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1 Introduction

Axions and axion-like particles (ALPs) are pseudo Nambu-Goldstone bosons, which ap-
pear in the spontaneous breaking of a global symmetry and are well motivated new-physics
relics in a variety of explicit extensions of the Standard Model (SM) of elementary-particle
physics. Their name is derived from the QCD axion, which was introduced by Peccei,
Quinn and others to address the strong CP problem [1–4]. While several explicit models
of QCD axions [5–8] predict a rather strict relation between the axion mass and decay
constant, it was realized early on that it is possible to obtain solutions to the strong CP
problem with heavier ALPs [9]. Furthermore, supersymmetric and composite-Higgs mod-
els can naturally feature light pseudoscalar particles. For example, the R-axion is the
pseudo Nambu-Goldstone boson of the R-symmetry breaking in low-energy supersymme-
try [10], while non-minimal coset structures in models of compositeness predict pseudo
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Nambu-Goldstone bosons in addition to the Higgs boson [11]. These models provide ample
motivation to search for light ALPs, in particular those with masses in the range between
an MeV and tens of GeV, whose couplings are not tightly constrained by existing cosmo-
logical [12, 13], astrophysical [14, 15] and collider bounds [16–32].

The results of this work apply equally to the cases of the QCD axion and of a more
general ALP, and from now on we use the term ALP to represent both options. We use
a model-independent approach to connect the ALP couplings to SM particles, which can
be probed in low-energy experiments, with the couplings at the fundamental new-physics
scale Λ, which we assume to be far above the scale of electroweak symmetry breaking. The
leading-order interactions with SM fields can be parameterized in terms of the Wilson coef-
ficients of dimension-5 operators suppressed by 1/Λ, and hence a heavy new-physics sector
corresponds to weak ALP couplings. Starting from the most general effective Lagrangian
at dimension-5 order, we calculate the effects of renormalization-group (RG) evolution
from the new-physics scale down to the scale of electroweak symmetry breaking and below,
systematically including all contributions to the anomalous dimensions arising at two-loop
order in gauge couplings and one-loop order in Yukawa interactions. The effects of a re-
dundant operator, in which the ALP couples to the Higgs current, are carefully taken
into account. We also calculate the complete one-loop matching contributions at the weak
scale, which arise when the top quark, the Higgs boson and the W and Z bosons are inte-
grated out. If the underlying global symmetry is flavor-dependent, the ALP couplings to
quarks or leptons can have a non-trivial flavor structure at the scale Λ [33–35]. But even
if the underlying global symmetry is flavor-universal, flavor-violating ALP couplings are
inevitably induced radiatively. This opens up the possibility to search for ALPs in rare,
flavor-changing decays of mesons and leptons, which could provide information about the
structure of a new-physics sector otherwise out of reach of direct searches. We illustrate
the numerical effects of RG evolution and weak-scale matching for different values of the
new-physics scale Λ. Our study of these effects goes significantly beyond existing studies
in the literature, and it is relevant for the case of the QCD axion, too. We also discuss the
relations between several equivalent forms of the effective ALP Lagrangian, which differ in
the form of the ALP-fermion interactions. Finally, we discuss the matching of the effec-
tive Lagrangian at low energies onto a chiral effective Lagrangian describing the couplings
of a light ALP to photons and light pseudoscalar mesons, carefully taking into account
the presence of a non-zero ALP mass in the effective theory, which gives rise to several
important effects.

The results of this work form the basis for precise phenomenological analyses of the
physics of a light ALP or axion, connecting low-energy observables in a systematic and
accurate way with the couplings of the underlying ultra-violet (UV) complete theory.

2 ALP couplings to the SM

We consider a gauge-singlet, pseudoscalar resonance a, whose couplings to SM fields are,
at the classical level, protected by an approximate shift symmetry a→ a+ c, broken softly
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by the mass term m2
a,0. Such a coupling structure arises, for example, if the particle a can

be identified with the phase of a complex scalar field.

2.1 Choice of the operator basis

The most general effective Lagrangian for this particle including operators of up to dimen-
sion 5 reads [36]1

LD≤5
eff = 1

2 (∂µa)(∂µa)−
m2
a,0
2 a2 + ∂µa

f

∑
F

ψ̄F cF γµψF

+ cGG
αs
4π

a

f
Gaµν G̃

µν,a + cWW
α2
4π

a

f
WA
µν W̃

µν,A + cBB
α1
4π

a

f
Bµν B̃

µν .

(2.1)

Here Gaµν , WA
µν and Bµν are the field-strength tensors of SU(3)c, SU(2)L and U(1)Y , and

αs = g2
s/(4π), α2 = g2/(4π) and α1 = g′ 2/(4π) denote the corresponding coupling param-

eters. B̃µν = 1
2ε
µναβBαβ etc. (with ε0123 = 1) are the dual field-strength tensors. The sum

in the first line extends over the chiral fermion multiplets F of the SM. The quantities cF
are hermitian matrices in generation space. For the couplings of a to the U(1)Y and SU(2)L
gauge fields, the additional terms arising from a constant shift a→ a+ c of the ALP field
can be removed by field redefinitions. The coupling to QCD gauge fields is not invariant
under a continuous shift transformation because of instanton effects, which however pre-
serve a discrete version of the shift symmetry, under which a→ a+ nπf/cGG with integer
n [3, 4]. Above we have indicated the suppression of the dimension-5 operators with the
ALP decay constant f , which is related to the relevant new-physics scale by Λ = 4πf . This
is the characteristic scale of global symmetry breaking, assumed to be far above the weak
scale. It is then a good approximation to neglect contributions from higher-dimensional
operators, which are suppressed by higher powers of 1/f .2 Since our effective theory only
contains the SM particles and the ALP as degrees of freedom, it would need to be modi-
fied in scenarios with a new-physics sector between the weak scale and the scale of global
symmetry breaking (v < MNP < 4πf). Even in this case, the effective Lagrangian (2.1)
offers a model-independent description of the physics below the intermediate scale MNP.

The physical ALP mass is given by the sum of the explicit soft breaking term m2
a,0

and the contribution to the mass generated by non-perturbative QCD dynamics [6, 37, 38],
such that at lowest order in chiral perturbation theory

m2
a = m2

a,0

[
1 +O

(
f2
π

f2

)]
+ c2

GG

f2
πm

2
π

f2
2mumd

(mu +md)2 , (2.2)

where fπ ' 130MeV is the pion decay constant. The correction to the first term in this
relation will be discussed in section 7. Whereas for the classical QCD axion (with m2

a,0 = 0)
there is a strict relation between the mass and the coupling to gluons, the presence of the ad-
ditional contribution m2

a,0 allows for heavier ALPs, which however are still naturally much
1The ALP couplings to fermions and gauge bosons in (2.1) are related to the analogous couplings

introduced in [22] by f = Λ/(4π), cF = CF /(4π) and cV V = 4π CV V with V = G,W,B.
2In the literature on QCD axions f is often eliminated in favor of the axion decay constant fa, defined

such that 1/fa ≡ −2cGG/f . The parameter 1/fa then determines the strength of the axion-gluon coupling.
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lighter than the scale f as long as the ALP is a pseudo Nambu-Goldstone boson and the
shift symmetry is effective. It is possible to generate this additional contribution dynami-
cally using non-abelian extensions of the SM, in which additional instanton contributions
arise [9, 39–51], or using the recently proposed mechanism of axion kinetic misalignment,
in which the axion shift symmetry is explicitly broken in the early universe [52]. It is thus
possible to generate an ALP mass significantly larger than the contribution from QCD
instantons while preserving the Peccei-Quinn solution of the strong CP problem.

The ALP couplings cF to the SM fermions can, in principle, have a non-trivial structure
in generation space, thereby giving rise to flavor-changing neutral current interactions
mediated by ALP exchange. The phenomenological constraints on such couplings are very
strong, especially for light ALPs, which can be produced in the decays of kaons or B
mesons [53–59], and which can give sizable contributions to flavor-changing transitions
in the lepton sector [60–62] and to electric dipole moments [63, 64]. In extensions of
the SM in which the new-physics scale Λ = 4πf is not very far above the TeV scale, the
coupling matrices cF must have a hierarchical structure in order to be consistent with these
constraints. From the point of view of model building, such a structure can be ensured by
imposing the principle of minimal flavor violation [65]. Under this hypothesis, the matrices
cQ and cq in the quark sector can be expanded as

cQ = cQ0 1 + ε
(
cQ1 YuY

†
u + cQ2 YdY

†
d

)
+O(ε2) ,

cu = cu0 1 + ε cu1 Y
†
u Yu + ε2

[
cu2
(
Y †u Yu

)2 + cu3 Y
†
u YdY

†
d Yu

]
+O(ε3) ,

cd = cd0 1 + ε cd1 Y
†
d Yd + ε2

[
cd2
(
Y †d Yd

)2 + cd3 Y
†
d YuY

†
u Yd

]
+O(ε3) ,

(2.3)

where ε counts the order in the spurion expansion. Analogous expressions apply in the
lepton sector. The phenomenological implications of these results will be discussed later.

2.2 A redundant operator

The form of the effective Lagrangian (2.1) is not unique. At dimension-5 order one can
also write down an ALP coupling to the Higgs doublet φ, given by

LD≤5
eff ⊃ cφOφ = cφ

∂µa

f

(
φ† iDµφ+ h.c.

)
. (2.4)

The operator Oφ is redundant, however, because it can be reduced to the fermionic op-
erators in (2.1) using the field equations for the Higgs doublet and the SM fermions [36].
Indeed, the field redefinitions φ → eicφ a/f φ and F → e−iβF cφ a/f F for all chiral fermion
multiplets F of the SM, subject to the conditions

βu − βQ = −1 , βd − βQ = 1 , βe − βL = 1 , 3βQ + βL = 0 , (2.5)

eliminate the term cφOφ from the Lagrangian at the expense of shifting the flavor matrices
cF by

cF → cF + βF cφ 1 . (2.6)

The first three relations in (2.5) ensure that the SM Yukawa interactions are invariant un-
der the field redefinitions. The fourth relation guarantees that the combination of fermion
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currents induced by the field redefinitions is anomaly free, and hence no additional contri-
butions to the coefficients of the operators in (2.1) involving the gauge fields are generated.

The conditions (2.5) define a one-parameter class of field redefinitions, which one can
use to eliminate the operator Oφ from the effective Lagrangian. One particular solution is
given by the choice βu = −1, βd = βe = 1 and βQ = βL = 0, which was adopted in [66, 67]
and eliminates Oφ in favor of a linear combination of operators involving right-handed
quark currents. A different solution consists of the choice βF = −2YF , where YF denotes
the hypercharge of the fermion multiplet F [36, 58]. In general, the derivative couplings
of the ALP are only defined modulo generators of exact global symmetries of the SM,
which include baryon and lepton number. We will see later that physical quantities are
independent of the particular choice of βF values as long as the conditions (2.5) are satisfied.

It follows from this discussion that the redundant operator Oφ can be re-expressed in
the form

Oφ = Oφ +
∑
F

βF OF , with OF = ∂µa

f
ψ̄iF γµψ

i
F , (2.7)

where a sum over the generation index i is implied, and the new operator Oφ vanishes by the
equations of motion. It is a well-known fact that such operators do not need to be included
in the renormalization of the basis operators in an effective field theory [68, 69]. Hence, it
is consistent to leave out the operator Oφ from the effective Lagrangian (2.1). As we will
see in section 3, the original operator Oφ is needed as a counterterm to absorb some UV
divergences of loop diagrams involving the fermionic operators OF . The correct treatment
then consists of projecting Oφ back onto our basis using the replacement rule [70–72]

Oφ →
∑
F

βF OF . (2.8)

2.3 Equivalent forms of the effective Lagrangian

Another important freedom in writing down the effective Lagrangian concerns the structure
of the ALP couplings to fermions. One can integrate by parts in the third term in (2.1) and
use the SM equations of motion along with the well-known equation for the axial anomaly
to put the effective Lagrangian in the alternative form

LD≤5
eff = 1

2 (∂µa)(∂µa)−
m2
a,0
2 a2 − a

f

(
Q̄φỸd dR + Q̄φ̃ỸuuR + L̄φỸeeR + h.c.

)
+ c̃GG

αs
4π

a

f
Gaµν G̃

µν,a + c̃WW
α2
4π

a

f
WA
µν W̃

µν,A + c̃BB
α1
4π

a

f
Bµν B̃

µν ,

(2.9)

where

Ỹd = i
(
Yd cd − cQYd

)
, Ỹu = i

(
Yu cu − cQYu

)
, Ỹe = i

(
Ye ce − cLYe

)
, (2.10)

and

c̃GG = cGG + TF Tr (cu + cd −NL cQ) ,

c̃WW = cWW − TF Tr (Nc cQ + cL) ,

c̃BB = cBB + Tr
[
Nc

(
Y2
u cu + Y2

d cd −NL Y2
Q cQ

)
+ Y2

e ce −NL Y2
L cL

]
.

(2.11)
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cqq

V
a

V1

V2

a

g, �

g, �

a
t

�

�

a
W

g, �

a

g, �

cGG

a

a V

g, �

g, �

Figure 1. Contributions to the a → gg decay amplitude involving the ALP-gluon coupling (left)
and the ALP couplings to quarks (right). The ALP is drawn as a dotted line. The black circles
indicate vertices deriving from the dimension-5 operators in the effective Lagrangian (2.1).

Here the traces are over generation indices. TF = 1
2 fixes the normalization of the SU(N)

group generators, Nc = 3 is the number of colors, and NL = 2 denotes the number of weak
isospin components. YQ = 1

6 , Yu = 2
3 , Yd = −1

3 , YL = −1
2 and Ye = −1 denote the hyper-

charge quantum numbers of the SM quarks and leptons. The effective Lagrangians (2.1)
and (2.9) are equivalent as long as these relations are taken into account. Note, however,
that in (2.9) there is no apparent reason for the complex matrices Ỹf to have any particu-
lar structure. It is the shift symmetry encoded in the effective ALP Lagrangian (2.1) that
gives rise to the hierarchical structure of these matrices, which results from the appearance
of the SM Yukawa matrices in (2.10). This feature distinguishes an ALP from a generic
pseudoscalar boson a. We thus prefer to take the Lagrangian (2.1) as the starting point
of our calculations. Nevertheless, we will see that the combinations c̃V V of ALP-boson
and ALP-fermion couplings shown in (2.11) play an important role in phenomenological
applications of the effective Lagrangian and in the evolution of the ALP couplings from
the new-physics scale Λ down to lower energies.

It is instructive to illustrate the equivalence of the effective Lagrangians (2.1) and (2.9)
with a concrete example. Consider the decay of an ALP with mass ma � ΛQCD into two
gluons, which manifest themselves as two jets in the final state. The relevant contributions
to the decay amplitude are shown in figure 1. Calculating the decay rate at one-loop order
in perturbation theory, taking into account radiative corrections calculated in [73], one
obtains [22]

Γ(a→ gg) = α2
s(ma)m3

a

8π3f2

[
1 +

(97
4 −

7nq
6

)
αs(ma)
π

] ∣∣∣Ceff
gg

∣∣∣2 . (2.12)

Here nq is the number of light quark flavors with mass below the ALP mass, and

Ceff
gg = cGG + 1

2
∑
q

cqq(ma)B1

(4m2
q

m2
a

)
, (2.13)

where

B1(τ) = 1− τ f2(τ) , with f(τ) =

 arcsin 1√
τ

; τ ≥ 1 ,
π
2 + i

2 ln 1+
√

1−τ
1−
√

1−τ ; τ < 1 .
(2.14)

The sum runs over the six quark species of the SM. The parameters cqq(ma) describe
the flavor-diagonal ALP couplings to the quark mass eigenstates and will be defined later
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in (4.12). They are connected with the ALP-fermion couplings cq and cQ after these have
been transformed into the mass basis of the SM quarks. The above result is obtained
based on the effective Lagrangian (2.1). If instead the calculations are starting from the
alternative form of the effective Lagrangian shown in (2.9), one finds

Ceff
gg = c̃GG + 1

2
∑
q

cqq(ma)
[
B1

(
4m2

q

m2
a

)
− 1

]
. (2.15)

The “−1” inside the bracket accounts for the difference in the fermion loop function, which
is a consequence of the difference in the Feynman rules for the ALP-fermion vertices derived
from the two Lagrangians. At the same time, the coefficient c̃GG differs from cGG by the
terms shown in the first equation in (2.11). Because of the trace, the difference between
the two parameters is invariant under the unitary transformation to the mass basis, and
one finds

c̃GG = cGG + 1
2 Tr (cu + cd − 2cQ) = cGG + 1

2
∑
q

cqq . (2.16)

We thus find that the above two relations for Ceff
gg are indeed equivalent.

It is possible to work with a hybrid form of the effective ALP Lagrangian, in which
the ALP-fermion interactions consist of both derivative terms, such as in (2.1), and non-
derivative terms, such as in (2.4). This is useful, in particular, for low-energy applications in
the context of the chiral effective Lagrangian. We will come back to this point in section 7.

Our definitions of the ALP couplings in (2.1) are such that the parameters cV V and
cF are expected to be of O(1) when one applies the counting rules of naive dimensional
analysis [74–76]. These rules imply, in particular, that the ALP-boson couplings cV V
should be accompanied by a loop factor ∼ αi/(4π), as shown in (2.1). However, one can
conceive models in which these couplings are induced by loops involving a parametrically
large number Nf of new heavy fermions, such that cV V ∝ Nf � 1 can (at least partially)
compensate for the loop suppression. In our analysis below, we account for this possibility
by including the one-loop corrections proportional to the ALP-boson couplings in the RG
equations for the ALP-fermion couplings, even though they provide two-loop contributions
∼ (αi/π)2 to these equations. A second rationale for this approach lies in the fact that
in many concrete ALP models only certain ALP couplings are non-zero at the UV scale.
Our treatment in the next section captures the leading contributions in each coupling
irrespective of the relative magnitude of the ALP-boson and ALP-fermion couplings in the
high-energy theory. We emphasize, however, that in cases where the coefficients cV V and
cF are of similar magnitude, one-loop diagrams involving the coefficients cV V have the same
scaling as two-loop diagrams involving the coefficients cF , see figure 2. For consistency, we
thus include all two-loop contributions in the gauge couplings in the RG equations for the
ALP-fermion couplings.

3 Renormalization-group evolution to the weak scale

The effective Lagrangian (2.1) is assumed to arise from integrating out some new heavy
particles at a scale Λ = 4πf far above the weak scale. Assuming the ALP mass is small
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cF

h

Z
cV V

�

�
cF

g, �

g, �

V1

V2

V
Vaaa

aaa

�

q

q̄

V

�

a

�

q

q̄

V

a

t t

t

t

W

Figure 2. Examples of one-loop and two-loop diagrams contributing at the same order in pertur-
bation theory if cV V and cF have similar magnitude.

— of order 100GeV or less — we can evolve the Wilson coefficients and operators in the
effective Lagrangian down to the scale of electroweak symmetry breaking by solving their
RG equations. We now derive the explicit form of these equations, working consistently at
two-loop order in gauge couplings and one-loop order in Yukawa interactions. These are
the lowest orders at which these interactions contribute to the evolution equations for the
ALP couplings. In models in which the boson couplings are enhanced over the fermion
ones, the two-loop gauge contributions can give rise to the dominant evolution effects. Two-
loop corrections in the Yukawa couplings, or mixed two-loop gauge-Yukawa contributions,
are neglected in our approach. They would give rise to small multiplicative corrections
of the fermion couplings, but they do not introduce new ALP coupling parameters on
the right-hand side of the evolution equations. Thus, there is no scenario in which these
neglected two-loop contributions could give rise to dominant effects. Some technical details
of our derivations are relegated to appendix A. The RG equations for the ALP couplings
appearing in the alternative form of the effective Lagrangian in (2.9) can be derived from
the equations below in a straightforward way. They are discussed in appendix B.

3.1 Derivation of the RG evolution equations

Pulling out one factor of αi in the definitions of the ALP couplings to gauge fields in (2.1)
ensures that the Wilson coefficients cV V are scale independent (at least up to two-loop
order in gauge couplings), i.e.

d

d lnµ cV V (µ) = 0 ; V = G,W,B . (3.1)

For the QCD coefficient cGG this follows from the explicit calculations performed in [77],
and an analogous statement holds for cWW and cBB. This is different from the case of a
scalar (CP-even) field coupled to two gauge fields, in which the corresponding couplings
exhibit a non-trivial RG evolution starting at two-loop order [78, 79]. We have checked
explicitly that the one-loop diagrams involving the scalar Higgs doublet do not give rise to
a scale dependence of the coefficients cWW and cBB either. The contributions from these
graphs are absorbed by the renormalization of the gauge couplings.

The Wilson coefficients cF of the ALP interactions with fermions in (2.1) are scale-
dependent quantities and satisfy rather complicated RG equations. At one-loop order there
are contributions from Yukawa interactions, which result from the first three graphs shown
in figure 3. While the external-leg corrections (first two graphs) give rise to multiplicative
renormalization effects, which in general are not diagonal in generation space, the vertex
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diagram (third graph) leads to a mixing of the SU(2)L singlet and doublet coefficients cQ
and cu,d, as well as cL and ce. Our results for these contributions to the RG equations agree
with the corresponding expressions derived in [55, 58, 80]. The first diagram in the second
row of figure 3 shows a class of UV-divergent one-loop diagrams which require the operator
Oφ in (2.4) as a counterterm. As we have discussed in section 2 this operator is redundant.
It is therefore required to map it back onto our operator basis using the replacement
rule (2.8). This gives rise to universal contributions in the RG equations proportional
to the parameters βF in (2.5). In previous studies the operator Oφ was included as a
basis operator, and its coefficient Cφ not only entered the evolution equations for the
ALP-fermion couplings, but in fact was assumed to obey an independent RG equation
itself [55, 58]. Such a treatment gives rise to ambiguous results (see e.g. the discussion in
section 3 of [72]), because it is impossible to distinguish the matrix elements of Oφ from
the matrix elements of the fermionic operators OF in (2.8).3

In addition, there is a mixing of the Wilson coefficients cV V of the ALP-boson interac-
tions into the coefficients cF , shown by the last diagram in figure 3. For the case of QCD
this mixing has been studied in [77, 81],4 and we agree with the findings of these authors.
Note that, owing to our normalization of the coefficients cV V , the corresponding terms in
the evolution equations are proportional to α2

i , and they are diagonal in generation space.
Finally, at two-loop order in gauge interactions there are additional generation-independent
contributions to the evolution equations, which are proportional to the ALP-fermion cou-
plings. They arise from the second diagram shown in figure 2 and are diagonal in generation
space. We have derived these contributions by generalizing the corresponding results ob-
tained for QCD in [82, 83] to the gauge group of the SM. Combining all effects, we obtain
(with q = u, d)
d

d lnµ cQ(µ) = 1
32π2

{
YuY

†
u +YdY †d ,cQ

}
− 1

16π2
(
Yu cuY

†
u +Yd cdY †d

)
+
[
βQ
8π2 X−

3α2
s

4π2 C
(3)
F c̃GG−

3α2
2

4π2 C
(2)
F c̃WW−

3α2
1

4π2 Y
2
Q c̃BB

]
1 ,

d

d lnµ cq(µ) = 1
16π2

{
Y †q Yq,cq

}
− 1

8π2 Y
†
q cQYq+

[
βq

8π2 X+ 3α2
s

4π2 C
(3)
F c̃GG+ 3α2

1
4π2 Y

2
q c̃BB

]
1 ,

d

d lnµ cL(µ) = 1
32π2

{
YeY

†
e ,cL

}
− 1

16π2 Ye ceY
†
e +

[
βL
8π2 X−

3α2
2

4π2 C
(2)
F c̃WW−

3α2
1

4π2 Y
2
L c̃BB

]
1,

d

d lnµ ce(µ) = 1
16π2

{
Y †e Ye,ce

}
− 1

8π2 Y
†
e cLYe+

[
βe

8π2 X+ 3α2
1

4π2 Y
2
e c̃BB

]
1 , (3.2)

where C(N)
F = N2−1

2N is the eigenvalue of the quadratic Casimir operator in the fundamental
representation of SU(N), and we have abbreviated

X = Tr
[
3cQ

(
YuY

†
u − YdY

†
d

)
− 3cuY †u Yu + 3cdY †d Yd − cLYeY

†
e + ceY †e Ye

]
. (3.3)

3This distinction is possible in related models, in which the analogue of the operator Oφ is not redundant.
An example is provided by the Z′ model studied in [80], in which ∂µa in (2.1) and (2.4) is replaced by Z′µ.

4Note that these authors define the dual field-strength tensor as well as the Levi-Civita symbol differently
from us. As a result, their quantity G̃µν,a differs from ours by a factor (−2).

– 9 –



J
H
E
P
0
4
(
2
0
2
1
)
0
6
3

a ⇡0
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�

a

�

�

V
a

V1

V2

a a VZa

t

Figure 3. One-loop diagrams accounting for operator mixing through Yukawa interactions and
gauge interactions.

All quantities on the right-hand side of (3.2) must be evaluated at the scale µ. Note that
the ALP-boson and ALP-fermion couplings entering at O(α2

i ) appear precisely in the linear
combinations already encountered in (2.11), i.e.

c̃GG = cGG + 1
2 Tr (cu + cd − 2cQ) ,

c̃WW = cWW −
1
2 Tr (3cQ + cL) ,

c̃BB = cBB + Tr
(4

3 cu + 1
3 cd −

1
6 cQ + ce −

1
2 cL

)
.

(3.4)

To the best of our knowledge, the contributions proportional to the quantity X, which
descend from the redundant operator Oφ, as well as the two-loop contributions to the
RG evolution equations for the ALP couplings have been derived here for the first time.
The appearance of the coefficients βF in the above relations, which are constrained by
the conditions (2.5) but are otherwise arbitrary, appears puzzling at first sight. However,
all contributions proportional to the unit matrix in the RG equations give rise to flavor-
diagonal contributions after transformation to the mass basis. We will see in sections 4
and 5 that in predictions for physical quantity any ambiguity in the choice of the βF
parameters cancels out.

The relations in (3.1)– (3.4) form a set of coupled differential equations, from which
the scale dependence of the various ALP couplings can be derived. We can simplify the
structure of the evolution equations by making use of the freedom to redefine the fermion
fields in the SM Lagrangian. The SM Yukawa matrices can be diagonalized by means of
bi-unitary transformations, such that

U †u YuWu = Y diag
u = diag(yu, yc, yt) ,

U †d YdWd = Y diag
d = diag(yd, ys, yb) ,

U †e YeWe = Y diag
e = diag(ye, yµ, yτ ) .

(3.5)

If we redefine the fermion fields via
Q→ UuQ , uR →Wu uR , dR →Wd dR ,

L→ Ue L , eR →We eR ,
(3.6)
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then the up-sector and lepton-sector Yukawa matrices are diagonalized, while the down-
sector Yukawa matrix is transformed into

Yd → U †u YdWd = V Y diag
d . (3.7)

Here V = U †uUd is the CKM matrix. For the purposes of the following discussion we define
the matrices cF in this particular basis of fields. Moreover, because of the smallness of
the masses of the SM fermions except the top quark, it is a very good approximation to
neglect all Yukawa couplings other than yt ' 1.5 The RG equations for the ALP-fermion
couplings then simplify to

d

d lnµ
[
cQ(µ)

]
ii

= − y2
t

8π2

(
δi3
2 + 3βQ

)
ctt −

α2
s

π2 c̃GG −
9α2

2
16π2 c̃WW −

α2
1

48π2 c̃BB ,

d

d lnµ
[
cQ(µ)

]
ij

= y2
t

32π2 (δi3 + δj3) (cQ)ij ; i 6= j ,

d

d lnµ
[
cu(µ)

]
ii

= y2
t

8π2 (δi3 − 3βu) ctt + α2
s

π2 c̃GG + α2
1

3π2 c̃BB ,

d

d lnµ
[
cu(µ)

]
ij

= y2
t

16π2 (δi3 + δj3) (cu)ij ; i 6= j ,

d

d lnµ
[
cd(µ)

]
ij

= δij

(
− 3y2

t

8π2 βd ctt + α2
s

π2 c̃GG + α2
1

12π2 c̃BB

)
,

d

d lnµ
[
cL(µ)

]
ij

= δij

(
− 3y2

t

8π2 βL ctt −
9α2

2
16π2 c̃WW −

3α2
1

16π2 c̃BB

)
,

d

d lnµ
[
ce(µ)

]
ij

= δij

(
− 3y2

t

8π2 βe ctt + 3α2
1

4π2 c̃BB

)
.

(3.8)

where we have defined
ctt(µ) = [cu(µ)]33 − [cQ(µ)]33 . (3.9)

With our choice of the basis of fermion fields, this quantity will turn out to be the coupling
of the ALP to the physical top-quark mass eigenstate (see section 4 below).

3.2 General solution of the evolution equations

Whereas the original ALP-boson couplings cV V are scale independent, this is no longer
true for the couplings c̃V V , whose definitions contain the scale-dependent ALP-fermion
couplings. This fact is discussed in more detail in appendix A. We find that (in the
approximation where only the top-quark Yukawa coupling is kept, see above) the four
functions c̃GG(µ), c̃WW (µ), c̃BB(µ) and ctt(µ) satisfy a closed set of coupled differential

5Since the different Yukawa matrices appear in pairs in (3.2), the contributions of the Yukawa couplings
of the bottom quark or the τ lepton would be suppressed, relative to the y2

t terms, by factors of y2
b/y

2
t ∼

y2
τ/y

2
t ∼ 10−4. Some of the two-loop electroweak contributions included in the RG equations are of a

similar magnitude; however, as explained earlier, we keep these effects because they are proportional to the
ALP-boson couplings and hence can be enhanced in some ALP models.
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equations, which can be solved. We obtain

c̃GG(µ) = c̃GG(Λ)− 2
9
(
1− e−18U(µ,Λ)

)
ctt(Λ) ,

c̃WW (µ) = c̃WW (Λ)− 1
6
(
1− e−18U(µ,Λ)

)
ctt(Λ) ,

c̃BB(µ) = c̃BB(Λ)− 17
54
(
1− e−18U(µ,Λ)

)
ctt(Λ) ,

(3.10)

and

ctt(µ) = e−18U(µ,Λ) ctt(Λ)

+
∫ µ

Λ

dµ′

µ′
e−18U(µ,µ′)

[
2α2

s(µ′)
π2 c̃GG(µ′) + 9α2

2(µ′)
16π2 c̃WW (µ′) + 17α2

1(µ′)
48π2 c̃BB(µ′)

]
,

(3.11)

where
U(µ,Λ) = −

∫ µ

Λ

dµ′

µ′
y2
t (µ′)
32π2 (3.12)

is defined in terms of the running top-quark Yukawa coupling. In the solutions (3.10)
we neglect higher-order terms such as those shown in the second line of (3.11), which is
consistent because the effective ALP-boson couplings enter only at two-loop order in (3.2).

Using these solutions, we can now integrate the equations (3.8) to obtain the evolution
of the various ALP-fermion couplings from the new-physics scale Λ down to the weak-
interaction scale µw ∼ 100GeV. For example, the solution of the first equation takes
the form

[cQ(µw)]ii = [cQ(Λ)]ii −
(
βQ + δi3

6

)
It(µw,Λ)

−
∫ µw

Λ

dµ

µ

[
α2
s(µ)
π2 c̃GG(µ) + 9α2

2(µ)
16π2 c̃WW (µ) + α2

1(µ)
48π2 c̃BB(µ)

]
,

(3.13)

where we have defined, using relation (3.11),

It(µw,Λ)≡
∫ µw

Λ

dµ

µ

3y2
t (µ)

8π2 ctt(µ)

=−2
3
(
1−e−18U(µw,Λ)

)
ctt(Λ)

−
∫ µw

Λ

dµ

µ

(
1−e−18U(µw,µ)

)[4α2
s(µ)

3π2 c̃GG(µ)+ 3α2
2(µ)

8π2 c̃WW (µ)+ 17α2
1(µ)

72π2 c̃BB(µ)
]
.

(3.14)

In this way all results can be expressed in terms of U(µ,Λ) and integrals over the run-
ning gauge couplings with the ALP-boson couplings c̃V V (µ) in (3.10). The scale evo-
lution of the gauge couplings is governed by the set of coupled differential equations
dαi(µ)/d lnµ = β(i)({αj}), where the β-functions of the three gauge groups are of the form

β(i)({αj}) = −β(i)
0
α2
i

2π +O(α2
iαj) . (3.15)

Above the weak scale the relevant one-loop coefficients are β(1)
0 = −41

6 , β(2)
0 = 19

6 and
β

(3)
0 = 7. Starting at two-loop order mixed terms appear, where αj ∈ {α1, α2, αs, αt,

λ
4π}
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with αt = y2
t /(4π) can be any one of the SM coupling parameters. The complete three-loop

expressions for the β-functions can be found in [84].6

We now present our final expressions for the RG-evolved ALP-fermion couplings, be-
ginning with flavor non-diagonal effects, which are insensitive to the βF parameters. We
find (with i 6= j)

[cQ(µw)]ij = e−(δi3+δj3) U(µw,Λ) [cQ(Λ)]ij ,

[cu(µw)]ij = e−2(δi3+δj3) U(µw,Λ) [cu(Λ)]ij ,

[cd(µw)]ij = [cd(Λ)]ij ,

[cL(µw)]ij = [cL(Λ)]ij ,

[ce(µw)]ij = [ce(Λ)]ij ,

(3.16)

as well as

[cQ(µw)]33 − [cQ(µw)]11 = [cQ(Λ)]33 − [cQ(Λ)]11 −
1
6 It(µw,Λ) ,

[cu(µw)]33 − [cu(µw)]11 = [cu(Λ)]33 − [cu(Λ)]11 + 1
3 It(µw,Λ) .

(3.17)

The last two relations show how a possible flavor non-universality of the diagonal couplings
[cQ,u(Λ)]ii at the new-physics scale, which is allowed even under the assumption of minimal
flavor violation, evolves to low energies.

Before presenting our solutions for the generation-diagonal couplings we return to the
question of the βF dependence of the evolution equations (3.8), which hints at a redundancy
of our results. In all physical quantities the dependence on these parameters cancels out. It
follows that only certain linear combinations of the flavor-diagonal ALP-fermion couplings
are physical. In particular, we find that the differences

[cu(µw)]ii − [cQ(µw)]ii = [cu(Λ)]ii − [cQ(Λ)]ii +
(

1 + δi3
2

)
It(µw,Λ)

+
∫ µw

Λ

dµ

µ

[
2α2

s(µ)
π2 c̃GG(µ) + 9α2

2(µ)
16π2 c̃WW (µ) + 17α2

1(µ)
48π2 c̃BB(µ)

]
,

[cd(µw)]ii − [cQ(µw)]ii = [cd(Λ)]ii − [cQ(Λ)]ii −
(

1− δi3
6

)
It(µw,Λ)

+
∫ µw

Λ

dµ

µ

[
2α2

s(µ)
π2 c̃GG(µ) + 9α2

2(µ)
16π2 c̃WW (µ) + 5α2

1(µ)
48π2 c̃BB(µ)

]
,

[ce(µw)]ii − [cL(µw)]ii = [ce(Λ)]ii − [cL(Λ)]ii − It(µw,Λ)

+
∫ µw

Λ

dµ

µ

[
9α2

2(µ)
16π2 c̃WW (µ) + 15α2

1(µ)
16π2 c̃BB(µ)

]
(3.18)

are independent of the βF parameters once the relations (2.5) are taken into account.
For i = 3 the first relation reduces to (3.11). We will see in section 4 that the solutions
(3.16)–(3.18) are sufficient to calculate arbitrary physical processes involving ALPs, where
however the second relation in (3.18) gets modified when one transforms the left-handed
down-quark fields to the mass basis.

6The coupling parameter α1 in this work differs from our α1 by a factor 5/3.
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We can push further and obtain an explicit approximate expression for the quantity
U(µw,Λ) in (3.12). At leading order in perturbation theory the top-quark Yukawa coupling
and the strong coupling obey the coupled system of equations

dαs(µ)
d lnµ = −7α2

s(µ)
2π ,

dαt(µ)
d lnµ = αt(µ)

2π

[9
2 αt(µ)− 8αs(µ)

]
, (3.19)

where we neglect the small effects of the weak interactions. The exact solution of this
system exhibits a “quasi fixed point”, where the running of αt(µ) tracks the evolution of
αs(µ). One finds [85, 86]

αt(µ)
αt(µ0) =

(
αs(µ)
αs(µ0)

)8
7

1 + 9
2
αt(µ0)
αs(µ0)

( αs(µ)
αs(µ0)

)1
7
− 1

−1

, (3.20)

where µ0 is some reference scale. Using this result in (3.12), we find after a straightforward
calculation

U(µ,Λ) = − 1
18 ln

1− 9
2
αt(µ)
αs(µ)

1−
(
αs(Λ)
αs(µ)

)1
7

 ≈ y2
t (µ)

64π2 ln Λ2

µ2 + . . . , (3.21)

where the dots refer to terms of order y4
t ln2(Λ2/µ2) and higher. In this expression the large

logarithms of the scale ratio Λ2/µ2 are resummed to all orders of perturbation theory. This
explicit result implies that

1−e−18U(µw,Λ) = 9
2
αt(µw)
αs(µw)

1−
(
αs(Λ)
αs(µw)

)1
7

 . (3.22)

The numerical impact of the evolution effects on the ALP-fermion couplings will be dis-
cussed in section 5.

4 Transformation to the mass basis

Once the effective Lagrangian has been evolved to the weak scale µw, it is appropriate to
express it in terms of fields defined in the broken phase of the electroweak symmetry, which
correspond to the mass eigenstates of physical particles. This leads to

Leff(µw) = 1
2 (∂µa)(∂µa)−

m2
a,0
2 a2 + Lferm(µw) + cGG

αs
4π

a

f
Gaµν G̃

µν,a + cγγ
α

4π
a

f
Fµν F̃

µν

+ cγZ
α

2πsw cw
a

f
Fµν Z̃

µν + cZZ
α

4πs2
w c

2
w

a

f
Zµν Z̃

µν + cWW
α

2πs2
w

a

f
W+
µν W̃

−µν ,

(4.1)
where sw ≡ sin θW and cw ≡ cos θW denote the sine and cosine of the weak mixing angle,
and we have defined [22]

cγγ = cWW + cBB , cγZ = c2
w cWW − s2

w cBB , cZZ = c4
w cWW + s4

w cBB . (4.2)

All coupling parameters and operators in (4.1) are now defined at the weak scale µw. Recall
that the Wilson coefficients cV V are scale independent.
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To obtain the ALP interactions with fermions contained in Lferm we must transform the
fermion fields to the mass basis, in which the Yukawa matrices are diagonalized, see (3.5).
Under the corresponding field redefinitions the flavor matrices cF transform into new her-
mitian matrices

kU = U †ucQUu , kD = U †d cQUd , kE = U †e cLUe ,

kf = W †
f cfWf ; f = u, d, e .

(4.3)

Note that the two matrices kU and kD are connected via the CKM matrix V , such that

kD = V †kUV , (4.4)

and are therefore not independent. Likewise, the ALP couplings to the neutrinos are
identical to those to the left-handed charged leptons, i.e. kν = kE . In terms of these
matrices we obtain

Lferm(µw) = ∂µa

f

[
ūLkU γµuL + ūRkuγµuR + d̄LkDγµdL + d̄RkdγµdR

+ ν̄Lkν γµνL + ēLkE γµeL + ēRkeγµeR
]
.

(4.5)

The matrices kF and kf are evaluated at the scale µw. The corresponding expressions can
be obtained from the results compiled in section 3.2 by recalling that these relations have
been derived in a basis for which all transformation matrices are equal to the unit matrix
except for Ud = V . It thus follows that kU = cQ, kE = kν = cL, ku,d,e = cu,d,e, while
kD = V †cQV .

It is instructive to study what the hypothesis of minimal flavor violation [65] implies for
the structure of the ALP-fermion couplings after electroweak symmetry breaking. Trans-
forming the expressions (2.3) to the mass basis, we obtain

kU = cQ0 1+ε
[
cQ1 (Y diag

u )2 +cQ2 V (Y diag
d )2V †

]
+O(ε2) ,

kD = cQ0 1+ε
[
cQ1 V

† (Y diag
u )2V +cQ2 (Y diag

d )2
]
+O(ε2) ,

ku = cu0 1+ε cu1 (Y diag
u )2 +ε2

[
cu2 (Y diag

u )4 +cu3 Y
diag
u V (Y diag

d )2V †Y diag
u

]
+O(ε3) ,

kd = cd0 1+ε cd1 (Y diag
d )2 +ε2

[
cd2 (Y diag

d )4 +cd3Y
diag
d V † (Y diag

u )2V Y diag
d

]
+O(ε3) .

(4.6)

The only non-diagonal contributions are those involving the CKM matrix. To very good
approximation we can set the diagonal entries of the Yukawa matrices to zero for all quarks
other than the top quark. In this approximation

kU = cQ0 1 + ε cQ1 (Yt)2 +O(ε2) ,

kD = cQ0 1 + ε cQ1 V
† (Yt)2 V +O(ε2) ,

ku = cu0 1 + ε cu1 (Yt)2 +O(ε2) ,
kd = cd0 1 ,

(4.7)

with Yt = diag(0, 0, yt). Note that [V † (Yt)n V ]ij = ynt V
∗

3i V3j . Higher-order terms in
ε have the effect of generating more complicated functions of the top-quark mass, while
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the dependence on CKM parameters remains unchanged. We thus find that, under the
hypothesis of minimal flavor violation and to very good approximation, flavor-violating
couplings only arise in the couplings kD to left-handed down-type quark currents. The
leptonic couplings kE and ke are proportional to the unit matrix in this approximation.

Several important weak-scale processes involving ALPs have been discussed in the
literature [16–32]. Their rates can be calculated in terms of the couplings entering the
effective weak-scale Lagrangian (4.1). To mention three prominent examples, we briefly
consider the decay a→ γγ of a heavy ALP (with mass of order the weak scale) as well as the
exotic decay modes Z → γa and h→ Za of the Z boson and the Higgs boson. Calculating
the corresponding decay amplitudes at one-loop order, and setting the matching scale µw
equal to the mass of the decaying particle, one finds [22, 66, 67]

Γ(a→ γγ) = α2m3
a

64π3f2
∣∣Ceff

γγ

∣∣2 ,
Γ(Z → γa) = m3

Z

96π3f2
αα(mZ)
s2
w c

2
w

∣∣Ceff
γZ

∣∣2(1− m2
a

m2
Z

)3

,

Γ(h→ Za) = 9m3
h

256π3f2 α
2
t (mh) c2

tt(mh)F 2 λ3/2
(
m2
Z

m2
h

,
m2
a

m2
h

)
.

(4.8)

The coefficients Ceff
γγ and Ceff

γZ in the first two cases are given by

Ceff
γγ = cγγ +

∑
f

Nf
c Q

2
f cff (ma)B1

(
4m2

f

m2
a

)
+ 2α

π

cWW

s2
w

B2

(
4m2

W

m2
a

)
,

Ceff
γZ = cγZ +

∑
f

Nf
c Qf

(1
2 T

f
3 −Qf s

2
w

)
cff (mZ)B3

(
4m2

f

m2
a

,
4m2

f

m2
Z

)
,

(4.9)

where Qf and Nf
c are the electric charges (in units of e) and number of colors of the SM

fermions (quarks and leptons), T f3 denotes the weak isospin of the left-handed component
of the fermion f , and the sum runs over all SM fermion mass eigenstates. The relevant
loop functions read

B1(τ) = 1− τ f2(τ) , B2(τ) = 1− (τ − 1) f2(τ) ,

B3(τ1, τ2) = 1 + τ1τ2
τ1 − τ2

[
f2(τ1)− f2(τ2)

]
,

(4.10)

with f(τ) as defined in (2.14). The function B1 ≈ 1 for all light fermions with mass
mf � ma, while B1 ≈ − m2

a

12m2
f
for heavy fermions (mf � ma). Thus, each electrically

charged fermion lighter than the ALP adds a potentially large contribution to the effective
Wilson coefficient Ceff

γγ , while fermions heavier than the ALP decouple. Similarly, one
finds that B3 ≈ 1 for all fermions much lighter than the Z boson (irrespective of the
ALP mass), while for the top quark |B3| � 1 as long as the ALP is lighter than the
top-quark mass. In the third decay rate in (4.8) we have defined the phase-space function
λ(x, y) = (1− x− y)2 − 4xy and the parameter integral

F =
∫ 1

0
d[xyz] 2m2

t − xm2
h − zm2

Z

m2
t − xym2

h − yzm2
Z − xzm2

a

, (4.11)
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where d[xyz] ≡ dx dy dz δ(1 − x − y − z). Throughout this paper mt ≡ mt(mt) denotes
the running top-quark mass in the MS scheme evaluated at µ = mt. The quantity F is
numerically close to 1 for ALP masses below the weak scale. Finally, we have introduced
the parameters

cfifi(µ) = [kf (µ)]ii − [kF (µ)]ii , (4.12)

which contain the relevant ALP couplings to fermions and will play an important role in
our discussion below. This definition generalizes relation (3.9) for the top quark to other
ALP-fermion couplings.

The scale evolution of these quantities from the new-physics scale Λ to the electroweak
scale can be derived from (3.18). For up-type quarks and charged leptons, the parameters
cff are equal to the differences of ALP-fermion couplings considered in this result, and
we have

cuiui(µw) = cuiui(Λ) +
(

1 + δi3
2

)
It(µw,Λ)

+
∫ µw

Λ

dµ

µ

[
2α2

s(µ)
π2 c̃GG(µ) + 9α2

2(µ)
16π2 c̃WW (µ) + 17α2

1(µ)
48π2 c̃BB(µ)

]
,

ceiei(µw) = ceiei(Λ)− It(µw,Λ) +
∫ µw

Λ

dµ

µ

[
9α2

2(µ)
16π2 c̃WW (µ) + 15α2

1(µ)
16π2 c̃BB(µ)

]
.

(4.13)

For down-type quarks one finds that

cdidi(µw) = [cd(µw)]ii −
[
V †cQ(µw)V

]
ii
, (4.14)

where V is the CKM matrix. Hence, the result given in (3.18) is not directly applicable.
Instead, we obtain

cdidi(µw) = cdidi(Λ)− It(µw,Λ) + |V3i|2

6 It(µw,Λ)

+
∫ µw

Λ

dµ

µ

[
2α2

s(µ)
π2 c̃GG(µ) + 9α2

2(µ)
16π2 c̃WW (µ) + 5α2

1(µ)
48π2 c̃BB(µ)

]

+ V ∗miVni (δm3 + δn3 − 2δm3δn3)
(
1− e−U(µw,Λ)

)
[kU(Λ)]mn .

(4.15)

If the matrix kU(Λ) is diagonal, as required under the hypothesis of minimal flavor violation,
see (4.7), then the terms shown in the third line vanish.

5 Matching contributions at the weak scale

Let us now assume that the ALP is significantly lighter than the weak scale, and that we
are interested in low-energy processes at energies E � 100GeV. We can then integrate
out the heavy SM particles — the top quark, the Higgs boson and the weak gauge bosons
W± and Z0 — at the scale µw and match the effective Lagrangian (4.1) onto a low-energy
effective Lagrangian in which these degrees of freedom are no longer present as propagating
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Figure 4. Examples of one-loop matching contributions to the ALP-boson couplings. These
diagrams do not give rise to matching contributions when the form of the effective Lagrangian
in (2.1) is employed.

fields. Just below the scale µw, this Lagrangian takes the form

LD≤5
eff (µ . µw) = 1

2 (∂µa)(∂µa)−
m2
a,0
2 a2 + L′ferm(µ)

+ cGG
αs
4π

a

f
Gaµν G̃

µν,a + cγγ
α

4π
a

f
Fµν F̃

µν ,
(5.1)

where L′ferm is given by (4.5) but with the top-quark fields tL and tR removed. In general,
the Wilson coefficients cGG, cγγ , kF and kf in this effective Lagrangian differ from the
corresponding coefficients in the effective Lagrangian above the weak scale by calculable
matching contributions, which arise when the weak-scale particles are integrated out. We
now discuss the calculation of the relevant matching conditions at one-loop and partial
two-loop order.

5.1 Matching contributions to the ALP-boson couplings

One-loop matching corrections to the ALP-gluon and ALP-photon couplings cGG and cγγ
could in principle arise from loop graphs containing top quarks and heavy electroweak
gauge bosons. Two representative diagrams are shown in figure 4. The corresponding
effects were calculated in [22], and it was shown that for a light ALP these effects decouple
like m2

a/m
2
t and m2

a/m
2
W , respectively. For a light ALP far below the weak scale there

are thus no matching contributions to the effective low-energy Lagrangian (5.1) from these
loops, i.e.

∆cGG(µw) = 0 , ∆cγγ(µw) = 0 . (5.2)

Matching corrections of order m2
a/m

2
t or m2

a/m
2
W , which arise from the Taylor expansions

of the functions B1(τ) and B2(τ) in (4.10) in the region where τ � 1, would contribute to
the Wilson coefficients of dimension-7 operators in the low-energy effective theory below
the weak scale, which we neglect for simplicity.

As a side remark, let us mention briefly that the situation would be different if we were
to perform the calculations based on the alternative form of the effective Lagrangian shown
in (2.9). In this case there are non-vanishing matching contributions from top-quark loop
diagrams, which lead to

∆c̃GG(µw) = −ctt(µw)
2 , ∆c̃γγ(µw) = −4ctt(µw)

3 . (5.3)
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Figure 5. One-loop matching contributions to the ALP-fermion couplings. In the second diagram
(V1V2) = (WW ), (ZZ), (Zγ) or (γZ). In the last two diagrams V = W,Z, but in the sum of all
contributions only the W -boson graphs with internal top quarks (plus the corresponding graphs
with Goldstone bosons) give rise to non-zero contributions.

Recall that, according to (2.11) and (4.2), the coefficients c̃GG and c̃γγ above the weak scale
are related to the corresponding unprimed coefficients by

c̃GG(µ > µw) = cGG + 1
2
∑
q

cqq(µ) = c̃GG(µ) ,

c̃γγ(µ > µw) = cγγ +
∑
f

Nf
c Q

2
f cff (µ) = c̃γγ(µ) ,

(5.4)

where the sum in the first (second) equation runs over all quark (fermion) species in the
SM. When crossing the weak scale, one needs to add the matching contributions given
above, and this has the effect of removing the contributions from the top quark in these
relations. We thus obtain

c̃GG(µ . µw) = cGG + 1
2
∑
q

cqq(µ) + ∆c̃GG(µw) = cGG + 1
2
∑
q 6=t

cqq(µ) ,

c̃γγ(µ . µw) = cγγ +
∑
f

Nf
c Q

2
f cff (µ) + ∆c̃γγ(µw) = cγγ +

∑
f 6=t

Nf
c Q

2
f cff (µ) .

(5.5)

The same procedure repeats itself as µ is evolved to lower energies and one crosses the
threshold of other heavy fermions.

5.2 Matching contributions to the ALP-fermion couplings

One-loop matching corrections to the ALP-fermion couplings arise from graphs containing
heavy electroweak gauge bosons. Some representative diagrams are shown in figure 5. Loop
diagrams involving Higgs bosons give contributions proportional to the Yukawa couplings
of the external fermions. Since the top quark is integrated out in the effective theory
below the weak scale, these graphs are proportional to y2

f for some light SM fermion f

and hence can be neglected. The first diagram in figure 5 arises from ALP mixing with
the Z boson via a top-quark loop. The second graph gives rise to matching contributions
proportional to the ALP-boson couplings. The corresponding effects were calculated in [22]
for the case where the external fermions are leptons. Here we generalize these results to the
case of quarks, where however contributions involving virtual top quarks require a special
treatment. The remaining diagrams contain vertex and external-leg corrections from loops
involving heavyW and Z bosons. We have calculated these diagrams in a general Rξ gauge,
finding that the sum of all contributions yields a gauge-invariant answer. Moreover, the
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sum of all contributions involving Z bosons and their Goldstone bosons vanishes. For the
diagrams involving W bosons a non-zero contribution remains, which arises from graphs
containing internal top quarks. These diagrams contribute to the couplings kD(µw) in
the left-handed down-quark sector only, and they are the only source of flavor off-diagonal
effects. Combining all terms, we find the matching contributions (with F = U,D,E, ν and
f = u, d, e)

∆kF (µw) = 3y2
t

8π2 ctt
(
T f3 −Qf s

2
w

)
ln µ2

w

m2
t

1

+ 3α2

8π2

[
cWW

2s4
w

(
ln µ2

w

m2
W

+ 1
2 + δ1

)
+ 2cγZ
s2
w c

2
w

Qf
(
T f3 −Qf s

2
w

)(
ln µ2

w

m2
Z

+ 3
2 + δ1

)

+ cZZ
s4
w c

4
w

(
T f3 −Qf s

2
w

)2(ln µ2
w

m2
Z

+ 1
2 + δ1

)]
1 + δFD ∆̂kD(µw) ,

∆kf (µw) = 3y2
t

8π2 ctt
(
−Qf s2

w

)
ln µ2

w

m2
t

1

+ 3α2

8π2 Q
2
f

[
2cγZ
c2
w

(
ln µ2

w

m2
Z

+ 3
2 + δ1

)
− cZZ

c4
w

(
ln µ2

w

m2
Z

+ 1
2 + δ1

)]
1 . (5.6)

These contributions must be added to the RG-evolved coefficients at µ = µw, so that one
obtains kF,f (µw) + ∆kF,f (µw) for the ALP-fermion couplings just below the weak scale.
All scale-dependent parameters on the right-hand side of the above relations are evaluated
at the scale µw. RG invariance requires that the ALP-boson couplings entering in these
relations must appear in the form of the couplings c̃V1V2 , at least in the coefficients of
the ln(µ2

w/m
2
W,Z) terms. Hence, via the substitution cV1V2 → c̃V1V2 we can account for an

important subclass of two-loop matching contributions. The scheme-dependent constant δ1
arises from the treatment of the Levi-Civita symbol in d dimensions. We obtain δ1 = −11

3
in a scheme where εµναβ is treated as a d-dimensional object, and δ1 = 0 if it is instead
treated as a 4-dimensional quantity.

The non-trivial flavor structure is captured by the quantity

[
∆̂kD(µw)

]
ij

= y2
t

16π2

{
V ∗miVnj [kU(µw)]mn (δm3+δn3)

[
−1

4 ln µ
2
w

m2
t

− 3
8 + 3

4
1−xt+lnxt

(1−xt)2

]

+V ∗3iV3j [kU(µw)]33+V ∗3iV3j [ku(µw)]33

[
1
2 ln µ

2
w

m2
t

− 1
4−

3
2

1−xt+lnxt
(1−xt)2

]

− 3α
2πs2

w

cWW V ∗3iV3j
1−xt+xt lnxt

(1−xt)2

}
, (5.7)

where xt = m2
t /m

2
W . These matching contributions are sources of flavor-changing ALP

interactions even if the underlying UV theory does not contain new sources of flavor or CP
violation beyond those present in the SM. We have neglected the Yukawa couplings of the
light quarks and leptons. In this approximation there are no flavor off-diagonal matching
contributions in the up-quark and lepton sectors.
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5.3 ALP-fermion couplings below the electroweak scale

Flavor-diagonal couplings. The flavor-diagonal ALP-fermion interactions in (4.5) can
be expressed in terms of vector and axial-vector currents. The vector currents are conserved
below the weak scale and thus do not contribute to physical matrix elements. It follows
that we can rewrite this Lagrangian in the equivalent form (for µ . µw)

Ldiag
ferm(µ) =

∑
f 6=t

cff (µ)
2

∂µa

f
f̄ γµγ5f , (5.8)

where the sum runs over all charged fermion species in the low-energy theory (the quarks
u, d, s, c, b and the leptons e, µ, τ). The couplings cff have been defined in (4.12) in terms of
the diagonal elements of the matrices kf and kF . Note that the ALP-neutrino interactions
can be dropped in the low-energy Lagrangian (but not in the theory above the weak scale,
where they contribute at one-loop order to the ALP couplings to W and Z bosons). Using
integration by parts, the derivative on the neutrino axial-vector current vanishes because
the neutrinos are massless in the SM.

At the matching scale µw, the coefficients cff (µw) are given by the sum of the contri-
butions from RG evolution, shown in (4.13) and (4.15), and weak-scale matching, see (5.6)
and (5.7). In this sum the dependence on the matching scale µw partially cancels out;
however, some scale dependence remains and cancels when the evolution below the weak
scale is taken into account (see section 6 below). In order to get a feeling for the magnitude
of the radiative corrections we choose the new-physics scale Λ = 4πf with f = 1TeV and
evaluate the coefficients cff (µ) in the vicinity of µw = mt. We find numerically

cuu,cc(µw) ' cuu,cc(Λ)− 0.116 ctt(Λ)−
[
6.35 c̃GG(Λ) + 0.19 c̃WW (Λ) + 0.02 c̃BB(Λ)

]
· 10−3

−
[
c̃GG(µw) α

2
s(µw)
π2 + c̃γγ(µw) α

2(µw)
3π2

]
ln m

2
t

µ2
w

,

cdd,ss(µw) ' cdd,ss(Λ) + 0.116 ctt(Λ)−
[
7.08 c̃GG(Λ) + 0.22 c̃WW (Λ) + 0.005 c̃BB(Λ)

]
· 10−3

−
[
c̃GG(µw) α

2
s(µw)
π2 + c̃γγ(µw) α

2(µw)
12π2

]
ln m

2
t

µ2
w

,

cbb(µw) ' cbb(Λ) + 0.097 ctt(Λ)−
[
7.02 c̃GG(Λ) + 0.19 c̃WW (Λ) + 0.005 c̃BB(Λ)

]
· 10−3

−
[
c̃GG(µw) α

2
s(µw)
π2 + c̃γγ(µw) α

2(µw)
12π2

]
ln m

2
t

µ2
w

,

ceiei(µw) ' ceiei(Λ) + 0.116 ctt(Λ)−
[
0.37 c̃GG(Λ) + 0.22 c̃WW (Λ) + 0.05 c̃BB(Λ)

]
· 10−3

− c̃γγ(µw) 3α2(µw)
4π2 ln m

2
t

µ2
w

. (5.9)

We use the two-loop expression for the running coupling αs(µ) and the one-loop approx-
imations for the couplings α1(µ) and α2(µ), and we evaluate the function U(µw,Λ) using
the explicit form (3.21). For the couplings cdidi in the down-quark sector we work un-
der the assumption of minimal flavor violation and have approximated |Vtb|2 ≈ 1 and
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|Vtd|2 ≈ |Vts|2 ≈ 0. From (3.4), the matching conditions c̃V V (Λ) can be written in the form

c̃GG(Λ) = cGG + 1
2
∑
q

cqq(Λ) ,

c̃WW (Λ) = cWW −
1
2 Tr

[
3kU(Λ) + kE(Λ)

]
,

c̃BB(Λ) = cBB +
∑
f

Nf
c Q

2
f cff (Λ) + 1

2 Tr
[
3kU(Λ) + kE(Λ)

]
,

(5.10)

where the sums run over all quark and fermion flavors. We observe that electroweak
radiative corrections are generally very small, while the contributions proportional to ctt
from the Yukawa interactions as well as QCD effects can be sizable. For example, in
scenarios where the ALP-boson couplings at the UV scale are an order of magnitude larger
than the ALP-fermion couplings, the corrections induced by c̃GG can give contributions
to cqq(µw) of about 7%, whereas the contributions of c̃WW and c̃BB are negligible. The
logarithms of the ratio (m2

t /µ
2
w) in the above expressions show the remaining dependence

on the weak matching scale. This dependence cancels out when evolution effects below the
weak scale are included.

The numerical results shown in (5.9) are relevant for an ALP which is part of a new-
physics sector at a scale Λ ∼ 10TeV. For the QCD axion, one typically considers much
higher scales in the vicinity of f ∼ 1012±3 GeV. This gives rise to significantly enhanced
evolution effects. For example, choosing Λ = 4πf with f = 1012 GeV and setting µw = mt

we find

cuu,cc(mt) ' cuu,cc(Λ)− 0.350 ctt(Λ)−
[
12.6 c̃GG(Λ) + 0.84 c̃WW (Λ) + 0.10 c̃BB(Λ)

]
· 10−3 ,

cdd,ss(mt) ' cdd,ss(Λ) + 0.353 ctt(Λ)−
[
16.8 c̃GG(Λ) + 1.30 c̃WW (Λ) + 0.07 c̃BB(Λ)

]
· 10−3 ,

cbb(mt) ' cbb(Λ) + 0.294 ctt(Λ)−
[
16.5 c̃GG(Λ) + 1.23 c̃WW (Λ) + 0.06 c̃BB(Λ)

]
· 10−3 ,

ceiei(mt) ' ceiei(Λ) + 0.352 ctt(Λ)−
[
2.09 c̃GG(Λ) + 1.30 c̃WW (Λ) + 0.38 c̃BB(Λ)

]
· 10−3 .

(5.11)
The contributions proportional to ctt now give O(1) corrections to all ALP-fermion
couplings.

It is very useful to derive a simple, approximate expression for the ALP-fermion cou-
plings at the scale µw, in which one neglects the small two-loop electroweak evolution
effects as well as the two-loop contributions proportional to the ALP-fermion couplings
themselves. This yields (for q 6= t and µ . µw)

cqq(µ) ≈ cqq(Λ)− 6T q3
(

1− δqb
6

)
αt(mt)
αs(mt)

1−
(
αs(Λ)
αs(mt)

)1
7

 ctt(Λ)− 4cGG
β

(3)
0

αs(µ)− αs(Λ)
π

,

c``(µ) ≈ c``(Λ) + 3 αt(mt)
αs(mt)

1−
(
αs(Λ)
αs(mt)

)1
7

 ctt(Λ) , (5.12)

which as we will see in the next section continues to hold below the weak scale. Note
that only the last term in the first line is scale-dependent in this approximation, and one
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Figure 6. Axion-electron coupling cee(mt) in the DFSZ model for different values of tan β = vu/vd
and axion masses: ma = 1 keV (solid), 1 eV (dashed), 1meV (dashed-dotted) and 1µeV (dotted).
The red curve depicts the coupling cee(Λ) at the high scale Λ = 4πf .

needs to adjust the value of β(3)
0 whenever one crosses a quark threshold. In the first

relation T u3 = 1
2 and T d3 = −1

2 denotes the weak isospin. In the above expressions large
logarithms of the scale ratio Λ/µw are resummed to all orders in perturbation theory.
The most striking effect is the universal admixture (weighted only by weak isospin) of a
contribution proportional to ctt(Λ) to all ALP-fermion couplings, even those involving the
charged leptons. When one re-expands the above expressions to first order in couplings,
one obtains

cff (µ) ≈ cff (Λ)−
(

1− δfb
6

) 3y2
t (mt)
8π2 T f3 ctt(Λ) ln Λ2

m2
t

. (5.13)

This effect was noted previously in [58], where the opposite sign was obtained and in the
argument of the logarithm the scale µ was used rather than mt. Note, however, that this
effect is due to the first diagram in figure 5, which no longer contributes below the scale
of the top quark. Also, the resummation effects included here can be numerically very
important. With f = 1012 GeV, for instance, formula (5.13) would predict ±0.84 ctt(Λ),
overshooting the effect by more than a factor of 2.

The evolution effects in (5.12) are of potentially large importance not only for ALPs,
but also for the classical QCD axion. In order to illustrate this fact we consider the DFSZ
model [7, 8], in which the ALP couplings at the UV scale Λ = 4πf satisfy [87, 88]

cuiui(Λ) = 1
3 cos2 β , cdidi(Λ) = ceiei(Λ) = 1

3 sin2 β , cGG = −1
2 , (5.14)

where tan β = vu/vd is the ratio of the vacuum expectation values of the two Higgs doublets,
with a phenomenologically motivated range spanning 0.28 < tan β < 140 [89]. The axion
mass is given by relation (2.2) with m2

a,0 = 0, i.e. it is uniquely determined by the decay
constant f . Assuming that the masses of the additional Higgs bosons are larger than Λ,
we can evolve these coupling parameters down to the weak scale. Figure 6 shows the
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axion-electron coupling at the high scale (red line) and the RG-evolved couplings cee(mt)
at the electroweak scale for different axion masses. The smaller the axion mass, the larger
are the evolution effects because the corresponding values of Λ increase proportional to
1/ma, ranging from Λ ' 73TeV for ma = 1 keV to Λ ' 7.3 · 1010 TeV for ma = 1µeV. The
figure shows that in the DFSZ model the axion-electron coupling can be enhanced through
evolution effects by up to an order of magnitude for small values of tan β.

Flavor-changing couplings. The flavor-changing ALP-fermion couplings in (4.5) can
be integrated by parts without introducing additional contributions to the Wilson coeffi-
cients cV V . This gives (for µ . µw)

LFCNC
ferm (µ) =− ia2f

∑
f

[
(mfi−mfj )(kf+kF )ij f̄ifj+(mfi+mfj )(kf−kF )ij f̄iγ5fj

]
, (5.15)

where throughout this discussion i 6= j. The fermion masses and coupling parameters
must be evaluated at the scale µ. This form of the Lagrangian makes explicit that flavor-
changing amplitudes are suppressed by the masses of the fermions involved. (The same
is true for the flavor-conserving interactions in (5.8), but in this case integrating by parts
generates additional contributions to the ALP-gluon and ALP-photon couplings.) At the
weak scale µw, the generation off-diagonal coefficients [kf (µw)]ij and [kF (µw)]ij are again
given by the sum of the contributions from RG evolution and weak-scale matching. Recall
that generation off-diagonal matching contributions are captured by the quantity ∆̂kD(µw)
in (5.7). For all coefficients other than kD, one finds from (3.16) and (3.17) that flavor-
changing interactions at the weak scale are inherited from the UV scale Λ. We find

[ku(µw)]ij = [ku(Λ)]ij ; i, j 6= 3 ,

[kU(µw)]ij = [kU(Λ)]ij ; i, j 6= 3 ,

[kd(µw)]ij = [kd(Λ)]ij ,

[ke(µw)]ij = [ke(Λ)]ij ,

[kE(µw)]ij = [kE(Λ)]ij .

(5.16)

Note that for ku and kU we only need the entries where i, j 6= 3, since the top quark has
been integrated out in the effective theory below the weak scale. If the UV theory respects
minimal flavor violation, then all these couplings vanish. For the off-diagonal elements of
the coefficient kD we find the more interesting result

[
kD(µw)

]
ij

=
[
V †kU(Λ)V

]
ij
− V ∗miVnj (δm3 + δn3 − 2δm3δn3)

(
1− e−U(µw,Λ)

)
[kU(Λ)]mn

− 1
6 V

∗
3iV3j It(µw,Λ) +

[
∆̂kD(µw)

]
ij
, (5.17)

where the integral It(µw,Λ) has been defined in (3.14). If the original ALP Lagrangian (2.1)
at the new-physics scale respects the principle of minimal flavor violation, the matrix kU
is diagonal, as shown in (4.7). In this case the above expression simplifies significantly,
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and we find

[
kD(µw)

]
ij

= V ∗tiVtj

{
[(kU )(Λ)]33 − [(kU )(Λ)]11 −

1
6 It(µw,Λ)

+ y2
t (µw)
16π2

[
ctt(µw)

[
1
2 ln µ2

w

m2
t

− 1
4 −

3
2

1− xt + ln xt
(1− xt)2

]

− 3α
2πs2

w

cWW
1− xt + xt ln xt

(1− xt)2

]}
,

(5.18)

where (again setting the new-physics scale to Λ = 4πf with f = 1TeV)

ctt(µw) ' 0.826 ctt(Λ)−
[
6.17 c̃GG(Λ) + 0.23 c̃WW (Λ) + 0.02 c̃BB(Λ)

]
· 10−3 . (5.19)

Note that under the hypothesis of minimal flavor violation the matrix kU is diagonal but not
necessarily proportional to the unit matrix in generation space, see (4.7). The first term on
the right-hand side of (5.18) thus accounts for the possibility that [(kU )(Λ)]33 6= [(kU )(Λ)]11.
If this is the case, then the off-diagonal matrix elements

[
kD(Λ)

]
ij

= V ∗tiVtj
{

[(kU )(Λ)]33 − [(kU )(Λ)]11

}
(5.20)

at the new-physics scale can be non-zero, providing a UV source of flavor violation. Evolv-
ing the coefficients to the weak scale µw = mt, we obtain numerically

[kD(mt)]ij ' [kD(Λ)]ij + 0.019V ∗tiVtj
[
ctt(Λ)− 0.0032 c̃GG(Λ)− 0.0057 c̃WW (Λ)

]
. (5.21)

The matching contributions proportional to c̃GG and c̃WW are very small.
Relation (5.18) shows explicitly how flavor-changing effects are generated through RG

evolution from the new-physics scale Λ to the weak scale (first line) and matching contri-
butions at the weak scale (second and third lines). These loop-induced effects should be
considered as the minimal effects of flavor violation present in any ALP model, even if the
matrix kD is diagonal at the new-physics scale Λ (which would be a stronger assumption
than minimal flavor violation). The terms proportional to cWW in (5.18) agree with a
corresponding expression derived in [54]. Our results for the evolution effects and the con-
tribution proportional to ctt(µw) are new. The logarithm of (µ2

w/m
2
t ) in the coefficient of

ctt (but not the xt-dependent remainder) was derived in [57]. The more general expressions
shown above, and in particular the results (5.7) and (5.17), which do not assume minimal
flavor violation, are derived here for the first time.

In the sum of the contributions from scale evolution and weak-scale matching, the
dependence on the matching scale µw drops out. This is obviously true for the coefficients
in (5.16), but it also holds for the sum of all terms on the right-hand side of (5.17). In fact,
we will see in section 6 that the flavor off-diagonal Wilson coefficients do not run below
the weak scale (in the approximation where the Yukawa couplings of the light quarks are
put to zero). Hence, the expressions shown in (5.16) and (5.17) hold for all values µ < µw.
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6 Renormalization-group evolution below the weak scale

Now that we have obtained the values of the Wilson coefficients at the weak scale, we should
evolve these coefficients down to lower scales, so that they can be used in calculations of
low-energy observables. Compared with (3.2) the evolution equations simplify significantly,
because the Yukawa interactions mediated by Higgs exchange are absent in the low-energy
theory, as are diagrams including the heavy weak gauge bosons. The only remaining
contributions to the evolution equations result from the second diagram in figure 2 and the
last diagram in figure 3, where the gauge bosons can be gluons or photons. We obtain

d

d lnµ kq(µ) = − d

d lnµ kQ(µ) =
(
α2
s

π2 c̃GG + 3α2

4π2 Q
2
q c̃γγ

)
1 ,

d

d lnµ ke(µ) = − d

d lnµ kE(µ) = 3α2

4π2 c̃γγ 1 ,

(6.1)

where Q = U,D and q = u, d. Below the weak scale the scale dependence of the effective
coefficients c̃GG and c̃γγ is very weak, since it only arises at two-loop order. At next-
to-leading logarithmic order, it is consistent to neglect this effect. Note also that the
evolution effects below the weak scale are diagonal in generation space, and hence the
flavor-changing couplings are scale-independent in the low-energy theory, as stated above.
For the flavor-diagonal couplings only the parameters cff defined in (4.12) are physical.
At next-to-leading logarithmic order, their scale evolution is given by

cqq(µ) = cqq(µw)− 4c̃GG(µw)
βQCD

0

αs(µ)− αs(µw)
π

−Q2
q

3c̃γγ(µw)
βQED

0

α(µ)− α(µw)
π

,

c``(µ) = c``(µw)− 3c̃γγ(µw)
βQED

0

α(µ)− α(µw)
π

.

(6.2)

In the low-energy theory below the weak scale the relevant β-function coefficients are
βQCD

0 = 11 − 2
3 nq for QCD and βQED

0 = −4
3
∑
f N

f
c Q

2
f for QED. Here nq denotes the

number of light quark flavors with mass below the scale µ, and the sum over f includes
all light fermions with mass below µ. Note that the dependence on the matching scale µw
cancels when the expressions given in (5.9) are used in the above relations.

According to (5.5), the effective Wilson coefficients c̃GG(µw) and c̃γγ(µw) contain the
cff parameters of all light fermions in the effective theory below the scale µw. Generalizing
these results to lower scales, we define

c̃GG(µ) = cGG + 1
2
∑
q

cqq(µ) θ(µ−mq) ,

c̃γγ(µ) = cγγ +
∑
f

Nf
c Q

2
f cff (µ) θ(µ−mf ) .

(6.3)

Like the β-function coefficients βQCD
0 and βQED

0 , the effective couplings change by discrete
amounts whenever one crosses a flavor threshold, and an appropriate matching must be
performed in the usual way. In other words, one first evolves the coefficients from the weak
scale to the scale µb ' mb, then eliminates the bottom quark from the list of light fermions,
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then evolves from the b-quark scale to the scale µτ ' mτ , then eliminates the τ lepton from
the list of light fermions, and so on. In each step the coefficients of the β-functions as well
as the values of c̃GG and c̃γγ need to be adjusted. Concretely, at values of µ just below the
scale µb ∼ mb, we obtain

cqq(µ . µb) = cqq(µw)− 4c̃GG(µw)
βQCD

0

αs(µb)− αs(µw)
π

−Q2
q

3c̃γγ(µw)
βQED

0

α(µb)− α(µw)
π

− 4c̃GG(µb)
βQCD

0

αs(µ)− αs(µb)
π

−Q2
q

3c̃γγ(µb)
βQED

0

α(µ)− α(µb)
π

,

(6.4)

and similarly for c``(µ). In the two last terms of the first line the ALP-boson couplings and
the β-function coefficients are evaluated with nq = 5 active quark flavors, whereas in the
second line they are evaluated with nq = 4 flavors. The numerical impact of these low-scale
evolution effects is very small. For example, with µw = mt and µ0 = 2GeV we find

cqq(µ0) = cqq(mt) +
[
3.0 c̃GG(Λ)− 1.4 ctt(Λ)− 0.6 cbb(Λ)

]
· 10−2

+Q2
q

[
3.9 c̃γγ(Λ)− 4.7ctt(Λ)− 0.2 cbb(Λ)

]
· 10−5 ,

c``(µ0) = c``(mt) +
[
3.9 c̃γγ(Λ)− 4.7ctt(Λ)− 0.2 cbb(Λ)

]
· 10−5 .

(6.5)

It is instructive to compare the above results with analogous expressions derived for
the quark coefficients cqq in [90]. In this paper only QCD evolution effects were included.
The results obtained there are in agreement with our findings when we ignore the terms
proportional to the electromagnetic coupling α in the first line of (6.2). However, in [90] the
same equation was used to account for evolution effects above the electroweak scale. This
ignores the by far dominant contributions from the top-quark Yukawa interactions in (5.12),
which as we have discussed have an important impact on all ALP-fermion couplings.

The scale-dependent ALP-boson couplings c̃V V defined in (6.3) are not only relevant
in the context of the evolution equations for the ALP-fermion couplings, but they are
also closely related to some observables of phenomenological interest. In (2.12) and (4.8)
we have given explicit expressions for the a → gg and a → γγ decay rates, the latter
of which plays a pivotal role in the phenomenology of a light ALP. The fermion loop
function entering these expressions satisfies B1(τ) ≈ 1 for τ � 1 (corresponding to “light”
fermions with mf � ma) and B1(τ) ≈ 0 for τ � 1 (corresponding to “heavy” fermions
with mf � ma). Moreover, the loop function B2(4m2

W /m
2
a) ≈ 0 for a light ALP with mass

ma � mW . Let us now apply an MS-like approximation scheme, in which we treat the
“light” fermions as (approximately) massless and the “heavy” fermions as infinitely heavy.
We then obtain

Ceff
gg ≈ cGG + 1

2
∑
q

cqq(ma) θ(ma −mq) = c̃GG(ma) ,

Ceff
γγ ≈ cγγ +

∑
f

Nf
c Q

2
f cff (ma) θ(ma −mf ) = c̃γγ(ma) ,

(6.6)

where the effective couplings on the right-hand side are precisely those defined in (6.3).
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7 Matching onto the chiral Lagrangian

Using the results derived in the previous sections, the effective ALP Lagrangian (5.1) can
be evolved down to scales far below the scale of electroweak symmetry breaking. When
one reaches energies of order 1–2GeV, only the three light quark flavors u, d, s remain as
active degrees of freedom. In order to study the low-energy interactions of a light ALP with
hadrons, one should match this Lagrangian onto a chiral effective Lagrangian incorporating
the ALP couplings to the light pseudoscalar mesons (π,K, η). In order to find the bosonized
form of the ALP-gluon interaction, one eliminates the aGG̃ term in favor of ALP couplings
to quark bilinears, whose chiral representation is well known. To this end, one performs
the chiral rotation [36, 87, 91, 92]

q → exp
(
− iκq cGG

a

f
γ5

)
q , (7.1)

where q is a 3-component vector in flavor space, κq is a real matrix, which we choose to
be diagonal in the quark mass basis. Under the chiral rotation the measure of the path
integral is not invariant [93, 94], and this generates extra terms adding to the anomalous
ALP couplings to gluons and photons. Imposing the condition

Trκq = κu + κd + κs = 1 (7.2)

ensures that the ALP coupling to GG̃ is eliminated from the Lagrangian, at the expense of
modifying the ALP-photon and ALP-fermion couplings as well as the quark mass matrix.
At a scale µχ ∼ 1–2GeV, this leads to the effective Lagrangian

Leff(µχ) = 1
2 (∂µa)(∂µa)−

m2
a,0
2 a2 + q̄

(
i /D − e−iκq cGG

a
f
γ5mq e

−iκq cGG a
f
γ5
)
q

+ ∂µa

2f q̄ ĉqqγµγ5 q + ĉγγ
α

4π
a

f
Fµν F̃

µν + . . . ,

(7.3)

where mq = diag(mu,md,ms), and the dots represent the ALP-lepton couplings and pos-
sible flavor-changing ALP interactions, both of which are irrelevant to this discussion. The
quantities

ĉqq(µχ) = cqq(µχ) + 2cGG κq ,

ĉγγ = cγγ − 2Nc cGG
∑
q

Q2
q κq ,

(7.4)

with q = u, d, s, are the modified ALP-fermion and ALP-photon couplings, whose explicit
expressions in terms of the ALP couplings at the UV scale can directly be obtained from the
results compiled in the previous sections. The effective Lagrangian (7.3) is equivalent to the
original Lagrangian (5.1) evolved to the low scale µχ and it describes the same physics, even
though the ALP coupling to gluons has been removed at the Lagrangian level. The ALP
interactions with quarks now enter in two places: in the derivative couplings proportional to
the parameters ĉqq, and through the phase factors multiplying the quark mass matrix. Note
that the choice of the κq parameters is completely arbitrary as long as the constraint (7.2)
is satisfied. Below we will demonstrate with two examples that the results obtained for
physical observables are indeed independent of the κq parameters.
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As a side remark, let us mention that the effective ALP-pion Lagrangian can also be
derived starting from the alternative form of the effective Lagrangian shown in (2.9). This
Lagrangian differs from the original one in (2.1) by a chiral rotation of the same form
as that shown in (7.1), but with a different choice of the κq parameters not subject to
the condition (7.2). A second chiral rotation is then required to eliminate the ALP-gluon
coupling. The resulting ALP-pion Lagrangian is equivalent to the one derived here.

Let us now discuss the matching of the effective Lagrangian (7.3) onto a chiral effec-
tive Lagrangian, working consistently at lowest order in the chiral expansion. The Dirac
Lagrangian for the quark fields matches onto the standard form of the Gasser-Leutwyler
Lagrangian [95], but with the mass matrix replaced by the ALP-field dependent matrix

m̂q(a) = exp
(
− iκq cGG

a

f

)
mq exp

(
− iκq cGG

a

f

)
. (7.5)

Next, the axial-vector currents in the derivative couplings of the ALP to quark fields can
be matched onto chiral currents using the replacement rules

q̄ iLγµq
j
L → −

if2
π

4
[
ΣDµΣ†

]ji
, q̄ iRγµq

j
R → −

if2
π

4
[
Σ†DµΣ

]ji
. (7.6)

In this way, one obtains [36, 91, 92]

LALP
χPT = 1

2 ∂
µa ∂µa−

m2
a,0
2 a2 + f2

π

8 Tr
[
DµΣDµΣ†

]
+ f2

π

4 B0 Tr
[
Σ m̂†q(a) + m̂q(a) Σ†

]
+ if2

π

4
∂µa

2f Tr
[
ĉqq(ΣDµΣ† −Σ†DµΣ)

]
+ ĉγγ

α

4π
a

f
Fµν F̃

µν + . . . ,

(7.7)
where Σ(x) = exp

(
i
√

2
fπ

λaπa(x)
)
contains the pseudoscalar meson fields (λa are the Gell-

Mann matrices), and the parameter B0 ≈ m2
π/(mu + md) is proportional to the chiral

condensate. The covariant derivative is defined as DµΣ = ∂µΣ − ieAµ[Q,Σ], where
Q = diag(Qu, Qd, Qs).

For the case of the QCD axion (with m2
a,0 = 0), the chiral effective ALP Lagrangian

was first introduced in [36] and has recently been studied in great detail in [90]. In general,
the last term in the first line of (7.7) gives rise to a mass mixing of the ALP with the
pseudoscalar mesons π0 and η8. In order to eliminate this mixing, one chooses the matrix
κq in such a way that κqmq ∝ 1. When combined with the condition (7.2) this implies

κu = mdms

mumd +mums +mdms
≈ md

mu +md
,

κd = mums

mumd +mums +mdms
≈ mu

mu +md
,

κs = mumd

mumd +mums +mdms
≈ mumd

(mu +md)ms
� κu,d .

(7.8)

With this choice, the modified ALP-photon coupling takes the form

ĉγγ = cγγ −
2
3

4mdms +mu(ms +md)
mumd +mums +mdms

cGG ' cγγ − 2.0 cGG , (7.9)
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Figure 7. Leading-order contributions to the a → γγ decay amplitude in the chiral expansion.
The π0γγ coupling is obtained from the Wess-Zumino-Witten term not shown explicitly in (7.7).

where we have used the ratios mu/md = 0.49± 0.02 and 2ms/(mu +md) = 27.4± 0.1 [88].
Next-to-leading order corrections in the chiral expansion to ĉγγ have been worked out
in [90]. They reduce the coefficient in front of cGG to −(1.92±0.04). At lowest order in the
chiral expansion one finds that, with the above choice of κq values, there are no additional
contributions to the a→ γγ decay amplitude beyond those governed by ĉγγ in (7.9). QCD
dynamics generates a mass for the ALP, thereby breaking the continuous shift symmetry of
the classical Lagrangian. Expanding the terms in the first line of (7.7) to quadratic order
in the pion and ALP fields, one finds [6, 37, 38]

m2
a = c2

GG

f2
πm

2
π

f2
2mumd

(mu +md)2 = f2
πm

2
π

2f2
a

mumd

(mu +md)2 , (7.10)

up to higher-order corrections in the chiral expansion and independent of the choice of the
individual κq values. Here fa = −f/(2cGG) is the axion decay constant. More generally,
one finds that the axion potential is a periodic function of the axion field, which is invariant
under the discrete shift transformation a→ a+ 2nπfa.

Let us now discuss the structure of the effective chiral Lagrangian for a light ALP
in the presence of a non-vanishing mass term m2

a,0. As we will show, in this case some
non-trivial complications arise from the mixing of the ALP with the pseudoscalar mesons,
which give rise to an additional contribution to the a → γγ decay amplitude [22]. For
simplicity, we will consider the case of two light flavors u and d. The generalization to
three flavors is straightforward, but the additional contributions one finds are suppressed
by mu,d/ms. In our discussion we do not impose the relations κu = md/(mu + md) and
κd = mu/(mu + md), which would be the analogue of (7.8) for the case of two flavors.
Physical quantities are independent of the choice of the κq parameters, and it is instructive
to trace in detail how the dependence on these parameters, which enters via the matrix
m̂q(a) and via the coupling parameters ĉqq and ĉγγ in (7.4), cancels out. As an important
example, we consider the decay a → γγ. As shown in figure 7, at leading order in chiral
perturbation theory there are two contributions to the decay amplitude: one involving the
coupling ĉγγ and one involving the mixing of the ALP with the neutral pion, followed by
the decay π0 → γγ mediated by the axial anomaly. The latter coupling can be implemented
in the chiral Lagrangian through the Wess-Zumino-Witten term [96]. Combining the two
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contributions, we find

M(a→ γγ) = 〈γγ|Fµν F̃µν |0〉
[
α

4π
ĉγγ
f

+ fπ√
2f

(
ĉuu − ĉdd

2 p2
a − 2cGG

muκu −mdκd
mu +md

m2
π

)
i

p2
a −m2

π

(
− i
√

2
fπ

α

4π

)]
,

(7.11)

where p2
a = m2

a, and the last factor in the second line arises from the π0 → γγ vertex.7

Adding up the various terms inside the bracket in the first line we find that any dependence
on the parameters κq cancels out, and one is left with the combination

Ceff
γγ = cγγ −

(
5
3 + m2

π

m2
π −m2

a

md −mu

mu +md

)
cGG −

m2
a

m2
π −m2

a

cuu(µχ)− cdd(µχ)
2 , (7.12)

which was identified in [22] as the effective ALP coupling to photons in the chiral effective
theory. Note that there are additional contributions from the charged leptons, which have
been given in (4.8) but are not included here. In the limit of a very light ALP (m2

a � m2
π)

the above relation reduces to (7.9) in the approximation where the strange-quark mass is
decoupled. For a heavier ALP, however, the additional contributions can be important.
For m2

a � m2
π we obtain Ceff

γγ ' cγγ − 1.67cGG + 0.5(cuu − cdd), which is now explicitly
dependent on the quark couplings. The contribution proportional to the mass difference
of the up and down quarks in (7.12) results from the coupling of the neutral pion to
Gaµν G̃

µν,a. The corresponding matrix element can be derived using the anomaly equation
and assuming isospin invariance of the pion matrix elements of axial-vector and pseusoscalar
currents [98, 99]. One finds

〈
π0∣∣ αs

4π
a

f
Gaµν G̃

µν,a
∣∣a〉 = 1

f

〈
π0∣∣ αs

4π G
A
µν G̃

µν,A
∣∣0〉 = 1

f

md −mu

md +mu

fπm
2
π√

2
. (7.13)

The pion then decays into two photons via the axial anomaly. The contribution 5/3 in (7.12)
arises from an analogous coupling to the flavor-singlet meson ϕ0 (the analogue of η1 in flavor
SU(3)) [100]. The result (7.12) implicitly assumes that the ALP is lighter than the flavor-
singlet mesons, because these have been integrated out from the chiral Lagrangian. In the
opposite limit one should use the perturbative expression shown in (4.9) for the effective
ALP-photon coupling. Finally, the contribution proportional to the cqq parameters is due
to the kinetic mixing of the ALP with the neutral pion. This effect introduces a dependence
of the effective ALP-photon coupling on the parameters cqq, which is absent for the QCD
axion. Note that the difference of the ALP couplings to up and down quarks receives an
important contribution from RG evolution. From (5.12) we find the approximate expression

cuu(µχ)− cdd(µχ) ≈ cuu(Λ)− cdd(Λ)− 6 αt(mt)
αs(mt)

1−
(
αs(Λ)
αs(mt)

)1
7

 ctt(Λ) . (7.14)

7Note that the result for this vertex given in eq. (19.117) of [97] misses a minus sign, see the errata pages
listed in this reference.
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In order to avoid the presence of ALP-pion mixing contributions in perturbative cal-
culations, one needs to diagonalize the quadratic terms in the effective chiral Lagrangian.
Upon expanding the Lagrangian to quadratic order in fields, we obtain

LALP
χPT 3

1
2 (∂µϕ)TZ (∂µϕ)− 1

2 ϕ
TM2ϕ ; with ϕ =

(
π0

a

)
, (7.15)

where the symmetric matrices accounting for kinetic and mass mixing are given by

Z =

 1 fπ√
2f

ĉuu−ĉdd
2

fπ√
2f

ĉuu−ĉdd
2 1

 ,
M2 = m2

π,0

 1
√

2fπ cGG
f

muκu−mdκd
mu+md√

2fπ cGG
f

muκu−mdκd
mu+md

m2
a,0

m2
π,0

+ 2f2
π c

2
GG

f2
muκ2

u+mdκ2
d

mu+md

 .
(7.16)

The parameter m2
π,0 = B0 (md+mu) gives the leading-order contribution to the pion mass.

In order to find the properly normalized mass eigenstates, we first diagonalize the matrix
Z, i.e. we construct the unitary matrix UZ such that U †ZZ UZ = Zdiag. We then rescale
the fields to bring the kinetic terms into a canonical form. In the final step we diagonalize
the resulting mass matrix M̂2 ≡ Z

−1/2
diag U †ZM

2UZZ
−1/2
diag , i.e. we construct the unitary

matrix UM such that U †M M̂2UM = M2
diag. The physical mass eigenstates are related

to the original fields in the chiral Lagrangian by ϕphys = U †MZ
1/2
diagU

†
Z ϕ. Written out in

components, this leads to8

π0
phys = π0 − fπ

2
√

2f

(
m2
a,0

m2
π,0 −m2

a,0
∆cud − δκ

)
a+O

(
f2
π

f2

)
,

aphys = a+ fπ

2
√

2f
m2
π,0

m2
π,0 −m2

a,0
∆cud π0 +O

(
f2
π

f2

)
,

(7.17)

where we have defined

∆cud = cuu(µχ)− cdd(µχ) + 2cGG
md −mu

md +mu
, δκ = 4cGG

muκu −mdκd
md +mu

. (7.18)

Importantly, some scheme-dependent terms enter the admixture of an ALP component in
the physical pion state. Inverting the first relation, and eliminating the bare mass terms
in favor of the physical ones, we find

π0 = π0
phys + fπ

2
√

2f

(
m2
a

m2
π −m2

a

∆cud − δκ

)
aphys +O

(
f2
π

f2

)
. (7.19)

8These relations and (7.20) holds as long as |m2
π,0−m2

a,0| � m2
π,0 fπ/f . In the opposite limit one would

obtain maximal mixing, i.e. π0
phys = 1√

2 (π0±a)+O(fπ/f). Besides the fact that such a large mixing would
require a fine-tuning of the mass parameters that is rather implausible, it would modify the properties of
the neutral pion in a way that is incompatible with experimental findings.
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The physical masses squared of the neutral pion and the ALP are given by the eigenvalues
m2 of the equation det(M2 −m2Z) = 0. We find

m2
π = m2

π,0

[
1 +

m2
π,0

m2
π,0 −m2

a,0

f2
π

8f2 (∆cud)2
]

+O
(
f4
π

f4

)
,

m2
a = m2

a,0

{
1 + f2

π

8f2

[
(∆cud + δκ)2 −

m2
π,0

m2
π,0 −m2

a,0
(∆cud)2

]}

+m2
π,0 c

2
GG

f2
π

f2
2mumd

(mu +md)2 +O
(
f4
π

f4

)
.

(7.20)

In the limit wherem2
a,0 � m2

π,0 we recover relation (2.2). Note that the ALP mass receives a
scheme-dependent contribution involving the κq parameters. This is not a problem, because
only the physical mass parameter m2

a is observable, whereas the “bare” mass parameter
m2
a,0 is not.
For the special choice κu = md/(mu + md) and κd = mu/(mu + md), the quantity δκ

vanishes and relation (7.19) reduces to a result derived in [22]. But this choice does not
eliminate the ALP-pion mixing. Instead, in the presence of a non-vanishing ALP mass the
optimal choice of the κq parameters is

κu = md

mu +md
+ m2

a

m2
π −m2

a

∆cud
4cGG

, κd = mu

mu +md
− m2

a

m2
π −m2

a

∆cud
4cGG

. (7.21)

In the limit where m2
a/m

2
π → 0 this reduces to the default choice usually adopted in

the literature, but for generic ALP masses the additional contributions introduce impor-
tant corrections. With the choice (7.21) the physical neutral-pion state does not contain
an admixture of the ALP at first order in fπ/f , the parameter ĉγγ in the effective La-
grangian (7.7) agrees with the effective ALP-photon coupling Ceff

γγ shown in (7.12), and the
parameters ĉqq satisfy the relation

ĉuu − ĉdd = m2
π

m2
π −m2

a

∆cud . (7.22)

Finally, with this choice the physical ALP mass can be expressed as

m2
a = m2

a,0

1 + f2
π

8f2
m2
πm

2
a,0(

m2
π −m2

a,0

)2 (∆cud)2

+ c2
GG

f2
πm

2
π

f2
2mumd

(mu +md)2 +O
(
f4
π

f4

)
. (7.23)

This result generalizes relation (2.2) to arbitrary values of the Lagrangian parameter m2
a,0.
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When the effective chiral Lagrangian (7.7) is expressed in terms of the physical states
given in (7.17), one finds (now for general κq parameters)

LALP
χPT = 1

2 ∂
µa∂µa−

m2
a

2 a2+ 1
2 ∂

µπ0∂µπ
0−m

2
π

2
(
π0)2+Dµπ+Dµπ

−−m2
π π

+π−+O
(
π4

f2
π

)

+ ∆cud
6
√

2fπf
1

m2
a−m2

π

[
2(m2

a−2m2
π)∂µa

(
π0π+Dµπ

−+π0π−Dµπ
+−2π+π−∂µπ

0
)

−2m2
aa
(
π+Dµπ−∂µπ

0+π−Dµπ+∂µπ
0−2π0Dµπ+Dµπ

−
)

−m2
am

2
π a

(
2π+π−π0+

(
π0
)3
)]

+O
(
aπ5

f3
πf

)

+ δκ

3
√

2fπf

[
∂µa

(
π0π+Dµπ

−+π0π−Dµπ
+−2π+π−∂µπ

0
)

−a
(
π+Dµπ−∂µπ

0+π−Dµπ+∂µπ
0−2π0Dµπ+Dµπ

−
)]

+
(
ĉγγ−

δκ
2 + m2

a

m2
a−m2

π

∆cud
2

)
α

4π
a

f
Fµν F̃

µν+. . . , (7.24)

where Dµπ
± = (∂µ∓ ieAµ)π±, and for simplicity we have suppressed the subscript “phys”

on the fields. The coefficient in front of the ALP-photon coupling, which is the sum of the
coefficient ĉγγ and a contribution from the Wess-Zumino-Witten term, is nothing but the
quantity Ceff

γγ given in (7.12). It is independent of the choice of the κq parameters. The
remaining dependence, which enters via the quantity δκ, drops out when one calculates
physical matrix elements. Indeed, using integration by parts it can be seen that the co-
efficient of δκ vanishes when the equations of motion for the pion fields are used. They
can thus be dropped from the effective Lagrangian. It follows that a single parameter
∆cud governs the leading-order interactions of the ALP with pions, and we obtain the final
expression

LALP
χPT = 1

2 ∂
µa∂µa−

m2
a

2 a2+ 1
2 ∂

µπ0∂µπ
0−m

2
π

2
(
π0)2+Dµπ+Dµπ

−−m2
π π

+π−+O
(
π4

f2
π

)

− ∆cud
6
√

2fπf
m2
π

m2
a−m2

π

[
4∂µa

(
π0π+Dµπ

−+π0π−Dµπ
+−2π+π−∂µπ

0
)

+m2
aa

(
2π+π−π0+

(
π0
)3
)]

+O
(
aπ5

f3
πf

)
+Ceff

γγ

a

f
Fµν F̃

µν+. . . . (7.25)

This generalizes the effective axion-pion Lagrangian derived in [101] to the case of an ALP
with non-zero mass parameter m2

a.
As an important application of the Lagrangian (7.24) we consider the decays of an

ALP into three pions, which is allowed if the ALP mass is larger than 3mπ. We obtain the
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Figure 8. Dependence of the phase-space functions g00(r) (blue) and g+−(r) (red) on the ALP
mass (with r = m2

π/m
2
a).

decay amplitudes

M(a→ π0π0π0) = − ∆cud√
2fπf

m2
πm

2
a

m2
a −m2

π

,

M(a→ π+π−π0) = − ∆cud√
2fπf

m2
π (m2

+− −m2
π)

m2
a −m2

π

,

(7.26)

where m2
+− = (pπ+ + pπ−)2 is the invariant mass squared of the charged pion pair. These

expressions agree with corresponding results derived in [22]. In this reference also the
differential distributions in the Dalitz plot were derived. Note that the chiral expansion
makes sense only in the region of phase space where the pion momenta are small compared
with the scale of chiral symmetry breaking, 4πfπ ' 1.63GeV. This requires the ALP to
be lighter than about 3GeV. For the total decay rates one finds

Γ(a→ πaπbπ0) = mam
4
π

6144π3f2
π f

2 (∆cud)2 gab

(
m2
π

m2
a

)
, (7.27)

where (with 0 ≤ r ≤ 1/9)

g00(r) = 2
(1− r)2

∫ (1−
√
r)2

4r
dz

√
1− 4r

z
λ1/2(1, z, r) ,

g+−(r) = 12
(1− r)2

∫ (1−
√
r)2

4r
dz

√
1− 4r

z
(z − r)2 λ1/2(1, z, r) .

(7.28)

Both functions are normalized such that gab(0) = 1, and they vanish at the threshold
r = 1/9. The dependence of these two functions on the ALP mass is shown in figure 8.
Interestingly, the two decay rates are almost of equal size, despite of the fact that the
rate of the a → 3π0 mode contains a symmetry factor 1/6. From a phenomenological
point of view the a → 3π decay rates can be important. For ma = 1GeV, we find that
Γ(a → 3π)/Γ(a → γγ) ' 4.6 (∆cud/Ceff

γγ )2, where the ratio of couplings is naturally of
O(1), see (7.12) and (7.18).
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8 Conclusions

Axions and axion-like particles (commonly referred to as ALPs in this work) are well-
motivated new-physics candidates in extensions of the Standard Model (SM) with a spon-
taneously broken global symmetry. In these models the mass scale of the new-physics
sector is set by the scale at which the global symmetry is broken, whereas the mass of the
associated pseudo Nambu-Goldstone boson (the ALP) can be significantly smaller. The
fundamental coupling structure of an ALP is therefore determined at the ultra-violet (UV)
scale Λ, while most experimental searches are performed at energies comparable to its
mass. The couplings at this low scale dictate the most relevant interactions of an ALP, its
branching ratios and the most promising search strategies. In this work we have derived
the low-energy ALP couplings by starting from the most general Lagrangian including all
leading-order dimension-5 operators at the UV scale, systematically evolving the coupling
parameters to lower energies, and matching onto an effective Lagrangian below the elec-
troweak scale and finally to the chiral Lagrangian. The corresponding equations represent
a complete framework for calculating the couplings of an ALP to SM particles at any
given scale.

At the UV scale the effective ALP Lagrangian can be defined in terms of different but
equivalent operator bases, which make manifest either the derivative nature of the ALP
couplings or the suppression of the ALP-fermion interactions by the fermion masses. We
have demonstrated the equivalence of the different bases explicitly, using the example of the
one-loop ALP decay widths into gauge bosons. The most general effective Lagrangian con-
tains a redundant operator, in which the ALP is derivatively coupled to the Higgs current.
This operator can be reduced to the remaining operators using field redefinitions. While it
can thus consistently be omitted from the operator basis, the presence of UV divergences
in the three-point function connecting an ALP with two scalar fields must nevertheless be
treated carefully when deriving the evolution equations for the ALP couplings to fermions.

We have presented the renormalization-group (RG) evolution equations for the ALP
couplings above and below the electroweak scale, working consistently at two-loop order
in gauge couplings and one-loop order in Yukawa interactions. In our default basis shown
in (2.1), the ALP-boson couplings are scale independent in this order, while the ALP-
fermion couplings obey a rather complicated set of coupled differential equations, given
in (3.2). We have derived the exact solution to these equations in the approximation where
one neglects the SM Yukawa couplings of all fermions with the exception of the top-quark,
for which yt ≈ 1. At the electroweak scale, we have expressed the effective Lagrangian
in terms of fields in the broken phase, which correspond to the mass eigenstates of the
SM particles. High-energy collider processes involving ALPs can be systematically studied
using the ALP effective Lagrangian formulated at this scale.

For low-energy processes involving ALPs, it is necessary to evolve the effective La-
grangian down to lower scales. At the electroweak scale we have performed a systematic
matching procedure by integrating out the top quark, the Higgs boson and the W and
Z bosons. We have included all matching contributions at one-loop order and partially
accounted for some two-loop contributions required by RG invariance of the effective the-
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ory. A particularly important class of matching contributions gives rise to flavor-changing
ALP-fermion couplings induced by W -boson exchange, which exists even if the underlying
UV theory is flavor universal or, more generally, respects the principle of minimal flavor
violation. The RG evolution below the electroweak scale only affects the flavor-diagonal
ALP-fermion couplings and arises at order α2

s and α2 in the QCD and QED running cou-
plings. At the scale of chiral symmetry breaking we have matched the effective Lagrangian
onto the chiral Lagrangian extended with an ALP field. We have discussed ALP-pion mix-
ing, the effective ALP-photon coupling of a light ALP (with mass below the GeV scale) and
the leading-order ALP couplings to three pions in the presence of a non-zero mass term
for the ALP in the UV theory. We have emphasized that in this case the optimal choice of
the chiral rotation which eliminates the ALP-gluon coupling as well the ALP mixing with
the π0 state is different from the case of the classical QCD axion. We have also shown
explicitly that the ALP-photon coupling and the ALP couplings to pions are independent
of the parameters of the chiral rotation.

There is an important flavor-universal contribution to the ALP couplings to fermions,
which is generated above the scale of the top-quark mass and arises from the ALP mixing
into the neutral SM Goldstone boson. This effect is induced through top-quark loops and
receives large logarithmic corrections of order αnt lnn(Λ2/m2

t ) in higher orders of perturba-
tion theory, which we have resummed to all orders, see (5.12). It generates, for example,
a sizable ALP-electron coupling in the low-energy theory even if only ALP couplings to
quark doublets or right-handed up-type quarks are present in the UV theory. Depending
on the ALP mass, experimental searches for a→ e+e− decays, astrophysical constraints or
precision-spectroscopy searches sensitive to the simultaneous presence of ALP-electron and
ALP-nucleon couplings can discover an ALP with these properties even if the ALP does
not interact with leptons at the UV scale. This argument extends to the case of the QCD
axion, for which we have shown that the DFSZ axion has sizable couplings to electrons
even at low tan β, where the UV coupling to electrons is strongly suppressed.

The results of this paper form the basis for precise phenomenological analyses of the
physics of axions and ALPs, connecting low-energy observables in a systematic and accurate
way with the couplings of the underlying UV theory.
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paper has appeared on arXiv.org, we learned that the two-loop contributions involving
the ALP-fermion couplings, which are included in the evolution equations (3.2) via our
definitions of the parameters c̃V V in (2.11), have also been discussed in [103].
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A Scale dependence of the c̃V V parameters

Contrary to the original ALP-boson couplings cV V , the quantities c̃V V defined in (2.11)
are no longer scale independent at two-loop order, but they satisfy the evolution equations

dc̃GG
d lnµ =

∑
q

y2
q

8π2 cqq+ 9α2
s

2π2 C
(3)
F c̃GG+ 9α2

2
4π2 C

(2)
F c̃WW + 9α2

1
8π2

(
Y2
u+Y2

d+2Y2
Q

)
c̃BB

≈ y2
t

8π2 ctt+
6α2

s

π2 c̃GG+ 27α2
2

16π2 c̃WW + 11α2
1

16π2 c̃BB ,

dc̃WW

d lnµ =
∑
q

3y2
q

32π2 cqq+
∑
`

y2
`

32π2 c``+
27α2

s

8π2 C
(3)
F c̃GG+ 9α2

2
2π2 C

(2)
F c̃WW + 9α2

1
8π2

(
Y2
L+3Y2

Q

)
c̃BB

≈ 3y2
t

32π2 ctt+
9α2

s

2π2 c̃GG+ 27α2
2

8π2 c̃WW + 3α2
1

8π2 c̃BB ,

dc̃BB
d lnµ =

∑
i

[
17y2

ui

96π2 cuiui+
5y2
di

96π2 cdidi+
5y2
ei

32π2 ceiei

]

+ 33α2
s

8π2 C
(3)
F c̃GG+ 3α2

2
2π2 C

(2)
F c̃WW + 3α2

1
8π2

(
8Y2

u+2Y2
d+Y2

Q+6Y2
e +3Y2

L

)
c̃BB

≈ 17y2
t

96π2 ctt+
11α2

s

2π2 c̃GG+ 9α2
2

8π2 c̃WW + 95α2
1

24π2 c̃BB . (A.1)

Here q = u, d, s, c, b, t and ` = e, µ, τ run over the various fermion flavors of the SM. We
have derived these equations using the evolution equations (3.1) and (3.2).

It is a very good approximation to drop all Yukawa couplings other than yt, in which
case only the ALP-fermion coupling ctt enters on the right-hand side of the equations. The
evolution equation for this quantity can be derived from (3.2). In the approximation where
only the top Yukawa is kept, one finds

dctt
d lnµ ≈

9y2
t

16π2 ctt + 2α2
s

π2 c̃GG + 9α2
2

16π2 c̃WW + 17α2
1

48π2 c̃BB . (A.2)

Relations (A.1) and (A.2) form a coupled system of equations, which can be solved to obtain
the scale-dependent coefficients ctt(µ) and c̃V V (µ). The solutions, in the approximation
needed in this work, have been given in (3.10) and (3.11).

B Evolution equations for the effective Lagrangian (2.9)

The effective Lagrangian (2.9) provides an alternative description of the ALP interactions
with SM fields. Here we present the RG evolution equations for the coupling parameters
c̃V V and Ỹf in this Lagrangian. The evolution equations for the quantities c̃V V have
already been given in (A.1). These parameters are not scale independent, in contrast to
the couplings cV V appearing in the original Lagrangian (2.1). This fact may seem puzzling
at first sight, because the operators describing the ALP-boson interactions are the same
in the two forms of the effective Lagrangian. However, under renormalization the ALP-
boson operators mix with the derivative couplings of the ALP to fermions in (2.1). In the
Lagrangian (2.9) these derivative couplings must be decomposed into linear combinations
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of the non-derivative ALP-fermion interactions and the ALP-boson interactions. This
decomposition introduces a non-trivial scale evolution of the parameters c̃V V .

We have derived these equations for the coupling matrices Ỹf starting from (2.10) and
the evolution equations for the parameters cV V and cF given in (3.1) and (3.2), as well as
the well-known RG equations of the SM Yukawa matrices [104, 105]. We obtain

d

d lnµ Ỹu = 1
16π2

(
2ỸuY †uYu + 5

2YuY
†
u Ỹu −

3
2YdY

†
d Ỹu − 2YdỸ †d Yu − ỸdY

†
d Yu

)
− Ỹu

(2αs
π

+ 9α2
16π + 17α1

48π −
T

16π2

)
+ iYu

[
− X

8π2 + 3α2
s

2π2 C
(3)
F c̃GG + 3α2

2
4π2 C

(2)
F c̃WW + 3α2

1
4π2

(
Y2
u + Y2

Q

)
c̃BB

]
,

d

d lnµ Ỹd = 1
16π2

(
2ỸdY †d Yd + 5

2YdY
†
d Ỹd −

3
2YuY

†
u Ỹd − 2YuỸ †uYd − ỸuY †uYd

)
− Ỹd

(2αs
π

+ 9α2
16π + 5α1

48π −
T

16π2

)
+ iYd

[
X

8π2 + 3α2
s

2π2 C
(3)
F c̃GG + 3α2

2
4π2 C

(2)
F c̃WW + 3α2

1
4π2

(
Y2
d + Y2

Q

)
c̃BB

]
,

d

d lnµ Ỹe = 1
16π2

(
2ỸeY †e Ye + 5

2YeY
†
e Ỹe

)
− Ỹe

(9α2
16π + 15α1

16π −
T

16π2

)
+ iYe

[
X

8π2 + 3α2
2

4π2 C
(2)
F c̃WW + 3α2

1
4π2

(
Y2
e + Y2

L

)
c̃BB

]
, (A.1)

with
T = Tr

(
3Y †uYu + 3Y †d Yd + Y †e Ye

)
, (A.2)

and X as given in (3.3).
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