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1 Introduction and conclusions

There are two typical types of half-BPS boundary conditions in 3d N' = 4 gauge theories.
One is the NV = (0,4) chiral half-BPS boundary condition. It can be constructed in the
brane setup [1, 2] and has interesting dualities [3] under mirror symmetry [4-6]. Such a
chiral BPS boundary condition admits canonical deformations that lead to the boundary
Vertex Operator Algebras (VOAs) [7]. It can be further generalized by coupling to the
quarter-BPS corner configurations of 4d N/ = 4 super Yang-Mills (SYM) theory [8-11],
which played an important role in the Geometric Langlands program.

The other type is the N' = (2,2) non-chiral half-BPS boundary condition. In the
presence of Q-deformations, one obtains from 3d N = 4 gauge theories the quantized
Coulomb and Higgs branch algebras [12]. The N' = (2,2) half-BPS boundary condition
defines a pair of modules of the quantized Coulomb and Higgs branch algebras [13]. In
the case of Abelian gauge theories, the Coulomb and Higgs branches are hypertoric vari-
eties [14-17] and there are three basic classes of boundary conditions [13], i.e. the Neumann
boundary condition, the generic Dirichlet boundary condition and the exceptional Dirichlet
boundary condition. It is argued [13] that the Neumann and generic Dirichlet boundary
conditions are exchanged while the exceptional Dirichlet boundary conditions are invariant
under mirror symmetry [4-6]. It gives a physical underpinning to the Symplectic Duality
program [18, 19].

In this paper we test the conjectured dualities of N/ = (2,2) non-chiral half-BPS
boundary conditions under mirror symmetry by computing half-indices for the UV bound-
ary conditions in 3d N’ = 4 Abelian gauge theories in terms of the UV formulas for the 3d
half-indices of the Neumann b.c. [20-22] and of the Dirichlet b.c. [23] for gauge theories.
The half-index can be considered as a partition function on S' x HS? with a boundary
condition on 9(S! x HS?) = S! x S! where HS? is a hemisphere. It can realize the
holomorphic block [24, 25] with the appropriate choice of the UV boundary conditions, as
recently demonstrated for SQED in [26] and for the ADHM theory in [27] by choosing the
exceptional Dirichlet boundary conditions and using supersymmetric localization.

Our results confirm that the Neumann boundary condition is dual to the generic Dirich-
let boundary condition for its mirror theory and that these dualities are generalized by
including Wilson line operators to the Neumann boundary conditions and vortex lines to
the generic Dirichlet boundary conditions.! On the other hand, we find that a naive mir-
ror symmetry between exceptional Dirichlet boundary conditions does not “always” hold.
The half-indices of exceptional Dirichlet boundary conditions physically realize the vertex
functions [30] which are defined as generating functions for the K-theoretic equivariant
counting [30-39] of quasimaps to a hypertoric variety. The triangular matrix obtained
from the elliptic stable envelope [32] shows that the half-index of the exceptional Dirichlet
boundary condition generically transforms into a certain linear combination of the half-
indices of the exceptional Dirichlet boundary conditions under mirror symmetry.

The two deformations which are compatible with the two distinct topological
twists [40, 41] which are called the H-twist (or mirror Rozansky-Witten twist) and the

1See [28, 29] for mirror symmetry of line operators in 3d A = 4 gauge theories.



C-twist (or Rozansky-Witten twist) enforce specializations of the fugacity t to q% and
q_% at the level of indices (see [11]). In these limits the quarter- and half-indices of the
N = (0,4) chiral supersymmetric configurations coincide with certain characters of the
corner and boundary VOAs [3, 7, 8, 11]. For the ' = (2,2) half-BPS boundary condi-
tions, the two deformations compatible with the H- and C-twist correspond to the two
)-deformations which lead to the quantized Coulomb and Higgs branch algebras. Conse-
quently, these limits of the A/ = (2,2) half-indices can lead to the reduced indices which
count the generators in the quantized Coulomb and Higgs branch algebras. In fact, it has
been recently argued in [26, 27] that for the boundary conditions preserving at least a
maximal torus of the flavor symmetry, the two limits of the hemisphere partition function
reproduce the characters of modules of the quantized Coulomb and Higgs branch algebras
by checking explicitly for the exceptional Dirichlet and Verma modules in SQED and the
ADHM theory. In this paper we discuss the reduced indices as these specializations of the
N = (2,2) half-indices of other boundary conditions which define other modules, including
Neumann and generic Dirichlet boundary conditions which may contain line operators.

1.1 Structure

In section 2 we introduce half-indices which count the local operators preserving N’ = (2, 2)
supersymmetry at a boundary of 3d N/ = 4 supersymmetric field theories. In section 3
we compute the half-indices of NV = (2,2) half-BPS boundary conditions in 3d N/ = 4
Abelian gauge theories. We confirm the dualities of boundary conditions by showing two
half-indices perfectly agree with each other. We also discuss the H-twist and C-twist limits
of half-indices that count the operators corresponding to the modules of the quantized
Coulomb and Higgs branch algebras. In appendix A we present the notations of g-series.
In appendix B we show several terms in the expansions of indices.

1.2 Open problems

There are a variety of interesting questions which we leave for future work:

e The N = (2,2) half-BPS boundary conditions can be generalized by including bound-
ary degrees of freedom which couple to the bulk fields. The corresponding half-indices
should be viewed as generalizations of the elliptic genera [42-44] for 2d N = (2,2)
supersymmetric gauge theories. It would be interesting to study the half-indices for
enriched Neumann boundary conditions involving the 2d bosonic matter which may
require to deform the contour prescription [3] and realize the integral expression of
the vertex functions [32, 33]. The dualities of such boundary conditions will also gen-
eralize Hori-Vafa mirror symmetry [45] as well as the dualities of N = (2, 2) half-BPS
boundary conditions.

e For non-Abelian gauge theories, there should be more general boundary conditions as
we can choose arbitrary subgroup H of G as an unbroken gauge symmetry. A natural
question is to explore singular boundary conditions whose existence is argued for the
N = (0,4) half-BPS boundary conditions in 3d N = 4 gauge theories [1] as well as the



BPS-boundary conditions in 5d SYM theory [46, 47], 4d N/ =4 SYM theory [48-51]
and in 2d V' = (2,2) gauge theories [52]. It is interesting to address the geometric
and representation theoretic questions about enumerative K-theory of quasimaps to
Nakajima varieties for non-Abelian theories by studying half-indices and check non-
Abelian mirror symmetry of exceptional Dirichlet boundary conditions in terms of
the pole subtraction matrix obtained from the elliptic stable envelope [32].

e The brane construction of the N = (2,2) half-BPS boundary conditions is presented
in [1] by generalizing the Hanany-Witten configuration [53]. It is intriguing to extend
the constructions and dualities of the N' = (2,2) half-BPS boundary conditions by
using the brane techniques.

e For the ADHM theory the N' = (2,2) half-BPS boundary conditions can describe
open M2-branes ending on an M5-brane. The quantized Coulomb branch algebra
is the spherical part of the rational Cherednik algebra associated with the Weyl
group [54]. It would be nice to clasify the UV boundary conditions and their modules
in the quantized Coulomb and Higgs branch algebras and evaluate the half-indices.
In particular, the UV exceptional Dirichlet boundary conditions defining the Verma
modules for isolated vacua will be important as the twisted traces over the Verma
modules are basic building blocks in the algebraic formula [55] of the sphere partition

2

functions and correlation functions” as well as other partition functions [27].

2 Indices

2.1 Definition
The half-index is defined by?

(¢, x; q) = Trop(—l)FqJJrHthH*fo (2.1)

where the trace is taken over the cohomology of preserved supercharges. F' is the Fermion
number operator and J is the U(1); rotation in the two-dimensional plane. C and H
are the Cartan generators of the SU(2)¢ and SU(2)y R-symmetry groups in 3d N = 4
supersymmetric field theories. f are the Cartan generators of other global symmetries.

We choose the fugacity so that the power of ¢ is always strictly positive for local
operators by a unitarity bound. Therefore the half-index can be regarded as a formal
power series in ¢ and the Lauranet polynomials in the other fugacities.

2.2 3d indices

The 3d N = 4 superalgebra takes the form:

2See [56, 57] for a generalization to 4d bulk-3d boundary system.
3 Also see [3, 11] for N = (0,4) chiral supersymmetric case.



where «, 8 are the Lorentz indices, A, B are the SU(2) g indices and A, B are the SU(2)¢
indices. ZAB and ZAP are the central charges. The 3d N/ = 4 supercharges QQA carry the
charges

‘Q£1 Q£2 Q%l Q%Q }rl Er2 %rl 12
+ -+ - 4+ - + - (2.3)
+ + - - 4+ + - -

U1)e
Ul

The 3d NV = 4 hypermultiplet involves a pair of complex scalars X, Y forming a
doublet of SU(2)g and a pair of complex fermions ¢, 1Y forming a doublet of SU(2)c.
The charges of the 3d NV = 4 hypermultiplet are given by

—X =Y
XY ¥ oY 9t gY
00 — — + + (2.4)
++ 0 0 0 O

U1)e
U)u

The 3d V' = 4 Abelian vector multiplet consists of a 3d gauge field A, three scalars,
which we denote by real and complex scalars o, ¢ forming the SU(2)¢ triplet, and two
complex fermions (Ay, 7). The charges of the 3d A/ = 4 vector multiplet are given by

‘AMU(P)\iXﬁ:nﬁ:ﬁﬁ:
002+ — + — (2.5)
000+ — — +

U1)e
Ul

~ We introduce the half-indices of N = (2,2) half-BPS boundary conditions preserving
0?2, Qf and Qil in 3d N = 4 gauge theories from the field content of a UV theory [58]
obtained by counting operators constructed from the fields.

2.2.1 3d N =4 matter multiplets

The operators from the 3d N/ = 4 hypermultiplet which contribute to index are

aox oy | et g’
U(l)f + — + —
U(1), n n n+i n+1 (2.6)
Ul)e | O 0 + - '
Ul)y + + 0 0
fugacity q”+itx q”+itx*1 —q”‘*‘gt*lx —q”+%t*1:ﬁ*1
The index for the 3d N = 4 hypermultiplet is*
1o 11
H3d HM(t,IE;q) _ (q4 . xaQ)OO(Ql1 x 7Q)oo (27)
(q7tz; )0 (g1t @)oo

“We follow the convention in [59] for the full-index of 3d A/ = 4 gauge theories.



Similarly, the operators of the twisted hypermultiplet which contribute to the index are

~ ~ =X =Y
07X aryYy O o2
U(l)y + - + -
U(1), n n n+i n+i (2.8)
U(l)e + + 0 0
U(l)y 0 0 + +
fugacity q”+it*1x q"+%t*1x*1 —q”+%m —q"+%tm*1

Let us consider N' = (2,2) supersymmetric boundary conditions for the 3d N' = 4
hypermultiplet. The basic boundary conditions are [60]

B; :Y]s =0, X[ =0,

2.9
B X|yp=0, &Yy =0, (29)

where 2 is the coordinate normal to the boundary. Analogously, the N' = (2,2) super-
symmetric boundary conditions for the 3d N = 4 twisted hypermultiplet are

By:Yl]pg=0, 02Xy =0,

~ ~ 2.10
B,:X|a:0, 82Y]a:0. ( )

The half-index of the A" = (2,2) boundary condition B/, for the 3d V' = 4 hypermul-
tiplet is given by

3

T34 M (¢ ;) = (g%t 759)
PR ] - 1
(q1tx; q)oo
= I3 M(qita; q) x I M(gita ) (2.11)

and the half-index of ' = (2,2) boundary condition B’ for 3d N/ = 4 hypermultiplet is

3
(it 27 g)o
1
(qitz™q)0o
— 3 M(gita" q) x T3 M (gita; q) (2.12)

T N (1, ;) =

where

1
(73 9)oo

Iy M(; ) = , % M@ q) = (9271 ¢)o (2.13)
represent the Neumann and Dirichlet half-indices for a 3d N = 2 chiral multiplet [20, 21].

In the H-twist limit ¢ — q%, the half-index (2.11) becomes 1. This indicates that the
free hypermultiplet has no Coulomb branch local operator. On the other hand, in the
C-twist limit t — qfi, the half-index (2.11) reduces to ﬁ The factor corresponds to a

bosonic generator of the algebra for the Higgs branch.



The half-indices for the 3d N = 4 twisted hyper can be obtained by replacing ¢ with
t~1. We have

3
8y
I3 M (¢ e ) = M
(g1t ¢)o0
= I Mgt s q) x I M(git el g) (2.14)
and
3 _
]I]Iiid tHM(t,l‘;q) _ (q4t$ 1;Q)oo

(g1t q)oo
= I3 Mgt a1 g) > I3 M (g1t a3 g). (2.15)

2.2.2 3d N =4 gauge multiplets

The charges of operators in the 3d N = 4 vector multiplet which contribute to the index are

Do +ip) Dre |DrX* Drd
G adj adj ad]j adj
U(l)s n n n+i n+i (2.16)
Ul)e 0 2 — —
Ul) gy 0 0 - +
fugacity| ¢"s® q”+%t_2s°‘ —q"s® —q"+%t230‘

where p := As is a normal component of gauge field that combines with the real scalar
o to form a complex scalar. The fugacities s take values in the complexified torus T¢ of
gauge group G and « are roots of G. The perturbative index for the 3d N/ = 4 U(1) vector
multiplet is

d q%tz q)OO dS
]13 pert U(1) (t; C]) — - ’ f —. (217)
(q2t2:q)oo 2mis

The Neumann b.c. N’ for the 3d N = 4 vector multiplet is [1, 13]
N Fyulo =0, Dopls = 0, D,olsg =0 (2.18)

The half-index of the /'=(2,2) Neumann b.c. N’ for the 3d N'=4 U(1) vector multiplet is

ds
I V0 1 ) = (@)oo 7{ .
22N (q%t_Q; @)oo J 2mis
— ¢ M =2V s i OM(g312; ) (2.19)
where
_ ds
[PdN =200 _ ooj{ 9.9

N (9) 2mis (2.20)



is the Neumann half-index of the 3d N/ = 2 vector multiplet [20-22] and the contour is
taken as a unit circle around the origin.’ The half-index of the A" = (2,2) Neumann b.c.
for the 3d N = 4 U(N) vector multiplet is

e = 77 2{; j{H - (59), (2.21)

(2,2)N7 N 27”5%' , ( t—Q%;q)
J 00

where the contour is taken as a n-torus around the origin.
The Dirichlet b.c. D’ for the 3d N' = 4 vector multiplet is [1, 13]

D Fulo =0, Dso = 0, Dy =0. (2.22)

The N = (2,2) Dirichlet b.c. D’ for 3d N’ = 4 U(1) vector multiplet leads to the following
perturbative contribution to the half-index

ed U(l)(t. ) = M
(2,2)D (@)oo
M3d N =2U(1) x I3 CM(q%t—2; q). (2.23)

As 2d N = (2,2) gauge theory arises from 3d N' = 4 gauge theory on a segment with
Neumann b.c. N7 at each end, we have
P V() o 3 UM

Tl _ o oo o2

On the other hand, when a 3d A/ = 4 U(1) gauge theory is placed on a segment with
Neumann b.c. N7 and Dirichlet b.c. D', we have
34 V) o qp3d V()

22N X 22D
13d pert U(1)

=1. (2.25)

This would imply that the resulting 2d theory is a trivial theory.

There are important non-perturbative contributions to indices from monopole oper-
ators. The monopole operator in the bulk is a disorder operator described as a singular
solution to the BPS equations

F = xDo, Dxo=0. (2.26)

For the Abelian G = U(1) gauge theory, the basic solution is a Dirac monopole

m
e 2.2
o = (2.27)

where r is a radial distance from the singularity and m € Z is quantized according to
a magnetic flux through a two-sphere surrounding the singularity. Monopole operator

®As discussed in [3], when 2d charged bosonic matter fields exist, the contour will be modified. In this
paper we focus on the case with no 2d charged bosonic matter fields supported at the boundary.



on the boundary for G = U(1) can be similarly defined by (2.27) as a singular solution
to (2.26) on a half-space 22 > 0. The boundary monopole operator carries charge which
is specified by a magnetic flux through a hemisphere surrounding the singularity. It is
compatible with the Dirichlet boundary conditions for the vector multiplet because they
give Neumann boundary conditions for ¢ + i, which admit the semi-classical description
of a BPS Abelian monopole operator v ~ eg%(Uer.

Hence the half-index of the Dirichlet b.c. D’ for the U(1) gauge multiplet has the non-
perturbative contributions from the boundary monopole operators. The non-perturbative

contributions are completed by the following formula [23]:

1
34 U(1 (a2t% q)o m . m
H(2,2)1(7’) (t;q) = e Z yFef™ x [matter index](¢™u) (2.28)

meZ
where wu is the fugacity for the boundary U(1)s global symmetry arising as the broken U(1)
gauge symmetry and y are the fugacities for other global symmetries involving boundary
anomalies. The magnetic fluxes are represented by {m} and take integer values. As we will
see, for the generic Dirichlet boundary condition and the exceptional Dirichlet boundary
condition, the fugacity u should be specialized as the boundary matter fields acquire non-
trivial vevs.

As for the twisted hypermultiplet, the half-indices for the 3d A = 4 twisted vector can
be obtained by replacing t with ¢~1.

2.3 2d indices

When the 3d bulk theory is empty and the boundary 2d degrees of freedom are turned on,
our N = (2,2) half-index of 3d N = 4 theory reduces to the elliptic genus. It is a weighted
trace encoding short representations in the spectrum [61-65] of the N' = (2,2) theory.
The elliptic genera for gauge theories with Lagrangian descriptions can be evaluated by
counting free fields [42—44].

We would like to formulate the elliptic genus as an operator counting generating func-
tion, which can be naturally defined in the NS-NS sector.®

The H-twist limit t — q% leads to the specialized genera I, . counting local operators
which are left antichiral and right chiral. The C-twist limit ¢ — q_% yields the specialized
genera I.. counting local operators which are both chiral on the left and right. The
specialized genera can be defined even for non-conformal A = (2,2) theories where some
R-symmetries are broken provided that the shortening conditions for the restricted set of
( chiral x chiral ) or ( antichiral x chiral ) operators can be formulated.

More precisely, the two specialized genera can exist for the non-conformal theories
when one of the R-symmetries is preserved:

{U(I)H = U(1)y preserved: I exists (2.29)
C

= U(1)a preserved: I, ) exists .

6Qur convention for NS-NS sector genus is related to that in [66] by setting ¢ to y%



2.3.1 2d N = (2,2) chiral multiplet

The operators from the 2d N' = (2,2) chiral multiplet which contributes to the index are

o7¢ ) A o
U(1)y + - + —
U(1), n n+1 n+ i ntl
? 2 (2.30)
U)o =U(Ma| 0 0 N
U =U1)y| 2r —2r o —1 1 -9
fugacity  |q"tEiZrE PTI R gl — gt R g2y _gntg—§y2-2rp-1
The index of 2d N = (2,2) chiral multiplet with canonical R-charge 27 is
lir on_ 1.7 o _
124 (22 OMy (¢ g0 g) = (@272t 221 q)oo(q2 282?271 )
o (422723 @)oo (q" 222715 )
1+7r
9 - tQ(I—T) —1.
— gl L i) (2.31)

D1(q" 2tz q)

When we assign canonical R-charge 1 to a neutral chiral multiplet, the index becomes

1 because the bosonic and fermionic contributions cancel out.

The index of the twisted chiral multiplet of canonical R-charge —2r can be obtained

from the chiral multiplet index (2.31) by setting ¢t — ¢~!

(q%+%t’2T+2m; q)oo(q%_gt*wrmx*l; 7)o

(4267225 @)oo (¢ 728272715 q) oo

_14r

124 (2:2) €My 4o o) —

—2(1-r),,.—1.
_gh e T T ) (2.32)
V1(g~ 2tz 15 q)
2.3.2 2d N = (2,2) vector multiplet
The charges of operators from the 2d N' = (2,2) vector multiplet are given by
D?(O’Qd + Z'p2d) D?+1(O'2d _ ,L'p2d) D?}\Qd D?+1X2d
G adj adj adj adj
UL)e =U(1)a 2 —2 - -
UMw =Uy| 0 0 + -
fugacity ¢t 2se gtat2se —q"Tls —gntlge
The index of the 2d N = (2,2) U(1) vector multiplet is
12d (2,2) U(l)(t, q) = (Q)go j{ ds
(42123 q)oo(q2t2 @)oo Joxc 2
3 d
— ig i) f > (2.34)
I1(q~ 212 q) Jax 2mis

~10 -



where n(q) and ¥;(z;q) are the Dedekind eta function and Jacobi theta function (see
appendix A). Here the subscript “JK” in the contour integral implies the Jeffrey-Kirwan
(JK) residue prescription involving a contour integral around poles for the charged chiral
multiplets of, say, negative charge [42, 43, 67].

The index of the 2d N' = (2,2) U(N) vector multiplet is

H2d (2,2) U(N) (t; q)

2

IS

¥
I~
//~
ol

=)
\_/
/N

Q
L(n

=)
\_/

1 (92 : 11
TN L L o Lo 1 .
N (g2t2 )N (q2t=2 ) Jok i 2misi (q2t2%;;q) <q2t‘2%;;q>
o0 oo

o [mer) gy gy ) 235

D1(q 2t2 27TZSZ iz 0 <q 2152— q)

The index of the 2d N = (2,2) vector multiplet of non-Abelian gauge group G takes
the form

.1 rk(G)
124 (2.2) G(g, ) — —iq 4“7((1)3]

[Weyl(G)| ﬁl(qfétQ; q)

e T sty 250

acroot(C TsY 191(q 2t28a; q)

2.4 Flip

The N = (2, 2) boundary conditions B/, and B in (2.9) can be related by a transformation
that adds the 2d N = (2,2) chiral multiplet supported at the boundary [13]. Let us start
with the b.c. B/, and add a boundary superpotential

Wbdy = X’a(ﬁ + .- (237)

Then the chiral multiplet scalar filed ¢ plays the role of the Lagrange multiplier that
requires the Dirichlet b.c. X|s = 0 for X whereas the boundary superpotential allows Y
to fluctuate since the condition Y|s = 0 is modified as Y|s = ¢. This implies that the
coupling to a boundary N = (2, 2) chiral multiplet flips B/, to B’_.

The flip operation is translated into the identity

2d (2,2) CM

T3¢ M (¢, 25 g) X T (e ) = I a5 ) (2.38)

at the level of the indices.

3 Abelian dualities of N' = (2, 2) boundary conditions

In this section, we evaluate the half-indices for 3d N' = 4 Abelian gauge theories obeying
the N' = (2,2) half-BPS boundary conditions.
In the Abelian gauge theories there are three basic boundary conditions [13]:

- 11 -



1. Neumann boundary condition

N F2#|3 =0, Dopls =0, ole =0,

€
Yilg =0 for e =+
ilo e (3.1)
Xilp=0 fore=—
It preserves the full gauge symmetry G. The vevs of the hypermultiplet scalar fields
obeying the Dirichlet b.c. are set to zero. It can preserve the flavor symmetry Gg
but break the topological symmetry G¢.

2. generic Dirichlet boundary condition

D,.: Aulo =0, plo =0, 020p =0,

Yilg = ¢; for ¢, =+
ilo = c e (3.2)
Xi|8 = C; for € = —
It completely breaks the gauge symmetry GG. The vevs of the hypermultiplet scalar
fields obeying the Dirichlet b.c. are “generic”. It preserves the topological symmetry
G¢ but breaks the flavor symmetry Gp.

3. exceptional Dirichlet boundary condition

Dixej - Aulo =0, vlo = mc, Os0)g =0,

Yi|8 = C(Sij for € =+ ' (33)
Xi‘a = C(gij for € = —

It completely breaks the gauge symmetry G. The vevs of the hypermultiplet scalar

fields obeying the Dirichlet b.c. are chosen so that the flavor symmetry Gy is pre-

served. It preserves both Gy and G¢ and is compatible with complex FI and mass

deformations.

We find several identities of half-indices which show dualities of the UV boundary conditions
for a pair of mirror theories:

Neumann b.c. < generic Dirichlet b.c. (3.4)
exceptional Dirichlet b.c. <+ exceptional Dirichlet b.c.
The dualities between the Neumann b.c. and the generic Dirichlet b.c. can be general-
ized by introducing Wilson and vortex line operators.
The supersymmetric Wilson line Wpg in representation R of the gauge group G inserted
at the origin of the (z,z) plane is defined by

Wgr = TrrP expi/ 2 (Ay — io)da? (3.5)
2=7=0
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where Trg is a trace in representation R. This manifestly breaks the SU(2)c R-symmetry
down to U(1)c and preserves the SU(2) g R-symmetry. For the Neumann boundary con-
dition, the boundary operator at the end of the Wilson line Wy is required to represent in
the conjugate representation R of G. The Neumann half-index is modified by inserting a
character xg(s) of the representation R in the integrand.

The vortex line V;, for an Abelian flavor symmetry is a disorder operator which requires
the singular profile A ~ kd6 of the connection near the origin z = Z = 0 where z and Z are
complex coordinates on the two-dimensional plane. It can be viewed as an insertion of &
units of flux

F.z = 27kéP(2,%). (3.6)

In the holomorphic gauge the singular configuration takes the form A, ~ k/z and Az =0
which can be obtained from a smooth configuration by a complex gauge transformation
g(z) = zF. In the presence of the vortex line V; the charged matter fields have a zero
or pole of order ~ k at the origin so that their spins are shifted by —k units times their

charges. Hence the vortex line Vj shifts the fugacity of the indices:
Vi : x—q F. (3.7)

Schematically, we find that the duality (3.4) under mirror symmetry is generalized by
inserting the line operators as

Neumann b.c. + W_j <> generic Dirichlet b.c. + V_ (3.8)

where W_j, is a Wilson line of charge —k ending on the boundary, which admits bound-
ary operators of gauge charge k. In a similar manner to the line operators in the bulk
theory [28, 29], the Wilson and vortex lines are swapped under mirror symmetry.

We also discuss that the H-twist and C-twist limits [3, 11] of the half-indices lead to the
reduced indices which count the boundary operators corresponding to the modules which
arise from the N' = (2,2) half-BPS boundary conditions for the quantized Coulomb and
Higgs branch algebras.

3.1 SQED; and a twisted hypermultiplet

Let us begin with the simplest pair of mirror theories, that is SQED; with a gauge group
G = U(1) and one hypermultiplet (X,Y") of charge +1 and a free twisted hypermultiplet
(X,Y).

In the presence of an 2-background, the Higgs branch chiral ring turns into a non-
commutative algebra called the quantized Higgs branch algebra. The quantized Higgs
branch algebra for a single twisted hypermultiplet is generated by twisted hypermultiplet
scalars X and Y obeying

[X,Y]=1. (3.9)

It is the Weyl algebra.

~13 -



The quantized Coulomb branch algebra for SQED; is generated by a vector multiplet
scalar ¢ and Abelian monopoles v+ with

vrp = (p £+ 1)vg,

1
Vv = + 3
1
Vv =9 -5 (3.10)
It is also the Weyl algebra with
~ ~ ~~ 1
vy =X, v_ =Y, gszX—i—i. (3.11)

3.1.1 SQED; with V| and twisted hyper with B, .

Let us consider the Neumann b.c. for SQED;. The half-index for the Neumann b.c. N
takes the form

3
3d SQED q ds (qit tsz;q
IS (15) = e e (0T o) (3.12)
* (q2t72,q)0c / 2T (q3tsx;q) oo
e v i 1)

where the contour is chosen as a unit circle. In this case, there is no boundary global
symmetry. So the H-twist nor C-twist limit can lead to non-trivial reduced indices of the
quantum algebras.

The half-index (3.12) can be evaluated by picking residues at poles s = q_%r”t*l from
the charged hypermultiplet. We get

3d SQED G (q%tQ'Q)
) n._92
SO (1 ) = 30 WL o

= I3 M (¢ g = gt q) (3.13)

where we have used the ¢-binomial theorem. We see that the half-index (3.12) is equal to the
N = (2,2) half-index for the twisted hypermultiplet with the special flavor fugacity value
x = qit_l. The specialization of the flavor fugacity of the twisted hypermultiplet resulting
from the broken flavor symmetry will correspond to the deformation of the regular Dirichlet
b.c. to the generic Dirichlet b.c. This shows the simplest duality between the N' = (2,2)
Neumann b.c. N for SQED; and the N = (2,2) half-BPS boundary condition

Bio: Ylo=c¢, &X[p=0 (3.14)

for a free twisted hypermultiplet that breaks the flavor symmetry. In this case, the topo-
logical symmetry in SQED; and the flavor symmetry in a free twisted hyper are broken
completely.
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One can modify the half-index by including a line operator W_j of charge —k < 0
inserted along {0} x S C D? x S'. The half-index for the Neumann b.c. N, with Wilson
line of charge —k < 0 for SQED; is computed as

3
ds it s
HH3d/i_Q$VD1 (t2: ) = 1((])00 fz . (q / $q)oo ok
(42t q)oc /28 (qits25q)00
d HM
Hf’;;;ﬁ) I FM(s)

q’;tk k (qu;Q)oo
- 1
(¢27t2;9)

— BN (¢4, 2 = gat 15 q) (3.15)

where we have used the ¢-binomial theorem. The half-index now depends on the flavor
fugacity x. We can view the expression in the third line as the half-index of the twisted
hyper obeying the b.c. By . with a vortex line V_j, for a flavor symmetry as an insertion
of k units of flux that shifts the spin of all charged operators by & units. The additional
prefactor qgthk is understood as the effective Chern-Simons coupling.

Therefore (3.15) shows that the Neumann b.c. N with Wilson line W_j, of charge
—k < 0 is dual to the b.c. B4 . with a vortex line V_;, for a flavor symmetry of the twisted
hypermultiplet. In the C-twist limit the half-index (3.15) becomes z*.

3.1.2 SQED; with D/, . and twisted hyper with B,

Next consider the boundary condition for SQED; or the twisted hyper preserving the
boundary global symmetry, i.e. topological or flavor symmetry.

For SQED;, the topological symmetry can be preserved for the Dirichlet boundary
condition. The half-index of the Dirichlet b.c. D/, for SQED; takes the form

2t 4+mt m
3 SQEDl(t’u’x; ) = CRLTIES (¢ U; q)so ¢Etmgm (3.16)

o (@) m ’
N e o MEL (C]4 tu Q)

3d U(1)
H(2,2)D/

H:j_d HM (qmu)

where u is the fugacity for the boundary global symmetry Gy = U(1) generated by a
constant transformations of the gauge symmetry at the boundary and z is the fugacity for
the topological symmetry.

For the generic Dirichlet b.c.

D, .- D’ for vector mult., Yisg=c, hXlp=0 (3.17)

where ¢ # 0 is a generic constant value, the boundary global symmetry Gy is completely
broken. Accordingly, the half-index of the generic Dirichlet b.c. D’ +.c can be obtained
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from (3.16) by specializing the fugacities of the hypermultiplets as u = q%t:

1
,tQ_ 1+m. m
e (Do = (q77™2; )
N— D e —
HHSd U(1) 1
(2,2)D ]H[id Hl\/i(qz+mt)

where the sum over m has contributions only from non-negative integers. In the H-twist
limit, the half-index (3.18) reduces to

3d SQED m 1
I ! = E = . 3.19
'DISrH) (x) mzom 11— ( )

,C

This counts the bosonic operators in the quantized Coulomb branch algebra of SQED;.
For a free twisted hypermultiplet, the flavor symmetry is realized for the N' = (2,2)
boundary condition By given by (2.10). The half-index is

3
S
I (s g) = L1 Doe (3.20)
Tt—1 -
(g1t "2 q)o0
where x is the fugacity for the flavor symmetry. In the H-twist limit, the half-index (3.20)
reduces to 1/(1 — z). This coincides with (3.19) and simply counts the bosonic generators

in the quantized Higgs branch algebra of the twisted hypermultiplet.
Making use of Ramanujan’s summation formula’

< he _ ((I;q)m m __ (q’b/ava'zv(J/aZ;Q)oo
1Wi(a;biq,2) = Y e ey (3.21)

meZ

with a = q%tum and b = q%tflua: one can show that the half-index (3.18) agrees with the
half-index (3.20):

3d SQED,

TS9P (1, ;) = T N (1, ;) (3.22)

This demonstrates that the generic Dirichlet b.c. D', . for SQED; is dual to the basic
half-BPS boundary condition By for a free twisted hypermultiplet !

3.2 T[SU(2)]

Next consider the N' = (2,2) half-BPS boundary condition for SQEDy which flows to the
superconformal theory T[SU(2)]. The theory is self-mirror with a topological symmetry
Gc = SU(2) and a flavor symmetry Gy = SU(2) which are exchanged under mirror
symmetry. We denote the mirror description consisting of the twisted supermultiplets by
T[SU(2)].

The quantized Higgs branch algebra @[M 1] is generated by the meson operators

F = XY, E = XoY1, H=XYi — XoYs (3.23)

"It was firstly found by Ramanujan [68] and later proven by Andrews [69], Hahn [70], Jackson [71],
Ismail [72] and Andrews and Askey [73].
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with

[F, H] = 2F, [E,H] = —2FE, [E,F] = H, (3.24)

and
(H+iC+1)(—H+i¢—1) =4X1"1Yo Xy =4FE, (3.25)
(H+i(—1)(—H+i(+1) =4X2Y5Y1 X1 = 4EF. (3.26)

It is the central quotient of the universal enveloping algebra U(slz) with a constraint fixing
the Casimir to —%(¢? + 1) or equivalently the spin to —3 =+ (.
The quantized Coulomb branch algebra @[MC] is generated by

v = (@ £ 1)vs,

VU = er %—im+1 ;
(72) (o m )
v_v+:<cp—;> <gp—im—;) (3.27)

where ¢ is a vector multiplet scalar and vy are Abelian monopole operators. The quantized
Coulomb branch algebra @[MC] is again the central quotient of the universal enveloping
algebra U(sly) with

E=—-v_, F=uvy, H =2¢p. (3.28)

—_~—

3.2.1 T[SU(2)] with A, and T[SU(2)] with D,_, with D+-,c
The half-index of Neumann b.c. N for T[SU(2)] is computed as

3 3
ds it sz 1t sy,
IV 4,05 g) = — L f (@ st (S0 99)
o (2t%q)oc /2708 (qitsz1;q)e0  (qtsw2;q)c0
H?;,;/(\I/Z ]I]Iid AM(521) I3 HM (sz5)
where the fugacites x, with x1z9o = 1 are coupled to the Higgs branch symmetry
Gy =SU(2).

By picking residues at poles s = q_%r”t*lxa of the two charged hypermultiplets, we
obtain

T[SU(2
I (e, 2asq)
1 1 _ 9 _ 1 —
_ (@2t 0)o (0207 023 @)oo (@2 22125 @)oo o~ (67175 0) oo (
(

(@)oo (27225 @)oo (47125 5 ¢) oy (q%“'"tz; Q) oo q%‘*'"t%lm;l; 7)o

1 1 _ 1 _
(@75 0) (g2t 201055 @)oo (0227 ' 293 @)oo = (g
(@)oo (223 @)oo (g2 @)oo (g2 TM2;q) o
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It follows that the sum of residues simplifies as

V@ (4 q) = M (3.31)
(¢3t72¢)0
Consequently it has no dependence on the flavor fugacity z, so that the C-twist limit of
the half-index (3.29) becomes
Hf;?;gfﬂ =1 (3.32)

This is consistent with the fact [13] that the Higgs branch image for the boundary condition
N, admits no boundary operator and it corresponds to a trivial module of the quantized
Higgs branch algebra.

It is expected that the Neumann b.c. N | for T[SU(2)] is dual to the generic Dirichlet

b.c. D4_ . for the mirror T[/S_I}(/Q)] which corresponds to a trivial module of the quantized
Coulomb branch algebra [13]. The half-index of the Dirichlet b.c. Dy_ for the mirror

T[SU(2)] takes the form

T[SU(2
]IHD&_( ) (t,u,xa, 285 q)
1 3 3_ 1 —
(27500 x~ (@M (07 2 g) <:cl>m (3.53)
- 1 1 _ .
(Woo 727 (a7t Mz q)os (g7t 02y Y )og \ P2

m3d 0 Hid CHM

3d tHM
2.2)D =

qMuz1) Myzg)

where z, with 2122 = 1 are the fugacities for the topological symmetry while z5 with
z1z0 = 1 are the fugacities for the flavor symmetry. By setting z; = z;l = qit_1 and

—_—~—

u =1, we find the half-index of the generic Dirichlet b.c. D, _ . for the mirror T[SU(2)]:

1+m 1-m.

W@l ) = q2 Lk e el ) BECED)
’ mez { q2+mt 5 Q)ooJ (g2 7"t @)oo \T2

3 tHM(qZ+mt71) 1734 tHM(q—i+mt)

3d O(1)
M2 2)p

This has no dependence on the fugacities z, as the perturbative term with m = 0 only
remains. In fact, we find that

HT[SU( Nt q) = HT[SU( Nt q). (3.35)

This confirms that the Neumann b.c. N, for T[SU(2)] is dual to the generic Dirichlet b.c.

D, for the mirror T[SU(2)].
When we include a Wilson line of charge —k < 0, the Neumann b.c. N allows

charged operators on the boundary as the k-th symmetric power of the fundamental [13].
The half-index is given by

3 3
TISU(2 q ds (qit~lsz1;q it ls19;q)00
M/\/[’ ;( )] (t, Taiq) = l( )200 j{ o ( : )oo ) ( : )oo sk (3.36)
A (q2t72¢)0 / 2T85  (qitsz159)00  (q315725¢) o0
m3d v Hid Hﬁ(sml) H:id HM (g7)

(2,2)N7
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In the C-twist limit, we find

k
TISU(2)] ds 1 —k i ki
I t,r;q) = = 3.37
/\/’fﬁ;w_k( 34) j{ 2mis (1 — sxzq)(1 — sazg)s ;xle (3:37)

which counts the k-th symmetric power of the fundamental.
The half-index (3.36) can be evaluated by picking up residues of poles at s =
qfi“”t_lxl_l and the sum over the integers m can be extended as

—

T[SU(2)] ,
]I]ID+*7C§V_}€ (t,za;q)
3t —
= (th 2; Q)oo (q1+m+k; q)OO (ql m; Q)OO q%thm—s—kq;—m (3 38)
- 1 2 - .
(Q)oo el (q%-‘rm-i-kt_g; q)oo (q%_mt_Q; q)oo
S——
]I]I?;QU)g) 3 v (qEHm+hy—1) [3d tHM (o= +my)

This takes the form of the half-index of the generic Dirichlet b.c. Dy_ . for the mir-

—~—

ror T[SU(2)] with a vortex line V_j, for a flavor symmetry which shifts the spin of the
k

twisted hypermultiplet by k units. The factor thkxlf corresponds to the effective Chern-

Simons terms.

—_~—

3.2.2 T[SU(2)] with NV _ and T[SU(2)] with D, .
The half-index of the Neumann b.c. N _ for T[SU(2)] is

3, 3.1 _ _
T[SU(2)] N ) ds (g1t 'sz159)00 (g7t 1571250 0) 00
I, 2ai0) = — 22 o T e (3.39)
(2t729)00 / 2T (qits215Q) 00 (q3ts™ 12575 q)0
I3 5y I T sz I B (1)

where x, is the fugacity for the flavor symmetry with z1xo = 1. In this case the integral
receives contributions from poles only at s = q%Jr"ta:Z_ 1 Expanding the integral as a sum
over their residues, we find
1 00
2t2' 1+n.
MJ”I\“/[?U(Z)} (20 q) = (q2t%; @) o (™ 2)(q
+7

(Do 1= (g7

14+n

1

Uk

$1x51; Q)oo

—1
2002505 @)oo

g:t7. (3.40)

which depends on the flavor fugacity x,. In the C-twist limit the half-index (3.39) reduces to

ds 1 1
MT[SU@)] L) = 7{ — 3.41
/\//fj (a) 2mis (1 — sxp)(1 — 5*195271) - % ( )

where we have picked a pole at s = x5 *. The C-twist limit (3.41) counts the gauge-invaraint
boundary bosonic operators of an irreducible highest-weight Verma module of the quantized
Higgs branch algebra corresponding to the boundary condition N _ for T[SU(2)] [13].

In contrast to the boundary condition A |, the Neumann b.c. N} _ is expected to be

dual to the generic Dirichlet b.c. Dy . for the mirror T[SU(2)] that leads to an infinite
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dimensional irreducible Verma module. The half-index of the Dirichlet b.c. Dy for the
mirror T[SU(2)] takes the form

—

T[SU(2
H]ID[Jr+( )](tvua Lo, 235 q)

L 3 1
= (g2t 2;(])00 (q4+mtuzl§Q)oo (q4+mtuz239)oo q%t2m (xl>m (3.42)
(Do o (7™t uzt; @)oo (017 U205 9o T2
——
H?;l;})(’;f) T34 tHM (gmyz) ) I3 M (gm0 )

e~ —

The half-index of the generic Dirichlet b.c. D44 . for the mirror T[SU(2)] is obtained
from (3.42) by setting z; = 29 =1 and u = git—L:

— 1
AT IR CEIT L O VI U T <$1>m
Dyt \Wlard)= T I

o W T (@M% ) (4272 0)0 2

3d (1)

H(2,2)D

Hid tHM(qzlxr+mt_1) Hid tHM (qzli-ﬁ-mt_l)

(3.43)

where the flavor symmetry is broken completely and z,, are the fugacities for the topological
symmetry. In the C-twist limit we get

@) (g,) = 3 (””‘”) - (3.44)

++,c m=0 {5 T2

which counts the bosonic generators for an infinite dimensional irreducible Verma module

in the quantum Coulomb branch algebra corresponding to Dy . for the mirror T[SU(2)].
We find that

—

T[SU T[SU
H%_ Ot w05 ) = IRt 203 ). (3.45)

This demonstrates the duality between the Neumann b.c. N _ for T[SU(2)] and the generic

P

Dirichlet b.c. D44 . for the mirror T[SU(2)].
A generalization of (3.39) is to add a Wilson line of charge —k < 0. The half-index is
then evaluated as

3, 3.1 _1 —
T[SU(2)] v (@ ds (¢it 'sr1;39)00 (¢t 25" )00 ¢
]I]IN_L ;W,k(t’xa’q)_ 1 9 2T 1 ’ 1 1,..—1 § :
- (92672 q)oc /2T (qitsziiq)oo  (qits 25 1q)00
H?Sgﬁéz Hid HM(SII) mr3d HM(S—1$2—1)
(3.46)

The C-twist limit of the half-index (3.46) can be evaluated as

k

TISU(2)] _ ]{ ds 1 kT
i To) = , sk = 3.47
N,S»C,) ( Oé) 271'28 (1 - SLU]_)(]_ o 5_1x51) 1 _ % ( )

from the residue of a pole at s = xl_l.
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We find that the half-index (3.46) agrees with

T(SU(2) _
HD++cv k(t’xOHQ)
2t 2, gltmtk, 14m. N
“ = Z Limtk 2) ) ( (q+ 72q) o q7+§t2m+kx’1”+kx2_m. (3.48)
m m
mEZ q? 7% q)o (@277 %5q
]I]I?;;g) m3d tHM(qz+m+kt71) m3d tHM(q%ert,l)

This can be viewed as the half-index of the generic Dirichlet b.c. Dy . for the mirror

T[SU(2)] with a vortex line V_y, for a flavor symmetry under which one of the twisted hyper-
multiplet is charged. The factor q§th’f is interpreted as the effective Chern-Simons terms.

3.2.3 T[SU(2)] with Djy,, and T[SU(2)] with Dix.

The exceptional Dirichlet boundary conditions provide a candidate for thimble boundary
conditions which resemble a vacuum of the theory. T[SU(2)] has two massive vacua and
there are 22 different types of the Lagrangian splitting of the two hypermultiplets labeled
by the sign vector € = (%, ). Therefore T[SU(2)] admits 2 x 22 = 8 different exceptional
Dirichlet boundary conditions

. pla = —mi (3.49)

Yilop=cbij €=+
D,EXe,j : {

Xi|8 = 061']' € = —

where j = 1,2 labels the choice of chiral multiplet from j-th hypermultiplet and m{é is the
complex mass parameter for the j-th hypermultiplet. The half-index of the exceptional
Dirichlet b.c. Dyx,,; for T[SU(2)] can be derived from the half-index of the Dirichlet b.c.
D! for T[SU(2)],8 by setting u to q%tzz;;l

By specializing the fugacity as v = qitxz_ ! we get the half-index of the exceptional
Dirichlet b.c. DEXJFJDQ:

TPV (4 20, 2559) = (421 )0 (@750 (4™ 4)e g%t <21>m
Dixit,2 (@)oo = (q2+mt”1,q) (q2+mt2 @)oo 22
M?;;g’) 34 HM(@ﬂ“’"t%) m3d HM (g7 +my)
(3.50)

where z, and zg are the fugacities for the flavor and topological symmetries with z1xe =
z122 = 1. The sum over the magnetic fluxes turns out to receive contributions only from
m > 0.

For the half-index of the exceptional Dirichlet b.c. for T[SU(2)] one finds the well-
defined reduction in both H-twist and C-twist limits.” In the H-twist limit the half-
index (3.50) reduces to

TISU(2)] — (z2\" 1
I (28) = Z() == (3.51)

z
EX+4+,2 m—0 2

81t is obtained from (3.42) by exchanging t with ™! and z, with z,.
9 Also see [26].
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This simply counts the bosonic operators in the quantized Coulomb branch algebra of
T[SU(2)].

In the C-twist limit only the term with m = 0 in the sum survives as it cancels the
prefactor so that the half-index (3.50) becomes

T[SU(2 1
I ey (wa) = 757 (3.52)
EX++,2 Zo

which counts the bosonic generators in the quantized Higgs branch algebra of T[SU(2)].

It is expected that the exceptional Dirichlet b.c. maps to the exceptional Dirichlet
b.c. under mirror symmetry. In fact, we find that the half-index (3.50) matches with the
half-index

— 1 _ .
BV (¢ 20 21 q) = (4712 q) oo (@20 (¢ 0) g% t2m (m)m
Pecra T 0w S @ Eige @i ee |\
g %f_/
HH:()’;YZU)S) Ip3d tHM (qi+mt71 %) m3d tI*H\’[(qzlfr’”"t—l)
(3.53)

—_——

of the exceptional Dirichlet b.c. Dgx4 4 2 for the mirror T[SU(2)] where the fugacities z,
and zg are now coupled to the topological and flavor symmetries in contrast to (3.50). This
shows that the exceptional Dirichlet b.c. Dpy, , 5 for T[SU(2)] is dual to the exceptional

P

Dirichlet b.c. Dgx4 4,2 for the mirror T[SU(2)] !
On the other hand, the exceptional Dirichlet b.c. Diy, , ; for T[SU(2)] is not simply

dual to the exceptional Dirichlet b.c. Dgx 44,1 for the mirror T[SU(2)] since the half-index

of Dy, for T[SU(2)] does not coincide with that of Dgx+,1 for the mirror T[SU(2)].
As we will see in section 3.2.4, Dy | + turns out to be dual to a mixture of two boundary
conditions.

Next consider the exceptional Dirichlet b.c. Dy, for T[SU(2)]. By specializing the

fugacity u = q%txl_l of the half-index of the Dirichlet b.c. D/, _ for T[SU(2)], we get the
half-index

1 1 -2z
t2‘ 1+m. 2 M 71; m
BV (1 g gy = LD 3~ (070 4 0y ) <Zl) (3.54)

BXt 1 (Q)oo mEZ (q%-i-th; Q)oo (qu%; Q)oo 2

of the exceptional Dirichlet b.c. Dy, . Although the half-index (3.54) is different from
the half-index (3.50), it also gives rise to the reduced indices (3.51) and (3.52) in the H-twist
and C-twist limits respectively. The half-index (3.54) has the following series expansion in ¢:

x1 21
T[SU(2)] o 1 w19
My oot %a2530) = 17— s qit 4 (3.55)

which begins with Such behavior in the analysis of superconformal indices indi-

1
17x1/12 .
cates a bad setup as the superconformal assignment of R-charges ensures that the half-index

starts with 1 + --- and contains positive powers of q. We find that the half-index which
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has a nice behavior can be obtained by adding the 2d chiral multiplet of R-charge +2 and
that it matches with the half-index of the exceptional Dirichlet b.c. Dgy, | ; for T[SU(2)]:

T[SU(2)] . 2d (2,2) CM,._ L2\ _ mrTISU2)] .
N CE TR L (t, :m) My, (t2as 26:4)
-1 o [ T2 1 Z1 1 i) Z1 4 [ T2 2 1 Z1 2
=14 |t — +3 — g2+ (—(—)—-|—)+1 +z — q-—+--
T t 22 T 29 T t 22
(3.56)

This indicates that the exceptional Dirichlet b.c. Dgy, ; for T[SU(2)] with a boundary
chiral multiplet of R-charge +2 is equivalent to the exceptional Dirichlet b.c. Dy 44 for
T[SU(2)] in the IR.

Note that the half-index (3.54) can be alternatively written as

MT[SU( Nt 2 250 q) = 124 (2:2) OM, t x T TISURN (¢ o . .
Diys ( ) L 725’(]) o Dlixiin (t,z 12654 q) (3 57)
Also we can formally get the half-index
1 m T LA m
mTEUe) | (10, 2310) = (22t%q) oo (@2 Do (427" % @)oo <z1> (3.58)
Digxpopp 7O (q) oo et (q2+mt2 2 g) e (7™ 0)e )

of the exceptional Dirichlet b.c. Dgy, , for T[SU(2)] by specializing the fugacity u =
q4tzn2 of the half-index of the Dirichlet b.c. D/, _, however, (3.58) has explicit infinite
factor in the series. The half-index which starts with 1+--- can be obtained by multiplying
by the reduced index of a boundary 2d chiral multiplet of R-charge +2. We find that

I ) (1, @0, 25.9) x P4 O Moa(8,1) = W2 ) (8,20, 265 9)

EX EX ++,2
MDEEXL”Z (t, Ta» 283 Q)- (3.59)

This indicates that the exceptional Dirichlet b.c. Dyy 4+— o Wwith a 2d chiral multiplet of
R-charge +2 which cancels the contributions of a zeromode is equivalent in the IR to the

boundary condition Dgy , , , or the boundary condition Dgx+ 2 for the mirror T[SU(2)].
For the exceptional Dirichlet b.c. Dy 4 with ¢ = 1,2, we get similar relations:

MT[SU(Q)] 12d 22 CM,y (41 = T T[SU(2)] (3.60)
Dex_11 EX++ v
HT[SU( g p2d (2,2) CM,_, <t, > T T[SU(2)]
Dgx-— +,2 ) EX++ 2
U(2
]II[D[Ex+(+)L. (3.61)

Again although the half-indices of the exceptional Dirichlet b.c. DﬂEX__ﬂ- with i =1,2
also behave badly, one finds the well-behaved half-indices after multiplying by the indices
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of 2d chiral multiplets:

I PYE! o 24 (2:2) OMo_y (1 1 ¢ 120 (2:2) M,y (t, “) =PV, (3.62)
EX——,1 T1 EX++,1
IRV 2 (2:2) OM,_y (7 1) 5 24 (2:2) OM,. (t, ﬂfl) _ e
EX——.2 o EX++,2
_ TsU@)]

o (3.63)

To summarize, the exceptional Dirichlet b.c. Dy ; and Dyx, , Wwith € # (++) in-
volving certain boundary 2d chiral multiplets are expected to be equivalent in the IR to
Dix 41 and D!, , whose half-indices behave nicely in such a way that their first terms
in the expansions start with 1. The relations (3.54), (3.59) and (3.60)—(3.63) will be physi-
cally interpreted as the flips of boundary conditions according to the coupling to boundary
chiral multiplets as discussed in section 2.4.

3.2.4 Vertex function and elliptic stable envelope

The vertex functions V' [30] are defined as generating functions for the K-theoretic equiv-
ariant counting of the quasimaps. They depend on Kahler parameter z; and equivariant
parameters x; and satisfy two sets of g-difference equations which involve g¢-shifts of z-
variables and g¢-shifts of z-variables respectively.

Aganagic and Okounkov [32] argued that vertex functions V of a Nakajima variety
or a hypertoric variety X which appears as the Higgs branch of 3d N/ = 4 gauge theories
have a physical interpretation as partition functions on S' x C with a boundary condition
at infinity on C. In the following we precisely express the vertex functions in terms of
the half-indices for the exceptional Dirichlet boundary conditions in such a way that the
fugacities for the topological and flavor symmetries are identified with the Ka&hler and
equivariant parameters.

The vertex function for the two fixed points in X = T*CP! which is identified with
the Higgs branch of T[SU(2)] has the components taking the form [33]

_ 90 p(ray/) AR
M=) o) F[q g% ] (364
_ 90 p(raa/ay) IR h
=00 elea/m) F[q ¢ ] (3:65)
where
p(x) = (25 ¢) o0, (3.66)

F [hxl/xl ﬁfcz/$z,"" Z] — G ZWLHM (3.67)

qri/T) qra/xy, - L (qri/71;0)m

m=0 %
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By setting 7 = q%t*2, h= q%t2 and z = z1 /29 we can write the vertex function as

1
*t72.
Vi— o] (q2( 1@Q)o0 | p2d (2,2) OM, _, (t’fﬂl;q) « VO (1 1y 250 )
oo x9 EX 44,1
1
_ @0 prisue) (t, To.25q) (3.68)
Y (@) Digxgoy o0 '
1
12,
Vy = 2l (q2( 19)o0 |, p2d (2,2) OM, (t, Jf2;q> « TPV (¢ 2, 25 )
q)oo 1 EX++,2
1
_ (@275 0o risue) . 3.69
— xQW X ID;EX7+,2 (ta xa'zﬂa Q)v ( . )

where we have used (3.57) to get (3.68). Therefore up to the extra factors which do not
depend on the Kéhler and equivariant parameters, the components of the vertex function
V1 and V5 can be identified with the half-indices of the exceptional Dirichlet b.c. D{EX 4o
and Dy e

It is argued [33, 37] that a new vertex function Vg; that solves the same set of ¢-
difference equations and is analytic in a chamber!®

C: |n1| < |aa (3.70)

can be obtained through the relation

Ver =Y VB (3.71)
Here
Téll — %é,l %é,Q
’ %él %%,2
1 -
= ( US&@G >1(x1)1 0 /0> | ) (3.72)
T1 /229 — T1 /T2 - :
Ue 1, oy (2) Ue2 g, rmpam e (22)

is a triangular matrix called the pole subtraction matrix for chamber € where

0(x) = (23 0)oo (427" @)oo (3.73)
Ug1 = exp Log(z1) log(h/lz)g(_q)log(m) log(h), (3.74)
Ues = exp log(a2) log(h?/2) — 1((1;%;61) + log(w2)) log(R) (3.75)
e l(z) =exp W. (3.76)

The triangular matrix (3.72) is determined by the elliptic stable envelope [32]. The
elliptic stable envelope Staby is defined for a symplectic variety X endowed with a Hamil-
tonian action of an algebraic torus 1" as a class in elliptic cohomology of X where I is a

ONote that Vi and Vi are analytic for |z1] < |22].
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set of the torus fixed points. It is described by a matrix as the restrictions of the elliptic
cohomology classes to the fixed points define a matrix whose elements are theta functions
of two sets of parameters associated to X; the equivariant parameters x;, which are coor-
dinates on the torus 7" and the Kéahler parameters z;, which are coordinates on the torus
Pic(X)r ® E where Pic(X)r is a lattice as the equivariant Picard group and E = C*/¢”
is a family of elliptic curves parametrized by |q| < 1.

For X = T*CP! we have the elliptic stable envelope [32, 33].

L« O(x;/2)0(hlay/x2) [Lis; 0(hxi/x)
0(n'/z)

of a fixed point labeled by I in X = T*CP! in the chamber €. This is identified with the
triangular matrix (3.72) up to the normalization.

Stabg (2, x;) = (3.77)

The new vertex function Vg; can be described by the half-indices of the exceptional

—_——

Dirichlet b.c. Dgx+—,1 and Dgx4 4,2 for the T[SU(2)]:

1 T[SU(2)
Ve = af —————TIp" " (t,20.23; 9), (3.78)
(@Dos(a7t?q)0c
1 - T[SU(2)]
Veg=alt— A @DOM_g (3 =1 g) X ]I SU@ (4 4 2o ). 3.79
o (@)oo (422 q)oo ( ) ¥ M ol 550 (3.79)
Corresponding to the relation (3.71) for [ = 1, we find that
T[SU2)] _ rTSU()] 1.2 2172 T2 Z1 T[SU(2)]
Mg ) =T @ 4 F(q2)F (zm) C <x1> c <Z2> My @ (3.80)

where F(z) = 0(z) is the index of a 2d N/ = (0,2) Fermi multiplet and C(z) = 1/6(x)
is the index of a 2d N' = (0,2) chiral multiplet. This relates the half-index of the ex-

ceptional Dirichlet b.c. Dgx4— 1 for the T[SU(2)] to a mixture of two half-indices of the
exceptional Dirichlet boundary conditions Dy, , and Dgy, | , for T[SU(2)]. According
to the relation (3.80), we see that

mESUe) U@ g2 2.2 oM,y (ﬂfz ) L 24 (2,2) €CM, (zl >

DEx 441 Dex++.1 T 22
TSU2)] 19 122 19T Z1
II F(qg2t*)F C t“— | C|—|. 3.81
+1p, s X Flg2t7) <$221> <q2 x1> (22> (3.81)

This shows that a naive mirror symmetry between Dy, , ; for T[SU(2)] and Dgx++,1 for

—_—

T[SU(2)] does not hold, but rather Dgy , , ; is mirror to a mixture of Dgx1+,1 and Dgx+.,2
for T[SU(2)].1*

The relation (3.71) for | = 2 associates the half-index of the exceptional Dirichlet
b.c. Dgx, 4 o for T[SU(2)] to the half-index of the exceptional Dirichlet b.c. Dgx+4,2 for

T[SU(2)]. Tt physically implies the duality between the exceptional Dirichlet b.c. Dy | np

for T[SU(2)] and the exceptional Dirichlet b.c. Dgx4 2 for T[SU(2)] as we have found the
equivalence of the half-indices (3.50) and (3.53).

"The author thanks Davide Gaiotto for suggesting this idea.
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3.3 SQEDy; and [1] — (1)Nr~! —[1]

Now consider SQEDy, with gauge group G = U(1) and Ny > 3 hypermultiplets (X;, Y;).
It has the flavor symmetry Gy = PSU(Ny) and the topological symmetry is Go = U(1). It
is mirror to the Ay, 1 quiver gauge theory with a gauge group G = Hi-vszl U(1); and Ny

bifundamental twisted hypermultiplets (X, Y;), which we denote by [1] — (1)N/=1 — [1] [4].
The charges of the bifundamental twisted hypermultiplets in the mirror theory are given by

G =U(1); x U(L)y x -, xU(1)n,—1|U(1) x U(1)
(X1,77) (,0,0,---,0,0) (+,0)
()sz’%) <+)_707'” ,0,0) (070)
(X3, Y3) (0,4, —,--+,0,0) 0,0) (3.82)
(X1, Y1) (0,0,0,-++,+,—) (0,0)
(X, Yn,) (0,0,0,---,0,+) (0,-)

where U(1) x U(1) is broken down to the Gz = U(1) flavor symmetry of the mirror quiver
gauge theory.

The quantized Higgs branch algebra C[Mzy] of SQED N; is obtained from Ny copies
of the Heisenberg algebra generated by X;, Y; with [Xi,Yj] = 0;; by restricting to gauge
invariant operators and imposing the complex moment map condition

Ny
D XY 4(e = 0. (3.83)
i=1

It is generated by the meson operators

Fi = X;Yi1, E; = XinYi, H; = X;Y; — Xi11Yita, (3.84)

which obey
[F3, Hj] = 2F;0;;, [Es, Hj] = —2E;0;4, [Es, Fj] = H;dj, (3.85)
where ¢ = 1,--- , Ny — 1. It is identified with a central quotient of the universal enveloping

algebra U(s[Nf) of 5[Nf where E;, F; are the raising operators and the lowering operators.
The quantized Coulomb branch algebra C[M¢] of SQED Ny s

VLY = (80 + 1)U:Ev
Ny—1

1 , 1
VyU_ = <g0+2> ]__[1 <g0—zmi+2> .
1=
Ny—1

vy = <¢ - ;) 11 <¢ S ;) . (3.86)

1=
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3.3.1 SQEDy, with N, . and [1]— ()t —[1] with D_.._, .

The Neumann b.c. for SQEDy, is labeled by a sign vector € = (€1, €9, - ,eNf) with Ny
elements:

Y;”azo, DQXZ"@:O Ei:‘l-

(3.87)
Xilo =0, DyYilo=0 ¢ =—

N: N for vector mult., B[ = {

where i =1,---, Ny.

In order for the moment map condition (3.83) to annihilate the identity operator on
the boundary, the complex FI parameter should be fixed as (¢ = —35 Zz 1 €. Consequently
we find that

Z X;Y; + Z Y X; (3.88)

annihilates the identity operator because Y; = 0 for ¢;, = + and X; =0 for ¢; = —

For the Neumann b.c. N, .. with the sign vector of N positive elements corre-
sponding to the boundary condltlon B! and N_ negative elements corresponding to the
boundary condition B’ , the half-index is computed as

SQED
Iy, ’f{ (t, 2o q)
3 Ny+N_ _
% (g1t 5205 @)oo (q4t iﬁg @)oo (3.89)
q2t 2,q 27”5 ao (0TtsTai o oy, +1 (ths_lxﬂ 1 @)oo
I 2y I M (swa) I3 MM (sq.)

where z,, are the fugacities associated to the Higgs branch symmetry Gg. For Ny # 0 and
N_ # 0, the flavor symmetry G is broken down to the Levi subgroup.

It is conjectured [13] that the Neumann b.c. for SQEDy;, is dual to the generic Dirichlet
b.c. for the mirror quiver gauge theory. The half-index of the Dirichlet b.c. D_.._ .., for
the mirror quiver gauge theory can be expressed as

- -1
]H[[ ] H(A_+.H+[ ](t’ ui?'ra?’zﬁ;Q)
1 Ne—1
_ (@t 3
- N1
(Q)oo M, N, —1€2
—
3 TNt
I 2)p
<q4+m1tu1’q (q4+m2 mltu2,q) <q4+mN+ mN, — 1t N+ 7q>
X _ fo.e]
u
<q4+m1t 1u17q) <q4+m2 mip— 1ug7q) <q4+m1\]+ N, 1p— luNNtl,Q)
x 00
H3dtHM(q_mlg) HSdtHM(qml—mQﬂ) 3d tHM [ N —1—7mN, “Ny—1
- uq - ug II=¢ qg "t +W
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3
<q4+mN+ MmNy SNy ,q) qz+mN++N_f1t“N++N—*1 : q>
UN++1 29 00

q4+mz\r+ MmN 41p—1 Ny .q q4+mN+t YN N1 .q
UN, 41 22 )

+ o]

u N_-1

[E3d tHM (NG TN 41 YNy Im3d tHM(qu-s-JFN—*liN‘*‘t = )
+ “N++1 2

m1 mo MN,—2 MmN,—1
1 T ) TNy—2 ! TNe—1 f
x qgmNthQmNJr S s (3.90)
Z2 z3 TNy—1 TNy

where u;, T, and zg are the fugacities for the boundary global symmetry resulting from
constant gauge transformations, the topological symmetry and flavor symmetry respec-
tively.

From (3.90) we find the half-index

Nf
LI Y RN YY)

1, —1 —
_ (@Ft % > (@™ e (T (@ TN )
(O " i e TR ) (g2 ) (g PN T 2 )
R

1 1
H?Qd 2[;(;)®Nf B Im3d tHM (g~ 2~ ™13) q3d tHM(q*1*7n2+7n1 t) 34 tHM(qfimeJr +7"N+—lt)
I+my, —mN__ 41. I+mpy, y1—mN 42 1+my, +N_ 1.
L C )N N e ) N C s 1 @)oo
1
1 — _ + _
(qurmNJr TN} +14 2§Q)oo (q2+mN++1 MN| +24— 2,(]) (q2 MNLAN_—14— 2,(])

1 1 1
I3 tHM(qZ+mN+ TN L1 34 tHI\/I(qZ+mN++1_mN++2t—1) I3 LHM(qZ+m’N++N7—1t—1)

my mo MN,—2 MmN, _1
1 T To TN,—2 f TN;—1 !
« qszth?mNJr 1 i) RPN L Al M S (3.91)
T2 XT3 ZL’Nf71 fo

of the generic Dirichlet b.c. D_..._..4 . with N_ twisted hypermultiplets obeying B . and
N, twisted hypermultiplets obeying the boundary condition B_ . for the mirror quiver

gauge theory [1] — (1)Ns=1 —[1] by specializing the fugacities as

N_-N, N_-Ni _N_+Ny N_-Ng
21 =(q 8 t 2 29 = q 8 t 2 ,
N_-N4 _N_-Ni )
q s +4t 2 v i=1,---,Ny
Ui = 3NL+N_ ;3N +N_ (3-92)

s it~ 2t j=N,+1,--- ,Ny+N_—

Making use of the identity (3.22), one can show that the half-index (3.89) is equal to
the half-index (3.91). This shows that the Neumann b.c. N}, .. for SQEDy, is dual to

e~

the generic Dirichlet b.c. D_..._...; . for the mirror quiver gauge theory [1] — (1)Ns=1 — [1]!
In particular, for N_ = 0 (or Ny = 0), there is only the identity operator forming a
trivial module. In fact, the half-indices (3.89) and (3.91) become

—_—

SQEDy =)V —[1] (9)o
I, ' (tq)=II (tiq) = ——22 (3.93)
Mot P (a7t q)oc
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which has no dependence on the fugacity x. Correspondingly, the C-twist limit of the
half-index (3.93) is trivial as N7 ., for SQEDy, does not admit any boundary operator
in the quantum Higgs branch algebra. Equivalently, the Dirichlet boundary condition of
the mirror quiver gauge theory does not contain any non-trivial operator in the quantum
Coulomb branch algebra.

When N # 0 and N_ # 0, the Neumann b.c. for SQEDy, defines the infinite-
dimensional module consisting of gauge invariant operators with the form

H X% H YN (3.94)

with Y a; — > b; = 0. Here |N.) is the state in the quantum mechanics created by the
Neumann boundary condition obeying Y;|N:) = 0 for ¢; = + and X;|N,) = 0 for ¢, = —.
Correspondingly, the C-twist limit of the half-indices (3.89) and (3.91) become

SQEDy, N+ N- 1
HN’(C..) ..... 2ms H 1— sz, H 1—s 17t
B=Ni+1 B
mN, MmN, my, +1 MNyN_ -2

S EANLCED YD SIS S5 D SIID SIRID 3

""""" my, =0 my, —1=0 ma=0m1=0mpy, 41=0my, 42=0 my, +N_-1=0

T2 3 TN, -1 TN,
Ny+N_ Np Ny+N_

! | (3.95)
Z H H ( m(})(_mj) 3.95

B=N,+1a=1 y=N;+1
V#B

This counts the boundary operators which survive for the Neumann b.c. N, . _ in the
quantized Higgs branch algebra of SQEDy, or equivalently those for the generic Dirichlet
b.c. D_.._4..4 ¢ in the quantized Coulomb branch algebra of the quiver gauge theory
1] = @M=t =[],

The Neumann b.c. N _ . _ for SQED N; can be modified by adding a Wilson line
of charge —k under the U(1) gauge symmetry. The half-index reads

SQEDNf
Ny oW (t xa,Q)
3, Ni+N_ _
7{ it 520 q)os (q4t 51/'5 Y @)oo ok (3.96)
T T .
th 2,(] 27TZS oot (g7 3513047(])00 B=N,+1 (q4t$ 1955 ;Q)oo
H(S;l 2{55\1[2 Hdd HM(S:CQ) H:zd HM(sxa)

By expanding the integrand in terms of the identity (3.22) and performing the inte-

— 30 —



gration over s, we find that the generalized Neumann half-index (3.96) coincides with

—

[1]-(1)Nf —[1] .
]I]I,D, e +CVO 0— k,O,u-,O(t’xa,Q)

Ny—1

(2672 )
s 2

ml’ .?me—IEZ

—— QN 1
3d U(1)°
I 2)p
1 1 —mq. I+mpy, —myn, —1+k,
(@™ (@TMTMIg)ee (@ T T )
1
5 — _1+k
(@2 ™12 )00 (g21™2 ™2 )0 (g2 PN TN IR, )
134 tHM(q*%*ml t) mm3d tHM(q*%*’"TLml t) 1134 cHM(q—%—mN+ TN -1y
1+my, —m 1+m —m 1+m _
o (T TN ) (T ) (g T T g)o
1 —
(q2+mN+ mN++1t72;q)oo (q2+mN++1 MN}+24— 27q) (q2+mN++N 14— 2,(])

1 1 1
: I+ - It - : I+ -
Hid tHM(q4 N4 mN++1t—1)]I]Iid tHM(q4 N4 +1 mN++2t_1) Hid tHM(q4 MNL+N_ lt—l)

mi mo MN,—2 mN,—1
1 k T T TN;—2 f TN;—1 f
% quN++4t2mN++k () <> ( f f ',I}]]C\ﬁ_' (397)
Z2 3 TN;—1 TNy

This will be identified with the half-index of the generic Dirichlet b.c. D_.._, .. . with

a flavor vortex Vo.... o k0. o for the mirror quiver gauge theory [1] — (1)V7=1 — [1] where
the vortex shifts the spins of N;-th twisted hypermultiplet by k units.

—_~—

3.3.2 SQEDy, with D, , . and [1] - ()N~ —[1] with N_.._, ¢

Let us consider the Dirichlet boundary conditions for SQEDy,. The half-index of the
Dirichlet b.c. D/, ., _ for SQEDy, takes the form

SQED 5
f .
]I/Dg»“.+7_“7 <t7 Lo, Zﬁa CI)
Ni+N_

Ny , 340 T-my—1,,—1,-1. )
qzt,QOoZH q1 t~ uxom‘])oo H (q u xﬁ 1 @)oo

1_ _
meZ a=1 q4+mtua7aaq)00 B=Ny+1 (q4 mtuilxﬂl;q)oo

3d U(1)
H(2,2)D’ Mid HM (gmaya) 134 HM (g 0)
N_—N_ m
X q o my—(N+—N-)m (Zz) (3.98)
21

where u, z, and x, are the fugacities for the boundary global symmetry arising from
constant gauge transformations, the topological symmetry and the flavor symmetry.
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From (3.98) we get the half-index

SQED
oy (703 0)
(@t 9) (g"m )& (g™ )%
- 1 N 1_ _
() mez (@ q)sst (2T Q)oo
md V) 1 N -1 N
(2,2)D H]Iid HM(qZ+mt) + Hfid HM(q Z+mt—1) _
Ni—N_ m
x g1 M= (Ne—N_)m <z2) (3.99)
z1
of the generic Dirichlet b.c. D/, . 4—.._c by specializing the fugacities as
N_ 2N _
q2(N++N—)tN++N— o = 17...N+
To = _ N. 2Ny
q 2ANy+N_) ¢ Np+N_ Q:N++1,"' ,N++N,
Ny-N_ N-N_
u = q T+ TN NN (3.100)

The generic Dirichlet b.c. D/, | _ _ ¢ for SQEDy, is expected to be dual to the Neu-
mann b.c. for the mirror quiver theory. The half-index of the Neumann b.c. N_.._,..; for

the mirror quiver theory [1] — (1)¥s~! — [1] is evaluated as

—()Nr
-7

—ee—

—— N
3d U(1) T
Mz )0

3 S1. 3 Sit+1 . N. N_—2 3 Si . 3 5N_+N+71.
(q4ti’q> ﬁ (q4t7 q>oo o q4t8i+1’q 0o q4tT’q o
i 1.4 s . 1 _{SN_4Nj -1
<q4t ”1,q) i=1 (q4t 15*1,61)00 i=Ni—-1 <q4t 1Sf+1,q)oo <q4t 1%&)()0
d tHM [ 2 d tHM S d tHM sS4 SN_+N_ -1
(L) M (o) () e ()
(3.101)

where z, are now the fugacities for the flavor symmetry. We can evaluate (3.101) by

X

expanding the integrand with the help with (3.22) and integrating over s. We find that
the half-indices (3.99) and (3.101) are equivalent

SQEDy, 1\N s

o Y (zarg) = IO M ), (3.102)

ey TR TN

IT

This demonstrates the duality between the generic Dirichlet b.c. D .. _ ¢ for SQEDy,
and the Neumann b.c. for the mirror quiver theory !

The half-indices (3.99) and (3.101) have non-trivial dependence on fugacities z, only
when N_ =0 (or Ny = 0). Otherwise they are evaluated as

N¢—1
SQED - )™ 1] (@)
’ t: H]I ; = =/ 1
o, (e =1Ly 7 () gt (3.103)
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For N_ = 0 the H-twist limits of the half-indices (3.99) and (3.101) are

—

SQEDy, Vet ]
IDIEFI{)4+7YC(ZQ) = ]I]I./\/’EH7 (Za) = 1_ % (3104)

They count the operators for the boundary condition D/, . +.c of the quantized Coulomb
branch algebra for SQEDy, or equivalently those for the boundary condition N_.._ of
the quantized Higgs branch algebra for the mirror quiver gauge theory. For all other
cases the half-indices become 1 in the H-twist limit. This is consistent with the fact that
the Coulomb branch images of the generic Dirichlet b.c. D/, . +,c and D .—,c 8lve rise to
infinite dimensional irreducible Verma modules while the Coulomb branch images of all
other Dy .. . lead to one-dimensional trivial modules.

When a Wilson line is added, the half-index of the Neumann b.c. for the mirror quiver

e

theory [1] — (1)Ns=1 —[1] is generalized in a more interesting fashion. Let us consider the

Neumann b.c. N_..._ and introduce a Wilson line W_,, —ka, which carries the gauge

aq 7_ka27"' )

charge —k,, under the aj-th gauge factor where 1 < j < Ny —1land a1 <az < --- < aj.
We can evaluate the half-index as

—

1]-()Nf —[1]
g t, Za:
_ “7;W*ka1 *kaQ 7*"3&]‘ ( ) Oé?q)
Ns—1 N¢—1
(9)od 7{ lf—[ dsi ke, —kay  ~ho,
-1 Ny—1 ar Qa2 a;
(q2t2%;q) o1 2misi
Ne—1
3d U(1) 7
H(2,2)N

3 3,8 3 z2 .
1 1 ; :
(qﬁ*lif;q) i=1 <q4t*15%il;q> <qit—1 22 ;q)
o0 ) Sfol
~~ oo
[r3d tHM (st*1 )

[3d tHM <%> [r3¢ tHM (%)
We can compute the Neumann half-index (3.105) by using the relation (3.22). We find

that the half-index (3.105) agrees with
SQEDy,

X

(3.105)

t, 2o
’DSrH.Jr;V,Tl’,TQ’m,,Tj( ’ O”q)
1
542,
_ (q2t%q) oo Z
G-
3d U(1)
I
(2,2)D’
1 . 1 . 1 . 1 oo\
(@™ @)d (@ gd (g (@)
1 1 1 1 ) :
(g2 ™12 )88 (q2 P2 q) 5 (2P 25q)02 (g2 T2 )l
I (g3 em0 I (@ T m I (g T 2eme I (g4t Ti)s
Nymoois~i oA~ 22\ =Sk
Z1
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where

Nf — aj 1=
n; = Aj—i+1 — Aj—; 1 <1< j -1 (3.107)
al 7 :j
and
J
r = Kay, - (3.108)
k=j—i+1

The half-index (3.106) takes the form of a generalization of the half-index (3.99) of the

generic Dirichlet b.c. D’+m+,6 for SQEDy, with an insertion of a vortex line V_,, ... for

y Ty

boundary global symmetries which shifts spins of the i-th set of n; hypermultiplets by r;
units where ¢ = 1,--- | j.

3.3.3 SQEDy, with Diy, ; and [1] — (1)V~1 — [1] with Dgx.;
For SQEDy, there are Ny x 2N exceptional Dirichlet boundary conditions DEXE, ; given
by (3.49) where € = (x,--- ,*) is a sign vector with Ny entries and j = 1,--- , Ny labels the
choice of a single chiral multiplet in N; hypers to assign a non-trivial vev. The half-index
of the exceptional Dirichlet b.c. ’DfEXEJ for SQED, can be derived from the half-index of
the Dirichlet b.c. D, by setting u to qitl‘;l.

For example, we obtain from (3.98) with N_ = 0 the half-index of the exceptional
Dirichlet b.c. DﬁXJF__JDNf for SQED v,

SQEDy,

/
DEX_‘_M+7Nf

IR ( N o N N (21
= > 11 =N (2 (3.109)

q 1
1
35 a . z
meZ a=1 (q2+mt2 me aQ) 2
f e’}

IT (ta Ty 235 Q)

3d U(1)
H(Q,Q)D’

1
3d HM [ f+myz

by setting the fugacity u = q%tx]_vjlc. Due to the cancellations for m < 0 the half-
index (3.109) can be computed by taking a sum over the non-negative integers m. The
half-index (3.109) has a nice behavior as the series expansion starts with 1+ ---.

In the H-twist limit the half-index (3.109) becomes (3.51) which counts the boundary
operators in the quantized Coulomb branch algebra of SQED .

In the C-twist limit only the term with m = 0 in the half-index (3.109) survives so
that it reduces to

Ny—1

SQED 1

e ' (@)= ] 7—= (3.110)
a=1

EX++,N 1 N,

~ 34—



which counts the boundary operators corresponding to the Verma module in the quantized
Higgs branch algebra of SQED .

It is expected that the exceptional Dirichlet b.c. for SQEDy, is related to the excep-
tional Dirichlet b.c.

Yilg =cbii €=+
Dixe : Yilo =coiy e (3.111)
X,;‘a = C(Sij € = —
for the mirror quiver gauge theory where ¢, j = 1,--- , Ny. The half-index of the exceptional

Dirichlet b.c. Dgxe,; for the mirror quiver gauge theory can be also obtained by specializing
the fugacity u;, ¢ =1,--- ,Ny —1 as

qit_izl fori=1,---,57—1
U; = Np—i X . (3.112)
g7t Wiz fori=j,--- Ny —1

The half-index of the exceptional Dirichlet b.c. Dgx—...—4 n, for the mirror quiver theory
is given by

1 —TTV/f_ 1
HH[D]EX(_A)“_%I[\J; (t, Tasy 265 q)

1 Ny—1
_ (g2t 23(1)oof Z
.

1, 7me—IEZ
N@fol
! v
N +2
("1™ @)oo Nﬁ2 (ghtmaer=misg)og (q ' +me_1t_Nf+2%;q>oo
(2712 g)o 1 (@27 T2 ) (q%mwfflt-zvm.q)
22 0o

1 1
HM HM(,— % —m;p1+m;
I134 tHM (g~ 371 ) I3 tHM (g 1T Np—1

3d tHM <qTf +me71t7Nf+1il)
+ z9

MmN, 1 mi mao MmN, —1
x g2y (2L T2y (B (3.113)
T2 T3 TN,

which can be obtained from (3.90) by specializing the fugacity u; for the boundary global

symmetry as constant gauge transformations as u; = qit*"zl.
The H-twist limit of the half-index is

—_—

1-mNr—p1 1
s = (3.114)
EX—-—+,Ny 2
where the term with mjy = -+ =my,—1 = 0 only remains. This now counts the boundary

operator in the quantized Higgs branch algebra of the mirror quiver theory.
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In the C-twist limit, the half-index (3.113) turns into

=01

DX~ —+,Ny
mN,—1
X X
MN—1= Ome 2=0 mo=0m1=0 3 Ny

I

which now counts the boundary operators corresponding to the Verma module in the

(3.115)

fo

quantized Coulomb branch algebra of the mirror quiver gauge theory.
Moreover, we find that the half-indices (3.109) agrees with (3.113):
SQED v DN 1
. T (tza,28,q) = mil—-¢ " +][V](t Ta,28:q) (3.116)

EX+-- +Nf Dex—...

This shows that the exceptional Dirichlet b.c. Diy b NS for SQEDNf is dual to the
exceptional Dirichlet b.c. Dgx—...—4 n, for the mirror quiver gauge theory !

The half-indices of the exceptional Dirichlet b.c. Dpy, , for SQEDy, with € #
(+,+, -+ ,+) are related to the half-index of the exceptlonal Dirichlet b.c. Dy
by multiplying the 2d chiral multiplet indices:

. SQED
% H ]I2d (2,2) CMy=1 (t, 1;) — HD/ f’., (3.117)

ist. e =—

EXt+ 4,

SQEDy,

DiEXe N

Again this describes flips of the boundary conditions by coupling to the 2d chiral multiplets.
The vertex function for the Ny fixed points in X = T*CPNr~! is given by [33]

(1) H © Txl/:v, hxy/x hxg/xl,--
wla) 4 an/xz g1/ qre/T), -

TNr/2 ] : (3.118)

For 7 = q%t_2, h = q%t2 and z = 21 /22 the vertex function can be expressed in terms of
the half-indices of exceptional Dirichlet boundary conditions for SQED y,:

24 2. SQED
V= x?{M x 12 22 Moy (t, ?;q) X, 7 . (3.119)
il v

For X = T*CP™/~! the pole subtraction matrix which generates a new vertex function
Ve, analytic in a chamber

¢: |zj| < |z, for j <1 (3.120)
from the vertex function V; through the relation (3.71) is [33]
o) e ()
U m Im~R T
Ug@(hz’) 9(%) 0(2’)6(2 Trm)

-1 (3.121)
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with
m=0, m<l (3.122)

We note that the half-indices of the exceptional Dirichlet b.c. Dgx, ; for the mirror quiver
gauge theory are the analytic functions of the variables z, in the chamber (3.120) and that
there are Ny different sets labeled by j. We expect that they realize the Ny components of
new vertex function Vg ; and the relation (3.71) describes the precise mirror transformation
of the half-indices of the exceptional Dirichlet b.c. In fact, for I = Ny the relation (3.71)
simply maps a single component Vi, to a single component Vg v, as a concequence of the
triangular property (3.122) of the pole subtraction matrix. This naturally reproduces the
duality (3.116) between the exceptional Dirichlet b.c. Dpy, .. N for SQEDy, and the
exceptional Dirichlet b.c. Dgx—..—4 n, for the mirror quiver gauge theory. For I # Ny
the relation (3.71) indicates that a naive mirror symmetry between the two exceptional
Dirichlet b.c. does not hold.
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A Notations

We use the standard notation by defining ¢-shifted factorial

n—1 n
(a;q)o := 1, (@)= [J(1—ad®), (@n=]]0-¢"), n>1,
k=0 k=1
(@ @)oo = [J(1 = ag"), (@)oo :=]](1 - (A1)
k=0 k=1

where a and ¢ are complex numbers with |¢| < 1.
The Dedekind eta function is

1 oo
n(g) = q= [J(1—¢"). (A-2)
k=0
The Jacobi theta function is
11 o i _ _
91(2;q) = —igsa2 [J(1 - ¢")(1 — 2g") (1 — 27 ¢"). (A.3)
k=0

B Series expansions of indices

We explicitly show several terms in the expansions of indices obtained by using Mathe-
matica, from which we can check the equalities of the indices resulting from the dualities
of boundary conditions.
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B.1 Neumann b.c. N/ and generic Dirichlet b.c. D,

We have checked that the half-index (3.89) of the Neumann b.c. N for SQEDy, and the
half-index (3.91) of the generic Dirichlet b.c. D . for the mirror quiver gauge theory agree
up to O(¢'°) for Ny = 3,4.

—_—~—

B.1.1 SQEDj3 and [1] — (1)2 — [1]

SQED; | prl1]—(1)2—[1 . .
5QEDs ]H[[D]6 C( -] series expansions
€ i)
1 3 5 .
o - 1+q2 t724q(— 1+t ™) +q 24704 ? (— 1467 8) 42 (¢ 71017 2) g3 124
1
o — 14+q2 (¢ 2442 (2 +ag)ag D+at ™4+ tt (@ +aq 2o tad)ey (o1 tagtag)zy D+
1
+—— —++ 14+q2 (¢ 242012y Ly Haatag)) ta(— 1+t A ey ey ey L (wotag) et eay ey ? (2R tagaz+ad))+o -
1 3 5
— N_— 1+q2 47 2 4q(— 14+t H+q2 170402 (1447 8) 442 (1017 )BT 124
(B.1)
—
B.1.2 SQED, and [1] — (1)% — [1]
SQEDy | 71— (1)3—[1 . .
5QED: ]IH%] (1>-{] series expansions
€,c
i -2 —4 2 —6 2 —8 3 —10 -2 3,—12
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12 4y, 5.6, 2 8y. 9 —10_,—2y, 3,-12
—— +4+ 1+ 2t “+q(=14t7 F)+q2t7 P g (= 1+t~ ) +q2 (7 0 —tT %) +q%tT

(B.2)

B.2 Generic b.c. D . and Neumann b.c. N,

We have checked that the half-index (3.99) of the generic Dirichlet b.c. D . for SQED;,
and the half-index (3.101) of the Neumann b.c. N, for the mirror quiver gauge theory agree
up to O(¢'°) for Ny = 3,4.

—_—

B.2.1 SQED; and [1] — (1)2 — [1]

—

I[]I%(;QED3 ]IHR/]:(I)Z - series expansions

1 3 5 3 7
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P

B.2.2 SQED, and [1] — (1)® — [1]

MSD(IQED;; ]111[1]:(1)3_[1] series expansions
30542 34664 1t 2= ) s (66241060 —t—221 2= ) a2 (—9td 41568 4t~ Bu20=2 4t~ dgy o=
e o I 1432 7 +q(=346t"+t @125 )+ 2 (—6t7+100 —t " “wy@y ) +q7 (~OT IS+ Satay T+t Cwyay )t
- ———t 14807 624 g(—34+660) 103 (—34500) 442 (345044303 ¢2(—2-att476%) 1P (5-1201 - 1565 42812) 4.
T ——+ 1432 124 q(—84+66) 45 (—34564) a2 (—3+5) 43¢5 ¢2(—2—a¢d 4718) 443 (5- 12641565 4 28¢12) 4.
TR e 11803 €2 pa(—3466%)+q 3 (—3456%) 4q2 (=31 564) 4303 12(—2—ar 1 713) 13 (51264 1545 28012 4.
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(B.4)

B.3 Exceptional Dirichlet b.c. Dy, and Dgx.

We have confirmed that the half-index (3.109) of the exceptional Dirichlet b.c. Dy, for
SQED N, and the half-index (3.113) of the exceptional Dirichlet b.c. Dgx, for the mirror
quiver gauge theory coincide with each other up to O(¢q'%) for Ny = 3,4.

—_—~—

B.3.1 SQEDj; and [1] — (1)2 — [1]

—

SQED3 |pr[l]—(1)2—[1] ; ;
I HHDEXE series expansions
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(B.5)
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B.3.2 SQED, and [1] — (1)3 — [1]

—

- -

SQED3;
MD’ DExXe

EXe

series expansions

1 — — — —
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