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1 Introduction

Understanding the dynamics of antibranes in fluxed background, particularly anti-D3

branes in Klebanov-Strassler background, has been of revived interest in recent years.
This is due, in part, to the debate over the validity of the KKLT (Kachru, Kallosh, Linde,
Trivedi) construction of de-Sitter vacua [1], in which metastable state of anti-D3 branes

remains a controversial prerequisite [2].



A brief review. The KPV (Kachru-Pearson-Verlinde) state [3] is a proposed configu-
ration of anti-D3 branes at the tip of the Klebanov-Strassler [4] background. Originally
in [3], it was argued that anti-D3 branes can polarise into a spherical NS5 brane, and that,
in probe approximation, in the regime of p/M I between 0 and peric with peric ~ 0.080488,
the polarised anti-D3-NS52 brane balances its own “weight” with “electromagnetic” forces
from the fluxes to form a metastable configuration.

Because of the singularities found when considering backreaction of anti-D3 branes to
the throat [5], concerns about the existence of the state were raised. It’s important to
note that the KPV state is actually an anti-D3-NS5 state formed by the polarisation of
anti-D3 branes under non-trivial fluxes as opposed to a state of localised anti-D3 branes.
Nevertheless, the singularities still mean bad news for KPV especially when [6] pointed out
that the KPV state is outside of the regime of validity of probe analysis.

The first evidence in favour of the existence of the KPV state came in the form of [7],
where, through consideration of a single anti-D3 brane, it was argued that there exists a
possibility that the previously found singularities can be avoided. However, this possibility
was later explored in [8] where it was shown that, at least in certain regime of parameters,
the possibility cannot be realised. Subsequently, [9] observed that singularities are not
expected to appear once we consider extremal anti-D3-NS5 branes. Treating backreaction
perturbatively through the blackfold approach, [10] showed evidence of the existence of
the KPV configuration exactly where no-go theorems are evaded. More precisely, it was
found that the polarised anti-D3-NS5 branes could form a metastable state at the tip of
the throat, and such solution would disappear as soon as we heat up the polarised state
sufficiently that it geometrically resembles localised black anti-D3 branes.

Our focus. It is important to note that the claim regarding metastability of the relevant
anti-D3-NS5 state in [3] and subsequently in [10] is only with respect to some modes of
deformations and not a general statement of stability. For example, in [10], only spherically
homogeneous transformations were considered. This means spherically non-homogeneous
deformations of the KPV state were ignored. For the purpose of cosmological model build-
ing through uplifting, we need not only that the configuration exists but also that it is long
lived. However, there is evidence suggesting that this might not be the case, at least for
certain regimes of parameters.

In [6], from the perspective of localised anti-D3 branes, it was argued that there exists
a direction along which the branes feel repulsive forces among themselves and destabilise
away from the KPV state. This suggests that, in appropriate regime of parameters, the
KPV configuration suffers from fragmentation instability.

From the complementary perspective of anti-D3-NS5 branes, we study the stability
properties of the KPV state using the blackfold approach. Before continuing, let us stress
what our analysis does not do. As blackfold is based on the idea of matched asymptotic
expansion, one need to specify a seed metric as the description of the solution in the near

Lp denotes the number of the anti-D3 branes and M the strength of the Klebanov-Strassler background
flux.
2NS5 branes with dissolved anti-D3 brane charge.



zone. By choosing the stacked anti-D3-NS5 branes solution as the near zone seed, we have
effectively ignored all brane splitting and fragmentation deformations. Moreover, as noted
in [10], the analysis is reliable when p/M is not too close to zero, at which point the NS5
brane shrinks and the localised anti-D3 perspective becomes the better description. Since
the analysis in [6] is done from the localised anti-D3 branes perspective and the discovered
instabilities are brane splitting instabilities, the blackfold results presented here should
be thought of as complimentary and not contradictory to that of [6]. Another important
caveat is that, as blackfold theory is an effective theory of long-wavelength interactions,
claim of stability is made only with respect to long-wavelength perturbations. For more
discussions of the blackfold approach as an effective theory, we refer readers to [11].

Let us note that a preliminary study of the stability of the KPV state was done in [12]
where it was argued that the spherical NS5 shell is unstable under perturbations. While
keeping in mind that the regime of validity of the analysis done in [12] and of ours are
different, as we shall see shortly, our results do not support the picture proposed in [12].

Our results. Introducing generic long-wavelength worldvolume dependent deformations
to the blackfold description of the KPV state, we observe that the blackfold equations
(constraints on long-wavelength deformations) prohibit the existence of tachyonic modes.
It’s interesting to mention also that counter-intuitively, the KPV state, a polarised state of
anti-D3 branes, can feel an electromagnetic repulsion away from the tip of the Klebanov-
Strassler throat. Nevertheless, this electromagnetic repulsion is “out-weighted” by the
gravitational pull so the KPV state is still stabilised radially by a net force downward.?

Outlook. Although not discussed in this paper, generalisation of the stability analysis
to account for non-extremal branes can be achieved with the same method. If the frag-
mentation instability is observed for extremal KPV states (in a full analysis of the system,
perhaps beyond the method of this paper), then it would be interesting to study thermal
effects to see if it is resolved. This possibility is one we would like to pursue in later works.

Outline of paper. The plan of the paper is as follows. A short derivation of the KPV
state from blackfold analysis is reviewed in section 2. The blackfold stability analysis of the
KPV state is presented in section 3. A discussion of the Klebanov-Strassler background
near the apex is provided in appendix A. Details on the construction of the equivalent
currents used in the KPV state derivation is collected in appendix B. Lastly, the deriva-
tion of blackfold perturbation equations used in the stability analysis of the KPV state is
summarised in appendix C.

2 KPYV state from blackfold

Overview. Blackfold theory [13-15] is a long wavelength effective theory of gravity, con-
ceptually based on the technique of matched asymptotic expansions. As a thorough dis-
cussion of blackfold and its application to antibranes metastable state has already been

3In the previous version, which does not include warping effects of the Klebanov-Strassler throat, we ob-
serve a window of instability near pcit. In presence of these effects, the window of instability no longer exists.



given in [10] and [16], we shall not repeat it here. Nevertheless, let us briefly present the
fundamental of the blackfold argument for the existence of metastable antibranes.

The blackfold equations are the constraint equations of the backreacted metric and
gauge fields that match the anti-D3-NS5 branes in the near zone and asymptote the
Klebanov-Strassler background in the far zone to first order in a derivative expansion. Anal-
ogous to the fluid equations of the Fluid/Gravity correspondence [17], because of the inter-
play between derivative expansion and constraint equations, the blackfold equations will de-
termine the zeroth order terms of the derivative expansion. By explicitly solving the black-
fold equations, we have proven the necessary conditions for the existence of the KPV state.

In general, one might be worried that solving the constraint equations alone does not
automatically guarantee a full solution. However, in all examples of matched asymptotic
expansions that have been worked out in details (most notably [18]), the constraint equa-
tions not only provide the necessary conditions but also the sufficient conditions for a
regular solution to first order in derivative expansion. It is therefore natural to comnjecture
that there is a one to one correspondence between a solution of the blackfold equations
and a regular solution of the gravitational equations. This conjecture is almost analogous
to the statement in Fluid/Gravity that there is a one to one map between a solution of the
fluid equations and a regular solution of the gravitational equations.

The purpose of this section is to provide a brief derivation of the KPV state from
the blackfold approach. Various aspects of anti-D3-NS5 blackfold, including the recovery
of the KPV state, have already been discussed in [10]. Nevertheless, we find it useful to
revisit the starting point of our stability analysis. We will also take this opportunity to
state our conventions, provide some relevant details and explanations, and fix some typos
in the literature.

Conventions.
1. The signature is mostly plus (— + + +...).

2. The Hodge star operator of a p-form on an n-dimensional manifold is defined as

1
(*A)M1~~~Mn—p = Hem‘..up,ul...un_pAVlmVp (2.1)

with €, 1,01, the Levi-Civita tensor.
3. Gauge invariant field strengths are defined as

Fq+2 = Fq+2 — H3 A Cq,1 (22)

with the exception of the self-dual F5 which is defined as
Fy = F5+ By A\ F3 (2.3)
where Fy 0 = dCyq1.
4. Electric currents appear with a — sign in the forced Maxwell equations:

d* Fp+2 = —16nG Jp+1 (24)



5. Magnetic currents appear with a + sign in the forced Maxwell equations:

dFy 9 = 167G ju_q3 (2.5)

Klebanov-Strassler throat. We refer readers to appendix A for a complete description
of the Klebanov-Strassler background near the apex. For the purpose of deriving the KPV
state, we shall only present here the metric and the flux components that contribute to
the derivation. As the dilaton of the Klebanov-Strassler solution is a constant, we shall set
gs = 1 for our convenience. As discussed in the appendices, the Klebanov-Strassler metric
near the apex is given by

gudatdz” = Mb(g)( — dt? + (dz')? + (d2®)? + (dz®)? + dr?
+ dyp? + sin ¢ (dw2 + sin? wdgoQ) + r%(d@? 4 sin® d)dg52)) +... (2.6)
and relevant fluxes are given by

Fy = 2M sin®sinw dp Adw Adp + . ..
Hy; = —2M3bgsin? ¢ sinw dt A dat A da® Ada3 Adyp Adw Ade + ... (2.8)

where b3 =~ 0.93266 and the dots refer to components of the metric/flux that do not

contribute in our derivation.?

Anti-D3-NS5 branes. As demonstrated in the literature, the blackfold equations can
be obtained as the conservation equations of equivalent sources induced by the branes onto
the background in the far zone. Therefore, to obtain the anti-D3-NS5 blackfold equations,
one could go to the far zone and ask what equivalent sources can mimic the effects of these
branes. In the interest of time and space, let us relegate the details of this process to

appendix B and simply present the results here. For the extremal anti-D3-NS5 branes, we
have the equivalent energy-stress tensor

T% = C <—7",21 sin? 0(y? — v’ — ww®) — r? cos? H’yab) (2.9)

and the equivalent currents

Jo = Crisinfcosf v Aw (2.10)
Jy=Crising (v Aw) (2.11)
jo = —Cricosf 1 (2.12)

where C = and * is the worldvolume Hodge dual operator.

s
8tG’

4Some terms in the dots are important to our stability analysis and shall be discussed appropriately
later on.



Blackfold equations. In the blackfold set-up of extremal anti-D3-NS5 branes in
Klebanov-Strassler background, the variables of the system are

7@, G, b, Th, tan b, v, w® (2.13)

The variables r,@, ¢, 1 are the embedding degrees of freedom of the anti-D3-NS5 branes
to the background. The variables r,,tan 0, v®, w® are the characteristic degrees of freedom
describing the horizon length, the charge distribution, and the flow of the dissolved charge.®

As noted in the introduction, the blackfold equations will describe the zeroth order
terms in the derivative expansion of the metric and gauge fields that asymptote the stacked
anti-D3-NS5 branes in the near zone and the Klebanov-Strassler background in the far
zone. These zeroth order terms are obtained from promoting the variables to slowly vary-
ing functions of the worldvolume coordinates o. For the purpose of describing the KPV
configuration, as we are only interested in static and spatially homogeneous configurations
of anti-D3-NS5 branes at the tip of Klebanov-Strassler throat, we can already fix variables
r, w0, 9, v w* (see equations (2.26)—(2.27) for detailed expressions) and set the remaining
variables 7,1, tan 6 to be constant with respect to the worldvolume coordinates. In our
conventions, the blackfold equations are given by®

1. The energy-momentum conservation equations

VT =d"X, F" (2.14)
Tk, = Fral) (2.15)

where nff) denotes the normal vectors of the anti-D3-NS5 blackfold, K ab(i)
Kabpns), and the force term F* is given by

1 ) 1 - 3 .
./r’u — —&H'#almaGJGal...aG + iF?ilalm J2a1a2 + IﬂgalaQnga4J4a1...a4
1 -~
i ZFélal...a4J4a1-~~a4 (2.16)

For the purpose of describing the KPV state, the terms with Hz and F5 are not rele-
vant because they vanish at the tip of the throat. Nevertheless, as they will play a role
when we consider perturbations away from the tip, we present them explicitly here.

2. The current conservation equations

dxjg=0 (2.17)
dxJy+xjg N F3 =0 (2.18)
dxJo+HgANxJy =0 (2.19)

where F3, Hs are the projected background fluxes and * is the 6-dimensional Hodge
dual of the worldvolume directions.

5The intuition for the variables rj, and tan @ can be obtained from considering the D3-NS5 supergravity
solution in B.1, in which 7}, is the extremal horizon radius and tan 6 is the ratio of D3 brane charge density
over NS5 brane charge density Qs/Qs.

SFor the definitions of the geometric quantities used here, one can see appendix C.



From the current conservation equations, we can define the conserved Page charges Qg
and Q5 that keep track of the number of anti-D3 branes and NS5 branes:

Qs = *jg = Cri cosf (2.20)
Qs = /SZ + (Ja + #(xj6 A C3) (2.21)
= —Ax (CT%L sin O Mb3 sin® ¢ + Cr3 cos OM <¢ - %sin 2¢) ) (2.22)

where we have used Cy = M (¢ — %sin 2¢) sinwdw A dp. It follows immediately that we
can write tan 6 as

1 ™ 1
tanf = —-— [ — — — —sin?2 2.2
il =y ( Vi (?/) 5 sin ¢>) (2.23)
where we have made the identification
—Qs3
= 2.24
w0, =P (2.24)

From the energy-momentum tensor conservation equations, after some algebraic acrobatics,
we can write all variables in term of ¢ and obtain the equation

1 1
coty) — V1+tan?0 — — tanf =0 (2.25)
bo b
Integrating equation (2.25) gives us the KPV potential originally obtained from the DBI
approach in [3].

The KPV state. We can numerically determine that equation (2.25) has a metastable
solution for 0 < p/M < peit where peit ~ 0.080488. These metastable solutions are the
KPYV states. For our convenience later, let us note down some explicit information of the
configuration. With respect to our variables, the KPV states are specified by

_ _ _ b (L
r=0, Y =y, tanf = R sin? v (M o + 5 sm(21/)0)) (2.26)

Qs 1 1
— LY. . S LY, J—- 0 2.27
h C cosf ¢ VvV Mbg sin g ¢ v/ Mbq sin v sin w 7 ( )

where g is the metastable solution of

1 1
cotw—b—Q\/1+tan20—b—2tan9:0 (2.28)

0 0

We note also the induced metric on the worldvolume of the anti-D3-NS5 branes
Yapdo®do® = MbE (—dt2 + (dz')? + (dx?)? + (dz*)? + sin® ¢ (dw2 + sin? wdgo)) , (2.29)
the non-zero components of the worldvolume Christoffel symbol ©7,

@Lfcp = @:iw =cotw 05, = —coswsinw, (2.30)



the relevant components of the background Christoffel symbol ') 5
'Y = — cos 1 sin g Fgw = — cos ¢y sin ¢ sin® w (2.31)
and the non-zero component of the extrinsic curvature K"
wa¢ = — cos g sin g Kwpd’ = — cos g sin g sin? w . (2.32)

Regime of validity. Starting from a seed solution, the blackfold approach aims to add
long wavelength deformations to the seed in such a way that yields a perturbative solution
with the background asymptotics. This process is only possible if the scale of the seed is
much smaller than the scale of the background. In the case of anti-D3-NS5 seed and KS
background, this translates to the condition

rn, < VM sinyg (2.33)

It’s easy to see that, as long as 1 is not too close to 0, this condition can always be satisfied
with a large enough M. From the description of the KPV state above, we see that vy is
finite for all KPV configurations except for when one push p/M parametrically close to
zero, at which point g also goes very close zero. Let us note further that, because of our
definition of p in (2.24), the parameter p/M remains finite even when M is very large.

This concludes the review of the KPV state from the blackfold approach. We refer
readers to [10] for more information on the derivation as well as discussions on other aspects
of the KPV state.

3 Stability of KPV state

The goal of this section is to analyse generic deformations of the KPV configuration. Start-
ing with the blackfold description of the configuration, we introduce generic perturbations
by varying slightly all its variables. As the blackfold equations provide the necessary
conditions for the perturbed configuration to be a legitimate solution, we shall use the
blackfold equations to constrain allowed perturbations. We shall see that, with respect to
deformations amendable to the blackfold description, unstable modes are not allowed.

3.1 Perturbation parameters

To introduce perturbations to our system, we vary slightly the variables of the configuration
around their KPV values. Explicitly, we have

F=046r, = o+ o0, rhz,/mfg(wwrh, (3.1)

1 ™ 1 .
_ ™ _ 1 2
tan 0 R sin? o (M o + 5 sm(2w0)> + dtané (3.2)
1
Dy = 8, + 500, 3.3
Y /Mo sin g Y (8:3)
1

0, = O, + dw?d, 3.4
v v/ M bg sin g sin w v v (34)



where all variations are functions of the worldvolume coordinates, e.g. dr, (o). To simplify
our syntax, from here on we shall denote the variable values at the KPV configuration by
the variables themselves, e.g. ¥ will be denoted as 1, the value of tan # at KPV is denoted
as tan 6, etc.

Let us make use of symmetries and constraints to minimise the number of parameters
we work with while still preserve all the relevant information for the stability analysis.
Firstly, because of Lorentz symmetry of the blackfold equations and the original KPV con-
figuration, without loss of generality, we can consider variations involving the worldvolume

2

coordinate t only instead of the full Minkowskian coordinates ¢, z', 22, 23. Secondly, using

the unitary constraints on v and w, i.e. v*v, = w*w, = 1, we can show that

cos Y
Y =———"-—9 3.5
= sz (8:5)
cos
ow¥ = — o 3.6
v vV Mbg sin? v sin w v (3.6)

Thirdly, as we use v and w together as normal vectors to specify the anti-D3 charge
flow inside the NS5 branes, it’s obvious that we have a rotational gauge symmetry here.
Making use of this gauge symmetry along with the orthogonality constraint, i.e. v*w, = 0,
we can set

¥ =dw” =0 (3.7)

With the simplifications noted above, our relevant variation parameters are

6T(t7 w, QO): 57?(@ w, 90)7 57°h(t, w, ()0)7 5 tan 0(t7 W, cp), (38)
5vt(t, w, @), v (t,w, @), Sw' (t,w, ), Jw?(t,w, )

where Jv¥, dw? can be written in term of 1) as expressed in (3.5)—(3.6).

3.2 Blackfold perturbation equations
In this subsection, we present the blackfold equations for perturbations around the KPV

state. We relegate the exciting details on the derivation of these equations to appendix C.

3.2.1 Conservative currents & charges

As shown in (C.23), the jg conservation equation implies
0,6Q5 =0 (3.10)

where Q5 = CT,QL cos . This means §Q5 is a constant of motion. Recall that Qs keeps
track of the number of NS5 branes. As we are interested in the dynamical stability of the
KPV configuration, we impose the condition that §Qs vanishes. Note that the imposition
6Q5 = 0 automatically fixes dry, in term of § tan 6

orp = %rh cosfsin o tanf . (3.11)



As shown in (C.29), the Jy conservation equation implies

— Q5Mb0 sin? 1 sin w ((9755 tan 6 + 2 tan 6 cot Y001 + 8t6¢>

= Qs M>/?p} tan&sinzﬁ(@wdwt + O,y (sinwévt)) (3.12)
Integrating over w and ¢ and enforcing the periodicity conditions
Sw'|pmo = Sw'|pm2n (3.13)
we obtain”
040Q3 =0 (3.14)

where

Q3 = /2 0 (*j4) = —Q5Mb0 sin w/dwdgosmw<5tan9 +2 (tan@cotw + ) &p)
S

(3.15)
This means Qs is a constant of motion. In a similar fashion to how the Q5 charge keeps
track of the number of NS5 branes, the Q3 charge keeps track of the number of anti-D3
branes. As we are interested in the dynamical stability of the KPV configuration, we shall
impose that Q3 = 0. However, note that unlike the Q5, the imposition dQ3 = 0 doesn’t
automatically guarantee the satisfaction of the current perturbation equation.
Finally, as shown in (C.31), the J conservation equation implies

cot 6 cos® 00,6 tan 8 4+ v Mbg sin 18,60" = 0 (3.16)
cot 6 cos® 00,6 tan @ + v Mbg sin ¢ sin wd,dw' = 0 (3.17)
d,00" — 9, (sinwdw’) = 0 (3.18)

3.2.2 Energy-momentum conservation equations

Recall from (2.14)—(2.15), the intrinsic and extrinsic blackfold equations

VT = "X, F* (3.19)
Tk, " = Frapl) (3.20)

Focusing on perturbations around the KPV state, as shown in (C.42), the intrinsic equation
implies for b = t,w, ¢ respectively

1. The t intrinsic perturbation equation

\ﬁbo

00 tan 8 + tan 6 (awévt + ,L&péwt + cot wévt>
sin w

+2 (cotwtane + b2) 0r0p = (3.21)

"Let us note that the equation keeps constant the Q3 Page charge while put no restrictions on the Qs
brane charge, which is free to vary.

~10 -



2. The w intrinsic perturbation equation

vV Mbg sin ¢ tan? 9,6v® + sin 6 cos 09,6 tand = 0 (3.22)

3. The ¢ intrinsic perturbation equation

vV Mbg sin ¢ sin w tan® 09,w" + sin 6 cos 9,6 tan 6 = 0 (3.23)

Similarly, as shown in (C.62), the extrinsic blackfold equation implies
1. The v extrinsic perturbation equation

cos? 6 2cos? 6
(01)25e) — - V26 =

in*y) n*

——— 0 + 1322 cos? 0 (1 +sin @) §tan 6 (3.24)

2. The r extrinsic perturbation equation

20 1 2
(94)%6r — COSQ V3r = Saz sin §or + @6 _ 16ao + 20a, cos® 06
sin? 1) ag dag
4
+ 7 cos 2§ sin® wor (3.25)
where ap ~ 0.71805, as = —(3 x 6!/3)~! are the warping constants of the KS
throat (A.44) and V? is the normalised Laplacian, i.e. V2 = (9,,)2 +1/sin? w(d,)? +

cot w,.

Before continuing, let us note an interesting fact about the r extrinsic equation. If one
follows the details in paragraph C.3.2, it can be easily seen that the term

2 in 0o (3.26)

is the Fy electromagnetic force term while the terms

8ag 16ag + 20a2
—r— ——=c¢

4
o b o0s? 061 + E cos? O sin? wor (3.27)

are the gravitational force terms coming from the warping of the throat. The direction
of the electromagnetic force term depends on the sign of the D3 brane charge carried by
the KPV state Q3 ~ Cr%b sinf. As KPV is a polarised state of anti-D3 branes, one might
naively expect that this force is always attractive. However, this is not the case. The reason
is because, in a fluxed setting, the D3 Page charge (2.21) and the D3 brane charge (B.9) are
not necessarily the same. In particular, for a range of p/M near peit, the Q3 brane charge
flips sign and, consequently, the electromagnetic force becomes repulsive. This effect can
also be seen with the KP (Klebanov-Pufu) configuration [19] of anti-M2 branes at the tip of
the CGLP (Cvetic-Gibbons-Lu-Pope) throat [20]. Even though not explicitly stated, from
the blackfold treatment of the KP state in [16], one can easily infer the effect mentioned.

- 11 -



3.3 Stability analysis

Immediately from the blackfold perturbation equations above, we see that the dr variation
decouples from other variations and is controlled only by equation (3.25). This allows
us to study separately stability of the non-radial perturbations and stability of the radial
perturbations. For our convenience, before continuing, let us expand all our perturbations
into momentum and spherical harmonic modes. We have

00 l
sut = / A3 3 (S0P (VY (w, ) (3.28)

=0 m=-1

00 !
Sut — / ™3 3 (S (VY (w, ) (3.29)

=0 m=-1

o0 l
Stand = [ e Y Y (Sano) Y (w1 0) (3:30)

=0 m=—1

0o l
56 = [ Y Y (SPNY (w,) (331)

=0 m=—1
00 l

5r = / A3 ST (SN (w, @) (3.32)
=0 m=-—1

where Y™ (w, ¢) are the standard spherical harmonics. Note that we do not write down
the expansion for dv*, dw¥, and dr, because they can be expressed in term of other
perturbations as shown in (3.5), (3.6), and (3.11).

Stability of non-radial perturbations. Assuming A # 0, expanding our perturbations
in momentum and spherical harmonic modes, the w intrinsic perturbation equation (3.22)

yields
20 e o] l
Z (Stane)imaw}/lm (333)

m=—I

o] l .
i cot 6 cos
St =
ng; b AV Mbg sin ¢ =

where A\, w, ¢ dependence of S/"()\) and Y;™(w, ) have been subdued for syntactical sim-
plicity. Similarly, from the ¢ intrinsic perturbation (3.23), we have

(e%e] [ ) 9 .
E ’ }: i cot 0 cos” 0 s

Sut)i"V™ = = Stang)] 0, Y™ 3.34
l=0m=fl( i A/ Mbg sin ¢ sin w ;El( tano )"0, (3:34)

Let us note that satisfying the w and ¢ intrinsic perturbation equation automatically
guarantee the satisfaction of the .Jp conservation equations (3.16)—(3.18). Turning our
attention to the ¢ intrinsic perturbation equation (3.21), making use of the expressions
above along with the identity V2Y;™ = —I(l + 1)Y;™, we can show that

22% sin? ¢ (cot ¢ tan 6 + 1/b3)
A2sin? ) — I(l + 1) cos2 0

(Stane);n = - (ST/J);H (3'35)

Again, let us note that satisfying the ¢ intrinsic perturbation equation automatically guar-
antee the satisfaction of the J4 conservation equation (3.12) and the conservation of Qs

- 12 —
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Figure 1. Plot of \? of non-radial perturbations against p/M.

charge (3.15). Plugging in the expression of (Siang);” in term of (Sy);" into the ¢ extrinsic
perturbation equation (3.24) yields a quadratic equation for A2

M AN +e=0 (3.36)

where the constants b and ¢ are given respectively by

4 5 . 1 9 cos? 0
b= ~ g 08 O(sin 0 + 1) (cowtane + bg> —2(P+1-1) 0 (3.37)
cos* 0
={0-DIl+DH({+2)—— .
c=(=-DI+1(+ )Sinw (3.38)
Then, it trivially follows that
b+ Vb2 -4
A= 2EVT TR (3.39)

2

It’s important to remember that, as declared in the “Perturbation parameters” para-
graph 3.1, ¢ and 8 denote the values of the variables evaluated at the KPV configuration.
This means, for any KPV configuration, we can write down explicitly the values of b and
¢, thus, the value of \2.

It can be shown that A? is positive for all KPV configurations. The case when
[ = 0 corresponds to having spherically homogeneous deformations around the KPV con-
figuration and, as one would expect, it recreates the picture previously found. Includ-
ing non-spherically homogeneous deformations does not change the statement regarding
(meta)stability. In figure 1, we present the values of A\? for KPV configurations with
p/M € (0, peit) for [ equals 0, 1, 2, and 5.

Before continuing, let us ask the question: what happens if A = 07 If A = 0, the
conservation of Qg charge (3.15) and the 1 extrinsic perturbation equation (3.24) both
provide constraints on the Y spherical harmonics mode of § tan § and §1. These conditions

~13 -



can only be simultaneously satisfied when

1 2 1
e (1+sinb) (tan@cotw + b2) =0 (3.40)
Recall that the KPV states exist when the parameter p/M is in the range p/M € (0, perit)
where perit &~ 0.080488. As one can easily checked, equation (3.40) cannot be satisfied with
any KPV states strictly in the regime p/M € (0, perit). It is only satisfied when p/M = perit
as one would expect.

Stability of radial perturbations. Turning our attention to radial perturbations, ex-
panding dr in equation (3.25) into momentum and spherical harmonic modes yields

o0 l S
Y3 (s ! D3 > (s e

=0 m=-1 =0 m=-1

8 8 16ao + 20 !
= ﬂsin@—kﬂ—uo 0+ COSO ZZ 0 Y
ag ao dag o me

16 cos ez Z YY" (3.41)

=0 m=-1

where we have used

; 2 0
—_— Y *
S8 0 0Y) - = 2 (3 42)

Considering spherical harmonic modes Y;™, we note that even though equation (3.41)
doesn’t mix m modes, because of the Yy Y™ contraction in the last term, [ modes are
coupled and have to be studied together. Recall that the contraction of spherical harmonics
with the Y3’ mode can be expressed as a sum of harmonics

2l 1) 2 1 1 2 11
Yoym = + Z m\/2l3+1< ;)( 3) o (3.43)

0 m — 000

m —m 000
l3 <1+ 2. By writing down the condition for each individual I mode, equation (3.41) can

2 1 1 2 11
where <0 3 ) and ( 3) are the Wigner 3j-symbols, which vanish unless | —2| <

be expressed as a set of linear equations of (.S,);".

As m modes decoupled, let us discuss in details the spherical harmonic modes with
m = 0. The associated matrix of the linear system of (S,)! is given by

A2+ d 0 B 0

0 A +d— 2;52521/)9 %g cos? 0 0 ... 0

(A‘O): %ﬁ’/s? 0 )\2—|—d—6s‘;§§2w‘9—11—&00529... 0
(3.44)
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Figure 2. Plot of \? of radial perturbations against p/M.

where, for convenience, we have defined a constant d as

8 8 16 20
d= ﬂsin&—l—ﬂ — MCOS29+
ap ag 5a0 15

8

cos? f (3.45)

The system of linear equations is only satisfied when the determinant of the associated
matrix vanishes, i.e. det A = 0. Even though A is not diagonal, as the contribution of the
off-diagonal terms to the determinant of A is numerically much smaller than that of the
diagonals, the determinant of A can be well-approximated by the product of the diagonal
terms. With this approximation, it’s trivial that A? is always positive. Let us mention also
that cases of m # 0 can be treated the same way and yield a similar conclusion.

In figure 2, we plotted the smallest A% root computed both with the diagonal approxi-
mation® and without the diagonal approximation, truncating A to be of order 21 x21. From
the plot, it can easily be seen that the off-diagonal corrections are indeed very minimal and
don’t affect the underlying physics of the system. Lastly, let us note that the dip in A\? near
Perit is because of the effect mentioned in the discussion below equation (3.27) where the Q3
charge flips sign and the electromagnetic force becomes repulsive. Nevertheless, as demon-
strated here, this electromagnetic repulsion is outweighed by gravitational attraction.
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A Klebanov-Strassler throat

The Klebanov-Strassler (KS) throat is a 10-dimensional type IIB supergravity solution.
The throat involves a 6 dimensional deformed conifold, a 4 dimensional Minkowskian space,

8Practically, this is a plot of A = —d.
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and non-trial Fj3, F5, Hs fluxes, which in turn induce warping effects on the flat space
and the conifold. In this appendix, we shall discuss aspects of the KS throat that are
immediately relevant for us. For a complete discussion of the KS throat, we refer the
readers to the original paper [21] or the review [22].

A.1 The 6-dimensional deformed conifold

The 6 dimensional deformed conifold of the KS solution is given by the equation

Z 22 = ¢? (A.1)

where z; are complex numbers and e characterises the degree of deformation, i.e. if € = 0,
we have a normal cone. In order to obtain a parametrisation of the space, a clever trick
one can do is to define the matrix

W= (23 tizm =iz ) (A.2)
21 +iz9 —23+ 124

then the defining equation becomes
det W = —¢2 (A.3)

It’s easy to see that
0 ce™/?
Wo = <€€T/2 0 ) (A.4)

is one possible solution. Furthermore, if we define two SU(2) matrices L; with j = 1,2
then
W = L1.Wy.L} (A.5)

2

also satisfies the equation det W = —e®. As argued in [23], the metric of the deformed

conifold is then given by

ds? = Ftr (awtaw) + gler(whaw)P? (A.6)
where
(sinh 27 — 27)1/3
— A.
) = o x P smn (A7)
G(r) = 2 — 3coth? 7 + 37(cosh 7/ sinh® 1) (A8)

12 x &8/3(cosh 7 sinh 7 — 7)2/3

Angular parametrisation of the deformed conifold. One can parametrise the L;
matrices using Fuler angles as

L] _ <COS %ei(wj—"_(bj)/z — sin gje_i(wj_¢j)/2>

sin 5.1 =00)/2  cos % emi(it:)/2 (A.9)

with (¢, ¢;) range from 0 to 27 and ¢ ranges from 0 to m. Plugging the parametrised
expression of W = Ll.WO.LE into (A.6) yields the metric of the deformed conifold written
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in angular coordinates 1;,0;,¢;. As the coordinates 1; and )2 only appear in W as
Y1 + 12, we can define a new coordinate i) = 11 + 12. The deformed conifold metric in
these coordinates is then given by

dsg= 53K (7) 3K§(7)ah2+«g5ﬁ>+«x$h2(;)[@ﬁ)?+<g%2y+anh2(;)[cf»2+(g%2ﬂ
(A.10)

where the function K(7) is given by
K(r) = (sinh 27 — 27)1/3 (A11)

21/3 sinh 7
and the ¢* forms are given by

gl = — sin 01d¢1 — cos @Z)\/S%n O2dda + sin ydfs (A.12)

92 _dfy — sin®) sin Oadga — cos pdb

V2

g _ s fhdéy +cosy ;%n b2ds — sin by (A.14)

(A.13)

df1 + sin 1) sin Oad¢ps + cos dbs

4 1

= A.15
g 7 (A.15)
g° = dip + cos 01dp1 + cos Baddps (A.16)

where 1 is a special angular coordinate going from 0 to 47 while (6;, ¢;) are the standard
S? spherical coordinate going from 0 to m and 0 to 27 respectively.
Let us note further that, as argued in [23], the metric

4> = (6" + (") + (¢°)? (A17)
and
ds* = (¢")* + (¢°)° (A.18)

are the metric of respectively the standard S3 sphere with radius v/2 and the standard S2
sphere with radius v/2.

A.2 Klebanov-Strassler throat near the apex in Euler angles

For the leading order stability analysis of the KPV state, we are only interested in the
description of the KS throat near the apex. From the full description of the throat, we
expand the metric and gauge fields in 7 and keep only the relevant terms. To be more
specific, we keep in the metric and gauge fields terms of the required order such that
the profile of metric and fields solve the Supergravity equations to first order in 7. For
convenience, let us also set? g = 1 and o/ = 1 in all our discussions of the KS throat.

9Setting gs = 1 is possible because the KS solution a has constant dilaton.
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The KS metric near the apex is approximated by
dsty = A(r) (—(da®)? + (d2')? + (d?)? + (do®)?) + As(7) (d(r)? + (5°)?)
+4s(r) (%) + (6)2) + Aa(r) (") + (67)?) (A.19)

el/3 as 72 e1/3 3 (a2)2 F4e4/3 ay e1/3
)= 2173 (ag) V20 2% 23 (ag)P 20 | 8x 23 (ag)52M 2% 213 (ag)3 20
AQ(T): (a())l/zM (a0)1/2MT2 QQMT2 _ (a2)2M7’4
2% 61/3 10x 613 4x61/3(ag)l/2 16 x 61/3(ag)3/2
(a0)1/2MT4 CL4M7’4 (12]\47'4
210 %615 ' dx 61/3(ag)1/2 T 20x 61/3(ag)l/2
(ag)V/2M  3%/3(ag)Y/2M 72 as M 72 ay M 74
61/3 20 x 21/3 2% 61/3(ag)1/2 * 2 x 61/3(ag)1/2
17(ag)'?M 7% (ag)?M T4 32/3a9 M7*
2800% 613 8x61/3(ag)3% | 40 x 21/3(ag) 12
A4(7_):(a0)1/2M7’2_(a0)1/2M7‘4 QQMT4 + a4MT6
4% 61/3 240 x 61/3 8 x61/3(ag)t/2  8x6/3(ag)/2
(az)?M 78 as M 76 59(@0)1/2M76
32x61/3(a)3/2 480 x 61/3(ag)/2 T 50400 x 61/3

(A.20)

(A.21)

As(1)=

(A.22)

(A.23)

with the constants ag ~ 0.71805, az = —(3 x 6'/3)~1 and a4 = (18 x 61/3)~1,
The KS fluxes near the apex are approximated by’

M 2 4 1 2 4
H3=—<<T—T>d7/\gl/\g2+<+7—+ u drAg®ngt

2 4 16 3 60 1008
(T s AP AP+ Ngh) (A.24)
6 180 g g Ng Tg A\g .
8/3 2 agr?
H=—————— | |1—-—— dz®’ A AdZP AP AGENGP
T T2 B M 12 Tag )N NAAGTAG NG
T .0 3 1, .3, 24, 4 2 0 3,1, 2,5
—i-gda: A...dx /\dT/\(g Ng°+g Ng )—i-ﬁdx A N> NG ANg“Ng (A.25)
M 2 74 2 74
Foe 2 (12T T A BA G T T ) Agt A2
3 2(( 12+72o>g g ng(12 720 )9 NN
T 77 1, .3, 24 4
S R A R AR ) (A.26)

€ T 73 2a9 73

8/3
Fy=— — _
e <3x3l/3a% 9x31/3a3  3x31/3a]

) da® Adat Ada® AdxP Ndr (A.27)

10As our convention of the Hodge star operator is different from that of [21], our description of H3 and
F have different signs from those of [21].
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8/3 3 2 o 13
F5= IVE <3 <318 0x38a  3x 31/3ag> dz” Ndx” Ndx® Ndx® NdT
M2 3
— <36T> G APNGB NG NG (A.28)
A.3 Klebanov-Strassler metric near the apex in adapted coordinates
The description of the KS throat near the apex above is in the angular coordinates 2, !,

z2, 23, 7, 1, 01, ¢1, B2, ¢o as presented in the original paper of Klebanov and Strassler.

However, for our purpose, it proves useful to express the KS metric near the apex in adapted

2 23, 7, 9, w, @, @, @ as used in the rest of the paper.t!

coordinates t, x',

One might also wish to write the fluxes in term of the adapted coordinates. But, as
the fluxes enter the blackfold equations only when coupled to the anti-D3-NS5 currents,
only some components are relevant. As a result, we shall not attempt to transform the
full description of the fluxes to the adapted coordinates but only the relevant components
when needed.

The Minkowskian coordinates z°, 2!, 22, 23 and the radial coordinates 7 of the angular
coordinate system are respectively, up to some scaling, equivalent to the coordinates t, x!,
22, 22, and r used in the rest of the paper. In particular, one can transform from one to

the other as

V2 /@M

eNm
T—=2r (A.31)

Let us turn to the base of the conifold, which originally was expressed using Euler angles (1,
01, ¢1, 02, ¢2), and attempt to parametrise it using the spherical coordinates (¢, w, v, @, Q).

Spherical parametrisation of the deformed conifold. For our analysis, it’s most
convenient to parametrise both the S3 at the tip and the transverse S? using spherical
coordinates, i.e. (,w,y) and (©, ) respectively. To do this, we shall apply the same
parametrisation process as before but with an emphasis on identifying the 3 parameters
of the tip S? and incorporate the remaining 2 parameters as we go up the throat. Recall
from (A.6) that the metric of the deformed conifold is given by

ds? = Fir (aWtdw) + Gler(Whaw)P? (A.32)
where
W = L1.Wy.L} (A.33)
with P
0 e€e
Wo = (EB_T 2 ) (A.34)

"Note that the duplicate coordinates z', 22, 2%, and 1 of the two coordinates system are different. We
decided not to change them to be consistent with the literature.
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and L; with j = 1,2 are two SU(2) matrices. As noted before that the coordinates 11 and
19 only appear in W as 11 + 19, so instead of relabelling the final result, we parametrise
Loy with only two variables (02, ¢2)

1, — [ cos %€i¢2/2 —sin %Qei‘bz/Q A35
2 sin %e‘i‘z’?ﬂ CcoS %Qe_i@/z (A.35)
Expanding Wy in 7, we have
Wo =cef(r)o1 +eg(T)o2 (A.36)
where
01 01
_ = A.37
and
[ =1+Z+ 2+ 0() =2+ +0() (A.39)
T) = — 4+ — T T)==4+— T .
8 " 334 g 2 18
Thus, we have
W = Ly.(cf(T)o1 + eg(7)02). L} (A.39)
= ef(r)L 4 eg(r)L.L (A.40)
where L = Ll.al.Lg and L = LQ.(O’l)_l.O'g.L;
As L is an unitary complex matrix with det L = —1, we can parametrise L using
spherical coordinates as'?
I_ —sin Y sinw cos ¢ + ¢ sin ¥ sin w sin ¢ cos 1) — i sin Yy cosw A1)
N cos Y + tsin ) cosw sin v sin w cos ¢ + ¢ sin ¢ sin w sin ’

On the other hand, the parametrisation of L comes directly from the parametrisation of
Lo. We have
i_ < — cos 0y —e'2sin 92> (A.42)
—e 2ginf,  cosbs '

Plugging the spherically parametrised W into (A.32), we obtain the metric of the deformed
conifold in spherical coordinates.

Klebanov-Strassler metric near the apex in adapted coordinates. Recall
from [21], the KS metric is given by

ds?y = h='/%(7) (—d$(2) + dz? + dad + d:c%) + hM2(7)ds? (A.43)

12T6 obtain the deformed conifold metric, it’s algebraically simpler to write the matrix L in Hopf coordi-
nates first, carry out the necessary computations, then transform Hopf to spherical. Nevertheless, the final
answers are the same.
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where ds3 is the metric of the deformed conifold and the h(7) is the warping effects induced
by the non-trivial fluxes:

00 the — 1
h(r) = M2 92/3c8/3 / 20— (sinh 20 — 22)1/3 (A.44)
r sinh” z
— M2223¢73/3 (ag + apr? + asrt) + O(+°) (A.45)
where, as written down earlier, ag & 0.71805, az = —(3 x 6!/3)7!, and a4 = (18 x 61/%)71.

Substituting in the spherically parametrised deformed conifold metric, applying the
coordinate transformations (A.29)—(A.31), relabelling 6o — & and ¢o — @, and restricting
our attention to some leading orders of r, we obtain the expression of the KS metric near the
apex in our desired adapted coordinates. However, as the expression is long and ugly, we
shall not write it explicitly here. Instead, we shall only write down components/properties
that are immediately relevant for us.

Firstly, as you would as expect, if we subdue terms of order 72 or higher in all but the
(0, @) directions, we recover the metric in (2.6):

Guvdatdz” = Mb%( —dt* + (dz')? + (d2®)* + (da®)? + dr?

+ dip? + sin? 1) (dw2 + sin? wdg02) + r2(d&?* + sin® chng)) (A.46)

/
where b = 2570 ~ 0.93266.

Secondly, as they will be relevant for our stability analysis, we note the following

derivatives
0r 91 gm0 W 07 gytas =m0 _w (A47)
6fgww oo = % sin? () (4a0 + Bag — 2ag cos® ¥ sin® w) (A.48)
Ofggw 550 = m sin? 1) sin? w (4ao + Bag — 2ag sin® ¥ sin? w) (A.49)

with ag ~ 0.71805 and ag = —(3 x 67/3)~1.

B D3-NS5 branes

B.1 D3-NS5 supergravity solution

For the convenience of the readers, let us present here the known supergravity description
of the D3-NS5 bound state as well as its thermodynamic data (see [24, 25] for detailed
discussion). In the string frame, the metric is given by

5
ds? = D71/2 (— faf? + D ((da')? + (da?)?) + Z(daﬂ')?) + HD™V2 (f~1dr? + r2d03)
=3
(B.1)
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with

2

—1
f=1- %, D= (sin2 OH ' + cos? 9) (B.2)
2 o3 h2
H=14202201 (B.3)

r2

where dQ3 is the standard S® metric dQ3 = di? + sin? ¢ (dw? + sin® wdgp?). The dilaton
field is given by

e’ =HD™! (B.4)

and the gauge fields are given by
Cy = —tanO(H'D — 1) da’ A da? (B.5)
By = —2r2sinh? avcos 0 @ sin® 4 sinwdih A dw (B.6)

2
Cy=(H ' —1)sinfdt Ada3 Adat Ada® +

By N\ C B.7
rg sinh? o cos? § 2n (B.7)

The thermodynamics of this solution are

€= el (3 + 2sinh a) 5= 4570 cosh o T = Imrg cosha (B.8)
Q
®3 = sinf tanh « Qs = —37“3 sin @ sinh o cosh a (B.9)
8rG
Q
&5 = cosf tanh « Q5 = ﬁr% cos 6 sinh a cosh « (B.10)
7r

where Q3 = 272 is the volume of the unit radius round S2. And, the effective energy stress

tensor is given by
1
T ="Ts (uaub - Vab> - Z CIDquhEL%) (B.11)
n q=35
The extremal D3-NS5 solution can be obtained by taking the limit 7o — 0, & — oo in such a
way that we can define a finite extremal horizon radius r; = rgsinh «. In fact, for the pur-

pose of this paper, we shall only be interested in the D3-NS5 solution in the extremal limit.

B.2 Far-zone equivalent currents

As discussed in [26], there are at least three sensible notions of charges in a supergravity the-
ory. For the purpose of constructing equivalent currents, we shall be interested in something
called the Maxwell charge. The key idea for the Maxwell charges is that the Chern-Simons
terms in the equation of motion can be thought of as a source for the gauge field. For ex-
ample, let us look at the equation of motion for the Cy gauge field in type IIB supergravity:

dx Fs — H3 A Fy = —167G % Jy (B.12)
In this case, the Maxwell current is given by

dx Fy = —167G * JY@V = 167G x Jy + H3 A F3 (B.13)
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where the sign and factors in front of J}Ma*Well is to make sure it is compatible with our
conventions of J;. The Maxwell charge can be computed easily from Gauss’s law of the
Fy flux and, thus, can be interpreted as the monopole source that will reproduce the F
flux far away.

Turning our attention to the case of D3-NS5 branes, we have the relevant forced
Maxwell equations are

dx F3 = —16mG % Jylaxwell (B.14)
dx F5 = —16mG % Jylaxwell (B.15)
dx Hy = 167G % jdlaxwell (B.16)

We do not know the exact expressions of these Maxwell currents, however, we can mimic
their effects far away by using Maxwell charges to construct a set of equivalent currents.
Adopting the convention that @ = [ *J, using the description of extremal D3-NS5 branes
in (B.1)-(B.7), we obtain the Maxwell charges

QQMaxwell — o, Cr? sin f cos 0 (B.17)
QYlexwell — v oly Cr2 sin 6 (B.18)
Qgﬂaxweu = —Cr?cosf (B.19)

Requiring that they reproduce the same Maxwell charges at r — oo, our equivalent currents

can now be easily constructed. These are'®
JSMY — Cr?sinfcos v A w (B.20)
JEMY — Or?sin % (—v Aw) (B.21)
G — _Cr2 cosf x (—1) (B.22)

where * is the 6-dimensional worldvolume Hodge star, and v, w are orthogonal vectors used
to describe the distribution of the dissolved D3 charge.

In the description of D3-NS5 branes above, we have not restricted the range of 6 €
(0,27). For the construction of KPV state, we are interested in anti-D3-NS5 branes, which
corresponds to the range 6 € (w,37/4) of our description.'* For convenience, we can do
a reparametrisation 6 — 6 — 7 to bring it to the regime 6 € (0,7/2). In the new 6, our
currents are given by

Jo = Crisinfcosh v Aw (B.23)
Jy=Crising x(vAw) (B.24)
j6 = —Cricosf (1) (B.25)

where we have drop the superscript equiv for syntactical simplicity.

13The equivalent currents are localised (§ function) currents in the full 10 dimensional picture.
1The statement that anti-D3-NS5 branes are described by  in the regime of (m,3mw/4) is only strictly
true for background where Maxwell charges and Page charges are the same.
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C Blackfold perturbation equations

In this appendix, we shall derive the blackfold perturbation equations for deformations
around the KPV state. We start with a discussion of embedding geometry and compu-
tations of some useful variational expressions. Subsequently, we present the derivation
of the blackfold perturbation equations used in the main text. For further discussion on
embedding geometry and blackfold perturbation equation, see [27-29].

C.1 Useful definitions & formulae

Definitions. Given a manifold M and a submanifold W defined by the embedding
XH(0®), we can define the induced metric

Yab = 0a X" X" g1 (C.1)
the tangential projector
R = 4200, XHO, XY (C.2)
and the orthogonal projector
L= g — by (C.3)

For convenience, let us define the object 0, X* as
X, = gy X" (C.4)

then the pullback of a general tensor from M to W is given by

T“laQ“‘“"blbzmbm =0 Xy o Op XV T (C.5)
Let us define also the extrinsic curvature
KWP = hgﬁuhg = —h;’vu 1° (C.6)
where Vu = hf}V,. By substitutions, we can show that
K,’= 8aX“8bXVKWp = V4 (OpX?) 4+ FZV(?GX“&,XV (C.7)

where V, acts only on the b index of 9,X?: V(0 X?) = 0,(0pX") — ©5,0.X° with ©F,
the Christoffel symbols of the induced metric 7,p.

Variation of induced metric. Hitting ¢ to the definition of 74, in (C.1), we obtain the
expression

ab = Du X" X" (V (5X°gur) + Vi (0X Gy ) (C.8)

When we embed a surface without edges in a higher dimensional background, the vari-
ations along the brane directions of the embedding functions X* (o) can be cancelled by
a reparametrisation of the worldvolume coordinates. As a result, we only have to worry
about the variations of the transverse scalars 6.X/ (o) (i.e. 9°X,0X| = 0). Making use of
equation (C.7), we have

5y = ~2K " (53X goy) (C.9)

Using the identity 7,57 = 0¢, we can easily deduce that
5" = 2K 5 X7 (C.10)
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Variation of normal vectors. We note that the normal vectors are implicitly defined

by
0 XPn() =0 (C.11)
@),0 _ 5@
Ny NGy = 0 ) (C.12)

Hitting 0 to both equations yields respectively the variation of ng) along the worldvolume

directions and normal to the worldvolume directions.?
h on() = —9" X ;0,6 X5 nl) (C.13)
L1 . .
1P (5n£f) = §no‘ Onf D9, g,56X 70 (C.14)
All together, we have
. | . . ,
5n£f) = —8“Xp8a5Xin((f) + §n°‘ O)pf (Z)&Ygaﬂ&XIng) (C.15)
Variation of extrinsic curvature. Hitting 6 to the expression of K_,” in (C.7), we
obtain
0K, = V4 (00X7) — 605,0. X" + oI, 0a X 0y X" + 2r5yaaaxﬁabx'/ (C.16)
Considering the variation of the projected extrinsic curvature K (i), we have
6 (K") =0 (K n) =6 (1,,7) n) + K,,75 () (C.17)

Making use of results in (C.15) and (C.16), we can write
5 (Kpp") = nfIVa (05X7) +n{)oX 0T, 00X 0X" + 200017, 000X} 0, X"
1 . . )
+ iKabp (na QP (Z)ﬁvgagéXInﬁf)) (C.18)

Variation of anti-D3-NS5 blackfold energy-momentum tensor. Hitting § to the
expression of 7% in (2.9), we obtain the expression

1
cosf

+ Qs (5(va)vb + 025 (v?) 4 6 (w*)w® + waé(wb)) tan 6 sin 0

6T = —Qs sin 5 (tan 6)7*® — Qs

(2 ,6x7)

+ Qs (v’ + ww?) sin 5 (tan ) + Qs (v 0’ + ww®) sin § cos® A5 (tan h)  (C.19)

We can also provide the general expressions for the variations of the blackfold currents.
However, as the blackfold currents either enter our equations with a Hodge dual or coupled
to the background fluxes, let us write down only the needed components when we use them.

15 As normal vectors are used collectively to specify the position of the branes inside the background, it’s
obvious that we have a rotational gauge symmetry in defining these vectors. Therefore, we can safely ignore
variations regarding rotations of the normal vectors among themselves.
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C.2 Current conservation equations

Recall from (2.17)-(2.19) the blackfold current conservation equations

dxJy—xjg N F3 =0 (C.21)
dxJo+ Hs ANxJy =0 (C.22)

1. Considering the jg conservation equation, we can easily show that it gives rise to the
perturbation equation

9,0Q5 =0 (C.23)
where we have used *jg = Qs.

2. Considering the Jy conservation equation, firstly, we note that it can be rewritten as

dxJy=0 (C.24)

where
*j4 = xJy — xjg N\ Co (0.25)
= —CrisinfvAw— Crycosf Cy (C.26)

From the unitary condition v*v, = w%w, = 1, it can be easily shown that
Svy = vV Mbg cos dwy, = v/ Mbg cos ) sin w (C.27)
Therefore, we have
0 (*j4> =—QsdtanfvAw—Qstand (dv Aw+vAdw)—Q55C5 (C.28)
—— <Q5Mbg sin? wétanﬁ+2Q5Mb%tan6?coswsinw(5¢—|—2Q5Msin2w&b) sinwdwAdp
— <Q5tan9mbosimp5wt) dwNdt— (Q5 tandv/Mby sin¢sinw51}t> dt \dy
where we have used that Cy at the tip is given by Cy = M (1) — %sin 2¢)) sinwdw A dg

and corrections away from the tip start at order O (r?). Thus, the J; perturbation

equation is given by

— Qs MbE sin? o sinw (@5 tan 6 + 2 tan 6 cot 1001 + %atw)
= Q5 M>/?b} tan 0 sin 1/1(8¢5wt + O, (sin wévt) ) (C.29)

where we have used dv; = —MBb3 §vt and dwy = —MbE dw'.
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3. Considering the Jy conservation equation, we have the variation of xJ3 is given by
§(* J2) = Qs (dsinh) * (v A w) + Qssin 08 (x(v A w)) (C.30)
=Qs5 (0033 06 tan 9) \/Tfy(v”w“”dt Ao A da;3>
— 2Q5 sin 0(v/ =Y K25,00) (v wPdt A . A dag)
+ Q5 sin 6\/—7’y<5vtw“"dx1 A ... ANdxg Adw+vPowtdey A ... dxs Ade

+ v whdt A ... Adrs + vYOwPdt A LA dasg)

As 6 (Hz NxJy) = 6Hs N\ *Jy + Hs A §(xJy) = 0, the Jy perturbation equation is
equivalent to the set of equations

cot 6 cos® 00,,6 tan  + v Mbg sin 19,06v" = 0 (C.31)
cot 0 cos? 00,0 tan  + v/ Mby sin ¢ sin wddw' = 0 (C.32)
D,00" — O, (sinwdw') = 0 (C.33)

where we have used (3.5)—(3.6).

C.3 Energy-momentum conservation equations

Recall from (2.14)—(2.15), the intrinsic and extrinsic blackfold equations

V T% =X, F" (C.34)
Tk, " = Frpld (C.35)

where F* denotes the force terms coming from the coupling of the currents to the
fluxes (2.16).

C.3.1 Intrinsic perturbation equation

The blackfold intrinsic perturbation equation is given by
6 (VaT®) =6 (0°X, F*) (C.36)
Considering the 1.h.s., we have
5 (VaT™) = VadT™ = TV, (K,0X7) = 2TV, (K, 0X1 ) + TV (KaepdX1) (C.37)
where K? = v K . and we have used the identity

1
0 626 = §’de(va5%d + VC(S'Yad - vddryac) (038)

Considering the r.h.s., we have
5 ("X, Fm) =6 (0"X,0) F¥ + 0" X,u0 (F*) (C.39)

= 79440100 (Féz’ WJQW) (C.40)
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where we have made use of the explicit expression of F* in (2.16). Altogether, we have
the intrinsic perturbation equation

VadT® = TV, (K,0X7) = 21V, (K,,0X7 ) + TV (Kaep0 X7)
= 1P gy 0000 (FY7 Ty (C.41)
Substituting in appropriate expressions, we obtain for b = ¢, w, ¢ respectively
1. The ¢ intrinsic perturbation equation

v M 1
bo tan 6 (&U(Svt + ,—&péwt + cot wévt>
P sinw

Odtan 6 + —
sin

+2 <cotwtan0 + 1)12) 00y =0 (C.42)
0

2. The w intrinsic perturbation equation

vV Mbg sin 1 tan® 09;6v" + sin 8 cos 69,0 tan = 0 (C.43)

3. The ¢ intrinsic perturbation equation

vV Mbg sin ¢ sin w tan? 09,6w" + sin 6 cos 09,6 tan 6 = 0 (C.44)

C.3.2 Extrinsic equation

The extrinsic blackfold perturbation equation is given by
5 (1K, ") = 6 (Fn)) (C.45)
Making use of the results in (C.18), we can easily write the Lh.s. as
5 (10, ") = 67K, O + TPn(IV, (9,0X7) + T'n{D6X 50T, 00 X 0, X" (C.46)
+ 27T 0,0 X! 0, X" + %T“bKabp (n* D0 D0, 9050 X))

For our purpose, we are interested in the orthogonal directions 1 and r. The unitary
normal vectors specifying these directions are respectively

n = v/ Mboydy n® = VMbydr (C.47)

For the 1 direction, the r.h.s. is given by

1
5 (Frad)) = 670 + Fron(l) = 5Fnl) (C.48)

The expression of F¥ can be easily obtained by hitting & to the force term F* (2.16). As
the computation is tedious but straight-forward, we shall not include all the details here.
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Nevertheless, for the convenience of the readers, let us note down the final results along
with some useful (non-vanishing) intermediate steps. We have

5F§pw¢ —5 (gw”’ywal Dy X 17929y X 2 F3uoz10¢2> (C.49)
Y (67) ¥ Fapup + 9799 (67%%) Fapuo + 0¥ Y0 (0F3pug)  (C-50)
= (4% K 7% Fayusp + 6°7 9990y Py ) 60 (C.51)

Similarly, we have
3.,.3
SHY™ 7 = (4g¥09" " K9 P Hyyy o gV O Hrgy ) 0% (C.52)

Let us note also that

8 J2wp = Qs (8sin 0) vyw, + Qs sin 0 (Jv,w, + v,6w,) (C.53)
= (MB3Qs cos® Osin® Y sinw) dtan 6 + (2M53Qs sin f cos Ysingsinw) ¢ (C.54)

and
Sjot..o = Qs (V) = — 5 @53/ 7107y (C.55)
= (2Qsv=97“ K.,V gus ) 50 (C.56)

Altogether, we have the variation of the force term 6FY is given by
OF" = = (SHY" ) jor..o — HY™ % (8jor..) + (OFY“?) Jowp + Y% (0g)  (C.57)
For the r direction, the r.h.s. is given by
5 (]:“nf)) = 6F"? + Fron?) = §Fn? (C.58)

Similar to our treatment of §F¥, we shall not present here the full computation of §F" but
only the final results along with some useful (non-vanishing) intermediate steps. We have

SFS" =5 (g™ A 00, X 00, X Py ) (C.59)
= (97" AT O By ) O (C.60)
The variation of the force term dF" is given by
SFT = (5th---$3) Tus. 2 (C.61)
Substituting in appropriate expressions and simplify where possible, we obtain respectively

1. The 9 extrinsic perturbation equation

20 2 cos® 0 2
(0h)%00) — = 22y = 2e08%0 0, 7 08 20(1 + sin ) 6 tan 0 (C.62)
sin® ¢ n21
2. The r extrinsic perturbation equation
29 8ag 8 16 20
(0p)%6r — O T2 = 22 sin gor + Lo — ~bao + Saz cos? 0or
sin? 1) agp ao 5ag
4
+ 5 cos? § sin® wér (C.63)

where V2 is the normalised Laplacian, i.e. V2 = (9,)? + 1/sin® w(8,)? + cot wd,.
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