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Abstract. This paper provides the first comprehensive study of the linear stability of three
important magnetohydrodynamic (MHD) mean-field dynamo models in astrophysics, the spherically
symmetric a2-model, the a?w-model, and the aw-model. For each of these highly nonnormal prob-
lems, we establish upper bounds for the real part of the spectrum, prove resolvent estimates, and
derive thresholds for the helical turbulence function « and the rotational shear function w below
which no MHD dynamo action can occur for the linear models (antidynamo or bounding theorems).
In addition, we prove that interval truncation and finite section method, which are employed to regu-
larize the singular differential expressions and the infinite number of coupled equations, are spectrally
exact. This means that all spectral points are approximated and no spectral pollution occurs, thus
confirming, for the first time, that numerical eigenvalue approximations for the highly nonnormal
MHD dynamo problems are reliable.
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1. Introduction. The existence of magnetic fields of astrophysical bodies like
planets, stars and galaxies gives rise to linear stability problems in magnetohydrodyna-
mic (MHD) dynamo theory. They are governed by induction caused by motions of
the electrically conducting fluid in the interior. It was only in 1999 that the first
successful dynamo action was observed experimentally in two large scale liquid sodium
facilities in Riga, Latvia, and Karlsruhe, Germany [7, 18, 22]. Numerical computations
were performed by physicists under various (symmetry) assumptions on the magnetic
and the velocity field and using necessary simplifications to enable a computer to
tackle the problem numerically. The corresponding eigenvalue problems are all highly
nonnormal, and hence numerical eigenvalue approximations are prone to spectral
pollution and failure of spectral approximation. However, up to now, there has not
been any mathematical justification guaranteeing that the numerical computations in
the physics literature reflect the true spectra of dynamos. The only existing analytical
results are eigenvalue estimates confined to the simplest case, the axisymmetric a?-
model with isotropic a-profile [9].

We do not only aim at filling this gap for a variety of dynamo models and under
weak assumptions, e.g., not assuming axisymmetry of the magnetic field or small de-
viation from it [11]. In fact, our approach and results are twofold. On the analytical
side, we establish eigenvalue bounds for three important dynamo models in astro-
physics [17], the spherically symmetric a?-model, the aw-model, and the a?w-model.
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Here the first group of our main results are so-called antidynamo theorems or bound-
ing theorems; see [5] (Theorems 4.2, 4.7, and 4.10). For each of the three models, we
derive thresholds for the helical turbulence function «, the rotational shear function
w, and their derivatives o/, w’ below which all eigenvalues lie in the linearly stable
half-plane (Re(A) < 0) and hence no dynamo action can occur for the corresponding
linearized models. On the numerical side, for each of the three models, we prove that
eigenvalue approximations for the corresponding singular dynamo operators are spec-
trally exact. This is ensured by the second group of our main results (Theorems 6.5
and 6.7), where we show that, upon both regularization by interval truncation and
truncation to finite operator matrices (finite section method), all eigenvalues are ap-
proximated and no spurious eigenvalues (spectral pollution) occur, thus providing the
first reliable eigenvalue approximations for dynamo problems.

The three dynamo models, and their names, have the following origin. Decompos-
ing the magnetic field into poloidal and toroidal components, the mean-field induction
equation modelling the kinematic mean-field dynamo becomes a coupled system of two
coupled partial differential equations. In the three models distinguished in physics,
the a2-model, aw-model and a?w-model, « is a helical turbulence function, w a shear
function representing differential rotation, and the name of the model suggests which
effects are taken into account in these two differential equations. Here one « indicates
that the a-effect is assumed in the first differential equation, while the rest of the name
reflects the effects assumed in the second differential equation, i.e., for the a’>-model
only the a-effect, for the aw-model only the w-effect, and for the a®w-model both the
- and w-effect. Important examples include the solar magnetic field cycle which is
modelled by an aw-model and geodynamo models which are essentially based on an
a?-mechanism since the differential rotation in the Earth’s fluid core is assumed to
be weak; see, e.g., [8].

In real cosmic bodies the functions a and w have a complicated spatial structure.
A widely used simpler model, which we also consider here, is the spherically symmetric
case with purely radial dependence of o and w. Expanding the poloidal and toroidal
components further in spherical harmonics Y;™, the dynamo problem turns into a
time-independent eigenvalue problem for an infinite operator matrix. For the a?-
model, the corresponding dynamo operator decouples into infinitely many pairs of
coupled differential equations given by the operator

92— l(l—&;l) a
=diag(Agyz; : 1> k) —imw, Agz;= r r
o2 g( 200z ) 2] —8Ta6T—al(l:;1) 62 1(z+1)

with Robin and Dirichlet boundary conditions (1) + ly;(1) = 0, y2(1) = 0 imposed
for A,2; and with k,, = max{|m/|,1}. For the more involved aw-model and a?w-
model, the system of infinitely many differential equations remains coupled and the
corresponding dynamo operators are infinite tridiagonal operator matrices, e.g., for
the aw-model and m # 0 given by

0 —Ciptim 0
Ck,..m 0 —Ck,12,m 0O
AT = AT 4o om o= Cor it rem :

where A", is the block diagonal operator matrix in the a?-model above and C™ is a
constant, but unbounded tridiagonal infinite operator matrix whose off-diagonal en-
tries Cjm, C1,m are multiplication operators by constant matrices in L%(0,1) & L2(0, 1)
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whose norms tend to oo, ||Cim]l, |\C~lm|| — 00 as | = 0o. The aw-model has a sim-
ilar structure as the a?w-model, with the operator Aq2; replaced by Ag,;, which is
obtained from the former by setting the left lower entry equal to 0.

The sparsity or nonexistence of analytical and reliable numerical results for the
three dynamo models is due to the multiple problems that they pose. From the
analytical point of view, already for the decoupled a*-model the entries A,2; on the
diagonal are highly nonnormal operators and their entries are singular differential
expressions at the endpoint » = 0. For the aw-model and «?w-model, not only the
entries Aq,; and A,z2; on the diagonal are highly nonnormal and singular, but the
infinite coupling matrix C™ is both unbounded and also highly nonnormal since C; ,y,,
517m are far from being adjoint to each other. From the computational point of view,
two steps may be needed to obtain numerical eigenvalue approximations, the first one
is interval truncation at the singular endpoint » = 0 and the second one is truncation
of the infinite operator matrices for the aw-model and a?w-model.

There do not exist any abstract perturbation theorems that could be applied here
and there are no results guaranteeing that numerical eigenvalue approximations for
these nonnormal problems do approximate all eigenvalues and do not produce spuri-
ous eigenvalues. The present paper provides a series of results addressing all of these
problems, starting with new spectral bounds, resolvent estimates and antidynamo
theorems, general perturbation results to establish generalized strong resolvent con-
vergence and discrete compactness of the resolvents, and, finally, the first results on
the spectral exactness of interval truncation and finite section method for the three
dynamo models.

This paper is organized as follows. In section 2 we present the physical background
and, for each of the three mean-field dynamo models, the system of coupled linear
differential equations modelling it. In section 3 we establish eigenvalue estimates for
the corresponding dynamo operators in an infinite product of L2-spaces which allows
us to write this system of differential equations equivalently as an eigenvalue problem
for the operators A%, A7, and A" = and we prove antidynamo theorems for all three
models; see Theorems 4.2, 4.7, and 4.10. In section 6, we show that the regularization
process via interval truncation and the truncation to finite operator matrices (finite
section method) are spectrally exact. This implies that the numerical eigenvalue
approximations computed and illustrated in section 7 for the a?- and a?w-model for
different functions o and w do indeed reflect the true spectra of the dynamos.

We use the following notation. The norm and scalar product of a Hilbert space H
are denoted by || -|| g and (-, -) g, respectively; if no confusion may arise, we sometimes
omit the subscript H. The convergence in H, i.e., ||x,—z| g — 0, is written as ,, — x.
For Hilbert spaces H;, i € N, define

H:lQ(HiZiEN) = {(xi)ieN : xiEHi,Zl‘iH%{i<OO}, H(xi)ieNHH:: (Z ||J;Z||%IL> .

€N €N

here N :={1,2,3,...} and Ny := NU {0}. The domain, spectrum, resolvent set and
numerical range of a linear operator T in a Hilbert space are denoted by D(T'), o(T),
o(T), and W(T), respectively. For bounded linear operators we write T, ~ T for
strong operator convergence. Identity operators are denoted by I; scalar multiples A\
are written as X\. Analogously, the operator of multiplication with a function w in some
L2-space is again denoted by w; if w € L, then its operator norm is ||w|| = ||w]|so-
Throughout the paper, vectors in R? and vector-valued functions (vector fields)
are set in boldface. We consider all vectors and vector fields in spherical coordinates,
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with r denoting the radial component, 6 the inclination angle, and ¢ the azimuthal
angle. The vectors e, eg, e, are the local orthogonal unit vectors in the directions of
increasing r, 0, ¢, respectively. The partial derivatives are written as d;, 0, Og, O,.

2. Physical background of MHD mean-field dynamo models. The mo-
tion of an electrically conducting fluid (plasma or liquid metal) in a magnetic field
induces an electric current which, in turn, induces a magnetic field. If the inducing
and the induced magnetic fields coincide, this effect is termed a self-excited dynamo.

The starting point for the mean-field dynamo equations in the a?-model, the aw-
model, and the a?w-model is the magnetic induction equation, which is obtained from
pre-Maxwell’s equations and Ohm'’s law; see [14, Chaps. 11-15]. The velocity field v
is assumed to be steady, i.e., we neglect the back-reaction of the self-excited magnetic
field on the flow. Then the ansatz

B(r,t) =eMb(r), te0,00),

turns the dynamo problem into a time-independent eigenvalue problem for the eigen-
value parameter A which is, in general, complex.

In order to model highly turbulent flows, the velocity field v and the magnetic
field B are written as superpositions of mean and fluctuating parts,

v=v+v, B=B+B.

Considering the magnetic field inside a sphere Br(0) of radius R filled with an elec-
trically conducting fluid, the mean part of the induction equation becomes

— - 1 —
6tB:V><(V><B+v’><B’)+TAB on  Bg(0) x [0,00).
00

Here, o is the electrical conductivity of the fluid (assumed to be constant in Br(0)
and zero in the exterior), and pg is the permeability of the vacuum; the case of an
ideally conducting fluid corresponds to o = oo; see [6].

The following two assumptions are often used in dynamo theory. (i) The turbulent

electromotive force € := v’/ x B’ is supposed to be of the form
(2.1) E=aB -V xB,

where the helical turbulence function o and the turbulent magnetic diffusivity (8 are
scalar functions. We assume that « depends only on the radius « : [0,R] — R,
r — «(r), is differentiable, and 8 € R is constant. (ii) The mean velocity field is
assumed to have the form of a rotation

(2.2) V(r) ;== w(|r|) e, x r = w(|r|)|r|sinfe,

with a differentiable function w : [0, R] =R, r+—w(r), called rotational shear function,
and e, denoting the unit vector in the direction of the rotation axis.
From now on, rescaling r and ¢, we assume that R=1 and n:=5+ % =1 and all
involved vector fields are mean fields; we omit the averaging symbol in the following.
If the toroidal and poloidal parts of the magnetic field are separated,

B=B,+B,=-rxVl—VxrxVs
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with scalar-valued functions S, T : B1(0) x [0, 00) — R, then, under the normalization
conditions
(2.3)

T 2m T 2m
/ S(r,0,p;t)sinfdpdd = 0, / / T(r,0,¢;t)sinfdedd =0, r€[0,1],
o Jo o Jo

the functions S, T' are uniquely determined, see [14, sects. 13.3 and 13.4], and satisfy
the following system of coupled partial differential equations on Bj(0) x [0, 00):

g A « S S
(24) 0 <T> - (aA — La/d,r + w'sin 80y A) <T> T <T) '

Note that in models with axisymmetric fields the induction effect of w is only due
to its radial derivative, as it occurs, e.g., in the differentially rotating layers of the
Sun.

Classification of the various MHD dynamo models. The acronyms of
the different models can be read from (2.4). The so-called a-effect creates poloidal
magnetic field from toroidal field; see the upper right matrix entry «. There are two
effects that create toroidal magnetic field from poloidal field; see the lower left matrix
entry: the a-effect (represented by —aA — %o/c‘?rr) and the w-effect (represented by
w'sin 00p).

The first a in the acronym refers to the a-effect in the upper right matrix entry.
The remaining parts of the name indicate which effects dominate in the lower left
matrix entry: in the a®-model it is assumed that the a-effect dominates and the term
w’sin 09, is neglected; in the aw-model the w-effect is considered to be stronger and
the term —aA — %a’arr is neglected; in the a®w-model both effects are kept in the
lower left matrix entry.

Finally, in the azisymmetric case it is assumed that 9,7 = 0, 0,5 = 0; then the
last term —wd, (S, T)" in (2.4) vanishes.

In a next step, the functions S and T" are expanded in spherical harmonics Y},
l € Ng, m=—I,...,1, or, equivalently, m € Z, | > |m|, as

S(r,0. ;1) Z lem Y/ (0, g,

m=—o0 |= |m|

T(r,0, p;t) —Z Zylm (0, gt

m=—00 [=|m|

(2.5)

for r € [0,1], 8 € [0, 7], ¢ € [0, 27), where

: 2041 (1 —m)!
2. Y™ = N"P™ me s N = -—
(2.6) (0, ) " P" (cos 0)e™?, l i (I+m)

and P/™: [—-1,1] — R are the associated Legendre polynomials; see, e.g., [1, Chap. 8]).
Remark 2.1. (i) Since Y = 1/V/4r is constant, the normalization condi-
tions (2.3) imply that, in (2.5),
0,0 = Yo,0 = 0.

(i) Since Y;™, I > |m|, depends on ¢ for m € Z\{0}, in the axisymmetric case
we have
VYm € Z\{O} : Tim = Ylm = 0, [ > |m|
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In the following we use the physical boundary conditions for S and 7" to derive the
boundary conditions for the coefficients z ,, Y1,m, m € Z, | > |m/|, in the expansions
(2.5). To this end, we extend S, T to R? x [0, 00), and thus z; ., y1.m to [0, 00).

Toroidal magnetic field only exists in material, hence at r = 1 the boundary
condition for B, is T'|,—=1 = 0, and hence y; ,,(1) = 0, m € Z, | > |m|. The poloidal
magnetic field B, is given by a gradient field outside the considered sphere B;(0) and
thus satisfies AS|,~1 = 0; moreover, the magnetic field needs to decay sufficiently
fast in the limit » — oco. This amounts to x;,,(r) = bl7mr_l, r > 1, for some constant
bi,m € R, and hence, since the function z; ,,is continuously differentiable at » = 1, the
boundary condition becomes zj ,, (1) + lz;,,,(1) = 0, m € Z, 1 > |m|.

Thus, via the expansions (2.5) of S, T in spherical harmonics, the system of
partial differential equations (2.4) for S, T is equivalent to a system of infinitely
many ordinary differential equations for ; .., Yi,m, m €Z, I >|m/|, that only decouples
in m but not necessarily in [. The coupling constants are as follows.

NOTATION 2.2. Forl e N, m € Z, we define

N U(1—m+1) (1 +1)2 — m?

m = - 5 ZZ 71 )
R T (21+1)(20+3) max{jml, 1}
_ N (14+1)(14+m) 12—m?

= = (4 > 41
B TR T DN @—n @ max{m|, 1} +

THEOREM 2.3. The functions S, T on [0,1] x [0, 7] X [0, 271] x [0, 00) are solutions
of (2.4) satisfying the physical boundary conditions if and only if for every m € Z,
the parameter A ., s independent of 1,

Mom = Am, 1> max{|m|, 1} =: k,,

and the functions &y m, Yi,m, | > km, on [0,1] satisfy the infinite system of differential
equations

(Am+imw) xp m = <x;’ml(lr+21)xlm) + @ Yim, 1> kn,
2.7 Amtimw) yim = (yifm—l(l;gl)yz,m> -« (xﬁ’,m—l(l;l)mz,ﬁ
— 'z AW (ot mTi 1 m =Gt m T m) s L2 ko,
with boundary conditions
(2.8) T (1) +lzm (1) =0, yrm(1) =0, 1> k.
Remark 2.4. (i) Note that x;m, Yim, m € Z, I > |m| may be complex-
valued. However, since « is real-valued and ¢; ., = ¢, —m, Cim = Ci,—m, W€

have

Am = A_m, Tim = Tl,—ms  Yiom = Yl,—m, ME Z, 1> |m|7

which, together with Y; ,, = Y] _,,, ensures that S, T" are real-valued.

(ii) In [16] the expansions in spherical harmonics for various ansitze of mean
velocity fields are calculated. The result for a rotation, see (2.2), agrees with
the system (2.7); note that in [16] the spherical harmonics are defined without
the coefficient N;™, cf. (2.6).
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The problem (2.7), (2.8) is an eigenvalue problem for an infinite operator matrix
in a suitable product Hilbert space. More precisely, i m, Y1,m, | > km,, are solutions
of (2.7), (2.8) if and only if fr, = ((Z1,m,Y1m)") is a solution of the eigenvalue
problem

1Zkm

A;?fm:Amfmv mEZ>

where y stands for one of the acronyms a?, aw, and o?w denoting the different

dynamo models. The corresponding spaces and operators will be introduced in the
next section; see Definition 3.3.
The three different dynamo models are obtained from (2.7) as follows. In the
second differential equation in (2.7), for the
(i) a?-model, the a-effect is assumed to dominate and the term with w’ is ne-
glected;
(ii) aw-model, the w-effect is assumed to dominate and the terms with with a, o’
are neglected;

(ili) aw-model, both effects are kept and no term is neglected.

Remark 2.5. In the literature, “a®-model” usually refers to the axisymmetric case
(m = 0) which is described by the dynamo matrix A%, = A2 in Definition 3.3 below.

3. The o?-, aw-, and a?>w-MHD dynamo operators. In this section we set
up the operator theoretic framework for the different dynamo models and, simulta-
neously, for the corresponding regularized operators at the singular endpoint 0. The
latter will be needed later to show that interval truncation of (0,1] to [a,,1] with
an >0, a, — 0, n — 00, is spectrally exact; see section 6.

In what follows, to ease notation, we will use the same symbols for multiplication
operators and first order derivative as operators on L?(0,1) and on L?(a, 1), and we
only use different notation for all operators involving Bessel and Bessel type differential
expressions.

DEFINITION 3.1. Let v : [0,1] — R be differentiable with o/ € L*>°(0,1). Denote
the Bessel and Bessel type differential expressions 1, 7j.o, | € N,
(l+1)
r2

(rx)(r) :== —(fﬁx(r) + z(r),
(l+1)

(T1,02)(1) == —0radrx(r) + « - x(r),

(3.1) r e (0,1].

ForleN, 9 e {l,00} and a € [0,1) we define the Bessel operator A;(a,?¥) and Bessel
type differential operator A; o (a) in L*(a, 1) as the realizations of 7, 71,4, respectively,
with domain

D(Ai(a,V)) := {m €L(a,1): o' € ACioc((a,1]), nw € L?(a, 1) ,} 7

limy~q z(r) =0, 2/(1) + Jz(1) =
Ai(a, Nz =71z, x € D(A(a,?))
and

D(Al’a(a” 7‘9)) = D(Al(a7 19))7
A o(a,9)z =100 = aAi(a,l) — &'D,,  x € D(A;q(a,?));

here a, o denote the (bounded) multiplication operators and D, the operator of dif-
ferentiation in L*(a,1),

D,z := 0.z, D(D,):=W"%(a,1).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Remark 3.2. (i) If ¥ = oo the boundary condition #’(1) + ¥z(1) = 0 in the
definition of A;(a,?) is interpreted as x(1) = 0. Note that one can also
consider ¥ € [, 00] as a homotopy parameter; see [13].

(ii) The differential expression 7; is in limit point case at r = 0; see, e.g., [2, App.
II, sect. 9.IV]. Hence, for a = 0 the boundary condition lim,~ o z(r) = 0 is
already implied by 7z € L%(0,1).

DEFINITION 3.3. Let v : [0,1] — R be differentiable with o/ € L>°(0,1). Forl e N

and a € [0,1) we define the operator matrices Anz2 1(a), Aq,(a) in L*(a,1) & L?(a, 1)
by

r2

ot “Afa))  a
Ay i(a) == ( 0 H2 _ 04D = ( 0 —A(a, oo)) ’

T r2

4 - agil(l%l) « o *Al(avl) &
QQ’Z(a) T —&uc’?r _al(ltl) 82 _ ) N Al,a(aa l) _Al(a” OO) 7

D(Aaz 1(a)) = D(Aai(a)) := D(Ai(a,1)) ® D(Ai(a; o0)),

and the (constant) matrices Cp pm, CNl,m in L?(a,1) ® L*(a,1) by

0 0 5 0 0
Cl,m = <Cl,m 0> ) Cl,m = <El,m O> )

D(Ciym) == D(Ciim) := L*(a,1) & L*(a, 1),
with entries ¢, m, Ci,m as in Notation 2.2. In the Hilbert space
(3.2) H(a) := 1*(L*(a,1) & L*(a,1) : i € N)
we further define the (unbounded) constant coupling matrices

0 _Ckm-l-l,m 0

Chpym 0 ~Chypt2m 0
cmo—| 0 Crueim ,
0

D(C™) :={f e H(a): C"f € H(a)},
with ky, == max{|m/|,1}, m € Z, and the infinite block diagonal operator matrices
Agz(a,m):=diag(Aaz,(a) 11> k), D(Aaz(a,m)):=1?(D(Aaz,(a)): 1> kyy),
Aq(a,m):=diag(Aa(a):l > k), D(Aal(am)):=1%(D(Aau(a)):l > k).

Then, for m € Z, the MHD dynamo operator matrices for the a®-model, the o’w-
model, and the aw-model, respectively, are given by

AT (a) == Ag2(a,m) — imw, D(AT; (a)) := D(Ay2(a, m)),

A (a) == Ayz(a,m) —imw +W'C™, D(AL: (a)) = D(Asz2(a,m)),
AT (0) = Aala,m) —imw+w'C™, D(AT(a)) i= D(Aq(a,m)).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/04/20 to 129.234.0.69. Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

2202 SABINE BOEGLI AND CHRISTIANE TRETTER

Remark 3.4. (i) The infinite matrix C™ is an unbounded operator in H(a) since

lim ¢; =00, lim ¢4 = 00;
l—o0 l—o0

see Notation 2.2. In Lemma 5.7 below we will show that
D(Ayz2(a,m)) C D(C™), D(As(a,m)) C D(C™),

which implies that C™ is relatively bounded with respect to A,2(a, m) and A, (a, m).

(i) The difference between the a?w- and a?-model is the infinite off-diagonal coupling
matrix w'C™ |
A;nzw - .Aglz = w'Cm,
which represents the w-effect that creates toroidal field from poloidal field. The
difference between the a?w- and aw-model is the infinite off-diagonal matrix

Azgw_Ayanw = -Aa2(a'a m)_Aa(aam) = diag ((Al sza l) 8) > km)

representing the a-effect which creates toroidal field from poloidal field.

The criteria for the nonexistence of dynamo effects for the various models which
we present in the next section are formulated in terms of the functions «, w and of
the smallest eigenvalues of the positive operators A;(a,?), ¢ € {l,00} on the diagonal
of each dynamo model. For this we need the following auxiliary result.

PROPOSITION 3.5. Forl e N, ¢ € {l,00}, and a € [0,1), the operator A;(a,?) is
self-adjoint and positive with compact resolvent. Its spectrum o(A;(a,¥)) consists of
a strictly increasing sequence ()\57]- (a,ﬂ))jeN of simple eigenvalues satisfying

(33) l(l+1)§)\171(a,l)<)\l71(a,oo)<)\l+171(a,l+1)</\l+1,1(a,oo), leN.

Moreover, N j(a,9) < X\ ;(a’,9) fora, ' €0,1), a <d, i.e., N j(-,0) is monotoni-
cally increasing in [0,1) forl € N, ¢ € {I, 00}.
Proof. For a = 0 all claims but the lower bound A; 1(a, ) > I(I + 1) were proved

in [9, Prop. 3.1]. The proofs for a > 0 are similar; note that then 7; is regular at the
endpoint a. The lower bound follows from the numerical range estimate

1
(|x'<r>|2+“”” |x<r>|2) dr > 1(141) |

(A, 0)z,2) = Bolz(1) P+ /

a

for € D(A;(a,v)) with §; := [ and B := 0. The last claim follows from the min-
max principle if we consider all operators A;(a,?¥) in L?(0,1) and note that, for a,
a €[0,1), a <d,and x € D(A(d/,9)) C D(4(a,v)),

r2

a(x%ﬂ2+l%znkdﬂﬁ)dr20. 0

<Al(a/’ ’(9)1‘, $> — <A[(CL, ’(9)1‘7 x> = /

a

Remark 3.6. The eigenvalues A; 5(0,1) and A 5(0, 00) are the sth nonzero zeros of
the fractional Bessel functions Jl_%(\[) and Jl+%(\/), respectively; see [9, Lemma
3.3, i.e.,

(3.4) MNs(0,0) = (i-1,6)% Mis(0,00) = (Gip1,5)*s €N, s €N,

in the notation of [1, sect. 10.1 and 9.5.14], which can also be used to show that the
quotient of the first (s = 1) eigenvalues has the asymptotics

Jitia

(3.5)
Ji-%a

=14+0(172%3), 1o
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4. Anti-MHD dynamo theorems. In this section, for each of the three dy-
namo models, we establish criteria for the eigenvalues to lie in the linearly stable
left half-plane. These so-called antidynamo theorems or bounding theorems provide
simple threshold conditions for the functions a and w under which the on-set of a
dynamo effect is impossible.

These criteria involve only the functions «, w and the first eigenvalues of the
Bessel operators A;(0,1) and A4;(0, 00), i.e., the smallest nonzero zeros of the spherical
Bessel functions J;_1 (/") and Jy 1 (V")

PROPOSITION 4.1. Let « : [0,1] — R be differentiable with o € L>(0,1). For
leNanda€l0,1) define

[l
70427 (a) = ||CVH+7 s 'Ya,l(a) = 1_’_7
l ( M@ ]
Then, for x € {oﬂ, al,

(1) (@) > yv1(a);
(i) yy,1(a) = vyi(d) fora,a’ €[0,1), a < d';
(iii) vy,1(0) = O(1), I — oco.

Proof. Claims (i) and (ii) follow from Proposition 3.5, and claim (iii) is a conse-
quence of the fact that \/A;,1(0,1) is the first positive zero j; 1 of the spherical Bessel
function J,_ 1 and the asymptotics of the latter which yield j;1 = O(1); see [1, sect.
10.1 and 9.5.14]. 0

THEOREM 4.2 (antidynamo theorem for the a?-model). Let o : [0,1] = R be
differentiable, and let o/ € L>=(0,1), m€Z, and k,, :=max{|m|,1}. Then the a?-dy-
namo operator A,z2(0,m) has no eigenvalues with real part > 0 if

o]
(4.1) <||a||+j

(jk,,L+l,1)2 .
>(||a+m lwll) +|m| Ilelﬁ < (prz0)?
mT 3

1
Km—1,1

where jli%,l denote the first positive zeros of the spherical Bessel functions Jli%();

in particular, for the azisymmetric case m = 0, there are no eigenvalues with real part
>0 if

(42) <||a||+ ”.""“) ol < Gig.0)?.

Ji1

2

The antidynamo theorem [9, Cor. 4.8] is the special case m =0 in Theorem 4.2,
(4.2) above; see also [21, (27)]. Note that a combination of ||«| and ||o/|| also appears
in the optimal energy bounds obtained for the spherically symmetric o?-model in
[12]. While they chose the combination +/||c||?+|e/||? where both norms contribute
equally, our combination ||a|[4+2—||a/|| in (4.2) emerges from the spectral estimates

Jla

for the a?-dynamo operator A,z (0,m).

COROLLARY 4.3. None of the o-dynamo operators An2(0,m), m € Z, has eigen-
values with real part > 0 if one of the following two conditions equivalent to condition
(4.1) hold:

/
o 4 MY ol lmllwl gl
Jk 1 (ka+%,1) (ka—%,ﬂ

1
mT 2
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or equivalently,

(4.3)

[l
o a .1 , > Ut 3,0)7
o+ 190 O <y s < i PAIET
1 (J%,l) meN m (||a||+ e/ > 1
7,

1
2’ +
- 3 : p)
n—d.1 (]'m,+%,1) (Jmfé,l)

1= (lal-+51

m—

=

Remark 4.4. For fixed « inequality (4.1) in Theorem 4.2 is satisfied for all suffi-
ciently large |m|, m € Z. This follows from (3.3) and Proposition 4.1 (iii) which show
that the right-hand side (jkm+%’1)2 = Mg, ,1(0,00) > |m|(|m|+1), while the left-hand
side is of order O(|m|) as |m|— oo due to the asymptotics of the Bessel zeros; see [1,
sect. 10.1 and 9.5.14] and (3.5).

The following example illustrates this effect and shows which modes m set the
thresholds in Theorem 4.2. It turns out that not only the modes m = 0 and m =1
play a role here.

Ezample 4.5 (constant a, comparing thresholds for m € Z). We consider constant

a and set a =: ayg, ||w|| =: wo. Then the conditions (4.3) become
2

_ %

(4.4) <j R B e in b(m, ao)
. e : wo < min — =: min b(m, ag).
0=J50 0= meNm 00 4+ — meN 70
Gyl 1) U1 1)

2 2

While the function m +— ﬁ is monotonically decreasing for m=1,2,..., this

'm—é,l

is not true for the function m +— B which is monotonically increasing for

(GRS
m =1,2,3 and monotonically declreasing2 for m = 3,4,..., attaining its maximum
for m = 3; this can be proved analytically using a number of different properties
of the dependence of the first Bessel zeros on the order in [10]. Therefore, for any
ap € [0,]3 ], the function b(-, ap) on the right-hand side above is guaranteed to be
monotonically increasing for m = 3,4,.... Moreover, also b(1,ap) < b(3,ap) and
b(2,a0) < b(3,0). However, it turns out that the graphs of b(1,-) and b(2,-) have
two intersection points ay <az in [0, jz ;] with

)
)

where oy, as are solutions of a cubic equation. Figure 1 shows the graphs of b(m, )
for m=1,2, 3,4, the condition ag <Jsa for m=0, and the corresponding antidynamo

IN

(2,a0) < b(3,a0) for ag € [0,n] U ez, js 4],
1,0&0

(7)) b
(7)) b(

IN

) < b(S,ao) for ag € [051,042],

region for the full a®>-model in the ap=a, wp=|lw| plane. So depending on the value
of a = g, either the modes m = 0,1 or the modes m = 0, 2 set the thresholds.

The antidynamo criteria for the a?w model and for the aw model are not as
simple as (4.1) since they involve infinite operator matrices.

NOTATION 4.6. For m € Z, ky,:=max{|m|,1}, define

\/icl,ma I =k,

(4.5) Sm = 4 V2Rt s L= b+ 1,
2(Cl2,m+512,m)’ l€N7 1> km + 2,
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FIG. 1. Anti-a®-dynamo region (blue/grey) in the a = ap, ||w| =wo plane according to (4.4);
lines for m=1 (red/solid), m =2 (blue/dotted), m =3 (green/dashed), m =4 (brown/solid), and
zoom into the intersection of the thresholds form =1, m=2. (Figure in color online.)

where ¢ for 1 > ky, and ¢, for 1 > ky, + 1 are as in Notation 2.2,

(I+1)2—m?

@y m= 0+

(21-1)(20+1)"
THEOREM 4.7 (antidynamo theorem for the a®w-model). Let o, w : [0,1] =R be
differentiable with o', w' € L*°(0,1). Let me€Z, ky,:=max{|m/|,1}, and let &, be as

in Notation 4.6. Then the aw-dynamo operator A,z (0,m) has no eigenvalues with
real part > 0 if for some v1, y2 € [0,1] with v1 +v2 < 1

. 2
[lo| mllwll\ |, Iml o]l Gknta.0) ,
(4.6) <||a||+j e[+ )T 25 < Ukt 1)?

1 mo Uk,-11)% "

km*fxl 2

’ ,1 V2 (jlfl,1)2

2

y 4 2
o o (i) el .
(4.7) <||a||+]| 1” >a||+| ”5l,m > <(irr )3 LEN, 1>k,
l=3

for m =0 the conditions simplify to (4.7) with vo =1 since then condition (4.6) is
automatically satisfied.

Remark 4.8. For given « and w, the inequalities in Theorem 4.7 are satisfied for
all sufficiently large |m|, m € Z. This follows from (3.3), (3.4), and (3.5) which show
that the right-hand sides are all > |m|(|m|+1), while the left-hand side of (4.6) is of
order O(Jm/|) and the left-hand side of (4.7) is of order O(y/|m|) as |m| — oo since

km = |m| and ¢, m = O(/|m|), €,,.m = O(/|Im|) for by, =k, b + 1, ki, + 2.

The following example illustrates how the inequalities (4.6), (4.7) can be verified,
and sometimes simplified, for concrete functions «a, w.

Ezample 4.9 (constant «, ', axisymmetric case m = 0). Let & = a9 € R and
w(r) = wor, r € [0,1], and m = 0. We claim that, in this case, the infinitely many
anti-a?w-dynamo inequalities (4.6), (4.7) are equivalent to the four inequalities
3 Uipza)?—ab (Gioya)?

(4.8) a0 < jaq, wo < min—m2it D RN

= 9
=1 (jz+%,1)4+043 01,0

yielding explicit thresholds for ag, wp; here the first condition in (4.8) is the anti-a?-
dynamo condition; see (4.2).
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Proof. Since m = 0 and o/ = 0, the conditions (4.6), (4.7) reduce to
\/(jl+%,1)4+a8
(j17%,1)2

To prove the equivalence of (4.9) and (4.8), we first note that (4.9) implies (4.8) due to
the fact that the sequence of Bessel zeros (j, . 1 1)ken is monotonically increasing. For
the converse it suffices to show that the values of the product ¢;(1)g2(1) of quotients
in (4.8) for I € N, [ > 4, are larger than the value for [ = 3 and hence larger than
the minimum taken over ! € {1,2,3}. The first quotient ¢;(I) in (4.8) is strictly
increasing in [ due to the monotonicity of the Bessel zeros; see above. By Notation
4.6 with k,,, =1 and [ > 3, the second quotient in (4.8) is given by

(4.9) 053 +wo 01,0 S(jl+%71)27 leN.

(i—11)? 2l —1)(2 1 3)
)= —2—= ? leN,1>3.
q2( ) 6[,0 (jl—%,l) 2l(l =+ 1) ) S y b Z
. (jl—l,l)2 . . . . 1
By [10, Thm. 2], the function [ — — 22— is monotonically increasing for [ € [—3, 00)
2

and hence so is

Gie1)? (14 H/RI=1) (20 + 3)
(I+3) 20(1+1) ’

QQ(Z): ZGN;ZZBa

being the product of monotonically increasing positive functions. Since q1, ¢o are

positive, we conclude ¢ (1)g2(1) >q1(3)g2(3), L €N, [ >4, as required. 0
THEOREM 4.10 (antidynamo theorem for the aw-model). Let a, w: [0,1] =R

be such that w is differentiable and o, w' € L*=°(0,1). Let m € Z, ky, :=max{|m/|,1},

and let 6., be as in Notation 4.6. Then the aw-dynamo operator Aqs.(0,m) has no

eigenvalues with real part > 0 if for some v1, v2 € [0,1] with v1 + 72 <1

im) |w|| Urpt1,1)”

4.10 ; 2
( ) " (jkm7%’1)2 = (jkm,-‘r%,l) )
[|lw'|| Grpy ) el )
(411) Yo 5l,m (] . )2 S(]l+%71)7 l6N7 lzkm
I—3,1

for m=0 the conditions simplify to (4.11) with o =1 since then condition (4.10) is
automatically satisfied.

Remark 4.11. For fixed o and w, the inequalities in Theorem 4.10 are satisfied
for sufficiently large |m|, m € Z, for analogous reasons as in Remark 4.8.

5. Proofs of the antidynamo theorems. In this section we give the proofs
of the three different antidynamo theorems presented in the previous section. To this
end we need a number of auxiliary results and estimates which we present first.

We begin with results on the diagonal entries of the infinite operator matrices
describing the a?w model and the aw model, the 2 x 2 operator matrices A,2 ;(a),
and A, (a), l > ky, = max{|m|, 1}, respectively, in L?(a,1)®L?(a,1) where a € [0,1);
see Definition 3.3. Here the functions «, w : [0,1] = R are supposed to satisfy the
assumptions of the corresponding dynamo model.

Recall that the diagonal entries of the latter are the selfadjoint Bessel operators
—Ai(a,9), ¥ e{l, 00}, for which {A€C : Re(A) >—X;1(a,9)} C o(—Ai(a,?)), where
A1(a,9) > 0 is the smallest eigenvalue of A;(a,?).
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LEMMA 5.1. ForleN, a€|0,1) and A € C,

1

[ A, 0) =N < gy

ReA>—A1(a,v),

||Alva(a7l)(—Al(a,l) — )\)_1” <o)+ ——— ” il = Y42,1(a), ReA>0.
/\171(a,l)

Proof. The claims for @ = 0 are immediate from [9, Lemmas 3.7 and 3.5]; the
proof for a > 0 is analogous, noting that the norm of the multiplication operator a-
in L?(a, 1) is bounded by its norm in L?(0,1). 0

The following proposition and corollary concern the operator matrices Ayz2;(a),
1eN, and the infinite operator matrix A,z2(a, m); see Definition 3.3.

PROPOSITION 5.2. Let a € [0,1) and A € C, Re(A) >0
(i) Letl € N. If Re(A)>—=N;1(a,00)+7a2;(a)la|, then X € o(Ay2,(a)) and

1 A1 (a, 00) 2)-
A)+ A1 (a, 00)— ya%l(a)”m( Na(a, D) +Yaz( )>,

Agz i (a) — )\)_IH < Kk if K > 0 is such that

1(Aaz p(@) =2 7| <

Ro(N)> ~h(0,00) + @l + & (32 1),

(i) Let m € Z, ky, = max{|m|,1}. If Re(X) > —Ag,, 1(a,00) + 7z, ()|, then
A € o(Ayz2(a,m)) and

(A )2

< 1 ()\k 1(a, 00)

7Re(/\)JF/\km,l(a’00)—%%”( el \ Ak, .1 (@, km)
(a,m) — )_1H < K if K >0 is such that

Ak 1(a; 00)
m +Ya2ky, (@) .

Proof. Throughout this proof, let a € [0,1) and A € C, Re(\) > 0.
(i) Let Ae C with Re(X)> =\ 1(a, 00)+742;(a)||f|. For 9e€{l,00} we set

(5.1) dxi(a, V) :=Re(AN) + N 1(a, ) > va2,1(a)|| .

+7a%km,(a)> ;

Re(A) > — i (a, 00) + Yaz, (@)lla] + & (

The resolvent (A,2;(a) —\)~! admits a matrix representation in terms of the inverses

Sg? (a, A\)~* of the second Schur complement of A,z ;(a), see [24, Thm. 2.3.3 1)], which
is given by

5571(a,A) = —Ai(a,00) = A — Aala,1)(—Ai(a,) — X) e,
D(S5)(a, ) = D(Ay(a, 0));
see [24, Def. 2.2.12}. By Lemma 5.1 and (5.1), we have
|| (—Ai(a, o0) )*1Ala(a l)(fAl(a,l)f)\)*laH

(5.2 < [[(=A(a,50) =2 | Avala, D(=Ai(a, =37 fla]
' ||| Yaz,1(a) o]l
< —— | o] + —— | |Ja]| = ———— < 1,
dxi(a,o0) led YRICH) el dx.i(a, o0)
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and hence
Sa.1(a, N\)=(—4A;i(a,00)—X) (I— (—Ai(a,00)—N) "4 o (a, 1) (—Ai(a, ) —x\)‘loz)

is boundedly invertible with

1 1 1
5.3 S. A7 < = )
(5.3) 52,1(a, ) de,z(a’mh—w D1(@,50) — (@)l
A, 1a@,00

2

If we estimate the norm of the inverse of (A,z2;(a)—X)"! =: (Rij)i.jzl by

[[(Aaz,(a) =2) 7| <max{||Ru1 ], | Roall} + max{]| Raa||, [| Rox 1},

use its representation [24, Thm. 2.3.3 i)] and combine it with the estimates in Lemma
5.1 and in (5.3), we find

[(Aaza(@)=2) 71|

1 oYz 1(a) 1
= m‘”‘{dx,z(m ( +cm(a,oo)—w,z(cwnan) ! dx,z<a7oo>—waz,l<a>||a||}
| Yoz (a) }

dx,i(a,1) dx(a,00) =72 1 (a)|laf 7 dxi(a,00) =742 i(a)||e|

: dyi(a,o0) ol
" dxi(a,00) —Yaz (@) <max {W’ 1} tmax { dri(al) %ﬂ,l(a)})

= 1 (du(a,oo) —|—max{”a|| Vo2 l(a)}) .
dxi(a,00)=Yaz 1(a) el \ dr(a,l) dai(a,l)” ™

Since A 1(a, 00)— A 1(a,1) >0 and Re(A) >0, we can estimate

—I—max{

dx,(a,00)  Re(A)+A;1(a,00) < Ai1(a, 00)

d,\J(a,l) Re(/\) +/\171(a,l) - )\171((1,0 '

Further we use that Re(A\)>0 and X;1(a,l)>1(l+1) > 1 by (3.3) to estimate

el _ ]

< lall < Yoz i(a)-

Altogether this proves the first estimate in (i). The second claim in (i) is immediate
from the first one.

(ii) Let I > ky,. By (3.3) we have A 1(a, 00) > Ay, 1(a, 0), Ar1(a, ) > A, 1(a, k)
and hence v42;(a) <742k, (@) by (4.1). Thus, Re(A) > —Ag,, 1(a,00) +742 1, (@) |
implies that Re(X) > —A;1(a,00) +742,(a)|la| and hence X € o(A,2,(a)) by (i) for
every | > k,,. Moreover, the resolvent norm estimate in (i) shows that

||(Aa2,l(a) — )\)71” — 0, [ — oo.

All this implies that the infinite operator matrix A,z2(a, m) — A = diag(As2,(a) — A :
| > ky,) is boundedly invertible, and so A € o(A2(a, m)), with (Ayz2(a,m) — A)~! =
diag((Aaz,(a) = A)7: 1 > ky,) and

I(Aaz (@,m) = X) 71 = Sup [[(Aaz,i(a) = X)7H| = max [|(Asz,(a) = ).

1>km
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Now the first estimate in (ii) follows from the monotonicity of A\; i(a,l) and v,2,(a),
see above, which implies that the norm bound in (i), which can also be written as

1. 1 < Re(/\)+’7a2,z(a)||04|\+7 zz(a))
Aa(a, ) Re(N)+A1(a, 00) =vqz(a)l|all Ara(a,l) “ ’

is monotonically decreasing in [ for [ > k,,. The second claim in (ii) is immediate
from the first one. o

(5.4)

Remark 5.3. If, in the proof above, we would use the first Schur complement for
the representation of the inverse (A,z2 ;(a)—A)~!, we arrive at the same estimate.

COROLLARY 5.4. Leta€[0,1), \eC, Re(X) >0, and let m€Z, k, :=max{|m|,1}.
Then Himw(/laz (a, m)—)\)_lH <y if y1 > 0 is such that

[m| |w|| (Ak 1(a,00) )
Re(A) > —A a, 00)+Yq2 a)l|la| + m +Ya2 a)l.
() o1 (@, 00) + 702k, (a) ]| " e a(a ) Vo2 k,, (@)

Proof. There is nothing to prove for m =0. For m # 0, the claim is immediate
from Proposition 5.2 (ii) applied with k = |

1
[m[[Jw]l*
The following proposition and corollary concern the operator matrices Aq (a),
I € N, and the infinite operator matrix A, (a, m); see Definition 3.3.

PROPOSITION 5.5. Let a € [0,1) and XA € C, Re(A\) >0
(i) Letl € N. Then X € o(Aq,i(a)) and

- 1 [l )
a -7 < 1 ;
[(Aas(@) = )7 < Re(A) + M 1(a,l) ( + A1(a, 00)
(Ag,i(a) — )\)_1H < k if kK >0 is such that

Re(A) > ~Ara(a ) + - (1 + A”a”)) |

(ii) Let m € Z, ky, := max{|m|,1}. Then A € o(An(a,m)) and

- 1 [l
a\W, _A ! < 1 ;
RN R o = et reon G varracs
further, ||(Aa(a,m) = X\)7Y| < K if K > 0 is such that

1 el
m =1 .
Re(A) > =g, .1(a, k )+ﬁ< +)\k {a,50)
Proof. Let a € [0,1) and A € C. (i) It is easy to see that

1 [((FAa, =N =(=Au(a, 1) =N a(=A(a,00) = A) 7!
(5:5) (Aai(a)=A) 1_< 0 (—A(a,00)—A)71 >

Since Re(A\) > 0 > —X\(a,1) > —X;(a,00), we can use Lemma 5.1 to estimate

| (Ai(a,))=X)"H| < max {||(—Ai(a, 1) At (—Al(a 00)=A) |}
H —A(a,l)— )\) (Alaoo 1H

1 floll
SRam+Mﬂmn<+MﬂmmJ’
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where we used Re(A) > 0 to estimate Re(X) + A 1(a, 00) > A1(a, 00) in the last step.
The second claim is immediate from this estimate.
(ii) The proof is analogous to the proof of Proposition 5.2 (ii) if we use the equality

[(Aa(a,m) = X)7H| = maxi>,, |[(Aai(a) = A)7Y|. o

COROLLARY 5.6. Let a € [0,1), A€ C, Re(A\) >0, and m € Z, k:=max{|m|,1}.
Then ||imw(Aq(a,m) = X) 7| <1 if v > 0 is such that

| ||| ( [l )
Re(A\) > e, 1(a, k) + 1+ '
N k,,ul( ) T )\le(a,oo)

Proof. There is nothing to prove for m =0. For m # 0, the claim is immediate
from Proposition 5.5 (ii) applied with k = |

1
Iml el

For the a?w and aw dynamo models the main task is to study the interaction
of the unbounded infinite coupling matrices C™ with the resolvents of A,z(a, m) or
Ag(a,m); see Definition 3.3.

LEMMA 5.7. Let m€Z, ky,:=max{|m|,1}, and a€[0,1). For x€{a?a} let
Ay (a,m) = diag(Ay,(a):1>ky), D(Ay(a,m)):=1?(D(Ayi(a)):l>kn)

be one of the operator matrices Ayz2(a,m) or As(a,m), and let C™ be given as in
Definition 3.3. Then D(Ay(a,m)) C D(C™) and hence, for A € C with

Re()) > max{0, =k, 1(a,00) + Yoz, (@)} & x = a?,
0 if x=a,

the operator product C™ (A, (a,m)—\)"" is bounded with

hnt2 [l

le™ (Ax(a,m)=X)~H| < }i%f {5l7m \/1+ (Re(N)+Ai1(a,00))? ST’Z((L)\)}?

where 8y, > 0 are given as in Notation 4.6 and Si"l(a,/\) are norm bounds for the
inverses of the first Schur complements of A, ;(a) given by

2 2 1 1
5.6 S5 (a, A) 71| < 595(a, A) = 7
(5.6) 15T (a, A) 77 < sT4(a, A) Re(A) + Aa(a,l) 1 — M

a 1 a 1 Re(A)+Ai,1(a,00)
G7) I58(aN) ) < 540 \) =

Re(\) + A\i1(a,l)’
with v,2; defined as in (4.1) for l = ky,, ky+ 1, k4 2.

Proof. Let A € C, Re(A) > 0, be as above. In what follows, since a is fixed, we
abbreviate A, ;:=A, ;(a), >k, in some intermediate steps.
Then, for z=(z)i>k,, € H(a)=1*(L*(a,1) ® L*(a,1) : i € N) with [z||=1,

m

C™(Ay(a,m)—=\) "z

0 ~Chyp 41, (Ay i1 —A) 0
Ckm,m (Ax,km_)\)_l 0 _Ckm+27m(Angm+2_>\)_1
- 0 Chyt1m (Ax a1 =A™ - |
0
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and hence
HC’”(AX (a,m)— /\)_196H2

= [|Chpet tom (Aot 1 =N i1 ||2

oo
+ Z ||Cl—l,m(Ax,l—l7)\)71xl—1*5l+17m(/4x7l+17)\)7111;'1_;’_1”2
1=kt 1

< |Chttm (A it = A |12

2l =N Pl 4 | Coon (Ascaia = A |l
I=km+1

=2||Chyr (A = A [l )12

+ 3 2(llem (A=A + [ (A=)

=kt
n (2 ||Ckm+1,m(“4x,km+1_>\)71||2 + HCNkm,Jrl,m(Ax,km,+1_>‘)71H2> [E—"
2 Hcknum(AX,km _)\)_1 HQ’

(58) < max 2Hckm-i-lﬂn(AX,km-H7>\)7lH2+||5km+1’m('AX7km+17>\)71||2’ ’
2 g 2
5Pt 42 2 ([[Crom (At =27 [P+ |G (A= 27 )

The inclusions D(Ay2(a, m)) C D(C™), D(Aqn(a,m)) C D(C™) follow from the
fact that the above supremum is finite in both cases. The latter is a consequence of
the following two properties: first, the asymptotic behavior ¢, = O(l), ¢,m = O(I),
I — o0, see Notation 2.2, of the only nonzero entry of the 2 x 2 matrices C; y,, C~l,m,
see Definition 3.3; second, the decay of the resolvents proved in Propositions 5.2 i)
and 5.5 i), which amounts to

(5.9) [(Aazi(@)=2) 7 =0072),  [[(Aai(@) =N =007?), I—o0;
here we have used \;(¥) > I(I+1), ¥ € {l,00}, by Proposition 3.5 and v,2; = O(1),

Ya,1 =0(1), I = 00; see (4.1).
The first Schur complement SY;(a, A) of A, i(a) is given by

Sfﬁ (a,\) = —A(a,l)— X — a(—Al(a,oo)—/\)flAlﬁ(a,l), Sf‘,l(a,)\) = —A(a, )=\

The assumptions on A ensure that Si ,(a, \) is boundedly invertible and that Lemma
5.1 is applicable, which implies the estimates for HSfl(a,)\)’lﬂ in (5.6), (5.7) in a
straightforward way. B

Using the special form of C; ,,, C; 1, see Definition 3.3, and the representation of
the resolvent of A, ;(a) in terms of its first Schur complement, see [24, Thm. 2.3.3 ii)],
we find that, for [ > k,,,

((1) 3) (Axa(a) =A™ = <siil<c?, N Si‘,l<a,A>1a<0Al<a’°O“)1>

and hence, again by Lemma 5.1,

00 a [lev]?
5.10 A —A < s¥ M)y /1 .
(5.10) ’(1 o) (Axala) =A< si(a, )\/ T ReO) A1 (a,00))?
This, together with the estimates (5.8), proves the claimed bound. O
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LEMMA 5.8. Let m € Z, ky, :==max{|m|,1}, a €[0,1), A€ C, Re(A) >0. Then
|w'C™(Aqz(a,m) — A)7H| <72 for y2 >0 if

VAuila P ol [l
5.11 Re(A —A Otm—
(1) Re( >>;gg;<{ B

with 61.m given by (4.5).

Proof. If |w'|| = 0, there is nothing to prove, so we assume that ||w'|| # 0. Let
A € C, Re(A\) > 0, be as above. Condition (5.11) on Re(A) implies that Re(A) >
— Xk, 1(@,00) + Yoz, (a)]|a|, and hence the assumptions on A in Lemma 5.7 for

x = o2 are satisfied. The claim is proved if we show, by means of Lemma 5.7, that

(5.12) €™ (A2 (a,m) = \) 7| < 2.

By Lemma 5.7 with (5.6), we have to show that, for I=k,,, k,+1, kn+2,

[lev]| 1 1 V2

51 m \/1+ <
’ Re(A)+A 2Re(N) + X l Va2 1 (@)llall |’
(Re0) A0, 500 RN + hva D) 1 — et @l < o]

with d;,,, given by (4.5) or, equivalently,

5 VRN +Ai(a,0))* +laf? 1 <
b Re(A) + Mi,1(a, 1) Re(A)+Av1(a, 00) =yez (@)l [lw'|l”

For Re(A) >0 we can estimate

VRe(N+A1(a,00)* +[a? _ v/ Aia(a, 00+l
Re()\) + )\171(0,, l) - )\lﬁl(a, l) '

in fact, it is easy to check that, since A;1(a,00) > A 1(a,l), the left-hand side is
monotonically decreasing for Re(\) € [0,00). Altogether, this shows that (5.12) is
satisfied if (5.11) holds. d

LEMMA 5.9. Let m€Z, ky,:=max{|m|,1}, a€[0,1), and A€ C, Re(\) >0. Then
||wlcm(~/4a(aa m) - )‘)71H <72 fOT Y2 > 0 Zf

kpt2 HO‘HQ HW/H
5.13 Re(A) > miax § A 1(a, ) +0pmy | 1+ +———5—
( ) ( ) o { l,l( ) L )\1,1(61700)2 Y2

with 8 given by (4.5).
Proof. The proof is analogous to the proof of Lemma 5.8 if we use Lemma 5.7
with (5.7). d
Now we are ready to combine the above results to prove the three antidynamo

theorems in section 3.

Proof of Theorem 4.2 (a?-model). Let m € Z. We apply Corollary 5.4 with a=0
and ~; = 1, using the definition of 7,2y, in Proposition 4.1 and noting that the
eigenvalues A 1(0,%), ¢ € {ky,, o0}, are given by Bessel zeros; see (3.4). Assump-
tion (4.1) ensures that the lower bound for Re(A) in Corollary 5.4 is < 0 so that
[|imw(Ag2(0,m) — A)7!|| < 1 for all Re(A) > 0 and thus

An2(0,m) — X —imw = (I — imw(Aa2(0,m) — X)) (Au2(0,m) — A)
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is boundedly invertible for Re(A) > 0. Due to Definition 3.3, this shows that
o(A%(0))N{r e C: Re(A) >0} =10,

and hence the claim for m € Z; the claim for the special case m = 0 is an immediate
consequence if we note that then k,, = max{|m|,1} = 1. 0

Proof of Theorem 4.7 (a®w-model). Let m € Z. We apply Corollary 5.4 and
Lemma 5.8 with a=0 and 71, v2 € [0, 1] such that v, +72 < 1, using the definition
of Va2 i, in Proposition 4.1 and noting that the eigenvalues A;1(0,9), ¥ € {kp,, 00},
are given by Bessel zeros; see (3.4). Assumption (4.6) ensures that the lower bound
for Re(A) in Corollary 5.4 is < 0, while assumptions (4.7) ensure that the lower
bound for Re(A) in Lemma 5.8 is < 0. Together this yields Himw(.Aaz (0,m) —A)~t—
w'C™(Aqz(a,m) — A)71| < 1 for all Re(\) > 0, and thus

Az, (0,m) = A—imw+w'C™ = (I—(imw—w'C™)(Aa2u (0, m) =) 71) (An24,(0,m) — A)
is boundedly invertible for Re(A) > 0. Due to Definition 3.3, this shows that
o(AL,(0)N{A e C: Re(\) >0} =0,

and thus the claim for m € Z; the claim for the special case m =0 is obvious. 0

Proof of Theorem 4.10 (aw-model). The proof is analogous to the proof of The-
orem 4.7 for the a?w-model if we use Lemma 5.6 instead of Lemma 5.4 and Lemma 5.9
instead of Lemma 5.8. a

6. Spectral exactness of interval truncation and finite section method.
Since all three dynamo models are described by nonselfadjoint linear operators, numer-
ical computations are prone to two undesirable effects, spectral pollution and failure
of spectral inclusion. The former means that numerically computed approximations
of eigenvalues converge to points that are no true eigenvalues; such points are called
spurious eigenvalues. The latter means that not all true eigenvalues are obtained as
limits of numerical approximations. Both effects may be fatal since spectral pollution
may wrongly indicate the existence of a dynamo effect and failure of spectral inclusion
may wrongly exclude a dynamo effect.

Numerical eigenvalue approximations for all three dynamo models require interval
truncation at the singular endpoint = 0 as well as truncation of the infinite operator
matrices to finite sections. However, results guaranteeing that these two approxima-
tion schemes are spectrally exact, i.e., that they do not exhibit spectral pollution and
spectral inclusion prevails, are lacking.

In this section we close this gap and show that, for all dynamo models, interval
truncation and finite section method are spectrally exact. In general, spectral exact-
ness is equivalent to convergence of the spectra in the Attouch—Wets metric, cf. [4, p.
28]; since both approximating operators and limit operator have compact resolvents,
we can use locally uniform convergence here.

To establish spectral exactness, we prove that the corresponding approximating
operator sequences have discretely compact resolvents and converge in generalized
strong resolvent sense, allowing us to employ a powerful spectral convergence result;
see [3, Thm. 2.19]. For the reader’s convenience, we briefly recall the notion of discrete
compactness due to Stummel; see [23, Def. 3.1.(k)] or [3, Def. 2.5].

DEFINITION 6.1. Let Eg be a Banach space, E, E, C Eg, n € N, closed comple-
mented subspaces, and D,, arbitrary Banach spaces. A sequence (Ay)nen of bounded
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linear operators A,, € L(Dy,, E,) is called discretely compact if for each infinite sub-
set I C N and each bounded sequence of elements x,, € D,,, n € I, there exist y € &
and an infinite subset J C I so that ||Apnzn — Y|, = 0 forn € J, n — oo.

The generality of this concept makes it applicable to different situations such as
interval truncation and finite section method. In our case Ej is the Hilbert space
H(0)=12(L*(0,1) ® L?(0,1) : i €N). For interval truncation, we choose E =E, and
E, = H(an) = *(L*(an,1)® L*(an,1) : i € N), n € N, with a,\,0. For the finite
section method, we take E =H(a)=1?(L?*(a,1)®L*(a,1):i€N) with a €[0,1) and
En=Hn(a):=B,_, ., L*(a,1)®L*(a,1).

Note that we tacitly regard L2 (a,1) as a subspace of L%(0,1), whence H(a) as a
subspace of H(0), and H,(a) = @,_, ., L*(a,1) @ L*(a,1) as a subspace of H(a) =
1?(L*(a,1) ® L*(a,1) : i € N).

DEFINITION 6.2. For a € [0,1) and j € N define

P(a) : L*(0,1) = L*(a,1), P(a)z := (1],
P(a) : L*(0,1)&L*(0,1)— L*(a,1)®L*(a,1), P(a) := diag(P(a), P(a)),
P>(a) : H(0) - H(a), P>¥(a):=diag(P(a): i€ N),

where H(a) := I>(L*(a,1) ® L*(a,1) : i € N), see (3.2), and

Qj(a) : H(a) = Hj(a),  Qi(@)((wi, vi))ien = (@i 9:))1zy,

where Hj(a) =B, L*(a,1) & L*(a,1).

Throughout this section, let (a,)nen C (0,1), an N\ 0 as n — oo, be a decreasing
sequence.

Remark 6.3. It is easy to see that P(a,) i)IL2(071)7 Play) i>IL2(O,1)€BL2(O,1)a and
P> (an) > Iy as n — oo, see [3, Cor. 3.15], and that Q;(a) > I3, as j — oo for
every a € [0,1).

LEMMA 6.4. For everyl € N and 9 € {l,00}, the subspace

P, (V) := {z € D(A(0,9)) : Fe€(0,1) x|,y =0} C L*(0,1)
is a core of A;(0,9); moreover, for all x € ®;(¥) there exists no(x) € N with
P(ay)x € D(Ai(an,?)), n>mng(x),

6.1
(61) | Ai(an, 9)P(ay)z — A (0,9)z|| — 0, n — oco.

Proof. Since the Bessel differential expression 7; is in limit point case at the
singular endpoint 7 = 0, the core property of ®;(¥) is immediate from Sturm-Liouville
theory; see, e.g., the proof of [25, Satz 14.12].

For z € ®;(¢) let no(x) € N be such that z(r) = 0 for r € [0,a,,(,)]. This
implies P(an)x € D(Ai(an,d)) for n > ng(x). The convergence (6.1) follows from
Ai(an,9)P(an)xz = P(an)Ai(0,%)z, n > ng(z), and from the strong convergence
P(an) i> IL2(0,1); n — oQ. 0O

First, we establish spectral exactness of interval truncation to (a,, 1], a, N\, 0 for
the 2 x 2 operator matrices A,z ;(0), Aq,i(0), I € N, which are the leading operators
on the diagonals of the three infinite dynamo operator matrices A% (0), A% (0), and
A™ (0), m € Z, respectively; see Definition 3.3.
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THEOREM 6.5. Let | € N be fized, and let A, (0), x € {?, a}, denote one of the
2x2 operator matrices Ayz 1(0) or Aa,1(0) in L*(0, 1) L*(0,1), and let (Ayi(an)),, oy
denote its approzimating sequence in L*(ay,,1)®L?(ay,,1) with a, \ 0. Then there
exists ug € R, independent of 1 € N, so that, for every A € C with Re(\) > uyg,

(@) Ae n g(A z<o>> 0 Ar(@)) and sup, e || (Ayi(an) - 3) ' <o
(b) (A )7
(c) ((A Xl(a'n)_)‘)
(d) (Ayi(an) = A)P(an) == (A 1(0) = A) 7, n — oo

Hence the approximation (AX»l(a"))neN of Ay 1(0) is spectrally exact, i.e., no spectral
pollution occurs and spectral inclusion prevails. Moreover,

-1
( vilan) — ) , n €N, are compact;
1

) nen U8 discretely compact;

(1) if Ao € C is an eigenvalue of A, ;(0) of algebraic multiplicity ko, then, for n large
enough, Ay i(an) has ezactly ko eigenvalues A}, i = 1,2,..., kg, (counted with
algebraic multiplicities) in a neighborhood of Ao that converge to Ao as n — oo,

(i1) all normalized eigenvectors and associated vectors for A\I', i=1,2,..., kg, viewed
as elements of L?(0,1)®L?(0,1) converge to eigenvectors and associated vectors
for Xo.

Proof. Let | € N be fixed. We show that in each claim (a), (b), (c), (d) there
exists a u € R, independent of [ € N, such that the respective assertions hold for all
A€ C with Re(A\) >u

(a) The claims follow from Propositions 5.2 (i) and 5.5 (i) if we use the lower
bounds X;(a,9) > 1l + 1) >2 for a € [0,1), ¥ € {I,00}; see (3.3). More precisely, if

X = a2, we can use Proposition 5.2 (i) and the equivalent form (5.4) of the bound

therein to estimate that, for Re(\) > uq2 := max {07—2—&—(||a||—&—”%”)Hoz“}7

IR i LAY
pH al ) )‘) ||SRG(A)JFQ*(HOAH»%)HO[” <1+<” ||+ \/§>” ”)a

if x = a, we use Proposition 5.5 (i) for Re(\) > uq := 0.

(b) In [9, Thm. 4.1] it was proved that the operator A,2,;(0) has compact resol-
vent; the proof for A,z ;(ay,), n € N, is analogous. The compactness of (Aa,i(a)—\)"?,
n € N, for Re(\) > u, follows from (5.5) because A;(an,!), A;(an,o0) have compact
resolvents and « is bounded.

(c) We prove the claim for A,z2;(an), n € N; the proof for A, (ay), n € N, is
analogous. To this end, we show that the operators A,z;(a,), n € N, satisfy the
criteria (i), (ii), (iii) for discrete compactness derived in [3, Prop. 4.6].

(i) By [3, Prop. 2.12 ii) and Ex. 4.17], the diagonal entries A;(an,!), A;(an,o0) of
Az i(an), n € N, have discretely compact resolvents.

(ii) The operator matrices A,z ;(a,), n € N, are diagonally dominant since « is
bounded and D(A;(an,!)) = D(As,a(an,!)) which implies that A; (an,!) is A;(an,,1)-
bounded.

(iii) Let A € C, Re(A) > g2 = max{0,—2+ (|lal|+ 120} [laf|}. Then, by

Lemma 5.1,
= (ﬂ o(—A(an, l))) N <ﬂ o(—Ai(an, 00))),

neN neN

both sup,en || (—Ai(an, 1) = ) 7|, sup, ey ||(—Ai(an, 00) — A) 7| are finite and, for
all n € N
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A —A o —1 < ”O/” I |
[ A a(an, D) (= Ai(an, 1) = N7 < llaf + == =7,

o
o= Aifan,0) = 071 < gl =k
where 7373 < 1 due to the assumption on Re()).

Now [3, Prop. 4.6] yields that ((Aaz,(an)—A)"1)
each A€ C with Re(\) > uqz.

(d) We prove the claim for the operators A,z ;(0), An2,(an), n € N; the proof
for Ay (0), Aqi(ay), n € N, is analogous. To this end, we show that the operators
Aa2.1(0), Anzi(ay), n € N, satisfy the assumptions (i) to (iv) in [3, Prop. 3.9].

(i) The operator matrices A2 ;(0), Aq2 (an), n € N, are diagonally dominant by
(ii) in the proof of (c).

(ii) and (iii) By Lemma 6.4, for 9 € {I, oo}, there exists a core ®;(}) C D(A;(0,v))
of A;(0,9) so that for all z € ®;(¥) there exists ng(x) € N with

nen 18 discretely compact for

P(ap)x € D(Ai(an,9)), n >npx),

[ Ai(an, ) P(an)z — A(0,9)z| = ||(Ir2(0,1) — Plan))Ai(an, 9)z|| — 0,
Ao (an, 1) P(an)z—Apa (0, Dal| =[/(IL20,1) = Plan)) Ara(an, Dz =0,
laP(an)r — ax| = [[(I = P(an))az|—0

for n — oo since P(a,) > Ip200,1y, n — oo.

(iv) This assumption follows since (a) holds for Re(\) > w, if we observe [3,
Def. 2.1 (ii)].

Now [3, Prop. 3.9], together with [3, Prop. 2.11 i)] and (a), yields that (d) holds
for all A € C with Re(\) > u,,, where u,, is as defined in the proof of (a).

Altogether, we proved that all assumptions of [3, Thm. 2.6] are satisfied and the
latter yields all the claims. O

LEMMA 6.6. Let m € Z, a1 € (0,1), and x € {a? a}. Then, for every v > 0,
there exists u., € R independent of a € [0, a1], so that, for A € C with Re(\) > Uy,
we have A € o( A, (a, m)) with

H(Ax(a,m) — A)_lH <",
[limw(Ay (@, m) = X) 7| <,
Hw’Cm(AX(a,m) — /\)_1H <.

Proof. It suffices to show that each estimate holds for all A € C with Re(A\) > u
with u €R sufficiently large and independent of a € [0, a;]. For this we use 1 <i(I+1) <
Ai(a,9) < N(aq,9) for leN, d€{l,00} and a €10, a;]; see Proposition 3.5. Then the
claims follow from Proposition 5.2 (ii), Corollary 5.4, and Lemma 5.8 if x = a? and
from Proposition 5.5 (ii), Corollary 5.6, and Lemma 5.9 if x=«. |

The following comprehensive theorem combines both necessary approximation
schemes, interval truncation a, \, 0 for n — oo, and truncation to finite 2j x 2j
operator matrices for j— oo, by letting j=n— co. It provides spectral exactness for
this combined approximation scheme and for all three dynamo models.

THEOREM 6.7. Let m € Z be fized, and let AY(0), x € {a?,0%w, aw}, denote
one of the infinite dynamo operator matrices A% (0), A (0), A%, (0) in H(0) =
2 (LQ(O, 1) @ L%(0,1) : i € N), and consider the combined approrimating sequence
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(.Azn(an))neN in Hn(an) = @=L (an,1) & L*(an,1) with a, \ 0, n — oo,
given by

AL (an) = Qn(an)AY (an), D(A;fn(an)) ::D(A;n(an)) NHy(a,), neN.
Then there exists ug € R such that, for every A\ € C with Re(\) > uo,
—1
(a) A e ﬂNQ(A;:n(O)) No(A7(an)) and sup,,cy H (A7, (an)—X) H <005
ne
(b) (AV(0) — AL, (Azn(an) — )\)71, n € N, are compact;
(c) ((A;?n(an) — A)_l)neN 1s discretely compact;

1 _
(d) (Agn(an) - )\) Qnlay) = (AT(0) = A) L n—oo.

Hence (‘A;(n»n(a"))neN is a spectrally ezact approximation of AY'(0), i.e., no spectral

pollution occurs and spectral inclusion prevails. Moreover,

i) if Ag € C is an eigenvalue of A7 (0) of algebraic multiplicity kg, then, for n large
X

enough, AV, (an) has eractly ko eigenvalues A}, i = 1,2,..., kg, (counted with
algebraic multiplicities) in a neighborhood of Ao that converge to Ao as n — oo,

(if) all normalized eigenvectors and associated vectors for NI, i =1,2,... ko, when

viewed as elements of H(0)=1?(L*(0,1)®L?(0,1) : i€N), converge to eigenvectors
and associated vectors for Ag.

Remark 6.8. Note that Q,(a,) = @, (0)P>*(an) = P>*(an)2,(0), n € N. Then
Oy (an) = Iny) follows using Q(a,,) > Iy o) and Q,(0) = Iz (o).

Proof of Theorem 6.7. The proof will be given in two steps. In the first step we
establish spectral exactness of interval truncation to (a,, 1], @, 0, for the three in-
finite dynamo operator matrices A7 (0), A" (0), and A7}, (0), m € Z; in the second
step we prove spectral exactness of the combination of interval truncation and finite
section methods.

Step 1. Spectral exactness of interval truncation to (an, 1], an, \,0. Here we show

that all claims in Theorem 6.7 hold for the approximating sequence (A?(an))n oy B

H(ay) = 1?>(L*(an,1) ® L*(ay, 1) : i € N) of AT (0) where, in (d), we have to replace
On(an) = P>(an)9n(0) by P>(a,) alone for n € N.

Let m € Z be fixed, and let k,,, := max{|m]|,1}. We prove the claims for the
a?-model and the a?w-model; the proof for the aw-model is analogous, e.g., we have
to replace A,z (a,m) by Aq(a, m).

We show that in each claim (a), (b), (c¢), (d) there exists a v € R such that
the assertions hold for all A € C with Re(\) > u. To this end, we first consider the
infinite block diagonal operators A,z2(a,m), Ay2(an, m), n € N, and then we employ
perturbation results.

(a) For x € {a?,aw} and a € [0,1), we write

(6.2) AT (a) =X = (I = Ky(a,m)(As2(a,m) — )7 (Agz(a,m) — A),
where ) " )
imw if x = a2,
KX(O’? m) = . 1om . )
imw — w'C if x = a*w.
By Lemma 6.6 applied with v = %, there exists UL o2 € R so that for all A € C with
Re(A) > UL o2 and a € [0,a4], we have \ € Q(.Aa2 (a,m)) and

(6.3) 15 (@,m)(Aqz (a,m) = X)7H| < 1.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/04/20 to 129.234.0.69. Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

2218 SABINE BOEGLI AND CHRISTIANE TRETTER

This, together with (6.2) and a Neumann series argument, implies that A € o(A7'(a))
for Re(A) > uy 4.

(b) For a € [0,1), j € N let Q;(a) be the mapping of #(a) onto the first 2j
components, see Definition 6.2, and let u,2 := max {0, —2—1—(Ha||+%)||a||} be as in
the proof of Theorem 6.5. Then, by Theorem 6.5 (b), for Re(\) > u,2, all operators
Q;(a)(Ay(an, m)=A)"1, j € N, are compact. Using Proposition 5.2 (i), the equivalent
form (5.4) of the upper bound therein and X\;(a,¥) > (I + 1) for [ € N, 9 € {l, 00},
see (3.3), we conclude that, for Re(A) > g2,

193 (@) (Aaz (an, m) = X) 7= (Aaz (an, m) =) 7| = max_[|(Aazi(an) =27
1+ (Ilall+L20)

Re(A)+ (b ++1) (b +3 +2) — (Jo +120) o

6.4) <

—0, j—o0

Therefore, being the limit of compact operators, (Auz2(an, m)—A)~! is compact for

Re(A) >uqz2. If, for Re()) >max{ua27u%’az} with us 2 as in (a), we take inverses in
(6.2), we conclude that (A™(a,) — A)~! is compact.
(¢) In the same way as in (b), cf. (6.4), we obtain that, for Re(A) > ugz2,

Lo+ 22
Re(A)+1(1+1)— (ol + 152 o]

This and Theorem 6.5 (c) imply that ((Agz2(an, m)—)\)_l)neN is discretely compact
for Re(A) > uq2 by [3, Thm. 4.8]. For Re(A)>max{uqz,us 42} the claim now follows
from the perturbation result [3, Thm. 4.2] using (6.2) and (6.3); see the proof of (a).

(d) Due to Theorem 6.5 (d) for Re(A) > u,2 and by Lemma 6.6 (i), e.g., for
Re(A) > uy .2, which yields that the sequence (I[(Aaz(an, m)—A)1 ”)nEN is bounded,
we can apply [3, Thm. 3.15] (with S = 0, S(™ = 0 therein) to the infinite operator
matrices Aqz(0,m), Ayz2(an, m), n € N; note that, since the latter are diagonal, we
are in case (a) of [3, Thm. 3.15] with N = M = 1. Hence we obtain that, for
Re(A) > max{uqaz, us 42},

sup | (Aasi(an) =N~ < o, I
neN

(6.5) (Anz (@, m) = A) TP (an) = (Aa2(0,m) = N1, n— o,

and claim (d) follows from the perturbation result [3, Thm 3.3] using (6.2) and (6.3),
see the proof of (a).

Altogether, we have proved that all assumptions of [3, Thm. 2.6] are satisfied and
the latter yields all the claims for interval truncation.

Step 2. Spectral exactness of combined interval truncation and finite section
method. First, we prove the claims for the leading operator in the a?- and a?w-
models, A,2(0,m)=diag(Auz2,(0) : I >k, ), and its approximating sequence given by

Aa%n(ana m) = Qn(an)Aa2 (an7 m) :diag(Aa%l(anv m) : l:kma ceey km+n_1)a
D(Auz p(an, m)) :=D(As2(an, m)) N Hpla,), neN.

The claims for A% (0), A% (0) then follow by corresponding perturbation arguments,

including [3, Thms. 3.3 and 4.2], that rely on inequalities analogous to those in the
proof of Step 1, cf. (6.2) and (6.3).

Again we show that each of the claims (a), (b), (c), (d) is satisfied for A € C with
Re(A) sufficiently large.
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(a) By Lemma 6.6, if Re()) is sufficiently large, then A € ), cno(Aq2(0,m))
No(Aaz,n(an,m)) since Aq2(an,, m) is block diagonal and

(6.6) (Aaz n(an, m)=N) "= Q,(an) (A2 (an,m)—)\)_1|Hn(an), n € N.

(b) The compactness of (A,z2(0,m) — A) 71, (As2n(an, m) —X) 71, n €N, follows
from Theorem 6.5 (b) and from (6.6).

(c) The claim is a direct consequence of the discrete compactness of the sequence
((Aaz(an,m) — )\)_l)neN due to Theorem 6.5 (c) and of (6.6).

(d) First we note that Q,,(a,)= 9, (0)P>(a,)=P>(a,) 9. (0), n€N; see Remark
6.8. As (Ayz2(an, m)—\)~1is block diagonal, Theorem 6.5 (iv) and [3, Prop. 3.12 (a)]
yield (A2 (an, m) — N7 'P>®(a,) > (Aq2(0,m) — A\)~" as n — oo, cf. Step 1, and
thus

(Aaz,n(anam) - A)_lgn(a‘n)
= (Aaz,n(@n,m) = 2) T PZ(02) Q0 (0) —5 (Ag2(0,m) = )7, 0 0.

Now all claims for A,2(0,m) follow from [3, Thm. 2.6].
To prove the claims for the aw-model, we replace A,2(0,m) by A,(0,m) in the
above proof and proceed analogously as for the a?w-model. 0

Remark 6.9. Note that exact a priori error estimates for eigenvalue approxima-
tions cannot be derived in the nonnormal case. For differential operators with compact
resolvents that are truncated to finite sections/subintervals, it is a classical result that
asymptotic error estimates depend on the behavior of the eigenfunctions truncated to
finite sections/subintervals; see, e.g., [15] or [4, Thm. 5.2]. However, a priori informa-
tion about the behavior of the eigenfuntions is, in general, not available.

7. Numerical examples. In this section we apply and illustrate the results of
the previous section by numerical computations of eigenvalues for different dynamo
models. Particular attention will be paid to the effect of interval truncation. We con-
sider several concrete functions a and w, including the helical turbulence function «
due to Stefani and Gerbeth [19], for which the existence of an oscillatory dynamo effect
for the a?-model was first suggested by numerical approximations, then still without
a theoretical result ensuring convergence to a true eigenvalue with real part >0.

As in [19] we choose m = 0, although our results cover all m € Z. However,
we consider not only o?-dynamos but also a?w-models where, in addition to interval
truncation, taking finite sections is required for numerical eigenvalue approximations.

The numerical computations underlying the plots in this subsection use a code
written in Wolfram Mathematica 9 software and were operated on a standard dual-
core Linux machine. After applying finite section/domain truncation, the finite system
of regularized ODEs on the interval (a,1) is solved using a shooting method. This
amounts to finding the zeros of a holomorphic function, which is done using the argu-
ment principle. We use the numerical integrator built into Mathematica to calculate
the contour integral. The precision of the numerically found zero depends on the pre-
cision of the contour integral, which has to be an integer by the argument principle.
Therefore, the distance to the integers is an indicator for numerical precision.

Ezample 7.1 (« from [19] in the a®>-model, interval truncation). The first example
of a helical turbulence function « for which numerical computations of physicists
indicated the existence of supercritical modes, i.e., of eigenvalues A with Re(\) > 0,
and hence the existence of an oscillatory dynamo effect for the a?-model, is due
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to Stefani and Gerbeth [19]. They also conjectured that polarity reversals of the
magnetic field, which are known to occur irregularly, e.g., for the Earth, are related
to the existence of oscillatory modes close to criticality, i.e., Im(X) # 0, Re(A) = 0;
see [20].

In [19] an evolutionary strategy was used to construct helical turbulence functions
« such that, for the dominating mode | = 1, there is a pair of numerical eigenvalue
approximations converging to some A € C with Im(\) # 0, Re(\) = 0, and for [ > 2
the real parts of all numerical eigenvalue approximations are negative. One of these
functions is given by

(7.1) afr) := C(—21.46 4 426.41r% — 806.73r + 392.287%), r € [0, 1].
For C =1 the critical numerical values found in [19] for [ = 1 are
(7.2) A =0.01 + 7.24i;

if the scaling C' is increased beyond 1, the positive real part increases further; see [19,
Fig. 3].

However, the a?-dynamo operator is not selfadjoint and, up to now, there was no
guarantee whatsoever that these numerical values lie near a pair of true eigenvalues
of the a?-dynamo problem. The results of this paper do not only fill this gap for
the particular helical turbulence function (7.1), but for arbitrary differentiable o with

essentially bounded o'; see Theorem 6.5 and 6.7.
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FiG. 2. Bigenvalues An of A,z (an) forl=1, an €(0,0.1] if a(r) = —21.464426.417>—806.73r3+
392.28r% r€|0,1].

Figures 2 and 3 show our numerically computed eigenvalues of A,z ;(a,) for { =1
as functions of a,, € (0,0.1], for C' =1 and for C = 1.05. In Figure 2 for C' = 1, the
two upper curves in the left picture start, for a,, = 0.1, with a single, real eigenvalue
at —5.4 and a complex, conjugate eigenvalue pair at —18.3 & 5.4i; there is another
eigenvalue curve with smaller real part. As a,, decreases, the single eigenvalue moves
left on the real axis, while the pair starts to move right and at the same time down
towards the real axis. There the pair finally meets and splits into two real eigenvalues
moving apart to the left and to the right on the real axis. The eigenvalue moving
right then hits the single real eigenvalue which had been continuously moving left.
The newly formed pair then splits into a complex conjugate pair, while the other
eigenvalue continues to move right on the real axis. As a, decreases further, the
complex conjugate pair moves to the right towards the imaginary axis and slightly
beyond with real part converging to 0.01 and imaginary parts converging to £7.2, in
agreement with (7.2).

In Figure 3 for C' = 1.05, as a,, decreases from 0.1 to zero, the eigenvalue pair with
largest real part behaves similarly as in Figure 2 for C'=1, but it moves much further
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FiG. 3. Eigenvalues An of A,2 (an) for 1=1, an € (0,0.1] if a(r) =1.05 (—21.46+426.41r2—
806.73r34-392.28r4), r €0, 1].

into the complex right half-plane, converging to 3.9 + 6.1i. In contrast to C =1, see
Figure 2, the next two eigenvalues also form a complex conjugate pair which remains
in the left half-plane.

Next, we consider the a?w-model. Here the corresponding operator Agzw(O) is an
infinite operator matrix which, unlike the a?-operator, does not decouple. Therefore,
in addition to cutting the singular interval (0, 1] at the left at a,,, truncating A% _(a,,)
to its first n rows and columns may also lead to spectral pollution and failure of ap-
proximation of true eigenvalues. Theorem 6.7 is the first result guaranteeing spectral
exactness for either of these truncation processes.

We combine the simplest example of a function w such that w’ # 0,

(7.3) w(r) :=wer, r€]0,1], wp constant,

with two different helical turbulence functions «: in Example 7.2 with constant a =
ap and in Example 7.3 with the polynomial function « in (7.1) due to Stefani and
Gerbeth; see [19]. In both cases, we again consider the axisymmetric case, i.e., m = 0,
and, in view of the good agreement with [19] in the a?-dynamo model, we choose
a, = 0.001.

Since all numerical calculations are computationally expensive, we perform the
computations for selected values of oy and wg; to illustrate the dependence on ag or
wp in the plots, we interpolate the eigenvalue paths linearly for better visibility.

Ezample 7.2 (constant «, w’ in the a?w-model, interval truncation, and finite
section). In the simplest case wg = 0, i.e., w = 0, the a®w-model reduces to the a?-
model. Even in this case, the eigenvalues are only implicitly known as the solutions
A € (=00, a3 /4) of the equation

(7.4) Jimy (ke N)) Jipr (k= (V) = Ty (B4 (V) i1 (- (V) =0,

where Jli% are Bessel functions of fractional order and ki()):= S £/ %‘%f)\; see

[9, egs. (7.10) and (7.11)]. Note that, for all oy € R, the point A = aZ/4 is a trivial
solution of (7.4) since the left-hand side is identically zero then, but it is not an
eigenvalue of A,z ;(0). This follows because, for ag = 0, the point A = a3 /4 = 0 does
not belong to o(Auz2,(0)) = o(—A4;(0,1)) Uo(—A4;(0,00)) C (—o0, —A;,1(0,1)) and the
eigenvalues of A,2;(0) depend continuously on ag. The latter is a consequence of
[9, Prop. 5.1 and Thm. 5.3], which shows that they coincide with the eigenvalues of
a selfadjoint operator S = D+agB, where D = diag(—A4;(0,1), —A;(0,00)) and B is
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D-bounded with D-bound 0. In addition, for all ag € R, the point A = 0 is another
trivial solution of (7.4) but it is not always an eigenvalue of 4,2 ;(0), as the following
numerical computations show.

Figure 4 for a = ag, w = 0 also serves as a reference plot. It shows the numerically
computed eigenvalues of the a?w-problem obtained for a,, = 0.001 and different a =
ag € [0,5]. For a = ap = 5 an a?w-dynamo effect is possible since |a||o =5 > ERE
4.493 violates the anti-a?w-dynamo condition (4.8). The choice of a,, was motivated
by a separate calculation for a, € [0.001,0.1], where the eigenvalues changed by less
than 0.5. The critical value ag = j 3, R 4.493, where the largest eigenvalue passes
into the linearly unstable half-plane Re(A\) > 0 in Figure 4 seems to agree with the
one obtained from Theorem 4.7, which means that the anti-a?w-dynamo theorem is
sharp in this case. This was already pointed out in [21, Ex. 1].!

Fic. 4. Figenvalue approzimations for A,2,(0) with w = 0 as functions of o = ag =
0,0.5,1,...,5, lines forl=1 (black/solid), l=2 (blue/dashed), =3 (red/dotted), I=4 (green/dashed-
dotted), l=5 (purple/long dashed). (Figure in color online.)

For wy > 0, due to Example 4.9, (4.8), the anti-a?w-dynamo criterion in Theo-
rem 4.7 amounts to

R ; 2 2 . 2
(7.5) ap <jsi, wo< min Ureg)”— o0 Uiy
) <jag, <mi ’

2 =Gt ag 01,0

The explicit values of the constants involved are d; g = 2\/%, 02,0 = 2\/%, 03,0 = %
and ]%71 ~ 3.142, j%l =~ 4.493, ng =~ 5.763, ‘7%71 ~ 6.988. Figure 5 shows the anti-
a?w-region (in grey) in the ag, wo-plane where no dynamo action can take place due
to Theorem 4.7.

First, we performed numerical computations with all combinations of

n=3610, ag=0,051,...,10, wo=0,5,10,...,40.

Since the eigenvalue approximations in the box [—37,5] 4+ [—5,5]1 was not changed
by more than the given precision 0.1 between n = 6 and n = 10, we set n = 10 and
an, = 0.001 for the following calculations.

In Figure 6 we illustrate the behavior of the eigenvalue approximations if we set
ap = 5, which violates the anti-a?w-dynamo criterion oy < j 31 in (7.5) as required,
and increase wy. We see that, as wg grows, the real parts of the eigenvalue approx-
imations do not vary much, but there is one pair of eigenvalue approximations that

I'We note that [21, eq. (27)] contains a misprint; the squares in the numerator should be erased,

cf. [9, eq. (6.3)] or Theorem 4.2.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/04/20 to 129.234.0.69. Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

EIGENVALUES OF MAGNETOHYDRODYNAMIC DYNAMO MODELS 2223

FIG. 5. Anti-o?w-dynamo region (grey) in the a =ag, w’ =wo plane according to (7.5); lines
for 1=1 (dotted), l=2 (dashed), =3 (solid).

Re(A) Im(A)

-20

10 20 7\0 wo

-30

FIG. 6. Eigenvalue approzimations for A,2,(an,0) with n =10, an =0.001 for o = ag =5,
w' =wy =0,5,10,...,40.

meet and form a complex conjugate pair for which the moduli of the imaginary parts
seem to grow.

In Figure 7 we have set wy = 40 and vary «g. There are various pairs of eigenvalue
approximations that coalesce, some of which separate again when «g grows further.
The real part of the largest eigenvalue pair is monotonically growing; approximately
at ap = 5.5 the pair crosses the imaginary axis. So, even in this simple example of
constant g and wy, we observe oscillatory modes close to criticality!

Re(\) Im(d)

Fic. 7. Eigenvalue approzimations for A,z (an,0) with n=10, anp =0.001 for v’ = wo = 40,
and different a = ag.

Ezample 7.3 (a in (7.1) from [19] with C = 1, &’ constant in the a?w-model,
interval truncation, and finite section). No numerical computations are available yet
for the combination of the polynomial a studied by Stefani and Gerbeth in [19],
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see (7.1), and linear w with w’ = wp; see (7.3). The results presented here were
performed for n = 10 and a,, = 0.001.

Figure 8 shows the dependence of the eigenvalue approximations on wgy. As in
Example 7.2, the real parts of the eigenvalue approximations do not vary much as wy
increases. Apart from the oscillatory pair close to criticality (both eigenvalues corre-
spond to [ =1), two additional pairs meet as wp grows; the moduli of the imaginary
parts increase monotonically up to wy="70.

Im(A
Re(h) Im@)

40 50 60 70

/
\

O sssnnntl _SM

30| eeee—" -10

F1G. 8. Eigenvalue approzimations for A,z (an,0) with n=10, a, =0.001, for a(r)=—21.46+
426.4172 —806.73r3+392.28r4, r €0, 1], and different w’' = wo.
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