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ABSTRACT: The C'P violation in the neutrino transition electromagnetic dipole moment is
discussed in the context of the Standard Model with an arbitrary number of right-handed
singlet neutrinos. A full one-loop calculation of the neutrino electromagnetic form factors
is performed in the Feynman gauge. A non-zero C'P asymmetry is generated by a required
threshold condition for the neutrino masses along with non-vanishing C'P violating phases
in the lepton flavour mixing matrix. We follow the paradiagm of C'P violation in neutrino
oscillations to parametrise the flavour mixing contribution into a series of Jarlskog-like
parameters. This formalism is then applied to a minimal seesaw model with two heavy
right-handed neutrinos denoted N; and Ns. We observe that the C'P asymmetries for
decays into light neutrinos N — v~y are extremely suppressed, maximally around 10717,
However the C'P asymmetry for Ny — Nj7y can reach of order unity. Even if the Dirac
CP phase § is the only source of C'P violation, a large CP asymmetry around 10751073
is comfortably achieved.
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1 Introduction

Since the discovery of neutrino oscillations [1-4], it has been well understood that neu-
trinos have tiny masses and that their flavour eigenstates are different from, but merely
superpositions of their mass eigenstates. The mismatch between the flavour and mass basis
is described by lepton flavour mixing. The most important lepton flavour question mixing
remaining is whether C'P is violated. A large C'P violation is supported by the combined
analysis of current accelerator neutrino oscillation data [5] in the appearance channel of
neutrino oscillations [6, 7]. The next-generation large-scale neutrino experiments DUNE
and T2HK are projected to observe C'P violation in the near future [8-10].

On the theoretical side, the origin of finite but tiny neutrino masses is still unknown.
The canonical seesaw mechanism [11-16] and its numerous variations are proposed to solve
this problem. The basic idea is that the small masses of left-handed neutrinos are attributed
to the existence of much heavier right-handed Majorana neutrinos. In this elegant picture
the flavour states are dominantly superpositions of massless left-handed neutrinos but also,
to a smaller degree, their heavy right-handed counterparts. The minimal seesaw model [17]
is a simplified version of the canonical seesaw mechanism with only two right-handed
neutrinos, which has been studied in depth [18]. The seesaw mechanism induces new sources
of C'P violation in the heavy neutrino sector, providing the so-called leptogenesis, as one
of the most popular mechanisms to explain the observed matter-antimatter asymmetry in
our Universe [19].

Neutrinos are usually considered as electrically neutral particles which do not par-
ticipate in tree-level electromagnetic interactions. However, they may have electric and
magnetic dipole moments appearing at loop level. The study of the neutrino dipole mo-
ment dates back four decades [20-23]. In the Standard Model (SM), weak charged current
interactions contribute in the loops and induce non-zero dipole moment for neutrinos [24—
31], see also in [32-34]. A transition dipole moment between two different neutrino mass



eigenstates can trigger a heavier neutrino radiatively decaying to a lighter neutrino through
the release of a photon. In fact, if neutrinos are Majorana particles, the property that Ma-
jorana fermions are their own antiparticles implies that neutrinos have only a transitional
component to their dipole moment [35].

In various studies of the neutrino dipole moment in the literature, CP symmetry is
always considered as an explicit symmetry for the relevant mass regions of neutrinos. How-
ever, a C'P violating dipole moment has many interesting phenomenological applications.
It may contribute to leptogenesis to explain the observed baryon-antibaryon asymmetry in
our Universe [36]. It also provides a source of a circular polarisation of photons in the sky
for a suitable range of neutrino masses, [37]. In ref. [38], the general conditions required to
generate C'P violation in the dipole moment was elucidated as well as the CP asymmetry
based on a widely studied Yukawa interaction. The latter was applied to both left- and
right-handed neutrino radiative decay scenarios as well as searches for dark matter via
direct detection and collider signatures.

This work will focus on discussing C'P violation in the neutrino dipole moment with
right-handed neutrinos. We will provide the one-loop calculation of the C'P asymme-
try of the neutrino transition dipole moment in full detail in the framework of the SM
with the addition of SU(2)y-singlet right-handed neutrinos. In section 2, we review the
model-independent neutrino dipole moment written in terms of form factors producing C' P
violation. Section 3 contributes to a comprehensive analytical one-loop calculation of form
factors. Finally, a numerical scan of the C'P asymmetry with inputs of current neutrino
oscillation data is performed in section 4. We summarise our results in section 5.

2 Neutrino electromagnetic dipole moment with C' P violation

In this section we give a brief review of the framework for C'P violation in neutrino radiative
decays. We refer to our former paper ref. [38] for the detailed derivation. Discussions in
section 2.1 assumes neutrinos are Dirac particles. The extension to Majorana neutrinos
will be given in section 2.2.

2.1 Form factors for Dirac neutrino

Assuming the decaying fermion is a Dirac particle, amplitudes for the processes v; — vgy.s
and v; — vgy—, with respect to the photon polarisation + and — are given by

iM(vy — veye) = ia(pe) T (¢ ulpi)et . (q) (2.1)

where u(p;) and u(pg) are spinors for the initial 1; and final v¢ state neutrinos respec-
tively, and the photon momentum ¢ = p; — pg. The vertex function Fﬁ(qQ) can in general
be decomposed into four terms, electric charge, magnetic dipole moment, electric dipole
moment and the anapole form factors [28-30, 39]. Without introducing a source for the
electric charge, the neutrino will remain electrically neutral forever. By requiring the pho-
ton to be on-shell ¢> = 0 and choosing the Lorenz gauge ¢ - ep = 0, the anapole does not
contribute to I's. Therefore, the vertex function is simplified to [28-30, 39)

Th(e* = 0) = —fg' (i0"q) + f§ (10" 075) | (2.2)



where ff];: and fé\i/[ are the electric and magnetic transition dipole moments of v; — gy
respectively. It is helpful to rewrite it in the chiral form

T4(0) = io" g, [f§PL + f& Prl, (2.3)

where fg; R— _ f}iv[ +1 fi]% and the chiral projection operators are defined as P, r = %(1 F
v5) [38]. The amplitudes M (v; — vgy+) are directly correlated with the coefficients as [38]

My = vevy) = V2fg(mi —mg), M — vey-) = —V2f5(mi —mg).  (2.4)

With the above justification, decay widths for v; — vgy4, after averaging over the spin for
the initial neutrino, can be written in a simple form

Ty — vpvy) = AlfE17, T — vey-) = AlfR)2, (2.5)

with A = (m? —m2)3/(16mm3}). The total radiative decay width T'(v; — v¢7y) is obtained

by summing the decay widths for v; — vey4 and vy — vey_.
For antineutrinos, amplitudes for 7; — v¢y4 and v; — vgy_ are given by

iM(D5 — Dpye) = 0(p) Tl (¢*)v(pe)et u(a) (2.6)

respectively, where v(p;) and v(pg) are antineutrino spinors. The vertex function fff when
the photon is on-shell is consequently written in a similar form as shown in eq. (2.3),

T4 (0) = io™ g, [fig P + fif Pr] - (2.7)
Where C'PT invariance ensures fiz = — fiz, and fi¥ = — f& [40]. Hence, amplitudes M (7; —

vgy4) are simplified to [38]
M5 = vpvy) = V2fig(mi —mf), M(ix — gy-) = —V2fif(mi —m¢).  (2.8)

L|? -
#| and I'(y —

The antineutrino decay widths are then given by I'(1y — rgy4) = A

2
vry-) = AlfE

In [38], we have defined a set of C' P asymmetries between neutrino radiative decay and

antineutrino radiative decay. In terms of ratios specifying photon polarisations, we may

write
T = veyy) T — vpy-) T = vey-) =T — veyy)
Acpyt = ————— Acp-= 5
(v — vey) + T — vg7) (v = vey) + T — vgy)
(2.9)
which can further be simplified to
L2 _ |fR2 R(2 _ [fL|2
ACP,—i— _ ’fﬁ‘ ‘flf ACP,— _ ‘fﬁ ‘ ’ 1f’ (210)

ORISR 1R+ R ORI 1R+ R

In the case of C'P conservation, fiI;’R = flcli)L ’L]*, we arrive at vanishing C' P asymmetries
Acp4 = Acp— = 0.



2.2 Form factors for Majorana neutrinos

We now extend the discussion to Majorana neutrinos. The Majorana field satisfies v =
Cv", where C is the charge-conjugation matrix. Compared with the Dirac field which
contains independent left-handed and right-handed components v, = PLv and vg = Prr,
the Majorana field enforces the right-handed component to be the charge conjugation of
the left-handed component, i.e., PRy = CTL’, leading to the quantisation in the form
ip-x

v ~ au(p)e”P® + alv(p)e®. Taking this into account and applying the parametrisation

in egs. (2.1) and (2.6), the amplitude for v; — vgy4 is proven to be
iMM (1 = veyz) = iu(pe)Th (@) u(p)el . (q) — i0(p)Ti(@®)v(pe)et (@) (2.11)

in the Majorana case [40]. It can be explained as the sum of amplitudes of the Dirac neu-
trino radiative decay and antineutrino radiative decay channels, i.e., iMM(y; — vpys) =
iM(v; — veys) +iM(v; — vgys ). Taking the explicit formulas for the amplitudes given in
eq. (2.4) and eq. (2.8), we obtain results with definite spins in the initial and final states as

MMy = vyy) = +V2UfE = fig)(mi —=m3) , MM (s = vey-) = =V2(fE = fig)(mi —m3) .
(2.12)
The decay widths are given by TM(v; — vpyy) = A|fE — fiz? and TM(1; — 1py-) =
Alfg — fifl*.
For Majorana fermions, the C'P violation is identical to that obtained from P-violation
alone i.e. the C'P asymmetry is essentially the same as the asymmetry between the two
polarised photons. Hence, we have

M = veye) — TN = vey-) g — Sl — g — figl?
™M1 — vg +7) f& — figl? + | g — S

(2.13)

For simplicity, we make the assignment Acp = AI\C/IP’ . for use in the following phenomeno-

M M
Acpy = —Acp- =

logical discussions.

3 CP violating form factors induced by charged-current interactions

We present below, the one-loop calculation of neutrino radiative decay v; — ¢y for massive
neutrinos with the existence of C' P violation. We work in the framework of the SM extended
with an arbitrary number of SU(2)z-singlet right-handed neutrinos in the Feynman gauge.
The crucial operator for the charged-current interaction is

Lo =% %uam " PLvmW,, +hec., (3.1)

where g is the electroweak (EW) gauge coupling constant, « is an index that represents
charged lepton flavours a = e, i, 7 and m is an index that represents the neutrino mass
eigenstates. In particular, v, = v1, 19,3 represent three light neutrino mass eigenstates
and v, = Ni, No,... representing heavy neutrino mass eigenstates. The matrix Uy,
denotes the lepton flavour mixing accounting for heavy neutrino mass eigenstates.



Figure 1. All Feynman diagrams contributing to the neutrino electromagnetic transition dipole
moment, where x is the charged Goldstone boson.

The one-loop Feynman diagrams for the radiative decay via the SM charged current
interaction are shown in figure 1. The vertex functions of each proper vertex diagram in
figure 1 is given by
d*p W PL(pe—ptma) V! (p,—p+ma)y" PL
(2m)* [(pe—p)2=mZ][(pi—p)>—mi][p* —miy]
d4p (mfPL—maPR)(pf—p—l-ma)’}’“(}/fi—p—l-ma)(maPL—miPR)

2
, .€g *
Fg,fll) =1 92 uaiuaf/

eg?
Fgf ) = l%uaiuzf /

(2m)* m, [(pe—p)2—m2][(pi—p)2—m2][p?—m?] ’
w  eg® [ dip Vo PL(pma)y PV
Tga :Ziuaiuaf/ 1 o N\2_.2 PRV IS TAC IO
2 (2m)* [(pe—p)2—m3y |[(pi—p)2—miy ] [p?—m2)]
R / d*p (2p—pi—pe)"(me PL—ma Pr)(p+ma)(maPr.—mi Pr)
B, 2 Tt [omd T mZ (pe—p)2—mE ] [(pi—p)2—m ] [p?—m2] ’
w) .€g? . [ d YHPL(p+ma) (ma PL—m; Pr)
Fﬁ,a :@7Uaiuaf/ 1 N2 2 N2 2 12270
2 (2m)* [(pe—p)?—miy][(pi—p)* —miy ] [p* —m3]
2 d4p (maPR—mfPL)(p—l-ma)v”PL
O — %9 / : 3.2
o = 1 Uoilar | o e =2 (i —p Py [P —miZ] (3:2)
where
VHP = g (2p; —p —pe)’ + g7 (2pe —p — p1)" + 9”7 (2p — pi — pe)" . (3.3)

The non-vanishing C'P asymmetry requires two conditions. Namely, a C'P violating
contribution from coefficients of tree-level vertices and an imaginary part coming purely
from loop kinematics [38]. In the present work, the first condition is satisfied by the



complex phases in the lepton flavour mixing matrix & and will be discussed in more detail
in subsequent sections. Here, we first contend with the second condition by completing the
loop calculation and deriving its imaginary part analytically.

We follow the standard procedure to integrate the loop momenta with the help of the
Feynman parametrisation. Then, we apply the Gordon decomposition taking chirality into
consideration, and factorise dipole moment terms with coefficients as

2 1
ry® = %uaiu;fwwqy /0 dedydz6(z +y+ 2 — 1) P® (3.4)
where
P(I) B (l‘ + Z)m PR — 2$($ + y)mfPL
AaW(xaya ) 7
PR — [zzmf — ((1 = 2)* + zz)m2]mi Pr + [zym§ — (1 — 2)* + zy)md]me Py
mIQ/VAaW('rvya Z) ’
PG _ [(1—22)z —2(1 — 2)?)miPr + [(1 — 22)y — 2(1 — 2)%)ms P,
AWa(x Y, Z) ’
P _ [xzmi — x(z + 2)m2]mi Pr + [zym? — z(z + y)m2]me P,
mWAWa(xaya ) ’
p6) — ik
AWCM(:Ea Y, Z) ’
—ymge Py,
72IO N —L S P 3.5
Awa(fl?, Y, Z) ( )
and
Awal(z,y,2) = miy(1 - 2) + xmj, — a(ymi + zmf),
Ao (@,,2) = m2(1 — @) + wmdy — a(ym? + 2md) (3.6)
Eq. (3.4) can be further simplified to
(k) eGr * v
Fﬁ,a = —U,;U £L0 qy(./."ﬁumiPR—l—fifumfPL) . (37)

4\/§2Oéla

Here, F is derived from the sum of the integrals P*)

1 mZ—m2—2m%,) (m2+m2z?)+mt x 2 2,2
Fhia :/ dx{( i a w) (mg+mgz?) i, log <m +(mW mes,—m; )a:+m T )
0

(m2—m2)* m2+(m,—m2—m32) z+miz?

X

_'_

(i —2my) (L) i (1) (b (i)
(miz—m%)Q:r: miy+(m2 —mg, —mg) z-+mga?
Mg —2miy
mi—m3 ’
(3.8)



2 2

where we define mé’a = —(mi —m2 — m},)(mi + m2 — 2m?,) + 2m2im?,, and Fig, is

obtained by exchanging m; and mg. Therefore, we obtain the coeflicients ff];, iI;, fffi{ and
fifé” as

GGF €GF *
fi = 4\/§W2Uai ceFitame, [h = 4\/%2“0& atFh,ami,
BGF % €GF *
fiL = WUquaifﬁ,amia flR = 4\/§7r2uafuaifif,amf' (39)

The integrals Fg o and Fif o in eq. (3.8) can be further simplified when the limit of
small neutrino masses, i.e., m?,m% < mi,m%v is considered. In this case, the logarithm
terms can be expanded in a series of m? and m%, and after a straightforward calculation,
we prove that both Fg o and Fi¢  are identical to F' (m2/ m%v), where
3 (2—a 2a 2a210ga)

F(a)= -

; (3.10)

l-a (1—a)? (1—a)
which is a well known result for the loop factor obtained in the studies of neutrino dipole
moments and radiative decays [26, 28].

We now outline how to obtain non-zero imaginary parts for Fg, and Fir, when
neutrinos have large masses. They include integral terms of the form fol dz f(z)log g(z),
where g(z) is not always positive in the domain (0,1). Instead, one can prove that there
is an interval (z1,z2) C (0,1) where g(z) < 0 is satisfied, and z; and z2 are solutions of
g(z) = 0. The real and imaginary parts in the integral can then be split into

1 1 T2
/O d:zf(x)logg(az):/o dz.f(z) log ]g(a:)|—|—i7r/xl dzf(z). (3.11)

The imaginary part of [;** dzf(z) can then be analytical obtained. In this way, we derive
the analytical expression for the imaginary part of g, as

2 2 2 2 2 2 2 2
S— —2 : _ :
Im<fﬁ,a>=m9<mi—mw—ma>{m‘ o= 2y [—u?mwmilog(m‘ﬁmz‘ m?“a)
(m?—m%) mi+mg—miy, — i

i
(=g =2 iy <m?—m3+m%v+u?> }
2 2
(m3—m?)

+

—m2 2 2
mi—mg+mi, —

2,2 2
mi —mg,—2miy

(m}—mj)*

24 02 2 2
mgt+mg—myy,+up
21 2 2 2

mg+mg—my,— U

+md(mg—mwy —myg,) {— —u+m? log (

N (2m2—mZ—m2—2m3,) m¥, log mE—m2+m¥,+pu2
-y b1
(3.12)
where J(x) is the Heaviside step function, and
pi = \/m;l +mk +myy, — 2mZm2 — 2mimi, — 2m2m3,
ui = \/m‘fl +md +my, — 2m2m2 — 2mimi, — 2m2m3, . (3.13)



Again, Im(Fi¢ o) is obtained from Im(Fg o) by exchanging m; and me. Some comments on
the imaginary part of Fg , are

e In order to generate a non-zero imaginary part in the loop integration, a threshold
condition for the initial neutrino mass is required. That is m; > mwy + my, namely,
initial neutrino mass larger than the sum of the W-boson mass and the charged lepton
mass. This is consistent with optical theorem as discussed in ref. [38].

e Taking the charged lepton flavour to be the electron, o = e, the threshold condition
for initial neutrino masses is simplified to m; > mw + me =~ myy.

e There is a second contribution to the imaginary part of Fg ,, if the neutrino in the final
state satisfies the threshold condition, ms > mw + mes. Due to the sign difference,
it partly cancels with the first contribution.

With the above results, we are now able to obtain the most general result for C'P
asymmetries in neutrino radiative decays. For Dirac neutrinos, recall eq. (2.10). We derive
the CP asymmetry between v; — vgyy and 13 — vpy— and between v; — vey_ and
Vi — VY4 as

- Za,ﬂ jciufﬁlm(fif,afi*f,ﬂ)m%

D
s Rify [Re(Fa.aFf 5)mi + Re(Fie e 5)mi]
if * 2
Abp- = — 20 TopliFn e 50 (3.14)
T LRI [Re(]—"ﬁyafg’ 5)m? + Re(Fig o Fip. ﬁ)mﬂ
where «, 8 run for charged lepton flavours e, u, 7 and
T = T (UnlliUiUse) , R = ReUnildlieliUe) - (3.15)

We now outline the contribution of coefficients to the tree-level vertices. We have intro-
duced a set of Jarlskog-like parameters J olzfﬁ to describe the C'P violation from the vertex
contribution. This parametrisation follows the famous definition of the Jarlskog invariant
used to describe C'P violation in neutrino oscillations [41, 42]. The Jarlskog-like parameters
are invariant under any phase rotation of charged leptons and neutrinos. If the Jarlskog-like
parameters vanish, no C'P violation is generated in the neutrino transition dipole moment.
For Majorana neutrinos, the relevant C'P asymmetries, via eq. (2.13), are given by

M _ _AM
Alp+ = —ACk-

S5 Ry [Re(Fa ol 5)m? + Re(Fie oy )m| — 201 Re(Fa 0 Fip ) mime
(3.16)

s T [Im(fﬁ,af;;ﬁ)m2 Im(fifvaﬁ*fﬂ)m%} — 2V Tm(Fq o Fp 5)mamg

)

where

VI = ImUoillisUsille) . Cly = Re(UnillseUsille) - (3.17)



V&fﬁ is another type of Jarlskog-like parameters which appears only for Majorana neutrinos.
It was first defined in the study of neutrino-antineutrino oscillations in the context of only
three light neutrinos [43]. They are invariant under phase rotations for charged lepton but
not for neutrinos.

4 CP violation in heavy neutrino radiative decays

In the rest of this paper, we will discuss the C'P violating radiative decay in the seesaw
model, where the tiny masses for left-handed neutrinos are generated due to the suppression
of heavy right-handed neutrinos. We recall that the notation Agp = AI\CAR , for Majorana
neutrinos is used.

We consider the minimal seesaw model where only two copies of right-handed neutri-
nos are introduced [17]. This is the minimal number required to generate two non-zero
mass square differences i.e. Am3; = m3 — m} and Am3, = m3 — m?. We denote two
right-handed neutrino mass eigenstates as Ny for I = 1,2, with masses M; < Ms. The
following discussion is straightforwardly generalised to a canonical seesaw model with three
right-handed neutrinos. Including more copies of right-handed neutrinos just increases the
number of free model parameters.

The minimal seesaw model predicts one massless neutrino m; = 0 in the normal mass
ordering (m; < mg < mg) and mg = 0 in the inverted mass ordering (m3 < m; < mg)
schemes. In this section, we will only consider the normal mass ordering as we don’t expect
the inverted mass ordering to make a significant difference. Moreover, the inverted ordering
is slightly disfavoured (Ax? = 6.2) by the current neutrino oscillation global fit data [44].
We take the best fit (in the 30 ranges) of mass square differences in the normal ordering
scheme [44], this is

mo = \/Am3, = 8.60 (8.24 — 8.95) meV ,
ms = \/Am3; = 50.2 (49.3 — 51.2) meV . (4.1)

We recall once again the lepton charged-current interaction in eq. (3.1). The three light
neutrino mixing is represented by the first 3 x 3 submatrix of U, i.e., U,; for o = e, i, T
and ¢ = 1,2,3. In the case of negligible non-unitary effect, U,; is parametrised as

c12€13 C13512 s13e7% e” 0 0
B 5 5 :
U= | —co3s12 — c12513523€"  C12C23 — 512513523 13523 0e70|, (42
i i
512823 — C12C23813€""  —C12523 — €23512513€"° C13C23 0 01

where ¢;; = cos0;j, s;; = sinb;;, 0;; (for ij = 12,13,23) are three mixing angles, § is the
Dirac-type C'P violating phase and p and o are two Majorana-type C'P violating phases.
U is a 3 x 3 unitary matrix, UTU = UU' = 13,3. The three mixing angles and the Dirac
C'P violating phase for normal mass ordering are measured to be

013 =8.61°  (8.22° — 8.99%),
015 = 33.82°  (31.61° — 36.27°),
fy3 = 48.3°  (40.8° — 51.3°),
=222°  (141° — 370°) (4.3)



at the best fit (in the 30 ranges) [44]. As we work in the minimal seesaw model where the
lightest neutrino mass m; = 0 is massless, p is unphysical and will not be considered below.
We are left with two C'P violating phases § and ¢ from the mixing of light neutrinos.

Accounting for the non-unitary effect, namely, the fraction of heavy neutrinos con-
tributing to the flavour mixing Uy(s43), which we denote as R, from now on. Uy, is only
approximately equal to Uy, Uni = Uqs + (’)(RRT). RR' is constrained to be maximally at
milli-level [45, 46]. Therefore, U,; ~ U,; is still a very good approximation.

The charged-current interaction for leptons in the mass eigenstates is now written as

Loe.= Y. itlm“PL( S Uaivi+ Y RaINI)W;JrO(RRT)Jrh.c.. (4.4)
a=e,u,T \/5 i=1,2,3 1=1,2

We use the Casas-Ibarra parametrisation [47] to express R in the form

mi41
Ror= Y Uaifir M*} : (4.5)
i=1,2

Here, Q is a 2 x 2 complex orthogonal matrix satisfying Q7Q = QO = 1.1 We parametrise
it as

0- ( cosw  sinw )7 (4.6)

—(sinw (cosw

where w is a complex parameter and ( = £1. The two possible values of ( correspond to
two distinct branches of Q [48, 49]. The Yukawa coupling Y between lepton doublets and
right-handed neutrinos are directly connected with R via Yo; = RorM7/vg [50].

In the whole model, three C'P violating parameters are induced, ¢, o and Imw], if
0=0,0=0or 7/2 and Im[w] = 0, no CP violation can be generated.

The CP violation in the neutrino transition dipole moment can be checked by the study
of the C'P asymmetry of neutrino radiative decay. There are three channels of interest,
v; — vjy, Nt — vy and No — Npy. For the first channel, since the light neutrinos
have masses much lighter than the W boson, no C'P violation can be generated. The C'P
asymmetry for Ny — v;7y is non-zero if N7 has a mass M7 > mw +m,. =~ myy. Note that in
this case, masses of three light neutrinos v; for ¢ = 1, 2, 3 are negligible and photons released
in the relevant three channels are indistinguishable, so we sum these channels together and
calculate the overall CP asymmetry [cf. eq. (3.16)]

I+3)i "
! Za,,@ j055+ ) Im(ﬂ(u?’),a]:i(”g),g)

Acp(N; —vy) = 1+3)i ’
Zz’ Za,ﬁ ,R'(()zﬁ—i_ ) Re(-¢i([+3),aﬂ?[+3)7ﬁ)

(4.7)

'In the case of three copies of right-handed neutrinos, Q is a 3 x 3 matrix, this leads to each entry in

Rar= Y Umau,/z\”j
I
i=1,2,3

Rar for I =1,2,3 to be expressed as
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Figure 2. The C'P asymmetry (left panel) and branching ratio (right panel) for the radiative decay
process No — Ny~ as a function of the heavy neutrino mass Ms. Four different benchmarks for
the lightest right-handed neutrino M; = 0.2M5,0.5M5, 0.8M, are considered as per the respective
plot legends. Values of w are fixed at w = 5 (top panel) and 5 — 5i (bottom panel), respectively.
In all cases, we use the best-fit oscillation data as inputs while we set ( = 1 with a Majorana
phase 0 = /2.

This parameter is tiny, numerically confirmed to be maximally < 107!7. The reason
why it is so small can be understood as follows. Since m; is negligible, F;r43)q

Fi(143),0> and Acp(Ny — vy) < 32,305 J, (I+3)Z =200 2ap I Un (1) Uaild 113Usi) =

220 20 ImUo(145)U5 14 5)) = 0.
Finally, we focus on the C'P asymmetry in No — Nj7, which is given by

20,8 jfﬁ [ m(Fus,0F 55 B)Mz Im(F54,0F54 [3) } -2V} glm(]:45 afss ,@)M2M1
a5 REY [Re(Fas aF s ) M3+Re(FosaFy 5) ME|~2C3Re(Fus 0 F3y ) Mo My
(4.8)
Here, CIf ap and Vif 0 Were defined in eq. (3 17) and the Jarlskog-like parameters are given by
ja,B = Im(RaQRaleQRBI) and Va = (RagRalegRﬁl).
The behaviour of the CP asymmetry as a function of the right-handed neutrino mass

Acp(Ny — Nivy) =

Ms is shown in figure 2. We can see that the C'P asymmetry of this channel is much larger
than that in N — vv. In this figure, we vary Mz from 0.1 to 10 TeV and consider three
benchmark scenarios where the mass ratio M7 /M is fixed to 0.2, 0.5 and 0.8 respectively.
In all plots, we fix ( = 1 and the Majorana phase o = m/2. Therefore, no Majorana-type
C' P violation is induced. We use the best-fit oscillation data as inputs which include a large
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CP violating value for §. In the top panel, we fix w to be real, w = 5. Therefore, § is the
only source of C'P violation. We note that a large C' P asymmetry ratio |Acp| ~ 1075-1073
is easily generated. Peaks of |[A¢p| are generated due to the enhancement in the log term of
Im(Fg,o) around My = myy (cf. eq. (3.12)). Sharp changes refer to cancellations occurring
in Acp due to the selected values of inputs. In the bottom panel, w = 5 — 5i, both ¢ and
w contribute to the C'P violation. The constraints on |RR'| from the non-unitarity effect
has been included [45].

We also show the branching ratio B(N2 — Ni1y) = I'(N2 — N1v)/T'n,. In the total
decay width I'y,, we include five main decay channels Ny — E‘W; > vZrr and vH [51].
Although the C'P asymmetry is large, the branching ratio is suppressed as shown in the
right panel of figure 2, leading to very small Agp x B. We note that there is particularly
interesting phenomenology for w = 5 — 5¢ as the branching ratio is greatly enhanced when
assigning an imaginary part to w. This is because the mixing R is enhanced by sinw and
cosw, which are both ~ el™[ll. One can further increase the branching ratio to be much
larger than 10~13 by enlarging the imaginary part of w, hence the combination Acp x B is
also enhanced. Another feature of the right panels is that, in spite of the different orders of
magnitude, the shape profiles of the curves are almost the same between w = 5 and 5 — 51.
This is because the inclusion of an imaginary part for w simply changes the size of R, but
rarely changes the correlation between the decay width and right-handed neutrino masses.

In figure 3 we show a numerical scan performed for M5 in the same range. We sample
My logarithmically in the range [0.1, 10] TeV and the ratio M; /M, in the range [0.1,1). The
blue points refer to purely real w randomly sampled from [0, 27). In this case, only two
of the C'P violating phases d and o contribute to the C'P violation. The C'P asymmetry
Acp shows a roughly linear correlation with M, ! Most points of Acp are located in the
regimes (1073,107°) for My ~ 0.1 TeV, (107*,107%) for My ~ 1 TeV and (107°,1077) for
My ~ 10 TeV. However, the branching ratio of the decay is tiny, between (10720, 1071°),
which makes the C'P asymmetry unobservable in experiments. For the red points, we
allow an imaginary part for w as well, namely, Im[w] € [-5,5]. A CP asymmetry of order
one is then easily achieved. The branching ratio of the radiative decay can maximally
reach ~ 1071, We have also checked that the combination Acp x B can maximally
reach 4 x 10715, Note that considering a larger imaginary part of w could further enhance
the branching ratio and Acp x B. However, as this process happens at one loop and
there are constraints on the non-unitary effect, the branching ratio is always suppressed
by (167%)~2|RR'|?/|RR!|. By taking RR' ~ 1073, we obtain a branching ratio which
maximally reaches ~ 10~7 and is therefore challenging to probe in future experiments.

5 Conclusion

We study the CP violation in the neutrino electromagnetic dipole moment. A full one-loop
calculation of the transition dipole moment is performed in the context of the Standard
Model with an arbitrary number of right-handed singlet neutrinos. The C'P asymmetry
is analytically derived in terms of the leptonic mixing matrix accounting for heavy neu-
trino mass eigenstates. A detailed explanation of how to generate a non-vanishing C'P
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Figure 3. The C'P asymmetry parameter Acp (left) and branching ratio (right) scanned in the
region Mj in [0.1,10] TeV and the ratio My /M in [0.1,1), where both masses are scanned in the
logarithmic scale. The red region refers to w = [0, 27| + i[—5, 5] while the blue region is the smaller
w = [0,27]. All oscillation parameters are scanned in the 3¢ ranges, w = [0,27] and ( = +1 are
used. The scan performed for the ( = —1 branch gives the same distribution and is thus omitted.

asymmetry in the neutrino transition dipole moment is provided. This requires a threshold
condition for the initial neutrino mass being larger than the sum of W-boson mass and
the charged leptons runnning in the loop and a C'P violating phase in the lepton flavour
mixing matrix. The threshold condition is necessary to generate a non-zero imaginary part
for the loop function. An analytical formulation of this loop integral imaginary component
is derived. The lepton flavour mixing for vertex contributions has been parametrised in
terms of Jarlskog-like parameters. For Majorana particles, the C'P asymmetry is identical
to the asymmetry of circularly-polarised photons released from the radiative decay.

The formulation is then applied to a minimal seesaw model where two right-handed
neutrinos N1 and Ny are introduced with the mass ordering My < Ms. A complete study
of C'P asymmetry in all radiative decay channels was performed, where the mass range
0.1TeV < My < 10TeV is considered. The CP asymmetry in Njo — vv is very small,
maximally reaching 10~!7. In the No — Ni~ channel, the CP asymmetry is significantly
enhanced, with Agp achieving 107°-1073, even with the Dirac phase § being the only
source of C'P violation. There is a significant correlation between the C'P violation in
radiative decay and that coming from oscillation experiments. We performed a parameter
scan of the C'P asymmetry with oscillation data in 3o ranges taken as inputs and found

that the C' P asymmetry can maximally reach order one.
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