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ABSTRACT: We present a novel expression for an integrated correlation function of four
superconformal primaries in SU(N) N = 4 supersymmetric Yang-Mills (N = 4 SYM)
theory. This integrated correlator, which is based on supersymmetric localisation, has been
the subject of several recent developments. In this paper the correlator is re-expressed as
a sum over a two dimensional lattice that is valid for all N and all values of the complex
Yang-Mills coupling 7 = /27 + 4mi/ gzM. In this form it is manifestly invariant under
SL(2,Z) Montonen-Olive duality. Furthermore, it satisfies a remarkable Laplace-difference
equation that relates the SU(N) correlator to the SU(N + 1) and SU(N — 1) correlators.
For any fixed value of N the correlator can be expressed as an infinite series of non-
holomorphic Eisenstein series, E(s;7,7) with s € Z, and rational coefficients that depend
on the values of N and s. The perturbative expansion of the integrated correlator is an
asymptotic but Borel summable series, in which the n-loop coefficient of order (gy,,/7)*"
is a rational multiple of ((2n + 1). The n = 1 and n = 2 terms agree precisely with results
determined directly by integrating the expressions in one-loop and two-loop perturbative
N =4 SYM field theory. Likewise, the charge-k instanton contributions (|k| = 1,2,...)
have an asymptotic, but Borel summable, series of perturbative corrections. The large-
N expansion of the correlator with fixed 7 is a series in powers of N 3 (¢ € Z) with
coefficients that are rational sums of E(s;7,7) with s € Z + 1/2. This gives an all orders
derivation of the form of the recently conjectured expansion. We further consider the 't
Hooft topological expansion of large-N Yang-Mills theory in which A = ggMN is fixed. The
coefficient of each order in the 1/N expansion can be expanded as a series of powers of A
that converges for |\| < 72. For large ) this becomes an asymptotic series when expanded
in powers of 1/ VA with coefficients that are again rational multiples of odd zeta values, in
agreement with earlier results and providing new ones. We demonstrate that the large-A
series is not Borel summable, and determine its resurgent non-perturbative completion,

which is O(exp(—2v/))).
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1 Overview and outline

The structure of N' = 4 supersymmetric Yang-Mills (M = 4 SYM) [1] has been the subject
of intense study over a number of years. It is a highly nontrivial four-dimensional conformal
field theory and many features of its correlation functions have been determined by making
use of a variety of symmetries, such as integrability and superconformal symmetry combined
with crossing symmetry and causality. Furthermore, the holographic relationship between
N =4 SYM and type IIB superstring theory in AdSs x S° provides further constraints on
the structure of these correlators.

Of particular significance to this paper! is the analysis of the integrated correlation
function of four N' = 4 superconformal primaries that was formulated making use of super-
symmetric localisation in [3], and further developed in [4-7]. This correlator was defined
in terms of the partition function of N' = 2* SYM theory, which is a mass deformation
of the superconformal N’ =4 SU(N) SYM theory with mass parameter m. The suitably
normalised N = 2* partition function, on a round S*, Zy(m, 7, 7), was determined by Pes-
tun using supersymmetric localisation [8] and will be reviewed in section 2. Our notation
follows usual conventions where the complex Yang-Mills coupling constant is defined by

T=T1+1im ::i—i—ii—ﬂ-, (1.1)
27T gYI\/I
with 6 the topological theta angle and g,,, the SU(N) Yang-Mills coupling constant.
In [3] the integrated correlator of four primaries of the stress tensor supermultiplet of
the N = 4 theory was identified with the m — 0 limit of four derivatives acting on log Zy
that has the form?

1
gn(T,T) = 1 A.rafn log Zn(m, 7,T)

m=0

4
_ / [T dei n({:}) (Os(1) . .. Os(4)) (1.2)
=1

where A, = 4720,0- is the hyperbolic laplacian and Os(z;) is a superconformal primary
in the 20" of SU(4) R symmetry.> The first equality in (1.2) guarantees that Gy(7,7)
preserves half the supersymmetries and this is the condition that determines the form of
the integration measure, p({z;}).

An integrated four-point function with a different integration measure was identified
with 02 log Zy(m,7,7) in [6] and was considered in more detail in [7]. A further generali-
sation of (1.2) considered in these references is based on the Pestun partition function on
a squashed S* with squashing parameter b (where the unsquashed S* is recovered when

!This paper gives more details of the results presented in letter format in [2].

®The normalisation of the integrated correlator differs from that in [3] by a factor of ¢/2 where ¢ =
(N? —1)/4 is the central charge of the theory.

3Here and in much of the following we will suppress the SU(4) quantum numbers. The expression for
w({z;}) is given in [3], where it is expressed in terms of the two independent cross ratios. This will be
reviewed and made more precise in section 2.



b =1). Including derivatives with respect to b in the limit b = 1 potentially generates other
integrated correlation functions.

However, we will restrict our considerations to the correlation function defined by (1.2)
The form of (1.2) takes into account the considerations of operator mixing that arise in
transforming the correlator on S* to the flat-space correlator on R*, as discussed in [3, 9].

In this paper we will re-express the integrated correlator Gy (7, T) as a two-dimensional
lattice sum that makes manifest many of its properties for all values of N and 7. Since
this reformulation is based on a wealth of evidence concerning the structure of Gy (7,7) in
various limits, rather than being based on a mathematical derivation we present this in the
form of a conjecture rather than a theorem:

Conjecture. The integrated correlation function (1.2) of four superconformal primary
operators in the stress tensor multiplet of N' = 4 SU(N) supersymmetric Yang-Mills theory
is given by the lattice sum

1 > +n7|?
On(r7)=5 > / exp ( - th)BN(t) dt | (1.3)
(m,n)eZ? 0 2

where By (t) has the form

On (1)

N(t) = (¢ 12N+ (1.4)

and where QN (t) is a polynomial of degree 2N — 1 that takes the form

On(t)=— %N(N - 11— t)N—l(l + t)N—i-l

2 2
{(3+ (8N +3t—6)t) p]$7—2)<1+t ) L L (3t2—8Nt—3) PR <1+t )} |

1—¢2 1+t 1—¢2
(1.5)

and PJ(Va’ﬂ)(z) is a Jacobi polynomial.

In the case of SU(2) the polynomial pre-factor is given by Qa(t) = 9t — 30t2 + 9t3. A
general property of By (t) that will prove to be important is its inversion invariance

By(t) = %BN (1) . (1.6)

Equation (1.3) is manifestly invariant under the SL(2,7Z) transformations
b b
T—)"y-’]’:ﬂ, 7:<ad>€SL(2,Z) (1.7)
c

which is in accord with the expectations of Montonen-Olive duality [10-12]. We will also
show that the lattice sum (1.3) is convergent for 7 in the upper half plane 75 = Im7 > 0.

Furthermore an important consequence of (1.3) is that Gy (7, 7) satisfies the following
corollary:



Corollary. The localised integrated correlator satisfies a Laplace-difference equation of
the form

(Ar = 2)Gn(7,7) = N*[Gnya(r, 7) = 20n(7, 7) + Ona (7, 7)]
~N|[Gn (. 7) = Gna(r,7)] - (1.8)

This is a very powerful equation that relates the dependence on 7 and the dependence
on N, thereby providing powerful constraints on properties of the correlator, as will be
discussed later in this paper.

1.1 Outline

The outline of the paper is as follows. The construction of the localised correlator starting
from Zn(m, T, 7T) is reviewed in section 2.

In order to analyse the perturbative and non-perturbative behaviour of the correlator
in various regions of the parameters N and 7 it is useful to consider a Fourier expansion
with respect to 8 = 277y,

GN(T,T) =Y GNg(T,T) == Y TF M Fy 1 (2) (1.9)
keZ keZ
This is a sum of contributions from sectors with Yang-Mills instanton charge k. The
k = 0 term is the sector described by conventional N' = 4 SYM perturbation theory
and originates from a part of Zy(m,T,T) corresponding to the one-loop contribution to
the localised N/ = 2* partition function [8]. The k& > 0 sectors describe contributions of
instantons (and k& < 0 terms describe anti-instanton contributions), which are contained in
the part of Zy(m, 7, 7) described by the Nekrasov instanton partition function [13, 14].
The example of SU(2) is considered in detail in section 3. We will determine the
perturbative sector by analysing the zero instanton part of Zy(m,7,7) and the definition
n (1.2). We will show, in particular, that this sector can formally be expressed in terms of
an infinite sum over s € Z of zero modes of non-holomorphic Eisenstein series, E(s, T, T).
Each zero mode is the sum of two terms, proportional to 75 and 7'21_5. Since s > 0 the
infinite sum of the former terms has to be resummed in order to determine its perturbative
(small-g,,,,) expansion (which is why we have stressed that this is a ‘formal’ expression).
Our conventions regarding non-holomorphic Eisenstein series, together with some of their
properties, are described in appendix A. We will then see that the non-perturbative k-
instanton sectors (with k& # 0) determined from (1.2) have a form that combines beautifully
with the k£ = 0 sector, to give the SL(2,Z)-invariant expression (1.3) for the SU(2) theory.
We find that the integrated correlator can be expressed formally as an infinite series of
non-holomorphic Eisenstein series with integer indices

_ 1S _
Go(T,7) =~ + B Sz:;cg )E(S;T,T). (1.10)

1
4
with

2 = ( (s—1)(1—25)2D(s+1). (1.11)




Finally, in section 3.3 we will use a standard integral representation of FE(s;7,7) to
rewrite (1.10) in a convergent form as the integral of a lattice sum, which is the conjectured
form for the case N =2 in (1.3).

In section 4 we will present strong motivation for the form (1.3) of the integrated
correlator for the theory with gauge group SU(N) for general N. The procedure in this
section begins with the evaluation of the one-instanton contributions for a large number of
values of N > 2. The determination of these contributions is based on the self-consistency
of the perturbative evaluation of the matrix model of the Nekrasov instanton partition
function and the form of the large-N expansion (1.14) that was presented in [5]. This
is described in appendix B. This leads to expressions that reproduce the one-instanton
contributions to (1.3) with specific expressions for the polynomials Qx(t). The form of
these polynomials generalises to arbitrary values of IV in an obvious fashion. Furthermore,
by considering a large number of examples, we verify that Qn(¢) is independent of the
instanton number, k and that Gy (7, T) is correctly reproduced by (1.3). As in the SU(2)
case, the SU(IV) correlator can be expressed as a formal sum of non-holomorphic Eisenstein
series with integer indices,

Gn(r7) = MO ) S VB, (112
s=2

(N)

where the coefficients ¢s ' are rational numbers that depend on N and are generated by
the expansion of By(t) in the form

0o (N)
Bn(t) =) rs(s)tH : (1.13)
s=2

In section 4.1 we will show that G (7, T) satisfies the Laplace-difference equation in the
corollary (1.8). This is obtained by applying a Laplace operator to (1.3), which leads to a
generalised Laplace equation that defines the relationship between Gy (7, 7) and Gy 11 (7, T)
and Gy_1(7,7). By inputting the SU(2) correlator this equation recursively determines
correlators for all V.

Section 5 discusses a number of properties of the expression (1.3). In section 5.1 we
will show that the perturbative expansion of Gy (7, 7) for general values of N has the very
simple form of a sum of powers (gzMN /m2)L with coefficients that depend on N and are
rational multiples of odd zeta values, (2L + 1). We will verify that the coefficients of
the L = 1 and L = 2 terms are precisely the values that are obtained in weakly-coupled
Yang-Mills perturbation theory for any value of N. To verify this we need to integrate
the known expressions for the standard Yang-Mills correlators over the positions of the
operators with the appropriate measure. This integration will be described in appendix C
by making use of exact results in the literature for arbitrary L-loop ladder diagrams. The
coefficients in the perturbative expansion also have a specific dependence on powers of IV,
corresponding to non-planar contributions in Yang-Mills perturbation theory. The first
non-planar dependence starts at four loops, again in agreement with standard field theory
calculations in the literature.



Section 5.2 discusses the large- N expansion of the integrated correlator in the 't Hooft
limit, which is an expansion of the form Gn(7,7) ~ 3272 N 2-29G(9)()\), where \ = 92 N
and we denote with G (\) the genus ¢ contribution. We will demonstrate that for small
values of A the expansion of the leading term, g<0>(A), in a power series in A, converges
for |\| < 72, This is interpreted as the perturbative sum of planar Feynman diagrams.
We will show that the sum of this series is equal to the expression in [3], although that
was derived from the power series in 1/\ that is appropriate for the the strong-coupling
limit. However, as we will show, the strong coupling series is not Borel summable. We will
give a resurgence analysis that determines the form of the non-perturbative completion,
which behaves as e=2Y*. A brief description of Borel summation and resurgence is given in
appendix D. We will also determine G(V) (M), the term of order NV in the large- N expansion,
as well as higher order terms, which can also be resummed and reproduce the results in [4].

In section 5.3 we will consider the 1/N expansion with fixed g,,,. This is the expansion
of the integrated correlator that was considered in [5], in which S-duality (invariance under
SL(2,Z)) is manifest. We will show how the By(t) recursion relation determines the
expansion of the integrated correlator in powers of 1/N around the large-N limit. We will
show that the integrated correlator has a large- N expansion with coefficients that are sums
of non-holomorphic Eisenstein series, but now with half-integer index (apart from a leading
N? term). The expansion takes the following form

N2 K+%
OGN (T, T) ~ — + ZNf_é Z d; E(s;1,7), (1.14)

£=0 s== -‘rmod(e 2)

so that the coefficient of N2~ is the sum of a finite number of Eisenstein series E (s;7,7)
with index s starting at s = 3/2 for even ¢, or s = 5/2 for odd ¢, up to s = 3/2 + /.
At fixed 7, this expansion is an asymptotic series in 1/N. The first few terms in this
expression coincide with the result found in [5], but the procedure in this paper gives a
simple recursive algorithm for determining the coefficients d; to arbitrarily high values of
¢ and s, which follows from the large- N expansion of By(t). These coefficients are again

rational numbers We do not have a closed formula for general d7, but it is stralghtforward
5

to determine d[ 2. which are the coefficients with maximum s. Furthermore, once dz is
given, the Laplace difference equation (1.8) efficiently determines the rest. At the end of
section 5.3 we will provide explicit examples of a few sets of coefficients.

The paper will end with a discussion in section 6 where we will comment on the
interpretation and possible extensions of these results.

2 The localised integrated correlator

Our analysis will be based on the expression for the integrated correlation function of four
superconformal primaries that was formulated in [3]. This correlator was defined in terms
of the partition function of N’ = 2* SYM theory, which is a mass deformation of the super-
conformal N' = 4 SYM theory with mass parameter m. The (suitably normalised) N = 2*



partition function on S*, Zy(m,7,7), was determined by Pestun using supersymmetric
localisation in [8], where it was shown to have the form*

—Br S g2 R N 9
ZN(m, T,7_') :/dNCLZ' e g%M v Ha?j Z]]{[ert(m’ a,-j) ‘Z}\I;St(m, T, aij)‘ . (2.1)
1<J
The integration is over N real variables a;, ¢ = 1,..., N that are the zero modes of a

scalar field that survive after the other fields have been integrated out of the N' = 4

SYM partition function. For SU(N) the a; are subject to the constraint » ,a; = 0 and

a;j = a; — aj, whereas in the case of U(IV) the a; are free variables without this constraint.
The perturbative factor in (2.1) is given by

N H(a)
Zpert m, a;; = H(m 7”’

(2.2)
where the function H(z) is given by, H(z) = e~ (12* G(1 4 iz) G(1 — iz), and G(z) is a
Barnes G-function (and 7 is the Euler constant). The factors of |22 = Zist é}{}St are
the contributions from the Nekrasov partition function and describe the contributions from
instantons and anti-instantons localised at the poles of S*. We have omitted the overall
normalisation constant from (2.1), which drops out after taking derivatives to obtain the
integrated correlator (1.2).

The connection between Pestun’s partition function and the integrated correlation
function of four conformal primary operators was made in [3] by taking four derivatives of
the partition function with respect to the parameters of the theory. This leads to the four-
point correlation function integrated over spacetime with a certain measure. In particular,
two types of integrated correlators were studied in [3, 6]. One of them is obtained by acting
on log Zn(m, 7,7) with two mass derivatives as well as a 7 and a 7 derivative,

1
gN<T7 7_-) = Z AT@%l IOg ZN(m7 R 7_—)

8 Oom=0 T 7,3 sin2(9) (2'3)
— I [Ta (U, V)] = —;/0 dr/o e {CAGY

where A, = 4720,0-. The cross ratios U,V are defined by

U= 1573 V= 214733 (2.4)

2.2 2,2 >
L1394 L13L24

and are related to 7 and @ by U = 1 + 72 — 2rcos(f) and V = r2. The function Ty (U, V)
is related to the four-point correlator by

(O2(x1,Y1) ... O2(24,Ys)) = % (TN, tree (U, V3 Y3) + Ty (U, V; Y3) TN (U, V)], (2.5)

L19T34

4The subscript on Zy indicates that the gauge group is SU(N).
5Here we have used the simplified version of the integration measure as given in [6], and we have changed
the overall normalisation to agree with our normalisation conventions.



where (---) denotes the usual expectation value in the AN/ = 4 theory, not to be con-
fused with the matrix model expectation value (3.2). Here we have introduced the SO(6)
null vector Y7 (I = 1,2,---,6) to take care of the R-symmetry indices, and the opera-
tor Oy(z,Y) = O%,YIYJ. The quantity Tn, free(U, V;Y;) represents the correlator in free
theory, which is trivial. The factor Z,(U,V;Y;) is fixed by the superconformal symme-
try [15, 16], and we follow the conventions of [3]. Its explicit expression will not be impor-
tant for the following discussion. Most of our focus will therefore be on the dynamical part
of the correlator, Ty (U, V).

The integrated correlator Gy (7,7) is the main quantity we will study in this paper.
A second integrated correlator was considered in [6], and is obtained from the N' = 2*
partition function by applying four derivatives with respective to mass,

G (7, 7) := Oy, log Zn(m, Tﬁ)’mzo =L [Tn(U, V)] = /dUdVM'(U, V)Tn(U, V), (2.6)

with a different integration measure p/(U, V'), which is given in [6]. As mentioned in the
introduction, integrated correlators can also be obtained by starting with the N' = 2*
partition function on a squashed S* with squashing parameter b (where b = 1 corresponds
to the round S%) [6]. Many interesting and non-trivial relations are found among the
integrated correlators obtained by acting on the partition function with derivatives with
respect to m, 7, 7 and b [7]. These relations have also been generalised to cases where
more than four derivatives act on the partition functions [17].

Certain properties of the large-IN expansion of the correlator (1.2) were determined
in [3] starting with the expression for Zy(m,7,7) in (2.1) in the 't Hooft limit (fixed A =
giMN ), in which instantons are suppressed so Z}{}St = 1. On the other hand instantons play
an essential role in ensuring S-duality (Montonen-Olive duality [10]). The regime in which
S-duality is manifest is the large- NV limit with fixed g, considered in [5] where the effects of
Yang-Mills instantons were taken into account by virtue of the |2}{}St |2 factor in (2.1). In this
limit the integrated correlator has a large- N expansion of the form (1.14). The expansion
was conjectured in [5], based on a combination of analytic calculations at low orders in the
1/N expansion, which led to a determination of the coefficients dj for the first few values
of £. We will see in section 5 how the all-order expression arises by expanding (1.3), or by
using the Laplace-difference equation (1.8) once the initial data is given.

There are many interesting features of this expansion. Firstly, it has a close holographic
connection with the low energy expansion of the four-graviton amplitude of type IIB super-
string theory in an AdSs x S® background. For example, the leading term of order N > hasa
coefficient proportional to E(2, 7, 7T) that matches the coefficient of R* in the string theory
amplitude (where R denotes the space-time Riemann curvature). Furthermore, since the
coefficient of N2~ is a sum of Eisenstein series with half-integer indices (s € Z + %) it is
obvious that the expression is invariant under SL(2,Z) S-duality. From (A.10) we see that
this also means the perturbative expansion of these coefficients is in half-integer powers of

Yy = 4#2/93M, proportional to y* and y!=*

. By contrast, Yang-Mills perturbation theory
for any finite value of IV is defined by an expansion in integer powers of g%M. This means
that there must be a transition from the expansion in integer to half-integer powers of gf{M

as N — oo.



These properties will be manifest in the considerations of subsequent sections of this
paper, which will focus on the exact form of the integrated correlation function, 1.3, for all
values of N and of the complex coupling constant, 7 = 0/27 + idw/ giM.

2.1 A comment on a possible mixing problem involving the Konishi operator

Before considering the structure and properties of the integrated correlator we would like
to return to an issue mentioned in the introduction. It was noted in [3] that the expression
AL02 log Zn(m, T, T)|m=0 in the first line of (1.2) does not simply describe the four-point
correlator (ITi; Oa(z;)) in the second line in an obvious fashion. The N = 2* SYM La-
grangian includes a mass deformation of the form m?K(z), where K(z) is the non-BPS Kon-
ishi operator. As a result, the quantity A,92 log Zy(m, T, 7)|m=0 seems to contain an ad-
ditional piece proportional to the integral of a three-point correlator (K(x1)Oa(z2)O2(x3)),
where the 7 and 7 derivatives bring down two Oy operators and 92, brings down K(x).

However, as pointed out in [3], in the large-N and strong-coupling limit (gzMN > 1),
which is the region of most interest to [3], the Konishi operator decouples since it develops
a large anomalous dimension, proportional to N'/4. Therefore, the relation between the
integrated correlator and Pestun’s partition function (1.2) is expected to be valid in this
limit. However, we expect that such a non-BPS Konishi component in (1.2) is absent for
all values of N.

Indeed, recall that the arguments of [3] were based on analysing supersymmetric Ward
identities that relate different components of the integrated 1-BPS super-stress tensor corre-
lators. The analysis involved integration by parts that picked up certain boundary terms,
which can be associated with OPEs of pairs of external stress tensor operators. It was
argued that these boundary terms cancel with integrated three-point super-stress tensor
correlators. But the OPE of two external Oy operators also includes non-BPS opera-
tors, such as K. Although these decouple at large- N, as described in [3], at finite N the
boundary term must contain a component that cancels the non-BPS three-point correlator,
(K(21)O2(x2)O2(x3)), This would ensure the BPS condition for the integrated four-point
correlator.

Another way to see that the Konishi operator should not be relevant is to recall that
any operator that couples to m? must have dimension exactly equal to two. The Konishi
operator is not a BPS operator, hence in the interacting theory it does not have dimension
exactly equal to two and cannot appear in the 57271 log Zn(m, 7, 7).

As we will discuss in section 5.1, the perturbative expansions that follow from our
analysis are in precise numerical agreement with known results for the correlator of four
Oy’s for all N at one and two loops, and produce correct N dependence for higher loop
terms. A contribution from a Konishi three-point correlator would spoil this consistency.
This provides direct evidence that the relation between the integrated correlator and the
localised partition function is exact for any value of N and of g,,,.

5We would like to thank Shai Chester, Silviu Pufu, and Yifan Wang for pointing out this argument and
for related discussions.



3 The integrated correlator in the SU(2) theory

In this section we will determine the expression for the correlator for arbitrary values of
gy in the theory with SU(2) gauge group. In the following subsections we will consider
the contributions from the perturbative sector (that arises from Z]’i,e Tt) and from the sectors
with instantons (that arise from \Z}{}“\Q). As we will see, rather surprisingly, the expressions
for these contributions have a similar structure that demonstrates how they combine into

a SL(2,Z)-invariant expression of the form (1.3).

3.1 The zero-instanton sector
The sector with zero instanton number has Z* = 1 and the perturbative contribution to

the integrated correlator arises from log Z&%"" and has the form

1
gN,O(Ta 77_) = ZAT azn IOg ngert ) (31)

1 H?(ai;)
0 = ZAT <63n H H(az‘j — m) Hj(aij + m)>

i<j m=0

where the subscript 0 indicates that this is the zero-instanton (k = 0) contribution in (1.9)
and is independent of 71 = 6/(27). Here the symbol (A(a;;)) denotes an expectation value
defined by

1<J

1 - 827r2 ia?
(Alaiz) ) = W/dNai (H a?j) e ‘v = Alaij) (3.2)
Zy

and the normalisation factor Z](\(,)) is

- 827'2 Z.a2
Z](\([)) :/dNai Ha?j e ym T (3.3)

1<jg

As emphasised in [5], (A(a;j)) is not sensitive to whether the gauge group is SU(N) or
U(N), a fact that was also observed in [18] where it was checked up to four loops. The
right-hand side of (3.1) is a multidimensional integral over the variables a; that we have
not succeeded in evaluating analytically. However, it is straightforward to determine the
expansion of this expression to arbitrarily high order in gzM.

In the case of SU(2) this expression reduces to a one-dimensional integral and we
find that

90(3) _ 225((5) , 2205((7) _ 42525((9) , 1715175((11)

~ O(™%, (34
where we have set”
472
Yyi=mT= 5. (3.5)
gYM

"With this convention there are no factors of 7 in this equation.
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We have only displayed the first few terms in the above expression, but by evaluating the
series up to a very high order we find that the complete series is given by

Gao(y) ~ i (2s = DI'(2s +1)(—1)°

P21 (s 1) ¢(2s — 1)y'~*. (3.6)

s=2
It is easy to see that the series is asymptotic, but it is Borel summable. After performing the

Borel summation (an introduction to Borel summation can be found in the appendix D),

we find

Ga.0(y dt

Z/ 42,105 — 140(1 + ) + 45(1 + ) — 2(1 + ¢)*
= J(1+t)t/2

Z v (% +1) (27% +9)

—_ﬁfy?’/?efy 7%y (27% +3) (2% +9) + 8| exfe (Gyvy) . (37)

where we have used the definition ((2s—1) = >272, j1725, and erfe(z) = (2//7) [° et dt
is the complementary error function.
Equivalently we can use the integral identity

225—2 0o w2s—1
dw—— = (25 — 1), 3.8
I'(2s) /o wsinhQ(w) ¢(2s—1) (3:8)
to replace ((2s — 1) in (3.6) and rewrite that expression via the modified Borel transform
integral
% e~t(6t — 9t2 + 2t3)
= dt. 3.9
Grol) =y / 2sinh? (y/yf) (3:9)

We note that, after a suitable change of the integration variable, the above expression is
identical to equation (3.33) of [4], which was obtained by a different method.

Since the weak coupling expansion (3.6) is Borel summable as one can easily see from
the lack of singularities along the ¢ > 0 direction of the integrands in (3.7) and (3.9) we
do not expect instanton/anti-instanton pairs to appear in G o(y). We will shortly see that
this is a property shared by all instanton sectors.®

The integral representation (3.9) is well-defined for any value of y. We have also made
a numerical comparison of (3.9) with the definition (3.1) and indeed found complete agree-
ment. It is therefore possible to expand it in both the large-y and the small-y limits. The
expansion at large-y (weak coupling) obviously gives the asymptotic series (3.6). Further-
more, it is significant that this expression is a sum of terms of the same form as the second
term (i.e. the term proportional to ((2s—1) y!~%) in the zero mode, Fo(y), of the Eisenstein
series, F(s;7,7), which is defined in (A.10).

However, the integral (3.9) can also be expanded in an asymptotic series at strong
coupling (i.e. in positive powers of y). This gives the asymptotic series

2¢(2s) "

2s 9

Gao(y ~7+ Z S(s—1)(25s —1)’I'(s + 1) (3.10)

8The issue of Borel summability for A/ = 2* and other supersymmetric localizable theories has been
discussed in [19, 20].
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which is a sum of terms proportional to ((2s)y®, so each term in this sum is proportional
to the first term in Fo(s,y) in (A.10).

We find rather strikingly, that the coefficients in the series (3.6) and (3.10) are such
that the large-y and small-y expansions of the integral (3.9) can be combined to give an
expression for zero instanton part of the correlator that has the form

Goo(y) ~ ~ + Z (s —1)(25 — 1)*T'(s + 1) Fo(s,y) , (3.11)

where, again, Fy(s,y) is defined in (A.10) as the complete zero mode of the Eisenstein
series E(s;T,7T).

3.2 The instanton sectors

The fact that the zero mode of the SU(2) correlator has such a non-trivial expression
in terms of a sum of zero modes of Eisenstein series motivates a much more detailed
conjectural expression for the exact correlator that includes the contributions of instantons.
The suggestion is that the integrated correlator in the SU(2) theory can be expressed as
the following sum of Eisenstein series

Ga(T, - + Z (s —1)(2s — 1)’ D(s + 1) E(s; 7, 7). (3.12)

Since we already know that the zero mode of this expression is a sum of two divergent but
Borel summable series, we anticipate that the series will need to be properly redefined to
make it manifestly convergent. But first, in order to ascertain the validity of this conjecture
we will turn our attention to the non-zero Fourier modes with respect to 7.

The contributions to the correlator from sectors of non-zero instanton number are
accounted for by the factor of | 2% (m, 7, aij)|? in (2.1), which is the square of the Nekrasov
instanton partition function [13, 14]. Such contributions were discussed in detail in [5].
More precisely, these contributions are given by

8w2k
Za log 28 = 3 (¢4 +-¢ ) ¢ i (280 a) |
k=1 m=0
[e.e]
=) ¥ <82 235 (m, azj)> ‘ +c.c. (3.13)

m=0

b
Il

1

where Z ‘nSt is the k-instanton and anti-k-instanton contribution to the Nekrasov partition
function and 0 = 2nm = 2rIm7. The symbol c.c. represents the complex conjugate
expression, which is a sum over ant-instanton contributions.

The one-instanton contribution. The |k| = 1 contribution to the SU(V) partition
function, G +1(7,7) in (1.9), is determined by equations (3.7)—(3.9) of [5]. which state

L4 7)2
IS o | R R (3.14

m=0 =1 j#l aij (al] + 27’)
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In the case of SU(2) there is a single integration variable since ag = —a; and the expression
for Go +1(7,7) is given by a straightforward one-dimensional integral, which gives (after
applying A; and normalising as in (3.1))

Goa(7,7) = e2miT [12y2 — 3\/7?e4yy3/2(1 + 8y)erfc (2\/@} , (3.15)

and from (1.9) we know that G, _1(7,7) is simply the complex conjugate of G 1(7, 7). The
term in parentheses is an exact expression analogous to (3.7) in the k£ = 0 case, that can
be expanded in an asymptotic series at weak coupling

. 3 9 135 315
= 2miT
~ S T el 3.16
Gon1(T,T) ~ e [ g+ 32y B12y7 + 102457 + } (3.16)

The k-instanton contributions. The form of the k-instanton contribution, Ga (7, 7), is
more difficult to determine when |k| > 1, even in the SU(2) case. It involves an enumeration
of contributions of Young diagrams as was discussed in detail [5]. For general N such
diagrams are characterised by k boxes that can be sited at any of N locations. Although
the enumeration of such diagrams is very complicated for a generic N' = 2* theory, the
diagrams that contribute to 92, log ZA}\‘}f,Hm:O are limited to diagrams in which all boxes
are connected and form rectangles with p columns and ¢ rows, where pq = |k|.” We can
associated a p X ¢ matrix k., = a + b — 2 to such diagrams. For the k-instanton partition
function in the SU(N) theory, we have [5]*°

e dz £ D (2 —aj+ikay)? 2 2
82 Zlnst — fﬁ J a, [( >
m“N,k|m=0 Z QWHH:1(Z—aj+ik‘a7b)2+1x 2+ 2

nq:? a=1b=1j p q
N .
if(p,q)
+j2_:1 ot -G -—g G- —agrip-1| &7

where the integration contour z is a counter-clockwise contour surrounding the poles at
z=a;+i (with j=1,...,N and 3, a; = 0). The function f(p,q) is

(a+p)a—p)°

f(p,q) = p

(3.18)

The k-instanton contribution to the integrated correlator in the SU(2) theory involves
evaluating

1 . )
Go (T, 7) = Ze%ZMTa; log Z% [m=0 , (3.19)

where we have assumed k > 0, while for k£ < 0 we simply obtain its complex conjugate.

9More precisely, Young diagrams that contribute also include diagrams that can can be transformed into
rectangles by ‘partial transposition’, as defined in section 3 of [5].
9Here we have slightly changed the notation and the form of the expression used in (3.48) of [5]. Tt should

also be stressed that the expression for 92, log Z}{,‘qﬁ .

o in (3.17) was conjectured in [5] by classifying the
pattern of Young diagrams that contribute for a very large number of values of k. Although this gives
us overwhelming confidence that the expression is correct, we do not have a mathematical proof of the
statement.
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After performing the z contour integration, and setting as = —aq, for SU(2), we find
92, log ZAén,jt takes the following form,

. 2 2\ (16af + 4 (2p® + 3pq + 2¢%) a? + 5 (PPq + pg®) + p* + ¢*
8%Z§n]§tmzozz<+>( ai +4 (2p° + 3pq +2¢°) ai + 5 (p°q + pg°) +p* + q7)

= 2
p>o NP4 (4‘1% +(p+ Q)Q)

pa=k

(3.20)

The expectation value (6,2712511,? m—o) 18 @ one-dimensional integral, which can be performed

explicitly, and we find

. 11
(O 23R ) =2 D [— (p + q) +2(p+q)y (1+2(0— 9)%)
,q>0
ok (3.21)

— 4y [ o) (<p2 + q2) + (p2 - q2>2 y> erfc ((p + q)\/@)} -

To obtain the integrated correlator, we need to apply a laplacian to this expression and
compute AT((?%ZA%EW, which results in the following k-instanton contribution to the inte-
grated correlator,

Gor(7,7) = ™ 37 2 (p+ ) [y (11p° + 200 + 1167) (0 — @) +25° (0 + 0)*(p — 0"
p,q>0
pq=k

2

+91172_1217(1 + 9q2} _ \é%y3/26y(p+q)2 4yg <p2—q2>4+ 24y2 (p2—|—q2> <p2—q2)

+ 3y (9p4 — 2°¢* + 9q4) +3 <p2 + QQ)} erfc (\/y(p +4q)) , (3.22)

where again we have assumed k > 0, while for k£ < 0 we simply have the complex conjugate
equation.

Rather remarkably we see that when p =0, ¢ = j (or ¢ =0, p = j) so that k =0, the
above expression reduces to half of the perturbative contribution given in (3.7). This is
a non-trivial fact, which is not at all obvious when comparing the factors of Z]pve rt(m, aij)
and ’ZA}{}St(m,T, aij)f that enter into (Zy). This property is crucial in ensuring that the
correlator (1.3) is SL(2,Z) invariant.

In order to understand whether non-perturbative corrections are present in the k-
instanton sector we may express (3.22) as a Borel-like integral. For this purpose we will
make use of two useful integral representations for the complementary error function,

2 00 o=
erfe(z) = ﬂe_ZQ/O ;ﬁ

2t2
dt (3.23)

erfc(z) (3.24)

1 2 [ et
St
VT 0 t+ 22
We will see that the first identity is the natural one when discussing the relation to non-

holomorphic Eisenstein series, while the second one is more directly related to a Borel-like
resummation formula.
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After substituting (3.24) into (3.22) Ga (7, 7) can be expressed in the form

Go (7, 7) = 27473 3(3p°q—10p°¢* + 3pg*) / e Papt)
o P,g>0 (p+q)? 16 p + q)5(1+t)11/2 )
pg=Fk
(3.25)

where P(q,p,t) is the polynomial

P(q,p,t) =105(p — ¢)* — 140(p — ¢)*(p* + ¢*)(1 + 1)
+5(9p" — 20" +9¢1) (1 +1)> = 2(p + )*(P* + ) (1 + 1)°. (3.26)

The integral in equation (3.25) can be interpreted as an inverse transform Borel transform.
It is easier at this stage to see that when p = 0, ¢ = j (or ¢ = 0, p = j) the above
expressions (3.25) and (3.26) reduce to precisely half of the perturbative contribution given
n (3.7).

Either of the expressions (3.22) or (3.25) can be expanded in an asymptotic series in
powers of 1/y at weak coupling producing a Borel summable factorially divergent asymp-
totic series. Just as we saw in the purely perturbative sector, from (3.25) we see that there
are no singularities along the ¢ > 0 direction of the integrand in the k-instanton sector.
This is consistent with the absence of instanton/anti-instanton contributions to Ga (7, 7).

2mikT

Interestingly, the series multiplying e in (3.22) also has a sensible expansion at

strong coupling, y — 0, although this is not of particular interest since in this limit 277 =

O(1) so all the instanton contributions are of the same order.

3.3 Assembling the S-dual correlator

We will now verify that the conjectured SL(2,Z)-invariant expression (3.12), which was
based on the structure of the k = 0 sector, reproduces the k-instanton sector for all k. For
this purpose it is very useful to rewrite (3.12) as a sum over a two-dimensional lattice in
manner that makes its convergence manifest. We begin by writing the non-holomorphic
Eisenstein series as an integral of a double sum in the form (A.1)

E(s;T,7) = is Z T = Z / 7”Y

2
™ mamZ0) 77T n)#(0,0)

tsl

e (3.27)

where

|m + nr|?

Y = (3.28)

T2
Substituting this integral representation in (3.12) we obtain an expression that has the

form of a Borel integral, which we conjecture to be the integrated four-point correlator in
SU(2) N'=4 SYM. In other words we conjecture that

s—1
Go(1,7) = i+1( ZOO)/ —tnYZ 1—23( 1)F(s+1);<s>dt

:%+% > / exp< W)Bg(t)dt, (3.29)

(m,n)#(0,0) 2
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where
9t — 302 + 9¢3

By(t) = S (3.30)

The t integral is manifestly finite for every value of m and n with 7 in the upper
half plane Im7 = 75 > 0 and for fixed (m,n) € Z? it defines an analytic function of 7.
Furthermore, for large Y the integral vanishes as Y =2 thus making the lattice sum over
m and n convergent, so this representation of Go(7,7) is well-defined for all values of 7
with 75 > 0.

The expression (3.29) was motivated by the fact that it is SL(2,Z) invariant and
reproduces the sum of Eisenstein series in (3.12), which in turn reproduces the zero mode
of the integrated correlator, Go o(7,7). In order to check its validity we need to determine
its non-zero Fourier modes. For this purpose we will separate the (m,n) sum into two
contributions:

(i) Q%(Tg) is defined as the sum over all m with n = 0. The subscript 0 indicates that
this term manifestly contributes to the k£ = 0 sector (and is independent of 71);

(ii) géii) (7,7) is the sum over mode numbers n # 0, all m. This will contain all the
k-instanton sectors, but it will also include a k& = 0 part so it will also contribute to
the perturbative sector.

Contribution (i) has the form

i 1 > §
Gy (r2) = R /0 exp ( - tTrTQ)Bg(t) dt. (3.31)

m>0

This contribution takes the form of a Borel transform for the strong coupling limit 7 — 0,
which we know from (3.10) contributes half of the zero-instanton sector.

11

In order to analyse contribution (ii) we need to perform a Poisson sum'* over the index

m, which leads to
(ii) 1 omikry [0 272 2 2
Gy (1,T) = 5 Z e~ T / exp ( — T —= —tmn 7'2) \/732@) dt, (3.32)
MEZmA0 0 t t

where k = 7hn (and 7 is the integer that replaces m after the Poisson sum). Note that
the m = 0 term in the above equation contributes to the k& = 0 sector and is given by

() _ o 2 T2
Gog (T2) = 1;0/0 exp ( —tmn 7'2) \/:Bz(t) dt, (3.33)

which has the form of a Borel transform of the weak coupling (75 — o0) series and provides
half of the contribution displayed in (3.6).

1This analysis is very similar to the analysis of the Fourier modes of the non-holomorphic Eisenstein
series, F(s;T,T) displayed in appendix A.
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Combining terms that contribute to the purely perturbative part (the k& = 0 sector)

we have
Go.0(12) = G5.0(72) + G50 (72) (3.34)
1 T2
=1 n;()/ exp ( — tﬂ')BQ t)dt + T;)/ exp —tmn Tg),/?Bg(t) dt,

which gives us precisely half of the strong coupling expansion (3.10) plus half of the weak
coupling expansion (3.6).
It is notable that By(t) satisfies the inversion property

Ba(t) = %Bg (1) . (3.35)

This is important for ensuring the equality of the strong coupling expansion (3.10) and
the weak coupling expansion (3.6). In the next section we will give a general proof that
the property (3.35) extends to the polynomials By (t) that arise for general N in our main
result (1.3).

The remaining terms in géii) (7,7) arise from the sum over 7 # 0 in (3.32), which gives
the sum of k-instanton sectors of the form

1 i 0
Gop(7,7) = 5 > 627”]”1/0 exp ( — 7rm2— —tmn ’7'2)1/ —By(t (3.36)

M#0, 170
mn=k

This integral can be expanded as an infinite sum of K-Bessel functions using the integral
representation (A.7) in appendix A with a = \/myi and b = /myn, which reproduces the
contribution of Fi(s;y) to (3.12).

We will now check that (3.36) reproduces the expression for G ;(7,7) in (3.25) that
was derived from the integrated correlator. To this end, we first notice that the exponent
in the integral of (3.36) has a minimum for ¢t = |/ /n| and its minimal value equals

<— 7rm2% —tmn 27'2)‘ nl —2m|mn|Ty . (3.37)
t=|m/n

Hence we can rewrite (3.36) as
1 o (—|k|ratikr) [ || 2
Gonlrir) =5 30 i [Fog [ (12 ) vi) m}\/&(wdt, (3.38)
M£0, N0 0 Vi t
mn==k

2w (—|k|mo+ikT1)

which makes manifest the exponential suppression factor e characteristic of

the k-instanton and anti k-instanton sectors.
In order to analyse the integral in (3.38) we will change integration variable by defining

22 = (‘m| yny\f) (3.39)
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and noting that the integration range 0 < t < oo is a double cover of the integration range
0 <z < 0. Following this change (3.38) becomes

2
g2 k(Ta 7:) _ Z e27r(—|k|72+ik7—1)\/5/00 ) e T T2 3(m N n)
: e o [+ n)2+ 22
mn=k
X [m(m — 3n)(3m — n)n(m + n)* (3.40)

+ (1 + n)?(3m* — 39m3n + 76m>n? — 39mn® + 3nt)?
— 5(2m" — 5’ + 2m?n? — Sn’ 4 2n')at + 3(m? — i + n?)a®] da,

valid for £ > 0 and its complex conjugate for k < 0. This is a gaussian-like integral that
can be evaluated and compared with the localization result (3.22). The two expressions
are identical (with (m,n) <> (p,q) and noting that (72,n) run over positive and negative
integers while in (3.22) (p, q) are purely positive).

Thus, we have verified that the expression (3.29) reproduces the integrated correlator
derived from localisation as conjectured earlier.

In order to study the convergence properties of our conjectured expression for the
integrated correlator (1.3), we have made numerical estimates of its dependence on the
the complex coupling with 7 in the upper half plane and with N = 2. Firstly we have
checked that the sums that defines the zero mode (3.7) (or equivalently (3.9)) and the k-
instanton sectors (3.22), both computed via localisation, agree within numerical errors with
the proposed lattice sum integral representation (1.3). More interestingly, figures la, 1b.
illustrate the numerical evaluation of Gy(7,7) along one-dimensional cross-sections of the
upper-half plane that pass through the fixed points of SL(2,7Z). The point 7 = i, which is
invariant under S-7 = —1/7, is a saddle point of Go(7, 7), while 7 = €5, which is invariant
under TS with T - 7 = 7 4+ 1, is a maxima, finally the cusp 7 = 7 0o is a global minimum
(together with its images, which include 7 = 0 = S - ic0). These numerical results are
consistent with the expectation that the sum of the zero-mode (3.7) and the k-instanton
sectors (3.22) produce the conjectured modular invariant lattice sum given by (3.29).

4 The integrated correlator in the SU(IN) theory

The preceding analysis of the SU(2) case will now be generalised to SU(N). This will
lend very strong support for the conjecture that the integrated correlator is given by the
expression (1.2) for all values of N and generates precisely-determined expressions for the
rational functions By (t) that enter into the integrand.

Although we do not have a deductive mathematical derivation of (1.2) it embodies
the structure of many examples that we have studied. For example, we have determined
the form of the one-instanton contribution to the localised correlator for values of N up to

N = 22 and to very high orders in the coupling, as is reviewed in appendix B. This

ng\/I7
determines the k = 1 contribution to (1.2) for these values of N with specific expressions
for By (t). If we make the ansatz that By(t) is independent of the instanton number the

conjectured expression (1.2) leads to predictions for the k-instanton contributions to the
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(a) Ga(7,T) along the imaginary axis T = i7. (b) Ga(r,7) on the unit circle |r|] = 1 with
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Figure 1. Numerical evaluation of G(7,7) in two one-dimensional subspaces of the 7 plane. (a)
7 takes values on the imaginary axis showing a maximum at 7 = i. The red line plots the purely
perturbative expansion (3.6) truncated to fifth order. (b) 7 takes values on the unit circle |7| = 1.
The integrated correlator has maxima at 7 = exp(wi/3) and 7 = exp(27i/3), and a saddle at T = i.

integrated correlator. We have checked for many values of £ and N and to high order in
gy, that these predictions are in agreement with the expressions deduced from localisation
and displayed in (3.22). Furthermore, as we will see later, the expression (1.2) reproduces
(and extends) the large-N expansion determined in [5]. We have also made a numerical
comparison of the localised correlator with the lattice sum (1.2) for finite values of 75 and
a few values of IV and k, which again demonstrates striking agreement.

As a result we find that the lattice sum structure of the SU(2) case (3.29) extends to
the general SU(N) case, giving

onr =YD e e () gy

8 (m.n)#(0,0) 2
The function By (t) is a rational function of ¢, which is the generalisation of By(t) and
takes the form
An (1)
(1+t)2N+1”
where Qn(t) is a polynomial in ¢ of order 2N + 1 defined in (1.5). Although it is not
obvious from this expression that Qn(t) is a polynomial, this can be seen by using various

By(t) = (4.2)

identities that express Jacobi polynomials in terms of hypergeometric functions.
We may write (1.5) in the form

on(t)=t 3 ™Mt with oV =aN), . (4.3)

(N)

The symmetry property of the coefficients @, ’ implies that By (t) obeys the same inversion

symmetry as Ba(t)

B(t) = % By (1) . (4.4)
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From the explicit expression (4.2) for By(t) we see that, in addition to this inversion
symmetry it satisfies the interesting integral identities:

/Ooo B (t)dt = N(A;_l) /OOO BN(t)\}idt—O. (4.5)

Using the first identity the integrated correlator, Gy (7,7) in (4.1), may be expressed as

gn(T,T) = % Z / exp < W) By(t)dt, (4.6)

(m,n)€Z?
where the summation over m,n now includes the case m = n = 0. This is the result quoted
n (1.3).

We can now decompose Gy (7, 7) into its perturbative (k = 0) and instantonic (k # 0)
components, following the discussion of the SU(2) case in (3.34) and (3.36). This again
involves splitting the sum over (m,n) into a sum over m with n = 0, which defines G N)O(TQ)
and a sum over m and n # 0. A Poisson sum converts the sum over m into a sum over m
and the product k& = mn is identified with the instanton number. This includes a sector
with m = 0, which has k£ = 0.

Therefore, the complete zero mode sector again has the form

Gno(T, 7) = Gnol(r2) = Gy (1) + Gl (). (4.7)

where

g](\??o(72) NN + Z / exp ( — tw)BN( )dt (4.8)

m>0

g](\lfl()) (12) Z/ exp —t7rn T 1/ BN (4.9)

n>0

Once again the k& = 0 sector is the sum of two terms that are related by Weyl reflection.
The proof of this statement relies crucially on the inversion property (4.4) together with
the identities (4.5). In fact using the first identity in (4.5) we have

Z/ exp(—m)BN( )dt (4.10)
meZ
so that after Poisson summation it becomes
NO (12) Z/ exp < - 7rn27;2>,/77;2BN(t)dt. (4.11)
nEZ

Using the second identity in (4.5) we see that the n = 0 term vanishes and after the change

of variables t — 1/t we arrive at

QNO T2) Z/ exp —t7m TQ)VTTBN< )dt :g](v())(TQ) (4.12)

2
n>0 ¢

where in the last step we made use of the inversion property (4.4).
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The k-instanton sectors (with k& # 0) have the form

1 S [
ONk(T,T) = B Z 62”””1/0 exp ( - 7Tm272 —tmn 7'2) %BN(t)dt. (4.13)

M0, n0

Just as in the SU(2) case we can rewrite Gy x(7,7) to make manifest the characteristic
exponential suppression factor of the k-instanton sector,

1 . oo 2
OnNi(T,T) = 3 Z e27r(_|k|72+lkﬁ)/ exp [— (!m - |n|\/i) 777'2] BBN(t)dt. (4.14)
0, 10 0 ¢

mn==k

Furthermore, it is straightforward to see that the lattice sum expression for
Gn(7,7T) (4.6) can be expressed as a sum of non-holomorphic Eisenstein series, E(s;T,7),
with integer s as shown in (1.12),

. NNV 1 &
n(T,T) = (7 +3 zz: E(s;7,7) (4.15)
where the coefficients c{") are defined from B ~n(t) via the expansion
oo tsfl
=) M (4.16)
5=2
The following are a few examples of these coefficients,
V) _ 3 2_ (N) _ 25 i (Ny _ AT gro
e _QN(N 1), SV = 2N(N 1), e _2N<N 1),
V) = _54N? (N2—1) (7N2+2) M) = 1815N3 (N2—1> (N2+1) ,
1 21
=D =5 N(N?-1) (1IN 4 25N+ 4)
525
N = N (N2-1) (143N"+ 605N 4 332) . (4.17)

Note the expansion (4.15) can be re-expressed by making use of the functional equa-
tion (A.12) so that it becomes

ME(l — 8T, T). (4.18)

ON(N-D) 1 E oy
Gn(r,7) = 2 o3
N(7:7) 8 2522:20 T(s)

(N)

The coefficients ¢s ' are constrained by the condition (4.4). More explicitly, using the
integral representation (3.27) and requiring that the analytic continuation s — 1 — s leads
to the same expression for the correlator requires the function By (t) to satisfy

> r(l—s) t* 1 1
D=2 ARG T () (4.19)

In section 5 we will further analyse (1.2) (equivalently (4.1)) and show that it has the

properties one would expect for the integrated four-point correlator.
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4.1 A Laplace-difference equation satisfied by Gn (7, T)

We will now demonstrate that Gy (7, 7) satisfies (1.8). This is a Laplace equation in the
variable 7 and simultaneously a difference equation in N — hence the terminology ‘Laplace-
difference’ equation. In order to apply the Laplace operator to Ga(7,7) we first note the
relation

Ape™t VD) — =YD [ty (7,7))2 = 2mtY (7,7)| = £ 0F (e ™ (")) (4.20)

where

2
y(r7) = mnl (4.21)

T2
It therefore follows from (1.3), after integration by parts, that

A, G (7, 7) = 1 3 /

(m n)ez?

- \m+n7’|2 d2

d2(

t Bn(t))dt. (4.22)

We now substitute the expression (1.4) for By (t) where Qn () is defined in (1.5) by a sum
of Jacobi polynomials.

In order to proceed it is important to note that Jacobi polynomials satisfy the following
three-term recursion relation

2(n+a—1)(n+ B —1)2n+a+B)PY (2) + 2n(n +a + B)(2n+a+ - 2)P(2)
= @nta+B-1)|2n+a+p)2n+a+p-2)z+a? - F|P2D(2). (4.23)

Together with (1.4) and (1.5), this implies that By (t) (or alternatively Qn(t)) also satisfies
a thee-term recursion relation that takes the form

p(N, ) By_1(t) + q(N,£) By (t) + r(N,t)Bys1(t) = 0, (4.24)

where the coefficients are the functions

(V1) = 16(2 4 1)(t—1)2t — LZD2O=3)@I-DEE+2043) (1= 1)HO +101+9)

N N2 ’
6(t24+1)(t2+3)(3t2+1)  t(46t* —28t2+46
q(N,t) = —=32(t2+1)% t+ 7+ 1)( ; B+ K e * ), (4.25)
1)2 1)(3t2—2 14 9t2—1
PN 1) = 16(24 1) (4 1) — (t+1) (t+3)(31§\;L )(3t* —2t+3) N (t+1) (9]16\[2 0t+9) ‘

This recursion relation (4.24) will be useful in section 5.3 in determining the large-INV
expansion of the correlator, which determines the coefficients dj in (1.14).
Using the recursion relation (4.24) together with the property

d o
(= D) PPP() = n PP () = () BT (2), (4.26)

we find that
2

t 5t By()) = N(N = 1)Byia () = 20N% = 1)By(8) + N(N + 1)By-1 (). (4:27)
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Substituting (4.27) in (4.22) gives the Laplace-difference equation,

(Ar = 2)Gn(7,7) = N[Gnya (. 7) = 20N (7, 7) + Ona (7, 7)]

~N[Gn11(r,7) = Gna(r,7)] (4.28)

which is the equation in the corollary (1.8). This equation is of great significance since it
determines many of the properties of Gy (7, 7). We will make use of it in the following ways.

o Given the expression for Go(7, 7) as input, together with Gy (7,7) = 0, (1.8) determines
Gn (7, T) recursively. This powerful result demonstrates that the integrated four-point
correlators for any SU(N) group are precisely determined by the N = 2 case.

o We will shortly use (1.8) to show that the terms in the perturbative expansion in
powers of a = g2N/(47?) are independent of N up to order a®, apart from an overall
factor of (N2 — 1). This property is in accord with results from N = 4 SYM per-
turbation theory. At higher orders the coefficients have a dependence on N that is
characteristic of non-planar contributions to perturbative SYM. The detailed expres-
sions will be determined in the next section.

e The Laplace-difference equation determines a recursion relation for the coefficients

™ in the expansion (4.15). This follows upon substituting (4.15) into (1.8) and

making use of the Laplace eigenvalue equation (A.13) satisfied by each E(s;T,T).

Taking these Eisenstein series to be linearly independent results is a three-term re-

. . . N
cursion relation for the coefficients cg ),

N(N = 1)l = (2(N2 = 1)+ 5(s = 1)) ol + N(N + 1) N0 =0, (4.29)

It is easy to check that the coefficients (4.17) solve this recursion relation for all values
of N, subject to the initial condition (1.11) for cg). Similarly, with the input of the
leading term (the N**! term), one may solve the recursion relation (4.29) order by
order in 1/N and for all values of s. The first few of the resulting coefficients are

(=14~ (s — )25 — DT (5+ 1)
V(s + 2)
(=1)°2277(1 = 25)(s = 6)(s = I (5 - 3) ot
3y/7l(s —1)
(—=1)54576(1 — 25)2(s — 1)(55> — 475 + 30)T" (s — 3
45/ (s — 4)
(—1)%4578(1—-25)?(s—1) (355% — 60253 +2749s? — 45825+1680) r(s—g
2835/7T(s — 6)
. (4.30)

NS+1

o) =

+

+ ) NS_3—|—

+
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e In section 5.3, we will use the Laplace-difference equation to show that the large- N
expansion has the form (1.14), which is a series of half-integer powers of 1/N with
coefficients proportional to Eisenstein series with 1/2-integer indices. The coefficients
d; will again be determined recursively.

The Laplace-difference equation (1.8) can also be written in terms of the shift-operator
Dy defined by (Dy)*f(N) = f(N + «), and takes the form

(Ar = 2)Gx = [N*(Dy = 2+ Dy') = N(Dy = D3')| Gn . (4.31)
Since the function Gy is differentiable in N we can substitute the representation Dy =
exp(dy) and expand (4.31) as

k

(A —2)Gn = i [N(N =1) + (-1)*N(N +1)] %VQN. (4.32)
k=1 '

From this expression we can easily see that when N — oo the Laplace-difference equa-
tion (1.8) becomes a Laplace equation in both 7 and N, taking the form

(Ar =2)Gn(7,7) = (N?0% — 2NON) Gn (7, 7) - (4.33)

— 00

In writing this equation we have assumed that Gy (7, 7) is a power series in 1/N and non-
leading terms in 1/N have been suppressed. This expression will be important when we
discuss the large- N, fixed 7 expansion in section 5.3. For the moment we note that in the
large-N limit, if we focus on a single power-like term of the form Gy (7,7) ~ N275F,(7,7),
the Laplace-difference equation (1.8) reduced to (4.33) becomes

[A; —s(s—1)]Fs(r,7) =0, (4.34)

which is the Laplace eigenvalue equation (A.13) satisfied by the Eisenstein series E(s; 7, 7).

5 Properties of the SU(IN) integrated correlator
Since we believe that (1.3) should reproduce the integrated correlation function (1.2) for
all N and for all g,,, it is of interest to verify that it matches known properties of the
correlator in various limits. In this section we will consider the expansions around three
such limits, namely

(i) small g,,, and finite N;

(ii) large-N with fixed 't Hooft coupling A = N 9\2(1\4?

(iii) large-NN with fixed g,,,.
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5.1 Matching with Yang-Mills perturbation theory with finite N

In this subsection, we will study the perturbative expansion of the integrated correlator. It
is straightforward to obtain the small coupling expansion from the general result expressed
in terms of a sum of Eisenstein series (4.15). The perturbative expansion in the k& = 0 sector
is an expansion in powers of 1/7, which is obtained by summing the 721_5 terms in the
zero modes of the Eisenstein series in (A.10) using the expression Gy o(72) = 2g](\?0(72) =

2Q§f,%(7’2) exhibited in (4.12) (we are here recalling that the Borel sum of the 75 terms is
identical to the sum of the 73 * terms). The first few terms of this expansion are as follows

3¢®a _ T5¢(5)a® | T35¢(M)ad 615 ¢) (1+ 2N a*

Gvo(r2) = (N = 1) 9 8 16 32

L 114345¢(11) (1 + N %) o 3864861¢(13) (1+ ZN 2+ LN 1) of o)
128 1024
32207175 ((15) (1+ HN -2+ 32N
2048

+ ) +0()]

where a = g2 N/(4n?) = N/(w73) with arbitrary N > 2. When N = 2, this reduces
to (3.4), the result we obtained earlier for the case of SU(2). Here we have only listed the
first few orders in a but it is straightforward to compute the expansion to arbitrary orders.
In fact, we can write down a general expression for the first few orders in 1/N. We will
come back to this later.

In obtaining this expression, we have used the coefficients cgN) listed in (4.17), and the
definition of the zero mode of the Eisenstein series. Since the sum of the 75 terms in the
zero modes of the Eisenstein series in (A.10) contributes the same as the sum of the 75 *
terms we can simply keep the terms proportional to 721_5 and double the result.

The expression (5.1) has a remarkably simple structure — the coefficients of each
power of a = g2 N/(4n?) is a rational (N-dependent) multiple of an odd zeta value. By
contrast, the perturbative expansion of the unintegrated correlation function is a sum of
highly non-trivial transcendental functions of the position coordinates, and only the first
orders in perturbation theory (i.e. up to three loops) have so far been evaluated [21].

Among many interesting features, the expression (5.1) shows clearly that the contri-
bution of non-planar Feynman diagrams first enter at order a*. This is consistent with the
known result [18] that the correlator does not receive any non-planar corrections at the first
three loops. We further note that the next-order non-planar correction only starts to enter
at six loops (and not at five loops). We have checked that this pattern continues at higher
orders, where higher order non-planar effects (higher powers of N~2) only enter every two
loops. The same pattern was observed up to seven loops in the computation of the Sudakov
form factor that involves the same BPS operators we are considering here [22]. Finally,
it would also be interesting to make connections between our results and those obtained
in [4], where the zero-instanton results are expressed in terms of the Laguerre polynomials.
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5.1.1 Comparison with perturbation theory using the Laplace-difference equa-
tion

An alternative way of arriving at the perturbative expansion for N > 2 is to start with the
exact result for Go o(72) in the SU(2) case (3.6) and determine the expressions for higher
values of N iteratively by making use of the Laplace-difference equation (1.8). For example,
substituting Ga o(72) in (1.8) leads to the expression for the N = 3 case

= (—1)%(2s — — 5+ s2)(2s s —
Gs0(y) ~ Z e De 22sr—i(_8 35}2 Tl 1)y1_s-

s=2

(5.2)

In this manner the corollary (1.8) determines the correlator for any desired value of N.
Similarly, other features of the perturbative expansion (5.1) can be deduced directly
from (1.8). Thus, if we input a general perturbation expansion into

Gno(T2) ~ i as(N)7y~* (5.3)
s=2

into (1.8), we obtain equations relating the coefficients of each power 75 ~*. This leads to
an infinite system of three-term recursion relations of the form

N(N = Dag(N +1) = [2(N? = 1) 4+ s(s — D)]as(N) + N(N + 1)as(N —1) =0, (5.4)

subject to the initial condition as(1) = 0 for all s > 2, which is reminiscent of (4.29).
Although we cannot provide the general solution for arbitrary s, it is simple to determine
an interesting pattern, as follows. The N-dependence of the coefficients of first three
orders in perturbation theory, i.e. at order 7 = (g§N1/47r)8_1 with s = 2, 3,4, takes the
extremely simple form

N% -1 N
OéS(N) = ﬁ?a5(2)7 S = 2,3,4, (55)

which is consistent with the form exhibited in (5.1). From the fourth order onward the
N-dependence of the coefficients gets non-planar corrections, which have the structure,

N2—1N4(1+$N2> N2 1o (14872
as(N) = v as5(2),  ag(N) = - a6(2) ,
22 _ 1 94 202 22 -1 25 (1+2—2)
14 22
25 AT — 4 —
N2_1N6(1+11N2+11N 4)
047(N) = 22 _ 1 ? ) . a7(2) ) T (56)
50— _
(1 + 732724 52 4)

If we substitute the values of the SU(2) perturbative coefficients, given in (3.4) and (3.6),
for a5(2) then the series (5.3) reproduces (5.1).
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5.1.2 Comparison with one-loop and two-loop perturbation theory

We would now like to compare the numerical coefficients of the perturbation expansion of
the integrated correlator (5.1) with explicit loop calculations of the four-point correlator in
the literature. In order to make this comparison we will need to integrate the perturbative
expression for the unintegrated correlator over the positions of the operators as given
in (2.3) (where the superscript L indicates the order in perturbation theory),

T in2
GE(r.7) = L [TP W, V)] = -2 / dr / w0 O 0 Gy ()
’ 7 Jo 0 U
with U = 1 + 72 — 2rcos(f) and V = r2.

We will make use of the fact that the one-loop and two-loop contributions are L = 1
and L = 2 examples of ladder diagrams, so we can proceed by making use of the known
expression, <I>(L)(U, V'), associated with L-loop ladder diagrams. This expression was de-
termined in [23], for arbitrary L and has the form

(I)(L)(U’V):_zigf(m(1jz’1ig> ’ (5.8)
where .
FE(z2) =3 W log” (2 Z) (Lizg—p(2) — Liop—r(2)) , (5.9)
oyl IL!

and z, z are related to the cross ratios U,V by zz =U and (1 —2)(1—2) =V.
The one-loop contribution to the unintegrated correlator is given by the expres-
sion [24, 25]
(N2—-1)aU

TN0V) = - e v). (5.10)

As shown in the appendix C, the effect of the integration in (5.7) basically turns a L-loop
four-point integral into a (L + 1)-loop two-point integral. Such two-point integrals for
ladder diagrams were evaluated in [26], leading to

Lo )] - —2<2LLL2><<2L 1), (5.11)

It turns out, as also shown in appendix C, that the integration of the product of two ladder
diagrams, ®1) (U, V)®(L2)(U, V) with measure defined by (5.7), behaves as a single ladder
diagram ®(1+L2) (U, V). In other words,

2L +2

( 1) ( 2) —
L Vlch (U, V)o'r (U,V)] - 2<L !

)((QL +1), with L=Li+Ly. (5.12)

We have also checked these identities numerically to high precision for various values of L.
Using (5.11) and applying it to the L = 1, case gives,

L[TPW.v)] = (v - 1)34(23)“ , (5.13)
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which agrees precisely with localisation computation, namely the leading-order term
in (5.1).
The two loop contribution to the correlator is given by [27, 28]!2

2
(2) N 1 1) 2
TV UV) = (N =) 57 |82UV) + L (14U +V) (2w, )], (5.14)
where
B (U, V) =0 (U, V) + é@@)u/v, U/V) + %¢<2>(1/U, V/U), (5.15)

with ®®) defined in (5.8). Using (5.11), we have
U
L [V%(U, V)] — _120¢(5), (5.16)

where we have used the fact that each term in ®(U, V') gives the same result since they are
related by permuting external legs, and are indistinguishable after integration. Similarly,
2
using (5.12), we find the term proportional to (@(1)(U, V)) in (5.14) gives an identical
contribution. Combining these contributions gives the total two-loop result
2 75¢(5)a>

LITE U, V)] = —(N? - 1)%6120«5) x g = - (V7 - 1) (5.17)

which again agrees with the localisation computation of the integrated correlator as shown
in (5.1).

So we see that the simple expressions for the coeflicients in the perturbative expansion
of the integrated correlator correctly correspond to the explicit evaluation of these terms
using standard field theory techniques, although these are immensely more complicated. It
would be of obvious interest to compute the integrated correlator to higher orders making
use of known results for the unintegrated correlator. For example, the planar limit inte-
grand has been constructed up to ten loops [30, 31], and the first non-planar contribution
(i.e. at four loops) was obtained in [18]. As shown in (5.11) and (5.12), a particular contri-
bution to the correlator at L loops does lead to a result that is proportional to ((2L + 1)
as expected from the localisation computation in (5.1).

Of course, beyond two loops ladder diagrams are only part of the story and so we
do not expect to match the exact coefficients of ((2L + 1) without including non-ladder
contributions. As we argue in appendix C, for any L the integrated L-loop correlator is
simply an (L4 1)-loop two-point function. It is plausible that this will allow us to compute
the integrated correlator beyond the orders presented here. For instance, at three loops,
there is a contribution arising from the so-called tennis court diagram, the integration over
this diagram again leads to a 4-loop two-point function whose result is also known [32].
We will leave a systematic study of these integrals as a future direction.

12The relative normalisation between one-loop and two-loop results are consistent with the OPE analysis.
See for instance (4.14) of [29].
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5.2 The large-N expansion with fixed ’t Hooft coupling

In this section, we will study the large-N expansion of the integrated correlator with fixed
't Hooft coupling. In this limit the instanton contributions are exponentially suppressed
and so the correlator only has perturbative contributions from the zero mode sector,

Gn(1,7) = Gno(\) = GVs(N) + GV . (5.18)

N—o0

We will define the genus expansion of the integrated correlator in the 't Hooft limit by

GN(T,T) ~ fj N*2 Gy, (5.19)

9=0

where G9)()\) is the genus g contribution to the ’t Hooft large-N expansion with A\ =
gy N = 47N/79, and for fixed value of A we have an asymptotic series in 1/N. As
anticipated, it is possible to write down all order expressions for the perturbative expansion
of GW(\) at small X or at large X for any value of g.

The computation of the perturbative (small-\) expansion of G (\) follows the same
path that led to (5.1) in the previous section. We will use (4.15) with the large- N expansion
of the coefficients c( ) given in (4.30). The leading term in this expansion is proportional
to N*t1 which multiplies the zero mode of E(s;7,7) for each value of s in (4.15) . The
perturbative terms proportional to 75 * = (4w N/A)'~* therefore contribute to the leading
coefficient proportional to N? (the g = 0 term in (5.19)). As before, the sum of the terms
proportional to 75 = (4mN/)\)® resum in a manner that doubles the coefficient of N2. The
net result for the coefficient of the leading power of N is

A1y 1¢2n + )T (n 4 3)°

B nZ::l BT +3) (5.20)

It is easy to see that the series is in fact convergent with a finite radius |A| < 72. After using
the integral identity (3.8) or alternatively performing a modified Borel resummation (D.11),
it is straightforward to evaluate the sum and obtain

1F2 ;2,4 w?
= )\/ dw w3 2 ‘2 ) . (5.21)
472 sinh”(w)

The above integral representation is the analytic continuation of the perturbation expansion
given in (5.20), which is well-defined for A beyond the convergence radius, i.e. for |\| > 72.
The result is in fact identical to the expression given in [3] obtained (see equation (3.48)
of [3] for p = 2) after using the relation,

4 wF( 24 wA>:J1(m/W)2_J2(M/W)2, (5.22)

42

where J, is the Bessel function. We stress however, that the derivation in [3] was in
the context of the large-A limit. As we will discuss in the next sub-section, the large-A
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expansion is not Borel summable and its form needs to be supplemented by exponentially
small (resurgent) contributions.

A similar analysis can be performed for the higher order terms using (4.30). As an
example we will consider the g = 1 term in (5.19). Using the N*~! term in (4.30) and (4.15),
we find

oo (—1)*(n — n n I n—l I'(n 3
g(l) Z )( 5)(2 +21)7§ii+1;(173)2( 2) ( +2)>\n (523)

This is again a convergent series with a finite radius of convergence |A\| < 72. Using the
integral identity (3.8), a straightforward resummation of the series leads to

(321,11 = 2) =515 (:1,2] - 22) — 9 (22 2
4872 sinh? (w)

22F3
g(1> )\/ dw w?

(5.24)
After using identities relating Hypergeometric functions and Bessel functions, we see the
above result is equivalent to that obtained in [4] (notably, the first equation Fi in (3.19) of
that reference). In similar fashion, the analysis reproduces all the higher-order terms given
in equation (3.19) of the reference [4], and also leads to new higher order term, although
we will not list the these results here.

5.2.1 Resurgence of the strong coupling expansion

We have seen that the integral representations of G(9) (M) based on the small-\ expansion are
well-defined for A beyond its radius of convergence at every order in the 1/N expansion, We
may therefore explore their convergence and resurgence properties in the large-\ domain.
The large-A expansion of these terms was studied in [3, 4] by using the Mellin-Barnes
representation of the product of Bessel functions

1 /c+i°° 4 [(—s)T(2s +a+ b+ 1)(z/2)atb+2s

. 5.25
—ioco SF(s+a+1)F(s+b+1)I‘(s+a+b+1) (5.25)

Jo(@)Jo(z) =

27i

It leads to the large-\ expansion of the leading term of order N? in the 1/N expansion of
the integrated correlator,

GO + Z p(0) g1 (5.26)
where 2 = v\, and the coefficients of the asymptotic series are given by

(5.27)

_3 3
o T (n=3)T(n+3)T@n+1)¢(2n+1) |
" 22n=2711'(n)?
Similarly for the sub-leading term, we have
o0

g(l) Z g2l (5.28)
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(1)

where by, is given by

n?(2n +11)T (n—i— %) r (n + %)2§(2n+ 1)

i (5.29)
24 72T (n + 2)

n

ph) —

(0)

From the expressions of by’ and bg) we see that, unlike the weak coupling expansion,
the strong coupling expansion is factorially divergent and so we will analyse it using Borel
summation (more details are given in appendix D). As in [33] we need to consider the

modified Borel transformation,

> > 27r 0 N
: (0)g=2n—1 _, & 2w)? = : 5.30
b Z:: 2:: Gnr T En 1) oW $(w) (5:30)
For the b given in (5.27), we find,
n 3 13 2
d(w) = 8w’ 2Py (5, 3 Lw?) . (5.31)
Then the directional Borel resummation of (5.26) leads to
1 g e dw A
SO (g =L ® / v 5.32
0G " (2) = 7 + — Ay (ww)é(w), (5.32)

which defines an analytic function for > 0 when 6 € (—n/2,7/2), and again here we have
used the integral identity (3.8).

Note that although the integral (5.32) provides an analytic continuation of G(®()\) it
defines a function that is neither unique nor is it real for x > 0 for any value of . The
reason is that the integral (5.32) is not well defined along the real axis since ¢(w) has a
cut along [1,00). This is a signal that the asymptotic series is not Borel summable and
standard resurgence arguments suggest that the large-A expansion requires the addition of
exponentially small non-perturbative terms. These terms are encoded by the discontinuity,
related to what is usually called Stokes automorphism factor, which is given by:

T

(S — 5_)g(0) (z) = AGO (z) == /OOO dw W Discg <ZA>(w) , (5.33)

™

where S4 define the lateral Borel resummations
S8:60(z) = lim S60 (x). (5.34)
0—0%
The discontinuity of the Borel transform is given by
Disco (1) = (w +10) — d(w — i 0) = 160w’ o Fy ( Safi- ) C (5.35)
valid for w > 1, where we have used the discontinuity of o F} given by

27TZF(C) 1— —a—b
2z =17
C(@) () (c—a—b+1) ( ) (5.36)
X oF (1 —a,1—=bjc—a—-b+1]1—2),

Disc oF} (a,b; c|z) =

valid for z > 1.
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To compute AG)(z) from (5.33) we first shift the integration variable w — w4 1 and
then expand sinh(zw) in the denominator, giving

13

0 . —2nz > —2nzw 3 .
AGO) () = 16@.737;177,6 /0 e (w4 1)°2F] (—2, 2 1‘ —w(w + 2)) dw. (5.37)

This expression is a sum of ‘instantonic’ terms that are non-perturbative in 1/2 = 1/v/,
with coefficients 2% = ¢=2VA, The integral can be performed by expanding the integrand
in powers of w to obtain

> 9 117 489
AGO(2) = 16iz Z ne”2n® {(Qn:n)_l—l— 5(271:17)_2—1— ?(2711‘)_3—1— 16(27133)_44—0@_5)} .
n=1
(5.38)
This is a perturbative expansion around each ‘instantonic’ term in powers of 1/x.
The sum over n can be performed straightforwardly for each power of x, which leads to

an expression for the non-perturbative sector of the large A expansion as a sum of polylogs

(recall z = v/)),

AGOR) = i3 a (VA Lies (=2 (5.39)
/=1

18L11(e—2ﬁ) N 117Li2<e—2ﬁ) 489Li3(6_2ﬁ) }

_ < (o=2/X
=3 [8L10(€ )+ NE N + 160372

The coefficients ay are rational numbers, which are determined by the following recursion
relation,

0 =(£=5)(=1)(C+1) (2% —20—9) ar +3 (20" — 86% — 502 4 350 + 15) a1

(5.40)
+2(0+1) (252 — 60— 5) gt

with initial conditions a1 = 8, ay = 36.
The above expression for AG()(z) is input into the median resummation of the asymp-
totic formal power series (5.26), which is defined by

Suead¥(2) = 5:60 (@) % £ AGO)(a)

1 x [ dw
= Z + ;/0 MRG qﬁ(w) s (5.41)
which is manifestly real for x > 0, as expected from (5.26). Following a discussion very
similar to that in [33] we can show that this median resummation is identical to (5.21). In
other words, we deduce that the leading N? term (5.21), when expanded at strong coupling
A — 00, does include an infinite sum over non-perturbative corrections of the form e=2nVA,
Since the proof is extremely close to the analysis of [33] we have relegated the details to
appendix D.1.

We have also analysed the higher order 1/N? terms, and similar conclusions are found
that the small-\ expansion is always convergent with a finite radius || < 72, whereas the
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large-\ expansion is always asymptotic and not Borel summable, which requires exponential
terms, whose leading term'3 goes as e~2VA, For example we can analyse the N term G(V) (A)
presented in (5.24) expanded at strong coupling (5.28). Similar to (5.41) we now have

SmeaG' (@) = 8:6W () F %Ag(”(a:)

x x [ dw -
=4+ = [ — ot , 5.42
16 7 /0 4 sinh?(zw) ey(w) (5.42)

where the modified Borel transform computed from (5.28) is given by

N T

39 5 5
_ 4 2 9 9 | 2 4 2 9 9 ] 2
P(w) = 6w (10w™ + 81w +36)2F1<2,2,1‘w)+9(3w +w 4)2F1<2,2,1’w )}
(5.43)

The difference between the two lateral resummations can be computed once more using
the known discontinuity for the hypergeometric function

AGD(2) = (8 — 5_)6 M (x)

ix  [° dw 35
=—— [ ———  18(10w* + 81w? + 36 F(,;4’1— 2)
210/1 4wsinh2(xw)[( ey J2Fil 503 v
+ 273wt + w? — 4) o Fy (; g; 5‘1 - wZ)} . (5.44)

Proceeding as above we first shift the integration variable w — w+ 1, then expand the
sinh function and finally integrate order by order in powers of w to arrive at

127Lig(e~2Y")  927Li;j(e~2Y})

AG(N) = — z{

28 212)1/2
3897Liy(e~2Y")  47217Lis(e"2V?)
914\ o 917 )\3/2 LR (5.45)

which takes a form very similar to (5.39).

We shall make a few comments about such non-perturbative contributions. Using the
AdS/CFT dictionary, A = L*/a/? (where o is the square of the string length scale and L is
the AdS5 length scale) we see that the string theory translation of a e=2VX term is a term

—2L2/a’  Thjis indicates a contribution that should arise from world-sheet

proportional to e
instanton, which would be the effect of a string world-sheet pinned to the four operators in
the correlator on the AdS5 x S° boundary and stretching into the interior. It is also worth
mentioning that similar behaviour has been found for other properties of N' = 4 SYM.
For instance, it is well known that the cusp anomalous dimension has also a convergent
small \ expansion with the same convergence radius, while in the large-A expansion [35]
it also requires a completion with similar, but slightly different, exponentially small terms
of order A\/4e=V/2 with a considerably more complicated resurgence structure than in
the present case [36, 37|. Similarly, the “anomalous dimension” associated with the six-

point MHV amplitude in /' = 4 SYM studied in [38], behaves as eV, It would be of

13The same behaviour was found in [34] in the computation of the exact slope for AdS/CFT.
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interest to understand the origin of the interesting similarities and differences of all these
exponentially suppressed terms.

We also note that, for fixed 't Hooft coupling A, the genus expansion (5.19) is ex-
pected to be an asymptotic series in 1/N2. It would be interesting to understand the
full non-perturbative definition of the genus expansion, which should also contain terms
exponentially suppressed in V. Once the complete large-N transseries is known it would
be of interest to retrace our steps and re-derive the finite NV results from the Borel-Ecalle
resummation of the non-perturbative large-N genus expansion as discussed in [39].

Finally, as shown in (4.30), the large-N expansion of the coefficients ¢y (s) is deter-
mined by the Laplace-difference equation once the term with the leading power of N is
given. We also found in this section that the leading power of N multiplies G(%)(\) given
in (5.21). We therefore conclude that the higher genus terms G(9)()\) must also be deter-
mined in terms of Q(O)()\) through the Laplace-difference equation. Furthermore, we will
see in the next section that the large-N expansion with fixed g,,, is also determined by
the Laplace-difference equation once G(9()\) is given.

5.3 The large-N expansion with fixed g,,,

In this section, we will study the large- N expansion with fixed g,,,. This is the limit where
Yang-Mills instanton contributions are not suppressed, which is crucial for the study of the
SL(2,7Z) duality of N'=4 SYM (see [5, 7, 40] for recent results related to this paper). The
method we utilised in the previous section is clearly also applicable for this limit. Indeed,
one can obtain the zero-instanton terms by simply re-expressing \ as gzM N/4m = N/19 in
the large-\ expansions of G(9)()), which reproduces the known large-N results of [5]. In
fact this was precisely how the perturbative terms were obtained in [5], bur we are now
able to compute terms to much higher order. Here we list the results of the first few orders
in the 1/N expansion,

N2 (72 3733 1 [ w2 455
Gno(m2) ~ — — N2 77 2 3/5 ) +— 373 2 5/(2) (5.46)
4 47, m Nz \ 1927, 1287
(P e 395%(3) | 4725m % (T)
N3 \307270/2 400672 4096732 1638477/2
1 (99225729/%(9) C11257y%¢(5)  25m%/? . 3n7/2 >+O(N2)
N\ 1310727972 3276872 49152732 409607, '

The instanton contributions in this limit can, in principle, be obtained in the same
way by using (4.15), and again reproduce the large-N results of [5]. However, performing
the infinite sum over s in (4.15) becomes very tedious for a general instanton number. We
will take a much more efficient route to determining the large-N instanton sector. This
also reveals interesting structure in the integrated correlator. The idea is that, instead of
performing the large-N expansion of (4.15), we will expand the integrand By (t) of the
integrated correlator (1.3). We will see that although this leads to well-defined convergent
t integrals in the sectors with non-zero instanton number, k # 0, such an expansion leads to
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ill-defined divergent ¢ integrals in the zero instanton (k = 0) sector, However, this problem
can be circumvented since the k = 0 sector is already taken care of by (5.46).

In order to study the large- NV expansion of By (t), which was defined by (1.4) and (1.5),
we will use the following integral representation of Jacobi polynomials

22 -1 71" (1 = 2)™ 2)P
(1—90)0‘(1—1—33)5P7ga’6)(3:):21m%y [2(2_;} u 2_(1; Y, (5.47)

where the closed contour 7y circles around the pole z = x but not the (possibly singular)
points z = £1. Upon substituting (5.47) into (1.5) we can rewrite the Borel transform as

Bn(t) = N(Z;Z_l) jf exp=NS(t, 2)]g(t, z, N)dz, (5.48)
Y
with
24+1)+ 22 -1
S(t,z) = log (2( (1+_ )z;)—(t(— I )> , (5.49)
otz N) = (1 2) 8tft+1+2(t—1)]N —3(t — 1)?[t — 1+ 2(t + 1)) (5.50)

2t —1)(z+1)2(t2+1+2(t2 - 1)) ’

and the closed contour v circles around the pole z = (1 + ¢2)/(1 — t?) but not the points
z = £1. This expression exhibits the exponential N dependence in a form that is suitable
for a saddle point analysis in the limit N — oo.

There are two saddle points, corresponding to the solutions of

0S(t, z)
= b1
and given by
1+¢ 1-1¢

I =_ .52
21 1_¢’ 22 1+t7 (55)

for which the exponent, S(t,z) takes the values

t+ 1)

Sl(t) = S(t, Zl) = 0, SQ(t) = S(t, ZQ) = log |:Et i_ 1;2:| . (553)

We note that for ¢ > 0 the second solution is such that Re Sa(t) > 0 for all ¢ > 0. This
solution therefore corresponds to a contribution that is exponentially small at large- N prior
to integration over t. Therefore, for the time-being we will assume that this second saddle
point is negligible in the large-N limit and comment on this point later on.

Expanding S(¢, z) around the first saddle point to quadratic order gives

(t—1)°
4t

so we see that the contour of integration can be replaced by the steepest descent contour
§ € (—ioo,i00). The N-dependence is extracted by the rescaling § — §/v/N, leading to

S(t,z1 +6) = — 82+ 0(8%), (5.54)

Bn(t) = N(‘Zm_l) /j: exp {“;751)282 + O(%)}g(t,zl + \jN’N)jSN’ (5.55)
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Expanding both S and g in (5.48) to the appropriate order in 8, or equivalently in N, gives
the large- N expansion which starts with the terms
1 15

N2 64\F
[105(t%/2 + 7 7/2) — 13(t2 + t73/2)] + O(N~3) . (5.56)

BN()N—N28f(t1/2+t 32§ — (B 172

1 3
N3 4096/
However, calculating higher order terms in the large-N expansion in this manner is

+

complicated and it is far more efficient to use the recursion relation (4.24) using the ini-
tial term

3 _
BN()N—NZS\F(tl/Q—H 3/2) L O(N"2), (5.57)

as input to determine higher order corrections. In this procedure we start by writing the
large-N expansion of By (t) as

=S Nz (), (5.58)
from which it follows that
— 0+ k
Bnii(t ZN Z ( > (£1)*pr_i(t). (5.59)

Substituting this into (4.24) and imposing that the recursion relation is satisfied order by
order in 1/N we arrive at the infinite system of linear equations

O(NT32) . 5t* + 1)po(t) + 8t(1 + t2)pi(t) =0,
O(NT2) . (45t* +118t% + 45)po(t) + 240(t> + t)p1 (t) — 512t%pa(t) = 0,
ONTT2y . 4t(13t* + 1142 + 13)po(t) + (2 + 1)(63t* + 2741 + 63)p1(2)
— 64t(12t* + 19t2 + 12)pa(t) + 768(t* + t2)ps(t) =0,
ON~2) . ..., (5.60)
where we have imposed p_1(t) = p_2(t) = 0.

If we now substitute the initial condition (5.57) for the leading term

£ — t1/2 4 4=3/2 5.61

pot) = —5 = ) (5.61)
we can easily generate as many terms as we want in the large- N expansion using the infinite
system of equations (5.60). The first few of these are the following

pi(t) = 641 \F(t3/2+t‘5/2)
pa(t) = 40325\)/7?(t5/2+t‘7/2)— ngiz/%(tuut_?,m)’
ps(t) = 16;;:15\/77(757/2+t_9/2)_M?igz/%(tg/2+t_5/z)’

(5.62)
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which one can check are indeed consistent with the saddle point result (5.56) but are much
easier to generate to higher orders.

Although we have not determined a closed formula for py(t), it is easy to determine
analytic expressions for the coefficients of the highest (and lowest) powers, as well as the
sub-leading ones. These in turn determine the coefficients of the highest index Eisenstein
series, and the next to highest index Eisenstein series, contributing at any order in the 1/N
expansion. In particular, using the recursion relation (4.24) we find by induction that

(c+1r(e=4r(e+3)
t) =
pe(t) 220+273/2T(¢ 4 1)
2
(0 —1)220+9)T (£ +1
- (0+3) 0(t—1)(t2 + 27"
3 22€+37T3/2F(g + 1)
(€= 3)%(2002 + 480 = 203)T (£ = 3) T (£+3

VA
1)

) 60— 3)(t2 +1370)

:
* 45 226+573/2T(¢)
(€ —5)% (560¢* — 2688¢° — 133042 + 90912 — 135909) I (¢ — T) T (¢ + 3)
2835 220+T3/21 (¢ — 1)
X 0L —5)(t2 4t )+ .. (5.63)

where ¢ > 0, and () is the unit step function. It is straightforward to determine higher
order terms using the recursion relation (4.24). Furthermore, the above results also show
clearly the general structure of these coefficients.

We would now like to use the large-N expansion of the integrand By (t) to obtain
the large-N expansion for the integrated correlator (1.3) with finite 7. We begin with the
equivalent expression (4.13) for the k-instanton contribution. Using the large-N expansion
of By(t) given in (5.58) and exchanging the sum and the integral, we have

1l E 1y, omikry [ 5272 2 i
Gn (T, 7) ~ 5 DNE Y e exp | =SS = tmnem )y petdt 5 64
=0 m#0,n7#£0 0

mn=k
Substituting the expressions for py(t) given in (5.62) into this equation gives rise to t-
integrals that are convergent for all m,n # 0 (i.e. for k # 0). The t-integral is again the
standard integral representation of the K-Bessel function. In particular, the terms in the
sum in (5.64) take the following form,

dt
Z — (t_s + ts_l) exp < - wmQ% - tﬂ'n27'2> (5.65)
P#0,n#0 Vit
mn==k

33

L\ 25—2
2 (%)571 <m ( ) S + n> KS*% (anTI'TQ)
MA0,n7£0 Vinmn

mn==k

= Ak 201 (k) K1 (2k7Ts),

where we assumed k£ > 0 for simplicity. Using this result, we see that (5.64) leads to
the series of K-Bessel functions that form the non-zero modes of the non-holomorphic
Eisenstein series, as given in (A.11).
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As noted earlier, the t-integral for the zero-instanton part (which comes from the
(m,n = 0) sector and the (. = 0,n) sector) is divergent at each order in the 1/N expansion.
These divergences, which arise from the boundaries of the integration region at t = 0 or at
t = oo, are absent in the k-nstanton sectors where both m and n are non-vanishing. The
occurrence of such singular behaviour is a consequence of expanding the integrand prior to

performing the ¢ integral. It is easy to see that a simple regularisation

pe(t) = pe(t)t”, (5.66)
would allow us to perform the ¢ integral, with the regulator parameter set to » = 0 at
the end. Although this does lead to the correct expression for all the coupling dependent
terms in (5.46) this procedure misses the coupling independent constant term (i.e. the
N2/4 term).

The second saddle point is also problematic in the zero-mode sector. From (5.53) we
see that for small ¢ since So(t) = 4t + O(t?) the t-integral is dominated by the boundary
of integration ¢ ~ 0 (similar considerations apply for the ¢ — oo endpoint). When t —
0 the contribution of the second saddle point to the ¢ integral is singular, in a similar
manner to (5.62). However, these issues with the zero-mode sector are not relevant for our
discussion since we have already determined the expression for Gy (72) in (5.46), which
describes the zero-instanton sector.

This problem does not arise in the k # 0 instanton sector. When both m and n are
non-vanishing the exponential exp(—mm?7/t — tan?m — NS3(t)) has a saddle-point near
t ~ 1/v/N and the contribution to the k& # 0 sector coming from the saddle z; in (5.52)
is well-defined and exponentially suppressed in N. Clearly this second saddle-point is
important in understanding non-perturbative, exponentially suppressed corrections to the
large- N expansion of the integrated correlator at fixed 7. However, we have not studied
the possible presence of such large- N non-perturbative effects.

Combining the zero mode sector, (5.46), with the sum over the non-zero modes arising
from (5.64), we obtain

ot~ W sy B
+ ]\Z;)g :1251755E(;;T, T)— Q—iE(%;T, 7_')} + 22; [%E(gn’, T)— ;E(S;T,?)}
+ ;3; :?)82%251?(“;7,%) — ZM;%E(%;Tﬁ) + ;232E<§;7',7_'):|
n ]3?21 1220192§8104125E(%;T, 7) — 120322;1875E(%;7_7%)
+ P B(gr,7) — Lot B 7)| + OV ), (5.67)

which reproduces precisely the results of [5] as well as new higher order terms.
We also note that, although we do not have a closed-form expression for the general
rational coefficients dj multiplying the Eisenstein function E(s;7,7) in (1.14), we can de-
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termine the expression for the coefficients of highest index s = 3 4- ¢, as well as lower index
ones,suchas s =f—1,s=/0—35 s =/{—3. These are determined in a closed form by (5.63)
at any given order N 3¢ and are given by

s U+ (e=3Hr(e+23)r(e+3
dﬁ+2 - (22£+2223/2§(g +23) ( 2> ’ (5.68)
(-2 r (e— D) (e+ 1)
d "= 322e+3ﬂ3/<2r(52+) 1>( ) b(é-1), (5.69)
£ (€= 3)%(2062 + 480 = 293)T (= 3) T (¢ = 3) T (¢+3) . -

45 226+573/2T(¢)

= (€-5)% (5600 —2688¢3 — 13304¢2 +00912¢—135909) T (¢ = 3) T (¢ = T) T (¢ + 3)
c 2835 220+773/2T (0 — 1)

x 0(6—5). (5.71)

5.3.1 Large-N constraints from the Laplace-difference equation

We shall now study the extent to which the coefficients of the large-N expansion (5.67), are
determined by the Laplace-difference equation (1.8). Had we not performed the preceding
saddle point analysis, we could have started with an ansatz for the large-N expansion of
the form: .
GN(7,7) ~ N2f(r,7) + Y N2~ fu(r,7), (5.72)
=0
for some unknown modular functions f and f;. The fact that this should be an expansion
in half-integer powers of N, is implied by (5.46). After substituting this ansatz into (1.8)
the condition that the large- IV expansion of the equation is satisfied order by order in 1/N
leads to an infinite series of equations.
Thus, at leading order N? we simply find

O(N?): A f(r,7) =0, (5.73)

which, together with SL(2,Z) invariance, requires f (1,7) = a, a constant. The next two
1 1
orders N2 and N~2 (£ =0,1) lead to two homogenous Laplace eigenvalue equations,

3) —§ T, T) =
owh: (A= 7)anm =0, -
oW h: (8- )hnn) =0,

The SL(2,Z)-invariant solutions to these equations that are power behaved at weak cou-
pling (72 — 00) are non-holomorphic Eisenstein series with half-integer index (as described
in appendix A),

f0(7_77:) :ﬁOE(%;Ta%)a f1(7_77:) :BlE(g;77%)7 (575)

with undetermined constants Sy and 3.
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This result could have been anticipated given power series ansatz (5.72) and our pre-
vious discussion regarding the large-N expansion (4.33) of the Laplace-difference equa-

tion (1.8).
With ¢ > 1 the solutions are more complicated. For example, with ¢ = 2 we have
: 35 13
O(N"%): (AT - ) folr,7) = — 33 por ), (5.76)
4 64
which has the solution
_ _ 13 N
fo(r,7) = o E(L3;7,7) + —=PoE(2;7,7), (5.77)

512

where (5 is a new arbitrary constant associated with the homogeneous Laplace eigenvalue
equation that enters with £ = 2. The equation for £ = 3 is

5 63 B 75 _
oW h: (A=) hn) = AT, (579)
which has the solution
_ _ 25 B
f3(7_77_) :63E(g;7—77> - 761E(g;7_77_)7 (579)

256

Continuing in this fashion, we see that the £ = 4 equation is

_z 99 _ 595 _ 49 _
O(N 1) (AT - 4) falr,7) = 22 ol ) = 5o fo(m ), (5.80)
that has solution that is a sum of E(iL;7,7), E(Z;7,7) and E(3;7,7). This solution again
has one new undetermined constant, (4, which is the coefficient of E(iL;7,7). Likewise,

the ¢ = 5 equation is

O (8= ) fsrm) = B AT + (), (5.81)

which has a solution that is a sum of E(%;7,7), E(2;7,7) and E(3;7,7), with an unde-
termined constant fs.

It is easy to see that this leads to the following general pattern. For any £ the coefficient
of N3¢ is the sum of Eisenstein series with coefficients determined by the values of the
constants, By. There are two towers of solutions in which £ =0,2,... and £=1,3,.... In
other words the complete solution can be organised as a sum of the form

GN(T,7) =D [E(2 +26;7,7) Fo(N) + E(3 + 26;7,7) Fii90(N)] | (5.82)
=0
where
Fy(N)=Nz~" (5e +> ausz‘?’“) , (5.83)
k=1

and the coefficients a; are determined, as described above, by the Laplace-difference equa-
tion in terms of the undetermined constants By. Once the values of §, are specified the

40 —



values of all the aj are determined and the complete set of constants reduces to the coeffi-
cients in (5.67) that were previously obtained from dj.
The undetermined constants [y are the coefficients of the Eisenstein series with highest

)43
index at a given order in the 1/N expansion. These are precisely the coefficients d;_2 in
the previous terminology. As mentioned earlier, these coefficients can be obtained from the
large-\ expansion of G(O)(\) (5.26), which has the form

1 0o 00 +3
N2GO(\) ~ N2 L +3 o A—H] —+ Z N2, <47T> - (5-84)

(=1

where the coefficients b@?l are given in (5.27). We can identify this series with the zero
mode of the expansion of Gx(7,7) in a series of half-integer index Eisenstein series shown
n (1.14). Using the expression for the zero mode of E(s;7,7) shown in (A.10) we find the
value for the unknown coefficients

o+3 bEO)l
dy > = 5| (5.85)
220+4 (20 + 3)

which indeed can be shown to agree with (5.68) using béi)l given in (5.27).

We have therefore seen that the coefficients, 5, in the large- N expansion that are not
determined by the Laplace-difference equation are given by the coefficients in the large-A
expansion of G(O(\).

6 Discussion

This paper has provided strong evidence for our main conjecture that the lattice sum (1.3)
describes the integrated correlation function of four superconformal primaries in N’ = 4
SU(N) SYM that was introduced in [3]. In that reference the integrated correlator was
defined by (1.2) in terms of Pestun’s localised partition function. Previous analysis explored
the large- N expansion of the correlator, both in the perturbative 't Hooft regime [3, 6], and
in the non-perturbative regime in which Yang-Mills instantons contribute [5, 7]. However,
the detailed dependence of the correlator on N and 7 has proved difficult to extract from
the definition (1.2). Furthermore, up to now the finite- N regime has been largely ignored.

Although we have not produced mathematically rigorous arguments, we have produced
compelling evidence for our main conjecture that Gy (7, 7) can be expressed as a sum over a
two dimensional lattice given in (1.3). This representation of the correlator, which is defined
for arbitrary values of /N and of the Yang-Mills coupling, g.,,, is manifestly invariant under
SL(2,Z), which is a manifestation of Montonen-Olive duality [10].

Most notably, as a corollary to the main conjecture we showed that the lattice sum
satisfies a Laplace-difference equation (1.8), which relates the Laplace operator, A, acting
on Gn(7,7) to a linear combination of Gn41(7,7) and Gy_1(7,7). This rather unusual
equation leads to many of the properties of the correlator that we have discussed.

In particular, we have shown that this reproduces the expected approximations to the
correlator in various limits. These are:
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(i) The small-g,,, perturbative expansion at finite N. This has a remarkably simple
structure with coefficients that are rational multiples of odd zeta values. This striking
observation is reminiscent of the fact that the coefficients of the leading terms in
the large-N 't Hooft limit are proportional to odd zeta values. We identified the
contribution of these perturbative terms with the sum of contributions of zero modes
of non-holomorphic Eisenstein series with integer indices of the form (1.12). The

(N)

coefficients cg ’ are rational numbers with values that depend on N and s.

We have compared these results with one-loop and two-loop contributions to four-
point correlators evaluated by standard quantum field theory methods. These ex-
pressions are complicated functions of the positions of the operators. However, we
found, upon integration over the positions of the four operators, these complicated
expressions reduce to precisely the terms deduced from the localised correlator.

(ii) The large-N limit at fixed 't Hooft coupling (fixed A = g2 N). In this limit we
reproduce the 1/\ expansion which is encapsulated in equation (3.48) of [3]. This is
the strong-coupling limit of the planar diagram contribution to the correlator. Fur-
thermore, we noted that expanding the same expression at weak coupling reproduces
the planar diagram contribution to perturbative Yang-Mills. Whereas the small-A
expansion is convergent with radius of convergence |\| < 72, the strong coupling
expansion is divergent and is not Borel summable making necessary the addition of
an instantonic contribution of order e~2V*. This has the form of a non-perturbative
world-sheet instanton contribution in the dual string theory, which would be of in-
terest to understand in more detail.

(iii) The large-N limit at fixed g,,,, in which Yang-Mills instantons play an essential role.
This reproduces the expansion that was suggested in [5] that is a sum of Eisenstein
series of half-integral index of the form (1.14). Our expression generates the coef-
ficients dj very efficiently to any given order in 1/N. The terms in this series are
manifestly SL(2,7Z) invariant since they are proportional to Eisenstein series.

Our arguments have been based on discovering patterns satisfied by series expansions
of the integrated correlator in the various limits described above. It would be gratifying
to determine a more direct mathematical argument that systematically leads from the
expression for the localised partition function to the lattice sum (1.3). Such an argument
could explain the form of the rather cumbersome expression for Qx(t) given in (1.5), which
surely has an elegant geometrical origin.

As mentioned in the introduction, in addition to the correlator defined by (1.2) an
independent integrated correlator may be defined by the quantity a;; log Zn, as was dis-
cussed in [6] and [7]. The large-N structure of this correlator was found to be related
to generalisations of Eisenstein series. It would be interesting to discover whether this
correlator can also be expressed as a lattice sum.

There are other obvious directions in which these results could be extended. For
example, it should be possible to give a similar analysis of N/ = 4 SYM with other classical
(or non-classical) gauge groups. The extension to correlators of other operators in the
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stress tensor multiplet also seems feasible. It would similarly be of interest to generalise
this construction to n-point correlators that violate the bonus U(1)y symmetry maximally,
that were discussed in [40]. Beyond that, the extension of these ideas to correlators of more
general BPS operators appears to be considerably more challenging.

Finally, it would be of interest to see how these results may make contact with the low
energy expansion of superstring scattering amplitudes in AdS5 x S°, extending the results
of [3]-[7].
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A Non-holomorphic Eisenstein series

A non-holomorphic Eisenstein series can be defined by a lattice sum that has a Fourier
expansion of the form

1 5 ,
= —2 > Fils;m) ™ (A.1)

E(s;7,7) = 5
4 (m,n) # (0,0) ‘m T TLT’ ’ keZ

where the non-zero Fourier modes have the characteristic instantonic exponential behaviour
Fi, ~ e~ 2kl in the large-my (weak coupling) limit.

We will now review the derivation of the detailed structure of the Fourier modes. The
first step is to separate the double sum over (m,n) # (0,0) into two sets of terms:

(i) The sum of terms (m,0) with m # 0. We will denote this by

i 2 «
fé )(5;7'2) =

TS5 2¢(2s
-~ 2 C( ) s. ( A.2)
s m2s s

m=1
(ii) The sum of terms (m,n) with —oo < m < oo and n # 0. In order to sum over these
values it is useful to introduce an integral representation, which takes the form

3 1 0o
f(”)(s;T, T) = Z —/ et st
mEZ, n£0 I'(s) Jo

1 oo (7n+n7'1)2+n27'2
- ¥ F(s)/ a3 (A.3)
MEZ, n#£0 0
where
2
I (A1)
T2
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This may be re-expressed by performing a Poisson summation over the integer m. Recall
that a Poisson sum can be expressed as the relation

> fm)= " f(m), (A.5)
meZ MEZL

where f(1n) is the Fourier transform of f(m) (i.e. f(ih) = [°° dme*™™™ f(m)). This

transforms (A.3) into

X 7T m? n2
F)(s;7,7) = 1:/5 Z e%im”ﬁ/ e 2( e F t)ts’gdt
(s) FETZ, n#0 0
it - TikT 4y/T2 s—2
= A s+ 30 R oK) K,y (2rlklm) . (A

k=—00
k0

where we have set k = 7iwn and separated the term with 7 = 0 (i.e. k = 0) and the extra
factor of 2 in this equation comes from the two choices of signs for m and n. Here we have
used the integral representation for a K-Bessel function for the &k # 0 terms,

[e%¢) a2 5 a\"”
/ e~ T g =2 (b) K, (2ab) . (A7)
0

The divisor sum is defined by o, (k) = > onk 1" for k> 0. The asymptotic expansion of the
Bessel function for large 7o = 47/ 932(1\4 is given by

™ 4?1
K, (27|k|72) ~ “Emkm o ——— ] A8
(2m|kl2) 47 |k|To ¢ * 167| k|2 + (A.8)
This behaviour is consistent with the contribution of charge-k BPS instantons (when k& > 0)
and anti-instantons (when k£ < 0) to (A.6).
The k = 0 term in (A.6) is given by

j—_-(gii)(s; ) = 2ymT(s = 4)C(2s —1) 44 (A.9)

and so the total zero Fourier mode is given by

Fo(s;m2) = féi)(s; T2) + féii)(s;’fg)
2C7E_§S)T§ 2ﬁr(sﬂ:€é€)(28 — s (A.10)

From (A.6) we see that the k-th Fourier mode (k # 0) is proportional to a K-Bessel
function,

Fi(s;72) = e |k[*2 o1-os(k)vT2 K, 1 (2rlkl7), K #0. (A.11)

It is noteworthy that an Eisenstein series satisfies the functional relation

4
s

L(s)E(s;7,7) =T(1—-9s)E(1 —s;7,7), (A.12)
and it is the unique modular invariant solution to the Laplace equation

(Ar = s(s = 1)) B(s;7,7) = 0. (A.13)
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B Computing the one-instanton contribution

The one-instanton contribution is obtained from the expectation value of 8%2}{}?{ given
m=0

n (3.14), which we quote here

82 Zlnst _ i H (a’lj + i)2 (B 1)
alj(alj + Qi) ' '

m=0  |=1j#]

So we are interested in the following quantity,

2

_ 2 IR D DAL alj +14)?
Gna(T,T) :_Z(O)/d ae “YM 114 ZH (B.2)

N i<j = i wi(ai +20)

For general N, the integral can be evaluated order by order in small g,,, expansion, this
is equivalent to expanding the integrand in the small a; limit. Therefore order-by-order
in the g,,, expansion, the integral is a simple (N — 1)-dimensional Gaussian-type integral.
This was done in [7] up to order gl° , where we find

Sy 2mir | ™ az | az3N  ayN(N —3)
Gra(r.7) =e XIN-1) P, 20072 21473
asN (5N? — 33N +58)  agN (TN3 — 78N? + 293N — 390)
5207 - 22175 M
(B.3)
where the coefficient a; is given by

, I (N—i+3

ai = (—1)i*1 8(2i — 1! ( 2) . (B.4)

A T(N-1)

However, it becomes computationally difficult to expand the integrand to higher order. In
the following we will use a more efficient approach to generate such higher order terms,

From (B.3), we observe that Gy 1(7,7) has a simple structure, which allows us to
write a general expression for the one-instanton contribution to the integrated correlator
in the form,

o] i—2
_ i a1 o%) Q41
Gva(r7) = =gy gy gy TV (Z Bi’ka> ] B

T

where «; is given in (B.4) and §; is to be determined below.

The procedure we will adopt is to use the conjecture in [5] for the large-N expansion of
the integrated correlator, which expresses it in terms of non-holomorphic Eisenstein series
as in (1.14). According to this conjecture the one-instanton contribution has the form

o0 X
Gna(r,7) =€ Y N2t > VsV K os(2173) (B.6)

l=—1 s=—1

with 7, 1L = 0 if m is even and vy, is in general unknown.
L2
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The equality of the expressions for the one-instanton contribution, (B.5) and (B.6),
imposes non-trivial constraints on both coefficients 3;; and 7., After inputting some
initial data we are able to solve for 3; ;. and ¢y ; recursively by comparing the two expressions
order by order in the 1/N and 1/79 expansion. Importantly, this procedure often leads to
over-constrained equations for 3; ;, and 7, . The existence of a solution to these equations
gives consistency checks on the ansatz in (B.5). Explicitly, we obtain the results for 3; , up
to 7 = 25 and for 7, s up to £ = 27. These results provide us a large amount of data, which
is used in the main text to strongly constrain the structure of Gy (7, 7) with arbitrary
N and k.

C Evaluation of the integrated correlator in perturbation theory

Recall that the integral that is relevant for computing the integrated correlator is

8 00 s 3 2 0O U
L [Tn(U, V)] = —;/0 dr/o dewvm(a V), (C.1)

here we have written Ty (U, V) = YT (U, V). Using the relation U = 1+ r? — 2r cos(6)
and V = r2, we have

(U, V)

r2 (1472 —2rcos(9)) (G2)

L [Ty (U, V)] :——/ drr® / df sin’(

This integral can be viewed as an integration over a four-dimensional vector P/ with
(Py)? = r2. The factors in the denominator can be viewed as two propagators, with an
external unit momentum P* with P? = 1 by noting that (1 + 72 — 27 cos(6)) = (P, — P)%.
Therefore,

U
L[TN(U V)] = -= /d4 VPZPU_V])D) (C.3)
where [dP, = 4n [ drr? [ dOsin?(0).

This expression manifestly has the form of a Feynman integral for a two-point function
with external momentum P, where P? = 1. So we see that upon integration over U and
V, as in (C.1), the L-loop Feynman diagram contributions to the four-point correlator
inside 7% (U, V) are transformed into (L + 1)-loop Feynmann integrals with the external
momentum being the unit vector P¥.

Let us apply this observation to the ladder diagram shown in figure 2. The expression
for the ladder diagram is known to any number of loops [23] and is given in (5.8). The
resulting integrated correlator related to the ladder diagram contribution is simply another
ladder diagram but now with two external legs and one extra loop, as shown in figure 3.
The expression for the two-point ladder diagram is also well-known [26]. Using the known
result we find,

I [gQ(L)(U, V)] =-2 <2LL:_F12> C(2L+1). (C.4)

We have further verified the above result numerically up to L = 15.
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Py
P
P 4.' P—_ P
PV PV

Figure 2. The ladder diagram. Figure 3. The ladder diagram of the inte-
grated correlator.

We will now show that the following relation holds
U (L) (L2) U g(L1+L2)
Iy V(I) (U, V)OW2(U, V)| = 1o V(I) rRNU V)|, (C.5)

that is used in the main text as part of the two-loop calculation, with L1 = Ly = 1. First,
we note ®) (U, V) obeys a differential recursion relation,

P3 (PV - P)2 DPV@(LJ'_D (Ua V) = (P(L) (Ua V) ) (06)
where ®©) (U, V) = 1 and Op, = 0prdp,y,,. Therefore we have
I gcb(Ll)(U Vyel (U, v)| =1 gqﬂLﬂ(U V)P2(P, — P)20p o2t (U, V)
2 vV ) 5 — 12 Vv 5 vty ™ PV 5
2
= —ﬁ/d“P‘,@(Ll)(U, V)op, (U, V), (C.7)

where we have used (C.3) to obtain the final expression.
To proceed, we perform integration by parts and use the recursion relation (C.6), from
which we find

U 2 1
Y L) (L2) -~ dip - I (L2+1)
b [ch AR, V)] = /d e L LA Lo UAG
(C.8)
Using the relation (C.3) once again leads to
I [g@Ll)(U, Vvyell)(u, V)] =1 W@(Ll—n(a V)o@ v . (C.9)

Finally, applying this relation repeatedly, we arrive at (C.5).

D Borel summation and median resummation

In this appendix we will present some basic ideas concerning the Borel transform and
resummation of factorially growing asymptotic power series. These ideas are contained in
recent more detailed reviews [41, 42].

Our starting point is a “strong coupling”, i.e. x — 0o, asymptotic formal power series
of the form

F(z) =) an z (D.1)
n=0
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whose perturbative coefficients grow factorially, i.e.
an ~ a R"n! (D.2)

for some o, R € R\ {0}.
The standard Borel transform of (D.1) is given by

B(t) =Y “mn, (D.3)
=
which has finite radius of convergence, thus defining a germ of an analytic function at the
origin ¢t = 0.
The well-known integral

/ e 't"dt = n!, (D.4)
0

leads to the definition of a possible resummation, i.e. a possible analytic continuation, of
the original asymptotic series (D.1), using the steps,

10

/06 Ooe_t‘”B(t)dt:/O B <$) di / oy ( ) %N gzl (D)

n>0 n=0

where # = argx and in the last step we have simply commuted the series with the integral.
Note that for generic 6 € [0, 27| the directional Borel resummation

eoo
SoF () = /0 e B(1)dt, (D.6)
will define an analytic function in the wedge Re (e?x) > 0 of the complex z-plane with
exactly the same asymptotic expansion (D.1).
In the course of this paper we have encountered several formal asymptotic power series
of the form

[e.e]

F(x) = Z cnC(n+ 1)zt (D.7)

n=1

with ¢, growing factorially. In general the standard Borel transform (D.3) cannot be written
in closed form because of the presence of a Riemann zeta value, however we can simply
replace ((n+ 1) by its Dirichlet series {(n+1) = > ;5 k™" ! and obtain the resummation

SyF(z Z/ e~ B(1)dt Z/ —th(

k>1 k>1 n>1

Cnt"
- )dt. (D.8)

Furthermore, when dealing with perturbative coefficients of the form ¢,((n + 1) one
can also use a modified Borel transform, see e.g. [43, 44], using the modified integral kernel

00 tn+1

o Tsmni(tj2)™ =((n+1)(n+1), (D.9)

valid for n > 1.
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In a similar manner to (D.3) we can therefore define the modified Borel transform

z cnC(n+1) ) e 1
and modified Borel resummation
60 ~
S ¢’ B(1)
SoF (z) = / B
o F(x) =2 o dsinh(tz)2)
720
e’V oo Cntn+1 dt 00 1
- 2.6 Dz, D.11
:U/O “= (n+1)!4sinh*(tz/2) ;c (n+1)x ( )

where again in the last step we have commuted the sum with the integral and computed
the modified integral kernel as above.
Note that in (D.11) we can substitute the expansion

1

N fethe D.12
4sinh?(tx/2) 2 ke ( )

k>1

which is valid for Re(tz) > 0, and integrate by parts to arrive at the infinite sum of
standard Borel transforms (D.8). The modified Borel resummation (D.11) is generically
simpler to analyse compared to its standard counterpart (D.8) but they capture exactly
the same amount of information.

Usually we say that the asymptotic expansion (D.1) is Borel summable if we can
perform the directional Borel resummation, of the form (D.6), (D.8) or (D.11), along the
positive real axis, and we can then extend the domain of analyticity by varying 6. In
general however as we vary 6 we will reach a singular direction, called Stokes direction, for
the Borel transform B(t) and we say that (D.1) is not Borel summable along that direction;
in many physically interesting cases 8 = 0 is a Stokes direction.

Whenever B(t) has a branch-cut starting at ¢ = ¢, in the direction 6, = argt,, the
lateral resummations (D.6) on the two sides of the Stokes direction, i.e. for §; > 6, and
02 < 0., define two different analytic continuations of the same asymptotic expansion (D.1).

This is usually called an ambiguity in the resummation, but it can be quantified by
defining lateral resummations across a singular direction # = 6, given by the limit of (D.6)
from the two sides:

SiF(x) = lim SyF(x). (D.13)

0—0F

The difference between the two lateral resummations, related to what is usually called
the Stokes automorphism, is given by

(Sp+ — Sp-)F(x) = Dg, F(z) = / e "Discg, B(t) dt ~ 2mie """ ) & ", (D.14)
ol n>0

where Discg, B(t) denotes the discontinuity of the Borel transform across the Stokes direc-
tion 6, and the contour of integration -y is a Hankel contour coming from oo below the cut,
circling around the branch-point ¢t = t,, and going back to oo above the cut. Since this
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quantity is non-perturbative in nature, it should be clear that the location of the singu-
larities of B(t) plays a crucial role in understanding non-perturbative corrections encoded
in the asymptotic series (D.1), which are necessary for the definition of a unique analytic
continuation of the physical quantity whose perturbative expansion is (D.1).

The non-perturbative completion of (D.1), i.e. its trans-series expansion, is usually
very difficult to compute, however in many cases median resummation [45]

SmeaF(z) = S+ F(2) F 3 AoF () (D.15)

gives the correct non-perturbative definition of the physical quantity associated with (D.1),
i.e. the appropriate, unambiguous, analytic continuation which is also real for real cou-
pling z.

D.1 Median resummation at leading order in the ’t Hooft expansion

In this appendix we want to show that the median resummation

1 z [ dw A
Sme © = = */ — R y D.16
19 (@) 4 + mJo 4sinh*(zw) eé(w) ( )
with 13
Qg(w) = —87'('“)3 QFI (—2, 5, 1‘w2> s (Dl?)

obtained from the strong coupling asymptotic expansion (5.26), matches identically the
exact result of [3] and [4]:

Ji(zw/7)? — Jo(zw/7)? .

sinh? w

(D.18)

GO\ = /OOO dw w

The reasoning very closely resembles the analysis carried out in [33].
We want to show that median resummation (D.16) can actually be written as a contour
integral. First of all we rewrite the real part of the Borel transform in the alternative form
13 33
— 3 _Z 2 1lw?) = 2 2 a2
8mw’ Re o F < 3 2,1’w ) mReo F} (2, 2,3‘10 > ,

valid for w > 0, which one can easily prove using the Mellin-Barnes representation for the
hypergeometric function.
We can then rewrite our median resummation as

1 x [ dw 3 3
SaGO(z) = f/ _ M Re,F ( 2.3 2) D.19
dg (m) 4 + 8 - sinhQ(g;w) €a2l'] 27 27 "LU ’ ( )

using the fact that the integrand is an even function of w.
At this point let us consider the following contour integral

x dw 33
I:—/i F (,;3 2) ; D.20
8 ysimhg(azw)2 "\272 ‘w ( )

where the contour -« is presented in figure 4.
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—00 -1

Figure 4. Integration contour v for the integral I.

Note that the integrand of (D.20) has a branch cut on the interval w € [—1,1] and
the integration contour Cj runs just above this cut. Furthermore, since the integrand is
symmetric with respect to x — —x the integration just above the cut is equivalent to the
integration along the real line of the real part of the integrand. The segment C5 of the
contour of integration circles the origin and picks out the residue at the origin of (D.20).
However it is simple to check that this residue vanishes. From these arguments we are lead
to the conclusion that

x dw 33 x [ dw 33
— ————2oF ;3 2) = —/ ————ReF ( ;3 2) .
8 Jewe, sinh?(zw) 2 (2 2’ ’w 8 J_co sinh2(zw) - ' \2'2’ ‘w
The contribution coming from C3, which is the residue at infinity, gives
x dw 3 _ x coth(Rx) 1
— ————oF} ;3 2) dw=—1i {2} = —. D.22
8 Joy sinh?(zw) > (2 23w ) du = fim |27 1 (D-22)

Combining these expressions we arrive at the result that the median resummation is
given by the contour integral:

T dw 33
_ 2 2Y p(2,2:3 2) = SmeaG (2). D.23
8/ysinh2(xw)2 ! <2 2 ’w 1 () ( )

We can now close the contour along the imaginary axis, picking up all the residues at

w——””r ie.

Izgiresrﬂ(ww?)‘w )} o
w=1nz

= sinh?(zw)

which are easily evaluated by Cauchy integration, leading to
>, 322 55 x?
= ——oF | =, 4 ———= | - D.24
;87r2n32 22 | w2n? (D-24)
We can now take the result (D.18) of [3] and [4], and after changing the variable
of integration, w — w’ = wx/m, we can expand the sinh?(mw’/z) in the denominator,

arriving at
47r n

GO () = 2t [71(w)? — Ta(w')?]. (D.25)

This integral can easily be evaluated giving the expression (D.24) that we derived by median
resummation, thus proving that (D.16) and (D.18) are actually identical.
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