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Abstract

In this paper, we define random quasi-periodic paths for random dynamical systems
and quasi-periodic measures for Markovian semigroups. We give a sufficient condition for
the existence and uniqueness of random quasi-periodic paths and quasi-periodic measures
for stochastic differential equations and a sufficient condition for the density of the quasi-
periodic measure to exist and to satisfy the Fokker-Planck equation. We obtain an invariant
measure by considering lifted flow and semigroup on cylinder and the tightness of the average
of lifted quasi-periodic measures. We further prove that the invariant measure is unique, and
thus ergodic.
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1 Introduction

Quasi-periodic oscillation of a dynamical system is a motion given by a quasi-periodic function
F such that

for some continuous function f(t1,ta, - ,tm), (t1,t2, - ,tm) € R™ (m > 2) which is periodic
inty,to, -+, t,, with periods 71,70, - - - , 7, respectively, where 7, 19, -+ , Ty, are strictly positive

and their reciprocals are rationally linearly independent i.e. for any nonzero integer-valued
vector k = (ki,ka, -+ ,km),

1 1 1
ki— 4+ ko—+ -+ kn— #0.
T1 T2 Tm

This topic has been subject to many important studies including Kolmogorov-Arnold-Moser
(KAM) theory on Hamiltonian systems ([21],[24],2]).



Quasi-periodic motion is a common phenomenon in nature, e.g. arising in describing the
movement of planets around the sun. The existence of a quasi-periodic motion for the nearly
integrable regimes of the three-body problem with some transversality condition is given by the
KAM theory. However many problems in nature are mixture of randomness and quasi-periodic
motions. For example the temperature process which is random has one year periodicity due to
the revolution of the earth around the sun and one day-night periodicity due to the rotation of
the earth. Similarly, the energy demands should have similar nature. Thus to provide a rigorous
mathematical theory is key in modelling random quasi-periodic phenomena in real world. As
far as we know, such a concept still does not exist and the current paper is the first attempt in
this direction.

The concepts of random periodic paths and periodic measures were introduced recently
([27],[10],[11],[9],[12]). They are two different indispensable ways to describe random periodicity.
The theory has led to progress in the study of bifurcations ([26]), random attractors ([3]),
stochastic resonance ([7],[13]), strange attractors ([16]) and modelling the El Nino phenomenon

([6]).
In this paper, we study random quasi-periodicity of random dynamical systems or semi-flows

over a metric dynamical system (Q, F, P, (0;)¢cr). First we define random quasi-periodic path
¢ of the stochastic-flows u(t, s) : 2 x R — R? ¢ > s as a random path satisfying

u(t, s, p(s,w),w) = p(t,w),t > s,s € R as.,

and the pull-back random path
t— p(t,0_w)

is a quasi-periodic function for almost every sample path w € Q.

For a Markovian semi-flow, let p(t,s,x,-),t > s, be its transition probability. Then a
measure-valued function p : R — P(R%) is called a quasi-periodic measure if p is an entrance
measure i.e.

/ P(t,s,x,T)ps(dx) = ps(I') for all T € B(RY),
Rd

and the measure-valued map
S pg

is a quasi-periodic function.

We will give a sufficient condition for the existence and uniqueness of random quasi-periodic
path for a stochastic differential equation on R?

{dX(t) = b(t, X (1))dt + o(t, X (£))dW;, t> s, 12)

X(s) =&,

where b, o are quasi-periodic in the time variable t. As this is the first paper in this area, the
main purpose here is to establish basic mathematical concepts and useful tools. We do not strike
to technical details to try to provide best possible sufficient conditions in the current paper.

We will prove the law of random quasi-periodic path is a quasi-periodic measure. We further
give a sufficient condition for the density of the quasi-periodic measure to exist and to satisfy
the Fokker-Planck equation.



For simplicity, we only consider quasi-periodicity with two periods: 71 and 75 in the current
paper. Our results also apply to general cases with any periods 7, 7o, - - , 7, without any extra
difficulties.

Solving the reparameterised SDE is a key step in the analysis of finding random quasi-periodic
paths. Let b,6 be two functions such that

b(t,t,x) =0b(t,x),5(t,t,z) = o(t, )
where l;(tl, to, ), (t1,ts, ) are periodic in t1,to with periods 71 and 75 respectively. Define
DUt x) = b(t + 71, t 4 7o, 1)
"2 (t,x) =6(t+11,t+re, ),

then the solution K" of SDE (1.2) when b, are replaced by b2 GT1T2 where 11,79 are
regarded as parameters, satisfies

K" (t,s,x,w) =u(t+r,s+r z,0_,w)

where u(t, s, -,w) is the semi-flow generated by (1.2). Moreover we can prove under a dissipative
condition about the drifts b and 6™"2,

lim K"™"2(t,s,z,w) = ¢ V" (t,w) exists a.s.
S—>—00

and
p(r,w) = ¢""(0,0_,w)
is a random quasi-periodic path of (1.2).
Note the reparamerterised SDE enjoys the following property: for all r1,7r9,7 € R, t > s,
K2 (t+r s +rx,0_w) =K1 (t s 2 w), P—a.s. on w. (1.3)
This is a very useful observation in our analysis, but the original time dependent SDE (1.2) does

not have such a convenient relation.

Lifting the semi-flow to X = [0, 71) x [0, 72) x R? is key to obtain an invariant measure from
the quasi-periodic measure. Define

O(t,w)(s1,82,2) = (t+s1 mod 1, t+s2 mod 7o, K**%(¢,0,2,w))

and

Y(s,w)=(s mod 7, s mod 7, ¢(s,w)).

Then Y is a random quasi-periodic path of the cocycle ®. Moreover we will prove that
P(t, (s1,82,2),I') = P{w : ®(t,w)(s1, s2,x) € I'}, ' € B(X) is Feller and

ﬂs(f) = P{w : f/(s,w) S f} = [65 mod 71 X 55 mod 15 X ps](r)
is a quasi-periodic measure with respect to P*. We will show that

_ 1 (T
{/]T:T/D fisds : T € R*}

is tight and a weak limit f is an invariant measure with respect to P*. Moreover, we will further
show that the invariant measure is unique and ergodic and is given by the average

1 T1 T2
/ / 051 X Osy X Ps;,sod51d52.
172 Jo Jo
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2 Random path and entrance measure

2.1 Existence and uniqueness of random path

In the stochastic differential equation (1.2), b: R x R? — R? 5 : R x R? — R?*? are continuous
functions, W; is a two-sided R%valued Brownian motion on probability space (Q, F, P) with
Wy = 0 and ¢ is a R%valued F* ~-Imeasurable random variable, where .7:2 is the natural filtration
generated by (W, — W) a<u,v<p. Now we consider the following assumptions.

Condition 2.1. The coefficients b,o in SDE (1.2) satisfy the following conditions:
(1) There exist some o > 0 such that for all x,y € R? and t € R,
(x —y) (b(t,2) = b(t,y)) < —alz —y)*;
(2) There exists a constant 8 > 0 such that for all z,y € R% and t € R,
lo(t, =) — ot y)ll < Blz —yl;
(3) There exists M > 0 such that

sup [b(t,0)| + sup [|o (¢, 0)|| < M;
teR teR

Condition 2.2. The drift coefficient b in SDE (1.2) is k-th order growth in x for some k > 1,
i.e. there exist | > 0 such that for all z € R% and t € R,

[b(t, )] < U1+ |2[7).

Condition 2.2 is needed only for the purpose of perfection. For other results such as (crude)
random path and the results in terms of laws including the quasi-periodic measure, the invariant
measure and its ergodicity, Condition 2.2 is not needed.

Under Condition 2.1, the solution of (1.2) exists, denoted by X(t,s,£), and satisfies for
P—ae we

X(t,s,&(w),w) = X(t,r,w) o X(r,s,{(w),w), forall s <r <t.

We call u : A x R x Q — R? with u(t,s,w)r = X(t,s,z,w) a stochastic semi-flow, where
A={(t,s):t>s,t,s € R}

Definition 2.3. A random path of a semi-flow v : A x R x @ — R is a measurable map
0 : R x Q— R such that for any t > s,

u(t, s,(s)) = (t), P—a.s.. (2.1)

We call ¢ a perfect random path if equation (2.1) holds for all t > s, P — a.s. (where the
exceptional set N is independent of t and s). In addition, if u is generated by an SDE, we say
@ is a (perfect) random path of this SDE.



In the following, we will always use || - ||, to denote the norm in the LP(2, dP) space.
Theorem 2.4. Assume Condition 2.1 and o > % for some p > 2. Then there exists a
unique uniformly LP-bounded random path ¢ of SDE (1.2), i.e. supg ||o(t)|lp < oco. If we
further assume Condition 2.2 and p > (4 + 2d)k, this unique random path is perfect.

First we give two lemmas before we prove Theorem 2.4.

Lemma 2.5. Assume Condition 2.1 and o > M for some p > 2. Let Xf’f be the solution
of SDE (1.2) with initial condition (s,&), where & € LP(2). Then there exists a constant C' =
C(p, ., B, M) such that for all t > s, | X;°|[5 < C(1+[|€][5).

Proof. We only prove this Lemma for p > 2, since the case p = 2 can be obtained by a similar
way. For any fixed A, applying It6’s formula to eM|X [P, we have

t -1
MXP = i [ NIXe0 (P xS x4 P o xR ) ar

t
+ / pe | X328 P=D X380 (r, X56) AW,

In Condition 2.1, let y = 0. Then for arbitrary € > 0, by Young inequality and Condition 2.1

z-b(t,r) < —alz|?>+x-b(t0)

2
< —(a—e)|z + 2

and
lo(t,2)* < (lo(t,2) — a(t,0)[| + [lo(t, 0)]))
< (Bla| + [lo(t, 0)[1)?
,82
<@+l + (- + 1M
Since o > %, we can choose € small enough such that a > % + 2¢ and p(a — % —

2¢) > €. Let A = p(a— % —2¢) —e > 0. Then ¢, \ are constants depending on p, o, 5. Thus
there exists a constant C'(p, a, 3, M) depending on p, cv, B, M such that

t
MNP <P + / A (el X3P + oy, B, M) X4 D) e
S
t
+ [ e IXEE X o X W,
S

where C'(p, o, B, M) = % + @(’82 + 1)M2. Since p — 2 > 0, by Young inequality

€

2 _p=2
C(p.0 B M)IXH(072 < e X 4Ol 5,205 (- L5)

= €| X34P + C(p, o, B, M).



Here and in the following, C(p, «, 3, M) is constant, which may be different from line to line.
Then we have

(P=2) X380 (r, X3)dW,

t t
eAt‘Xfyf‘p §e>‘55|p+0(p,a,6,M)/ 6)‘Td7‘+/ pe)\r’X;?,E

S S

t
< MEP + Clp, o, B, M) + / P X

s

(P=2) X380 (r, X3)dW,.

Taking expectation of both sides, we have
MXTED < MIE]lp + Clp, . B, M)e.
Then
IX7411E < 11115 + Cp, @, 8, M),
which implies the desired result. O

Lemma 2.6. Assume Condition 2.1 holds. Let X* and X be two solutions of SDE (1.2)
with initial values £ and n respectively, where ,n € LP(Q2) for some p > 1. Then

(p—1)82
2

156 — X7, < e~ (e B =) e

Proof. Note
t t
XPE—XPT =€ -+ / (b X3€) = b(r, X37) ) i + / (o0 X329) = o (r, X37) ) W

Let Xy = X5 — X2 by = b(t, X5%) —b(t, X) and 6, := o(t, X*) — o(t, X;™"). For any fixed
A, applying Tto’s formula to eM|X;|P, we have

M =~ + [ VG MG +pe b+ P2 s))ar
s
+ /tpe’\T|Xr|(p_2)Xr6'rdWT
s
<eM|¢ — P + /t e’\T|XT|p <)\ —pa+ W)dr + /tpe’\T|Xr|(p_2)Xr5’rdWr-
s s
Let A = p(a — %) Taking expectation on both sides, we have
X = X < g~ mlp

Thus the lemma follows. O

Now we give the proof of Theorem 2.4



Proof of Theorem 2.4. Existence: Let s1 < so < t. Then for any fixed £ € LP(Q),

51,€
SQ’XSQI,

thg =X

Now consider || X;* — X2¢||,. Applying Lemma 2.5 and Lemma 2.6, we have

et
X0 = X =X — X

)
<o (0= E) s xoe g

a2
S67(0[7@ ;)ﬂ )(tfsz) <HX§217£||P+ ||§”p)

— 2
SC(pva,B,M,||§||p)e—(a_<p ;)ﬂ )(t782)‘

Thus there exists a LP-limit of (th’é) ., 88 — —o00. By Lemma 2.6, we know that this limit
s<t
is independent of &. Define
o(t) == LP — lim X;*, (2.2)

§——00
then
le(8)]lp < limsup | X5, < C(p, e, B, M, ||€]l,) < C(p, o, B, M).
S§——00

Next we will prove that ¢ is a random path of SDE (1.2). For any ¢ > s > r, we have
u(t, s, X1¢) = X[, P—a.s..
By Lemma 2.6, we know that

(o e=1B%\,,
lult, 5, X7€) — u(t, 5, p()) [, < e~ (=)= xre o)),

It follows that for all t > s

LP — lim wu(t,s,X"%) = u(t,s, (s)) = @(t) = LP — lim Xtr’g, P —a.s.. (2.3)

r——00 r——00
Hence ¢ is a random path of SDE (1.2).

Now under further Condition 2.2 and p > (4 + 2d)k, by (7) and (iv) of Lemma 3.7, we know
that the solution w(t, s, x) of SDE (1.2) and ¢(t) are continuous with respect to (¢,s,z) and ¢
P — a.s., respectively. Lemma 3.7 contains some key estimates needed for perfection. But in
order not to interrupt the main flow of the proof of this theorem, we postpone this Lemma and
its proof to the end of Section 3.1. Denote

Ns,t = {w|u(tv S, 90(5’ W)a w) 7& (,O(t, w)}
Ny = A{w|u: (t,s,2) — u(t,s, z,w) is not continuous},

Ny = {w|p : t = p(t,w) is not continuous},

N= |J NoJN|JN,

t,s€EQ,t>s

and



where @) is the set of all rational numbers. Since equation (2.3) holds, we know that P(NN) = 0.
Fixw € N¢, for any t > s, we choose {ty, Sn }n>1 such that t,, > sy, t,, sp € Q and t, — t, s, — s,
by continuity of u(-,-,-,w),¢(-,w), we have

u(t, s, o(s,w),w) = lm u(ty, sp, p(sp,w),w) = lim p(t,,w) = p(t,w).

n—oo n—oo

Thus ¢ is a uniformly LP-bounded perfect random path of SDE (1.2).

Uniqueness: If there are two uniformly LP-bounded random paths ¢1, @2 of SDE (1.2), by
Lemma 2.6, we have for any ¢t € R

(o @=D8%)
lo1(t) — pa(B)ll, <e~ (=) =),

Se_(a_

|p1(8) = pa(s)llp

(p-1)p2
= )(t‘s)(sup 1 (r)|lp + sup [|o2(r)|[p) — 0 as s — —oo.
reR reR

Then ¢1(t) = pa(t), P — a.s..
If there are two uniformly LP-bounded perfect random paths 1, p2 of SDE (1.2), denote

Ny, = {wlu(t, s, p1(s,w),w) # ¢1(s,w), for some t > s € R},

and
Ny, = {wlu(t, s, pa(s,w),w) # @a(s,w), for some t > s € R}.

Since 1, p2 are random paths of SDE (1.2), by Definition 2.1, we have P(N,,) = P(N,,) = 0.
Let Ny = {wlp1(t,w) # ¢2(t,w)} and

NO = Non (N, | N,

n>1
we obtain P(N?) = 0. Similarly fix w € (N?)¢, then for any ¢ € R, choose n > t, we have
P1(t,) = ult, —1, 91(— 1, w),w) = ult, =, a(—n, ), w) = Pa(t, @),
which means P — a.e. w € 2,

v1(t,w) = pa(t,w), for all t € R.

2.2 Existence and uniqueness of entrance measure
For a semi-flow u : A x R? x Q — R? with u(t, s, z,w) = X;""(w), we define the transition
P: A xRYx B(RY) — R* by P(t,s,2,T) = P(X)* €T) forallt > s,z € R? and I € B(RY).
We further define P*(t,s) : P(R?) — P(R?) by
P*(t,s)u(T) = / P(t,s,z,T)u(dz), for all u € P(RY),T € B(RY). (2.4)
Ra

Here
P(R?) := {all probability measures on (R% B(R%))}.



Definition 2.7. We say a measure-valued map p : R — P(RY) is an entrance measure of
SDE(1.2) if P*(t,s)us = pt for allt > s,s € R.

Set,
MP = {1 : R — P(RY)| Sup/ |zP e (dz) < oo}
teR JRA
Theorem 2.8. Assume Condition 2.1 and o > % for some p > 2. Then there exists a

unique entrance measure of SDE (1.2) in MP.

To prove Theorem 2.8, we need the following lemma.

Lemma 2.9. Assume p1 and pg are two probability measures on (R, B(R?)), and for any open
set O we have pu1(O0) < p2(0). Then py = pa.

Proof. Let C := {all open sets on R?}. First we know we know that p; < pp on C. We now
prove the opposite inequality. For any given O € C, O¢ = R?\ O is a closed set. Define

Of == {x : dist(z,0°) < 6},

where dist(z, O¢) = infycoe | — y|. Then we know that Of is open set and Of | O°¢ as ¢ | 0.
Further more

1 (0°) = limn 11 (05) < 151&1 12(05) = p2(0°).
Since p1 and po are probability measures, we have
1—11(0) <1 - p2(0),

which implies 1 (O) > p2(O). Hence py > pg on C. This leads to p1 = ug on C.
Since C is a 7m-system and o(C) = B(R%), thus u; = pg on B(RY). O

Now we give the proof of Theorem 2.8.
Proof of Theorem 2.8. Existence: Applying Theorem 2.4, we know that there exists a uniformly

LP-bounded random path ¢ of SDE (1.2). Let p; = L(p(t)) be the law of ¢(¢). Then for any
I' € B(R?), we have

P(t, 3)ps(T) = /R P{t, 5,2, T)ps(d)

= /Rd P(X;}" € T)P(p(s) € dx)

= P(x;*¥ eT)
p(t) €T)

Thus p is an entrance measure of SDE (1.2). And since ¢ is uniformly LP-bounded, then

sup / 2P pi(d) = sup E[lo(t)]?] < oo,
teR JRA teR
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which means p € MP.

Uniqueness: We aim to prove that for any entrance measure p of SDE (1.2) in MP, uy = py
for all t € R. By Lemma 2.9, we just need to prove p;(O) < us(O) for any open set O C R
Since for any s < t, we have

pt(0) — u(0) = pt(O) — » P(t, s, z,O)ps(dz)
= [ (0(0) = X} € O) ()
= [ (Plo(t) € ©) = PX}" € O) ().
Define
Os := {x : dist(z,0°) > §}.
Then Os 1+ O as 6 | 0 and
P(X;" € 0) = P(X{™" —¢(t) + ¢(t) € O)
> P(p(t) € O5, | X" = p(t)] < 0)
> P(p(t) € O5) — P(IXy" — ¢(t)] = 0).
Thus it turns out from the above and the Chebyshev inequality that
P(p(t) € 0) — P(X;™" € O)
< P(p(t) € O\ O5) + P(IX," — (t)]| = 9)
1 S,T
< P(plt) € O\ O5) + S E[IX]” ~ (1))
Applying Lemma 2.5 and Lemma 2.6, we have
E[X;7 — p(HFF] = lim E[|X}* — X[

< limsup E[X;* —th’XsT’z|p]

r——00,r<s

_ 2
< lmsup (0= |p - xop)

r——00,r<s

(p-1)8?
< limsup C(1+ ]a;\p)e*p(o‘* — )(t*S)

r——00,r<s
= O(1 + Jop)e (e ) =),

Here C' = C(p,, 3, M). Then for any 6 > 0 and s < ¢, we have

pr(0) — 1(0) = / (P(¢(t) € O) = P(X" € O)) iy(d)

R4

< /Rd <P(<P(t) € O\ Os) + 57,IE[|vaf’f _ (p(t)m) s (da)

C (o @=DB)
< Plelt) € 01,05)+ e DD [ (1 o).

10



Hence for any § > 0, we have

. C _ (a_(Pfl)Bz)(t_S)
pi(0) = m(0) < P(p(t) € O\ Os) + limsup — ( 1 +sup [ |z[’ur(dz) ) e™” 2

s——00 0 reR JRd

< P(p(t) € O\ O5) = pi(O\ O).
Since Os 1 O as 6 | 0, we have

p(O0) — i (0) < laifolpt(o \O5) =0,

which implies p:(O) < p(O). O

Remark 2.10. When we consider the entrance measure, we only consider the law of random
path and the perfection of ¢ is not needed, thus the continuity of @ is not needed and hence we
do not need Condition 2.2. Then the estimates for p = 2 in Section 2.1 is adequate.

By the proof of Theorem 2.4, we know that ¢(t) = LP — lims_,_o X;"*. Then we have
the following proposition. Denote by Cy(R?) the linear space of all continuous and bounded
functions on R

Proposition 2.11. The entrance measure p; is the limit of P(t,s,x,-) in P(R?) with weak
topology, i.e. for all f € Cy(R?), we have

tm_ [ )P s = [ @),

S——00 R4

Proof. Since [pq f(y)P(t,s,z,dy) = Ef(X;") and [a f(y)pi(dy) = Ef(p(t)), we need to prove
that for all f € Cy(RY),

lim Ef(X)%) = Ef(o(t)).

S§—>—00

S,T

First we prove limsup,_, . Ef(X,™) < Ef(p(t)). Otherwise there exists a sequence sy, | —0o as
n — oo and a constant A = limsup,_, . Ef(X;"") > Ef(¢(t)) such that lim, o, Ef(X;™") = \.
Since limy, 00 E[|X;™" — (t)[P] = 0, we know that there exists a subsequence {s,, } C {s,} such
that X" 225 (1) as k — oco. Thus f(X;"*") 225 f(¢(t)). Then by Lebesgue’s dominated
convergence theorem, we have

Jim Ef(X;™7) = Ef(e(1)),

which contradicts that
Jim Ef(X;™7) = X > Ef((t).
—00
Hence

limsup Ef (X;") < Ef(p(t)).

S§—>—00

Similarly we can also prove that
lim inf Ef(X3") > Ef(¢(1)),

which completes our proof. O
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3 Random quasi-periodic path, quasi-periodic measure and in-
variant measure

3.1 Existence and uniqueness of random quasi-periodic path

In SDE (1.2), if we assume the coefficients b, o are quasi-periodic functions in time ¢, can we
obtain a kind of random quasi-periodic path? What should the “quasi-periodicity” of a random
path be defined? We give the following definition.

Definition 3.1. A measurable path ¢ : R x Q — R? is called random quasi-periodic path
of periods T, of a semi-flow u, where the reciprocals of 1 and T are rationally linearly
independent, if it is a random path and there exists ¢ : R x R x Q — R? such that for any
t,s € R,

{(ﬁ(t,t) =(t)ob_, P—a.s., (3.1)

@(t +7—178) = @(tas)a (15(7;8 +7—2) = (ﬁ(t,S), P—a.s.

We call ¢ a perfect random quasi-periodic path if ¢ is a perfect random path and equation (3.1)
holds for all t,s € R, P — a.s.. We also say ¢ is a (perfect) random quasi-periodic path of an
SDE if u is generated by this SDE.

We give the quasi-periodic condition.

Condition 3.2. Assume that b,o in SDE (1.2) are quasi-periodic functions with periods 71,72,
where the reciprocals of T and o are rationally linearly independent, which means there exists

b:RxRxR?—= R? and & : R x R x R — R¥*™ such that b(t,t,x) = b(t, ), 6(t,t,x) = o(t, x)
for all t € R,z € RY satisfying

b(t +71,8,2) = b(t,s,z), b(t,s+ 1, x) = b(t,s,z), (3.2)

and
a(t+m,sx)=0(ts,x), 6(t,s+ 19,2) =05(t,s,x). (3.3)

Condition 3.3. Assume b,& in Condition 3.2 satisfy the following conditions:
(1) There exist some a > 0 such that for all z,y € R and t, s € R,
(z =) (Blt,5.2) = blt, 5,)) < ~a(w - y)
(2) There exists a constant > 0 such that for all x,y € R? and t,s € R,
H&(tv 57x) - 5-(757 Say)” < ﬁ‘l’ - y‘;

(3) There exists M > 0 such that

sup \E(t,s,O)\ + sup ||a(t,s,0)|| < M;
t,s€R t,s€R

(4) There exist C > 0,0 < v < 1 such that for all x € RY, t1,to, 51,50 € R,

[b(t1, 51,) = b(ta, 52, 2)| + 113 (11, 51,2) — G(t2, 82,2)|| < C(Jts — ta|" + |s1 = 52|).
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Condition 3.4. We also assume b in Condition 3.2 is r-th order growth in x for some kK > 1,
i.e. there exist I > 0 such that for all z,y € R? and t,s € R,

b(t, 5, 2)] < (1 + |a]").

Again Condition 3.3 is only needed for perfection. Note that Conditions 3.2, 3.3 and 3.4
imply Condition 2.1 and 2.2. Now we give the following main theorem.

Theorem 3.5. Assume Conditions 3.2, 3.3 and o > % for some p > 2. Then there exists
a unique uniformly LP-bounded random quasi-periodic path of SDE (1.2). If we further assume
Condition 3.4 and p > (4 + 2d)k V 27“, this unique random quasi-periodic path is perfect.

Proof. Uniqueness: Applying Theorem 2.4, we know that if there exists a uniformly LP-bounded
(perfect) random quasi-periodic path, it must be the (perfect) random path ¢ defined in Theorem
2.4. So uniqueness holds.

Existence: We aim to show that the random path ¢ in Theorem 2.4 is indeed a random
quasi-periodic path. Note that the solution of SDE (1.2) u(t,s,z) can be written as for all
s<t,xzecR?

t t
u(t,s,z) =x +/ b(r,u(r, s, z))dr +/ o(r,u(r,s,z))dW,, P — a.s.

Then similar to [1], for a fixed real number r, by the measure preserving property of 6_,,
u(t+r,s+rx)ob_,

t+r t+r
= <:1: + / b(v,u(v, s+ r,x))dv + / o(v,u(v,s +r, x))de> 0f_,

+r s+r
t+r t+r
=T+ (/ b(v,u(v,s+r, x))dv) of_, + (/ o(v,u(v,s +r, x))de> 0f_,
s+r s+r

t t (3.4)
=$+/ b(v+7“,u(v+7“,s+r,x)00T)dv+/ ov+ruv+r,s+rx)ob_)dW,

t
:a:+/ b(v+r,v+rufv+r,s+rx)ol_,)dv
tS
+/ clv+r,v+rufv+r,s+rx)ob_.)dW,, P—a.s.
S

Denote ' (t, s, 2) := u(t + 7,5 +1r,2) 0 O_p, D'V"2(t, x) = b(t + r1,t + ro,x) and 5772 (¢, x) =
G(t 4+ r1,t 4 rg,x), then for any fixed r, equation (3.4) can be written as

¢ t
u'(t,s,x) =z —i—/ b"" (v, u" (v, s,x))dv +/ " (v,u" (v, s,2))dW,, P — a.s. (3.5)

Note that the null sets in equations (3.4) and (3.5) depend on t,s,r,z. Since Condition 3.3
holds, then for all 1,79 € R, 8" and """ satisfy

(z =) (772 (t2) =572 (1)) < —ale —y)?,
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and
a2 (t,z) — ™" ()| < Ble —yl,

for all t € R, =,y € R%. Thus the following equation
t t
K™ (t, s, x) = 93+/ b”’rz(v,K”’m(v,s,x))dv—l—/ a2 (v, K™ (v, s, ) )dW,, (3.6)
S S

has a unique solution, denoted by K""2(¢,s,x), where r1,ry € R are regarded as parameters.

_1\a2
Since a > %, similar to the proof of Theorem 2.4, we know that there exist the random

paths ¢"(t), " 2(t) of u", K™ respectively such that for all r,ry,75,t € R

O (t) = LP — lims, oo u”(t,8,2) = LP — lims, oo u(t + 7,8 +1r,2)00_, (37)
2 (t) = LP — limg_y oo K™2(t, s, ). '
Since ¢ is the unique random path of SDE (1.2), by Theorem 2.4 we have for all r,t € R
O (t) =@t +7r)ob_, P—a.s. (3.8)
Comparing (3.5) and (3.6), obviously we know that for all t > s, 5,7 € R,z € R?
K" (t,s,x) =u"(t,s,z), P—a.s. (3.9)
and thus for all r,t € R,
" (t) = " (t), P — a.s.. (3.10)

By quasi-periodicity of b and &, we know that b™ 77072 = prirz — priretre gritTire — Grire —
&mr2tm2 Thus it turns out that for all ¢t > s,s,71,72 € R,z € R?

K™mre (g g ) = K2 (t,s,2) = K™ 2 (t s,2), P—a.s..
Then for all t,r1,r2 € R
QT2 (1) = QU2 (1) = "V (1) P — a.s.. (3.11)
For all t,s € R, let
G(t,5,w) = ¢"*(0,w). (3.12)
It follows from (3.8), (3.10) and (3.11) that for all t € R
o(t,t) = @(t)oO_y, P—a.s., (3.13)
and for all t,s € R
Pt +11,8) = @(t,s),p(t,s + 1) = ¢(t,s), P—a.s.. (3.14)

Therefore, this random path ¢ is a random quasi-periodic path.

Now with the Condition 3.4 and assumption py > 2k, by (v — vi) in Lemma 3.7, ¢(t) 0 0_¢
and ¢(t, s) are P — a.s. continuous with respect to ¢ and (¢, s), respectively. Then use the same
perfection argument as in equation (2.3), we know that equations (3.13) and (3.14) hold for all
t € R and t, s € R outside a null set, which ends the proof. ]
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Remark 3.6. We can conduct similar operations as in (3.4) and (3.5) to re-parameterised
equation (3.6). Noticing

BT (o 4, ) = BT (0,), 6T (04 r, ) = T (0, ) (3.15)

and using the same argument as in the proof of (3.9), we can conclude important property (1.3).
This property is similar to the shift property of the autonomous stochastic differential equations
which leads to their cocycle property with a perfection argument. Though there is nothing similar
to be said about the original SDEs due to the time dependency of the coefficients, this property
holds due to "time-invariance” of the re-parameterised coefficients in the sense of (3.15).

We state the following continuity lemma which was needed in the proof of Theorem 2.4 and
Theorem 3.5. It is noted that its proof is independent of Theorem 2.4 and Theorem 3.5 and
their proofs.

Lemma 3.7. Assume Conditions 2.1, 3.2, 3.3 and 3.4 hold. Letu(t,s,z),u"(t,s,x), K™ "2(t, s, x)

are the solutions of SDE (1.2), SDE (3.5) and (3.6), respectively. Assume further that o >

11432
% for some constant p > 2, we have

(i) If p > (4 + 2d)k, u(t,s,x) is continuous with respect to (t,s,z), P — a.s.;

(i) If py N§ > (3+d)k, u'(t,s,x) is continuous with respect to (r,t,s,x), P —a.s.;

(iii) If py N§ > (44 d)k, K™ "2 (t,s,x) is continuous with respect to (r1,r2,t,s,2), P — a.s..
(iv) If p > 2k, p(t) defined in (2.2) is continuous with respect to t, P — a.s..
(v) If py > K, @(t) 0 O_; is continuous with respect to t, P — a.s..
(vi) If py > 2k, @(t,s) defined in (3.12) is continuous with respect to (t,s), P — a.s..

(vii) If py N5 > 2k, " (t) defined in (3.7) is continuous with respect to (r,t), P — a.s..

(viii) If py N5 > 3k, @""2(t) defined in (3.7) is continuous with respect to (ry,72,t), P — a.s..

Proof. (i) Note that

t t
u(t,s,z) = x+/ b(v,u(v,s,x))dv+/ o(v,u(v, s, z))dW,.
S S
For any t > t' > s with [t — /| < 1, we have

E []u(t, $,x) — u(t',s,x)]%}

t

=F tb(v, u(v,s,z))dv+ [ o(v,u(v,s,z))dW, K]
/t/ /t ) ) (3.16)
< C(p,rK) (E /t/ b(v,u(v, s, z))dv " +FE /t’ o(v,u(v, s, z))dW, K])

= C(p,r)(I + II).
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Since o > M, by Lemma 2.5, we know that for all v > s

Eflu(v, s, )["] < C(p, a, B, M)(1 + [x]?).

Then we can calculate

t
I<E [ [ 1w, utws s, oo - t’|<i—”}
tl

t
< C(p,/f»,l)/ E[L+ |u(v, s,z)[P]dv - |t — ¢/|(F~D (3.17)
t/

< C(p, ki, Ly o, B, M) (1 + [z|P)[t — | .

By B-D-G inequality, we have
(/ llo(v,u(v, s, z))|| dv) ]

C(p, ) / Elllo (v, u(v, s, 2)||¥)dv - [ — |(F1
t/

11 < C(p,k)

(3.18)
t
< C(p M) [ B[+ fulo,5, )] F]do- |t — ]
t/
< C(py o B, MY(L+ [ %)t — #/] 2.
Then it follows from (3.16)-(3.18) that
Ellu(t,s,z) —u(t', s, z)|= ] < C(p, k1, o, B, M) (1 + |z|P)|t — t/|2. (3.19)
Now for any t > s > s, z,2’ € R? with |s — s'| < 1, let
a(t) == u(t,s,z) —u(t, s, z’)
l;(t) = b(tv U(t, va)) - b(t,U(t, 5,7 3}/))
G(t) :=o(t,u(t,s,x)) — o(t,u(t, s, z")).
Apply It6 formula to |@(t)|* on [s,t], we have
[at)]*
/) L (2-2) [ ~ 2 p/Fd 2 -
2 i) (i) - b) + ZEG= 6w ) do + 2 / ()| &2 i0)s (o)W,
p —-1)p?
< la(s)|® = 2 (a (p/ . )8 ) / )| *dv + 2 / i W(v)6 (v)dW,
< la(s)|* / [a(v)| %2 a(v)6 (v)dW,.
(3.20)

Taking expectation on both side, we have

E[|a(t)]§] < E[|"&(3)|§] =FE ||z -2 — //S b(v,u(v, s, 2’))dv — /S o(v,u(v, s, z'))dW, H]

SI
b

/ b(v,u(v, s, z"))dv "

/

< C(p,k) (w—x’\i+E +FE

/ o(v,u(v, s, z'))dW, "

’
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Similar to (3.16), we have

Ellat)|*] = E[u(t, s,z) — u(t,s',z")|*]

v v (3.22)
< CO(p ksl o, B, M)+ [2'P)(Is — s'[2= + o — 2| ).
Comparing (3.19) and (3.22), we conclude that
Ellu(t,s,xz) —u(t', s, 2 .
fu(t,s.2) = (e 2] o9

< Ol o, B, M)(L+ [P + [/ [P) (£ = )25 + |s — |36 + | — a']%).
Since o > M and p > (4+2d)k, we can choose p’ > p, i.e. % > 2+d such that a > M
and (3.23) holds for p’. Then by Kolmogorov’s continuity criterion, we know that u(t, s, z) is
continuous with respect to (t,s,z) P — a.s..

Next we prove (iii), and (i¢) can be obtained in a similar way. Similar to the estimation of
u in (3.23), we know that for all ¢,#',s,s’ € R,z,2’ € R?, ry, 79 € R with [t —t/| < 1,|s —&'| <1,

B[|K™2(t,s,2) — K™ 2 (t, 8 2')|]

/ / p / p / p (3'24)
< Clp, s, ba, B, M)(L+ [zfP + [2"[P) ([t — '[2% + |s — s'[2% + |o — 27| ).
Now for all 71,7}, 7r9,7) € R, let
K; = K™ (t s, x) — K™ (t,s,x)
by o= b (1, K2 (8 s, x)) = BT (8, KT (8 5, )
6F = "2 (t, K2 (t, s, x)) — 6702 (t, KT () s, x).
It follows from (3.6) that
. t t
[ / brdv + / &AW,
S S
Now applying It6’s formula to e’\t|f(t|p for some A > 0 on [s,t], we have
| LA 2 2 v e, P12 2)| A% |2
L e L e o R L
S
. ) ) (3.25)
+ / pe | K, | P K 65 AW,
S
Note that
’[A(U‘(p—z)f(v . (;: :|Kv’(p—2)f(v . ([;7”1,1“2 (v, K" (v, s,2)) — pr1Ts (v, K™ (v, s, .%')))
K| P2 K - (57072 (0, KT (v, 5,2)) — D072 (0, K072 (v, 5, 7))
<CIK| P (Jre = 4 [7 + [r2 = 15[7) — al K, |P.
Then for arbitrary € > 0, by Young inequality, we have
(K |P2 K, - b < Clp,€)(Jr1 = P[P + [ra = r[7) — (o — €) |, [P (3.26)
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Similarly, we have
| P65 < O(p, B, 6) (I — 17 + [ra = r[P7) + (8% + €) | Ko P (3.27)
Then taking expectation on both sides of (3.25), we conclude from (3.26) and (3.27) that

NE[ K] << C(p, B, e)(lr1 — 4P + [z — r5P)e

+ <)\ —pla— (Z’_;)BQ - 2e)> /: N B[R, |P]dv

, we choose € = %( &) > 0 and A = pe > 0. Then we have

>| =

Since o > M

BE[K™"2(t,s,2) — K"V (t, s, )] < C(p,a,B)(|r1 — [P + |rg — rh[P7). (3.28)

Hence

1
E[’Krl,rg (t,ij) N K?‘i,ré(mij)‘%} < (EUKTLW (t,S,JJ) Krl,rz t,s, $ ]) * (3 29)

< Op. iy, B)(Ir1 = ri|% + |ra = 75| 7).
Then together with (3.24), the continuity of K" "2(¢,s,x) can be obtained by the standard
argument of using Kolmogorov’s continuity criterion.
(iv) For any t,t' € R, it follows from (2.2) and (3.19) that
E[le(t) — o()|<] < liminf E[u(t,s,0) — u(t’, 5,0)|~]
s , (3.30)
< C(pa /‘i,l,Oé,ﬁ,M”t - t/|ﬁ
By Kolmogorov’s continuity criterion, we know that () is continuous with respect to t P —a.s..
(v — widt) Similarly, Comparing with (3.7), (3.24) and (3.28), we have
E[lem (1) — "172(¢)| K] < liminf B[[K™72(t,5,0) — K07 (t', 5, 0[]

P

<liminf C(p, k){E[|K"™"2(t,s,0) — K""2(t', 5,0)| |

s—r—00 (3.31)
+E[|K™"2(1)5,0) — K™72(t5,0)] %] }
< C(pa ’ialvaaﬁ?M)(‘rl - T/1|% + |T2 - ’I"l2|% + |t - t,‘i)
Along with (3.8), (3.10), (3.12) and (3.31), we conclude that
E[lpt)0_ — o(t)0_y|<] < C(p,k, 1,0, B, M)t —'|'%, (3.32)
B|a(t,s) %] Op, k1o, M) (8 — 1% +]s — %), (3.33)
E[W(t) 0" )l“] < Cp, iy Lo, B, M) (fr = /| + [t = ¢]3%). (3.34)
Then we derive (v), (vi), (vii) and (viii) by applying Kolmogorov’s continuity criterion respec-

tively. ]
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3.2 Existence and uniqueness of quasi-periodic measure
First we give the definition of the quasi-periodic probability measure as follows.

Definition 3.8. We say a map p: R — P(Rd) is a quasi-periodic probability measure of periods
71,72 of SDE (1.2), where the reciprocals of 11 and 1o are rationally linearly independent, if
P*(t,s)ps = pi for all t > s, and there exists p: R x R — P(R?) with p,4 = p; such that

ﬁt+T1,s — ﬁt,sa ﬁt,s+7’2 — ﬁt,sa (335)
for allt,s € R.

Theorem 3.9. Assume Conditions 3.2, 3.3 and o > % for some constant p > 2. Then
there exists a unique quasi-periodic probability measure of periods 11,72 of SDE (1.2) in MP.

Proof. Uniqueness: Applying the proof of Theorem 2.8, we know that if there exists a quasi-
periodic probability measure with periods 7j, 79 of SDE (1.2) in MP, it must be the unique
entrance measure of SDE (1.2) defined by the law of the random path.

Existence: Recall equations (3.13) and (3.14) in Theorem 3.5, let

Pt = £(@(t))> ﬁt,s = E(@(tv 3)) (3'36)

be the laws of p(t) and @(t, s) respectively. Since ¢ is the random path of SDE (1.2), then by
equation (2.5) we have P*(t,s)ps = p; for all t > s. Since 6_; preserves probability measure P,
then py = L(p(t)) = L(@(t,t)) = prt. By the construction of p, we have

and
ﬁt78+72 = E(@(ta 5+ 7-2)) = ‘C(@(tv 5)) = ﬁt,s-

Also since ¢ is uniformly LP-bounded, then

sup / 2P pi(d) = sup E[lp(t)|?] < oo,
teR JRd teER

which means p € MP. Moreover, from Theorem 2.4, Lemma 2.5, Lemma 2.6 and the proof of
Theorem 3.5, we have

sup / [P pr,s (d) = sup E[["*(0)[F] < oo,
t,s€R JR4 t,s€ER

which shows that g € MP. O
Remark 3.10. Similar to Remark 2.10, the continuity of ¢ and Condition 3.4 are not needed

when we consider the quasi-periodic measure. From Theorem 3.5 and its proof, we know that
the estimates for p = 2 in Section 3.1 is also adequate.
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Example 3.11 (Ornstein-Uhlenbeck equation). We include the following example with a number
of reasons. First, O-U process is one of the simplest stochastic process that one would analyse
for mew concepts. Second, it is instructive and does illustrate clearly the idea of random quasi-
periodicity and two kinds of formulations as well as their relation. Third, the formulae for its
random quasi-periodic path and quasi-periodic measure can be written down explicitly. Last,
but not least, this equation is relevant in various different applications e.g. modelling energy
consumptions or temperature variants with two obvious daily and seasonal periodicities.

The Ornstein-Uhlenbeck process with mean reversion of single-period was used in modelling
electricity prices ([5],[23]), daily temperature ([4]), biological neurouns ([18]) etc. The quasi-
periodic O-U process we introduce here allows a feature of multiple periods which is natural in
many real world situations e.g energy consumptions, temperature, business cycles, economics
cycles. While it is not the purpose of this paper to study these interesting applied problems in
their specific contexts, our work in this paper provides a mathematical theory of random quasi-
periodicity for this purpose.

Here we consider the following mean reversion multidimensional Ornstein-Uhlenbeck equa-
tion on R?

dXy = (S(t) — AXy)dt + o(t)dW, (3.37)
where S(t),o(t) are deterministic quasi-periodic functions with periods 11,7 and A € Sg with
A > 0, which means that A is a symmetrical matriz with positive eigenvalues {\,}_,. The
analysis is given as follows.

Applying Ito’s formula to et X, we have
t t
X, = e =94, —|—/ e_(t_r)AS(r)dr —|—/ e_(t_r)Aa(r)dWT t>s. (3.38)
Let
t t

o(t) = / e~ A5 (r)dr +/ e A (1) dW,. (3.39)

Then we have

t t

o(t) = e~ (94 (s) +/ 6_(t_T)AS(’I“)d’F+/ e AG(r)dW,, (3.40)

S

which means that ¢ is a random path of SDE (3.37). Next we will show that ¢ is also a random
quasi-periodic path. We first rewrite ¢(t) by

o(t,w) = / ; e ENAS (Y dr + [ / too e(t”)Aa(r)dWr] (w)

_ / " AS(r 1t t)dr + [ / ' erAa(r+t)dWT] (O). .

—00 —0o0

Since S, o are quasi-periodic functions with periods 11,72, then there exist S, such that S(t) =

S(t,t) and o(t) =& (t,t) and

{5‘(t+ﬁ,8) = 5(t,s) = S(t,s + ) (3.42)

g(t+m,s)=0a(t,s)=ad(t,s+ 7).
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Then we have

0 3 0
o(t,w) = / e AS(r +t,r + t)dr + U e (r 4t + t)dWr] (rw).
Let
0 ~ 0
o(t, s,w) = / e AS(r +t,r + s)dr + [/ e (r+t,r+ s)dWT] (w). (3.43)
Then we have ¢(t,0_w) = ¢(t,t,w) and
ot + 11, 8,w) = P(t, s,w), @¢(t,s+ 12,w) = @(t,s,w), (3.44)

which shows that ¢ is a random quasi-periodic path of SDE (3.37) with periods Ty, To.

Let pr = L(p(t)). By Theorem 3.9, we know that p; is the unique quasi-periodic probability
measure with periods T, of SDE (3.37). Moreover, from (3.39), we know that

p() =N < / too e~ tMAS (1 dr, / too e<”>Aa(r)a(r)Te<”>Adr> (),

where N is the multivariate normal distribution. Let pys = L(P(t,s)). Then from (3.43), we
know that

prs(-) =N(/O e”‘S(r+t,r+s)dr,/

— o0 —00

0
e T+t + s)eTAdr> (+).

It is obvious that py = py .

In Subsection 8.3, we will develop a way to lift a quasi-periodic stochastic flow to the cylinder
[0,71) x [0,72) X R? and prove fit,s = Op X 05 X P 1S a quasi-periodic measure. This setup will
enable us to prove that the average % OTI 072 fit sdtds is an ergodic invariant measure on the
cylinder. Our result also implies that for this particular case, it is the unique ergodic invariant

measure for the lifted quasi-periodic Ornstein-Uhlenbeck process.

3.3 The lift and invariant measure

In Section 3.1, we have the existence and uniqueness of random quasi-periodic path, and in
this case, we will lift the semi-flow u and obtain an invariant measure. Consider the cylinder
X =1[0,71) x [0,7) x R? with the following metric

(&, §) = di(t1, 51) + da(ta, s2) + |v — yl, for all & = (t1,t2,2),§ = (s1,82,9) € X,
where dj, ds are the metrics on [0, 71), [0, 72) defined by
di(ti, Si) = min(]ti — Si’,Ti — ‘ti — SZ“), for all t;, 8; € [O,Ti),i =1,2.

Denote by B (X) the Borel measurable set on X deduced by metric d. Then we have the following
lemma. Note the perfection of K*52(¢,0,x,-) is needed but that of ¢ is not needed.
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Lemma 3.12. Assume Conditions 3.2, 3.5 hold. We lift the semi-flow u : A x R? x Q — R to
a random dynamical system on a cylinder X = [0,71) x [0,72) x R? by the following:

O(t,w)(s1,82,2) = (t+s1 mod 71, t+s2 mod 1o, K*¥(t,0,z,w)),
where K™ is the solution of (3.6). Then ® : Rt x X x Q — X is a cocycle on X over the

metric dynamical system (Q, F, P, (0)ier). If we further assume that Condition 3.4 holds and

a > % for some p > (10 + 2d)k V %, then ® is a perfect cocycle on X.

Moreover, assume ¢ : Rx Q — R% is a random path of the semi-flow u. Then YV :RxQ— X
defined by

Y(s,w)=(s mod 7, s mod 1, ¢(s,w))
is a random path of the cocycle ® on X.

Proof. We first prove that P is a cocycle on X. Note K72 is periodic in 71,7y with periods
71, 72. It follows that for any (s1,s9,7) € X,t,s € RT, we have

(i)(t> st) © i’(S, W)(Sl, 52, .CU)
= O(t,0,w)(s+s; mod Ty, s+s3 mod T, K1%2(s,0,z,w))
= (t+s+s3 modTy, t+s+sy modry, K5T55T52(4 0 K5052(5 0, 2,w), 0sw)).

Now we compute the KST51:5%52(¢ () K51:52(5,0, 7, w), fsw) term. By Remark 3.6, we know that
equation (1.3) holds P — a.s., i.e. for all ri,7r9,7 € R, t > s,

K2t +r s +rz,w) = K2t s 2, 0,w), P—a.e. on w.
Then we have for all 51,50 € R, t,s € RT

Korsusts2 (3.0, K02 (s,0, 2, w), Osw) = K592 (t 4 5,5, K*%(s,0,w),w)
= K2 (t+s,0,w), P —a.e. on w,

ie. the set NJ}** = {w|K*T505192(1, 0, K*1%2(s, 0, z, w), Osw) # K*1*2(t 4 5,0,w)} is a null set.
Then for any fixed t > s, (s1, 52, %) € X,

d(t, Osw) o @(s, w)(s1, s2, )
(t+s+s; mod7,t+ s+ sy mod 1o, K5T5L5T52(¢ 0, K5052(5,0, 2, w), Osw))
(t+s+s1 mod7,t+ s+ s2 mod 1o, K%2(t+ 5,0, 2,w))

d(t + s,w)(s1,52,2), P — a.e. w,

which means that ® is a cocycle on X.

If Condition 3.4 holds and o > M for some p > (10 + 2d)k V %, from (1.3), (3.24)
and (3.29) in Lemma 3.7, we know that there exists C' = C(p, k, 1, a, B, M) (1 + |z|P + |2|P) such
that

|

< O(ry =74 |'% + e = | + | =72+t — |35 + |s — &' + |z — 2| ).

E [(K++ (t,s,2) 00, — K"+ ¢ 2') 06,
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Then by Kolmogorov’s continuity criterion, K" t""*"2(¢ s z,0,-) is continuous with respect to
(r,ri,7m9,t,8,2) P —a.s.. By (iii) in Lemma 3.7, we also know that K™"2(t, s, ) is continuous
with respect to (r1,r2,t,s,2) P — a.s.. Denote

N = {w|K : (r1,72,t,8,2) — K™"™(t, s, 2,w) is not continuous}

N% .= {w|K : (r,r1,72,t,5,x) — K" 2 (¢ s 2 0,w) is not continuous}

and

Ng= |J NNt

51,52€Q,t,s€Qt

Then P(N') = P(N?) = 0 and hence P(Ng) = 0. Fix w € N§, for any s1,s2 € R, t,s € R, we
choose {s?, s5,t", s"},>1 such that sT,s5 € Q,t",s" € QT and s} — s1, 85 — s9,t" = ¢, 8" — s,
then we have

(i)(t> st) © i)(S,W)(Sl, 82>$)
t+s+s1 mod T, t+s+ sy mod 7o, K¥T5T52(3 0, K5152(5, 0, 1, w), Osw))

+s+s mod T, t+s+sy modTe, lim K 51" +52 (t",0, K512 (s",0,z,w), Osnw))
n—o0

n—oo

(
(t
(t+s+s1 modm,t+ s+ sy mod 7o, lim K5?753(t”+s",0,x,w))
(t+s+s1 mod 1, t+ s+ sy mod 1o, K42 (t + 5,0, z,w))

é(t + S)W)(Sla 52, l‘),

which implies the perfect cocycle property of ®.

Next, assume ¢ is a random path of the semi-flow v and Y (s,w) = (s mod 71, s mod 72, p(s,w)).

Denote Ny, := {wlu(t, s, p(s,w),w) # ¢(t,w) for all t > s}, then P(N,) = 0. Fix w € NS N Ng,

B(t,0,w)Y (s,w) =(t+s mod 71,t+s mod 7o, K(t,0,¢(s,w), Osw))
(t+s mod m,t+s mod 1o, u’(t,0,p(s,w),Osw))

(t+s mod m,t+s mod 7o, u(t+ s,s,¢(s,w),0_s0sw))
=(t+s mod T, t+s mod 1o, p(t+ s,w))

=Y (t+ s,w),

which means Y is a random path of the cocycle ® on X. O

ie.,

for

Consider the Markovian transition P : RT x X x B(X) — [0, 1] generated by the cocycle @,

P(t,(s1,s2,2),T) = P(w: ®(t,w)(s1, s2,2) € ),
all t € RT, (s1, 82,2) € X,T € B(X). Similarly, for any i € P(X), we define

Pri(T) = /Xﬁ(t, (51, 80,2), T)jilds1 x ds x da).

Then we have the following theorem.
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Theorem 3.13. Ifp: R — P(RY) is the entrance measure of semi-group P*, i.e. P*(t,s)ps =
pt, then i : R — P(X) defined by

lat = 575 mod 71 X 5t mod 72 X Pt
s an entrance measure of semi-group 15*, i.€.,
Pl fis = firss.
Moreover, i is also a quasi-periodic measure.

Proof. For any T' € B(X), let I'y := {z € R¥(s mod 71,s mod 7, z) € T'}. Then we have

Pt*~8(f) - P(t7 (Sla 827x)af):a8(d31 X d32 X d37)

T

(t,(s mod 7, s mod 7o, z),T)ps(dz)

I
T
vl

i

(w:®(t,w)(s mod 71, s mod m,x) € I')p,(dr)

Pw:(t+s modm, t+s mod 7o,u’(t,0,z,w)) € f‘)ps(da:)

I
T

Plw:u(t+s,s,x,0_sw) € Tyys)ps(dr)
Plw:u(t+s,s,z,w) € Tiys)ps(dr)

P<t +s,8,%, ft+5)p8(dw)

o

=Pt +s, 5)93(ft+8)
= pts(Lits) = f4s(D).

Moreover, let
1&’81752 = 551 mod 71 X 532 mod 1o X 551,827 (345)

we know that fis = fis, s, and

Pisy+71,50 = 1,500 Fbsy,sotrs = Pisy,s0 (3'46)

which completes our proof. O

For the above entrance measure ji, set
_ 1 [T
ap = — (Lsds
Hur T /0 s

M :={jir:TeRT}. (3.47)

and

We have the following lemma.
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Lemma 3.14. Assume Conditions 3.2, 3.3 and o > % Then M is tight, and hence is weakly
compact in P(X).

Proof. We just need to prove that for any € > 0, there exists a compact set I e B(X) such that
for all T € RT, we have )
,L:J,T(Fe) >1—ce.

Since the entrance measure p; is the law of the L?-bounded random path (t), then {p; : t € R}
is tight because

pe(Bn(0)) = P(lp(t)] < N)
= 1= P(le(t)] > N)

2
o, e (3.48)
R [ GLE

Then for the given e > 0, there exists a compact set I'. C R? such that for all ¢ € R,
pt(Fe) >1—e

It is well-known that [0,71),[0,72) are both homeomorphic to the circle S I under metrics dy, do
respectively. Hence they are compact and I'c = [0,71) x [0,72) x I'c is compact on X. Moreover

= 1

3 T 1 /7T
fr(f) = 7 [ eEods = [ puTds > 1 - (3.49)
T 0 T 0

which completes our proof. O

For any f € C°(X), which is defined as the collection of B(X) measurable functions, we
define

Pf(%) = / P(t,z,dj) f(§), for any & € X. (3.50)
X
We have the following Feller property of the semi-group Pt >0.
Proposition 3.15. Assume Conditions 3.2, 3.3 and o > % Then the semi-group Pyt > 0,
defined by (3.50), is Feller, i.e. for all f € Cy(X), P,f € Cp(X).

Proof. Obviously ||P;fllec < ||flls, then we just need to prove that P;f is continuous. It is

— n—00  ~

sufficient to prove that for any sequence z, = (r{,7%,x,),T = (r1,72,2) € X with #, —> 7,
we have P, f(Z,) —= P, f(i). Since
ptf(j) = / P(tu (Tl,T’Q,I),dSl X dSQ X dy)f(517 52)3/)
[O,Tl)X[O,TQ)XRd
= / P(®(t,-)(r1, 79, x) € dsy X dsy x dy) f(s1, s2,y)
[071)x[0,72) xR (3.51)

:/ P(K™"(t,0,z) € dy)f(t+r1 mod 7,t+r2 mod 7,y)
Rd

=Ef(t+r1 mod 7,t+ry mod 1o, K™"(t,0,z)).
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Let fi(ri,re,x) := f(t+r1 mod 71,t+ry mod 72,x). Then we have
|15tf(3~3n) - Ptf(j)‘ :|]Eft(7"?,’l“g, KTIL’T;(t7O7xn)) - Eft(’l"l,?"Q, KT17T2(t’ 07 J}))|
<|Efi(r], ry, KT?’Tg(t,O,xn)) —Efi(r,ry, K™ (t,0,x))]
+ |Efe(rl,ry, K™ (t,0,2)) — Efi(r1,re, K™ "2(t,0,x))]
=:A7 + Aj.

(3.52)

Since f € Cy(X), then f; € Cy(X) and fi(r?, 75, K™% (t,0,2)) =25 fi(ry, 0, K™72(t,0, 1)) as
n — oo. By Lebesgue’s dominated convergence theorem, we have

5 = |Efe(rf,ry, K™"2(t,0,2)) — Efi(r1, re, K™ "(t,0,2))| 7% 0. (3.53)

Furthermore, let
bo= sup (BT (t,@) — R ()
tcR,zcRd

and
on = sup |FTUTE(t,x) — V(L 2.
teR,zcR4

By (4) in Condition 3.3, we know that b, + o, < C(|ry — r}|[?" + |ra — r5]7). Then lim;, o0 by, =
lim;, 00 05, = 0. Similar to the estimation of (3.28), we know that

EHKT?’Tg(t,O,xn) — K”’”(t,O,x)‘?} < C(a, B) (|zn — o> 4 [ — |2 e — 7"2\27).

n n 2
Then we have K™ "2 (t,0, z,) L K (t,0,x). Let
n—oo

Ry = {w : ‘Krl’r2(t707xaw>‘ < N}
and
Ry = {w: [K"T75(t,0,,,0)| < N},

Then by the Chebyshev inequality we have limpy_,oo(infpey P(RR, N Ry)) = 1. Since f is
continuous, then it is uniformly continuous on all compact subset of X. Then for arbitrary
€ > 0, there exists 65, > 0 such that when (t1,ts,2), (1, s2,y) € [0,71) X [0,72) x Bn(0), where
By (0) is a closed ball centred at 0 with radius N in R, and dy (1, s1) + da(ta, s2) + |z —y| < o,
we have |f((t1,t2,x)) — f((s1,52,y))| < e. Set

Cse, = {w: |[K™72 (8,0, 2,) — K™2(t,0,2)| < 65}
Then also by the Chebyshev inequality lim,,— P(C’(’%V) = 1. Hence for all w € C%,V NRY N Ry,

|ft(r?,rg’K7’{L,7’S (t,(],mn)) - ft(r?vrgaKrl’rz(tv 0,1’))| <e

Therefore
lim_)sup AY :lim_)sup [Efi(r, i, K02 (8,0, 2,)) — Efe(r, i K™072(t,0, x))|
S+ 2|l limsup{(1 ~ P(CR,)) + (1~ P(RY, 0 B))] (3.5
=e.
Since € > 0 is arbitrary, we have A7 =% 0. We complete the proof of P, f(Z,) —— P, f(&).
O
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~ From Lemma 3.14 and Proposition 3.15, we have the existence of invariant measure under
pP*.

Theorem 3.16. Assume Conditions 3.2, 3.3 and o > B2 Then there exists a uniquen invariant
probability measure with respect to the semi-group P* whzch 18 given by

7_17_2/ / 0g1 X 0sy X Psy,s,d51d52.

Moreover, this invariant measure is ergodic with respect to the semigroup P*.

Proof. Existence: From Lemma 3.14, we know that M defined by (3.47) is tight and hence
weakly compact. This means that there exists a sequence {1}, },>1 with T}, 1 co as n — oo and
a probability measure i € P(X) such that fiz, — ji. Moreover, for any fixed t > 0, since

o B 1 (Tn _ 1 (T
Pt*l&’Tn — [J,Tn = ﬂA Pt*~sd$ — %A ﬂsds
_ L / s — - / " s
t+Tn Tn
/ fsds — / fisds
t+Th
/ fsds — Tn/o fisds,

Tn+t
lim sup || B} iz, —uTnqu<hmsup— Hus!Bvds+ / |l ds)

n—oo n—o0

(3.55)

SO

2t
<limsup — = 0.

n—o0 n

Hence Rf‘,@Tn Y [i. On the other hand, for any f € C,(X), by Proposition 3.15, we have
P, f € Cp(X), and therefore

lim [ f(§) P}, (dj) = lim //f P(t,z,dj)ji, (dZ)

n—oo X n—oo

= lim [ Pf(&)ir, (dZ)

n—oo X

) (3.56)
- / Puf (3)i(d7)

f )Py i(dy).
This means P} iz, — P;fi. Summarising above we have that P;fi = i
Moreover, by (3.33) in Lemma 3.7, we know that

lim 5(t,s) — @(to, so)||2 = 0.
lm 1 s) = Blto,so) I3
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Then similar to the proof of Proposition 2.11, we know that g is continuous under the weak
topology in P(R%), i.e. for all f € Cy(R?),

tm | @adn) = [ 7@ o)

(t,s)—>(t0 ,SO) R4

Let i defined by (3 45). It is easy to check that fi is also continuous under the weak topology
in P(X ) Since T—l and —- are rationally linearly independent, by definition 5.1 in [25], T} :
[0,71) X [0,72) — [0,71) X [0 72) defined by

Ti(s1,82) = (t+s1 mod 71, t +s2 mod 73), for all s1,s9 € [0,71) x [0, 72)
is a minimal rotation. Then applying Theorem 6.20 in [25], we know that %L is a unique

ergodic probability measure on [0,71) X [0, 72), where L present the Lebesgue measures. Hence
by Birkhoft’s ergodic theory,

_ 1 (T
AT = T/, fipdt
1 T
=7 ), A, (0,0)dE
w R 1
—_— fisy 5o ——dS1dS2.
T—o0 [0,T1)><[0,7'2) T172

So

_ . 1
[ :/ fls) 5o ——dS1dS2 = / / 0s1 X gy X Ps;,5,d51d52
[0,71) x[0,72) T1iT2 T1iT2

is an invariant measure with respect to P*.

Uniqueness: We need to prove that for any invariant probability measure v, we have v =
By Lemma 2.9, we only need to prove that for any open set O € B(X), we have v(0) > ji(
Define

R
\_/ tl\

Oz = {zeR?: (r; mod 1, 5 mod m,z) € O},
(’jgl’” = {x: dist(z, (@Tl’m)c) > 0},

and
(7)6 = U (81, 82) X (7);1’82.
(s1,82)€[0,71) % [0,72)

We know that Q™72 @gl’m and Q9 are open sets, @g“” 1+ O™"2 and %1 O as § | 0. Then

O 70
= lim / / (s1,82, ),(7)) v(dz)dt (3.57)

T%oo

= lim / / KS“52 t,0,z) € @t+sl’t+32) dtv (dz) .
T—)oo
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Applying Remark 3.6 and measure preserving transformation 6;, it follows that

= hm/q ,/ AKVHM“”2m,—Lx)667+“¢+”)dmxdj)

T~>oo

Similar to the proof of Theorem 2.4, Lemma 2.5 and Lemma 2.6, it can be shown that the

solution K2 of (3.6) has the following estimate

IR (8, 5,2) = g2 (0)]2 < Cem (07D,

for all 71,75 € R, ¢t > s, where C' = C(a, 8, M) only depends on a, 8, M with M = supt,seR(|l~)(t, s,0)|+

|6(t,s,0)]). Then for all § > 0, by the Chebyshev inequality, we have

P (Kt+sl,t+52 (07 —t, CC) c @t+81,t+82>

>P ( t+s1,t+82( ) c @g—i-sl,t-&-sg’ ‘Kt+s1,t+sz (O, —t,x) _ S51&-1—51,75—!—82 (O)’ < (5)

>P ( ~t+s1,t+s2 (0) c @g+51,t+82> > (|Kt+sl,t+s2 (07 —t,x) . ¢t+sl,t+s2 (0)| > 5)

~ C? 2
- t+s1,t 9 (—
2pt+s1,t+sg (OJ+81 +82) . ﬁe 2(a—p%/2)t

N ~ o
=Hi4s1,t450 ((95) — ﬁe 2( 52/2)15.

Thus it turns out from (3.57), (3.58) and Fatou’s Lemma that

~ 2
'U >hm1nfﬁ <,u,t+51 t+so <(’)5) ? —2(a—p?/2)t ) dtv(dz)

T—oo

C?
> — — i
_/§g (hjgn inf /0 flttsy t+so ((’) ) dt Thm 25%(a — B2/2)T > v(dz)

R B L ~ 3
Z/X <hTHi>loI<1>fT/0 Fet+s1,t+s2 <(’)5) dt> v(dz).

Again by Birkhoff’s ergodic theory, we know that for all (s, s2) € R?

— 1 dt —2— [i.
T/o Ht+s1,t+s2 Tooo 2

Then since ©° is open, and by Proposition 2.4 in [17], we have

u(@)zﬁ(oﬂ.

(3.58)

(3.59)

Since @ 1 O as ¢ | 0, the desired result follows from the continuity of measures with respect to

an increasing sequence of sets.

Moreover, by Theorem 3.2.6 in [8], we know that this unique invariant measure /i is ergodic.

O

Remark 3.17. It is not obvious how to check directly that 7-117- n 72 sy X 05y X Psy.s,d51d52

is an invariant measure with respect to P* without appealing to the tzghtness argument.
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By a similar proof of Lemma 3.14, Proposition 3.15 and Theorem 3.16, it is not difficult to
derive a general theorem. Here we denote by X a metric space, B(X) the Borel o-algebra on
X, Bp(X) the linear space of all B(X)-bounded measurable functions and P(X) the collection
of all probability measures on (X, B(X)). Assume that P(t,z,T"),t > 0,z € X,T' € B(X), is a
Markovian transition function on X. Denote by P;,t > 0 : By(X) — By(X) and FPj,t > 0 :
P(X) — P(X), the Markovian semi-groups associated with P(t,z,-). We say p : R — P(X)
is an entrance measure with respect to P* if Pjps = pi4s for all t € RT s € R. We say p is
quasi-periodic if exists a measure-valued function py, s, satisfying the same relation with ps as
in Definition 3.8. However we do not have the uniqueness of invariant measure in the general
case.

Theorem 3.18. Assume the entrance measure p with respect to Pt > 0, is a quasi-periodic
measure with periods T and 1o, where the reciprocals of 7 and T are rationally linearly inde-
pendent. If {pr = %fOT psds : T € R} is tight and the Markovian semi-group Py, t > 0, is
Feller, then there exists one invariant measure given by

1 T1 T2
/ / Ps1,s0d51d52.
T2 .Jo Jo

4 Density of entrance measure and quasi-periodic measure

In this section, we will give a sufficient condition to guarantee the existence of the density of the
entrance measure. We need an extra condition.

Condition 4.1. The diffusion coefficient o in SDE (1.2) is invertible with supyeg ycga 071 (¢, 2)|| <
0.

We now give the definition of the well-known BMO space and some lemmas which will used
in this section.

Definition 4.2. Denote by BMO(s,t) the space of all (FI)s<r<i-adapted R%-valued process M

with
t 3
(E U ]M,\er|]-'g]>
T

where s <t and T! is the set of stopping times taking their values in [s,t].

s

< 00,
o>

M| Brros,) == sup
TeTY

Then we have the following lemma.

Lemma 4.3. Let M € BMO(s,t). Then there exists p > 1 such that
t P
(e )]
S
where & (fst MTdWT> = exp{f; M,.dW, — % fst | M, |?dr}.
Proof. By Theorem 3.1 in [20], we know that if ||M||grro(ss) < ®(p) for some p > 1, where @
is a continuous monotone function from (1,00) to Ry with ®(1+) = oo and ®(c0) = 0, then

£ ( /! MTdWT> is in LP. 0
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We also need the following lemma which is almost the same as Lemma 4.1 in [13].

Lemma 4.4. Assume Conditions 2.1 and 4.1 hold. Let X, be the solution of SDE (1.2) and
Z}" be the solution of the following SDE

{dZt = o(t, Z,)dW,, t> s, (1)

Zs =1z € R
Then the laws of X;"* and Z;* are equivalent, i.e.

PX:"(B) = P%" (B), for all B € B(RY),

where (f o~ Y(r, 2" )b(r, f’x)dWr)
Proof. This lemma can be proved by almost the same proof as them of Lemma 4.1 in [13]. O

Now we have the following theorem.

Theorem 4.5. Assume Conditions 2.1 and 4.1 hold. If o > 6—2, then P(t,s,z,-) and the en-
trance measure p; are absolutely continuous with respect to the Lebesque measure L on (R, B(R?)),
and hence have the densities p(t, s, z,y) and q(t,y) respectively.

Proof. First we prove that P(t,s,z,-) is absolutely continuous with respect to L, i.e. for any
I € B(RY), L(T') = 0 implies P(t,s,z,I') = P(X,* € I') = 0. By Lemma 4.4, we know that

P(X)" €T) = P(Z)" €T) =Ep[1r(Z,7)]
=E [5 < / t o (r, Z5")b(r, Z;?’””)dWr> 1F(Zf’m)} : 4.2

where Z;*" is the solution of SDE (4.1). Set T, := inf;>{|Z""| > n}. Since E s[sup, ¢4 |Z7"1?] <
oo, then we have . .
P(T, >t)=P(sup |Z>"| <n)—1asn— oo.

rée(s,t]
Thus
P(X;" € F) Ep[lr(Z,7)]
Ep[1r(Zy" ) s m, (0] + Ep[Ir(Z") L1, 00) (1)]

< nlggo [Ep e (2 ") m, (1) + P(T < 1)) 3
= lim Ep[1r(Z;") 17, ()] |
= lim E [1[5 (D€ < / o (r, Z5%)b(r, Zf’””)dWT> 1F(vaw)] .

Since

t t
1[s,Tn](t)g (/ 0'_1(7‘, Zivx)b(T, Zﬁ’x)dWr> <& </ 1[s,Tn](T)U_1(T‘7 Z;f@)b(’l“, Zﬁvr)dWT> ,
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we have

t
P(X;" €T) <liminfE [5 (/ Ls,1) (rYo = (r, Z5%)b(r, Zf’w)dWT> 1p(ZtS"T)] . (4.4)

n—oo

We only need to prove that if L(I') = 0, then for all n

t
E [5 </ Ls 1) (ryo Y (r, Z5%)b(r, Z;f’m)dWT> 1F(Zts’x)] =0.

Let an(r) = 1jsp,)(r)o " (r, Z7")b(r, Z7"). By Condition 4.1, we know that there exists C' > 0
such that sup,cg |an(r)] < C. Then

<1[«: [/Tt \an(r)IZdr\]-"sT]>é

which means a, € BMO(s,t). By Lemma 4.3, there exists p > 1 such that

i B[l (o)) ) <

Since 7" = x + [ o(r, Z")dW,, note that [ o(r, Z7")dW, is in law a Brownian motion
with time 6; = [ ||o(r, Z2")|]?dr, i.e. there exists a standard Brownian motion W such that
fst o(r, Z,")dW, 4 W,. Also notice

< CVt—s,

LOO

sup
TeT!

Vd=|lo(t,x)o™! (t,2)] < llo(t,2)lllo" (¢ 2)],

thus
Vd Vd

HU_l(tNC)H N SuptER,xeRd ‘|U_1(t7x)"

which suggests that 6; > o(t — s). Using Proposition 6.17 in Chapter 2 in [19], we have

lo (¢, z)]| =

=.0,

E [1r(2)] = E [1r(@ + Wa,)]
—E [E[1o(@ + We) Fs, a5 (4.5)

—F {E |:11“(l' +y+ Wg(tfs)):|

Y=Ws,—o(t—s) } ’

Note
- 1 —1/2,2
— —(1/2a(t—s))|E71/22]
E 1r(x+y+Wg(t,s))} = rolt = 5)/ 2] det 172 /Rd Ir(x +y+z)e dz
1

< Lr
= (2na(t — 8))%2| det X|1/2 @),
where Wi ~ N (0,X). Then

1
E[1p(Z2")] <
[1r(Z)] < (27 (t — 5))%/2| det B[1/2

L(I).
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Let ¢ be the dual number of p. Then by Cauchy-Schwarz inequality,

E [e ( / Loy (Mo 250, Zﬁ’x)dWr) 1F<Zf“>} < B {E[Ip(Z2)}

(4.6)

1
q

— 1
where Cp = <(2m(t—s>>d/2|detz|1/2)
So if L(T') = 0, then E [5 ( [ 1 (P2 (r, ZE5%)b(r, Zf’x)dWr) 1F(vam)} = 0, and hence

P(t,s,z,T') = P(X;”* € ') = 0. Thus P(t,s,x,) is absolutely continuous with respect to the
Lebesgue measure and by Radon-Nikodym theorem, the density of P(t,s,z,-) with respect to
the Lebesgue measure exists.

For the entrance measure p;, since

() = P9)pu(T) = | Plt.s.o.Dpu(do) (4.7)

then if L(I') = 0, we have p;(I') = 0. This also suggests that p; is absolutely continuous with
respect to L and thus its density exists. O

We already know the conditions to guarantee the existence of the densities p(¢, s, z,y) and
q(t,y) of the two- parameter Markov transition kernel P(t,s,z,-) and entrance measure p; re-
spectively. By Fubini theorem, we know that

o) = [ PlsaDiptdn) = [ [ ptsampdndy = [ [ pit.s.ag)ats,2)dody.
R4 r JR4 r JRrd
Then it is obvious that
olt.) = [ ot s pas,)(da). (1.9
In addition, we give the following condition:
Condition 4.6. Assumeb = (b))%, 0 = (O’ij)?’jzl in SDE (1.2) satisfy the following conditions:
(1) The functions b(t,x),o(t,x) are globally bounded and uniformly Holder-continuous in (t,x).

2) The functions b(t,-) € CHRLRY), o(t,-) € C*REGRXY) such that 0y,b;, 02 04 are
( i X
bounded and Hdélder-continuous.

Then it is well-known that (see [14, 15, 19] for more details) under Condition 4.6, p(-, s, z, ) €
Ch2(R x R?) satisfies the following Fokker-Planck equation

op(t, s, x,y) = L*(t)p(t, s, x,y), t > s, (4.9)

with initial conditions p(s, s, x,y) = d,(y), where L*(t)p is the Fokker-Planck operator given by

d d
L (0p = =3 0 it o) + 5 D e, (00 (0 0)p). (410

i=1 i,j=1

Now we have the following theorem.
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Theorem 4.7. Assume Conditions 2.1, 4.1, 4.6 hold and o > % Letq € C’i’%Rde) N L' (RY)
with ||lq(t, ) |1 ray = 1 for all t, and define p: R — P(R?) by

p(I) = / q(t,y)dy, for allt € R.
I

Then p is an entrance measure if and only if q satisfies the infinite horizon Fokker-Planck
equation problem:

g =L(t)g, t = (4.11)
for any s € R, and the additional condition
la@t, Mz ray =1, t R, (4.12)

and the solution to infinite horizon Fokker-Planck equation problem is unique. Hence the solution
of (4.11) and the entrance measure have one to one correspondence.

Proof. Assume first that p is an entrance measure. We already know that p, ¢ satisfy (4.8) and
p(t, s, x,y) satisfies Fokker-Planck equation (4.9). We take the derivative with respect to t on
both sides of (4.8) to have

atta) = [ Olt. s )als. o)y

= | LX)p(t, s,y,x)q(s,y)dy

d
:/Rd ( ;f)xi(bi(t,x)p(t,s,y, $))q(5,y)> dy (4.13)

d
1
+ /I%d 5 Z a§1$] (O-O-’Lj‘;(t7 :U)p(t, Say,z)) q(s’y)dy

ij=1
=I+41I.
For the first part, we have

d
I= _Z;/Rd[ami(bi(u‘r))p(taS7y>x) + bi(tvx)azi(p(t73aya x))]q(‘g?y)dy

d d
= - Zaxi(bi(t,m))/ pt,s,y,2)q(s,y)dy — > bi(t, )0, / p(t, sy, 2)q(s, y)dy
i=1 R4 i=1 R4
P J (4.14)
== Z O, (bi (2, .%'))q(t, CIZ) - Z bi(t, x)axiq(t7 z)
i=1 i=1

d
== > 0 (bt )q(t, ).
=1

Similarly, for the second part, we have

d
1
II=5 > 8, (oot 2)a(t, ).

ij=1
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Hence the density function ¢(t,z) of entrance measure p; satisfies

Oq = £*<t)Q-

Conversely, if g is the solution of (4.11) satisfying (4.12). First from the heat kernel p(¢, s, z, y)
of Fokker-Planck equation, we have (4.8). Then by Fubini’s theorem, we have for all T' € B(R?),
any s c Randt > s

Pr(ts)oD) = [ PltsT)pldn)

=/‘/pw&%me@ywy

R JT

_// p(t,S,y,J))Q(S,y)dydiU
T JRd

—/q(t,x)d:c
r
= pe(T)

which means p is an entrance measure. With the correspondence of the periodic measure and
the solution of infinite horizon Fokker-Planck equation, since the entrance measure is unique in
this theorem, we know that the solution of the infinite horizon Fokker-Planck equation problem
is unique. [

Now assume that u"(¢,s,z) and K"™"2(t,s, x) are the solutions of equation (3.5) and (3.6)
respectively, and the corresponding semi-groups P", P""2 defined as

(4.15)

Pr(t,s,x,T') := P(u"(t,s,x) € I')
Pt sz, ') := P(K™"(t,s,x) € I).

We can also define P™*(t, s) (resp. P""™>*(t, s)) as in (2.4) when we replace { P*(t, s), P(t, s,z,T)}
by {P"*(t,s), P"(t,s,z,I')} (resp. {P™"2*(t,s), P"*"2(t,s,z,I")}). Let ¢"(t),""2(t) be de-
fined as in (3.7), and pf, p;"""* be the laws of ¢"(t), p"""2(t) respectively. Then we have

P(¢, s)pg = pj, Pt (¢, s)p?,rz _ p;fg'l,’f'g'
Similar to Condition 4.1 and 4.6, we give the following condition.

Condition 4.8. The functions b = (I;i)?zl, o= (5@)%:1 in Condition 3.2 satisfy the following
conditions:

(1) The functions ZN)(t,S,iL‘),&(t, s,x) are globally bounded and uniformly Hélder-continuous in
(t,s,x).

(2) The functions b(t,s,-) € C*(RLGRY), G(t,s,-) € C*(R% R such that Oy,b;, O /035 are

;T
bounded and Hoélder-continuous.

(8) The function G(t, s, x) is invertible with sup; g ,era |67 (¢, s, z)|| < oc.
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Then by Theorem 2.8 and Theorem 4.5, we can directly deduce the following theorem

Theorem 4.9. Assume Conditions 3.2, 3.8 and 4.8 hold. If o > %2, then p", p"""2 are the en-
trance measures of equation (3.5) and (3.6) respectively. Moreover P"(t,s,x,-), P"™"2(t, s, x, ")
and the entrance measures pf,p,""* are absolutely continuous with respect to the Lebesgue
measure L on (R B(R?)), and hence have the density p"(t,s,z,y), p""2(t,s,z,y), ¢ (t,y),
q""2(t,y) respectively.

Similarly, we know that

q(tz) = Adpr(t,s7y7x)qT(s7y)(dy)

and
g (t ) = / PRt sy, ) (s, y) (dy).
]Rd

71,72

Moreover, ¢ (resp. ¢") satisfies the following quasi-periodic Fokker-Planck equation problem:

Opg " = LT (gt > s (resp. Qi = L7 ()", t > s)

where L£7172* (resp. L£™*) is given in (4.10) where b, o is replaced by 012, 5""2 (resp. b",5").

By the proof of Theorem 3.5, we know that u" (¢, s, x,-) = u(t+r,s+r,z,0_,-) and ¢"(t,) =
o(t+r,60_,-). Since _, preserves the probability measure P, then P"(t,s,z, ) = P(t+r,s+r, z,-)
and p; = pryr. Hence their densities have the following relations

p(t,s,x,y) =plt+r.s+rxy), ¢(z)=qlt+raz).
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