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ABSTRACT: Axions and axion-like particles (ALPs) are well-motivated low-energy relics
of high-energy extensions of the Standard Model, which interact with the known particles
through higher-dimensional operators suppressed by the mass scale A of the new-physics
sector. Starting from the most general dimension-5 interactions, we discuss in detail the
evolution of the ALP couplings from the new-physics scale to energies at and below the
scale of electroweak symmetry breaking. We derive the relevant anomalous dimensions
at two-loop order in gauge couplings and one-loop order in Yukawa interactions, carefully
considering the treatment of a redundant operator involving an ALP coupling to the Higgs
current. We account for one-loop (and partially two-loop) matching contributions at the
weak scale, including in particular flavor-changing effects. The relations between different
equivalent forms of the effective Lagrangian are discussed in detail. We also construct the
effective chiral Lagrangian for an ALP interacting with photons and light pseudoscalar
mesons, pointing out important differences with the corresponding Lagrangian for the
QCD axion.
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1 Introduction

Axions and axion-like particles (ALPs) are pseudo Nambu-Goldstone bosons, which ap-
pear in the spontaneous breaking of a global symmetry and are well motivated new-physics
relics in a variety of explicit extensions of the Standard Model (SM) of elementary-particle
physics. Their name is derived from the QCD axion, which was introduced by Peccei,
Quinn and others to address the strong CP problem [1-4]. While several explicit models
of QCD axions [5-8] predict a rather strict relation between the axion mass and decay
constant, it was realized early on that it is possible to obtain solutions to the strong CP
problem with heavier ALPs [9]. Furthermore, supersymmetric and composite-Higgs mod-
els can naturally feature light pseudoscalar particles. For example, the R-axion is the
pseudo Nambu-Goldstone boson of the R-symmetry breaking in low-energy supersymme-
try [10], while non-minimal coset structures in models of compositeness predict pseudo



Nambu-Goldstone bosons in addition to the Higgs boson [11]. These models provide ample
motivation to search for light ALPs, in particular those with masses in the range between
an MeV and tens of GeV, whose couplings are not tightly constrained by existing cosmo-
logical [12, 13], astrophysical [14, 15] and collider bounds [16-32].

The results of this work apply equally to the cases of the QCD axion and of a more
general ALP, and from now on we use the term ALP to represent both options. We use
a model-independent approach to connect the ALP couplings to SM particles, which can
be probed in low-energy experiments, with the couplings at the fundamental new-physics
scale A, which we assume to be far above the scale of electroweak symmetry breaking. The
leading-order interactions with SM fields can be parameterized in terms of the Wilson coef-
ficients of dimension-5 operators suppressed by 1/A, and hence a heavy new-physics sector
corresponds to weak ALP couplings. Starting from the most general effective Lagrangian
at dimension-5 order, we calculate the effects of renormalization-group (RG) evolution
from the new-physics scale down to the scale of electroweak symmetry breaking and below,
systematically including all contributions to the anomalous dimensions arising at two-loop
order in gauge couplings and one-loop order in Yukawa interactions. The effects of a re-
dundant operator, in which the ALP couples to the Higgs current, are carefully taken
into account. We also calculate the complete one-loop matching contributions at the weak
scale, which arise when the top quark, the Higgs boson and the W and Z bosons are inte-
grated out. If the underlying global symmetry is flavor-dependent, the ALP couplings to
quarks or leptons can have a non-trivial flavor structure at the scale A [33-35]. But even
if the underlying global symmetry is flavor-universal, flavor-violating ALP couplings are
inevitably induced radiatively. This opens up the possibility to search for ALPs in rare,
flavor-changing decays of mesons and leptons, which could provide information about the
structure of a new-physics sector otherwise out of reach of direct searches. We illustrate
the numerical effects of RG evolution and weak-scale matching for different values of the
new-physics scale A. Our study of these effects goes significantly beyond existing studies
in the literature, and it is relevant for the case of the QCD axion, too. We also discuss the
relations between several equivalent forms of the effective ALP Lagrangian, which differ in
the form of the ALP-fermion interactions. Finally, we discuss the matching of the effec-
tive Lagrangian at low energies onto a chiral effective Lagrangian describing the couplings
of a light ALP to photons and light pseudoscalar mesons, carefully taking into account
the presence of a non-zero ALP mass in the effective theory, which gives rise to several
important effects.

The results of this work form the basis for precise phenomenological analyses of the
physics of a light ALP or axion, connecting low-energy observables in a systematic and
accurate way with the couplings of the underlying ultra-violet (UV) complete theory.

2 ALP couplings to the SM

We consider a gauge-singlet, pseudoscalar resonance a, whose couplings to SM fields are,
at the classical level, protected by an approximate shift symmetry a — a + ¢, broken softly



by the mass term mio. Such a coupling structure arises, for example, if the particle a can
be identified with the phase of a complex scalar field.
2.1 Choice of the operator basis

The most general effective Lagrangian for this particle including operators of up to dimen-
sion 5 reads [36]!

1 ma
L5 =5 (0ua)(0"a) - =52 a? + j, =3 drermte
F (2.1)
a uv,a WA W,uuA VB/W-
+CGG4 fG G -i-CWW4 f +CBB4 f B,
Here G, W/fy and By, are the field-strength tensors of SU(3)., SU(2)r and U(1)y, and

s = gs/(47r) 042 = ¢?/(47) and oy = ¢'?/(4m) denote the corresponding coupling param-
cters. B = e“” 2B Bag ete. (with €923 = 1) are the dual field-strength tensors. The sum
in the first hne extends over the chiral fermion multiplets F' of the SM. The quantities cp
are hermitian matrices in generation space. For the couplings of a to the U(1)y and SU(2),
gauge fields, the additional terms arising from a constant shift a — a + ¢ of the ALP field
can be removed by field redefinitions. The coupling to QCD gauge fields is not invariant
under a continuous shift transformation because of instanton effects, which however pre-
serve a discrete version of the shift symmetry, under which a — a + nnf/cgq with integer
n [3, 4]. Above we have indicated the suppression of the dimension-5 operators with the
ALP decay constant f, which is related to the relevant new-physics scale by A = 4x f. This
is the characteristic scale of global symmetry breaking, assumed to be far above the weak
scale. It is then a good approximation to neglect contributions from higher-dimensional
operators, which are suppressed by higher powers of 1/f.2 Since our effective theory only
contains the SM particles and the ALP as degrees of freedom, it would need to be modi-
fied in scenarios with a new-physics sector between the weak scale and the scale of global
symmetry breaking (v < Myp < 4w f). Even in this case, the effective Lagrangian (2.1)
offers a model-independent description of the physics below the intermediate scale Myp.

The physical ALP mass is given by the sum of the explicit soft breaking term mio
and the contribution to the mass generated by non-perturbative QCD dynamics [6, 37, 38|,
such that at lowest order in chiral perturbation theory

1+0<£)

where f; ~ 130MeV is the pion decay constant. The correction to the first term in this

2,2
o fimi  2mymyg

2
T T (et ma)?

mg —mao

, (2.2)

relation will be discussed in section 7. Whereas for the classical QCD axion (with m?w =0)
there is a strict relation between the mass and the coupling to gluons, the presence of the ad-
ditional contribution mio allows for heavier ALPs, which however are still naturally much

The ALP couplings to fermions and gauge bosons in (2.1) are related to the analogous couplings
introduced in [22] by f = A/(47), cr = Cr/(47) and cyv = 4w Cyvy with V = G, W, B.

2In the literature on QCD axions f is often eliminated in favor of the axion decay constant f,, defined
such that 1/fo = —2cqa/f. The parameter 1/ f, then determines the strength of the axion-gluon coupling.



lighter than the scale f as long as the ALP is a pseudo Nambu-Goldstone boson and the
shift symmetry is effective. It is possible to generate this additional contribution dynami-
cally using non-abelian extensions of the SM, in which additional instanton contributions
arise [9, 39-51], or using the recently proposed mechanism of axion kinetic misalignment,
in which the axion shift symmetry is explicitly broken in the early universe [52]. It is thus
possible to generate an ALP mass significantly larger than the contribution from QCD
instantons while preserving the Peccei-Quinn solution of the strong CP problem.

The ALP couplings ¢r to the SM fermions can, in principle, have a non-trivial structure
in generation space, thereby giving rise to flavor-changing neutral current interactions
mediated by ALP exchange. The phenomenological constraints on such couplings are very
strong, especially for light ALPs, which can be produced in the decays of kaons or B
mesons [53-59], and which can give sizable contributions to flavor-changing transitions
in the lepton sector [60-62] and to electric dipole moments [63, 64]. In extensions of
the SM in which the new-physics scale A = 47 f is not very far above the TeV scale, the
coupling matrices ¢y must have a hierarchical structure in order to be consistent with these
constraints. From the point of view of model building, such a structure can be ensured by
imposing the principle of minimal flavor violation [65]. Under this hypothesis, the matrices
cq and ¢, in the quark sector can be expanded as

cg = Q1 +4e (c? Y, Y, +c§ YdeT) +0O(e?),
co=cil+ect VY, + [ (VIV) + 4 Y vy v + o), (2.3)
Cd = Cg I+ ecf YdTYd + € {Cg (YdTY:i)Q + Cg YdTYuYJYd} +0(e),

where € counts the order in the spurion expansion. Analogous expressions apply in the
lepton sector. The phenomenological implications of these results will be discussed later.

2.2 A redundant operator

The form of the effective Lagrangian (2.1) is not unique. At dimension-5 order one can
also write down an ALP coupling to the Higgs doublet ¢, given by

L
LI Dy Oy =cy ({)fa (¢'iDue +hec.) . (2.4)

The operator Oy is redundant, however, because it can be reduced to the fermionic op-
erators in (2.1) using the field equations for the Higgs doublet and the SM fermions [36].
Indeed, the field redefinitions ¢ — %/ f ¢ and F — e~"Prcea/f F for all chiral fermion
multiplets F' of the SM, subject to the conditions

/BU_BQ:_17 Bd_BQ:17 Be_ﬂ[/zla 3/8Q+/8L:07 (25)

eliminate the term c4 Oy from the Lagrangian at the expense of shifting the flavor matrices
CFp by

CF—>CF+5FC¢IL. (26)
The first three relations in (2.5) ensure that the SM Yukawa interactions are invariant un-
der the field redefinitions. The fourth relation guarantees that the combination of fermion



currents induced by the field redefinitions is anomaly free, and hence no additional contri-
butions to the coefficients of the operators in (2.1) involving the gauge fields are generated.

The conditions (2.5) define a one-parameter class of field redefinitions, which one can
use to eliminate the operator Oy from the effective Lagrangian. One particular solution is
given by the choice 5, = —1, B4 = B = 1 and Bg = 1, = 0, which was adopted in [66, 67]
and eliminates Oy in favor of a linear combination of operators involving right-handed
quark currents. A different solution consists of the choice fr = —2)p, where Vr denotes
the hypercharge of the fermion multiplet F' [36, 58]. In general, the derivative couplings
of the ALP are only defined modulo generators of exact global symmetries of the SM,
which include baryon and lepton number. We will see later that physical quantities are
independent of the particular choice of S values as long as the conditions (2.5) are satisfied.

It follows from this discussion that the redundant operator Oy can be re-expressed in

the form
0"a

f

where a sum over the generation index ¢ is implied, and the new operator Oy vanishes by the

O¢ = O¢ + Z Br O, with Op = 1%:%1#%, (27)
F

equations of motion. It is a well-known fact that such operators do not need to be included
in the renormalization of the basis operators in an effective field theory [68, 69]. Hence, it
is consistent to leave out the operator Oy from the effective Lagrangian (2.1). As we will
see in section 3, the original operator Oy is needed as a counterterm to absorb some UV
divergences of loop diagrams involving the fermionic operators Or. The correct treatment
then consists of projecting Oy back onto our basis using the replacement rule [70-72]

Oy — Z BrOp. (2.8)
F

2.3 Equivalent forms of the effective Lagrangian

Another important freedom in writing down the effective Lagrangian concerns the structure
of the ALP couplings to fermions. One can integrate by parts in the third term in (2.1) and
use the SM equations of motion along with the well-known equation for the axial anomaly
to put the effective Lagrangian in the alternative form

2
Map 2 @

LA = 5 (00)(0"a) - (Qo¥adn + @3%uun+ LoYoen+hic.)

? s a ~2 f as a N a1 a . (2.9)
+ a6 7 G, G'" + eww ar T Wi, WA 4 épp i T B, B",
where
f’d:i(chd—cQYQ), Yu:z’(Yucu—cQYu), Ye:i(YGCe—cLYQ), (2.10)
and
éae = cae +TrTr(cy +cqg— Npcq),
cww =cww — TpTr (Necg +cr), (2.11)

épp = cpp +Tr [Ne (V2 ew+Viea— NoVieq) + ¥2e. — N Viewl.
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Figure 1. Contributions to the a — gg decay amplitude involving the ALP-gluon coupling (left)
and the ALP couplings to quarks (right). The ALP is drawn as a dotted line. The black circles
indicate vertices deriving from the dimension-5 operators in the effective Lagrangian (2.1).

Here the traces are over generation indices. T = % fixes the normalization of the SU(N)
group generators, N, = 3 is the number of colors, and Ny = 2 denotes the number of weak
isospin components. Vg = %, Vu = %, Vg = —%, Vi = —% and ), = —1 denote the hyper-
charge quantum numbers of the SM quarks and leptons. The effective Lagrangians (2.1)
and (2.9) are equivalent as long as these relations are taken into account. Note, however,
that in (2.9) there is no apparent reason for the complex matrices Yf to have any particu-
lar structure. It is the shift symmetry encoded in the effective ALP Lagrangian (2.1) that
gives rise to the hierarchical structure of these matrices, which results from the appearance
of the SM Yukawa matrices in (2.10). This feature distinguishes an ALP from a generic
pseudoscalar boson a. We thus prefer to take the Lagrangian (2.1) as the starting point
of our calculations. Nevertheless, we will see that the combinations &y of ALP-boson
and ALP-fermion couplings shown in (2.11) play an important role in phenomenological
applications of the effective Lagrangian and in the evolution of the ALP couplings from
the new-physics scale A down to lower energies.

It is instructive to illustrate the equivalence of the effective Lagrangians (2.1) and (2.9)
with a concrete example. Consider the decay of an ALP with mass m, > Aqcp into two
gluons, which manifest themselves as two jets in the final state. The relevant contributions
to the decay amplitude are shown in figure 1. Calculating the decay rate at one-loop order
in perturbation theory, taking into account radiative corrections calculated in [73], one
obtains [22]

2 3
_ai(mg)m,, 97 @ as(mg) off |2
Pla—g9) = =55 { + ( 0 cel (2.12)
Here n, is the number of light quark flavors with mass below the ALP mass, and
off 4mq
Cog =CcG + 5 Z Cqq(Mmy) By 2 ) (2.13)
a
where
9 ) arcsin f ; T>1,
Bi(t)=1—1f(1), with  f(7) = 54 i 1+\/ﬁ . (2.14)

v

The sum runs over the six quark species of the SM. The parameters cqq(m,) describe
the flavor-diagonal ALP couplings to the quark mass eigenstates and will be defined later



in (4.12). They are connected with the ALP-fermion couplings ¢, and cq after these have
been transformed into the mass basis of the SM quarks. The above result is obtained
based on the effective Lagrangian (2.1). If instead the calculations are starting from the
alternative form of the effective Lagrangian shown in (2.9), one finds

off _ ~ 1 4mg
Cog = o + 5 > cqq(ma) [Bl <m2> — 11 : (2.15)
q a
The “—1” inside the bracket accounts for the difference in the fermion loop function, which
is a consequence of the difference in the Feynman rules for the ALP-fermion vertices derived
from the two Lagrangians. At the same time, the coefficient égq differs from cga by the
terms shown in the first equation in (2.11). Because of the trace, the difference between
the two parameters is invariant under the unitary transformation to the mass basis, and
one finds
. 1 1
cqa = cgag + 5 Tr (Cu +cq — QCQ) =cqag + B ; Cqq - (2.16)
We thus find that the above two relations for C’gg are indeed equivalent.

It is possible to work with a hybrid form of the effective ALP Lagrangian, in which
the ALP-fermion interactions consist of both derivative terms, such as in (2.1), and non-
derivative terms, such as in (2.4). This is useful, in particular, for low-energy applications in
the context of the chiral effective Lagrangian. We will come back to this point in section 7.

Our definitions of the ALP couplings in (2.1) are such that the parameters cyy and
cr are expected to be of O(1) when one applies the counting rules of naive dimensional
analysis [74-76]. These rules imply, in particular, that the ALP-boson couplings cyy
should be accompanied by a loop factor ~ «;/(47m), as shown in (2.1). However, one can
conceive models in which these couplings are induced by loops involving a parametrically
large number Ny of new heavy fermions, such that cyy oc Ny > 1 can (at least partially)
compensate for the loop suppression. In our analysis below, we account for this possibility
by including the one-loop corrections proportional to the ALP-boson couplings in the RG
equations for the ALP-fermion couplings, even though they provide two-loop contributions
~ (a;/m)? to these equations. A second rationale for this approach lies in the fact that
in many concrete ALP models only certain ALP couplings are non-zero at the UV scale.
Our treatment in the next section captures the leading contributions in each coupling
irrespective of the relative magnitude of the ALP-boson and ALP-fermion couplings in the
high-energy theory. We emphasize, however, that in cases where the coefficients ¢y and
cr are of similar magnitude, one-loop diagrams involving the coefficients ¢y have the same
scaling as two-loop diagrams involving the coefficients cp, see figure 2. For consistency, we
thus include all two-loop contributions in the gauge couplings in the RG equations for the
ALP-fermion couplings.

3 Renormalization-group evolution to the weak scale

The effective Lagrangian (2.1) is assumed to arise from integrating out some new heavy
particles at a scale A = 4nf far above the weak scale. Assuming the ALP mass is small



Figure 2. Examples of one-loop and two-loop diagrams contributing at the same order in pertur-
bation theory if cyy and cp have similar magnitude.

— of order 100 GeV or less — we can evolve the Wilson coefficients and operators in the
effective Lagrangian down to the scale of electroweak symmetry breaking by solving their
RG equations. We now derive the explicit form of these equations, working consistently at
two-loop order in gauge couplings and one-loop order in Yukawa interactions. These are
the lowest orders at which these interactions contribute to the evolution equations for the
ALP couplings. In models in which the boson couplings are enhanced over the fermion
ones, the two-loop gauge contributions can give rise to the dominant evolution effects. Two-
loop corrections in the Yukawa couplings, or mixed two-loop gauge-Yukawa contributions,
are neglected in our approach. They would give rise to small multiplicative corrections
of the fermion couplings, but they do not introduce new ALP coupling parameters on
the right-hand side of the evolution equations. Thus, there is no scenario in which these
neglected two-loop contributions could give rise to dominant effects. Some technical details
of our derivations are relegated to appendix A. The RG equations for the ALP couplings
appearing in the alternative form of the effective Lagrangian in (2.9) can be derived from
the equations below in a straightforward way. They are discussed in appendix B.

3.1 Derivation of the RG evolution equations

Pulling out one factor of «; in the definitions of the ALP couplings to gauge fields in (2.1)
ensures that the Wilson coefficients cyy are scale independent (at least up to two-loop
order in gauge couplings), i.e.

d
dlnp

crv(p)=0; V=G,W,B. (3.1)

For the QCD coefficient cg¢ this follows from the explicit calculations performed in [77],
and an analogous statement holds for ey and cgp. This is different from the case of a
scalar (CP-even) field coupled to two gauge fields, in which the corresponding couplings
exhibit a non-trivial RG evolution starting at two-loop order [78, 79]. We have checked
explicitly that the one-loop diagrams involving the scalar Higgs doublet do not give rise to
a scale dependence of the coefficients cyyw and cgp either. The contributions from these
graphs are absorbed by the renormalization of the gauge couplings.

The Wilson coefficients c¢p of the ALP interactions with fermions in (2.1) are scale-
dependent quantities and satisfy rather complicated RG equations. At one-loop order there
are contributions from Yukawa interactions, which result from the first three graphs shown
in figure 3. While the external-leg corrections (first two graphs) give rise to multiplicative
renormalization effects, which in general are not diagonal in generation space, the vertex



diagram (third graph) leads to a mixing of the SU(2), singlet and doublet coefficients cg
and ¢, 4, as well as ¢z, and c.. Our results for these contributions to the RG equations agree
with the corresponding expressions derived in [55, 58, 80]. The first diagram in the second
row of figure 3 shows a class of UV-divergent one-loop diagrams which require the operator
Oy in (2.4) as a counterterm. As we have discussed in section 2 this operator is redundant.
It is therefore required to map it back onto our operator basis using the replacement
rule (2.8). This gives rise to universal contributions in the RG equations proportional
to the parameters fp in (2.5). In previous studies the operator Oy4 was included as a
basis operator, and its coefficient Cy not only entered the evolution equations for the
ALP-fermion couplings, but in fact was assumed to obey an independent RG equation
itself [55, 58]. Such a treatment gives rise to ambiguous results (see e.g. the discussion in
section 3 of [72]), because it is impossible to distinguish the matrix elements of O, from
the matrix elements of the fermionic operators Op in (2.8).3

In addition, there is a mixing of the Wilson coefficients cyy of the ALP-boson interac-
tions into the coefficients cp, shown by the last diagram in figure 3. For the case of QCD
this mixing has been studied in [77, 81],* and we agree with the findings of these authors.
Note that, owing to our normalization of the coefficients cy v/, the corresponding terms in
the evolution equations are proportional to a? , and they are diagonal in generation space.
Finally, at two-loop order in gauge interactions there are additional generation-independent
contributions to the evolution equations, which are proportional to the ALP-fermion cou-
plings. They arise from the second diagram shown in figure 2 and are diagonal in generation
space. We have derived these contributions by generalizing the corresponding results ob-
tained for QCD in [82, 83] to the gauge group of the SM. Combining all effects, we obtain
(with ¢ = u, d)

d 1
- Y, Y +Y, Y] - Y, .Y +Y e, Y]
dlnMCQ(M) 327 2{ u+ d d’CQ} 1671'2 ( c u+ dCd d)
Bo o 307 ). 303 ). 3af o
+ 87‘(‘2 X 47‘(’2 CF CG —HCF CWW_R:)}Q CBB ﬂ,
LC (n)= {Y, TY cq}— Y cQYy+ D X+ S o GG+ ychB
dinp ? 167r2 ©a 872 F

d 1 BL 3a RYe%
_ 1 _ 1 _0ag (2 )
dln,LLCL(M)_?)QTIQ {Y;Y;,CL} eCeY‘6 + OF 4 QchBB] 1,
d 1 1 B
- - T e 2
Ty () = 15 {Yi¥ee}- g Yot |15 y cBB] (3.2)
where C}, (V) 2 N is the eigenvalue of the quadratic Casimir operator in the fundamental

representation of SU(V), and we have abbreviated

X =Tr [3eq(Ya Y, - Yo¥)) = 3.V Vu+ 3caY Yo — e V.Y + e Y/ Y.| . (33)

3This distinction is possible in related models, in which the analogue of the operator Oy is not redundant.
An example is provided by the Z’ model studied in [80], in which 8"a in (2.1) and (2.4) is replaced by Z'*.

4Note that these authors define the dual field-strength tensor as well as the Levi-Civita symbol differently
from us. As a result, their quantity G*" differs from ours by a factor (—2).



Figure 3. One-loop diagrams accounting for operator mixing through Yukawa interactions and
gauge interactions.

All quantities on the right-hand side of (3.2) must be evaluated at the scale u. Note that
the ALP-boson and ALP-fermion couplings entering at O (af) appear precisely in the linear
combinations already encountered in (2.11), i.e.

1
EGG:CGg—i-iTr(Cu—‘er—QCQ),

- 1
CWW = CWWwW — 5 Tr (3CQ + CL> R (3.4)

B LT (4 +1 1 n 1 )
C =C rf{—-=c¢ — Cq — — C Cco — - C .
BB BB 3CuT 3~ sCQ e 5CL

To the best of our knowledge, the contributions proportional to the quantity X, which
descend from the redundant operator Oy, as well as the two-loop contributions to the
RG evolution equations for the ALP couplings have been derived here for the first time.
The appearance of the coefficients Sr in the above relations, which are constrained by
the conditions (2.5) but are otherwise arbitrary, appears puzzling at first sight. However,
all contributions proportional to the unit matrix in the RG equations give rise to flavor-
diagonal contributions after transformation to the mass basis. We will see in sections 4
and 5 that in predictions for physical quantity any ambiguity in the choice of the Sp
parameters cancels out.

The relations in (3.1)— (3.4) form a set of coupled differential equations, from which
the scale dependence of the various ALP couplings can be derived. We can simplify the
structure of the evolution equations by making use of the freedom to redefine the fermion
fields in the SM Lagrangian. The SM Yukawa matrices can be diagonalized by means of
bi-unitary transformations, such that

UlY, W, = Y3 = diag(yu, ye, vt ,
U} YaWa = Y% = diag(ya, ys, o) , (3.5)
UlY. We = Y8 = diag(ye, yu, yr) -
If we redefine the fermion fields via
QR—-U,Q, ur = Wy ug, dr = Wydp,

(3.6)
L—>UeL, eR—>We€R,

~10 -



then the up-sector and lepton-sector Yukawa matrices are diagonalized, while the down-
sector Yukawa matrix is transformed into

Yy Ul YWy = VY98 (3.7)

Here V = UJ U, is the CKM matrix. For the purposes of the following discussion we define
the matrices cp in this particular basis of fields. Moreover, because of the smallness of
the masses of the SM fermions except the top quark, it is a very good approximation to
neglect all Yukawa couplings other than y; ~ 1. The RG equations for the ALP-fermion
couplings then simplify to

d _ Y (i3 a? 903 _ o?

dlnp o]y =33 (2 +35Q) Ctt = 566G~ 1e 3 OWW ~ o —L pp,
d yi oy

dln p [CQ(“)LJ‘ - 32t 5 (0i3 +0j3) (CQ)Z‘]‘ SRR

_d _ o}

dlnu [CU(:U‘)LZ - @ (523 - 3ﬁu) Cit + ﬁ cqa + ﬁ CBB ,
d yi .

_— = 03+ 05

dlnu [CU(M)} iJ 1671'2 ( 13 + J3) (Cu>lj ) ¢ 7é J (38)
d y? o? a?

1 1 [Cd(ﬂ)}ij = 0;j ( ﬁd Ctt -l- CGG + —= Ton? CBB)
d . 3y? 904% ~ 304%

dln [CL(M)Lj = 0ij <_87T2 BrL cit — 1672 CWW — 1672 CBB
d 3y? 302

dln p [Ce(/ﬁ)L.j = 61] (871‘2 Becit + —5 i 2 CBB

where we have defined
() = [cu(m)]ss — le@(p)]s3 - (3.9)

With our choice of the basis of fermion fields, this quantity will turn out to be the coupling
of the ALP to the physical top-quark mass eigenstate (see section 4 below).

3.2 General solution of the evolution equations

Whereas the original ALP-boson couplings ¢y are scale independent, this is no longer
true for the couplings ¢y, whose definitions contain the scale-dependent ALP-fermion
couplings. This fact is discussed in more detail in appendix A. We find that (in the
approximation where only the top-quark Yukawa coupling is kept, see above) the four
functions ¢ga (), eww(w), éep(p) and cu(p) satisfy a closed set of coupled differential

5Since the different Yukawa matrices appear in pairs in (3.2), the contributions of the Yukawa couplings
of the bottom quark or the 7 lepton would be suppressed, relative to the y7 terms, by factors of y2/y7 ~
y2/yi ~ 107 Some of the two-loop electroweak contributions included in the RG equations are of a
similar magnitude; however, as explained earlier, we keep these effects because they are proportional to the
ALP-boson couplings and hence can be enhanced in some ALP models.
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equations, which can be solved. We obtain

_ _ 2 _
CGG(N) _ CGG(A) . § (1 —e 18U(N7A)) Ctt(A);

~ - 1 _
cww (1) = eww(A) — ¢ (1 —e 18U(“’A)) cr(A) (3.10)
N - 17 _
CBB(H) = CBB(A) — a (1 — € 18U(‘M’A)) Ctt(A),
and
cr(p) = e 8V A ¢ (M) (3.11)
mdp' isugupn | 2050) L0 9a3(y) N 1Tad() L
+ [ e S doa) + 232 b awnw () + L e ()|
where
mdp' yi (')
A)=— —_— 12

is defined in terms of the running top-quark Yukawa coupling. In the solutions (3.10)
we neglect higher-order terms such as those shown in the second line of (3.11), which is
consistent because the effective ALP-boson couplings enter only at two-loop order in (3.2).

Using these solutions, we can now integrate the equations (3.8) to obtain the evolution
of the various ALP-fermion couplings from the new-physics scale A down to the weak-
interaction scale ., ~ 100GeV. For example, the solution of the first equation takes

the form
i
(cqlinn)l; = e, = (Bo+ 52 ) Tipas )
3.13)
e d [0y 903(4) . 03 (
—/A p [ 2 caa(pm) + 1672 eww(p) + 15,2 epp(p)|
where we have defined, using relation (3.11),
Ho dp 3y (1)
Li(phy, A) = —
t(p ) /A u 82 cue(p)
2 _
:_5(1_6 18U(uw,A>)Ctt(A) (3.14)
He dp —18U( da3(p) a3 (u) 1703 (1)
_ il Hoaw,14) 5 )
/A u< ¢ ) 32 cac ()t o= tww (w)+—o 5 oK)

In this way all results can be expressed in terms of U(u, A) and integrals over the run-
ning gauge couplings with the ALP-boson couplings ¢éyy(u) in (3.10). The scale evo-
lution of the gauge couplings is governed by the set of coupled differential equations
doi(p)/dInp = B(i)({aj}), where the S-functions of the three gauge groups are of the form

2
B9 ({ay}) = 8" 55 + Oafay). (3.15)
Above the weak scale the relevant one-loop coefficients are 6(()1) = —%, 652) = % and

583) = 7. Starting at two-loop order mixed terms appear, where a; € {a1, sz, as, oy, ﬁ}
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with oy = y?/(4m) can be any one of the SM coupling parameters. The complete three-loop
expressions for the S-functions can be found in [84].

We now present our final expressions for the RG-evolved ALP-fermion couplings, be-
ginning with flavor non-diagonal effects, which are insensitive to the Sp parameters. We
find (with i # j)

(cm)ly; = e+ V) [ ()],

[culpw)l;; =€ 2(0i3+033) Ulsu-A) [ca(A)];; 5

[ca(pw)]s; = lca(A)];; (3.16)
len ()l = len(A)];;

[Ce(ﬂw)]m [Ce(A”ij,

as well as

[CQ(Hw)}gg - [CQ(Nw)]ll = [CQ(A)]gg - [CQ(A)]H - éIt(#waA)a

u(ia)lss — leulimalis = lew(Mlag — [eul)]yy + 5 Liomun A).

The last two relations show how a possible flavor non-universality of the diagonal couplings

(3.17)

[cq,u(A)];; at the new-physics scale, which is allowed even under the assumption of minimal
flavor violation, evolves to low energies.

Before presenting our solutions for the generation-diagonal couplings we return to the
question of the S dependence of the evolution equations (3.8), which hints at a redundancy
of our results. In all physical quantities the dependence on these parameters cancels out. It
follows that only certain linear combinations of the flavor-diagonal ALP-fermion couplings
are physical. In particular, we find that the differences

ulimn)ls — leam)l = [eul )]s~ oo + (14 %2 ) iuus 1)

o dp | 203 () 9a3(n) 1703 ()
+/A o eww () + o1l

2 caaln) + s 4872
[ca(pw)ly; — [eq(pw)];; = lea(M)]y; — [eq(M)];; (1 - ) I (pw, A
w (6% (6% 042
s [ _2 =0 ) + 22 gy ) 4 20T eBBw)] ,
[Ce(ﬂw)]u‘ - [CL(#w)]u‘ = [Ce(A)]ii - [CL(A)] — It (pw, A)

wodp [9a3(p) 1502 ()
— — 1
=0 e eww) + s en( (3.18)

EBB(,U«)‘| )

are independent of the Sp parameters once the relations (2.5) are taken into account.
For i = 3 the first relation reduces to (3.11). We will see in section 4 that the solutions
(3.16)—(3.18) are sufficient to calculate arbitrary physical processes involving ALPs, where
however the second relation in (3.18) gets modified when one transforms the left-handed
down-quark fields to the mass basis.

5The coupling parameter ; in this work differs from our a; by a factor 5/3.
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We can push further and obtain an explicit approximate expression for the quantity
U(ptw, A) in (3.12). At leading order in perturbation theory the top-quark Yukawa coupling
and the strong coupling obey the coupled system of equations

Qg a2 oy o
ddln(z) - 287§M) ’ ddln(l;) - 2(:) B o (p) — 8045(#)} : (3.19)

where we neglect the small effects of the weak interactions. The exact solution of this
system exhibits a “quasi fixed point”, where the running of a;(u) tracks the evolution of

as(p). One finds [85, 86]

anlp) _ ( asm)))?

1 -1
9 ai(po) | [ as(p) \7
ar(po)  \as(uo t as (o) [(as(uo)) R 1” 7 520

where i is some reference scale. Using this result in (3.12), we find after a straightforward

calculation

(673 Qg % ,52 2
Up, A) = f% In [1 - g %EZ)) [1 - (asiﬁ))) ” ~ VW) 1nA—2 TR (3.21)

where the dots refer to terms of order y; In?(A%/u?) and higher. In this expression the large
logarithms of the scale ratio A?/u? are resummed to all orders of perturbation theory. This
explicit result implies that

1
1— e 18U(nu,A) — 9 ay(ptw) {1_( as(A) )7

(3.22)

[\

2 s () s (i)

The numerical impact of the evolution effects on the ALP-fermion couplings will be dis-
cussed in section 5.

4 Transformation to the mass basis

Once the effective Lagrangian has been evolved to the weak scale p,,, it is appropriate to
express it in terms of fields defined in the broken phase of the electroweak symmetry, which
correspond to the mass eigenstates of physical particles. This leads to

2

1 0
Lot (ftw) = 5 (Oa)(0"a) — ; a® 4 Leerm (o) + CGG - ? GZV Gra 4 Copy 4 7 FW Fuv
a a - a
— —F,, Z" 7fZVZ WJFW"W
t ez 2rsycw +ezz 4rs2 c2 f M + Wwy s2 f
(4.1)

where s, = sin 0y and ¢, = cos Oy denote the sine and cosine of the weak mixing angle,
and we have defined [22]

2 2 4 4
Cyy = CWw + CBB, CyzZ = Cp CWW — Sy CBB €72 = CpCww + 5,8 (4.2)

All coupling parameters and operators in (4.1) are now defined at the weak scale p,,. Recall
that the Wilson coeflicients ¢y are scale independent.
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To obtain the ALP interactions with fermions contained in Lo, we must transform the
fermion fields to the mass basis, in which the Yukawa matrices are diagonalized, see (3.5).
Under the corresponding field redefinitions the flavor matrices cp transform into new her-
mitian matrices

ky =UlcqU,,  kp=UlcoUy, kp=Ulc,U,,

ki =Wic,Wy; f=u,d (4.3)
f FCrWys u,a,e.

Note that the two matrices k7 and kp are connected via the CKM matrix V', such that
kp=VikyV, (4.4)

and are therefore not independent. Likewise, the ALP couplings to the neutrinos are
identical to those to the left-handed charged leptons, i.e. k, = kg. In terms of these
matrices we obtain

o*a 7_ _ - -
Lerm (fw) = 7 [ULkU'YHUL +urkyyuur +drkpy,dr +drkqvudr 45)
4.5

+vpkyyuve +erkevuer + erkevuer| -

The matrices kr and ky are evaluated at the scale p,,. The corresponding expressions can
be obtained from the results compiled in section 3.2 by recalling that these relations have
been derived in a basis for which all transformation matrices are equal to the unit matrix
except for Uy = V. It thus follows that ky = cg, kg = k, = ¢, Ky de = Cy,de, While
kp=ViecgV.

It is instructive to study what the hypothesis of minimal flavor violation [65] implies for
the structure of the ALP-fermion couplings after electroweak symmetry breaking. Trans-
forming the expressions (2.3) to the mass basis, we obtain

ky=cf L+ [ (V52 + SV (V2 V1] +0(e),
kp=cf 1+¢ [P VI(YIe2 v 4 (v, + O(e?), »
oy = el el (Vding)2 4 2 [Cg (Ydimyh |y ding v (y diog) 2yt Yudiag} O, (4.6)

kg=cll+ect (Yddi‘rig)2 +é? {cg (Yddiag)4 +cd Yddiag vi(ydiae)zy Yddiag] +0(e).
The only non-diagonal contributions are those involving the CKM matrix. To very good

approximation we can set the diagonal entries of the Yukawa matrices to zero for all quarks
other than the top quark. In this approximation

ku = cf 1+ec? ()" +0(&),
kp=c@1+e2VI(YV)?V+0(&),
ky=cyl+ect (Y}/)2 —1—(9(62),
kyg=cl1,

(4.7)

with Y; = diag(0,0,v;). Note that [VT(Y;)"V];; = vy Vs Va;. Higher-order terms in
€ have the effect of generating more complicated functions of the top-quark mass, while

~15 —



the dependence on CKM parameters remains unchanged. We thus find that, under the
hypothesis of minimal flavor violation and to very good approximation, flavor-violating
couplings only arise in the couplings kp to left-handed down-type quark currents. The
leptonic couplings kg and k. are proportional to the unit matrix in this approximation.

Several important weak-scale processes involving ALPs have been discussed in the
literature [16-32]. Their rates can be calculated in terms of the couplings entering the
effective weak-scale Lagrangian (4.1). To mention three prominent examples, we briefly
consider the decay a — v of a heavy ALP (with mass of order the weak scale) as well as the
exotic decay modes Z — ya and h — Za of the Z boson and the Higgs boson. Calculating
the corresponding decay amplitudes at one-loop order, and setting the matching scale i,
equal to the mass of the decaying particle one finds [22, 66, 67]

a
mZ aa(mz) eff Z
NZ — ~va) = 9632 522 (& - (4.8)
my

Z
I'(h — Za) = 25%% oZ (mp,) e (my, FQ)\?’/Q( :;é) :
h
by

The coefficients Ceﬁ and C° Sz in the first two cases are given

4m?2 2o ¢ Am?
Ceﬁ—caw—i-ZNfoCff(ma)Bl <f> + = ww By W ’

7 m2 T s m2
(4.9
eff f 1 f 2 4m?v 4mf )
C’yZ =Cyz +ZNC Qf §T3 - Qfsw Cff(mZ)B?) 2 2 |
I mg mZ

where @y and N, J are the electric charges (in units of e) and number of colors of the SM
fermions (quarks and leptons), T3f denotes the weak isospin of the left-handed component
of the fermion f, and the sum runs over all SM fermion mass eigenstates. The relevant
loop functions read

Bi(r) =1—1f*(1), By(r)=1— (7= 1) f*(7),

4.10
By(r1,70) = 1+ —2 (4.10)

with f(7) as defined in (2. 14) The function By ~ 1 for all light fermions with mass
my < mg, while By =~

12 2 for heavy fermions (m; > m,). Thus, each electrically

charged fermion lighter than the ALP adds a potentially large contribution to the effective

Wilson coefficient Cfﬁ,
finds that Bs ~ 1 for all fermions much lighter than the Z boson (irrespective of the
ALP mass), while for the top quark |Bs| < 1 as long as the ALP is lighter than the

top-quark mass. In the third decay rate in (4.8) we have defined the phase-space function

while fermions heavier than the ALP decouple. Similarly, one

Mz, y) = (1 — 2 — y)? — 4xy and the parameter integral

F:/Old[a:yz] 5

m2 — zym?2 — yzm?2 — xzm?2’
t ymy, —yzmy a

2mi — xmi — 2m%

(4.11)
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where d[zyz] = dxdydzo6(1 — x —y — z). Throughout this paper m; = m(m;) denotes
the running top-quark mass in the MS scheme evaluated at u = m;. The quantity F is
numerically close to 1 for ALP masses below the weak scale. Finally, we have introduced
the parameters

e () = k() — ke ()l (4.12)

which contain the relevant ALP couplings to fermions and will play an important role in
our discussion below. This definition generalizes relation (3.9) for the top quark to other
ALP-fermion couplings.

The scale evolution of these quantities from the new-physics scale A to the electroweak
scale can be derived from (3.18). For up-type quarks and charged leptons, the parameters
cyy are equal to the differences of ALP-fermion couplings considered in this result, and
we have

d;
Cuuy; (:U'w) = Cuu; (A) + (1 + 3) It(,uw, A)

2
o dp (203 (1) 9a3() 1703 () .
+/A m TCGG(M)JFWCWW(M)JFWCBB(M) ) (4.13)
o dp | 903 () 1507 (1)
.. = Cere. (N) — 1, A — —_— .
Cesei (Hw) = Ceje; (A) = Tt (p, )‘i‘/A o | 1672 cww () + 1672 cep(1)
For down-type quarks one finds that
Casts (o) = el = [Vieq(u) V] . (4.14)

where V' is the CKM matrix. Hence, the result given in (3.18) is not directly applicable.
Instead, we obtain

Vi, 2
it ) = €t ()~ T )+ 25 1, )

o dp | 203 (1) 9a3(u) . 503 ()
+/A 1 l w2 caal) + e aww (i) + =0

eop(n)|  (4.15)

+ Viri Vi (5ms + Ong — 20m30ng) (1 — e~V E) [y (A)],,,,

If the matrix ky(A) is diagonal, as required under the hypothesis of minimal flavor violation,
see (4.7), then the terms shown in the third line vanish.

5 Matching contributions at the weak scale

Let us now assume that the ALP is significantly lighter than the weak scale, and that we
are interested in low-energy processes at energies F < 100 GeV. We can then integrate
out the heavy SM particles — the top quark, the Higgs boson and the weak gauge bosons
W+ and Z° — at the scale p1,, and match the effective Lagrangian (4.1) onto a low-energy
effective Lagrangian in which these degrees of freedom are no longer present as propagating
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9,7 v
Figure 4. Examples of one-loop matching contributions to the ALP-boson couplings. These

diagrams do not give rise to matching contributions when the form of the effective Lagrangian
in (2.1) is employed.

fields. Just below the scale p,,, this Lagrangian takes the form

1 mj o
Lo (1S ) = 5 (9, a)(%) 5o’ + aferm< ) o)
+ CG’G 4 f GZV GHva Coy — 4 f F F“”

where L, is given by (4.5) but with the top-quark fields ¢, and tg removed. In general,
the Wilson coefficients cqq, ¢y, kr and ks in this effective Lagrangian differ from the
corresponding coefficients in the effective Lagrangian above the weak scale by calculable
matching contributions, which arise when the weak-scale particles are integrated out. We
now discuss the calculation of the relevant matching conditions at one-loop and partial

two-loop order.

5.1 Matching contributions to the ALP-boson couplings

One-loop matching corrections to the ALP-gluon and ALP-photon couplings cga and ¢y,
could in principle arise from loop graphs containing top quarks and heavy electroweak
gauge bosons. Two representative diagrams are shown in figure 4. The corresponding
effects were calculated in [22], and it was shown that for a light ALP these effects decouple
like m2/m? and m?2/m3;,, respectively. For a light ALP far below the weak scale there
are thus no matching contributions to the effective low-energy Lagrangian (5.1) from these
loops, i.e.

Acga(pw) =0, AC’W(MU}) =0. (5.2)

Matching corrections of order m2/m? or m?2/m%,, which arise from the Taylor expansions
of the functions B;(7) and Ba(7) in (4.10) in the region where 7 > 1, would contribute to
the Wilson coefficients of dimension-7 operators in the low-energy effective theory below
the weak scale, which we neglect for simplicity.

As a side remark, let us mention briefly that the situation would be different if we were
to perform the calculations based on the alternative form of the effective Lagrangian shown
n (2.9). In this case there are non-vanishing matching contributions from top-quark loop
diagrams, which lead to

cut(fw)

dey (Mw)
2 ’ )

Alyy () = — 3 (5.3)

Aéga(pw) = —
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Figure 5. One-loop matching contributions to the ALP-fermion couplings. In the second diagram
(Vo) = (WW), (ZZ), (Zv) or (vZ). In the last two diagrams V = W, Z, but in the sum of all
contributions only the W-boson graphs with internal top quarks (plus the corresponding graphs
with Goldstone bosons) give rise to non-zero contributions.

Recall that, according to (2.11) and (4.2), the coefficients ége and ¢, above the weak scale
are related to the corresponding unprimed coefficients by

_ 1 N
cac(p > pw) = caa + 5 Z qu(:u) = caa(p),
i qf , i (5.4)
va(ﬂ > i) = Cyy T Z N Qf Cff(IUJ) = CW(M) )

f

where the sum in the first (second) equation runs over all quark (fermion) species in the
SM. When crossing the weak scale, one needs to add the matching contributions given
above, and this has the effect of removing the contributions from the top quark in these
relations. We thus obtain

- 1 5 1
cac(p S pw) = caa + 3 > cqq(pt) + Aéga(pw) = caa + 3 > cqqlp)

a a7t (5.5)
é'y'y(ﬂ S pw) = Cyy + Z NJQ? Cff(,u) + Aé'w(ﬂw) = Cyy + Z NJQ?” Cff(ﬂ) .
! J#t

The same procedure repeats itself as p is evolved to lower energies and one crosses the
threshold of other heavy fermions.

5.2 Matching contributions to the ALP-fermion couplings

One-loop matching corrections to the ALP-fermion couplings arise from graphs containing
heavy electroweak gauge bosons. Some representative diagrams are shown in figure 5. Loop
diagrams involving Higgs bosons give contributions proportional to the Yukawa couplings
of the external fermions. Since the top quark is integrated out in the effective theory
below the weak scale, these graphs are proportional to y]% for some light SM fermion f
and hence can be neglected. The first diagram in figure 5 arises from ALP mixing with
the Z boson via a top-quark loop. The second graph gives rise to matching contributions
proportional to the ALP-boson couplings. The corresponding effects were calculated in [22]
for the case where the external fermions are leptons. Here we generalize these results to the
case of quarks, where however contributions involving virtual top quarks require a special
treatment. The remaining diagrams contain vertex and external-leg corrections from loops
involving heavy W and Z bosons. We have calculated these diagrams in a general R¢ gauge,
finding that the sum of all contributions yields a gauge-invariant answer. Moreover, the
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sum of all contributions involving Z bosons and their Goldstone bosons vanishes. For the
diagrams involving W bosons a non-zero contribution remains, which arises from graphs
containing internal top quarks. These diagrams contribute to the couplings kp(p,) in
the left-handed down-quark sector only, and they are the only source of flavor off-diagonal
effects. Combining all terms, we find the matching contributions (with F' = U, D, E, v and
f=u,d,e)

2

Ak _37yt2 i _ 2y 1 Hw ¢
Fpw) = 82 cu (Ts — Qfsy) )
t

302 | eww I 1 2¢yz —MQ >
2 In % 4 =45 Y T —Qysy) (In 5 +5 46
&2 | 2t (nm%v+2+ 1 +$1206an(3 Qrsw) oy Ty T
2
c 2 1 A
+ (] Q) (ln£‘;5+2”1> 1 0rn Bkpliw),
wrw Z
3y :
Ak () = L5 e (= Qps3) In M 1
t
302 o[22 ( 42 3 czz (1 Fo 1
1 w e o) _ 22 [ In & - ) 1. 5.6
+87T2Qf[c12y Ty T2 ) T Mg T2 T o0

These contributions must be added to the RG-evolved coefficients at p = p,,, so that one
obtains kp ¢(ftw) + Akp ¢(ptw) for the ALP-fermion couplings just below the weak scale.
All scale-dependent parameters on the right-hand side of the above relations are evaluated
at the scale . RG invariance requires that the ALP-boson couplings entering in these
relations must appear in the form of the couplings ¢y;v,, at least in the coefficients of
the In(u2,/ m%u ) terms. Hence, via the substitution cy,v, — €y;1, we can account for an
important subclass of two-loop matching contributions. The scheme-dependent constant §;
arises from the treatment of the Levi-Civita symbol in d dimensions. We obtain §; = —%
in a scheme where e#**? is treated as a d-dimensional object, and §; = 0 if it is instead
treated as a 4-dimensional quantity.

The non-trivial flavor structure is captured by the quantity

2

2 N 1 23 31-a4t+hnx
[Akp ()], =2 {Vmivm[kumw)]mn(&mswng) [—lnj;g—gutf
t

1672 4 (1—my)?
2
. N py 1 3 1—x+Inxg
Vi Vag (ko )+ Vi Vag () g | 5 In 25— =5 = A0
3 ][ ( )]33 3 J[ ( )}33 2 m% 4 2 (1_-7;15)2
3a . 1—xi 4+ Ina
ﬂcww Vg,iVSJ (l—xt)Q }7 (5'7)

where z; = m?/m3,. These matching contributions are sources of flavor-changing ALP
interactions even if the underlying UV theory does not contain new sources of flavor or CP
violation beyond those present in the SM. We have neglected the Yukawa couplings of the
light quarks and leptons. In this approximation there are no flavor off-diagonal matching
contributions in the up-quark and lepton sectors.
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5.3 ALP-fermion couplings below the electroweak scale

Flavor-diagonal couplings. The flavor-diagonal ALP-fermion interactions in (4.5) can
be expressed in terms of vector and axial-vector currents. The vector currents are conserved
below the weak scale and thus do not contribute to physical matrix elements. It follows
that we can rewrite this Lagrangian in the equivalent form (for pu < py,)

ia OHa -
cieEy =39 f;“ ) Ta Frunsf (5.8)
i

where the sum runs over all charged fermion species in the low-energy theory (the quarks
u,d, s, c,band the leptons e, y1, 7). The couplings c¢s have been defined in (4.12) in terms of
the diagonal elements of the matrices k; and kr. Note that the ALP-neutrino interactions
can be dropped in the low-energy Lagrangian (but not in the theory above the weak scale,
where they contribute at one-loop order to the ALP couplings to W and Z bosons). Using
integration by parts, the derivative on the neutrino axial-vector current vanishes because
the neutrinos are massless in the SM.

At the matching scale (i, the coefficients cs¢(p.) are given by the sum of the contri-
butions from RG evolution, shown in (4.13) and (4.15), and weak-scale matching, see (5.6)
and (5.7). In this sum the dependence on the matching scale p,, partially cancels out;
however, some scale dependence remains and cancels when the evolution below the weak
scale is taken into account (see section 6 below). In order to get a feeling for the magnitude
of the radiative corrections we choose the new-physics scale A = 4nf with f = 1TeV and
evaluate the coefficients cs¢(u) in the vicinity of ., = m;. We find numerically

Cunce(Hw) ~ Cunce(A) — 0.116 gy (A) — [6.35 éac(A) + 0.19 Gy (A) +0.02 éBB(A)] 1073

a2 (/J”LU) 1 m%

a3 (pw) mi
3.2 | 2

— | Caa(tw) 2 + Cyy (1tw)

w

Caduss () ™ Cad.ss(A) + 0.116 cp(A) — [7.08 éac(A) + 0.22 & (A) + 0.005 é5 B(A)} 1073

()], 3
2
w

1272

2
3 o2 (p B
— | eac () Sigw) + Gy (fw)

I

eon(pw) == cmp(A) + 0.097 cu(A) — [7.02¢66(A) + 019 Eww (A) + 0.005 Zpp(A)] - 1072

2 2 2
. g (fw) | - @ (pw) |, ™M

— |écG(Hw) STrQw + Cyy (Hw) 1271—120 1 2t’
i w

Cere, () 2 Cere, (A) + 0.116 c(A) — [0.37 éac(A) + 0.22Eyw (A) +0.05 éBB(A)] 1073

SQQ(MW) ln mig

g 2 (5.9)

= Eyy (b
We use the two-loop expression for the running coupling a(x) and the one-loop approx-
imations for the couplings aq(u) and as(p), and we evaluate the function U(p,,, A) using
the explicit form (3.21). For the couplings cg,4, in the down-quark sector we work un-
der the assumption of minimal flavor violation and have approximated |Viy|? ~ 1 and
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[Via|? = |Vis|? = 0. From (3.4), the matching conditions &,1/(A) can be written in the form
_ 1
cea(A) = caa + 5 > cqa(h),
q
~ 1
awvw(A) = eww — 5 Te[Bhu(A) + k()] (5.10)

() = enn + 3 NL @ esp(A) + 3 T [3ko(A) + kie(A)]
f

where the sums run over all quark and fermion flavors. We observe that electroweak
radiative corrections are generally very small, while the contributions proportional to cg
from the Yukawa interactions as well as QCD effects can be sizable. For example, in
scenarios where the ALP-boson couplings at the UV scale are an order of magnitude larger
than the ALP-fermion couplings, the corrections induced by égg can give contributions
to cqq(pw) of about 7%, whereas the contributions of éyw and ¢pp are negligible. The
logarithms of the ratio (m?/u2,) in the above expressions show the remaining dependence
on the weak matching scale. This dependence cancels out when evolution effects below the
weak scale are included.

The numerical results shown in (5.9) are relevant for an ALP which is part of a new-
physics sector at a scale A ~ 10TeV. For the QCD axion, one typically considers much
higher scales in the vicinity of f ~ 10'2%3 GeV. This gives rise to significantly enhanced
evolution effects. For example, choosing A = 47 f with f = 10'2 GeV and setting ju,, = my¢
we find

(5.11)
The contributions proportional to ¢; now give O(1) corrections to all ALP-fermion
couplings.

It is very useful to derive a simple, approximate expression for the ALP-fermion cou-
plings at the scale p,,, in which one neglects the small two-loop electroweak evolution
effects as well as the two-loop contributions proportional to the ALP-fermion couplings
themselves. This yields (for g # t and p < i)

Caq(p) = cgq(N) — 6T < _ 6‘1”) o (my) [1 B < as(A) )%

cu(A) — dega as(p) — as(A)

6 ) as(my) as(my) 5{83) T ’
coelt) ~ cu(A) + 3 Ztizg [1 - (Ois(gt))y cu(h), (5.12)

which as we will see in the next section continues to hold below the weak scale. Note
that only the last term in the first line is scale-dependent in this approximation, and one
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Figure 6. Axion-electron coupling c..(m;) in the DFSZ model for different values of tan 5 = v, /v4
and axion masses: m, = 1keV (solid), 1eV (dashed), 1 meV (dashed-dotted) and 1 eV (dotted).
The red curve depicts the coupling c..(A) at the high scale A = 4x f.

needs to adjust the value of Bég) whenever one crosses a quark threshold. In the first
relation T3 = % and T3d = —% denotes the weak isospin. In the above expressions large
logarithms of the scale ratio A/u,, are resummed to all orders in perturbation theory.
The most striking effect is the universal admixture (weighted only by weak isospin) of a
contribution proportional to ¢ (A) to all ALP-fermion couplings, even those involving the
charged leptons. When one re-expands the above expressions to first order in couplings,
one obtains 5 2,2 A2

erp(n) ~ e p(A) — (1 - é”) w T cu(A) In (5.13)
This effect was noted previously in [58], where the opposite sign was obtained and in the
argument of the logarithm the scale p was used rather than m;. Note, however, that this
effect is due to the first diagram in figure 5, which no longer contributes below the scale
of the top quark. Also, the resummation effects included here can be numerically very
important. With f = 102 GeV, for instance, formula (5.13) would predict £0.84 ¢y (A),
overshooting the effect by more than a factor of 2.

The evolution effects in (5.12) are of potentially large importance not only for ALPs,
but also for the classical QCD axion. In order to illustrate this fact we consider the DFSZ
model [7, 8], in which the ALP couplings at the UV scale A = 47 f satisfy [87, 88]

1

1 . 1
Cuu; (A) = 3 cos’ 3, Ca,d;(N) = ceje;(A) = 3 sin? 3, GG =5 (5.14)

where tan 5 = v, /vg is the ratio of the vacuum expectation values of the two Higgs doublets,
with a phenomenologically motivated range spanning 0.28 < tan 8 < 140 [89]. The axion
mass is given by relation (2.2) with mg’o = 0, i.e. it is uniquely determined by the decay
constant f. Assuming that the masses of the additional Higgs bosons are larger than A,
we can evolve these coupling parameters down to the weak scale. Figure 6 shows the
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axion-electron coupling at the high scale (red line) and the RG-evolved couplings ce.(m¢)
at the electroweak scale for different axion masses. The smaller the axion mass, the larger
are the evolution effects because the corresponding values of A increase proportional to
1/mq, ranging from A ~ 73 TeV for m, = 1keV to A ~ 7.3 -10'° TeV for m, = 1 ueV. The
figure shows that in the DFSZ model the axion-electron coupling can be enhanced through
evolution effects by up to an order of magnitude for small values of tan 3.

Flavor-changing couplings. The flavor-changing ALP-fermion couplings in (4.5) can
be integrated by parts without introducing additional contributions to the Wilson coeffi-
cients cyy. This gives (for pu < )

Lgeglr\llc(u) = _;jc Z [(mfz _mfj) (kf+kF)ij ﬁfj+(mfi+mfj) (k;f_kF)ij fi'YSfj} , (5.15)
!

where throughout this discussion i # j. The fermion masses and coupling parameters
must be evaluated at the scale p. This form of the Lagrangian makes explicit that flavor-
changing amplitudes are suppressed by the masses of the fermions involved. (The same
is true for the flavor-conserving interactions in (5.8), but in this case integrating by parts
generates additional contributions to the ALP-gluon and ALP-photon couplings.) At the
weak scale ., the generation off-diagonal coefficients [k:f(uw)]ij and [kp(pw)];; are again
given by the sum of the contributions from RG evolution and weak-scale matching. Recall
that generation off-diagonal matching contributions are captured by the quantity Akp (tw)
in (5.7). For all coefficients other than kp, one finds from (3.16) and (3.17) that flavor-
changing interactions at the weak scale are inherited from the UV scale A. We find

(5.16)

Note that for k, and ky we only need the entries where i, j # 3, since the top quark has
been integrated out in the effective theory below the weak scale. If the UV theory respects
minimal flavor violation, then all these couplings vanish. For the off-diagonal elements of
the coefficient kp we find the more interesting result

[kD(,U/w)]Z'j = [VTkU(A)V] ij VrZivnj (6m3 +0n3 — 20m3 5n3) (1 - er(,uw,A)> [kU(A)]mn
1

o VaiVag Lol A) + [Bkp ()] ; (5.17)

where the integral I;(f1,,, A) has been defined in (3.14). If the original ALP Lagrangian (2.1)

at the new-physics scale respects the principle of minimal flavor violation, the matrix kg
is diagonal, as shown in (4.7). In this case the above expression simplifies significantly,
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and we find

ko), = VitVi {[(ku><A>133 ~ (k) (A = § Fela, )

2 2
Yi (Hw) 1. pws 1 31—ai+Ina
- 5.18
+ 1672 [Ctt('uw) [2 nmf 4 2 (1 —$t)2 ( )
3a 1 =2+ Inay
_ c :
2782, ww (1—z)?

where (again setting the new-physics scale to A = 47 f with f = 1TeV)
cet(pu) = 0.826 ¢t (A) — [6.17 i (A) + 0.23 G (A) + 0.02épp(A)] - 1073 (5.19)

Note that under the hypothesis of minimal flavor violation the matrix kg is diagonal but not
necessarily proportional to the unit matrix in generation space, see (4.7). The first term on
the right-hand side of (5.18) thus accounts for the possibility that [(ky)(A)]55 # [(kv)(A)];;-

If this is the case, then the off-diagonal matrix elements

len(A)],; = ViV { ko) (M)]gg — (k) (A)]yy } (5.20)

at the new-physics scale can be non-zero, providing a UV source of flavor violation. Evolv-
ing the coefficients to the weak scale u,, = m¢, we obtain numerically

[ (me)];; == [kep (M)],; + 0.019 Vi Vij [en(A) — 0.0082E6(A) — 0.0057 éww(A)] . (5.21)

The matching contributions proportional to ¢gg and ¢y are very small.

Relation (5.18) shows explicitly how flavor-changing effects are generated through RG
evolution from the new-physics scale A to the weak scale (first line) and matching contri-
butions at the weak scale (second and third lines). These loop-induced effects should be
considered as the minimal effects of flavor violation present in any ALP model, even if the
matrix kp is diagonal at the new-physics scale A (which would be a stronger assumption
than minimal flavor violation). The terms proportional to ey in (5.18) agree with a
corresponding expression derived in [54]. Our results for the evolution effects and the con-
tribution proportional to ¢y () are new. The logarithm of (u2,/m?) in the coefficient of
¢ (but not the x4-dependent remainder) was derived in [57]. The more general expressions
shown above, and in particular the results (5.7) and (5.17), which do not assume minimal
flavor violation, are derived here for the first time.

In the sum of the contributions from scale evolution and weak-scale matching, the
dependence on the matching scale 1, drops out. This is obviously true for the coefficients
in (5.16), but it also holds for the sum of all terms on the right-hand side of (5.17). In fact,
we will see in section 6 that the flavor off-diagonal Wilson coefficients do not run below
the weak scale (in the approximation where the Yukawa couplings of the light quarks are
put to zero). Hence, the expressions shown in (5.16) and (5.17) hold for all values p < .
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6 Renormalization-group evolution below the weak scale

Now that we have obtained the values of the Wilson coefficients at the weak scale, we should
evolve these coefficients down to lower scales, so that they can be used in calculations of
low-energy observables. Compared with (3.2) the evolution equations simplify significantly,
because the Yukawa interactions mediated by Higgs exchange are absent in the low-energy
theory, as are diagrams including the heavy weak gauge bosons. The only remaining
contributions to the evolution equations result from the second diagram in figure 2 and the
last diagram in figure 3, where the gauge bosons can be gluons or photons. We obtain

d d o? 3a?
k = — k = S _ 25 ]1
dlnp (i) dlnp Qlw) <7r2 tec + A2 4 CW) ' (6.1)
d d 302
_— k@ = — k = — :H_ ,
dhl,LL (M) dlnu E(/"L) 47'('2 C’Y'Y

where () = U, D and q = u,d. Below the weak scale the scale dependence of the effective
coeflicients ¢égg and ¢, is very weak, since it only arises at two-loop order. At next-
to-leading logarithmic order, it is consistent to neglect this effect. Note also that the
evolution effects below the weak scale are diagonal in generation space, and hence the
flavor-changing couplings are scale-independent in the low-energy theory, as stated above.
For the flavor-diagonal couplings only the parameters cyy defined in (4.12) are physical.
At next-to-leading logarithmic order, their scale evolution is given by

cool) = gt — 46G<§C(ng) s (1) —Wozs(uw) _Q BE%%%W) afp) ;a(uw) |
36, (1) @(s1) — () ’ (6.2)
coe(p) = con(jaa) — ”égE‘gw ot

In the low-energy theory below the weak scale the relevant S-function coefficients are
(?CD =11 — %nq for QCD and BéQED = —% dof chch for QED. Here n, denotes the
number of light quark flavors with mass below the scale u, and the sum over f includes
all light fermions with mass below u. Note that the dependence on the matching scale pi,,
cancels when the expressions given in (5.9) are used in the above relations.
According to (5.5), the effective Wilson coefficients éga(ptw) and ¢y, (ftw) contain the
cyy parameters of all light fermions in the effective theory below the scale ji,,. Generalizing
these results to lower scales, we define

tea(p) = cea + % D caq(p) 6(p —my),
a (6.3)
Cyy (1) = Cymy + Z Ng Q?‘ crp(p) O(n —my).
f

Like the S-function coefficients ﬁ(?CD and 5(()QED, the effective couplings change by discrete
amounts whenever one crosses a flavor threshold, and an appropriate matching must be
performed in the usual way. In other words, one first evolves the coefficients from the weak
scale to the scale up >~ my, then eliminates the bottom quark from the list of light fermions,
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then evolves from the b-quark scale to the scale p ~ m,, then eliminates the 7 lepton from
the list of light fermions, and so on. In each step the coefficients of the S-functions as well
as the values of ¢gg and ¢y, need to be adjusted. Concretely, at values of u just below the
scale uy ~ my, we obtain

4c w S - Gs\Mw 3¢ w — w
Caalit S 11y) = Caqlttu) — chéﬁé ) as(pe) 7r04 (Hw) Q2 C;égfa ) alp) 7roz(M )
0 0

 deaa(m) as() — as(m) g 35 (m) ali) — alw) 04

QCD 4 " LQED ;
0 & 0 T

and similarly for cg(p). In the two last terms of the first line the ALP-boson couplings and
the B-function coefficients are evaluated with n, = 5 active quark flavors, whereas in the
second line they are evaluated with n, = 4 flavors. The numerical impact of these low-scale
evolution effects is very small. For example, with p,, = m; and pg = 2 GeV we find

Caq(10) = cgq(me) + [3.0ZGa (M) — 14 cu(A) — 0.6 cy(A)] - 1072
+ Q2 [3.98, (M) — 4.Tcu(A) = 0.2e(A)] - 1077, (6.5)

cuepo) = ca(ma) + [3.9,(A) = 4.7cu(A) = 0.2c(A)] - 1077

It is instructive to compare the above results with analogous expressions derived for
the quark coefficients cqq in [90]. In this paper only QCD evolution effects were included.
The results obtained there are in agreement with our findings when we ignore the terms
proportional to the electromagnetic coupling « in the first line of (6.2). However, in [90] the
same equation was used to account for evolution effects above the electroweak scale. This
ignores the by far dominant contributions from the top-quark Yukawa interactions in (5.12),
which as we have discussed have an important impact on all ALP-fermion couplings.

The scale-dependent ALP-boson couplings ¢y defined in (6.3) are not only relevant
in the context of the evolution equations for the ALP-fermion couplings, but they are
also closely related to some observables of phenomenological interest. In (2.12) and (4.8)
we have given explicit expressions for the a — gg and a — 7 decay rates, the latter
of which plays a pivotal role in the phenomenology of a light ALP. The fermion loop
function entering these expressions satisfies By(7) ~ 1 for 7 < 1 (corresponding to “light”
fermions with m; < mg) and Bi(7) ~ 0 for 7 > 1 (corresponding to “heavy” fermions
with ms > m,). Moreover, the loop function By (4m,/m?2) ~ 0 for a light ALP with mass
ma < my. Let us now apply an MS-like approximation scheme, in which we treat the
“light” fermions as (approximately) massless and the “heavy” fermions as infinitely heavy.
We then obtain

e 1 _
ngﬂ ~ caa + 3 Z Cqq(Mq) (Mg —my) = Eaa(ma),
. ! , (6.6)
Coy ™ ey ) chQf crp(ma) 0(ma —my) = &y (ma),
f

where the effective couplings on the right-hand side are precisely those defined in (6.3).
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7 Matching onto the chiral Lagrangian

Using the results derived in the previous sections, the effective ALP Lagrangian (5.1) can
be evolved down to scales far below the scale of electroweak symmetry breaking. When
one reaches energies of order 1-2 GeV, only the three light quark flavors u, d, s remain as
active degrees of freedom. In order to study the low-energy interactions of a light ALP with
hadrons, one should match this Lagrangian onto a chiral effective Lagrangian incorporating
the ALP couplings to the light pseudoscalar mesons (7, K, 7). In order to find the bosonized
form of the ALP-gluon interaction, one eliminates the ¢ GG term in favor of ALP couplings
to quark bilinears, whose chiral representation is well known. To this end, one performs
the chiral rotation [36, 87, 91, 92]

. a
q — exp (— iq caG 75) q, (7.1)
where ¢ is a 3-component vector in flavor space, k4 is a real matrix, which we choose to
be diagonal in the quark mass basis. Under the chiral rotation the measure of the path
integral is not invariant [93, 94], and this generates extra terms adding to the anomalous
ALP couplings to gluons and photons. Imposing the condition

Treg =Ky + kg +hKs =1 (7.2)

ensures that the ALP coupling to GG is eliminated from the Lagrangian, at the expense of
modifying the ALP-photon and ALP-fermion couplings as well as the quark mass matrix.
At a scale p,, ~ 1-2 GeV, this leads to the effective Lagrangian

1 m? » a » a
Lan(pn) = 5 (0,0)(0"a) — "20 2 4+ (i — 750566 T o, ~macco F ) g
o*a _ | o oa =
5 Qea s 4 by o F P

where m, = diag(m,, mq4, ms), and the dots represent the ALP-lepton couplings and pos-

(7.3)

sible flavor-changing ALP interactions, both of which are irrelevant to this discussion. The
quantities
Cqq(ky) = €qq(ix) + 2cqa Kq s

Cyy = Cyy — 2N, caa Z Qg Kq s (7.4)
q

with ¢ = u,d, s, are the modified ALP-fermion and ALP-photon couplings, whose explicit
expressions in terms of the ALP couplings at the UV scale can directly be obtained from the
results compiled in the previous sections. The effective Lagrangian (7.3) is equivalent to the
original Lagrangian (5.1) evolved to the low scale 1, and it describes the same physics, even
though the ALP coupling to gluons has been removed at the Lagrangian level. The ALP
interactions with quarks now enter in two places: in the derivative couplings proportional to
the parameters ¢4, and through the phase factors multiplying the quark mass matrix. Note
that the choice of the x, parameters is completely arbitrary as long as the constraint (7.2)
is satisfied. Below we will demonstrate with two examples that the results obtained for
physical observables are indeed independent of the x, parameters.
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As a side remark, let us mention that the effective ALP-pion Lagrangian can also be
derived starting from the alternative form of the effective Lagrangian shown in (2.9). This
Lagrangian differs from the original one in (2.1) by a chiral rotation of the same form
as that shown in (7.1), but with a different choice of the k, parameters not subject to
the condition (7.2). A second chiral rotation is then required to eliminate the ALP-gluon
coupling. The resulting ALP-pion Lagrangian is equivalent to the one derived here.

Let us now discuss the matching of the effective Lagrangian (7.3) onto a chiral effec-
tive Lagrangian, working consistently at lowest order in the chiral expansion. The Dirac
Lagrangian for the quark fields matches onto the standard form of the Gasser-Leutwyler
Lagrangian [95], but with the mass matrix replaced by the ALP-field dependent matrix

mg(a) = exp (— kg CGG ;) mg exp ( —iKkqcGa ;LC) ) (7.5)

Next, the axial-vector currents in the derivative couplings of the ALP to quark fields can
be matched onto chiral currents using the replacement rules

. < if? ji i - if? ji
diwal ——F B0, Ghd - -“F D3] (7.6)

In this way, one obtains [36, 91, 92]

2

1 Ma0 £ E R .
Eﬁég =3 oMad,a — ; a® + gﬁ Tt[D*E D, X' + " By Tr[E 1} (a) + 1irg(a) BT
if2 Ofta .. . aa =
+7 ?Tr[cqq(EDHET ~ 3D, %) + ¢y o ?FWF" +..,

(7.7)
where 3(z) = exp (% AaTq(x)) contains the pseudoscalar meson fields (A, are the Gell-
Mann matrices), and the parameter By =~ m2/(m, + mq) is proportional to the chiral
condensate. The covariant derivative is defined as D,% = 0,3 — ieA,[Q,X], where
Q = diag(Qu, Qu, Q).

For the case of the QCD axion (with m2, = 0), the chiral effective ALP Lagrangian
was first introduced in [36] and has recently been studied in great detail in [90]. In general,
the last term in the first line of (7.7) gives rise to a mass mixing of the ALP with the
pseudoscalar mesons 70 and 7g. In order to eliminate this mixing, one chooses the matrix
Kq in such a way that k,m, o< 1. When combined with the condition (7.2) this implies

P MqMs - mg
(T ~ )
My Mg + My Mg + Mgmg My, + My
My, Mg My,

Rd =

2
3
&

MuMg + MyMms + mgms My +mg

My, My My My
K/S = ~ << Ku,d .
My Mg + My Mg + MgMg (mu + md) ms

L

With this choice, the modified ALP-photon coupling takes the form

2 dmgms + my(ms +mg)

Coy = Copmy — — caa = cyy — 2.0cqe 7.9
T3 mymy + myms + mgms R ’ (7.9)
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Figure 7. Leading-order contributions to the a — v decay amplitude in the chiral expansion.
The 7%y coupling is obtained from the Wess-Zumino-Witten term not shown explicitly in (7.7).

where we have used the ratios m,,/mgq = 0.49 +0.02 and 2mg/(m,, +mq) = 27.4+0.1 [88].
Next-to-leading order corrections in the chiral expansion to é,, have been worked out
in [90]. They reduce the coefficient in front of cqg to —(1.92+£0.04). At lowest order in the
chiral expansion one finds that, with the above choice of x4 values, there are no additional
contributions to the a — vy decay amplitude beyond those governed by ¢, in (7.9). QCD
dynamics generates a mass for the ALP, thereby breaking the continuous shift symmetry of
the classical Lagrangian. Expanding the terms in the first line of (7.7) to quadratic order
in the pion and ALP fields, one finds [6, 37, 38|

m2 — o2 fRme 2mumg _ fRmE mumg
T TOE T (my +mg)? 212 (g + mg)?

, (7.10)

up to higher-order corrections in the chiral expansion and independent of the choice of the
individual k4 values. Here f, = —f/(2cqq) is the axion decay constant. More generally,
one finds that the axion potential is a periodic function of the axion field, which is invariant
under the discrete shift transformation a — a + 2nx f,.

Let us now discuss the structure of the effective chiral Lagrangian for a light ALP
in the presence of a non-vanishing mass term mi,o- As we will show, in this case some
non-trivial complications arise from the mixing of the ALP with the pseudoscalar mesons,
which give rise to an additional contribution to the a — 7y decay amplitude [22]. For
simplicity, we will consider the case of two light flavors u and d. The generalization to
three flavors is straightforward, but the additional contributions one finds are suppressed
by my, q/ms. In our discussion we do not impose the relations &, = mg/(m, + mq) and
Kq = My/(my + mg), which would be the analogue of (7.8) for the case of two flavors.
Physical quantities are independent of the choice of the x, parameters, and it is instructive
to trace in detail how the dependence on these parameters, which enters via the matrix
mg(a) and via the coupling parameters €44 and &, in (7.4), cancels out. As an important
example, we consider the decay a — ~y. As shown in figure 7, at leading order in chiral
perturbation theory there are two contributions to the decay amplitude: one involving the
coupling ¢, and one involving the mixing of the ALP with the neutral pion, followed by
the decay 7 — v mediated by the axial anomaly. The latter coupling can be implemented
in the chiral Lagrangian through the Wess-Zumino-Witten term [96]. Combining the two
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contributions, we find

a ¢
Ma = y7) = (1] B P [0) | = = (7.11)
/
+ f7r (éuu_éddPQ_Qc My Ky — Mgk mz) 7 (_i 2a>
ﬂf 2 “ oG My + My T P?I - mgr f7r 4 ’

where p2 = m2, and the last factor in the second line arises from the 7 — 7 vertex.”
Adding up the various terms inside the bracket in the first line we find that any dependence
on the parameters x4 cancels out, and one is left with the combination

5 2 _ 2 _
Cf;i/f — C'yfy o (3 + mTK‘ md mu) cao — m2ma, CUU(:LLX) Cdd(/‘I’X) , (712)

m2 —m2 my + my 2 —m?2 2

which was identified in [22] as the effective ALP coupling to photons in the chiral effective
theory. Note that there are additional contributions from the charged leptons, which have
been given in (4.8) but are not included here. In the limit of a very light ALP (m2 < m2)
the above relation reduces to (7.9) in the approximation where the strange-quark mass is
decoupled. For a heavier ALP, however, the additional contributions can be important.
For m2 > m?2 we obtain Cﬁf/f ~ cyy — 1.67cga + 0.5(cyu — €4q), which is now explicitly
dependent on the quark couplings. The contribution proportional to the mass difference
of the up and down quarks in (7.12) results from the coupling of the neutral pion to
Gl GH@_ The corresponding matrix element can be derived using the anomaly equation
and assuming isospin invariance of the pion matrix elements of axial-vector and pseusoscalar
currents [98, 99]. One finds

1 mg—my frm
fmd—i-mu \/§

a  pv,a :1
() 2 % G G0 o) = £ (x

The pion then decays into two photons via the axial anomaly. The contribution 5/3 in (7.12)

| —= GA G 0) = (7.13)

arises from an analogous coupling to the flavor-singlet meson ¢° (the analogue of 7; in flavor
SU(3)) [100]. The result (7.12) implicitly assumes that the ALP is lighter than the flavor-
singlet mesons, because these have been integrated out from the chiral Lagrangian. In the
opposite limit one should use the perturbative expression shown in (4.9) for the effective
ALP-photon coupling. Finally, the contribution proportional to the ¢y, parameters is due
to the kinetic mixing of the ALP with the neutral pion. This effect introduces a dependence
of the effective ALP-photon coupling on the parameters c,q, which is absent for the QCD
axion. Note that the difference of the ALP couplings to up and down quarks receives an
important contribution from RG evolution. From (5.12) we find the approximate expression

Cuu(fy) = Cad(tiy) = cuu(A) = caa(A) =6 culime) g ( o

as(my) as(my)

)é ce(N).  (7.14)

"Note that the result for this vertex given in eq. (19.117) of [97] misses a minus sign, see the errata pages
listed in this reference.
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In order to avoid the presence of ALP-pion mixing contributions in perturbative cal-
culations, one needs to diagonalize the quadratic terms in the effective chiral Lagrangian.
Upon expanding the Lagrangian to quadratic order in fields, we obtain

1 1 0
LyPr 2 5 (0"9) 2 (Oup) — 59" M5 with = (7; ) : (7.15)

where the symmetric matrices accounting for kinetic and mass mixing are given by

1 f7T é'u.uiédd
_ V2f 2
Z - fTr 6uu_édd 1 ’
v2f 2
1 V2frcaa Muyku—mgkq (7.16)
2 _ 2 f My+my
M* = My o V2 frCaq My ku—mg kg mi,o + 2f2 C%;G My Ka+mg 53
My+mg m2 f? My+mg

The parameter m?no = By (mq—+my,) gives the leading-order contribution to the pion mass.
In order to find the properly normalized mass eigenstates, we first diagonalize the matrix
Z, i.e. we construct the unitary matrix Uz such that U}Z Uz = Zgiag- We then rescale
the fields to bring the kinetic terms into a canonical forr?/.QIn the final step we diagonalize

the resulting mass matrix M? = Z 2 U} M?U, Z diag

diag i.e. we construct the unitary

matrix Ujp; such that UX/[ M?2Uy = Miag. The physical mass eigenstates are related

to the original fields in the chiral Lagrangian by ¢phys = U};/[ zM?

diag U} . Written out in

components, this leads to®

7o =x = In M Acyg —0x |a+ O —7%
phys 2V2f \mzo—miy " " )7

(7.17)
Uohvs = @ + I mi’o Acyg ™+ O —7%
S S i, SO )
where we have defined
Mg — My, My Ky — MdRq
Acyg = — 2 _ 0, =4 _— 7.18
Cud = Cuu(fty) — Cad(tty) + 2cca ——— x = 4cga ——— (7.18)

Importantly, some scheme-dependent terms enter the admixture of an ALP component in
the physical pion state. Inverting the first relation, and eliminating the bare mass terms
in favor of the physical ones, we find

0 0 fx m2 2
T = Mphys + T, (m% — Acyg — 5H> Aphys + O (J;;) ) (7.19)

a

8These relations and (7.20) holds as long as |mfr70 — mio\ > mfuo f=/f. In the opposite limit one would
obtain maximal mixing, i.e. Ty, = % (7°+a)+O(fr/f). Besides the fact that such a large mixing would
require a fine-tuning of the mass parameters that is rather implausible, it would modify the properties of

the neutral pion in a way that is incompatible with experimental findings.
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The physical masses squared of the neutral pion and the ALP are given by the eigenvalues
m? of the equation det(M? —m?Z) = 0. We find

m2 i fa
My _mTrO 1+ﬁ8f2(Acud) +O<f4>7
: 2 m2
mg = mio {1 + 87]:‘-2 [(Acud + (S,Lg) - ﬁ (Acud) ] } (720)
7,0 a,0

In the limit where mg’o < mfno we recover relation (2.2). Note that the ALP mass receives a
scheme-dependent contribution involving the r, parameters. This is not a problem, because

2

only the physical mass parameter m; is observable, whereas the “bare” mass parameter

2 .
Mg o 1S Not.

For the special choice K, = mg/(my + mg) and kg = my,/(my, + my), the quantity J,
vanishes and relation (7.19) reduces to a result derived in [22]. But this choice does not
eliminate the ALP-pion mixing. Instead, in the presence of a non-vanishing ALP mass the
optimal choice of the k, parameters is

2 2
o my 4 m; Acyq iy = My, m; Acyq (7.21)
u e - . .
my +mqg  m2—m?2 dege’ my +mg  m2—m2 dega

In the limit where m2/m2 — 0 this reduces to the default choice usually adopted in
the literature, but for generic ALP masses the additional contributions introduce impor-
tant corrections. With the choice (7.21) the physical neutral-pion state does not contain
an admixture of the ALP at first order in fr/f, the parameter ¢y, in the effective La-
grangian (7.7) agrees with the effective ALP-photon coupling ng shown in (7.12), and the
parameters ¢4 satisfy the relation

Cuu — Cdd =

NP (7.22)

)

Finally, with this choice the physical ALP mass can be expressed as

FEs mimﬁo 5 fEmZ  2mymg (f4
(L ea— /AN
( Cud) + CG’G f2 (mu n md)2 + O f4

) (7.23)

This result generalizes relation (2.2) to arbitrary values of the Lagrangian parameter mi,o-
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When the effective chiral Lagrangian (7.7) is expressed in terms of the physical states
given in (7.17), one finds (now for general x, parameters)

2
a

2

4
(m ) +D“7T+D T —m27r T —i—O(; >

1 1 m2
ﬁﬁggziaﬂaaua— a2+§aﬂwoaﬂ0— a

2
n Acyqg 1
6\/§f7rf mg —m?r

[2(m2—2m%)8"a (7r07r+DM777+7T07r7Du7r —2rtw 8M7T)

—2m2a (7T+D“7r73u7r0+7T7D“7r+8M770 —27r0D“7T+DM7F)

22 a<27r =10+ () >]+O<;§;>

O [ _ _ _
+—" e (77T D+ Dyt —2r 0,70
svar (7T “ )
—a (7(+DM7T_8#7TO+7T_D“7T+6M7TO —27r0D“7r+Du7r_) }
5n m2 ACud) a a ~
e, 2y e e P A R (7.24)
( T2 T mEe-m2 2 JAr f

where D,ﬂri =0, F ieA#)ﬁi, and for simplicity we have suppressed the subscript “phys”
on the fields. The coefficient in front of the ALP-photon coupling, which is the sum of the
coefficient ¢, and a contribution from the Wess-Zumino-Witten term, is nothing but the
quantity Ce1cf given in (7.12). It is independent of the choice of the k, parameters. The
remaining dependence, which enters via the quantity J., drops out when one calculates
physical matrix elements. Indeed, using integration by parts it can be seen that the co-
efficient of . vanishes when the equations of motion for the pion fields are used. They
can thus be dropped from the effective Lagrangian. It follows that a single parameter
Ac,q governs the leading-order interactions of the ALP with pions, and we obtain the final
expression

1 2 1 2 4
EQ};?:iﬁuaaua—%f%—i@“wo@uﬂo—rzw( ) +DErt Dy —miatn +O<7}2>
— Acud m72r 40%q (7T07T+D 7 +mr Dt =27t~ 0 7r0>
6v2frf mi—m2 ! ! !
and
+m2a(27r+7r_7ro+<7r ) ) +O<f§f
ANoL I o o (7.25)

f pv

This generalizes the effective axion-pion Lagrangian derived in [101] to the case of an ALP

with non-zero mass parameter m2.

As an important application of the Lagrangian (7.24) we consider the decays of an
ALP into three pions, which is allowed if the ALP mass is larger than 3m,. We obtain the
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Figure 8. Dependence of the phase-space functions goo(r) (blue) and g,_(r) (red) on the ALP
mass (with r = m?2 /m?2).

decay amplitudes

2,2
Acyqg  mims

CV2fpf mE—m2’

M(a — 770 =

(7.26)
A m2(m2_ —m?
M(a — 7T+7T_7r0) — _ SCud  ( 2+_ - x) ,
\/Qfﬂ’f mg — My
where mi, = (py+ + pr—)? is the invariant mass squared of the charged pion pair. These

expressions agree with corresponding results derived in [22]. In this reference also the
differential distributions in the Dalitz plot were derived. Note that the chiral expansion
makes sense only in the region of phase space where the pion momenta are small compared
with the scale of chiral symmetry breaking, 47 f; ~ 1.63 GeV. This requires the ALP to
be lighter than about 3 GeV. For the total decay rates one finds

mamfr m?r

where (with 0 < r <1/9)

2 (1=v/r)? / 4r
go()(r) = m AT dZ ]. — ; )\1/2(172,7’) s

7.28
12 /<1—x/?)2 4 (7:28)

dzyJ1— = (z =72 AY2(1, 2, 7).

g+*(7ﬂ) = ( i P

1—r)2
Both functions are normalized such that g.,(0) = 1, and they vanish at the threshold
r = 1/9. The dependence of these two functions on the ALP mass is shown in figure 8.
Interestingly, the two decay rates are almost of equal size, despite of the fact that the
rate of the a — 37 mode contains a symmetry factor 1/6. From a phenomenological
point of view the a — 37 decay rates can be important. For m, = 1GeV, we find that
I'a — 3m)/T'(a — vy) =~ 4.6(Acud/C§g)2, where the ratio of couplings is naturally of
O(1), see (7.12) and (7.18).
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8 Conclusions

Axions and axion-like particles (commonly referred to as ALPs in this work) are well-
motivated new-physics candidates in extensions of the Standard Model (SM) with a spon-
taneously broken global symmetry. In these models the mass scale of the new-physics
sector is set by the scale at which the global symmetry is broken, whereas the mass of the
associated pseudo Nambu-Goldstone boson (the ALP) can be significantly smaller. The
fundamental coupling structure of an ALP is therefore determined at the ultra-violet (UV)
scale A, while most experimental searches are performed at energies comparable to its
mass. The couplings at this low scale dictate the most relevant interactions of an ALP, its
branching ratios and the most promising search strategies. In this work we have derived
the low-energy ALP couplings by starting from the most general Lagrangian including all
leading-order dimension-5 operators at the UV scale, systematically evolving the coupling
parameters to lower energies, and matching onto an effective Lagrangian below the elec-
troweak scale and finally to the chiral Lagrangian. The corresponding equations represent
a complete framework for calculating the couplings of an ALP to SM particles at any
given scale.

At the UV scale the effective ALP Lagrangian can be defined in terms of different but
equivalent operator bases, which make manifest either the derivative nature of the ALP
couplings or the suppression of the ALP-fermion interactions by the fermion masses. We
have demonstrated the equivalence of the different bases explicitly, using the example of the
one-loop ALP decay widths into gauge bosons. The most general effective Lagrangian con-
tains a redundant operator, in which the ALP is derivatively coupled to the Higgs current.
This operator can be reduced to the remaining operators using field redefinitions. While it
can thus consistently be omitted from the operator basis, the presence of UV divergences
in the three-point function connecting an ALP with two scalar fields must nevertheless be
treated carefully when deriving the evolution equations for the ALP couplings to fermions.

We have presented the renormalization-group (RG) evolution equations for the ALP
couplings above and below the electroweak scale, working consistently at two-loop order
in gauge couplings and one-loop order in Yukawa interactions. In our default basis shown
n (2.1), the ALP-boson couplings are scale independent in this order, while the ALP-
fermion couplings obey a rather complicated set of coupled differential equations, given
n (3.2). We have derived the exact solution to these equations in the approximation where
one neglects the SM Yukawa couplings of all fermions with the exception of the top-quark,
for which y; ~ 1. At the electroweak scale, we have expressed the effective Lagrangian
in terms of fields in the broken phase, which correspond to the mass eigenstates of the
SM particles. High-energy collider processes involving ALPs can be systematically studied
using the ALP effective Lagrangian formulated at this scale.

For low-energy processes involving ALPs, it is necessary to evolve the effective La-
grangian down to lower scales. At the electroweak scale we have performed a systematic
matching procedure by integrating out the top quark, the Higgs boson and the W and
Z bosons. We have included all matching contributions at one-loop order and partially
accounted for some two-loop contributions required by RG invariance of the effective the-
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ory. A particularly important class of matching contributions gives rise to flavor-changing
ALP-fermion couplings induced by W-boson exchange, which exists even if the underlying
UV theory is flavor universal or, more generally, respects the principle of minimal flavor
violation. The RG evolution below the electroweak scale only affects the flavor-diagonal
ALP-fermion couplings and arises at order a? and o2 in the QCD and QED running cou-
plings. At the scale of chiral symmetry breaking we have matched the effective Lagrangian
onto the chiral Lagrangian extended with an ALP field. We have discussed ALP-pion mix-
ing, the effective ALP-photon coupling of a light ALP (with mass below the GeV scale) and
the leading-order ALP couplings to three pions in the presence of a non-zero mass term
for the ALP in the UV theory. We have emphasized that in this case the optimal choice of
the chiral rotation which eliminates the ALP-gluon coupling as well the ALP mixing with
the 70 state is different from the case of the classical QCD axion. We have also shown
explicitly that the ALP-photon coupling and the ALP couplings to pions are independent
of the parameters of the chiral rotation.

There is an important flavor-universal contribution to the ALP couplings to fermions,
which is generated above the scale of the top-quark mass and arises from the ALP mixing
into the neutral SM Goldstone boson. This effect is induced through top-quark loops and
receives large logarithmic corrections of order af In™(A%/m?) in higher orders of perturba-
tion theory, which we have resummed to all orders, see (5.12). It generates, for example,
a sizable ALP-electron coupling in the low-energy theory even if only ALP couplings to
quark doublets or right-handed up-type quarks are present in the UV theory. Depending
on the ALP mass, experimental searches for a — eTe™ decays, astrophysical constraints or
precision-spectroscopy searches sensitive to the simultaneous presence of ALP-electron and
ALP-nucleon couplings can discover an ALP with these properties even if the ALP does
not interact with leptons at the UV scale. This argument extends to the case of the QCD
axion, for which we have shown that the DFSZ axion has sizable couplings to electrons
even at low tan 3, where the UV coupling to electrons is strongly suppressed.

The results of this paper form the basis for precise phenomenological analyses of the
physics of axions and ALPs, connecting low-energy observables in a systematic and accurate
way with the couplings of the underlying UV theory.
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A Scale dependence of the ¢y, parameters

Contrary to the original ALP-boson couplings cyy, the quantities éyy defined in (2.11)
are no longer scale independent at two-loop order, but they satisfy the evolution equations

dé ys 907 3. 9«
GG Z 79 qq+ 0(3) G+72 C( )CW —|— (y2+yd+2yQ) CBB

dln,u 87‘(
y2 +6a2 | 2703 2703 N 1102 _
C C c c
deww _ 5~ 39, v 2702 2. 9
dIn 22327;20‘” 3262 Ut g s e +7Cz(v awwtos (yL+3yQ>CBB
3Z/t 906? - 2703 3a2
N oty eaT s CWW‘FgCBBa
dcpp 1 7yui 5y3i 5ygi
dlnp - Z 0672 Cuju; + 9672 cdidi—i_wceiei
33 302 B
8 ( )& —I—JC(Q)CW 8 ) (8y2+23’d+37Q+6y2+3yL) inE
17 lla 904 9502
N%yg cut CGG+8—cww—|—24 1éBB. (A1)

Here ¢ = u,d, s,c,b,t and £ = e, u, 7 run over the various fermion flavors of the SM. We
have derived these equations using the evolution equations (3.1) and (3.2).

It is a very good approximation to drop all Yukawa couplings other than y;, in which
case only the ALP-fermion coupling ¢;; enters on the right-hand side of the equations. The
evolution equation for this quantity can be derived from (3.2). In the approximation where
only the top Yukawa is kept, one finds

dc ~ Qyt2 202 9a2 _ 1702

din g~ 16m2 T GGy Cvw G Co - (A.2)

Relations (A.1) and (A.2) form a coupled system of equations, which can be solved to obtain
the scale-dependent coefficients ¢y (p) and éyy(p). The solutions, in the approximation
needed in this work, have been given in (3.10) and (3.11).

B Evolution equations for the effective Lagrangian (2.9)

The effective Lagrangian (2.9) provides an alternative description of the ALP interactions
with SM fields. Here we present the RG evolution equations for the coupling parameters
¢yy and Yf in this Lagrangian. The evolution equations for the quantities ¢y have
already been given in (A.1). These parameters are not scale independent, in contrast to
the couplings cyy appearing in the original Lagrangian (2.1). This fact may seem puzzling
at first sight, because the operators describing the ALP-boson interactions are the same
in the two forms of the effective Lagrangian. However, under renormalization the ALP-
boson operators mix with the derivative couplings of the ALP to fermions in (2.1). In the
Lagrangian (2.9) these derivative couplings must be decomposed into linear combinations
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of the non-derivative ALP-fermion interactions and the ALP-boson interactions. This
decomposition introduces a non-trivial scale evolution of the parameters éyy .

We have derived these equations for the coupling matrices Yf starting from (2.10) and
the evolution equations for the parameters cyy and cp given in (3.1) and (3.2), as well as
the well-known RG equations of the SM Yukawa matrices [104, 105]. We obtain

d - 1 8 5 _ 3 N 3 5
- = 2Y,YY, + CY,YY, - 2YYIY, —2Y,Y]Y, - Y, YTYu>
- <2as 9042 1701 T )
Y _
T 16w = 48w 1672
X aQ 3a 3o
23 3 GG+7CI(:) cww + (y2+yQ)CBB
82 A2
d
( Y)Y+ YdYTYd—YYTin—2YYTin—YYTY}1>
dln,u ~ 1672
< 90&2 5041 T )
Y, 167r 487 1672
s O 305 (2) . 3a1
+1iYy Cr +720F cww (yd+yQ)
d 1 T
Y, <YYY+ YYY) 1@(90‘2 5‘“— )
dln,u ~ 1672 16r 167 1672
FiY |+ C wa+ (y + %) enp (A.1)
with
T =Tr(3Y,Y, +3Y) Y, + YY.), (A.2)

and X as given in (3.3).
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