50), we follow [19, pp.250-251]. Define
f(Z) — Ha§'+1éi<z wi _ (1 - Wag”-&-l) n—[U“”"(z)—U‘“'”(a'g)]7
Haj;+1gi<z(1 — wit1) Wz
(C.53)

< f(2)
f(z):= .

&)= 5m)

Forg: Z —R,letvy =3 _,06.9(2), where ¢ is the Dirac measure concentrated at z. The one-step transition operator
of this process A acts on a measures on Z as follows:

WA) (2) =w,—1v(z—1)+ (1 —w.41)v(z+1). (C.54)

Note that, by (C.53) and (C.54), V?A = Vs In words, vy is an invariant measure for the reflecting random walk (Zt)tzo.
Since f(z) > 1y (2) forall 2z, and g.A > 0 for all g > 0, we obtain that

P (Zy = 2) = v1,n A () < vpl(2) = [ (2)

" (C.55)
= wi: n~ U @-VEM] < }n*[U“””(Z)*U“”"(b")]’
w3 ¢
the last inequality being a consequence of the uniform ellipticity assumption (war > ¢). Note now that, for w € A{L*‘;,
_ 3 1
|z = 0" >0, = U“"(2) —U“"(by) >3 = —5—. (C.56)
log2 n
Hence, uniformly in all ¢ > Z, for any r < % there is a C' > 0 for which
7 -n - n
g (e -7))- ¥ m@-a| -
og n z€[a},c}]NZ og n
1 w,n w,n n
4 — b p U () =US (7))
~ clog®n ;n | |
z€[a},cF]INZ (C.57)
2,2
<25, + (‘]loan) sup e~ logn[V(z)—v(b™)]
clog®n  2—pn>slog2n
_3r C
< — +Clog2n(1oglog4n)e’1°g( 2)”3#,
log" n log" n
which yields the bound for III,,.
Estimate of IV,, By Holder’s inequality, for p,q > 1 with % + % =1,
I, <E {|Bn|11AJ,51{;,n>O}1Gn}
) (C.58)
< E[|BuF]P P{B" >0} N AT N G,)7.
As sup,, E [|B,|] < oo, we estimate P({b" >0} N AJ° N G,,). Define
Hy,:=inf{i >0: Z,=0b"},
(C.59)

Hyppn:=inf{i>0: Z;=0"or Z, =a}}.
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Then, by (C.49), we have (this is the same inequality as in [19, Eq. (2.5.4)])

Jlog®n

F§'(Zn,,., =ay) < =3 (C.60)

a,b,n =

Again, denote by (Zt)tgﬁ the randomﬁ walk in random environment with a reflecting barrier at aj, and let ﬁa’b,n be the
analogue of H, , ,, for (Z;)¢>0, and H, , be the hitting time of b" by the reflecting walk. Then, by (1.2),

b i—1l—af

ES) [Ha,b,n] < ES) mb,n] =

< 1 exp(U“""(i)—U“’"(i—j))logn (C.61)
¥

eXp(l—zi) logn7

see [19, p.250]. Consequently, for w € A/ satisfying b >0, by (C.60) and (C.61) and Markov’ s inequality, we obtain

Pw(Hb,n 2 Tl) S Pw(Ha,b,n < TL,ZH = a?) + Pw(Ha,b,n Z Tl)

ogn)? C.62
Jlog®n 2(J logn)? L(1-5)(logn) _ Jlog?n 4 21osm) (€.62)

1
nd n c nd

a,b,n

This is the analogue of [19, Eq. (2.5.5)] and says that, with overwhelming probability, the random walk hits ™ before
time n. Let us now argue that, with overwhelming probability, after hitting 6™, the random walk will come back to b
before hitting either af or c§. By (C.49), for all w € Ai"s,

P&, ((Z;)ien, hits a before b™) < n~(1+3),
s (C.63)
Py 1 ((Zi)ien, hits cg before b™) < n~(+3),

Compare with [19, Eq.(2.5.6)].] As such, for w € Ai"s the P“-probability of the event that “after hitting ™, the random
walk exits [a}, cj] within the next n steps” is bounded by

1 (1 - n—<1+%>)n << (C.64)

nz2
Combined with (C.62), this gives

J10g2n + 2(J1(zgn)2

<
nd -

, (C.65)

PY(AM NG, < +

3 O

S
SIS Do

Applying Holder’s inequality and the L? bound sup,, ,cy E [|Bn |p] < oo, we find that IV,, < % < log%, which proves
n3

the desired estimate in (C.4). O
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