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Abstract

For vector It6 semimartingale dynamics, we derive the asymptotic distributions of likelihood-
ratio-type test statistics for the purpose of identifying the eigenvalue structure of both integrated
and spot covariance matrices estimated using high-frequency data. Unlike the existing approaches
where the cross-section dimension grows to infinity, our tests do not necessarily require large cross-
section and thus allow for a wide range of applications. The tests, however, are based on non-
standard asymptotic distributions with many nuisance parameters. Another contribution of this
paper consists in proposing a bootstrap method to approximate these asymptotic distributions.
While standard bootstrap methods focus on sampling point-wise returns, the proposed method
replicates features of the asymptotic approximation of the statistics of interest that guarantee its
validity. A Monte Carlo simulation study shows that the bootstrap-based test controls size and has
power for even moderate size samples.
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Likelihood ratio test; bootstrap
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1 Introduction

Decomposing a ¢-dimensional covariance matrix into a set of eigenvalues and eigenvectors, referred to
as eigen- or spectral- decomposition, is an important part of a number of statistical methods, notably
Principal Component Analysis (PCA) and Factor Analysis (FA). PCA and FA summarize the variation
of a high dimensional data set through a smaller number of factors. These factors are designed to
capture the maximal feasible fraction of the cross sectional variation of the data set. Depending on
the structural assumptions, the factors may be correlated or uncorrelated, and in the latter setting
the factors are often referred to as principal components.

Empirical work often raises the question of deciding about the number, say @), of factors or principal

components to retain for data modelling. Such a decision is based on testing the clustering eigenvalues
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of the covariance matrix of interest. Specifically, if 1 — 7 is a targeted proportion of data dispersion
supported by the principal components (typically 7 = 0.10 or 0.05), @ can be found by testing whether
the ratio of sum of the smallest ¢ — () eigenvalues by the sum of all eigenvalues is at most as large as
w. Moreover, particular structures of the eigenvalues can be used to infer properties of the underlying
data generating processes. For instance, the equality of the ¢ — m smallest eigenvalues is a testable
implication of a factor representation of the primitive vector process with m factors and uncorrelated
idiosyncratic shocks of the same magnitude.

While the covariance matrix is a well-accepted measure of multivariate dispersion of data observed
at low frequency, the so-called spot variance matrix at date ¢ (denoted by ¢;) and integrated covariance
matrix (hereafter IV) play a similar role for financial data observed at high frequency and have
established themselves as important components of financial portfolios’ risk measures. The eigenvalue
structure of ¢; or IV is of similar importance for PCA and FA of the continuous part of high-frequency
vectors of stock prices as does that of covariance for low frequency data. Specifically, the eigenvectors
of ¢; associated to its largest eigenvalues determine the principal components of the vector price
process at that specific date ¢, and similarly, when volatility is locally constant, the eigenvectors of
IV determine the principal components over the estimation interval. Our aim is to provide statistical
inference for the eigenvalue structure of ¢; and IV estimated using high frequency data.

In this paper, we consider a vector process of stock prices belonging to a class of continuous-
time multivariate stochastic processes, namely the class of It6 semimartingale processes and propose a
collection of tests for the eigenvalue structure of the associated spot and integrated covariance matrices
— ¢ and IV, respectively. Three tests are proposed herein. The first test provides statistical inference
on the equality of adjacent eigenvalues without specifying their common value whereas the second
applies to the case where a common value is set under the null hypothesis. The third test investigates
whether a given number @) of the principal components of the continuous part of the price vector
process captures at least a given proportion of the total dispersion as measured by c¢; or IV.

We construct these tests by first considering the subclass of continuous Lévy processes. This class
offers a parametric setting whereby the likelihood ratio can fully be derived for the first two tests
while a test statistic for the third one is based on the behaviour under the null hypothesis of the
maximum likelihood estimator of the eigenvalues. Under the null hypothesis, the likelihood ratio test
statistics are asymptotically distributed as a standard chi-squared distribution with %qk(qk + 1) and
%(Qk —1)(qr +2) degrees of freedom, respectively; where g is the number of equal eigenvalues of IV (or
¢t) in the k-th cluster being tested. The third test has a test statistic that is asymptotically normally
distributed. In this configuration of continuous Lévy process, the same tests can be applied to the
spot covariance matrix, ¢;, with the same asymptotic distribution.

Our results for these three tests are reminiscent to those of Anderson| (1963) who proposes a
likelihood ratio test statistic for the equality of adjacent eigenvalues of a population covariance matrix
when the data is independent and identically distributed (i.i.d.) as Gaussianm Our framework,

however, differs from his as our inference results are based on so-called infill asymptotics where the

'Further extension of the work of Anderson| (1963)) to non Gaussian and to dependent data can be found in [Waternaux
(1976)), Davis| (1977)), Tyler| (1981)), Muirhead| (1982), |[Eaton and Tyler| (1991)), |Cook and Setod;i| (2003)), and |Onatski
(2010) to name a few.



process is supposed to be observed over a fixed time interval but more and more frequently. In this
case, although observed log-returns from continuous Lévy processes are i.i.d. Gaussian, their common
variance changes with sample size.

For the more general class of Itd semimartingales, we use the same test statistics and derive
their asymptotic distributions (under the null) which are all now noticeably non-standard with many
nuisance parameters, both for ¢; and IV. Using consistent estimators of these nuisance parameters, we
indicate how approximations of these distributions can be simulated. Nevertheless, the set of nuisance
parameters can become quite large as it includes eigenvectors of ¢; or IV, spot covariances as well
as integrated multivariate quarticities. Clearly, the estimation of so many parameters is costly and
these estimates may also distort the finite sample properties of the test by affecting the simulated
distribution in a perverse manner. This observation motivates our exploration of the bootstrap as an
alternative approach to estimate the asymptotic distributions of our tests.

A further contribution of this paper therefore consists in proposing asymptotically valid bootstrap
methods that approximate these asymptotic distributions. The bootstrap procedures that we introduce
are simple to implement and do not require the estimation of many nuisance parameters. The main
difficulty associated to a bootstrap proposal in this context is that the eigenvalue structure of ¢; or
1V is notoriously different from that of their respective estimates. Since existing bootstrap methods
aim at bootstrapping the sample estimates, it results that the eigenvalue structure that they point to
would not reflect that of the population quantities and then leading to invalid tests. To circumvent
this problem, we propose valid bootstrap methods that, instead of the test statistics themselves,
replicate features of their asymptotic approximations that guarantee first-order asymptotic validity.
This approach to bootstrapping is similar to that of |Chen and Fang| (2019). Even though the inference
on the eigenvalue structure of IV and that of ¢; are of our primary interest, we also derive results for
the eigenvalue structure of the correlation matrix R, with R;; = v; ;/ V0i,iVj 5 and v = IV or ¢;. R
being a smooth function of IV or ¢, the validity of our bootstrap methods extend easily to R.

The literature on the use of PCA and FA with high-frequency data is relatively recent. [Ait-Sahalia
and Xiu (2019) develop a methodology to conduct PCA with high-frequency data with emphasis on
inference in a setup of fixed cross-section dimension. However, their results take as given the clustering
structure of the so-called integrated eigenvalues which are then supposed known to the researcher. Our
work complement theirs as the proposed tests aim at depicting such structures for ¢; and IV.

Ait-Sahalia and Xiu| (2017) and [Pelger| (2019) propose estimators of the number of factors in
continuous-time factor models. In the spirit of Bai and Ng| (2002), the estimator of |Ait-Sahalia and
Xiu/(2017) minimizes a criterion that involves estimated eigenvalues of IV and a penalty term, whereas
Pelger| (2019) follows Onatski (2010) and Ahn and Horenstein| (2013) by proposing an estimator that
maximizes the ratio of perturbed adjacent estimated eigenvalues of IV. In line with the approximate
factors theory of (Chamberlain and Rothschild| (1983), these estimators are all shown to be consistent
when the cross-section dimension increases to infinity. Such estimators typically exploit the high
dimension to extract the factor structure. Our work makes a direct contribution to this literature,
and our proposed tests can be applied to large dimensions of high frequency return data to detect the

number of factors needed to pick up a target proportion of the dispersion of the data as measured by



¢¢ or IV. In addition, factor structures reflected by the equality of the smallest eigenvalues of ¢; or IV
can be investigated through our testing framework. It is worthwhile to stress that our tests apply to
settings with fixed cross-section dimension and are valid even if this is not large. Therefore, we allow
for empirical applications with a small number of assets as opposed to the aforementioned methods,
for example in extracting factors from the term structure of bond and futures prices.

Other papers in this literature include |Chen et al.|(2019) who document a number of issues when
conducting PCA on high frequency data in the presence of time varying multivariate stochastic volatil-
ity and provide a battery of approaches to overcoming the identified difficulties. [Todorov and Bollerslev
(2010) formulate a two-factor model for financial asset prices that allows them to disentangle and es-
timate assets’ exposure to the diffusive and the jump components of the market systematic risk. And
more recently, with an application to market completeness, |[Jacod and Podolskij (2013) have outlined
a test for maximal rank of the spot volatility matrix.

The literature on bootstrap methods for multivariate high-frequency volatility measures includes
Dovonon, Gongalves, and Meddahi| (2013) who propose a non-parametric i.i.d. bootstrap to approx-
imate the distribution of the so-called realized beta and realized correlation between assets. Gener-
alizing the work of Hounyo, Gongalves, and Meddahi| (2017) to multivariate settings, ([Hounyo| (2017)
proposes a wild blocks of blocks bootstrap for estimating the distribution of various estimators of the
integrated covariance matrix. Note that, as already mentioned, a naive application of the bootstrap
method of Hounyol| (2017) does not lead to a valid test of the eigenvalue structure of IV because of the
mismatch with the eigenvalue structure of the estimated IV. Nevertheless, we show that the first-order
asymptotic approximation of our test statistics can be validly bootstrapped. Variants of the blocks of
blocks bootstrap method have been proposed that consistently estimate the asymptotic distribution
of our test statistics related to IV. This result is further extended to the spot variance matrix. This
extension, however, is not straightforward as it requires additional laws of large numbers for functions
of successive local returns that we provide and that may be of additional independent interest.

The finite sample properties of the results obtained have been investigated by a Monte Carlo sim-
ulation study in which several data generating processes have been considered as well as different
sampling frequencies and small and large cross-section dimensions. The results reveal that the boot-
strap test has a very good size and power performance. We also report the rejection rates based on
the standard asymptotic chi-squared test, which is valid only if the underlying process is continuous
Lévy. It turns out that the latter systematically over rejects the null except, as expected, in the case
of non-Lévy dynamics. We outline a case study using high frequency data for the cross section of
the one hundred most actively traded constituents of the S&P 500 to build candidate factors and test
them against the cross section of all available listed US equities in the CRSP stock universe.

The structure of this paper is as follows. Section [2] presents the theoretical framework and outlines
the relevant existing results. In Section [3] the likelihood ratio test statistics are derived for the test of
equality of eigenvalues in the case of continuous Lévy process and their asymptotic distributions pro-
vided under general dynamics. This section also features the test of proportion of volatility supported
by the main principal components. We conclude the section with an analysis of eigenvalue structure

of the correlation matrix. Section [4] presents our bootstrap methodologies and establishes their va-



lidity. Section [f] extends the results to the spot variance matrix. It develops both the asymptotic
and bootstrap-based inference for the eigenvalue structure of spot variance matrix estimated using
high-frequency data. The Monte Carlo experiments are reported in Section [6] In Section [7] we present
an illustration of the analysis on five minute data for the 100 most actively traded stocks from the

S&P 500. Concluding remarks on the scope of the tests are provided in Section

2 Set-up and existing results

Let X be a g-dimensional It6 semimartingale defined on (Q, F, (F;)i>0,P), a filtered probability space,

with Grigelionis decomposition:

t t
Xy =Xo+ /(; bsds + /0 osdWs + (51{||5H§1}) * (,u — V)t + (51{“5”>1}) * [t (1)

where W is a g-dimensional Wiener process, u is a Poisson measure with compensator v(dt,dz) =
dt ® A\(dz), with X\ the Lebesgue measure on R?; § is a real function on Q x Ry x RY, and oy is the
volatility process. We let ¢, = asa;r denote the spot variance matrix. We assume that X satisfies the

following assumption for some r € [0, 2]:

Assumption (H-r). b; is locally bounded and o is cadlag, and ||§(w,t,2)|| A1 < yn(2) for all (w,t, z)
with t < 1,(w), where (1,) is a localizing sequence of stopping times and each function =y, satisfies
[ (2)"A(dz) < oo.

The process X represents the vector of log-prices of q assets that we assume are observed at regular
time interval A,, over a time period [0,7]. The main objects of interest in this paper are the spot

variance matrix at date t, ¢; and the integrated covariance matrix of X over the time interval [0, T

T
IVT:/ csds,
0

which corresponds to the quadratic variation (QV) of the continuous part X ¢ of the process X at time
T, that is IVy = [X¢, X¢|7, where X{ = X + [} byds + [j 05dW;. Let ALX = X;a, — X(i_1)a, be
the log-return process over ((i —1)A,,iA,] fori=1,...,n~ |T/A, |, where |z] is the largest integer

smaller or equal to . The integrated covariance matrix IV is estimated by

L T/A

Vo= > (ALX)(ALX)1{ai x|<ans (2)
=1

for some a > 0 and w € (0, %) Under mild conditions, it is shown that IV" is a consistent estimator
of I'Vp where the setting of asymptotic analysis is the so-called infill asymptotics in which prices are
supposed to be sampled more and more often over the same time interval [0, 7], i.e. A,, — 0. The spot
variance matrix at ¢ is estimated by a local version of IV". Let i € N be such that ¢ € ((1—=1)An,iA,]



and k, a sequence of integers such that k, — oo and k,A,, — 0 as n — co. Define:

kn—1

. I < n n

c(t, kn) = A Z( i+1+mX)(Az‘+1+mX)/1{|\A;l+1+mX||gaAg}- (3)
n n m:0

Jacod and Protter| (2012, Th. 9.3.2) establish that é(t, k,,) is consistent for ¢; as n — oo.

Our interest resides in the asymptotic distribution of the characteristic roots and vectors of ¢(¢, ky,)
and IV and tests for equality of all or some roots of their respective limits. These tests are useful to
carry out inference on the importance of principal components of ¢; as determined by its eigenvectors.
They are also useful to test for some specific factor decomposition of ¢;. Even though the principal
component interpretation of the eigenvectors of I'Vr is not meaningful when ¢; is not constant over
t € [0,7], we make these tests available for IVr as they may be incidentally of interest for some
statistical analysis. We next introduce some existing results that provide the groundwork for our main
contributions that appear in the next section.

The asymptotic behaviour of IV" is well-known [(see e.g. Ait-Sahalia and Jacod, 2014, Th. A.16)].

If Assumption (H-r) holds for some r € [0,1) and the truncation level w € [ﬁ, %), then

1
VA,

where Wr is a random vector defined on an extension of the original probability space and conditionally

(IT/” . IVT> o SVVEY (4)

on F, is Gaussian with conditional mean 0 and conditional variance covariance given by
T
E (W%”Wéil’ f) = / (cgkcgl + cglcgk> ds, (5)
0

with w,v,k,l =1,...,q. ‘L-s’ stands for convergence stable in distribution. We refer to |Ait-Sahalia
and Jacod, (2014}, Section 3.2) for further details on this mode of convergence.

The asymptotic normality of é(t, k;,) is established by |Jacod and Protter| (2012, Th. 13.3.3). Under
[A77] in Appendix, we have:

Vhn(&(t, k) — er) 553 7, (6)

where Z; is a random vector defined on an extension of the original probability space and conditionally

on F, is Gaussian with conditional mean 0 and conditional variance covariance given by
uv r7kl uk vl ul vk
E<Zt t‘F>:ct Ct +tht,

with u,v,k,l=1,...,q.

Let M, denote the Euclidean space of all ¢ x ¢ real-valued symmetric matrices, and M[; (M;H')
the subset of all positive semidefinite (definite) elements of M,. Most of the quantities of interest
in this paper are continuously differentiable functions of the integrated variance matrix or the spot
variance matrix. Thus, using the delta method, the large sample behaviour of their estimators can be
based on or @ For this, let ¢ be a generic function defined on M;‘ with value in R”. Assuming



that ¢ is continuously differentiable on the support of 6y = IV (or ¢;), we have:

\/IAT ((p (9) —y (90)) E78 yye, (7)

with 6 = V" (or é(t, ky)) and where, similarly to Wr (or Z;), W¥ is defined on an extension of the

original probability space and, conditionally on F is centered Gaussian with conditional covariance

o (200
Meo) V(u, ,k,l)( AL MGO) : 8)

where V(u, v, k,1) fo (c“k ol 4 “l “k) ds for 0y = IVp and V (u,v,k,l) = c“kcfl +cf ul “k for 8y = ¢;.

matrix given by:

E (Wwwtp’u:) _ Eq: <8(;0]\(4M)

u,v,k,l=1

Let A\ denote the eigenvalue function defined on M;IF, with nonincreasing elements and value in a
suitable subset of R?. Let A € M;r with r clusters £ (for k = 1,...,r) of gi-repeated eigenvalues
with common values \g, where %}, is the collection of the ranks of eigenvalues (sorted from largest to

smallest) of A equal to A\g. The components of A(A) = (0;)1<i<q have the structure:

51 = 52 = .. = 6ql — )\1’
5QI+1 - 5Q1+2 - = 6Q1+Q2 = A ()
(Sq_qr+1 = 5(1—Qr+2 = .. = 5q — )\7")

with A\; > A2 > --- > A.. The eigenvalue function A(-) is locally Lipschitz continuous on M;‘ and
differentiable only at points A of ./\/l;' with no repeated eigenvalues, i.e. 7 = ¢ [see Tao, 2012]. Nev-
ertheless, some relevant functions of A(-) are differentiable. Consider again A € M with eigenvalue
structure given by @D It is known - see e.g. |Chul (1990) and Corollary 3.11 of Hiriart-Urruty and Ye
(1995)) - that there exists a neighborhood of A on which, for £k = 1,...,r, the functions:

ok M e M= (M) =Y Ay, 1i(M)

with 19 = 0 and ¢} = Zle gi, are continuously differentiable. Note that ¢y, is the sum of eigenvalues
with ranks in the same cluster .%%. Assuming that 68y = I'Vp or ¢; has an eigenvalue structure given
by (9), [Ait-Sahalia and Xiu (2019) consider the function:

P00 = (o), a0 0) (10)
and establish that: )
= (@ (0) _ w(eo)) e SVVE (11)



where W#" is defined similarly to W? with

dpp (M) 1

=—Ur +1: Uz k=1,...,r
OM Wk—1+1:qs Y Toqpe 1+ 1:q1 ) '
M=6y 4k

with Ur being any orthogonal matrix such that U.0oUr = diag(Ai(6), ..., Aq(60)), where, for u € RY,
diag(u) is the diagonal matrix of size ¢ with u as main diagonal.

If for some i € {1,...,q}, \i(6p) is a simple eigenvalue, the function 7;(A) returning the i-th
normalized eigenvector of A defines, up to the siglﬁl a differentiable function in a neighborhood of 6
(see Magnus, (1985, Th. 1). |Ait-Sahalia and Xiul (2019) show that:

\/27 (%‘ (9> - %‘(90)> s, (12)

where W7 is defined similarly to W% with

0vi(M)

auMnlM =(60)' © (i(0) I, — b0l

where AT is the Moore-Penrose inverse of A and vec[M] is the standard vectorizing operator that

transforms the matrix M into a vector by stacking its columns.

3 Testing the eigenvalue structure of Integrated Covariance

The results in the previous section take the structure of the eigenvalues of 6y = IV or, ¢; - such as
the one in @]) - as known to the researcher. In particular, the rank and multiplicity of the eigenvalues.
In this case, confidence intervals can be built for eigenvalues or their average along the framework of
ATt-Sahalia and Xiu| (2019) as recalled. These results can also be used to test some restriction on the
true eigenvalues, and such a test would be asymptotically valid if the maintained eigenvalue structure
is correct. However, this structure is not known in general. Our aim in this section is to introduce a
test for this purpose. Our focus throughout is on IV while tests related to spot variance matrix c¢; are
shown in Section 5| It is a well-known fact that - unlike for the spot variance matrix - the eigenvectors
of the integrated volatility (barring the case of constant volatility) have no clear connection to the
principal components of the price process. Nevertheless, we first analyze I'Vr since this allows us to
set up the useful statistics that we subsequently apply to ¢;. We further propose a test to investigate
whether a given set of factors “explains” at least a certain proportion of integrated variance in the
continuous part of the process X (vectors of log-prices). An extension to tests for eigenvalue structure
of correlation matrices is also provided.

To build a test for eigenvalue structure, we first consider a simpler version of the stochastic process
X in . Namely, we assume that X is a continuous Lévy process, that isd =0 and by =band o, =0
are constant. This gives rise to a parametric model in which A? X (for i = 1,...,n) are independent
and identically distributed N(Ap,b, A,c), with ¢ = oo’ and IV = Te=Too’.

2If the first nonzero element of ;(6p) is its hth entry, then restricting the hth entry of v;(-) to be nonnegative makes
this a well-defined function in a neighborhood of 6.



By definition, the eigenvalues of I'Vp are then T' times those of ¢ whereas the corresponding
eigenvectors are the same. Even though the variance of Al X tends to zero with the sample size,
the fact that they are independent and normally distributed allows us to draw from the work of
Anderson (1963) to build the aforementioned tests. In the case of more complex dynamics for X
than continuous Lévy, the same test statistics will be used and their asymptotic distributions will be
derived. These asymptotic distributions are typically untractable as we shall see, which motivates the
bootstrap approximations that will be proposed in the next section.

Under the assumption of continuous Lévy dynamics, the likelihood function of the model in terms

of b and c is given by

=1

L(b,c) = (27A,) "7 |¢| "% exp (-22 tr <c1 D (ALX — Apb)(ALX — Anb)’>> :

where |c| is the determinant of ¢ and tr is the usual trace operator. It is not hard to see that the

maximum likelihood estimators of b, ¢ and IVp are:

b= nin gA;X, i = nin Z:; (A;X - Anz}) (A;X _ Ani))' and IV =Té  (13)

with n = |T/A,]. We will make throughout the standard simplifying assumption that T'/A,, is an
integer. Note that b is an unbiased estimator of b while ¢ is a consistent estimator of ¢. The log-
likelihood of this model can also be expressed in terms of the eigenvalues of T¢c, i.e. IVp with the
restriction that the latter has the eigenvalue structure in @ The log-likelihood maximized in the
direction of b is

tr(nA,c1é).

qn n 1
—?10g(27rAn) - §log le| — A,
Hence, up to a constant independent of the model parameters, the log-likelihood is equal to

_n _n 17"
S log|1Vr| — Str ((IVT) v )

This is a similar expression to that of Equation (3.2) of Anderson| (1963) and by the same arguments
as his leading to his Equation (3.5), we can claim that, up to a constant (in model parameters) term,

the log-likelihood of the model in terms of eigenvalues of IV is given by

n n di
logﬁ()\l,...,)w):cst—gz%log)\k—gz'z W (14)
k=1 k=1ic%

where d = A <1:‘v/ n) is the vector of eigenvalues of IV". We have the following result:
Proposition 3.1. Let X be a continuous Lévy process.

(a) If the characteristic roots of IV are Ay > - -+ > A\, > 0 with multiplicities q1, . .., q,, respectively,
the mazximum likelihood estimate of M\ is: e = qikzz'efk d;; (k =1,...,7), where & =
{ar++aa+l...,q0+ +a}



(b) The likelihood ratio criterion for testing the roots of IV with rank indexes in £} :

HO . 6q1+‘..+qk71+1 == 6q1+‘..+qk = )\k,
where A\ is unknown, i.e. the kth row in the eigenvalue structure @, s given by

a\ 5

G = Hdz-/ NINE (1)

1€Z, JE€EZL,

(¢) The likelihood ratio test statistic for Hy is fék = —2log Uy and is asymptotically distributed as

2
@ X1 (gp—1)(qp+2

) If 614 4qp_1+1 7 Oqi4-tqy, then LRy — 00, in probability.
(d) The likelihood ratio criterion for testing: Ho(X) ©  Ogq4etqgr 141 = =+ = Oqitotqe = A, With A
specified is given by

1 d\ * _

= | ien n d;
by = Nk exp ) Z Sl dk (16)
€L

and, under the null, the likelihood ratio test statistic EE;M = —2log Zk)\ 18 asymptotically dis-

tributed as a le Under the alternative, /L\é;%,\ — 00, in probability.
2

ar(qe+1)°

The proof of Proposition [3.1] is relegated to the appendix and is an adaptation of the result of
Anderson| (1963) to the infill asymptotics framework that we consider with A,, — 0. Interestingly, the
chi-squared asymptotic distributions obtained for the likelihood ratio test statistics in Parts (c) and
(d) under the null hypothesis are the same as those derived by |Anderson| (1963)) for the case where
the sample is assumed to be independent and identically normally distributed with fixed variance. To

give an intuition of the obtained result, let I be the matrix of normalized eigenvectors of IVp:
"IVl = A and I'T = [, (17)

where A is the diagonal matrix containing d; > --- > 6, > 0, the eigenvalues of I'Vr satisfying the
structure in ([9). The asymptotic distribution of LRy and LRy » in Parts (c) and (d) of Proposition
[3.1] are deduced from the asymptotic distribution, say U, of

~ 1 ~n
0— @7VP—A>
VA,
as we show that
2
IR, = — |2 02 2 - i 1
D, T (T ) e
1<j;1,] €%k 1€% 1€%
and
2
LRer = | 3 @] +opt
kA= 9N2 Uy op(1),

1,j]€EL,

10



where u;; are entries of U. We also show that the limit distribution U of U has its entries Ujj
that are such that u;; = wji, and {u;;,7 < i} are pairwise independent with u;; ~ N(0,A2/T) and
u;; ~ N(0,2X2/T), for i < j which yields the claimed distributions. Hence, likelihood ratio test
statistics obtained using eigenvalues of any estimator of IV that is asymptotically equivalent to w"
would be asymptotically equivalent to fﬁk and fﬁk A, respectively. In particular, as established in
an appendix, we have:

\/27 (V" ~TV") = op(1) and \/27 (V" ~ V") = op(1). (18)

where TV = 321" (AL X)(A% X) and IV" is given by ([2). This ensures that \/27 (I'IV"T — A) and
1

N/ (F’ v'T - A) are asymptotically equivalent to U implying that likelihood ratio test statistics

using related eigenvalues have the same asymptotic distribution as in (c¢) and (d). The last statements
in (c) and (d) emphasize the consistency of the respective tests.

It is worth mentioning that several lines (eigenvalues clusters) of @D can jointly be tested. The
corresponding likelihood ratio criterion for such a joint hypothesis is simply the product of likelihood
ratio criterions £;’s over relevant values of k and the asymptotic distribution of the resulting likelihood
ratio test statistic is chi-squared with degrees of freedom equal to the sum over the relevant k’s of

%(qk — 1)(gx + 2). Several lines can also be tested likewise if A\;’s are specified for each of them.

Remark 1. Note that the researcher may be interested in testing whether two adjacent eigenvalues
(say the third and fourth largest) are equal. Pmposition provides asymptotically exact tests in this
context only if, under the null, the second and fifth (if available) largest eigenvalues are different from
the third and fourth. One does not expect the researcher to be aware of this specific structure which
may not even hold.

In general, if one is testing the equality of p < qi eigenvalues with rank indices in f,f C ., letting
i\ék(p) be the test statistic for this null hypothesis, the test would be asymptotically correct only if

. T D 2
hranP (LRk(p) > X%(p—l)(p-&—?),l—a) < a, (19)

for any relevant nominal level o; where x% is the critical value of the test. Our Simulation
2

(p—1)(p+2),1-
results in Section [5 indicate that these tests are conservative, thereby pointing towards the validity of

. We save a formal proof of this result for future researcfﬂ since this may be involved.

Remark 2. One may want to investigate whether a certain cluster of eigenvalue is a singleton. That
is qp. = 1 for a given k = 1,...,r. This can be done by testing Hy : qx # 1 against Hy : q = 1. If
1<k<r, Hy= Ho V Hoa with Hot : 0gy 4.4 gu—1 = Ogi4-tqp aNd Hoo : 0gy4...hqp = Ogy+-tqu+1- Note
that Hy = Hoy if k=1 and Hy = Hos if k =1. In case 1 < k < r, to test Hy at a level o, it suffices
to test both Hyy and Hpy at the level a/2. Rejection of Hyy and Hye amounts to rejection of Hy.

We now turn our attention to more general dynamics of the process X. We assume that X has

3In fact, we can establish that H%k(p) < LRy, except for (dgy+-tap_141,- -+ dgy+tq,) lying in a R%-subset of
Lebesgue measure 0. To claim (19)), it would be sufficient to show that the gap LRy, — ITI/%k(p) is at least as large as
2

2 . e
X5 (ae =1 (@er2) 10 ~ XL (p-1)(p+2),1—a With large probability.
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the It6 semimartingale representation in , and we aim to use the likelihood ratio test settings
in Proposition to carry out inference about the eigenvalue structure of the quadratic variation
over the time interval [0, 7] of the continuous part of X, that is IVp. As already mentioned, I'Vp is
consistently estimated by V" in , which is the sum of outer product of returns after removing
jumps by truncation.

Let d = A (I/‘\/n) be the estimator of 6 = A (IVr), the eigenvalues of IVy. Let ¢, and ¢ 5 be the
same as £}, and Zk,A in and , respectively, with d replaced by d, and let LRy = —2log ¢} and
LRy \ = —2log ¥y x.

We next derive the asymptotic distributions of LR, and LRy . Note that, the representation of
X being only partially parametric implies that ¢, and ¢ » cannot in general enjoy the interpretation
of likelihood ratio criteria. Nevertheless, these test statistics can be relied upon once we are able to
characterize their asymptotic distributions under the null hypothesis.

To obtain the asymptotic distribution of LRj, and LR}, », let I" be the orthogonal matrix of nor-
malized eigenvectors of IVpy and A be the diagonal matrix of eigenvalues of IVp, respectively [see
Equation ] From and using the delta method, we have:

1
VAR

where Uy = T'WrI and Wr is given by . We have the following result.

(F’IT/"F - A) 28 (20)

Theorem 3.1. Let X be an It6 semimartingale represented by . If Assumption (H-r) holds for
some r € [0,1) and the truncation level w € {ﬁ, %), then:
(a) Under Hy as in Proposition (b), LRy £-¢ % (tr(ugk) - i (tr(ukk))2) ,  where Uy, is the
k
(qk, Qi) -submatriz of Ur at the intersection of the (q1+- - -+qg—1+1)-th through the (g1 +- - -+qx)-

th rows and columns.
(b) Under the alternative (i.e. if Hy does not hold), LRy, — oo, in probability.

(¢) Under Hy(\) as in Proposition (d), LRy » £ %tr(l/lgk) and under the alternative,
LRy, \ — oo, in probabulity.

Theorem generalizes the results in Proposition (c,d) to the class of It6 semimartingales.
The asymptotic distributions of LR, and LR}, ) are no longer guaranteed to be pivotal as previously.
Indeed, they depend on nuisance parameters such as the common value A of the relevant cluster of
eigenvalues of IVp, the conditional variance-covariance matrix of Wy which is equal to fOT(célcém +
cgmcgl)ds, for i,5,I,m =1,...,q and the matrix I' of normalized eigenvectors of IV7.

As already mentioned, A\ is consistently estimated by i D ic ¢, di- Estimators of the conditional
variance of Wr have been proposed by Barndorff-Nielsen and Shephard| (2004); see also |Jacod and

Protter| (2012) for jump robust estimators. If I" can be consistently estimated, then this asymptotic
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distribution can be simulated to generate critical values for inference. However, the presence of
multiple roots makes it impossible to consistently estimate I' even if the identifying restriction that
the elements of its main diagonal are positive is maintained. Nevertheless, the fact that only the trace
of Z/lli’k, for h = 1,2, is useful for these asymptotic distributions offers some possibility of simulating
these distributions as we describe below.

Write I' = (I'y --- I'}.), where T'g, for & = 1,...,7, corresponds to the eigenvectors associated
to the sorted eigenvalues with rank indexes in the cluster % so that Uy, = F;WTFk. Consider
A, =T IV'T and E the matrix of its normalized eigenvectors with main diagonal elements restricted
to be nonnegative. A, and IV" have the same set of eigenvalues and [ = I'E is a matrix of normalized
eigenvectors of w"

Write E = (Ekl)lgk,lgra where, for k,l = 1,...,r, Ekl is a block (g, ¢;)-submatrix of E at the
intersection of its rows and columns in %} and .%j, respectively. Proposition in Appendix
shows that Ekl =op(1) for k # [ and Ekkﬁ,’ck = Iy, +op(1). Thus, writing T = (fl IA“T) with lA“k
defined similarly to I'y (k=1,...,7), we have

[ =TE, and Ty =TyEw+op(1). (21)

Even though [ is not a consistent estimator of I (unless g = 1), this estimator is useful to consistently
simulate the asymptotic distribution of LR and LR}, ». Indeed, implies that

W \h .
<F;CWTFI@> = B ( ;kWTPk)hEkk‘f‘OP(l)’ for h=1,2,

which, in turn, implies that

tr [(f;WTfk)h} — tr (u,?k) + op(1).

It follows that, if one can simulate from the distribution of Wy (or its approximate distribution if
the variance Wr is estimated), fk can be used to obtain consistent simulations from the distribution
of tr(U,?k), which in turn can be used to generate asymptotically valid critical values for the tests of
interest.

Despite it’s usefulness, this direct simulation approach is anticipated to be quite computationally
tedious to implement and possibly inaccurate due to the presence of many nuisance parameters re-
quiring estimation. This motivates the bootstrap approach that we introduce in the next section as
an alternative. Next, we discuss an application of the tests presented in Theorem beyond their

usefulness for the characterization of the eigenvalue structure in @

Test for the ratio of ‘unexplained’ volatility. By analogy with the principal component analysis
of variance matrices, it is of interest to quantify the proportion of volatility (or quadratic variation)
captured by the principal components of X¢ - the continuous part of X - associated to the largest
eigenvalues of I'Vp. Formally, given a ratio m € (0, 1), we would like to test whether the total amount

of volatility not captured by the first Q)-principal components does not exceed w. This can be stated

13



as:

q q
Hoﬂ- : Z (51 S WZ(SZ‘, (22)
1=Q+1 =1

where 6 = A(I'Vp) is the vector of eigenvalues of V. Let us consider the test statistic Z,, defined as

follows:

q

an\/lfn Y di-7w) dif, (23)

i=Q+1 i=1

where d = A (ﬁ/ n) We have the following result.

Theorem 3.2. Let X be an It6 semimartingale represented by . Assume that Assumption (H-r)

holds for some r € [0,1) and the truncation level w € [2(21_7,), %) Assume that 0g > dg+1 and let

me (0,1).

(a) If Hop holds with equality, then — Z, Sz =w (UQ+1:9,Q+1:7) — T - tr(Ur), where Ur is
defined in Equation and UQ+1:q,0+1:¢:7 15 the bottom right (¢ — Q,q — Q)-submatriz of Up

determined by its last g — QQ rows and columns.

(b) If Hor holds with strict inequality, then
lim P(Z, > ¢1-0) =0,
with a € (0,1) and c1—4 is the (1 — «)-quantile of Z.
(¢) If Hor does not holds, then Z, — oo, in probability.

Theorem [3.2] derives the asymptotic distribution of Z,, when the exact ratio of unexplained volatility
is w. If X is a continuous Lévy process, this asymptotic distribution is a centered Gaussian with
variance derived from the result in Equation (A.14) in Appendix

9 k1—1 9 T
2 2 2 2
T(l — ) Z Qi + i Z QENios
k=1 k=k1
where ky is such that Q+1 € %, . Even in the simple case of Lévy process, this asymptotic distribution
is not pivotal in general and its simulation presents a similar challenge as that discussed at Theorem
Direct simulation can be performed from some approximation of the distribution of ¢r(Ur) and
tr(UQ+1:q,Q+1:q:1) Using the matrix T of normalized eigenvectors of " I approximate copies of Wr

can be generated, then the equalities

tr(f/WTf) =tr(Ur) +op(l) and tr(fbﬂ:q,Q-s-l:qWTfQJrl:q,QH:q) = tr(UQ+1:q,Q+1:¢;7) + 0P (1)

provide useful copies of tr(Ur) and tr(Ug+1:q,0+1:;7). However, as already mentioned, simulating from

the distribution of Wr can be tedious and one shall rely on the bootstrap method that we propose
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in the next section. The divergence to infinity of Z, under the alternative guarantees that the test is
consistent.

We close this section by noting that the principal component factors are estimated by linear com-
binations of the jump-filtered returns process using, as usual, eigenvectors associated to the largest

eigenvalues.

Eigenvalue structure in correlation. Correlation matrices are insensitive to linear transformations
of data and this makes them more appealing than variance matrices for principal component analysis
in many applications. We derive similar results to those in Theorem for testing the eigenvalue
structure of correlation matrices. Let X be an Itd6 semimartingale described by with integrated

variance IV over [0,T]. We define the correlation matrix Ry of X over [0,T] by
Ry = G(IVr), (24)

where G : Mt — Mt and VA € MF*, G(A) = S(A)AS(A), with S(A) is the diagonal matrix
with diagonal elements 1/v/A;;, for i =1,...,q.
Since G is differentiable, R"=G (I/‘\/ n) is a consistent estimator of Ry, and thanks to , we have

1
VA,

with Wg defined as in Equation for ¢ = G. We propose a test of eigenvalue structure of the

(" - Br) 308, (25)

correlation matrix Ry using the same statistics as those used for IVy. Assume that Rp has an
eigenvalue structure as in @, and let LRZ and LRZ} y be defined as LRy and LRy, respectively, but
using d = A (ﬁ”) as estimator of the vector of eigenvalues ¢ of Rp.

Let I'” be the (g, ¢)-orthogonal matrix such that I” RyTP = AP , where AP is the diagonal matrix
with diagonal elements equal to the eigenvalues d;’s of Ry. By the delta method and using , we

can claim that .

VA,

where Uf, = FPIW%' I'?. We can state the following result.

(rp’fz"rp - AP) S u, (26)

Theorem 3.3. Assume that the conditions of Theorem[3.1] hold. Then the results (a), (b) and (c) of
Theorem also hold when LRy, LRy x and Uy are replaced by LR?, LRZ \ and Z/{,':k, respectively,

with Hy and Ho(\) involving restrictions on the eigenvalues of Ry.

A similar application to the test for the ratio of unexplained volatility also extend to the correlation
matrix Rp with the same testing procedures as those described for IVy. As in Theorem the
asymptotic distributions provided in Theorem are non standard and difficult to simulate directly.

The bootstrap methods that we introduce next provide a useful alternative.
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4 The bootstrap

This section introduces bootstrap methods for testing eigenvalue structure of the integrated variance
matrix IV and correlation matrix Rp. These methods are of a particular interest when the price vector
process follows a general form of It6 semimartingale dynamics. As already pointed out, the asymptotic
distribution of the test statistics presented by Theorems|[3.1] [3.2]and [3.3 have nuisance parameters that
are costly to estimate. Although we focus on IVy and Ry in this section, the techniques developed
are also useful to spot variance matrix ¢; as we will see in the next section.

We observe that all the statistics of interest for IVy and Rp are functions of the integrated co-
variance matrix estimator IV . Therefore, an important step towards bootstrapping these statistics
consists in bootstrapping IV" itself. The asymptotic distribution of estimators of IV and some of its
functions have been object of approximation by bootstrap in recent literature. [Dovonon, Goncalves,
and Meddahi (2013]) have applied the non-parametric i.i.d. bootstrap to approximate the distribution
of the so-called realized beta and realized correlation between assets. However, as they point out,
the non-parametric i.i.d. bootstrap is not capable, in general, of reproducing the exact asymptotic
distribution of estimators of IVp. Hounyo (2017)) has generalized to the multivariate setting the idea
of wild blocks of blocks bootstrap of Hounyo, Gongalves, and Meddahi| (2017), which is of interest
to us. While standard bootstrap methods focus on sampling point-wise returns, the wild blocks of
blocks bootstrap of [Hounyo| (2017) samples the summands of w" and, thereby, reproduces its exact
asymptotic distribution. Note that the bootstrap method of|[Hounyol| (2017) is designed to approximate
the asymptotic distribution of estimators of IV that are robust to market microstructure noise with
asynchronous data. The complexity of his data structure and model justifies the fact that he resorts
to block bootstrap schemes.

We utilize the method in Hounyo| (2017)) to bootstrap IV". Since we are concerned with syn-
chronous price observations that depart from noisy environments, we rely on a version of the wild
bootstrap that does not involve blocks. Even though - for simplicity of exposition - we do not account
for noise and non-synchronicity in this paper, the test statistics that we introduce in the previous
section can be based on noise robust estimators of IVp. In this case, we shall rely on the full wild
blocks of blocks bootstrap method of [Hounyo (2017) to obtain an accurate estimation of the asymp-
totic distributions. To introduce the wild bootstrap for v n, we first introduce some notation. For
i=1,...,n,let

vi = A X1gapx<angy = v

and n;, for i = 1,...,n be a sequence of independent and identically distributed random variables that
are all independent of y;’s and such that E(n;) = 1 and Var(n;) = 1/2. Consider the wild bootstrap
sample Z* (i=1,...,n) of Z; (i =1,...,n) which is given by

Z'=Zu+(Z—-Zip)m if i=1,...,n—1, and Z; = Z,. (27)

Let IV = >oi1 25 be the bootstrap analogue of IV" and let

(I/‘\/* — I/X\/n) be the bootstrap analogue of S, = (ﬁ/n — IVT) .

H-
3
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Under some regularity conditions, we can show that S;; has the same asymptotic distribution as
S, under the bootstrap measure making the wild bootstrap first-order asymptotically valid. Before
stating this result formally in Proposition below, we first recall the following standard notation
related to the bootstrap theory. We let P*, E* and Var* denote the probability measure, the expected
value and the variance, respectively, induced by the bootstrap resampling conditional on the original
sample. Let Y," be a sequence of bootstrap statistics indexed by n. We say that Y, 20 in prob-P
(also denoted by Y, = op~ (1) in prob-P) if, for any € > 0, P* (|Y,¥| > €) — 0 in probability as n — co.
Similarly, we say that Y, = Op- (1) in prob-P if sup,, P* (|Y,’| > M) — 0 in probability as M — oo.
Finally, we write Y, %Y in prob-P if, conditionally on the sample, Y,* converges weakly to Y under
the measure P* and this for all sample contained in a set with probability P converging to one. ‘wech’
denotes the half-vectorization operator that stacks the lower-triangle part of a matrix into a vector.

We can claim the following result.

Proposition 4.1. Let X be an It6 semimartingale represented by . If Assumption (H-r) holds for
somer € (0,1), we [2(271_”, 1), and E|n;|**¢ < oo for some € > 0. Then

SUP,crate+1)/2 | P* (vech(Sy) < x) — P (vech(Sy,) < ) | %0, in probability.

Let ¢ : M;r — R* be a smooth function and let

(o(77) - stavn) w732 A (o) o (7))

1
T —
n /—An
T,, converges stably in law to W4 [see Equation (7))] with

 9p(M)
oM.,

u,v=1

qu = WT,uv )

M=IVy

with Wr defined in and . The next result derives from Proposition by the application of

the delta method. In particular, it states that T}, and 7, have the same asymptotic distribution.

Corollary 4.1. Under the same conditions as Proposition if Wi has a continuous distribution
on R¥, then  supgepr |P*(T) < x) — P(T,, < z)| 50, in probability.

Corollary establishes the validity of the proposed bootstrap to approximate the asymptotic
distribution of any smooth function of IV". The most practical benefit of this result is that there
is no need to estimate any of the multiple nuisance parameters, including dp(IVy)/0M,,, that the
asymptotic distribution of 7T}, depends on to estimate its quantiles. Bootstrap quantiles obtained from
bootstrap replications of T, can serve as asymptotically valid quantiles for T,.

Corollary has some immediate application for the inference on eigenvalues and eigenvectors of
IV, If the eigenvalue structure of I'Vp is known to be that displayed in @ and ¢* is the eigenvalue
function defined in , then, by smoothness of ¢*, we can claim using that:

w = o (2 () - (7)) Lowp
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in probability. This means that 77\" provides asymptotically valid approximation to the distribution
of W?A that can be used to carry out inference about any component of @*(IVr).

Similarly, if the ith largest eigenvalue of I'Vr is simple, then up to some identifying sign restriction,
the function v;(A) equal to the eigenvector associated to the ith largest eigenvalue of A is smooth in
a neighborhood of IV and once again, from , we can claim that:

7 (e () = (7)) Som
in probability and, from , inference on 7;(IVy) or on any of its components can be carried out
using the bootstrap.

We now turn to the main contribution of this section which is bootstrapping the test statistics in
Theorems and and their related applications. A natural way to bootstrap these test statis-
tics would consist in using bootstrap analogue of , and , with the vector of bootstrap
eigenvalues d* = )\(ﬁ/ n*) as input. However, such bootstrap procedures would fail since they would
intrinsically test for the eigenvalue structure in IV" which is different than that of I V. Indeed, con-
sidering the asymptotic distribution of V" in (4), conditionally on F, IV" is a random matrix with
any pair of eigenvalues different with probability approaching one. To circumvent this issue, we focus
on the leading term in the expansion of the test statistics of interest - instead of the test statistics
themselves - that we bootstrap by using the bootstrap of V" asa key input. We then establish the
first-order asymptotic validity of the proposed method.

As previously defined, let the matrix I' of normalized eigenvectors of IV beI' = (I'1T'g - - - I';) where
I’y is associated to the gg-multiple eigenvalue Ay (k=1,...,7). Let I'g be equal to I'y or (T'y, ---T'),
or even I', and let ) be the integer defined such that U;:kl Z = {Q+1,...,q}. We observe
that the asymptotic distributions of interest in the previous theorems are functions of tr(Z/IJhﬂIOFO) =
tr [( 6WTF0)"} , h = 1,2, where Wyr is the asymptotic distribution of v n, which is defined in
Equation .

If I were known, using Corollary the distribution of I"WrI can be estimated by that of IV S}T.
However, as already mentioned, I' is unknown and cannot be consistently estimated in general. We
have also seen in Section 3 that the fact that the asymptotic distribution of Uy appears through the
trace operator makes some estimator of I'" useful for direct simulation. We have namely used f, the
matrix of normalized eigenvectors of w" [see Equation (21))]. Let T be defined from T as Ty is defined
from I'. Using Equation , we have

Ty =TEy =ToEy + op(1),

where Eo is a matrix equal to the collection of columns of E indexed by %, or Ji_; %, or is equal to
E depending of T'y. Ep = Ekk or a block-diagonal matrix with E’kk (k =kq,...,r) on the main diagonal
or By = E also depending on I'g. The order of magnitude above is obtained from the properties of E
outlined in Equation ; see Proposition in Appendix This proposition also ensures that
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EgEly =T+ op(1). Thus,
~ ~\h ~ ~
tﬁ@wﬁg}:w@“%ﬁmf&}mpm:w“%%mf%mpm,h:Lz
Therefore, Corollary [£.1] ensures that
ENEEN h d* , h
tr (rosgrb) —étr[(FOVVTFO)} (28)

~ ~\h
in probability; showing that tr [(F{)S;’;FO) ] is an asymptotically valid estimator of the distribution

tr(uj@’roro). With this insight, we can now introduce the bootstrap statistics for the tests of interest.
Let
Ur =

1 ~ e~ ~ o~
WH’F—D>:P$R

va ;
where D is the diagonal matrix with diagonal equals to d = )\(.ﬁ\/ n), the vector of sorted eigenvalues

—~n ~ . : *
of IV . Let A\, = é Zz’eft’k di, and Ugy and Ufy ., 11,4 be, respectively, the (qk, g )-submatrix of U
at the intersection of the (¢1 + - -- + gx—1 + 1)-th through the (g1 + - - - 4+ gx)-th rows and columns and
the lower-right (¢ — @, ¢ — @)-submatrix of U*. We consider the following bootstrap test statistics:

* T %2 1 * 2>
LR, = — | tr(U;.) — — (tr(U,
: M( (W)~ (tr(U)

LRy, = ﬁtr(Ukk) (29)

Zy =tr (Udi1.0.041:q) — 7 - tr(Sy),  for some w € (0,1).
Note that tr (S);) = tr (U*). These bootstrap test statistics can be seen as the bootstrap analogues of

the first-order asymptotic approximation of the original test statistics. We have the following result.

Theorem 4.1. Under the same conditions as in Propositz'on and letting LRy, LRy, \ be defined as
in Theorem and Z,, as in Theorem[3.9, we have:

(a) Under Hy, as in Proposition (b), supger |[P* (LR}, < x) — P(LRy, < )| i 0, in probability.

(b) Under Ho(\), as in Proposition (d), SUpP,cr ‘P* (LRZ Z < :c) — P(LRp ) < ) 5 0, in
probability.

(¢) Under Hor, as in and if 5q > 641, supyer |P*(Z) < x) — P(Z, < z)| N 0, in probability.

This theorem establishes the asymptotic validity of the bootstrap when the specified bootstrap
statistics are used. Also, these bootstrap statistics are all bounded in probability even under the

alternative so that the bootstrap tests are consistent.

Remark 3. It is worth reiterating that by construction, the proposed bootstrap method targets the
replication of the first-order asymptotic approximation of the test statistics of interest as opposed to
mimacking the original test statistics - which, we know, leads to invalid bootstrap approximations. In

that respect, we may not be able to obtain the standard higher-order refinement properties for these
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bootstrap tests as this essentially amounts to a match of the higher-order cumulants of original and
bootstrap test statistics. Nevertheless, as illustrated by the simulation results in the next section, the
bootstrap approximation displays a satisfactory level of accuracy even for sample sizes as small as 160,

which corresponds roughly to 5-minute observations within 2 trading days.

Remark 4. The above results carry over to our asymptotic analysis of the correlation matriz. The
useful bootstrap test statistics are defined similarly to LR}, LRy \ and Z; in but using

* 1 =~/ /\n* o~
Ur = (Ve (v" )t -pr)
VA,
(instead of U* ), where G is defined as in , D? is the diagonal matrix of the sorted eigenvalues of
R" = G(f‘\/n), and T'? is the orthogonal matriz of eigenvectors of R"™. These bootstrap test statistics

also use N, obtained from R™ instead of "

Before ending this section, we provide detailed algorithms of the implementation of the bootstrap
tests for the equality of eigenvalues and for the proportion of unexplained volatility as introduced in

Section 3.

ALG 1. Bootstrap algorithm for testing Hy(k): ‘Equality of eigenvalues of IV in the cluster
. That is: §g4.tq, 141 =" = g 4-1q, = A (unknown); see ().

1. Compute V" as given by .

2. Compute d = )\(I/‘\/ n) and T’ the vector of sorted eigenvalues and the associated orthogonal
matrix of eigenvectors and let D be the diagonal matrix such that 'IV'T = D.

3. Compute the test statistic: LRy = —2log/y, where {; is given as in but using d;
ieL={an+ +aa1+tl....aa+-+al})

4. Bootstrap approximation of the asymptotic distribution of L Ry:
(a) Draw n independent copies of 7; such that E(n;) = 1 and Var(n;) = 1/2. One pos-
sibility is to take n; = (vi; + v2;)/4 with v; ~ i.i.d.x?(2); and another one is to take:
n; ~ NID(1,1/2).

) Get the bootstrap sample by computing Z/ (i = 1,...,n) using
(c) Get = S Zfand U* = 2 (f’ﬁ/n*f - D) :
)

)

NG
U, is the £, x &, block of U*.

Get a bootstrap copy of LRy, as: LR} = % [tr[(ng)Q] - qik[tr(U,’;k)]Q} , with A, =

qik ic.z, di 1s the average of the gj; eigenvalues of IV" in the range %.

5. Repeat Step 4 B times (e.g. B = 399) to get as many bootstrap copies of LRy: LRj ,,
b=1,...,B.

6. Use this bootstrap sample to obtain the (1 — «)-quantile, say l,’;,l_a, of LRy.
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7. Reject Ho(k) at the level o if LRy > I} ;.

ALG 2. Bootstrap algorithm for testing for ratio of ‘unexplained’ quadratic variation; i.e.,
Hy,: ‘The first ) principal components support a proportion at least 1 — 7 of varia-

tions.’

1. Choose @ and 7 € (0,1): the number of factors to be tested for carrying at least a proportion
1 — 7 of variation in I'Vyp.

2. Perform Steps 1 and 2 of the previous algorithm.

3. Compute Z,, the test statistic for Hy, as given in (23)).

4. Bootstrap approximation of the distribution of Z:
(a), (b), (c): Same as 4.(a), (b), (c) in the previous algorithm.
(d) Obtain Uj,, the lower-right (¢ — @, ¢ — @)-submatrix of U*.
(e) Get a bootstrap copy of Z,,: Z} =tr(Usy) —m - tr(U*).

5. Repeat Step 4 B times (e.g. B = 399) to get as many bootstrap copies of Z,: Z;';’b,
b=1,...,B.

6. Use this bootstrap sample to obtain the (1 — a)-quantile, say ¢_,, of Z,.

7. Reject Ho, at the level a if Z, > c]_,,.

5 Testing the eigenvalue structure of spot covariance

In this section, we extend the previously proposed tests for eigenvalue structure to spot variance matrix
c; at date t. As presented in Sections [3] and (] these tests have a natural application to PCA of the
vector of stock price process. The main interest of basing PCA on the spot variance is that, regardless
of its dynamics, PCA on ¢; yields the instantaneous factor structure of the vector of stock prices. In
particular, the eigenvector associated to the largest eigenvalue of ¢; gives the direction of the largest
spot variance of X°¢.

Let’s assume that ¢; has the eigenvalue structure in @]) As previously, our goal is to test for a
given row .2 (k = 1,...,r) of this structure in both cases of A unknown (Hy) or set to a known value
A (Hp(N)). Our approach is to rely on the likelihood ratio test statistic defined by:

LRy = —2logly, and LRy, = —2log/ly,,

where (f and /j , are obtained using and ([16), respectively but with d = A(é(t, ky,)) and é(¢, ky)
the consistent estimator of ¢; given by . Unless X is a continuous Lévy process, the resulting test
statistics are not likelihood ratios. Nevertheless, the following proposition, analogue to Theorem
shows that these statistics are useful to test for the eigenvalue structure of ¢;.

Let I'. be the orthogonal matrix of normalized eigenvectors of ¢; and A, the diagonal matrix of

eigenvalues of ¢;. An application of the delta method to @ yields:
Vi (TLE(t, kn)Te — A) £3 U, (30)
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with U, = T Z,T. with Z; given by @ We have the following result.

Proposition 5.1. Let X be an [to semimartingale represented by . If Assumption i Appendiz
holds then the conclusions (a), (b) and (c) of Theorem[3.1] hold with LRy, Uyk, LRy x and T replaced
by LR}, Uerk, LR] \ and 1, respectively.

The proof of this theorem follows the same lines as that of Theorem and therefore is omitted.
Several clusters of eigenvalues can be jointly tested. As mentioned elsewhere, the test statistic to
consider then is the sum of cluster specific statistics over the concerned clusters. The limit distribution
corresponds to the sum of limits since convergence is joint across clusters.

The test for the ratio of ‘unexplained’ spot volatility can also be deployed for ¢;. Given 7 € (0,1),
the statement “that the total amount of volatility not captured by the first Q)-principal components
does not exceed 77 amounts to the null hypothesis Hy, in (22) with § = A(¢¢). The useful test statistic

for Hy, for ¢ is:
q q
7¢ = \/kn Z d; — de,- . with  d= \é(t, k).
i=Q+1 i=1

We have the following result.

Proposition 5.2. Let X be an Ité semimartingale represented by . If Assumption in Appendix
holds and 6q > 41 then the conclusions (a) and (b) of Theorem [3.9 hold with Z,, and Uy replaced

by Z: and U, respectively.

The proof is also similar to that of Theorem and is omitted. The asymptotic distributions
presented in Propositions and for the test statistics are not standard and have many nuisance
parameters. We shall rely once again on the bootstrap for their approximation. Interestingly, thanks
to the similarity between é(t, ky,) and IV" the bootstrap approximation of the asymptotic distribution
in @ is obtained the same way as in . Only returns local to ¢ used in the expression of é(t, ky,)
are bootstrapped. The bootstrap sample is given by:

Zn = Zmi1 + (Zm = Zmi1)m; m=0,...,ky,—1, and 2Zp | = Z _1;

we refer to for more details. Let the bootstrap spot volatility estimate be given by ¢(t, k,)* =

1 En—1 %
AL Yoy Zo. Let

Snt = Vkn(é(t,kn) — c), and its bootstrap analogue S}, = \/kn(&" (¢, kn) — é(t, kn)).

Theorem 5.1. Assume that Assumption holds for some r € [0,2) and 7 € (0,1/2); w € (ﬁ \Y

11
4—r> 2

surely. Then

); and E|ny,|?T¢ < oo for some € > 0. Let t be fived and assume that c; nonsingular almost

sup  |P* (vech(Sy;) < x) — P (vech(Snt) < )| 50, in probability.
reRala+1)/2

This result establishes the validity of the bootstrap for the estimation of the asymptotic distri-

bution of S,;. The proof of Theorem requires a law of large numbers for functions of successive
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local returns and with polynomial growth. This law of large numbers is presented in Appendix by
Lemmas and |A.2l The condition on w is to ensure that the law of large numbers (see Lemma
applies to local sample mean of function of log-returns that have polynomial growth of order
4 + € for some € > 0. This is useful to verify the Lyapunov condition establishing bootstrap validity.
The nonsingularity assumption for ¢; ensure that stripping out the functionally related quantities, the
asymptotic distribution of ¢é(¢, ky,) has a nonsingular variance matrix. This mild assumption is only

made to simplify the proof.

Theorem [5.1] ensures that the proposed bootstrap method is valid for the approximation of the
distributions of quantities analogues to those discussed for IV" in the previous section. Namely,
o (é(t, k) and ~;(é(t, ky)), where v, is the eigenvector function associated to the jth eigenvalue of

¢¢ assuming it is simple. For both functions, the original and the bootstrap statistics are:

Vn (0(6(t kn)) — lcr)), and ki (@(é(t, kn)*) — @(é(t, kn)))

respectively, with ¢ = <p’\,'yj or G for the spot correlation (see Equation ) Likewise, with fc

denoting the orthogonal matrix of normalized eigenvectors of ¢(¢, ky,) and defining
Uc>’< = f/cSthCv

the statistics: LR, LRj, , and Z; have their bootstrap analogue, LRE*, LRiTA and Zfl*, defined as
in but with 7" and U* replaced by 1 and U}, respectively. We can verify along the same lines
as in the proof of Theorem that the bootstrap of these statistics is asymptotically valid. As a
result, the algorithms ALG 1 and ALG 2 are also useful for inference on the eigenvalue structure of
¢t. The main changes are: I/X\/n, Ly, I/X\/n*, LRy, LR}, U*, Z, Z}; are replaced by ¢(t, ky), €5, ¢(t, kn)*,
LRS, LRS , Ur, Z¢ and ZS, respectively and the bootstrap sample Zr (1=1,...,n) replaced by Z,
(m=0,...,k,—1).

6 Monte Carlo simulations

We conduct a Monte Carlo simulation study to investigate the finite sample performance of the tests
proposed in Sections [3] and [ for the equality of eigenvalues and ratio of unexplained volatility. Our
primary focus is on assessing the empirical size and power of the asymptotic tests in Proposition (3.1
and the bootstrap-based test in Theorem (see also Theorems under a variety of data
generating processes (DGPs).

For our simulation settings, we consider a continuous time process X; € R? that represents a vector

of ¢ assets’ prices, whose components are generated by the following m-factor model:

*

m
de,t = Z/Bk,jdfk,t + dej,t) for j = 1) < q,
k=1

where X ; is the price of asset j at time ¢, fi;, for k = 1,...,m", is the k-th factor at time ¢, §y, ; is the
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Table 1: Summary of Simulation Parameters

Stochastic Volatility and Jump Diffusion Parameters

Kz fz Oz Pz ,ui UzJ Cz
SV 5 0.15 0.05 -0.5 0 0 -
SVJD 5 0.152 0.05 0.5 0 001  1/A,

Parameters for the Lévy factors, Lévy noise process and factor loadings
Lévy (R7) 0.152 Noise (h°) 0.152 x #* Loadings f;; ~ U(0,1)

Note: The term 7* represents the target noise to signal ratio used in the simulations. Note
that because 3; ; is uniform then the total expected quadratic variation of the continuous factor
component can be approximated by 1—12m*§z for the SV and SVJD factor models and l—lzm*hf for
the Lévy model.

factor loading that captures the exposure of asset’s j price to factor k, and {e;;} is an uncorrelated
noise process.

Following the literature, we next assume that the factors and noise are pairwise independent semi-
martingale processes; see Pelger (2019). Generically, factors and noise are driven by the following

Stochastic Volatility Jump Diffusion model with a constant jump intensity:

dziy =17, AW, + J2,dNF, with Iz N e, (31)
dhi, =r.(E. — hE,)dt + ooy [h7, AW, with (W2, W2h, = pat, (32)

where z € {f, e} represents either the factor or the noise process, with their components indexed by
i which belongs to either {1,...,m*} or {1,...,q}, respectively; Nit is a Poisson point process with
arrival rate (., and [, -] denotes the cross variation of the arguments.

We consider three Monte Carlo designs. Common to all, we restrict ourselves to the case where
the noise is a continuous Lévy processﬂ with cross sectionally homogenous variance and no jumps;
ie., hi, = h® = Constant and Jf, = 0. The factors are simulated using the following DGPs: (i) the
continuous Lévy process with common variance h{ . = h'/ and no jumps Jiy =0 [hereafter Lévyl]; (ii)
the Stochastic Volatility model without jumps J7, = 0 [hereafter SV]; and (iii) the full Stochastic
Volatility Jump Diffusion model [hereafter SVJD]. The factor loadings f; ; are independent random
draws from a standard Uniform distribution. A summary of the values of the parameters used in our
simulations can be found in Table We generate data over a range of sampling interval A, and
time horizons T' with the number of assets set to ¢ = 20 or 100 to replicate a number of different
scenarios such as futures and bond curves (circa 20 variables) and the cross section of assets (circa
100 variables). In each case we set the number of factors in the data generating process to m* = 6.

Our simulation experiments have three different parts. In the first one, we investigate the size of
bootstrap tests for testing the number of elements in the cluster of smallest eigenvalues of IV and

the number of factors supporting at least a given ratio of volatility (quadratic variation). The second

4We consider more general dynamics for the noise process but we do not report the results as they are similar to those
included.
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experiment highlights the power curves of the test for equality of eigenvalues. Finally, in our third
simulation experiment, we study the power properties of the bootstrap test for the ratio of quadratic
variation under different eigenvalue structures. Throughout, rejection rates are based on 10,000 Monte

Carlo replications and the bootstrap critical values on 399 bootstrap samples.

6.1 Equality of eigenvalues and ratio of quadratic variation (QV)

Using the various DGPs that we defined in the previous section, in Tables [2| and [3| we report the
rejection rates of our bootstrap tests for testing that: (i) the smallest ¢ — m* = ¢ — 6 eigenvalues
are equal [hereafter Equality Test, ALG 1] and (ii) the ¢ — m* = ¢ — 6 components associated to the
smallest eigenvalues explain at most m = 5% fraction of quadratic variation [hereafter Proportion QV
Test, ALG 2|, i.e. 7" =7 = 5%, with 7* the noise to signal ratio. The null hypotheses under test are
correct in all the DGPs. The rejection rates were calculated for different sampling frequency A, but
fixed time horizon T' [see the upper panels of Tables |2 and [3] and for different 7" but fixed A,, [see the
lower panels of Tables [2] and [3]. The columns of the tables report the results obtained for each of the
DGP under consideration: Lévy, SV, and SVJD.

From these tables, we see that the size of the two tests are very close to 5% for almost all cases,
both for ¢ = 20 and ¢ = 100. It is worth noticing that the size slightly increases when we increase the
sampling frequency, with an inflection point at one minute. It is also interesting to note that when
the asymptotic chi-squared test is used instead for testing the equality of trailing eigenvalues, its size
(results are not reported, but available upon request) can reach 100% for small and moderate samples
and for almost all cases, including the continuous Lévy process. Indeed, the bootstrap tests perform

very well compared to the asymptotic tests.

6.2 Power curves for the test for equality of eigenvalues

Having examined the size of the bootstrap tests under the null, we now explore the rejection rates when
we test for either too few or too many equal eigenvalues in the cluster of smallest eigenvalues. Testing
for the equality of too many should lead to large rejection rates (as we are under the alternative).
Testing for too few is consistent with the null hypothesis but the asymptotic distribution of the test
statistic is not available in this case. See Remark [I] Size-correctness of the test requires that rejection
rates do not exceed nominal level.

In this experiment, we use 5,000 observations to allow for a fair comparison between asymptotic
and bootstrap tests. We again set the number of factors in the DGPs to m* = 6. This means that
the correct number of equal trailing (smallest) eigenvalues @ is Q* = 14 (for ¢ = 20) and Q* = 94 (for
g = 100). Figure 1| presents the power curves for both asymptotic (chi-square) and bootstrap tests for
Q=Q"—6,....,Q"+6 (¢=20)and Q =Q* —9,...,Q* 4+ 6 (¢ = 100).

The upper plots of Figure|l]illustrate the rejection rates for the asymptotic and bootstrap tests for
the case when both the factors and noise are Lévy (Lévy-Lévy) processes. From this, the chi-squared
test is correctly sized at 5% when testing for Q = Q* equal trailing eigenvalues. The bootstrap is

slightly conservative, but only by a small degree. The bootstrap for both ¢ = 20 and ¢ = 100 has
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Table 2: Rejection rates (in percentage) for the Bootstrap Tests when ¢ = 20

Test Equality Test Ratio QV Test
DGP Levy SV SVJD Levy SV SVJD
A, Fixed T Varying A,

5 sec 5.18 5.27 5.30 5.12 5.23 5.25
30 sec 4.93 5.08 5.11 4.94 4.98 4.97
1 min 4.71 4.95 4.88 4.75 4.87 4.79
5 min 4.87 4.88 4.93 4.83 4.88 4.94
T/A, Fixed A,, Varying T'

160 5.26 5.21 5.33 5.16 5.28 5.32
500 4.98 5.07 5.14 4.94 4.97 5.05
1200 4.81 4.73 4.92 4.72 4.81 4.84
2000 4.78 4.94 4.99 4.82 4.88 5.02

Table 3: Rejection rates (in percentage) for the Bootstrap Tests when ¢ = 100

Test Equality Test Ratio QV Test
DGP Levy SV SVJD Levy SV SVJD
A, Fixed T Varying A,

5 sec 5.02 5.40 5.37 5.31 5.19 5.66
30 sec 5.09 5.22 5.59 5.20 5.10 5.46
1 min 4.80 5.03 5.32 5.01 5.05 5.32
5 min 4.85 5.11 5.45 5.06 5.11 5.74
T/A, Fixed A,, Varying T

160 5.23 5.48 5.80 5.39 5.92 6.81
500 5.08 5.31 5.61 5.20 5.29 5.92
1200 4.81 4.99 5.30 5.04 5.12 5.34
2000 4.89 5.02 5.15 5.02 5.05 5.21

Note: The tables report the rejection rates for the test of equality of the 14 and 94 smallest eigenvalues
for ¢ = 20 and ¢ = 100, resp. (Equality Test) and that of the test for 6 principal factors supporting at
least 95% of quadratic variation (Ratio QV Test). In the upper panels of the tables, the time horizon
T = 1 month. In the lower panels, the time interval A,, = 5 min and the number of observations T/A,,
varies. The nominal level o = 0.05.

a steeper curve than the chi-squared test, indicating more power when we test values at the right of
the correct null, and is more conservative when failing to reject values at the left of the correct null.
When the factors and noise are SVJD and Lévy (SVJD-Lévy) processes, respectively, the lower plots
of Figure |1 show that - for both ¢ = 20 and ¢ = 100 - the asymptotic test does not control anymore

its size, whereas the bootstrap test does and has a very good power.
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Figure 1: This figure illustrates the Size/Power comparison between asymptotic and bootstrap tests for
testing the equality of the ) = ¢ — m smallest eigenvalues: Hy : dg—m+y1 = -+ = d4. In each DGP, the
true value is Q* = ¢ — m* with m* = 6 corresponding to the number of simulated factors (marked by the
vertical dotted line). The nominal level is 5% marked by a horizontal dotted line. The data corresponds
to 5,000 observations at a five minute frequency.

6.3 Power curves for testing the ratio of quadratic variation

In this experiment, we assess the size and power of the bootstrap test for testing the ratio of quadratic
variation explained by factors associated to the trailing (smallest) eigenvalues of the integrated co-
variance matrix. In Section we set the noise to signal ratio 7* in the DGPs to be equal to the
proportion w of quadratic variation explained by the trailing factors, for which we were testing the
value m = 5%. In that framework, the factor component accounted for 1 — 7* = 95% of the variation
in the simulated prices and noise for 7* = 5%, and we tested for the trailing eigenvalues explaining at
most m = 5% of the quadratic variation. That simulation framework, however, was chosen to check
the size of the test under a straightforward eigenvalue structure.

In this section, we look at a series of cases that illustrate a more complicated eigenvalue structures
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Figure 2: This figure illustrates the Size/Power for Case 1; i.e., rejection rates when using bootstrap to
test for the number of trailing eigenvalues on the abscissa axis that explain at most 7 = 0.05 fraction of
the quadratic variation. The frequency of sampling is A,, = 5 min and 7'/A,, is set to 5,000 observations.
The DGP is driven by 30 factors, with 6 dominant factors (explaining 85% of the variation) and 24 minor
factors explaining another 10%, with the noise explaining 5%. The null hypothesis under the DGP is
correctly specified when the number of trailing eigenvalues is equal to 70. The three plot lines refer to
the three DGP types for the factor model Lévy, stochastic volatility (SV) and stochastic volatility jump
diffusion (SVJD). For each case we use a Lévy noise process.
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Figure 3: This figure illustrates the Size/Power for Case 2. The simulation conditions are the same as in
Figure [2| except that here the first six dominant factors now explain 95% of the quadratic variation, the
remaining 24 factors explain 4%, and the noise accounts for 1%. As such the null hypothesis is correctly
specified when the number of trailing eigenvalues in the DGP under consideration is 94.
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Figure 4: This figure illustrates the Size/Power for Case 3. The simulation conditions are the same as in
Figure[2 and [3] except that the first six factors in the simulation explain 85% of the quadratic variation, the
remaining 24 factors explain 5% of the quadratic variation and the noise 10% of the quadratic variation.
As such, the null hypothesis is correctly specified when the number of trailing factors explaining at most
5% of the quadratic variation is equal to 35.

that we build into our DGPs. For this, we focus on ¢ = 100 and presume that the DGPs are represent-
ing a broad cross section of assets, such as the S&P 100. We follow, in part, the simulation settings in
ATt-Sahalia and Xiul (2017) to build three blocks into the simulated eigenvalue structure. Overall, in
each of the three cases described below we have 6 ‘dominant’ factors explaining a large fraction of the
quadratic variation, then 24 further ‘weak’ factors that have cross sectionally homogenous variance
and share only a fraction of the quadratic variation to make a total of 30 factors. We then have 70
trailing eigenvalues with associated factors explaining a small, but nonzero fraction of the quadratic
variation. These structures were built by adding a constant to each element of the factor loading 3; ;,
such that the resulting fractions of quadratic variation deliver the proportions of quadratic variation

explained by each block in the following cases:

Case 1: The first six factors in the simulation explain 85% of the quadratic variation, the remaining
24 factors explain 10% of the quadratic variation and the noise 5% of the quadratic variation.
Thus, test should reject at 5% when the number of trailing factors explaining at most 5% of the

variation is equal to 70.

Case 2: The first six factors in the simulation explain 95% of the quadratic variation, the remaining
24 factors explain 4% of the quadratic variation and the noise 1% of the quadratic variation.
Thus, test should reject at 5% when the number of trailing factors explaining at most 5% of the

variation is equal to 94.

Case 3: The first six factors in the simulation explain 85% of the quadratic variation, the remaining 24

factors explain 5% of the quadratic variation and the noise 10% of the quadratic variation. Thus,
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the test should reject when there are 35 trailing eigenvalues.

We simulate the factors described above using the 3 DGPs Lévy, SV and SVJD with Lévy noise
in each case. We set A,, = 5 min and T/A,, = 5,000 observations. The rejection rates (size and
power) for testing the proportion of unexplained variance under these different eigenvalue structures
are reported in Figures [2] to [} which correspond to each of the above 3 cases, respectively.

Figure [2] illustrates the rejection rates to the left and right of the null given the actual DGP. For
Case 1, the number of trailing factors that explain at most # = 5% of the quadratic variation is 70.
From this figure, we see that the bootstrap test is correctly sized for all DGPs and has a good power.
To the right of the null, we see that the bootstrap test has much more power when the factors are
generated by Lévy process, followed by SV and SVJD processes.

Figure [3| shows the empirical rejection rates when the eigenvalue structure corresponds to 6 domi-
nant factors that explain 95% of the quadratic variation within the sample and 24 remaining factors
explain only 4% of the quadratic variation (Case 2). Similarly to the results in Case 1, the boot-
strap test is correctly sized when the number of trailing factors explaining at most 5% is equal to 94.
Furthermore, the test has a reasonable power, with some difference in the power depending on the
DGP under consideration: the test reaches a higher power for Lévy process, followed by SVJD and
SV processes.

Finally, Figure {4| illustrates some of the difficulties in identifying the eigenvalue structure when
quadratic variation is spread most evenly. In Case 3, 85% of the variation in the data is explained
by 6 dominant factors with the remaining 15% split between 24 “weak” factors (5%) and the noise
(10%), characterized by 70 equal eigenvalues. For this case, the test is under the correct null when the
number of trailing eigenvalues is equal to 35. The results in Figure [4] show that the bootstrap test is
doing well in terms of size control, but is slightly conservative for the SVJD and SV processes when

testing for 35 trailing eigenvalues.

7 Empirical study

We now conduct a two part empirical exercise to illustrate the usefulness of one of our bootstrap tests
as a guide to modelling financial time series data. The objective is to generate a series of candidate
factors from a subset of actively traded stocks. We then use these factors to extract the systematic
returns from a large cross section of returns from US equity market securities.

Data and methodology: We make use of two data sets for this empirical study: (i) the historical
record of tick-by-tick best-bid and best-offer data for 597 members of the S&P 500 traded between
January 1, 1996 to the end of the week of April 6, 2020 from the SIRCA-Thomson Reuters data
files and (ii) the daily and monthly CRSP returns data file for US stocks with 21,965 firms reporting
returns between January 1, 1996 to December 31, 2019 (the latest available sample at the time of
writing this section).

For the tick-by-tick data set, we collect the data into trading weeks (Monday to Friday) and trading
months (first to the last day of the month). Trading weeks are checked against historical holidays and

shutdowns (such as September 11, 2001). For all of the available stocks for a given trading week or
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Figure 5: Comparison of the weekly and monthly cumulative first principal component normalized by
their standard deviations for plotting comparison.

month, the mid price is computed from the best-bid and best-offer after June 2005. The stocks are
next sorted by the total number of price changes over the week or month. The 100 most actively
traded are then selected for the covariance estimation and PCA analysis.

The tick-by-tick prices, observed at specific times stamps, are sampled to an equidistant five minute
grid over the trading day that goes from 09:30 to 16:00 Eastern Time, and then used to calculate
returns.

Our analysis is then performed as follows. For the tick-by-tick data, we first remove: (i) all zero
prices and instant reversions from the bid and ask series; (ii) any records where the standing bid
price is higher than the standing offer price; and (iii) any records where the bid/ask price is more
than 500% different from the daily median bid-ask. We next use the bid-ask tick series to compute
the tick-by-tick mid price/return and record the tick times. Weekly and monthly covariance matrices
are then estimated after we removed jumps using the threshold 3(BV/T)?°A%47 where BV is the
estimated bipower variation.

Thereafter, we apply our bootstrap-based test to the weekly and monthly returns to determine
the number of components that explains at least the 1 — 7 proportion of quadratic variation for the
data set, with 7w set to 5%. We use 399 bootstrap replications and sequentially increase the number of
components from the largest eigenvalue downwards and stop when the test fails to reject null at the
level a = 5%.

For each week and month, we collect the @) eigenvalues indicated by the quadratic variation test
and their corresponding eigenvectors. The eigenvectors are then used to construct factor components
as in |Chen et al.| (2019)). Figure |5| presents the cumulative returns for the first principal components

for weekly and monthly returns. From this, on the one hand, we see that the pattern of the weekly
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Figure 6: This figure illustrates the number of factors selected each week (month) using our ratio test,
with a target proportion of quadratic variation explained within the cross section of high frequency returns
being 95%.

series is quite consistent with the results found in |Chen et al.| (2019) (over the period from 2004 to
2014) and in [Alt-Sahalia and Xiu (2019) (over the period from 2003 to 2013) who argue that the

first principal component shares the time series features of the market return. On the other hand,

the monthly pattern is substantially smooth and, interestingly, the short positions over the 2008-2010
period appear sufficient to smooth over the evident market dip for the first component cumulative
returns we obtained using weekly data.

Results: Using our bootstrap-based test, Figure 6 presents the weekly and monthly time series of
the number of principal components needed to explain at least 95% (7w = 0.05) of quadratic variation
over one-week and one-month-long periods, respectively. There are several interesting points that are
worth commenting on. First, the weekly pattern of the number of principal components over the
2003-2013 period is substantially similar to the one found in |Ait-Sahalia and Xiu (2017)) as we notice

a rise in the number of components prior to 2009 and a fall after the commencement of the financial

crisis as a single factor dominates. However, the longer time frame of our study provides additional
insights. During the time-period of 1996-2002, we detect a larger number of components for both
weekly and monthly data. Intriguingly, this is prior to the national market service (regulation NMS)

implemented in 2005. Indeed, the number of price changes recorded for the best-bid and best-ask time

series is substantially lower prior to 2002. Furthermore, as noted in |Chen et al. (2019)), asynchronous

trading due to stale prices in the national best-bid and best-ask (which did not formally exist prior

to 2005) can add significant levels of idiosyncratic noise to the covariance estimation. Similar effects

are mentioned in |Ait-Sahalia and Xiu (2017) who argue that subsampling does not fully mitigate the

effect of microstructure noise.
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Figure 7: This figure illustrates the matrix of the tests for significant pairwise correlations between pricing
errors from the regression of weekly excess returns regressed on to the principal components determined
from five minute return covariance matrices as pricing factors, that is &; = 7; weekly — B Fuweekly.- We
exclude stocks with less than 75 available weekly returns. The dots in this figure indicate the rejection
of the null hypothesis of no pairwise-correlation. In each subfigure, the total number of tested pairwise
correlations is 42,822,885 i.e. the number of off-diagonal correlations ((N? — N)/2, with N = 9255).
We set the p-value to 0.05/42,822,885, which yields a critical value of around 6.22 for the t-test. The
squares highlight several sectors, notably Mining (MN), Manufacturing (MA), Transport (TR), Retail
(RT), Finance (FN) and Services (SV).

Having built a set of weekly and monthly factors from the principal component analysis and
identified the candidate number of factors based on our test, we now use the latter factors to explaining
the cross sectional variation of a large number of stocks from the CRSP return dataset.

For comparison with the weekly factors, we aggregated the daily CRSP stock returns to weekly

returns for the available firms in the US stock market. CRSP monthly returns are collected in the
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Figure 8: Significant pairwise correlations for our Principal Component Factors derived from covariance
matrices computed monthly using five minute returns. For the definition of the points in the plot see the
caption in Figure

standard way. For the second stage of the analysis, a stock must have at least six years of daily holding
returns (approximately one quarter of the targeted sample size) to be kept, which leaves us with 9, 255
stocks over the sample period January 1, 1996 to December 31, 2019. For each stock ¢, we run the

following time series regression:
m=0f" + ey, fori=1,...,9255, (33)

where 77 is the weekly or monthly CRSP stock return and f;™ is the cumulative return over a week
or month for the vector of factors, respectively. We next compute the pairwise covariances between

residuals and record this in a matrix S = [cov(e;+, €j¢)]i ;. Notice that because the elements of S are
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constructed pairwise, the matrix S is not guaranteed to be positive semi-definite. It is inherently a

reduced rank matrix as the number of variables is larger than the number of observations. We next

calculate the pairwise correlations between residuals p;; = cov(eiy, ejr)/\/var(eit)var(ejy), for i # j
and 4,5 = 1,...,9255, and record this in a matrix S”. An adjusted standard t-test is then used to
test Hy : p;; = 0 against Hy : p;; # 0, for all 7,7, and in a sized matrix M we record 1 if the null
is rejected at 5% significance level, and 0 otherwise. Following [Ait-Sahalia and Xiu| (2017)), we apply
pair-wise sphericity tests and adjust the individual p-values to match the joint power of these tests;
see Onatski et al| (2013 for an example in a similar context. In this instance, 9,255 stocks yield
42,822,885 pairwise correlations.

Thereafter, we construct matrix plots with points representing the significance of the pairwise
correlation. The stocks are sorted as follows. First, they are placed into sector bins following the
example in A1t-Sahalia and Xiu| (2017)) and second, they are sorted (largest to smallest) by the absolute
value of the weighting of the stock in the eigenvector corresponding to the largest eigenvalue of S. This
approach follows in the tradition of |Cochrane| (1996)); |Gomes, Kogan, and Zhang| (2003); lJagannathan
and Wang] (2007); Cooper, Gulen, and Schill (2008)). However, we use individual stock returns in the
spirit of |Ang, Liu, and Schwarz| (2020), with the objective of assessing to what extent do the factors
from the high frequency PCA mimic the well established factors in orthogonalizing a very large cross
section of lower frequency returns.

Subplots (a) to (d) of Figures [7] and [8| graphically report our 42,822,885 pair-wise correlation tests
for 1, 4, 11 and 14 factors, respectively. These plots are slightly different from |Ait-Sahalia and Xiu
(2017) who use a fixed threshold to illustrate the degree of pairwise residual correlation for the assets
within the sample used to compute the factors. Similarly to |Ait-Sahalia and Xiu (2017)), the blocks
represent the top level industrial sectors and these are marked by a mnemonic. When residual return
correlation is significant, the location is represented by a marker.

The first point to note here is that, consistent with |Ait-Sahalia and Xiu| (2017)), increasing the
number of weekly or monthly factors does reduce the density of residual correlation. However, this
reduction is not the same for the weekly and monthly returns data sets. In Figure [7] we observe that
even for 14 weekly factors there is a fair amount of residual correlation and the latter does have some
structure with certain groups of firms clearly having bands outside their industry boxes.

However, for factors extracted from monthly five minute data, the visible density of residual correla-
tion drops markedly and the pattern does not have any substantive banding or clustering. Indeed, with
14 monthly factors there is no discernible pattern to the location of the significant correlations. The
sparse covariance structure left in the residuals within given industries might, however, be explained
by the fact that our factors are global factors and do not capture all industry specific characteristics.
We conclude that generating 14 approximate factors, obtained by PCA, from high frequency return
data for a subset of 100 most actively traded stocks will effectively capture the systematic variation

of the weekly and monthly holding returns for the available cross section of CRSP stocks.
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8 Conclusion

This paper introduces a testing framework for the eigenvalue structure of the integrated variance
matrix (IV) and the spot variance matrix (¢;) of stock price vector processes represented by an Ito
semimartingale dynamics. Likelihood ratio-type tests are proposed for the equality of clusters of eigen-
values of these matrices as well as their related correlation matrices. Unlike the existing approaches
that are valid only in settings with large cross-section dimension, our tests do not require large cross-
section and thus they are useful in a wide variety of applications. Our tests are shown to be useful to
principal component analysis of the price vector process based on ¢; or IV. More specifically, a test is
proposed that detects the number of principal components or factors sufficient to capture at least a
certain prespecified proportion of variation in the data using ¢; or IV as dispersion measure. Further,
our tests are also useful to test some special factor structures of the price process, especially those
factor structures that translate into the equality of the smallest eigenvalues of ¢; or IV.

We derive the asymptotic distributions (under the null) of our test statistics and find that they
are, in general, non-standard with many nuisance parameters. Another main contribution of this
paper consists in proposing some variant of the blocks of blocks bootstrap to approximate these
asymptotic distributions. The proposed bootstrap procedures do not require the estimation of many
nuisance parameters, they provide a better test than the asymptotic approximation, and are simple
to implement. Their first-order asymptotic validity is established.

The finite sample properties of the asymptotic and bootstrap tests have been investigated by an ex-
tensive Monte Carlo simulation study where several data generating processes have been considered as
well as different sampling frequencies and small and large cross-section dimensions. The results reveal
that the bootstrap tests are correctly sized and has power in determining the eigenvalue structure.

We illustrate an application of our tests for factor construction from the 100 most actively traded
constituents of the S&P 500 index. We then use the number of principal components selected by
the test in a cross sectional model for all traded stocks in the CRSP datafile. Analysis of the pair-
wise correlation of the resulting residuals suggests that these principal components are viable pricing

factors.

A Assumptions, Lemmas and Proofs

A.1 Assumptions

Assumption A.1. X satisfies Assumption (H-r) for somer € [0,2) and the process o satisfies (H-2); kn /A, —
0 and k,A], — 8 € (0,00) for some T € (0,1/2); r <2/(14+7) and w > 7/[2(2 —1)].
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A.2 Lemmas: Law of large numbers

Let A7X = X;a, — X(i—1)a,, and (k,) and (v,) two sequences of integers. Let f be a real-valued function
defined on (R%)¢ and let

kn—4
1< H—mX Az m 1X Az+m+€ 1
f knaﬂn = kn Z f ( \/— T/i sy H1{|‘A1+m+]XH<Un} (Al)
For t € ((i — 1)A,,iA,], define f(kn,vn,t) = fis1(kn,vn).

Lemma A.1. Assume (i) X satisfies assumption (H-r) for some r € [0,2], (ii) k, satisfies: k, — oo and
knA, — 0 asn — oo, (iii) v, = aAZ for some a >0 and w € (0,1/2), and () [ is a continuous real-valued
function on (R?)* which satisfies

~

[f (@1, H Uz D+ Nl [17) (A.2)

forp >0 and U is a continuous function on [0,00) which goes to 0 at infinity.
Then, when X is continuous, or when X jumps and either p < 2 or
p>2 0<r<2 w>-L"2 (A.3)
2(p—r)
we have, for any fized time t > 0,
F ks vnst) 5 21,
where p2'f = Ef(Zy,...,Z;), with Z; ~i.i.d.N(0,¢,).
This lemma covers in particular cases where the function f is continuous and bounded or has a polynomial
growth, that is:

4
[f(z1,. . 2 H (L + = 117) (A4)

for p > 0 and a constant K > 0. Note that a function satlsfylng also satisfies (A.2)) for a value p’ =p+¢
for any € > 0. The cost of the application of this lemma to such a function is that when X jumps and p > 2,
the range of w warranting the stated convergence is 1/2 > w > (p+¢—2)/(2(p +€ — 1)), for some ¢ > 0. This

can be made sharper as shown by the following lemma.
Lemma A.2. The statement in Lemma[A.1| holds under the same conditions but with (A.2) replaced by: (A.4).

Proof of Lemma Our proof follows the lines of that of [Jacod and Protter| (2012, Th. 9.3.2). By the
standard localization procedure (see|Jacod and Protter, [2012, p.114), the strengthened assumption (SH-r) below
will be relied upon instead of (H-r):

Assumption (S’H-r) We have (H-r), and the processes b and o are bounded, and ||6(w,t,z)|| A1 < T'(z) with
I’ bounded and [T'(z)"A(dz) <

Let i, = i+1, with ¢ such that t € I(n,i) = (iA,, (i—1)A,]. Lett, = (in—1)Ay,, Y} = o, (Wi =Wy, )11, <ty
and Y/" = ftt (05—, )dW,. By construction and thanks to the cadlag property of c, ¢, — ¢; as n — oo.

Step 1: We show that

kp—1
A IS Az+1+my Az+2+m Az+€+myn P ¢
(3 n = 57— 9 ) 1) — c
e = 320 (S S VA, )t



- ; ke — . . .
By definition, we have f;11,y» = é Yoo fWit194ms Yitr14ms - - - Yittm), With yp ~ i.i.d.N(0,¢;,). It is not

hard to see that

E (fiJrl,Y") = # o f = pSf.

Also, Var(fzqu,yn) = 0O(1/k,) — 0 as n — oco. We conclude that fi+17yn converges to p?;‘“]f in quadratic mean
and therefore in probability.

Step 2: We now show that:
n = f(knavnat) — fi+1,Y" = fi+1(k‘n, Up) — fi+1,yn 5o. (A.5)

For this, we will use the following inequality established in Step 3 bellow. For all v > 1, ¢ € (0,1] and A > 0

large enough, with a; = x; +y; + z; + w;; 7 = 1,...,¢, we have:
Y
f(al, ey ag) Hj:l 1{\aj|§v} - f(al, ey ag)

L
< Oale) + KU [Toy ([l 1P+ lys 1P Av? + (125117 + [lw; 1)

1 _
HEAZ ST e (lysl1P AvP + [z + [lws]P)

L||PT2
+ et [T O Dzl [ L5 el A 0P + [lell? + e

where 04(¢) is a positive valued function converging to 0 as e — 0; ¥(A) — 0 as A — oo and K > 0 a generic
constant.

Now we consider the decomposition of the process X given by Eq. (9.2.7) of |Jacod and Protter| (2012)), that is:
X =X+ X" with X' = Xo + fg blds + fo osdWs where b = b, + fo (t, 2)1i5(2,2) ) >13 M (d2).

Write z; = A} Y™ /VA,, yi = A (X" /VAL, 2z = A} Y™ /VA, and wy = A}, B" /A, with
By = [y blds
t — Jo Vs .

Using (A.6), we obtain for some constant K > 0,

1Z0] < 0a(e) + £ sy (WA Z + AXeP 22 + 23 ), (A7)
with:

14 w—1/2)

Zhm = et (lomesalP + Nyl A DR s | + w0l
w—1/2
22 = Tyt (Imsgml? A DR o [P 4 s |P)
(A.8)

¥4

Zim = Tt [[lciipe 4 lomasmal?)] x

m+s 1/2
Lzl g P A ARV 2 g P 4 s 1]

n . P
We have [|ym+;—1]P A ARE=Y2) — AP(==1/2) A“A# A 1]. Similar to the arguments of [Jacod and

Protter| (2012} p.259), we can claim using their Egs. (2.1.”33), (2.1.34) and (2.1.45) that: for all i: 0 <4 <k, —1,

|| P
Joill” = HAMB

A <SKAP? B (|80 1Y P F,ri-na,) < KARZ,
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E (|18, Y™ P Firi-1ya,) < KAYPE(y| Fi, viciya,) < KAP?,

where v, is a bounded random sequence converging almost surely to 0 and finally,

"
( H l’n+2X

where ¢, — 0 as n — co. Hence:

p

A 1‘ ]-'(Z-n+i1)An> < KAPA2==) g (if p < 2), and < KALY %6, (if p > 2),

E (||yi||f’ NARTUD|F i a, ) € Ko, (Ep<2), and < KAL=7=126, (i p > 2).

Then, under (”%Hp A ARE1/2) | Fin+i-1)A,, ) < K¢, for all p > 0.
By successive apphcatlons of the law of iterated expectations, we can see that:

E(Zrlz,m) S K7
B(Z,) < K(60+A +Ely,))
B(Z3,) < K (A2 460+ A2+ B()).

This shows that E|Z,| — 0 by first letting n — oo and then A — oo and ¢ — 0. As a result, Z, — 0 in
probability.

Step 3: It remains to show (A.6)). We have the following inequality which is a slight extension of |Jacod and
Protter| (2012, Eq. (8.4.21)). For all ¢ € (0,1], A large enough and z;,y; € R¢,

|f(xr+y1,. . me +ye) — flor, ..., 20)]
(A.9)
< 0a(e) + KUA) T, (1 + [ls [P + [ly;|IP) + K A% ZJ 1 (M>7

j=1 eP

with 64(e) - 0 as e — 0; U(A) — 0 as A — oo and some constant K > 0. By elementary calculations, we
deduce for any v > 1:

¢
f@r+yr, o ze+yo) I Ye, 4oy 1<0y — (@1, w)’

< 0a(e) + KUA T (L+ a7 + gy 17 A v7) + A2y (Ll
+|f (@1, ... )] (1 ~ 115, 1{|\xj+yj|\§v}) (A.10)
< 0a(e) + KUA T (1+ P + lysI? A v7) + K A2y (Ll )
et T g (L N 1P) [ L2252 i A e
In the last inequality, we use the fact that (1 + ||2[”))1{jjz4y>0} <O (” 2l lyllP A vp) with § = 4(2P +1).

Then, (A.6) follows easily. O

Proof of Lemma [A.2} As stated in the proof of Lemma by the localisation procedure, it is sufficient to
establish this result under the stronger assumption (SH-r).
Let ¢ be C* on R with 1p o) < ¥ < 112,00y and define 9. (z) = ¢ (||z]|/e) and Y. = 1 — 9. Write
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fm(@1,. o ze) = f(21,. .., 20) Hﬁ:l Y () and define fo, ;(kn,vn) as fi(kn,v,) in (A1) but with f replaced
by fin.

Step 1: We show that the result holds for f,,. By definition, each f,, is continuous and bounded therefore,
from Lemma we have

A P
fmjit1 — p?f(fm), as n — oo.

Also, by the Lebesgue dominated convergence theorem pS¢(frn) — p&4(f) as m — oo (note that |f,,| < |f| for
all m, fn, — f, pointwise and pS*(|f]) < 00).

Step 2: It remains to show that Z, = fm’i+1 — fiﬂ = 0,(1) for m,n large. For m fixed, for n large enough,
m < u, = v,/vVA, and thus ¢/ (z) < 1{|jz|<u,}- Hence, we have:

¢
@1 ze) o Legi<uny — (@, 20|

= f @m0l T Yty = Ty )| < 1@ T <y St Lo zm/2)

IN

¢ V4
K3 oot T (U4 25 1P g <un ) L 2 m/ 23

It is not hard to show that 1 + ||z + y||P1{jzty|<u.y < K (14 [[2]|P + [[y|P A ub) and
(L4 |z + P L atyl <un )Lty >my2r < K (J2]|PT/m+ |ly[|P Auk); with K from now on a generic constant.
Thus,
‘f(ﬂ?l + Y1, Te+ o) Hle a4y l<uny = Jm(T1 + Y1, 20 + ye)’
(A.11)

flzs 17+

¢ ¢
< KXy (10 g Al ) TTy e (1 g7+ Dl A )
Then, using the same decomposition of the process X as in the proof of Lemma and then setting x; =

AY X INAR g =AY X" /WAy in (A1) and using the bounds presented in that proof for their conditional
expectations, it is not hard to see, applying the law of iterated expectations, that:

E\Z,| < K1+ K+ Koé,)(K/m+ K¢,), forp<2, and

E|Z,| < K (1 YK+ KA};WWW*/”%) (K/m+ KALr=+p(@=1/2 4 ) for p> 2,

with ¢, — 0 as n — oo. Thanks to (A.3]), both right-hand-sides tend to 0 by first letting n — oo and then
m — oo. This shows that E|Z,| converges to 0 therefore Z,, converges in probability to 0. This concludes the

proof. O

A.3 Proofs

We introduce the following result that characterizes the asymptotic distribution of estimated eigenvalues and
normalized eigenvectors. We first introduce some notation. Let By, be a (g, ¢)-matrix that consistently estimates
a symmetric positive definite matrix X, and A the (g, ¢)-diagonal matrix with the eigenvalues 61 > ... > 6, >0
of ¥ as diagonal elements. Assume that these eigenvalues have the structure in @ Let T" be an orthogonal

matrix of normalized eigenvectors of X, i.e.

IT"=1, and I'3I'=A.
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Let A, = I'B,I'. Note that A, and B, have the same eigenvalues d; > --- > dq, and let D, be the diag-
onal matrix containing those eigenvalues and E an orthogonal matrix of normalized eigenvectors of A, with
nonnegative diagonal elements.

Let U, =r,(4, —A) and H= rn(D, — A), with r, — 00 as n — oo. Let Ekl and Uy, ; denote the
(gk, q)-submatrix of E and U, respectively, with elements at the intersection of rows and columns with index
in % and ¥, respectively; for k,l = 1,...,r. Let I/-jk be defined as Ekk, but from H and ﬁkl = rnEkl, for
k # 1. We have the following result which is a simple adaptation of the results of |[Andersonl (1963) (see also
Davis, 1977)).

Proposition A.1. If the eigenvalues of ¥ have the structure in @, almost surely and U, £ U, and the
functionally unrelated elements of U have a joint distribution that is continuous with respect to the Lebesgue

measure in R1GTD/2 then, fork,l=1,...,r,

EwEpy, = I, +0p(r;?)
Unir = EwHpE, +O0p(r;?t)
N U i (A.12)
Unki = MeEwiF), + MNFuE+Op(ry '7), k#1
0 = EwFj+ FuE)+0p(ra'), k+#1,

and Ekk, ﬁk and ﬁkl converge stably in law to limiting distributions Fyr, Hy and Fy;, respectively, uniquely

defined in terms of U by the equations:

BBy, = Iy
Uk = EpHipEy, (A13)
Uag = MEwF), +NFuE);, k#I
0 = EwFl+Full, k+1,

where Hy is diagonal and Eyy is restricted to have nonnegative diagonal elements; and Uy is defined similarly
to Up k1 but from U.

The proof of this proposition follows readily from |Anderson| (1963), with y/n replaced by r,. The stable
convergence in law deduced for E‘kk, H 1 and B k; follows from the stable convergence in law of U,. The last two
equalities in (A.12)) imply that Fy= Op(1), therefore, By = op(l) for k#1. O

Proof of Proposition (a) The maximum likelihood estimator A\; of Ar (k = 1,...,7) is obtained by
solving the first order condition associated with the log-likelihood function in and it is straightforward to
. X -
get Ay = o= > ic o, di-
(b) Since the log-likelihood in is additively separable in Ax’s, it is maximized under Hy by
O Taosh -3 E i =L 4
— 54k k=5 = E=— i
i1€Ly €Ly
where C'is the maximum of the part of log-likelihood that depends on Ay, for s # k. The unrestricted likelihood

is maximized by

R

n ;N i . < -
Cfg.z log)\i—§.z T with \; = d;.
€Ly i€l Tt

The expression of the likelihood ratio criterion in follows by straightforward derivations.
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(c) Note that b has finite mean and variance and therefore is Op(1). As a result,

V"~ 1vy = Y (APX)(APX) — IVr + Op(A Z Yy, — IVr + Op(Ay),
i=1 =1
where y;, = A’X —A,b~ N (0, %IVT). In this derivation we use the simplification that T'/A,, is integer equal
to n.
Let T" be the matrix of normalized eigenvectors of IV defined such that: I'I' =1, and I'IV;T = A,
where A is the diagonal matrix with diagonal vector 6 = A(IVr). Let U, = —A (F'ﬁv/nf — A) . We have

T VA,

U, = \/ani (zz- = j) +op(1),

i=1
with z; = (IMy;)(Iy;)’. We can easily verify the Lyapunov central limit theorem conditions and deduce:

U, -4 U, (A.14)

004 (§1g8in + Sindjg),  With gy

where U is normally distributed with mean 0 and covariance: Cov(u;j, ugn) =
a generic component of U and §,, = 1 if a = b and 0 otherwise.

We now derive the asymptotic distribution of fﬁk We have

f}%k:—n<z logdi—qklog< Z d)) (A.15)

€L lei’k

Let H = \/% (D — A), where D is the diagonal matrix containing d= )\(ﬁ/n) as diagonal. Let E be the
matrix of normalized eigenvectors of A4,, = I"f‘v/nﬂ that is: EE' = I, E'AnE =D, and Ekk (Un.kks Ukk)

is the submatrix of E (U,, U) with rows and columns with indexes in .%.
From Proposition we have

ﬁk = Op(l), Un,kk = E\kkﬁkﬁl/gk + Op(l) and E‘kkE\]/qk; = qu + Op(l). (AlG)

Hence, with h; = I;'ii for i € %, we have

P Z hi
LRkZ—n< > log<1+@)—qklog <1+\/A7’f:§k ))

1€ %k

(A.17)

Z h?‘| — dk ‘1k>\k Z hi — 2(12)\2 (Z hz) +0P(An)

ke Ly €L €Ly

= -n Zlf

€Ly

= Zfin (t’f'(HI%) ~ (“"(Hk))Z) - 2/\2 (tr(U2 T (tT(U"*kk))Z) +or(l),

where the second and third equalities follow from a second order Taylor expansion and Equation (A.16)), respec-
tively. Thus LRy, converges in distribution to

T 1 5 T
532 (tr(Ukk) - — (tr(Upr)) ) =5 2 > uh+ Y uh—— (Z u)

i<j 1,] €Lk €% €L

Thanks to Equation (A.14), u;; = uj; and is independent of all the other entries of U. Moreover, u; ~
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N(0,2X%/T) and u;; ~ N(0,A}/T) for i # j. Therefore, it follows that:

2
T 1
s (S a () e

€L €L

and is independent of
I Y@~
22 ij X%qk(%*l)'
ki<jijes

T . . . . 2
As a result, LRy is asymptotically distributed as a X1 (gu—1)(qnt2)"

We now show that fék diverges to infinity under the alternative. Let A ;, for ¢ = 1,...,qs, be the
eigenvalues of I'Vyp in the cluster .%;. Under the alternative, at least two of them are distinct. As previously,
let h; = \/%n (Jz — )\k,i) , & €% From Equation (A.15), we have

LR, = —n ( > log(Aki + VARh:) — qi log (;k > (ki + \/EJ%)))

i€ % 1€ %

2
—n | > loghe:+ > [‘/An;ffi 7%An%+OP(An)]
i€ i€, : ki

>0 ki > hi S i\ 2
€L 1€, €L
—aslog | = —ar | VA — g8 < > A> +or(An)

i€y, i€y,
Zz) Ake,i
i€
= nqy | log (’;k_ — i > log Ak | + Op(nvA,),
1€ %

where the second equality is obtained from a second order Taylor expansion. Since log is strictly concave, it

> Akyi

€2y,

> qik > log A and LRj, — 00 as n — oo, in probability.
€Ly
(d) Similar to the proof of (b), under Hy()\), the log-likelihood in (14)) is maximized by

follows that log o

€L

and the expression of the likelihood ratio criterion in follows easily.
The asymptotic distribution of LRy » is obtained similarly to that of LRj, derived above. We have

fﬁk,,\ = -n > 10g6i¢+”¢]k10g>‘+% > di—nay
iE2 €Ly
s (145 ey
&, ; 1€ Ly (AIS)
= o 5 (Bt - 2 v op(an) +03E T,
e €L
= 5 g_:g Wi +op(1) = gxatr(Ug ) + op(1),
K3 k

which converges in distribution to 2T7 2 ugj + Y w? | . Recalling the distribution of u;; as given
i<j 1,]€ELk €%

in the proof of (¢) above, we can claim that f}/%;% A converges in distribution to Xquk (@t1)”
Lk (qx

We next show that ffih a diverges under the alternative to Hy(\). Similar calculations to those in the proof
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of divergence of fék above lead to

— Ak, by
LRy x=n Z [(: — 1) — log :} + Op(nvAy).

1€ Ly

Note that z — x — 1 — logz is nonnegative on (0,+00) and takes value 0 only at z = 1. Since under the
alternative A, /A # 1 for at least one i € %, we can conclude that LRy » — 0o, in probability. [

Proof of Equation (I8): Recalling that AL X ~ N(A,b, A, c), we have
—n n _ - _ Ny n , , O,
=% (A;X - Anb> (A;X - Anb) =3 (ALX)(ALX) — ATHY =TV" 4 Op(A,).
1= =1

To prove the second equality, observe that

n

w1 = Z(yi — Anb)(yi — Anb) 1y, >anzt + Op(An),
i=1

where y; = A! X. Hence,

1
VA,
The first term in the right hand side is then of the same order of magnitude as

VALY 2zl 5eaz) + Op(VAL),
=1

(IV' = IV") = /A2 (Z AL (s — Ab) (yi — Ang)/c_1/21{|yi|>ozAf}> 2+ 0p(VA).
=1

where z;’s are N(0,1,). By The triangle and the Cauchy-Schwarz inequalities, we have

H\/Tnzzmilﬂywaam

i=1

n
< VAL 2P e >ansy -
=1

To conclude the claimed order of magnitude, it suffices to show that the right hand side of the above inequality
converges in absolute mean to 0. By the Cauchy-Schwarz and Markov inequalities, there exists a (generic)
constant C' > 0 such that, for any ¢ > 0,

n n 1w O
" ( Ay ||Zi|21{|yi|>aﬁf}> SCVALY Pyl > ad7)? <0AGT T Y E (”yi”%) '
i=1 i=1

i=1
Note that
- L e
E (lyill#) = Bl V/Ane 22+ Ab)15 < C (AdE|=]f + ATEIR?)
where we have used the Cauchy-Schwarz and the C,. inequalities.

and the

\% ATZ \% An
law to Uy, which has a continuous distribution, Proposition [A:1] can be applied as in the proof of Proposition

and we can claim that the expansion of fék in Equation (|A.17)) also holds for LR and that of fék, A in
Equation (A.18) holds for LRy ». We can therefore write

Proof of Theorem Since U, = A (I".ﬁ\/nf‘ — A) =TI ( 1 (I/‘\/” — IVT>) I' converges stably in

44



LRy = % (tr (Z/lfhkk) — qik (tr [L{n’kk}f) +op(l), and LRy, = %tr (Z/lfhkk) + op(1), where Uy, ki, is
the submatrix of U,, at the intersection of rows and columns with indexes in .%.. The claimed result then holds
by the continuous mapping theorem.

The proof of divergence of these test statistics follows the exact same lines as the proof of their respective
counterparts of Proposition g

Proof of Theorem Under the conditions on the theorem, U,, = \/% (F' w'r - A) converges stably in
law to Ur = TVWrT; see Equation . Assume without loss of generality that the eigenvalues of IV have the

structure in Equation @ and let %, (k = k1,...,r) be the clusters of the ¢ — @ smallest eigenvalues of IVr.

We have:
q s T
> =Y Y a3 (S adean).
i=Q+1 k=k1 i€.L}, k=ki \i€ %
—~n
Using the notation leading to Proposition with S,, = IV |, U, = U,, etc., this proposition allows us to

claim that —A— g{f (di — M) = tr(Hy) = tr(Un.x) + 0p(1). Thus,
7 k

T

1 ! - 1 «
\/T 4 Z d; = Z tT(Un,kk) + \/TT k:Zk QA + Op(l) =tr (Z/{n’Q+1;q’Q+1;q) + \/T Z Q Ak + Op(l).

" i=Q+1 k=ky " k=Fky

q

Similarly, \/27 Sdp =tr(Uy) + \/157/ kzl gk +op(l).  As a result,

=1

1 r T
T, =tr (un,Q+1:q,Q+1:q) —m-tr (Z/{n) -+ \/Tin (Z q.lc)\k — T - ];Qk/\k> -+ Op(].).

k=k:
(a) If the null hypothesis holds with equality, the claimed asymptotic distribution is obtained thanks to the
continuous mapping theorem. (b) If the null holds with strict inequality, 7;, diverges to —oco. (c¢) If the null
does not hold, T,, diverges to +oo, thus (¢). O

Proof of Theorem The proof of this theorem follows the same lines as that of Theorem [3.1] and uses the
continuity of the asymptotic distribution U/, in . O

Proofs of Proposition and Corollary We rely on [Hounyo| (2017, Ths. 3.1 and 3.2) to establish
these results. For this, it suffices to check the Condition A in [Hounyo| (2017)). That is:
(i) For k, LK ,)I' =1,...,q,

n—1

e
5 Z (yi,kyi,l - yi+1,kyi+1,l) (yi,k’yz’,l’ - yi+1,k’yi+1,l’)
i=1

S

T
’ ’ ’ ’
converges in probability to / [cfk clsl + M clsk } ds,
0

(i) nite > [yikyig|>T¢ = Op(1), for k,1=1,...,q and some € > 2 and

i=1

(iii) VAL (1). Both (i) and (ii) follow from |[Jacod and Protter| (2012, Th. 9.4.1) while (iii) is obvious. O

Proof of Theorem Upr and Up1 1.4 041.4 can both be written as féS:fo with Ty = TEy, where Ej is
a matrix equal to the collection of columns of E indexed by % or UZ:kl Z ={Q +1,...,q}. Thanks to
the arguments leading to Equation , we can claim that LRy, LR , and Z converge in distribution to

45



the same limit distributions as those of LRy, LRy  and Z, as given in Theorem a) and (b) and Theorem
[3.3(a), respectively. The claimed uniform consistencies in part (a), (b) and (c) of Theorem 4.1 follow from the

continuity of these asymptotic distributions. [

Proof of Theorem Because E*(n,,) = 1 and Var*(n,) = 1/2, it not hard to see that E*(S%,) = 0 and,
the (g%, ¢%)-matrix V,* = Var*(vec(S;,)) has its (ab, cd) element, for a,b,c,d = 1,...,q, given by:

kn—1
1 n a a c
W Z (Zmb - Zmb+1)(z ¢ Zm+1)
TN m=0

Covar* (Sr*n,am S;t,cd) =
By Lemma[A.2] this quantity converges in probability to c¢#¢c}?+c¢cb® corresponding to the asymptotic variance
of Sy:. Therefore, it remains to show that S, is asymptotically normally distributed with respect to the
bootstrap measure P*. We will show that vech (S7,) is asymptotically normal. We can see that the probability
limit of V. is equal to Var(y ® y) with y ~ N(0,¢;) and ‘®’ the Kronecker product. Since ¢; is almost surely
positive definite, we can rely on Magnus and Neudecker| (1979, Th. 4.3(v)) to claim that V* = Var* [vech (S*,)]
is positive definite with probability approaching 1. Thus, it suffices to show that:

Z =V vech(S5) 5 N (0,1yqn) ), in probability.
2

For this, we rely on the modified Cramer-Wold device [see [Pauly| (2011)] by showing that for any A € D a
countably dense subset of the unit sphere in R et , NZE = Eﬁ;‘;ol Zn,m £, N(0,1), in probability; with
Znm = NV - vech(Z;L — Zm). Since E*(N'Z%) =0 and Var*(NZ}) =1, it suffices to verify the Lyapunov’s

condition: for some 6 > 0,

kp—1
Z E* ||zmn||2+‘S — 0, in probability as n — oo, (A.19)

where the norm sign denotes the Euclidean norm. By the Cauchy-Schwarz inequality, we have:
_s o 1 _3 . 1
znan 27 < b 2NV W)@V uech (2], = 2,) [P < b PNV W@V 25— 2P
Note that N'V* ' A B Nvea = Op(1) since V* = plimV;* is nonsingular almost surely. Also,
125 = 2l = 1 Zmr1 = ZaPPL = P40 < 20| 2|20+ (120l PF0) L+ [ F0),

where the last inequality follows from the Jensen’s inequality. Thus, taking § : 0 < § < €, we have:

x 1 52 1
E*|nm[*** < Op(1)k; "%~ [IIZ P50+ 1 Zm s 2*°] = Op (k2= [lymlI*** + lym 7]

where the Op(1) term keeps its magnitude uniformly over m =0,...,k, — 1 and
= Al 1y mX1{ar,, x|<aa=}. Hence,
k1 | Fad
S Bl < Op A2 ST (gl + s |752)
n
m=0 m=0
4426—2 1468

Now, choose § small enough so that @ > SAt23—r) = 1=r335"
LemmalA.2]ensures that both (1/k,) S5 [lyanl|*F49 and (1/kn) X520 |yme1 [42 are Op(1) and this estab-
lishes (A.19). The statement of the lemma follows from the fact that vech(Sn ) and vech(S¥,) have the same

limit law that is absolutely continuous with respect to the Lebesgue measure on R9@t1/2
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