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1 Introduction and conclusions

Seiberg duality [I] of 4d N' = 1 gauge theories is the duality in the IR which relates
an ‘electric’ SU(N.) gauge theories with Ny flavours of quarks and antiquarks to a

‘magnetic’ SU(Ny — N.) gauge theories with N; flavours of quarks and antiquarks



together with a gauge singlet field coupled through a superpotential (See e.g. [2} 3] [4],
D, 6], 7, I8, [9] for various generalisations.).

There exists a three-dimensional analogue, aka Seiberg-like duality in 3d N = 2
gauge theories. For the unitary gauge group, the IR duality [I0] relates NV = 2
gauge theory with gauge group U(N,), Ny fundamental chiral multiplets and N; anti-
fundamental chiral multiplets to A/ = 2 gauge theory with gauge group U(N; — N,.),
Ny fundamental chiral multiplets and Ny anti-fundamental chiral multiplets as well
as additional gauge singlet chiral multiplets and a superpotential. For the symplectic
gauge group, the IR duality [10] relates USp(2N.) gauge theory with 2N, fundamental
chiral multiplets to USp(2N; — 2N, — 2) gauge theory with 2/V; fundamental chiral
multiplets along with gauge singlets and a superpotential. The dualities are generalised
to the theories with a Chern-Simons term [11l 12], which can be achieved by adding
real masses to flavours, leading to an effective Chern-Simons term at low energy. The
3d Seiberg-like dualities are extended to the SU(N,) gauge theories [13] 14} [15], 16} 17,
18, 19], the orthogonal gauge theories [20, 21} 22] 23| 24], 25, 26], the G5 gauge theory
[25], the quiver gauge theories [27, 28], the gauge theories with arbitrary numbers of
fundamental and anti-fundamental matter fields obeying the Z, anomaly constraint
k+ NN ¢ 7 21), with adjoint matter fields [20] B0, (14, 31, 16, 82} 17, [19], with
other tensor matter fields [33] 34] B35, 36] and with a monopole superpotential [37, [38].

In the presence of a boundary, the dualities become more elaborate as the bulk fields
are subject to certain boundary conditions and they can further couple to additional
boundary degrees of freedom. The half-BPS boundary conditions preserving N =
(0,2) supersymmetry in 3d N’ = 2 gauge theories have been studied in [39, 40} [4T)
42), 143, [44] 145], [46]. Simple dualities of N' = (0,2) half-BPS boundary conditions of
3d N = 2 gauge theories for Abelian gauge theories were proposed in [40] and various
dualities of NV = (0,2) half-BPS boundary conditions for 3d N’ = 2 gauge theories
with unitary gauge groups were proposed in [43]. [

Other approaches to describing Chern-Simons theories with boundary have fo-
cussed on the relation to CFT{] and specifically WZW models [51, 52, 53]. This has
been used to infer possible boundary matter in many examples including CS with
various amounts of supersymmetry, including ABJM models [54], 55 (6, 57, 58, 59],
while boundary conditions have been analysed for multiple M2-branes in [60, [61), [62].
In the context of Seiberg-like dualities, several level-rank dualities of gauged WZW

models have been proposed [63], [64] using the relation to Chern-Simons theories and

3See [47, [48] for the study of dualities of N = (0, 4) boundary conditions and [49} [50] for N = (2,2)

boundary conditions in 3d A/ = 4 supersymmetric gauge theories.
4In fact, Chern-Simons theories on compact manifolds without boundary are also related to CFTs

51 52].



their dualities.

In this paper, we study N = (0,2) half-BPS boundary conditions for 3d N' = 2
gauge theories with symplectic and orthogonal gauge groups and propose dualities of
these boundary conditions. We support our claims by computing boundary ’t Hooft
anomalies and supersymmetric half-indices which perfectly match for the proposed
dual pairs of boundary conditions. For orthogonal gauge groups the global structure
of the group is important and has been discussed for 3d Chern-Simons theories in the
context of Seiberg-like duality [24] and level-rank duality [65]. We show that with
boundary conditions there is a similar set of dualities relating the following groups
under Seiberg-like duality: SO <> SO, Oy <> O, O_ < Spin and Piny < Pin..

The organisation of this article is as follows. In section [2] we discuss the duality
we suggest for N' = (0,2) half-BPS boundary conditions in 3d N = 2 USp(2N,)
gauge theories and test it by computing supersymmetric half-indices. In section [3| we
propose the dualities of N' = (0, 2) half-BPS boundary conditions for 3d N' = 2 SO(N,)
gauge theories. We find more extensive identities of half-indices parameterised by two
parameters ¢ and y corresponding to the global Zs symmetries [24]. In section {4| we
discuss the dualities of N' = (0, 2) half-BPS boundary conditions for other orthogonal
gauge groups. In Appendix [A] we present the notation and convention of our tools,
including boundary anomalies and supersymmetric indices. In Appendix [B] we show

numerical results obtained from Mathematica.

2 USp(2N,) gauge theories

The quantum dynamics of 3d N = 2 supersymmetric gauge theories with gauge groups
G = USp(2N.) has been studied in [66, 67, [10]. USp(2N.) is the subgroup of SU(2N,)
that keeps an antisymmetric tensor J% = (I, ® i0,) invariant. Since the antisym-
metric tensor €17"%Ne breaks up into sums of products of the J%, the USp(2N,) gauge
theory has no baryons. Also there is no topological current as the gauge group is
simple.

For the symplectic gauge groups, the IR dualities are proposed in [10, 67]. We will
refer to these dual theories as theory A and theory B, but they are also commonly

referred to as the electric and the magnetic theories:

e Theory A: USp(2N,) gauge theory with 2Ny chiral multiplets ¢ in the fun-
damental representation. It contains gauge invariant operators as the meson
M = Q@ and the monopole operator V.

e Theory B: USp(2(N; — N. — 1)) gauge theory with 2N, chiral multiplets ¢ in



the fundamental representation, N¢(2Ny — 1) neutral chiral multiplets M in the
rank-2 antisymmetric representation of SU(2Ny) and a chiral multiplet V' which

has the superpotential
W= Mqg+VV (2.1)
where V is the monopole operator.

The charges of the chiral multiplets are given by

G =USp(2N,) | G =USp(2(N; — N.—1)) | SU@2N;) |U(1), Ul)g
Q N, 1 2N¢ + r
q 1 2(Ng — N, — 1) 2N¢ — 1—r
M 1 1 Ne(2N; —1)| 2 2r
1% 1 1 1 —2N; | 2N; — 2N, — 2rN;
(2.2)

The quantum numbers crucially depend on the rank of gauge group and the number

of flavours.

2.1 N =(0,2) half-BPS boundary conditions

We introduce a boundary to the 3d N' = 2 theories in such a way as to preserve
N = (0,2) supersymmetry in 2d. For the 3d bulk fields we must impose boundary
conditions, and basic ' = (0, 2) boundary conditions [40] impose either Neumann or
Dirichlet boundary conditions on chiral multiplet (which we denote by N or by D) and
either Neumann or Dirichlet boundary conditions on vector multiplet (VM) (which
we denote by A/ or by D) E]Which is compatible with the decomposition of the 3d
N = 2 supermultiplets into 2d N' = (0,2) supermultiplets on the boundary. The
choice of Neumann or Dirichlet boundary conditions projects out specific N' = (0, 2)
supermultiplets.

On the 2d boundary we can have anomalies and these give two important con-
straints. If we have a gauge symmetry, which will be the case for Neumann boundary
conditions for bulk vector multiplets, we require gauge anomaly cancellation. On
the other hand, for global symmetries, including gauge symmetry broken by Dirich-
let boundary conditions for the vector multiplet, we do not require cancellation of

the anomalies. Instead, we get constraint on any proposed duality that the 't Hooft

50ne can also consider singular boundary conditions. Although it is intriguing to reduce them to

the B-type boundary conditions found in [68], we leave it to future work.




anomalies must match, i.e. the anomaly polynomials for the two theories must be
equal.

The method to calculate the 2d boundary anomaly polynomial was given in [43].
There are three types of contribution to the anomalies: 3d bulk supermultiplets pro-
jected onto the boundary with Neumann of Dirichlet boundary conditions; 2d super-
multiplets introduced on the boundary; background Chern-Simons or FI terms. We
summarise the general results presented in [43] in appendix The specific results
for the fields in the USp(2N.) — [2Ny] theory A and USp(2(N. — Ny — 1)) — [2]Ny]

theory B we consider are

AYM = — (N, + 1) Tr(s?) — %(ZNC + 1)r?,

A9 =N; Tr(s?) + N, Tr(x?) + 2N.Ns(a + (r — 1)r)?,
A? =N; Tr(s®) + (N; — N, — 1) Tr(x*) + 2(Ny — N. — 1)Ny(—a — r1)?,

A =(N; — 1) Tr(x?) + %Nf(ZNf —1)(2a+ (2r — D)r)?, 2.6
AY :%(—2Nfa +(2(1 —7r)N; — 2N, — 1)r)? (2.7)

for Dirichlet boundary conditions. For Neumann boundary conditions the contribu-
tions are the same but with opposite sign. The notation s (8) refers to the gauge field
strength in theory A (B), x to the field strength for the global SU(2N;) flavour sym-
metry, and a and r to the field strengths for the global U(1), and U(1)g symmetries.

We also need 2d boundary matter and the only multiplet required for the examples
we consider is a USp(2N.) x USp(2(Ny — N, — 1)) bifundamental Fermi multiplet,
U. Here USp(2N,) is the 2d gauge group inherited from the bulk vector multiplet
with Neumann boundary conditions while USp(2(Ny — N. — 1)) is a global flavour
symmetry which is identified with the dual gauge group broken to a global symmetry
by the Dirichlet boundary conditions for the dual vector multiplet. This gives anomaly

contribution
AY =(N; — N. — 1) Tr(s?) + N, Tr(s%) . (2.8)

Note that this contribution is actually only half of what might be expected for such
a Fermi. However, this is precisely the contribution required for anomaly cancellation
and we interpret this as due to a reality condition on the Fermi. We will comment
again on this when discussing the Fermi contribution to the half-index.

For now we consider the 3d dualities with vanishing Chern-Simons level, in which
case we have no background Chern-Simons terms.

The boundary conditions we consider are (N, N) in theory A, referring to the choice
of Neumann boundary conditions for (VM, Q) together with (D, D,N,D) in theory B

7



for (VM, ¢, M, V). With this choice we need to cancel the gauge anomaly in theory A
which we can do by including the bifundamental Fermi in theory A. This also leads
to anomaly matching with theory B without any further 2d matter. In particular we

have

N,
AR — (N = N, — 1) Te(s%) — N Tr(x?) — =S(4N4(1 = r)? — 2N, — 1)r?
f 2
+4(1 — r)N.Nyar — 2N.Na?, (2.9)
AR —AY = (Nj = N, — 1) Te(s?) + N, Te(3?), (2.10)

N,
AN p =Ne Tr(8%) — N, Tr(x?) — - (AN;(1 - r)? = 2N, — 1)r?
+4(1 — r)N.N;ar — 2N.N;a® (2.11)

and it is easy to see that all dependence on s is cancelled and

AA ,bulk AA ,bdry AB ,bulk

ANN - D,D,N,D — Ag,D,N,D : (2-12)

Taking the opposite choice of boundary conditions for all fields we also get anomaly
matching if we add the bifundamental Fermi to theory B instead of theory A. This
also cancels the gauge anomaly in theory B.

We therefore have the following proposed dualities

e Theory A with (AM,N) boundary conditions plus Fermi ¥ < Theory B with
(D,D, N, D) boundary conditions.

e Theory A with (D,D) boundary conditions <+ Theory B with (AM,N,D,N)

boundary conditions plus Fermi W.

For these proposed dualities we have only considered two-dimensional charged
Fermi multiplets which cancel the gauge anomaly as minimal choices of boundary
degrees of freedom. However, it would be interesting to allow two-dimensional vector
and charged chiral multiplets to investigate other dual boundary conditions. We leave

this to future work.

2.2 Supersymmetric indices

The supersymmetric “full-index” of 3d A/ = 2 supersymmetric theories can be defined
as a trace over the states on S? xR [69, 70, [71], 72 [73]. It can be evaluated as a partition
function on S? x S! from the UV description and the UV formula was obtained in [70]
for the theory with canonical conformal dimension and in [71] for the theory with any

conformal dimension via the localisation technique.



The supersymmetric “half-index” of 3d A/ = 2 supersymmetric theory 7 obeying
the A/ = (0, 2) half-BPS boundary condition B can similarly be defined as a trace over
the states that correspond to half-BPS local operators on the boundary [39] [41], 42} [43]

7 = Trop(—1)F¢’+ 2 2/ (2.13)

where F' is the Fermion number operator, J is the generator of the Spin(2) = U(1),
rotational symmetry of the two-dimensional plane where the boundary local operators
are supported, R is the R-charge and f is the Cartan generators of the other global
symmetry group.

One can compute the half-index as a partition function on HS? x S* which encodes
the N' = (0,2) half-BPS boundary conditions on d(HS? x S') = S! x S! where
HS? is a hemisphere. The UV formula for the half-index of the Neumann boundary
condition for the gauge multiplet was derived in [39] 41, 42] and the formula for the
Dirichlet boundary conditions for the gauge multiplet was proposed in [43]. The half-
index has applications in the context of quantum K-theory [?] and can also realise the
holomorphic block [74} [75], the g-series 3-manifold invariant Z [76] which has a number
of applications to topology and number theory (see e.g. [77, [78, [79], R0, 81l [82]) and
the 4-manifold invariant [83] (see e.g. [84]).

We summarise the general results here for the full-indices and half-indices, us-
ing notation USp(2N,) — [2N]* for theory A with gauge group USp(2N.) and 2N,
fundamental chiral multiplets, and USp(2N,) — [2N/]® for the dual theory B.

2.2.1 Full-index

The test of the IR duality for the symplectic gauge group were performed by computing
supersymmetric indices in [85] 22].
The full-index of theory A takes the form

JUSP(2Ne)—[2Ny] A

1 ds |miimj\ |—miimj\
P E H l ¢ I —a 7 sisH(A—q 7 sits))
2 ch 2ms 4
- mpy,EL 1<i<j< N,
N, 2Nf 1 r+\m1\ 1k
o HH | ‘a S; Ty 7Q)ooqzvf(1 ) D Imal =30 Imal =5 iy Imatmy]  —2Np 3200 fmal
+77Ll :k
i=1 a=1 q2 2 as; xaaQ)oo

(2.14)

where we note that a is the fugacity for the U(1), symmetry which can be combined
with the SU(2Ny) flavour symmetry to form a U(2N;) flavour symmetry. Here we
have set the SU(2Ny) flavour fugacities x, — 1 for simplicity.

9



The full-index of theory B, which is the dual of theory A with gauge group
USp(2N,) so has gauge group USp(2N, = 2Ny — 2N, —2), is

IUSp(2NC) —[2Ny)B

1 ds;
~2N(N,)! 2 7{ H2m‘si

My, Mg €Z

[m;Em;|

|
x(L=g™s?) [ a7 ssH—q 7 s's))
1<i<j<Ne
N 2Ny Lbrdimgl 4 3
% HH 1 T+‘5L‘ as-:tajayCI)oo quTZZ 1\m1| Z |’m1| %Zi<j |mi:|:mj|a2NfZ£V:C1 \m1|
g1 1.
i=1 a= 1 8 l'a 7Q)oo
I (¢"~ Ta 575 @)oo (g N0 g) (2.15)
v (@@PTarg Qe (NNIaTN ) '

2.2.2 Half-index

We can construct the half-indices for the 3d N = 2 gauge theories with Dirichlet
boundary condition D for the vector multiplet using the expressions in [43]. We
briefly review the construction for both Neumann and Dirichlet boundary conditions,
and describe some details for symplectic gauge groups in appendix [A.3] We find for
Dirichlet gauge field boundary conditions in theory A

]I]IUSp(ZNC)A
D
(_ql/Q)keff [m,m] ke £ [m,—]

- >
(0% 2 TI% (0 i o Ty (00w s g) o

]I]Imatter<$i N qmi uz)

(2.16)

where the effective CS coupling ks is determined by the 't Hooft anomaly. As we are
not turning on background fluxes, the only term relevant is the gauge field contribution
which is N, tr(s?) for Dirichlet boundary conditions in theory A. This gives

Ne

keff[mam] :2N02m127 (217)
i=1

(—q!/2)kerstmm] —oNe 305 m? (2.18)
Ne

wherstm=l — H uZNem (2.19)

where we note that relative to the unitary cases [43] and the orthogonal cases we

discuss later, there is a factor of 2 when mapping the anomaly polynomial terms to

10



the effective Chen-Simons coupling contribution. This factor arises from the conversion
of the magnetic charge m € cochar(G) to the electric charge km € weight(G), noting
that Cartan-Killing form for G = USp(2N,) differs by a factor of 2 from that for the
unitary or orthogonal groups — in particular, the weights of USp(2N,) have length
squared %, not 1.

For Neumann gauge field boundary conditions in theory A we have

USp(2N:)A dSl -1, + +. matter ¥
I,/ 2NCN‘ (H}( ol > ( 8i$; ,q)oo) (H<Sl S5 ,q)oo> II I".

1<j
(2.20)

In both cases the matter contributions are given by the product of contributions
for each chiral multiplet in the theory, depending on the chosen boundary conditions.
For the bulk chiral multiplets in theories A and B we find the following contributions

to ]I]Imatter_

2N

1
Iy = - — : (2.21)
a=1 Hz 1(q Sl&xa;Q) <q25 a];ouq)
2Nf Nc
g = [ [ 2sia 20" @)ocla 287 a2t 0)oe (2.22)
a=1 i=1
2N )
I, = — : (2.23)
ot [Tl (072 sia a3t @)oo (s a ey 1 q17/2; ) o
2Nf NC
1—1r
my = [ H(Sia%q(””/ % 0)oo(q 77 5005 q)oos (2.24)
a=1 i=1
Iy = , 2.25
H @ 5 e (2.25)
mY = H x, xﬁ 020" @) oo, (2.26)
a<pf
Iy = ! (2.27)
N (q(l—r)Nf—Nca_sz,q)oo> .
Iy, = (g™~ g) . (2.28)

The bifundamental Fermi would be expected to give contribution

Ne. N
=TT F(siufad? o) F(siufa?q), (2.29)
i=1 j=1
- 2
F<3iuiql/2 Q)F(S?U;FQWQQ) = ((si1;q"%; @)oo (s u; T4 @)oo (57 00 @)oo (57 u; 1% 9)0)7,
(2.30)

11



but as noted for the anomaly contribution we should impose a reality condition. This
will half the number of degrees of freedom so the contribution to the 2d index will
be the square root of this quantityﬂ As it is a perfect square this gives a consistent

contribution to the index

HH Su:l:ql/Q ( —1 :tql/Q q) . (231)

i=1 j=1

The half-indices for theory B are constructed in exactly the same way but exchang-
ing N, <> N. except for the matter contributions which are already written specifically
for each theory. Note that since the dualities we consider are between theories with
opposite boundary conditions for the vector multiplets it is consistent to use fugaci-
ties s; for the preserved gauge symmetry in whichever theory has Neumann boundary
conditions, and fugacities u; in the other theory with Dirichlet boundary conditions
breaking the gauge symmetry to a global symmetry.

We now present some examples which we have checked numerically to find matching
indices. For calculational purposes these are all checked with flavour fugacities ., = 1.
After presenting these examples we will construct the half-indices with non-zero Chern-

Simons level.

2.3 N,=1,N; =3 (USp(2) — [6])

We start with the simplest example with N, = 1, Ny = 3, where Theory A is USp(2) =
SU(2) gauge theory with six fundamental chiral multiplets Q.
The full-index is

lml +,.—1

6 1-T4
USp(2 |m| :|:2 2 a st ) 3(1=r)|m|~|m| ,—6|m|
! Z % 27?23 H 1 .

|m|
(277 astr4;q) o

(2.32)

Theory B is USp(2) = SU(2) gauge theory with six fundamental chiral multiplets
q as well as gauge singlets M and V. The index (2.32) agrees with the index

1+7"-Hm|

6 +,. .
JUSP@)~[6]7 _ 27{ |m| i2 H |2‘ a5 Ta; ) oo q3r|m|—\m\a6\m\
27723 1 L

-1 —1.
ST @)oo

e gt ) o (q?” 1a6 1 @)oo

(q
X
al:[ﬁ (¢"a*T0Tp; Q)00 (¥ a7 @)oo

(2.33)

of Theory B. See [85] []and Appendix for the expansions of indices.

5There is no sign ambiguity as the contribution must be a g-series starting with +1 rather than
—1.
"There is a typo in eq.(6) of [85].
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2.3.1 USp(2) — [6] with A/, (N,N,N;N,N,N) + Fermis

The half-index of Neumann b.c. (N, N) together with charged Fermi multiplets for
Theory A reads

Usp@2)-[64 1 ds - (q%siui;q)m(q%siujﬂq)o@
H]IN,NPS-\)I/ 64 _ 5((1)00% 27?2'3( 2 D)oo (572 @)oo (qzas*; q)8 . (2.34)

We have checked that the half-index (2.34) agrees with the half-index

1 1+r+m +

2
(¢ 7 au™9)5q™ u
mzejz (@272 q)oo (g1 72U )oo

USp(2)—[6]8 1
]I]I’D,S,(N?D[ } = ((])

2m

1 -~
X W(qg 1(16;61)00 (235)

of Dirichlet b.c. (D,D,N,D) for Theory B. See Appendix for the expansion of
indices.

2.3.2 USp(2) — [6] with D, (D,D,D;D,D,D)

The half-index of Dirichlet b.c. (D, D) for Theory A takes the form

1 ,
Z 1+2m, 2 1—2m, —2 (¢ z*ma
(@2 @) oo (72U @) o

meZ

- 1
Hg%@) 614 _

6 m? 2m
ool Ut
(9)oo

u*;q)
(2.36)

On the other hand, the half-index of Neumann b.c. (N,N,D,N) plus charged
Fermi multiplets for Theory B is

Usp@) -6 1 ds B
IR = 50 § oo (F50)ls )

1 L+ 4+ L+ 1—r _—2. \15 1
X 257U, 257U a % .
(qlgra_lsiyq)go (q Q)oo(q Q)oo(q q)oo (qz_gra_ﬁ;q>oo
(2.37)

We have confirmed that the half-indices (2.36) and (2.37) perfectly match. See Ap-
pendix for the expansion of indices.

2.4 N,=2 N;=5 (USp(4) — [10])

Next example is the case with N, = 2, Ny = 5, where Theory A has gauge group
USp(4) and ten fundamental flavours.
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The full-index of Theory A is

ds; |my £mo] |—mq £mol
JUSPA)-[1014 _ Z j{H 5 s (1 — g Pspst) (1 — q%sl 's3)

27rzsZ
m1 mo€Z
2 1 r+|mz| _1 :t:L’_ ) )
X HH - a 3 @)oo 5(1—r) STy lmil =52 Imal = 3lmadkmal  —10 2 |l
r+ 1mgl +
i=1 a=1 2 asz xan)oo

(2.38)

Unlike the previous example, Theory B has a different gauge group, i.e. USp(4)
as well as ten fundamental chiral multiplets and neutral chiral multiplets.
We have the full-index

d i |mq+m [—mqEma]|
JUSP(A)-108 _ Z %H 5 ¢™lsE) (1 - q%SwQ )(1— q%sl 'sy)

27msz
ml TTLQEZ
1 r4|m|
X H H - 2+ (ZS:.txa; Q) 5r Yoy Imal =37, m;| =5 Im1£ma| 05 Il
1 r+\m| +,.-1. 1 ’
el 1 S Z,, aq)
X H ¢ Ta_Qgs 75 Do (420" q)oc (2.39)
3 3—5r,—10. |
(q"a*T0xp;9)00 (¢ ™% @)oo

a<f

of Theory B. One finds the agreement of indices and - See [85] and
Appendix [B.1] for the expansion of indices.
2.4.1 USp(4) — [10] with A, (N,N,N,N,N;N, N, N, N, N) + Fermis

The half-index of Neumann b.c. (N,N) together with the charged Fermi multiplets
for Theory A is calculated as

usp(a)-poa 1 dsi dsy . 4o vy L. 1t
I[]I./\/',I{)IJHI/ - m(Q)go % 27Ti51 27Ti$2 (51 2a Q)oo(82 27 Q>oo<3152 ) Q)oo(sl 152 ) q)oo
2 1 2
1 1
<[] ————5 ] (25705 0)oola?sTuT s ). (2.40)

The half-index of Dirichlet b.c. (D,D,N,D) for Theory B is

USp( 1018
HD 1§ N)D[ ]

- Y 1
(9)3 [T (@ 2muf?; ) oo (qH™Em2uguf; ) oo (- ™E 20y Mud; ¢) o

m1,ma€L

2
14+rEm; 2 m2 2 e 1 r—
x [[a 2 auf; ) 2q° ==t =i 1—(qra2.q)45(q5 20" ) oo (2.41)
i=1 A0

As shown in Appendix | we find that the half-indices and ( - precisely
match.

14



2.4.2  USp(4) — [10] with D, (D,D,D,D,D;D,D, D, D, D)
For Dirichlet b.c. (D, D), we have the half-index of Theory A:

Hﬂg%(‘l) —[10]4

D :
(9)% [T (M 2miu; q) o (mEmeuyus q) oo (™2 u s ¢) o

m1,moE€Z

« H(q Btmi gLy, (V102 T mE 43T me (2.42)

We have confirmed that the half-index (2.40]) agrees with the half-index

USp(4)—[10]8 1 dS1 d82 _
Iy HoNe = —22 2<q)i°%2m’31 —27”.52(8?27(1) (532 @)oo (51535 @)oo (571533 @)oo

1 1
XH g H(qwfuf;q)oo(qwfuf;q)oo

(¢ a

1
1—r —2, \45
X (q a Y q)oo (q3,5ra,10; q)oo (243>

of Neumann b.c. (M,N,D,N) for Theory B which involves the charged Fermi multi-
plets. See for the expansion of indices.

2.5 Chern-Simons level k£ #£ 0

As shown in [21I] we can induce a non-zero Chern-Simons coupling starting from the
case of vanishing Chern-Simons level with Np + 2|k| fundamental chirals and giving
masses to 2|k| of them. Taking the masses to 200 we integrate out these 2|k| chirals
and are left with Ny flavours and Chern-Simons coupling k£ = £|k|. Here the + signs
are the same for the masses and the sign of k. Note that we only require 2|k| € Z so
although Np+2|k| is an even integer (which we can label 2N as in the case of k = 0),
Np is only constrained to be integer. In the dual theory B the corresponding chirals
get masses of the opposite sign and consequently theory B gets a Chern-Simons level
—k. This produces a duality USp(2N,), < USp(2|k| + Np — 2N, — 2)_;. with Np
fundamental chirals in both theories.

As shown in [43], chiral edge modes are present for bulk chirals with Neumann
boundary conditions and positive masses, and with Dirichlet boundary conditions and
negative masses. These edge modes introduce additional 2d chiral or Fermi multiplets.
On the other hand, with negative masses for Neumann and positive masses for Dirichlet
boundary conditions there are no edge modes and the dualities follow through without

additional 2d multiplets. We focus on the latter cases for simplicity.
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To derive the half-indices with k£ # 0 we can take limits of the fugacities following
the procedure described in [21] for the full indices, and somewhat similar to the process

outlined in [43] for unitary half-indices. This will result in the matching of half-indices

T 5oV NrIt _pplSp(@Ne) - ~INF]? k>0 (2.44)
IR0y VeIt g S ) k<0 (2.45)

where we note the singlet V' is also integrated out for k # 0.

These half-indices are given by a simple prescription of removing the Il con-
tribution which is present in the half-indices for the £ = 0 cases and noting that
N, = |k| + Np/2 — N, — 1.

A derivation follows from the limit taking masses to infinity as explained in [21].
First write SU(2N;) x U(1), as U(2N;) with fugacities &, = az, and in 11" replace
a®Vr = [I2¥ &,. Note that while [[-% 2, = 1 for the SU(2N;) fugacities z,, there
is no such constraint on the U(2Ny) fugacities Z,. Now, for the 2|k| values of o
corresponding to massive chirals we take the limit z, — 0 for negative mass in theory
A and 2, — oo for positive mass in theory A. For the simple choice of boundary
conditions we are considering it is easy to see that this simply removes (set to 1) the
contributions to the half-indices from those 2|k| fundamental chirals in theories A and
B and at the same time removes the contribution from the corresponding parts of
M and the contribution of V. Hence, in the cases we consider, this is a well-defined
limit and the matching of half-indices follows for the matching for £ = 0, assuming
that holds for arbitrary flavour fugacities. We can then write the remaining U(Np)
flavour symmetry as SU(Ng) x U(1), and replace the remaining Np fugacities Z,
with az,, now with the constraint on the SU(Ng) fugacities [[\, £ = 1. This gives
precisely the half-indices following the simple prescription above of simply omitting
the contributions from the massive fields. Note that if we took the limits with the
‘wrong’ boundary conditions, the individual contributions would not have well-defined
limits, and indeed we would need to introduce appropriate additional 2d chirals or
Fermis to get well-defined matching half-indices.

One additional point to note is that if we calculate the anomaly polynomials for
the duals with k& # 0 simply by including the CS contribution 4k Tr(s?) for theory
A and Fk Tr(s?) for theory B, we would naively not get matching results. This is
because there are background Chern-Simons terms generated by integrating out the
massive fields and these contributions only taken into account those associated to the
gauge groups. Including these background Chern-Simons levels we do have matching
anomaly polynomials and indeed we can see these Chern-Simons levels by simply

taking the difference in the anomaly polynomial before and after integrating out the
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massive fields in each theory. As we have not turned on background fluxes, our half-
indices are not sensitive to these other background Chern-Simons levels. In particular
we have the following contributions from background Chern-Simons levels, in addition
to the &k Tr(s?) or Fk Tr(8%) contributions

AUSP(2NC)k<O_[NF]A AUSP (2Ne)—[Np+2(k[]4 _AJI{/SNP(QNc)Mo—[NF]A

CS N ,N
= 2kN.a* + 4kN,(r — 1)ar + 2kN(r — 1)*r?, (2.46)
Aggpi()QchMo [Np]B Ag%’f]]\];c )—[Np+2|k[]B Ag%’f]Nc k<o—[Np]?

= kTr(x*) + 2 (k(N. + Ny) + N7) a®
+ (4k((r = 1)N.+rN;y) + 2N (2N, + 2N (r — 1) + 1))ar

+%(2k:2+k(4N (r? = 2r +2) + 4Ny (r? = 1) 4+ 3) 4+ (2N 4+ 2Ns(r — 1) + 1)*) r?

(2.47)
.AUSp k>0—[Np]4 _ AUSP(2NC) [Nep+2lk]4 Ag%}@Nc)bo*[NF]A

= 2kN.a? + 4kN,(r — 1)ar + 2kN(r — 1)*r?, (2.48)
Agglﬁﬁcﬁcw NP Aﬁ\jfsﬁ ]231\17\? )—[Np+2[k[)P AX/A?E%NJDO*[NF]B

= kTr(x*) 4+ 2 (k(N. + Ny) — N7) a®
—+ (41{?((7" — 1)Nc + TNf) — 2Nf(2Nc + 2Nf(7“ — 1) —+ 1))&[‘

— % (2k* — k (AN (r* = 2r +2) + ANy (r? = 1) + 3) + (2N + 2Ng(r — 1) +1)*) r?
(2.49)

In the following, we explicitly show examples of the half-indices with CS level k£ # 0

for which we have checked the precise agreement.

For k € {%, , 2, ... 3} we have the matching pairs of half-indices

USp(2)_p—l6-2k4 _1 ds oo o (755 uF; @)oo (¢ 5 uT; oo
Hvw —§(q>°°7{2m5<5 Do Rt g 0 (20)
m2, 2
USp(2)—l6—2kF _ 1 g u (14r)/24m 6—2k 1
My pND T (@) ZZ (g E2mu®2; q) (¢ usq)S (a2 q)(()(;—Qk)(E)—Zk)/gv
me )

(2.51)
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and

USp() [6—2K]A L—r/2%m  — 62k
I, kK~ (q E 1:|:2mu:t2 » (¢ : q) (2.52)
e SP@) k16~ 2k)P 1 ( UQSiUi;Q)w(ql/ZSiUJFQQ)oo (ql r -2, q>(6 2k)(5—2k) /2
N ,N,D,N+¥ 2 27ms (q(l—r)/2a—18:|:; q)ggzk ’ ’

(2.53)

3 SO(N,

) gauge theories

The quantum dynamics of 3d N = 2 supersymmetric gauge theories with orthogonal
gauge groups which is more subtle than with the unitary or symplectic gauge groups
has been studied in [23] 24].

The IR dualities associated with the Lie algebra g = so(N,) of gauge symmetry
are derived in [24] by taking an appropriate limit of the 4d N/ = 1 gauge theories on
a circle. There are three distinct 4d gauge theories for g = so(V,) with gauge group
SO(N.)+, SO(N, ) where SO(N, , a Zy global
symmetry that changes the sign of the non-trivial line operator [86].

The 4d duality between SO(N,), gauge theories leads to the 3d IR duality [24]:

¢)— or Spin(N, .)+ are distinguished by Z2*

e Theory A: SO(N,

resentation.

¢) gauge theory with Ny chiral multiplets () in the vector rep-

e Theory B: SO(N. = N; — N, + 2) gauge theory with N; chiral multiplets ¢
in the vector representation, Ny(NN; + 1)/2 neutral chiral multiplets M in the
rank-2 symmetric representation of SU(Ny) and a chiral multiplet V' which has
the superpotential

‘Nj—N.

1
The charges of the chiral multiplets are

G =SO(N,) | G=SON,) | SUWNy) |[U(W)a | U()m |Z§| 23" | Z§ | 24"
Q N 1 N¢ + r 00100
q 1 N — N, + 2 N¢ — 1—r 0| 0 ]0] O
M 1 1 Heetl) | 9 2r 00 |+]+
1% 1 1 1 ~Ny |N.=rNg| O | O | +] —

(3.2)

Here ZS (resp. Zg) is the charge conjugation symmetry in theory A (resp. theory B).
74" (vesp. Zy") is the magnetic symmetry in theory A (resp. theory B) [65].
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3.1 N =(0,2) half-BPS boundary conditions

The requirement of gauge anomaly cancellation and 't Hooft anomaly matching are
the same as for symplectic gauge theories. Again, using the general results presented
in [43] and summarised in appendix we find the following specific results for the
fields in the SO(N.) — [N¢] theory A and SO(Ny — N, + 2) — [N¢| theory B

AVM (N, — 2) Te(s?) — %(NC S, (3.3)
A9 =N; Tr(s?) + % Tr(x?) + % Ni(a+ (r—1r)? (3.4)

A? =N; Tr(8?) + %(Nf — N, +2) Tr(x?) + %(Nf — N, +2)Ny(—a—rr)?,  (3.5)

AM :%(Nf +2) Tr(x?) + %Nf(Nf +1)(2a + (2r — Dr)?, (3.6)
AV :%(—Nfa (1= )Ny = No + 2)r)? (3.7)

for Dirichlet boundary conditions. For Neumann boundary conditions the contribu-
tions are the same but with opposite sign. As for the symplectic case, the notation
s (8) refers to the gauge field strength in theory A (B), x to the field strength for
the global SU(Ny) flavour symmetry, and a and r to the field strengths for the global
U(1), and U(1)r symmetries.

We also need 2d boundary matter and the only multiplet required for the examples
we consider is an SO(N,) x SO(N; — N, + 2) bifundamental Fermi. Analogously to
the symplectic case, here SO(N.) is the 2d gauge group inherited from the bulk vector
multiplet with Neumann boundary conditions while SO(N;— N.+2) is a global flavour
symmetry which is identified with the dual gauge group broken to a global symmetry
by the Dirichlet boundary conditions for the dual vector multiplet. This gives anomaly

contribution
AY =(N; — N, + 2) Tr(s®) + N.Tr(s?) . (3.8)

Note that as for the symplectic case this contribution is actually only half of what might
be expected for such a Fermi. However, this is precisely the contribution required for
anomaly cancellation and we interpret this as due to a reality condition on the Fermi.
We will comment again on this when discussing the Fermi contribution to the half-
index.

For now we consider the 3d dualities with vanishing Chern-Simons level, in which
case we have no background Chern-Simons terms.

The boundary conditions we consider are (N, N) in theory A, referring to the choice
of Neumann boundary conditions for (VM, Q) together with (D, D,N,D) in theory B
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for (VM, ¢, M, V). With this choice we need to cancel the gauge anomaly in theory A
which we can do by including the bifundamental Fermi in theory A. This also leads
to anomaly matching with theory B without any further 2d matter. In particular we

have

N, N,
AV == (Ny = Ne+2) Ti(s%) — 7 Tr(x®) = £ (2N, (1 = )* = Ne + Dr”

+ (1 —r)N.Nyar — %NCNfaQ, (3.9)

AN =AY = (Nf — N, +2) Tr(s?) + N, Tr(s%), (3.10)
.Ag bDull\lfD =N, Tr(3°%) — %Tr(f) — JZ (2Nf(1 — r)* — N, + 1)r?

+ (1 —r)N.Nsar — %NcNfaz, (3.11)

and it is easy to see that all dependence on s is cancelled and
A b Ik A bdr B,bulk
ANN = A 3 A V= *AD,D%N,D = Ag,D,N,D . (3-12)

Taking the opposite choice of boundary conditions for all fields we also get anomaly
matching if we add the bifundamental Fermi to theory B instead of theory A. This
also cancels the gauge anomaly in theory B.

We therefore have the following proposed dualities

e Theory A with (N,N) boundary conditions plus Fermi ¥ <> Theory B with
(D,D, N, D) boundary conditions.

e Theory A with (D,D) boundary conditions <+ Theory B with (AM,N,D,N)

boundary conditions plus Fermi V.

and in all cases we have an identification of discrete fugacities (defined in the following

section) 5 and y in theory B in terms of those in theory A, 5 = ( and y = (x.

3.2 Supersymmetric indices
3.2.1 Full-index

For the orthogonal gauge groups the Seiberg-like dualities have been tested from the
evaluation of supersymmetric indices in [22, 87, 24]. The index depends on the global
structure of the gauge group. As shown in [24] all the indices can be constructed from
the SO(N.) indices provided we include discrete fugacities ¢ and y for the Z3* and Z§

groups.
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For x = 41 or N, being odd the full-index of theory A with gauge group G =
SO(N, = 2N +¢) for € € {0, 1} reads

JSO(Ne=2N+e)— [NsI2

dSZ | Img| ‘
2N+e INI Z %H [ L—xq 2 s)(1—xq 2 s;")

2mis;
mi,- MmN

|mg—m| [m;—m| [ +m | m+m|
x H(l —4q : j Sisgl)(l - qus;lé’])(l —q 2 : Sisj)( fj -1 71)

_ _r 1 _ _rtlm| _
B et N B Y e

o (Xgrara;ig)s

|| |m~ | Im; +m
Nfzz 1 2 ‘ml‘ Zz 1 2Z E_Z:i<j L _Zl<j

g~ T il Sy (3.13)
For y = —1 and N, even the full-index of theory A is

]SO(NC:2N)7[Nf]§{X,

1 N s N
mg 2 m; —2
:m Z ]{ —q ‘Si)(l_Q‘ ISi )

2ms;
MmN _—1 =1 =1
[m;— m]\ |m mj| -1 [m;+my| [mg +m]‘ 1 -1
<A =g = s, N1 —q = s7's)(l—q 7 sis)(l—q 2 si's;')
1<j
N N-1 N r+|m\
Xl_f[<:|:q1 2a- xQ)QOOHl_f[ 1 12F0(7Q)
a=1 (:l:qQCLl’a, i=1 a=1 2 CLS xa;Q)oo
NPLAERE LN ML SRR —Zm T S S e (3,14)

In theory B there are additional gauge singlets M and V. As shown in (3.2)), the
chiral superfield V is odd under Z4* so that the index of V depends on the fugacity
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. For y = 41 or N, being odd the full-index of theory B is

]SO(NC:2J\7+€)—[Nf} Ex

ds; I il
2N+e 1N Z %Hgmsl = 1_Xq 2 5i>(1_Xq 28, )

mi, - ,mgy
i —m| |mi—m| |mg+m;| Imitmgl
< [[A—q = sis;H(1—q = s7's)(L—q 2 sis))(1—q = s;'s;)
1<j
Nf (X q 2 ax= q ¢ N Ny 1+r;r|m\a’$ - q)
X H — Q@ HH 1 r+|m\ - :l:oc
a=1 (Xq T a Tasq i=1 a= 1 S; $ow‘])
w gV Sl - l‘m”—zm e J‘—ZKJ T S il (I
G N e et
5 ¢ =z aVq)
X H R S (3.15)

wip @05 oo (oo1g1 ‘Nf;q)oo

For y = —1 and N, even the full-index of theory B islﬂ

90(Ne=28)-[N}JZ, _

N-1 N-1

1 v ds; V-
S LT = g2y (1 — gl s
T, fﬂ% [T =™t =™
|mi_mj‘ . |mi_mj| [m; +m\ \mi"rm]“ 1 -1
< [[0—¢ 7 sis;H1—q 7 s7's)(1—q 7 sis)(1—q 2 s's;")

1<j
Ny N—-1 Ny 14r+4|m|

Lir
><H((iq a,qoo HH “:m‘ as; zzvta,q)

—1
:l:q Lay 4 oo i=1 a= 1 13 xomq)

% qu ZN 11—r |mz| ZZ L |m1| Zl<] ‘mz ]l 7Zi<j \m ;m azizll ‘ml|<zi—11 m;
¢ Ta st Netr %=t Ny
agy (0 xaxﬁ’Q)“’ (g0 )
The dualities lead to the identities of full-indices (3.13])-(3.16)) [24]:

JSOW)—INAZ, _ pSOWNe)—[NAE,, (3.17)

3.2.2 Half-index

There are four half-indices for each choice of boundary conditions, labelled by the
values of ¢ and y. The standard SO(NV,) index is given by ( = x = +1. The half-
indices for the theory A I[¥OWe)=[Ns I&x match the half-indices for the dual theory B
SO(Ne)-[NfIE, with ¢ = ¢ and ¥ = Cx.

8We have an extra overall factor 2 compared to the formula in [24].
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Using the expressions in [43] for general gauge group and choosing group SO(N.,)
(see appendix for further details) where N. = 2N + ¢ for € € {0, 1} since we often
have to distinguish between N, even or odd, we have for Dirichlet gauge field boundary

conditions in the cases with N, being even with x = +1 or N, being odd with y = +1

TS50
1 (QX) ml(— 1/2>k€ff[m7m} k‘eff['mqf]
= N _ — —
(@)X m;€Z Hi:l(X(]lisz?:;q)go Hz¢g(q1+ ELTRTp 1) HK]( 1+m;+ Juiuf,q)
X AT (s — g™ ;) (3.18)

where the effective CS coupling ks is determined by the 't Hooft anomaly and the

indices i and j take values from 1 to N. The relevant anomaly contribution is N, Tr(s?)

giving
N
keglm,m] =N, > " m? (3.19)
i=1
(—gY/2)kerstmm] —(_1)Ne iy migNe Ly mf (3.20)
whesstm] = H ulNerms (3.21)
i=1
In the case y = —1 with N, even we have instead
MSO(N)
i (— gt/ 2 ) kesslmmly kes s m, =]
(Y meZH u; qliml Qoo [T (=115 ¢ 0)oo
1
X It (s; — ™) (3.22)

H#](qwmz MU 7Q)oo qu( 1:|:m1:|:mju:|: :t7q)

where now ¢ and j take values from 1 to N — 1.

For Neumann gauge field boundary conditions we have, excluding the case of N,

even with y = —1
MZO‘NC’
2N 1+6N' (H]{Qi;) ( szsj‘l;q)oo> (H(S?S}t;q)m> (H(XSEt;q)oo>
i i<j i
x [matter ¥ (3.23)
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while for N, even with y = —1 we have

e = Gty (I f o) (Lo
X (H(sisj_l;q)oo> (H(sf:s;.t;q)oo> matter 1Y, (3.24)

i#j 1<j

Note that the symmetry factor is 2V 1N the order of the Weyl group for SO(N,),
except for the case of N, even and x = —1. In the latter case it is 21 (N — 1)! which
is twice the order of the Weyl group of SO(N, — 2). This result can be found in [88],
although note that they refer to the ‘Weyl group’ of O(N,) which have an order twice
that of the Weyl groups for SO(NV,).

The half-indices for theory B are given by the same expressions after replacing
N, =2N + ¢ with N, = 2N +¢.

For the 3d fields in theory A with gauge group SO(N,. = 2N +¢) and theory B with
gauge group SO(NC =2N+é=N ¢ — N. + 2) with Neumann or Dirichlet boundary

conditions we have the following contributions to the half-indices

Ny
1
me = _ _ , 3.25
: g (xaZaza; @) [T (42 5 aza; @)oo (3.25)
Ny N
HQ_H< -2 —1_.-1. \e 1-2 o+ 1 1, 396
5=l a0 [T (@2 st a et @)oo (3.26)
a=1 =1

Ny

1
mg =] —— : (3.27)
a=1 (Xq B a’_l‘ra ) q)oo Hiv l(qTS:'ta tzg 17 q)

Ny
]I]IqD = H( Xq 2 ATos q OOH qlgrs ATq;q 007 <328)

Iy =] ( ! : (3.29)

¢ 2023025 Q) oo

a<lp
mY = I—I(q1 ry gt ), (3.30)
a<p
1
Iy, = (3.31)

(1-r)Ny—Nc+2 )
—_—Y—  —N¢.
(Cq 2 a " q>
o0

Ne—(1—r)N
Iy = (ng faNf;q) : (3.32)
where for Y = —1 and N, even we send sy — 1 and s]_vl — —1 in the contributions
from @, while for ¥ = —1 and N, even we send sy — 1 and 5]’(71 — —1 in the

contributions from gq.
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The bifundamental Fermi, again with a reality condition as in the symplectic case,

gives contribution to the 2d index

N N N /N )
LT %o | { 1170 (H Fm) Fij, (3.33)
j=1 =1

i=1 j=1

Foo = (220" @)oo (2% 10" @)oo (2" 250" @)oo (27 25 0121 @) o0 (3.34)
Fo = (ijq % Qoo (XZ 0% @)oo (3.35)
For = (%2i0"%; @)oo (X2 ' 0"% @) (3.36)
Fi = (XXC] §Q)om (3.37)

where Fq is included only if N, is odd, Fp; is included only if N, is odd and Fy; is
included only if both N, and NC are odd. In the case of N, even and y = —1 we
replace zy — 1 and 23! — —1. Similarly in the case of even N, and Y = —1 we
replace Zy — 1 and 7' — —1.

Then in the half-index for theory A with A boundary conditions we include I'Y
with the replacements z; — s; and Z; — u;. If instead we have N boundary conditions
in theory B we replace z; — u; and z; — s;.

We now list some explicit examples using notation SO(N,) — [N f]?x to refer to
theory A with gauge group SO(N,) with N fundamental chirals and discrete fugacities
¢ and . This is dual to theory B with gauge group SO( C) with Ny fundamental
chirals and discrete fugacities ¢ = ¢ and ¥ = ¢ which we label SO(N,) — [N f]?i

We first consider some examples with gauge group SO(1) in theory A. These are free
theories with N chirals but they are dual to interacting SO(Ny + 1) — [N¢| theories.
The indices and half-indices for Ny free chirals are very simple so this leads to an
interesting set of g-series identities (assuming the duality holds). In some examples
the (half-)index of the dual theory also takes a simple form and the matching of
(half-)indices can easily be checked analytically. Following these SO(1) examples we
consider some cases with gauge group SO(2), equivalent to U(1) with Ny chirals of
charge +1 and Ny of charge —1, or gauge group SO(3). The latter differs from SU(2)
examples in that the matter is in the triplet representation corresponding to adjoint,
not fundamental, of SU(2). As there are significant differences between SO(N.) with
N, odd or even, our examples cover all combinations with (N, NC) both even, both

odd or one even and one odd.
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3.3 N.=1,N,=1(S0(1) - [1])

For theory A we have the full-indices

750M-4, _ (@ *ahq) (3.38)
(@7a;q)os

psom-a_ _ (2072070 (3.39)
(—q2¢;@)00 '

These indices agree with the indices of theory B

1+7"-Hm\

7502 Z % a5 4)os g gl (¢""a* ) (42a59)
2mis ”*""' a1 g)n (@"a* @) (¢ 207 q)u
(3.40)
1tr Ta 5a:
so@-mr. _ (F02 40)e (7707 9)e  (—420i4)x (3.41)
(iq%a_l;Q) (q CL27Q) (_q17§a71; Q)oo’
147 ,,, r .
750@)-[E. _ (:I:q 2000 (¢ q)0 (4705@)s (3.42)
(g7 a Vi Q) (70 Po0 (2071 q)a’
1+T+\m\ ,,. _ r
750()-[E, Z% 611 a5 @)oo quyla|m|(_1)m(q1 % @)oo (~? @
2mis ( mrml 1s%: ) no (@"0* @) (¢ 207 ¢)0
(3.43)

Note that in these examples, since the half-index of theory A is not sensitive to the

value of ¢ we have

[S0@-F, _pSOMW-ML, — SO@-Z_ (3.44)
ISO(2)7[1]E7 :130(1)7[1@7 _ 130(2)7[1]&. (3.45>
This is a particular example of the more general case
JSOWN=1)—[Ny]T, _ 7SO()—[Nsld, _ ISO(fol)f[Nf]fg,, 3.46)
JSOWN=1)=[NgI§¥_ _ pSO()=[NJE_ _ pSOWNp—1)~[NsZ, (3.47)

We will see the cases of Ny = 2,3 below but not specifically comment again on this

point.
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3.3.1 SO(1) — [1] with NV,N + Fermi

We now present the half-indices with Neumann boundary conditions in theory A

H/\/ N+\pm++ = W(qéui; 7)o (3.48)
va%ﬁm* = m(iqé; q)oo; (3.49)
]I]Iifolfll—i)—\lf[l]+_ = m(iqé; 7)oos (3.50)
HNM@[”A = m( 02Ut Q) (3.51)

These half-indices agree with the theory B half-indices

SO(2)—[1)F 1 Lrygy 4 m m? m 1 r
II = q ? au™;q)eo(—1)"qg 7 u" ————(¢%0; ¢) , 3.52
PDN.D (q)mm%( Joo(—1) T ( ) (3.52)
—[1)B_ 1 Ltr 1 r
H = — (¢ 2 ;@)oo 7——5—(—4%0;q) o, 3.53
poxD (—g; Q)oo( ) (qTaQ;q)oo< ) (3:53)
0(2)—[1]3_ 1 14r 1 -
II; T = ——(£¢ % 0, Q) o ———(¢2a; ) o, 3.54
P-DND (—g; Q)oo( ) (qTaQ;q)oo< ) (3:54)
02—, 1 Lir g, m? 1 .
MDDND = m Z(q 2 Cmi;CI)ooq 2u m(—q?a;q)w. (3.55)

Note that,unlike for the full-indices, these theory A half-indices are sensitive to the

value of ¢ due to the bifundamental Fermi multiplet.

3.3.2 SO(1) — [1] with D,D

Instead, taking Dirichlet boundary conditions in theory A we have

1o ™5 = (g 50 ), (3.56)
1 _r _
H]IDD() WE — (g ) (3.57)

27



These agree with the theory B half-indices

so@-[m%, ds 1 1y 1—r 2. 1
HH/\/',N,D,N-{—\I’ - (q)oonﬂ'ZS (q%a‘lgi;q)w (qQS ;Q)oo(q a aQ)oo (ql_%a_l;q)ooa
(3.58)
]IHSO(Q)_[IE— = (—¢:q) 1 (£ 1. )oo (g a2 q) 1
N,N,D,N+¥ — q; 9 oo<j:q%a_1;q)oo q2;4)\q a ;q oo(_qlfgail;q)“;
(3.59)
SO(2)-[1]%_ 1 1 . 1
Iy N, DN+ w =(—q;Q)m<iq%a71.q) (£47;9)so(q' " 2§Q)oo(q17%a,1'q> , (3.60)
SO@)-[115, ds 1 s 1—r 2. 1
IR = @ § sz o a5 000 O
(3.61)

Note that, as for the full-indices, the half-indices of theory A are not sensitive to

the value of ( so we have

50(2)-[1]% SO(1)—[1]4 S0(2)—[1]2_

]HI/\/,N,D,NJ:\I/+ :HD,D = HMN,QNH/ ) (3-62)
SO(2)—[1)5_ SO(1)—[1)4_ S0O(2)—[1]8

H]IN,N,D,N-::IJ :HD,D = MN,N,D,N+£ : (3'63>

This is a particular example of the more general case

SO(N;+1)—[Ns)B SO(1)—[Ny]4 SO(N§+1)—[Ns]B_

MN,N,Df,Nw e :MD,D = MN,N,Df,NJr\Iz ! ) (3-64)
SO(Ns+1)—[Ng]B_ SO(1)—[N¢]4_ SO(Nj+1)—[Ns]B

]IHN,N,Df,N-f—\IJ - :HD,D = ]IHN,N,Df,N-f—\IJ e (3'65>

We will see the cases for Ny = 2,3 below.

3.4 N.=1,N; =2 (SO(1) - [2))

In theory A we have the full-indices

1-Z —1. )2
som)—214,. _ (¢ 2a7%59)5,
! T T e (3.66)
[So(l)_@]i, _ (_ql_%a_l; Q)go (3 67)
 (—gPag)k '
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which agree with the indices of theory B

[m] Im|
zfmsl—w><1—q281>

Lrtiml !
> (q aq) (q Q) r|m|f— 2\ \(q 7Q>3 (q P CL2, q)oo
1—r4|m| 1ot 1— ( CL2' )3 3_ . _9. )
(q 2 a's ’Q)oo (q ,Q) q 14 )50 (q2 a ,q)oo
(3.68)
o <357 0 d T T
14rt|m| +r ro- _l4,. o
(¢ = as%9)3 (=2 a;q)% il g2iml 1)m(ql %03 (=210 e
—r+|m 1— )
(¢ atst )% (—a 7 a b )% (@70% 9% (—¢2 a2 @)

(3.69)

S0@) -2 _ 27{27”8 (14+q%s)1+q%s™)

1+r+|m| :|: 147

—r _1
G Q)3 itz ol (40707 @)% (47277 0% g)o

. g Q)% (-4
(¢ ™ a5t q)2 (—q T a i)k (0% 9)%  (g27"a 2 q)o’
(3.70)
75031215, Z 2 ‘?‘S)(l_q‘—’;lsfl)
ms
1+r+|m| 1+r Y N
) 4) 0 ) 4)c0  rim|—Z1 2lm m ) 4)00 \ T ) 4 )00
(> as¥q)5 (47 605 -tz opmi_ym (47077 0)5% (=g 2T"a%q)
X ] 1ot N2 L 1.2 q a”™(-1) (q"a2; q)3 3 2.
(¢ 2 alsEgi (g7 a7 9% 7055 (=q27"a7%q)o
(3.71)
3.4.1 SO(1) —[2] with NV, (N,N) + Fermis
For the Neumann half-indices in theory A we have
O(1)—[2)4 1 1 1
Mynyy = W(qwi;q)m(q%q)m, (3.72)
50(1)—[2]4 1 1 1
My nyw = —(q%a, 22 (€215 @)oo (=475 @)oos (3.73)
SO(1)—[2]4_ 1 1 1
My xew = W(—QQUi;Q)w(q2;Q)m, (3.74)
D—[24_ 1 1 1
I[HNN—HI! = W(—qwi; Q)oo(—4%; Q)0 (3.75)
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These agrees with the theory B half-indices

(3.78)

(3.79)

L > €T T g (1)
x m(q5“a2;Q)m,
Mif)éi)v,_])mé’ = (qim mZEZ (_qlimlui;q)w(qlgrimauiﬂ) (¢ ¥ a;q)%(~1)"gF u™
x m(—qé”aQ;Q)m,
]IHDD(KID[Z} = (qioo mZE:Z (_qlimlui;q)oo(quimaui,q) (— qlgra q)2q 22u
X mw%%%q)m,
HDDND[?] = : Z ! ) (ql#imauiﬂ) (qua 10)%4 22U
(@)oo =, (0% @)oo
X m(—qé”cﬂ;qx@
3.4.2 SO(1) — [2] with D, (D, D)

The theory A Dirichlet half-indices are

]UI»D]D( ) [2]i+ — <q1—%a—1

MDD - = (—¢"2a”"
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and the matching theory B half-indices are

mioe), I[f];qj _ %(Q)ooj{;;( $q)oo (qTa—lsi;q)i R (@3 5%: @) (0% @)oo
< (g% ) (3.52)
(0 %)
Mlen))EJ]r\p = %(Q)oojgzijs(—si;@oo(qlzralsi;q)gl(_qua1;q)go(qé8i’Q) (= q2 @
x (qlra27Q)go<_qZ) ri_Q’q)w, (3.83)
HNééﬁh,=§m%$%;§;—fa@mwazl%iwyﬂ_iga1wy<—¢§a@m@amm
x (¢ a ) — (3.84)
(@270 @)oo
by = %(Q)ooj{;;(si;q)oo(qu —lsﬁ:,q)l =y (425" q)oe(—4%; 0)cx
N ) — (3.85)

3.5 N,=1,N; =3 (SO(1) - [3])

For theory A the full-indices

ISO(l)_[s}i_F _ (qliga’il; Q)go (3 86)
 (q7a;9)3, '

psom-pa _ (Z42a7ha)s (3.87)
 (—qra; )3 '
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agree with the full-indices in theory B given by

]SO<4)—[3}E+

|1 —ma|
T2 gtet

d81 d82 lmy—mo|
_ 2 + 1 _
> 74 S (1 ) (1 - )
ml,m2€
1+7—+|m| . )3 | | | + |
xH g _1iiq) L Fmil =Y T Y T 3 Il
1 7q
(ql " 727Q) (q 1+2a37Q) (3 88)
X , .
(@a% 9% (> %Fa 3 ¢)x
ISO —[3]8_ _ 2%2 |m| 2)(1 . q|m|872)
TS
Ltr+[m| 1tr
> (q 2 s 7q)oo (Zl:q 2 aaq)io %T|m|f|m|a3|m|(_1)m
—r+|m 1—r
(¢ a1sE q)3 (£¢7 7 a i g)h
(ql—r —2.q)6 (—q_H%a?"q)
’ , 3.89
q“2 ) (—q2 a7 q)x (359
[SO(4) 3]Jr _ 5 |m| 2)(1 _q|m|872)
ms
1+r+|m| 14r
o (¢ 2 as™;q)% (£47 a9)% 82 | ~{rm ,3fm|
(ql—r;ﬂm\ a-lst; q)3, (iq%a—l;q)go
>< (ql T 7Q) (q +32ra3 q) (3 90)
(qma%; q)S, (q2_?a— ;q)oo’
150(4)*[3}2
dsy d52 |my —ma| Imi—ma| 4
— 2 1— 2
Z 7{ sy 27T282 q sis3)(1—q S153)
m1,m26
1+T+|m| q)3 | | +
as;; 3 3 m -3, ml - T 3 Im my
XH Enrpepran iy B T
l-r, —143r 3
(q a 1q)oo (_q2_ 2 a_3;Q)oo
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3.5.1 SO(1) — [3] with N, (N,N,N) + Fermis

The half-indices with Neumann boundary conditions in theory A are

It = m(qéﬁ;@m(qé@;@m,
Hifoﬁwm t= m(qéui;@m(iq;;qm

F )%
Iy = m(—qéui; 0)oo(£4%: @)c,
Il = m(—qéﬁ;q)m(—qéﬁ;q)m

and the matching theory B half-indices are

Hso H-pEE, 1 Z 1
PP (03, 5 (@5 F U 0T ) (@m0 Uy )

2 2. 2
Hr4m, 4. N3 m1+ma mjtma mi ., mo
x [T(a = *™auf; 9)3(-1) q 2 uyuy
=1
1 _1+3r 3 )
(o ob}

gt

O(4)—[3)5_ 1 1

I -

PORD (@)oo (= @)oc mze:z (g% @)oo (=™ u*; )
X (¢ = maut; q)3 (£¢° 2

T m2

a;q)5 (=) u™

1 _1+3’V‘ 3.

X m( q 20" q) oo,
] 1
R N 2 T
X (¢ 2 = au*: q)3 (£q T a; q)ooqm72 "
: m(q_l+35a3,Q)oo»
B 1 1
HDD(KII?] T = [ ml,zm;EZ (g™ F 20 05 @)oo (™M™ Ui 15 ) oo
x ﬁ(q g ) g g
=1
: (q”a21; q)?)o( ¢ 5 0% )
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(3.93)
(3.94)

(3.95)

(3.96)

(3.97)

(3.98)
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3.5.2 SO(1) — [3] with D, (D,D,D)

With Dirichlet conditions the theory A half-indices are

_[31A r
H;oD(l) Bty _ (¢ 50192, (3.100)
H]ISO(U (84 _ (_ql_%a_l;Q)io ) (3101)

The matching theory B half-indices are

SO4)—[3)3, 1 ]é ds; dssy (s5F

— . + £,
My NDNtw = 9.9 27Ti81 Omisy 5153 0)o0 (51533 @)oo

2

L 4 1—r _—2. \6 1
X 42573 0)00(q 0775 @) . . (3.102
H (¢ a~ 151 1 Q)3 ( ) ) (> Fa73;q)we ( )
O(4)—[318_ 1 ds , 4 +
m’ - iy . A
NN.DNAT 2(61)00( q,Q)oof%is(s $@)oo(—57 3 @)oo
1 1 + 1
X — = — 4257 q¢)0(£42%; @)
(qlTaflsi;Q)io(iqlTafl;q)io( )l )
1
x (¢ a7 ) : (3.103)
(—¢*"2a73%¢)
so@)—38_ 1 ds +
]H[ == ool —4q; ') ) ; e o]
NN.DNAT 2(61) (—¢;q) f%m( 1 Q)oo(—573q)
1 -
X (—q25™;@)oo(£42: @)oo
(7 atsF;q)3 (X7 a Y q)2,
~ 1
X (ql " 27Q) 9_3r o ) (3104)
(¢* 2a"3 )
SO(4)-[3]2, 1 ds; dsy , 4 + o1
I = 35000 @)oo
NNDN+\I/ 2'2%2%@31271-2‘82(8182’Q) (8182 q)
2 1 1
L+ 1—r —2. \6
X —r _q25i 7q o q a 7q o0 T °
g (qlTa‘lsit;q)io( Jo! ) (> 7 a73;q)u
(3.105)

3.6 N.=2 N;=2(SO(2) - [2)

We now consider an example with SO(2) gauge group in theory A. This is equivalent
to U(1) with each fundamental chiral of SO(2) corresponding to two chirals of U(1)
with charges +1. Note that the cases with y = —1 in theory A are not sensitive to

the value of ( so we have

JSOWN)—=[NAE_ _ pSO@)—[Ns4_ _ pSO(Np)—[NsP_ (3.106)

Here we present only the cases with N; = 2 which gives gauge group SO(2) also in
theory B.
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The theory A full-indices are

mo g 1_rtlm|

JS0@-[1Y, _ Zj{ a s I;Q)go(q 2 a_ls;Q>c2>oq(1—7‘)|m|a—2\m\
i ”2' Tasa)(e s o)k |

(3.107)

m| 1 — 1_r+\m| _

J50@)—[212, _ Z (¢~ a's7hq)2.(q 2 a4 's3q)2, (1—7)|m| —2\m\(_1)m
N 27rzs T*" 2 (1. e 1 “ ’
2 as;q)% (¢ 2 asThq),

(3.108)
rsoe-pa_ _ (@2 ok (et el (3.100)
(g2a;9)% (—q2a; q)%,
The matching theory B indices are
14+r+|m| - 14+r4|m|
7S0@) -2, _ 7{ ds (¢ = asThq)3 (¢ 2 asiq)i gl 2
e X )
(" "a™% 9% (¢"0% @)oo
T2 )3 1—r,—2 (3.110)
("a%;q)3, (¢'7"a2%q)oo
ﬁ ﬁ —-Tr ,— ‘s
750(2)-2)” (02 a;93% (=g 7 a;9)% (¢""a? )3 (—¢"d* @) (3.111)
1§T 1. .\2 (_ 1;T ~1..\2 (ra2. )3 (_ 1—rq—2. ) ’ :
(g7 a Y92 (—qg 2 al9)2% (d"a%q)% q 1 q)oo
1+r 1+r —r - r
psoe-pr. _ (07 69(-a 7 aa)s (077 a)s (070% 9w
= e S e e TR (3.112)
(g7 a9 (—q7a 192 (a%9) (¢7a?q)w
1+7r+|m| _ 1+7r+|m|
ISO<2>—[2}B+:Z% ds 1(?+| Lo l;q)iol(iJH : A5 Q)30 riml 2 _qym
o) 2T (g2 T asiq)2 (g 2 atsThig)k
1-r,—2. 3 AT 2.
(¢ "a™%q)5 (=d'a% @) (3.113)

(70 q)% (=¢""a % q)e
In the indices and the contribution from the gauge singlet V' is can-
celled by that from the meson M. Accordingly, the index can be alternatively
interpreted as the index of the mirror theory [89] 90, [71] for the SQEDs, i.e. the U(1)
gauge theory with two pairs of chiral multiplets of charge 41 as well as gauge singlets.
Note that such a cancellation does not occur and the indices of theory B and that of
the mirror theory are distinguished when one turns on the fugacities for the flavour

and topological symmetries.
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3.6.1 SO(2) —[2] with NV, (N,N) + Fermis

The theory A half-indices are

0(2)-[24, ds 1 + 1oy
1 = (q¢) oo — - 2stut @)oo (@2 50T @) o,
./\[N-i-‘ll (q) f 27T7/S (q5a87 q)go(q§a/8717 q)go (q q) (q q)
(3.114)
e A5 = (g) ]{ s ! (24753 Q) (£07 55 )0, (3.115)
o ) 2mis (gas ) (atas Tk T T S
S0(2)—[2)4_ 1 1 1
My Ny (—cz;q)oo@%a'q)2 Caa? (423 9)%(—a2; 0)%, (3.116)
SO(2)—[2]4 1 1
Myxpw = (—q;q)oo«ﬁa'q)2 Cfaan (g2u*; @)% (—g2u; g)% (3.117)
They agree with theory B indices
H]ISO(Q)—[Q]E-s- _ 1 Z(q%ﬁ:mau:t.qf qm2u2m 1 (qraQ'q) (3.118)
PDD (@) =, e (gra® )%,
0(2)-[215_ 1 Lir 9 Lir o 1 2
I, = —— (0?2 ;Q)%(-0 2 695 55 (—¢" 0" P, (3.119)
PD.ND (=45 @) (q7a?; q)3,
0(2)-[2_ 1 Lir o Lir o 1 2
1T T (07 Q)50 49 55 (0707 @)oo, (3.120)
PD.ND (=45 @)oo (¢"a?; q)3,
0(2)-[218 1 Liry +. 82 2 o 1 2
1T, T=—— ) (¢ T"auT ) (= 1)" ¢ v ———5(—q"a% @)oo
PRAD () mze:Z ("a% )%
(3.121)

3.6.2 SO(2) — [2] with D, (D, D)

As for the full-indices, for y = —1 the theory A Dirichlet index is not sensitive to the

value of ( so we have identities

O(Ny)—[Nys]B

B A
O(Np)—[NfB_ - SO(2)—[Ns4 —H/\/NDN -, (3.122)

M/\/ N,D,N —MD D

For Ny = 2 we have the half-indices in theory A

1 2
IO - LS (1o pamgty g2 gnam (3.123)
(Q)oo meEZ
1 r 2
Mg % = = (g g2 (), (3.124)
(Q)oo meZ
1 T r
My~ = T k(e Rk (3.125)
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The matching theory B half-indices are

S0(2)—[2]B ds 1 1 1
]UINNDNJ:II+ = (‘J)oo% Omis (qlz;ra_lsi_q)Q (QQSiUiaCI) (CIQSiU:F;C])oo
1
(q a/ ) q)OO (ql_,’,.a/_g; q)oo ) ( )
2)-[2)2 - 1 . 1y
H]INNDN+\I/ = ( q,Q)oo(ql%ra_l;q)Q (_qlgra/_l;q)Z (2075 @)oo(—q2U™; @)oo
e 1
x (¢""a 2;Q)§o< == (3.127)
0(2)-[2)%_ 1 1 1
I s = (- q;Q)oo(ql;Tafl'q)2 e (225 9)5 (=% )%
1
x (¢ "a"%q)d ————— 3.128
(q a 7Q>oo <q1_Ta_2;q)oo> ( )
0@-2%, ds 1 Ioaov2, 1oy o
I NNty = (Q)oofzms T aist g2 (42575 ) (=42 575 9)%
1
x (¢""a7%q)3 : (3.129)

P (=¢"a7 q)s
3.7 N.=3,N;=3(5S0(3)—[3])

We now consider examples with non-Abelian gauge groups. In the first case with
SO(3) — [3]* the dual theory B is still Abelian with gauge group SO(2). In the
following section we will look at the case of Ny = 4 where theory B also has gauge
group SO(3).
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The theory A indices are

:_E:f

Im| Im|

J50B3)~[B1, (1-—qzs)(1—qzs

)

27TZS
_rhml 4 ol g N3 1-T 1. 1\3
% (q 2.a s 7Q) (q 2 a S7q)oo(q :a 7q)oo M—IZL—‘&—?ATM
r+|m] rtlml T T N ’
(@2 as;q)d (a2 as )% (q2a;9)%
(3.130)
50134, 2ﬂ%8 S (1—g7 s
. (q ”'m‘a‘ls‘l,q) (¢ " a s )l (a" ol g%, el iz
rim| rtml 1. Lo )3
(72 as;q)3 (a2 as™4q)3 (q2a;q)3,
(3.131)
[w@%MZ—E:fémsl+q2$ﬂ+q2sw
r+|m\ 1 -1 1— r4|m| -1 3 1-r 1 3
(¢ a7 'sThg)3 (¢ 2 aT s )% (=g' e )3 saniml _iml g
X r4|m| r+|m| r q 2 2a 9
(¢ 2 as;q)d(q 2 as™h @)% (—q2a; q)%
(3.132)
Iw@%wz—E:fémsl+quﬂ+q?sﬂ
1-rtml g g N3 o o1-rHml g N3 1-Z —1.,7\3
(¢ 2 a'sTh ). (¢' 2 ats; ) (—q T 2aT q)s, sa-niml Iml
X il ) B q :
(2 as;9)3(¢ 2 as™9)%,(—q2a;9)3,
(3.133)
These indices coincide with theory B indices
P =3 f U Lt Ut ) S U | S T
—T m —T a
2mis (g +‘ Al e s k(g a o)
(q” %q)%, (qm,q)
X T @ T (3.134)
)% (072 a7 q)u
Ltr Lir —r —2. 3r 3,
750(2)-[3]7 (@2 a9 (=07 a9 (' 7a %9 (—92a%q)x (3.135)
(@7 a 93 (—g a9 (@a%0S% (—¢" " Fa3q)w
14r 14r r - 3r g
750(2)— (32 (02 a9)%(-07 a9 (@'77a %95 (a2a’q)x (3.136)
—r 1 bl .
(g2 a‘l;Q)io(—q Fa g (705 0% (¢ F )
1+T+\m\ 1 3 14+r+|m|
750(2)- (31, s 5 Q)oo(q 2 a8 @)se bl s ym
Z 2 1 r«H _ 1—r+|m| _ _ a <_ )
IS ( a 18;61)20(61 2 ats7q)d
1— ~Ta . 3.
(q a ’Q)oo (_ql_ 2 a_37Q)OO

a,_glml’

a_?"m‘(—l)m )



3.7.1 SO(3) — [3] with N, (N,N,N) + Fermis

The Neumann theory A half-indices are

o@-[4, _ 1 ]g ds . 1
]I]I = = [e’) — S 3 [e’) T T T
v =5 P o T e (e L ()
1 1
X (g7 57U%; @)oo (075 UT; 0o (0705 @) e, (3.138)
(3)-[314, 1 j{ ds 1
]I]I - = o0 . S 7 o0 s T
e (U B =GRl ey e e ey e
X (£¢25%;9) oo (Fq257; Q)oo(£4?2; @)oo, (3.139)
o@-@E4. 1 7{ ds + 1
]I]I - = [e'e) D —S 7 o0 T T T
N N+¥ 2(q) 2ms( %) (q2as;q)3 (q2as™1;q)3 (—q2a; q)3,
1 1 1
X (£q25%50) 0o (F72575 ) oo (£0?; @) (3.140)
so@)-pA_ 1 7{ ds " 1
]I]I - = 00 ; —S 7 00 T T T
e = W P o e e R (e 0 (—aas a)
X (0% 55U )00 (02 50T @)oo (— 02U @)oo (3.141)

with the matching theory B half-indices given by

2

Iy ™ = &T;Z(q?im w3 (1) 3mm(q a*; @) o,
(3.142)
M - = ﬁ(qua;q)io(—qya; q)iom( 47 a%q)w,  (3.143)
I - = ﬁ(qu a;q)%(~q 7 a; q)iom(q?a?’; q)oos (3.144)
I = ﬁmez(ﬁi au®; q)%,q2 ™ u gmm( 43 a% @) . (3.145)
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3.7.2  SO(3) — [3] with D, (D,D,D)

For Dirichlet conditions we have theory A half-indices

50(3) [3)4 1 1 1-Z4m 1 4+, \3 (1-C 1
I, = (¢ 2""a " u™;q)5. (¢ 2a
(@)oo Wgz ("™ q)oo
o@-p4, 1 1 1-Zdm -z -1
I, = q a”'ut;q)3 (¢
op (@)os mZE:Z @ g
1 —B1E- 1 Z 1 (quimaqui 0> (—¢*
o (=5 0)oo 2=, (=40 q)os e
T ) DR B i 1
D,D (Q)oo ~ (_qlimui; q)oo y 1) 00

These match the theory B half-indices

SO(2)—[3)2,

1 q)oo(q2s

IR = @ f oo oy
- 1
x (¢" "a 2;Q)§o<q1_3ra 5 )
1
e R e
- 1
x (¢""a 2;q)go(—q132ra_3,q)007
1
Ty = o e
= 1
x (¢ a7 )§o<q1 o)
I b = (Q)oo]{ 2?53 (quajsi;q)g (g3 stut
x (¢ a7 )3 .

[e'e} _3r .
(—¢' 203 ¢)
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L +

1 q)

1
U q) oo (47555 @)oo

1 1
1 @)oo (42 57UT; @)oo (—q2 5 @)oo

(3.153)



3.8 N,=3,N; =4 (SO(3) — [4])

In the set of examples we have non-Abelian gauge group in both theories. The theory

A full-indices are

oottty =3 57 f o= F o g%

2ms

_rhml 4 1. N4

(¢="a's ,q)oo(ql‘%‘ma L Q)a (g " 2a7 ) 2asniml im0
X r+|m| . 4 r+\m| r 4 2 2a )
(¢ 2 as;q)d(q > 7q) (q2a;q),
(3.154)
1-50(3)[4]A+_12?{ ds (1—q‘?‘s)(1—q‘?ls 1
2 278
meZ
r+|m| r+\m\ ”
("2 a'sThq)a (¢t s q)a(q 2aT q)n 2animl im0 m
X cml o rEml VA a =a (-1,
(72 as;q)i (¢ 2 as ,q) (q2a;9)%
(3.155)
rso@-wi. _ 1 7{ (14+q2s)(1 gt
Z oo +qEs)(1+gE s
T*'m‘ a-ls—1 1—rtml g 4 1-Z 1. \4
(q'~ sSTha)s(d ™2 aTlsiq)5 (=0 TEaTh g)S 20l iml
x rtlml rhml 4.\ [V “ ’
(¢ 2 as;q)s(q 2 as™h9)a(—q2a; 9)%
(3.156)
rso@-mA _ L ?{ (1+q¢3s)(1+q7 s
Z 27”8 +q% S)( +q7 s
1J+'m‘ —1o—1. N4 (1=t g N4 1-Z 1. \4 B
T AT s a)0(0 2 AT 80)00(=0 20T G)o 20mniml bl _gpny ym
rHml T |m] N r a (=1)™.
(72 as;q)i (a2 as™h )i (—q2a;9)%,
(3.157)
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The matching theory B indices are

oot LS 0t
TS

Lbrtiml I+r+[m]| Lir
% (¢ = as 1;Q)§o(q 2 as; Q)io(q 2 G'Q)4 qzr\m\a4|m|
(¢ atsq)h (¢ a s )k (¢ T 0 g)
7‘ —1+4r .
% (ql 7Q) (q 2 47Q) (3 158)
(qma?;q)12 (q334 a4 )0
rso@-me _ 1 7{ L g
Z 27”5( Te)(14q7 s
L—&-Im\ _ 147r+|m| 14r
o0 2 05T @)oeld T a5iq)oo(=0 @)oo il qym
1—r4|m| 1—r+|m| 1—7r
(2 als;)i(g = alsThg)l(—qg= alq)L
1—r,—2 =3 g4
X (q<q ra2; ,)C{()) E_Zs—;ra_;i]];ma (3.159)
J50B-MF. _ - Z%Qm 145 )1+ ¢35 s
Itrt|m| 1tr+|m| 1+r
o (02 asTh0)ole Fasiq)o(=0F Ga v yapml
(¢ F 0 s k(e 7 a sk (—g T a )k
—144r
% (ql—r _2; Q)lo (q ;— 4a q) (3 160)
(q CL2 q 10 ( 2 a 4. q) ) .
oo -z, _ 1 ?{ 1= g% g)(1— g% s
Z 2ms< SL-qzs7)
Lrt|m| I+r+|m]| Lir
(4 = a5 5a)o(g 2 05 0)oeld 2 @) arimitiml_pym
1—r+|m| 1—r+|m| 1—r
(= als;q)i(g 2 atsThg)i (g7 a9k
1— 7‘ —144r 4.
(¢7a™ 9 (~g 7 aha)x (3.161)

("0 )X (—¢ 2 a%q)w
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3.8.1 SO(3) — [4] with N, (N,N,N,N) + Fermis

The theory A half-indices with Neumann boundary conditions are

oE-m4, 1 ds o 1
]HI - = e’ P —— , [e'e) T T T
NN+ 2((]) ]{ 27ri3(8 9) (qzas; q)% (gzas™ Y @)% (g2 a; 9)4
1 1 1 1
X (075 0% @)oo (0757073 0)oo (47575 @)oo (47055 @) 00 (475 @) o, (3.162)
@A, 1 % ds 4 1
]I]I = = o) s S 3 T
i 3V f s 00 (a2as;q)i(q2as™ 1 @) (a2 a5 )
X (g2 0% q) oo (02 55UT 3 ) oo (—02 551 @) oe (q2u (@)oo (—4%; @)oor (3.163)
o) -4 1 ds . | 1
N = (oo & —— (=57 q)0c— ; ;
W = S0 55 (a5 )L (Gas L)k (D
1 1 1 1 1
X (@750 @)oo (0757075 @)oo (=757 Qoo (07U Qoo (475 @)oo, (3.164)
so@)-4A_ 1 ]{ ds " 1
I Y 00 - 1 4)oo7 7 T T
NN+ 2 (9) 27m's( 5754) (qzas; q)% (qzas™% q)4 (—q2a; )4,

1 1 1 1
X (g2 550F; 0)oo (4755073 ) o (02555 @)oo (07055 @)oo (%3 @)oo (3.165)

We find that these half-indices agree with those for theory B

S0(3)—[4]8 1 1 liry 14r
]HID,D,N,D = (Q) Z (qlimui'q) (q > * CLU:t§Q) (q 2 a, Q)
o0 mGZ )] o0

X( 1)mq§m2 3m 1 —ltdr 4

(qma?;q)0 (@
1+7r

[4} 1 1 Itr
HDDND - (q) Z (—q'F=mu*; q) (¢ "Mau®;q)o (=4 7 a;q)5
o0 mEZ 9 o0

1 q) oo (3.166)

1 —1+4r 4

(qra2;q)10( q > 7Q)<X>7 (3167)

3,2
sm u3m

x (=1)"q

0(3)—[4])5_ 1 1 14r 14r
HDDND = Z (—g=mu*; ) (¢ imaui;Q)io(_q 2 a;Q)io

meZ o0

3m m 1 =lidr
X "’ W(C] 2 a'q)oos (3.168)

0(3)-[4]B, 1 1 Liry o 14r
MDDND = Z (qlimui;q)oo(q 2+ aui;q) (¢ a Q)

1 —1+4r 4
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3.8.2 SO(3) — [4] with D, (D,D,D,D)

With Dirichlet boundary conditions the theory A half-indices are

50(3) [414, 1 1 1-Z4m, —1, 4. N4 ( 1-Z 1, \4 m 377 3m
top " = Z(czlﬂ”'%ﬁt;q)oo(q T L T = G DA B

(@)oo

meZ
(3.170)
O(3)—[4]4, 1 1 r e am? 4
I[]IDD = <q) Z(qlimui'q) (ql 2+ a- U 7Q) (ql 2a 1§Q>ioq 2 u3 )
OOmEZ ) o0
(3.171)
1 g 1 Z 1 (1—g:|:ma71u:|:, ) (- 1-5,-1. )4 m? usm,
DD (@) (—¢"=mu®; q) o 1 el DS
meZ ’
(3.172)
O(3)—[44_ 1 1 T o L
I, =@ > oty (¢" 2 a uF ) (=" 2a T g)a (1) g 2wt
OOmeZ b o0
(3.173)
We find agreement with the theory B half-indices
—[4B 1 ds , . 1
]I]I == oo o 14 )0
VA = 50 f 0 O~ e
1 1
X (g2 5% @)oo (02 5075 0)00 (02551 @)oo (42075 )0 (475 )
o 1
X (ql a 2;Q)£ 3—ar _ ) (3174)
(@7 a5 @)
o3)-[4E. 1 ds 1 1
I[H = 3 oo —5 7{4)x — —
VY =50 § g O
1 1 1 1
% (2 55u%: @)oo (02 55073 €)oo (07555 @)oo (— 02055 @)oo (— 023 @)oo
1
) (3.175)
(—¢7 a7 q)w
so@)-mE. 1 ds ey 1
NN = 500§ s D
1 1 1 1 1
X (g7 U5 q)oo (g7 5 UT5 @)oo (47 8™ Qoo (07U 0)00 (473 @)oo
_ 1
< (g% ) (3.176)
(@2 a4 @)
S0(3)-[4]8, 1 ds . 1
]I]IN,N,D,NJHI! - 2(‘])00%272-8(5 ?Q)oo (qlETaflsi;q)ﬁo(q12ra*1;q)§o

1 1 1 1
X (7 5% @)oo (075707 Q)0 (=47 555 @) 0o (47075 @) 0o (— 073 @)oo

o 1
x (¢ "a 2;q)£ ET— ) (3.177)
(—¢72 a4 )

44



3.9 Chern-Simons level k # 0

As shown in [21] we can induce a non-zero Chern-Simons coupling starting from the
case of vanishing Chern-Simons level with Ny + |k| fundamental chirals and giving
masses to |k| of them. The process is almost identical to that for symplectic gauge
groups described in section [2.5] Taking the masses to +oo we integrate out these
|k| chirals and are left with Ny flavours and Chern-Simons coupling k = %|k|. Here
the + signs are the same for the masses and the sign of k. Note that for orthogonal
gauge groups k € Z. In the dual theory B the corresponding chirals get masses of the
opposite sign and consequently theory B gets a Chern-Simons level —k. This produces
a duality SO(N,), <> SO(|k| + Ny — N. + 2)_;, with Ny fundamental chirals in both
theories. The matching with Z, fugacities ¢ and y follows in the same way as for
k= 0.

Again for simplicity to avoid chiral edge modes [43] we focus on the cases with
negative masses for Neumann and positive masses for Dirichlet boundary conditions
which don’t require additional 2d multiplets other than those already present for £ = 0.
This results in the matching of half-indices for

e (D,D) b.c. in theory A with gauge group SO(N,); <> (N,N,D) b.c. in theory

B with gauge group SO(N,)_, with k > 0.

e (N,N) b.c. in theory A with gauge group SO(N,)i <+ (D,D,N) b.c. in theory

B with gauge group SO(N,)_; with k < 0.
where we note that again the singlet V' is also integrated out for k # 0.

These half-indices are given by a simple prescription of removing the Il con-
tribution which is present in the half-indices for the & = 0 cases and noting that
N, = |k| + N; — N. +2.

A derivation again follows from the limit taking masses to infinity as explained in
section [2.5] following the procedure for the full index [21].

Again as we have not turned on background fluxes, our half-indices are not sensitive
to other background Chern-Simons levels, but we note that these again arise from the
process of integrating out the chirals. In particular, in addition to the 4k Tr(s?) or

Fk Tr(s?) terms, we have the following contributions from background Chern-Simons
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levels

SO(Ne)k<o—[Nyg* SO(Ne)—[Ny+[kl|* SO(Ne)k<o—[Nyg*
ACS k<0 f :A/\/'7N f —A k<0 f

NN NN

= %/{:Ncaz + kN,(r — 1)ar + %kN(r —1)%r?, (3.178)
Agc;%%fﬁo—wfw _ Ag%%g[fvf+|k|13 _ A;%%)M—[NAB

= gTr(X2) + % (k(Ne + Ny 4 3) + N7) a°

+ (k((r — 1)N. 4+ r(Ny 4+ 3)) = N;j(1 = N, + Ny(1 —r)))ar

+ %1 (K*+ k(2N (r* —2r +2) + 2N; (r* = 1) + 3(2r* — 1))

+2(N + Ny(r—1) = 1)*) r?, (3.179)
Agg%%m—uw _ A%,OD(Nc)—[NfHk”A _ Aif)])(Nc>k>o—[Nf}A

= %chzf + EN.(r — 1)ar + %k]\f(r —1)*r?, (3.180)
Agg(j\vkl)\ﬁgo—[Nf]B _ Aif%%’)gwﬁlklﬁ _ Ai%{%»»—%ﬁ

= gTr(xz) —~ % (k(N.+ Ny +3) — N7) a?
+ (k‘((?“ — 1)NC —f-T(Nf + 3)) + Nf(l — N, + Nf(l — T)))&I‘
+ i (=k* 4k (2N (r* = 2r +2) + 2Ny (r* = 1) 4+ 3(2r* — 1))

—2(N + Ny(r —1) — 1)*) r*. (3.181)

3.9.1 SO2)a,—[2— K

Below we have k € {1, 2}.
For theory A we have

SO(2)_p—[2—k]4 ds 1
Iy N = <Q)°°]{ 2mis (qzas*; q)2ok Iaa, (3.182)

Log = (4751 @)oo (@7 5u™" @)oo (@757 0 @)oo (@ ™5 @)ooy (3.183)
0(2)_—[2—k]7_ 1

H/é:/,Nw = (—¢ Q)mmbd, (3.184)
oa = (4% @)oo (— 023 @)oo(— %5 @)oo (42 @)oo, (3.185)
AL () j{ 2?25 (qg%; il (3.186)
Log = (425;9)o0(— 025 €)oo (07571 @)oo (— 07574 @), (3.187)
I = () ( iqg; MEREE (3.188)
Log = (213 @)oe (02073 @)oo (— 0713 @)oo (— 021" )oxs (3.189)



and

_[o_pLlA
Mo = 3 e ey g (3.190)
OOmGZ
_[9_k]A 1
gy "7 = —(iaql"’”;q)io_'“, (3.191)
’ (—a;9)
_[9_k]A 1
HH%OD@)k 2 k]_+ _ Z(_1)mqm2u2m(uﬂ:aq1—'f‘/2ﬂ:m;q)i;k’ (3192)
7 ( ) MmeEZ
SO(2)k—[2—k]A_ 1 1-r/2. \2—k
II = —(Faq 1) 3.193
D,D <_q;Q)oo( ) ( )
while for theory B we have
0(2)_—[2-HB 2 )/24km. \2— 1
]I]IDDNS o Zq W2 (uFagH2E gt s (3.194)
*© mez (q a 7Q)
S0(2)_p—[2—KB_ 1 1 2—k 1
D,DN,D (—¢; @)oo (" a2: q)g—k)(S—k)/Z
so<2> —[2-k)7 1 2 om 4  (14r)/24m. \2—k 1
il = (=D)"q™ u ™ (uFaq" T )2 ,
(3.196)
() k— [2—’6]?7 1 (1+T)/ 2k 1
II; = —(*aq Q)0 : (3.197)
D,D,N,D (—¢: @)oo (a2 q)(()%—k)(3—k)/2
and
M be = () f = 1 (¢ a2 )T NP L, (3.198)
1 1 1 _ 1 9 _
Lg = (q75u;¢) oo (47515 ¢) oo (q25U ™ @)oo (g7 57 ™5 @) oo (3.199)
0@2)k—[2—k%_ 1 Y —E)(3—
Mnpnre = (6 Do (" a5 )2, (3.200)
(g7 a Y 9)%
1 1 1 1
Ia=(02:0)0c (=021 @) e (=023 0) (475 @) 0 (3.201)
O0(2)—[2—K 5, ds 1 1—r_—2. \(2—k)(3—k)/2
I = (Q)o : L, (3.202
N,N,D,N+¥ = (q) %2#2’3 (qlgrailsi;q)ggk<q a3 q) % 2dr )
1 1 _ 1 1 _
La = (4750)00 (425 @)oo (—42 5 @)oo (—q2 575 @) o (3.203)
O(2)—[2-k]B_ 1 l—r 2. \(2—k)(3—k)/2
M/\/NDN+\1/ = (¢ Qo — (¢ "a %)% L4, (3.204)
(¢ 7 a1 q)2*
1 1 1 1
La = (421 @)oo (—q7; @)oo (q2U ™5 @)oo (—q2U ™ @)oo (3.205)

3.10 Checks on matching of indices

We have performed checks on the claimed matching half-indices using Mathematica

to expand the g-series to at least order ¢° after first defining a fugacity y = ¢"~/2
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to replace all terms with dependence on the parameter r in the R-charge assignment.
Details of the expansion to this order are listed in appendix [B.2]

Some of the identities can also be checked analytically. The cases where the indices
do not include any integration or summation over monopole charges are particularly
straightforward. This will occur in full-indices and half-indices with gauge group
SO(1) as well as in the case of gauge group SO(2) with y = —1. The full-indices and

half-indices in both theories will satisfy this property for precisely the following cases

SO(1) — [1J4_ < SO(2) — [1]5_, (3.206)
SO(1) — [J2, < SO(2) — [1]5_, (3.207)
SO(2) — [2]4_ < SO(2) — [2)%_, (3.208)

which we have presented and the cases

SO2) — [1J1_ < SO(2) — [1]7_, (3.209)
SO2) — [J_ « SO(2) — [1]5,, (3.210)

which we have not presented. The variations with Chern-Simons levels can also be
easily checked directly or by noting that they arise when taking the appropriate limits
of these indices. For the case of SO(2) — [2];_ this requires first checking the indices
including the flavour fugacities x; and x5 but this is straightforward.

The analytic checks indicated above rely only on elementary Pochhammer identities

(£2; @)oo = (2% ¢%) oo (3.211)
(23 @)oo =(230%) oo (423 ¢ oo - (3.212)
When checking the cases with SO(2) and xy = —1 it is useful to note that setting
x = —q in the first of these identities and then using the second with x = ¢ gives
a7 q 1
(=4 oo _ D) (3.213)

Do (G

We give just one explicit example of SO(2) — [2]; _ including the flavour fugacities.

SO(2)-[2)4_ 1 1/2. 12
NNpw o =(=¢q) Hizl(iqT/zaxa;Q)oo( 7’7 q)
(4: %)% 1 1
=D 5 = T T e (3.214)
[Io=i(q7a*23; ¢%) oo 4 9)oo [ 1021 (702225 ¢2) oo
2
0(2)-[21%_ 1 (14+)/2 1 2
II; = (+q aTo; q) (£¢"a% q)
PDAD (—4:¢)oe <a:1 V) M acs (0 P ats; 9)oo >
2
1 1+r ,2,..2. 1 1
(~4:9) 55 (d'a an)oo (6O (0?12 ¢?) s
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where for the theory B half-index we used zjzo = 1 for the SU(2) flavour symmetry

to see that the contribution for V' cancels part of the contribution from M.

4 Other orthogonal gauge theories

For the Lie algebra so(N.), there exist other possibilities of the gauge groups, O(V,)+,
Spin(N,) and Pin(N.)+, which lead to distinct gauge theories [24], 65]. Another pos-
sibility is SO(2N)/Zy but we do not consider this case.

While the SO(N.) gauge theory has the monopole operators carrying weights as
well as roots of the dual magnetic group, the Spin(N.) gauge theory only contains
the monopole operators carrying roots. In the Spin(N.) gauge theory the minimal
monopole operator which turns on one unit of magnetic flux and parametrises the
Coulomb branch looks semi-classically Vi, ~ exp(% + 2ivy1) where o; and ~; are
the adjoint scalar fields in the vector multiplet and the dual photons. It can be also
described as

VEVE- V2 VN1 VN fore=0

! V2V V2 V2 Vn fore=1

in terms of the semi-classical Coulomb branch coordinates

Vi, ~ exp {%_A—?HJM(%—%H)], fori=1,---,N—1, (4.2)
3

exp [% +i(yno1 — "YN)} for e =0

VN =~
exp [2;’—§N + i(QVN)] fore=1

(4.3)

where g5 = g2 /4w and g3 is the 3d gauge coupling constant. In other words, it is the
square of the minimal monopole operator V' = exp(‘g’—; + i71) in the SO(N,) gauge
3

theory
Vpin = V2. (4.4)

One can also consider the gauge theories with disconnected orthogonal gauge
groups O(N,) and Pin(N.) which include the reflections along the line bundle or
determinant bundle. While the baryon B = Q™¢ is an independent operator that is
charged under Z$ for SO(N,) and Spin(N,), it is not for O(N,) and Pin(N,) since Z$
is gauged.

We can construct O(N,); theories from SO(N,.) theories by gauging the charge
conjugation symmetry Z$ of the SO(N.). Alternatively, gauging Z3'¢, the diagonal
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subgroup of Z' x Z§, leads to O(N,)_ theories [24, 65]. At the level of the Lagrangian
description, they are distinguished by a discrete theta angle which is proportional to
wy A wy where w; € H(X,Z), i = 1,2 are Zy-valued Stiefel-Whitney characteristic
classes of O(N,) bundle on a 3-manifold X. Both w; and wy, i.e. theta angle are
non-zero only for O(N,) but not for SO(N,), Spin(N.) or Pin(N,.)+ [91], 02].

The O(N.), gauge theories and their dualities were discussed in [20, 21}, 22} 23] [87].
In particular, the matching of the indices for the O(N,.), gauge theories was tested
in [22, 87]. Similarly to the SO(N,) gauge theory, the O(N,), gauge theory has the
minimal monopole operator V = exp(;—% + 1) which is charge-conjugation-even and
gauge invariant.

On the other hand, in the O(N,)_ gauge theory the monopole operator V is charge-
conjugation-odd and not gauge invariant. Instead, the product of V' with the baryon
B as well as the monopole operator Vg, and the baryon-monopole operator 5 =
QNe=2(v, —v_) are gauge invariant where v, ~ exp(% +iy) and v_ ~ exp(—g—é —iv1)
are the SO(2) monopoles which are even and odd under ZS.

Furthermore, one can obtain the Pin(N.) gauge theories by gauging the global
symmetry Z5' x ZS, which can also be viewed as gauging the ZS of Spin(N,) or the
Z)" of O(N,)+ [24,65]. More precisely this gives Pin(N,), but a modification of the
gauging process produces Pin(N,)_ [65].

The 4d duality between Spin(N.) and O(NC)_ gauge theories gives rise to the 3d
IR dualities [24]:

e Theory A: Spin(N.) gauge theory with N; chiral multiplets @ in the vector

representation.

e Theory B: O(Nc = Ny — N, + 2)_ gauge theory with N, chiral multiplets ¢
in the vector representation, Ny(Ny + 1)/2 neutral chiral multiplets A in the
rank-2 symmetric representation of SU(Ny) and a chiral multiplet V' which has

a superpotential.

and similarly with O(N,)_ for theory A and Spin(N,) for theory B.

For the Pin(N,), gauge theories, the duality can be derived by gauging Z)* of the
O(N,.);+ duality [20, 211, 22] 23], 87]. It gives rise to the duality between the Pin(V,)
gauge theory and Pin(Nc = Ny — N. + 2), gauge theory.

The identities imply the identities of the O(N,)+, Spin(N.) and Pin(N,)
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full-indices [24] as well as Pin(N,)_ full-indices:

YATE B
]O(Nc)+—[Nf]?X, B JOWe)+ [Nf]C’X/’ (€, x) # (=, =) (45)
T 1o () = (= -) |
Spin(Ne)—[N B,/A
jot--2 _ ) PN (Gx) # (=) (4.6)
o _[SpiN(Nc)—[Nf}f,<? ¢, x) = (=, —) 7 ‘
IPm(Nc)i_[Nf]?’,x’ = [Pm(Nc)i_[Nf]iC’xﬂx’7 (47)

where E| the indices can be constructed from the SO(N,)¢, indices by summing over ¢
to gauge Z5", x to gauge ZS, or x together with a change in sign of ¢ to gauge Z4"C.
The result is

JOWe)£=[Nyle v — 1 ([SO(Nc)*[ka,+ + X’[SO(NC)*[NH:EQ—) (4.8)
2 ’ '

JSPin(Ne)=[Nylery 1 (ISO(Nc)—[Nf}Jr,x + g’]SO(NC)—[Nf]*,X) (4.9)
2 ’ '

JPin(Ne)£~[Ngler v — % (75PN =INsler g g/ [SPIn(Ne)=INslaer, ) (4.10)

where Y’ = +1 corresponds to a projection onto even or odd states under, Z§ for
O(N.)+ and Pin(N,), or Z5'¢ for O(N,)_, and ¢’ = £1 determines a projection onto
even or odd states under Z}* for Spin(N.) and Pin(N,),. Such an interpretation of
¢’ and X’ is less straightforward for Pin(N.)_. These parameters can be viewed as
discrete theta angles.

Similarly to the equalities — of the full-indices, we find the half-index

version of the identities:

O(NC)Jr_[Nf]gX/

]I]IO(NC)—Fi[Nf]?'X/ o HHB ) (C?X/) 7é (_7 _> (4 11)
B = O(No) 1 —[Nf)B ’ '
_]I]I[;, i I ; (ga X/) - (_7 _)
Spin(Ne)—=[Ny1Z,
HHO(Nc)—*[Nf]éX/ . ]IHB N ’ (Caxl) 7é (_a _) 4.12
5 = Spin(e)~[N75, , ’ (4.12)
_]H[B ) (C7 ) = (_7 _>
O(No)- [Ny,
I[HSpin(NC)_[Nf]CA»X/ . ]IHB N ) (gu X/) 7& (_’ _) 4.13
B = O(Fo)-~INfIP, , : (4.13)
_]I]IB Ty (Ca X ) = (_7 _)
Pin(N, —NA,, Pi'lec —NB///
]H:[B ( )i [ f]C X — ]IH[; ( )j: [ f}:l:C X'HX , (4.14)

where we have boundary conditions (B;8) = (N,N + ¥;D,D,N,D) or (B;B) =
(D,D; N,N,D,N + ¥). In both theory A and theory B these half-indices are de-

fined, with boundary conditions B, by gauging the same symmetries as described for

9See [24] for more general expressions with dynamical and background CS couplings.
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the full-indices

_ ;1
in(Ne)— / 1 -
ng (Ne)=[Nflery ; (HHSO(NC) [Nfl+,x —i—CHSO Ne)—[Ny] ,x>7 (4.16)
in(Ne)+— It 1 in(Ne / M Ne !-
HBP (Vo) —INflor -1 <Hsp (No)—[Nfler 4 JrXMS;D (Ne)=[Nflaer, ) (4.17)

The equalities (4.11)-(4.14) indicate the dualities of the basic N = (0,2) half-BPS
boundary conditions for 3d N' = 2 theories with orthogonal gauge groups; O(N,),
Spin(N.) and Pin(N.)+. These can easily be extended to include Chern-Simons levels

for the gauge groups by integrating out some of the fundamental chirals as explained
for the SO(N,) half-indices in section
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A General results for 2d anomalies and half-indices

A.1 Notations

We use the standard notation by defining g-shifted factorial

(a;q)o =1, (a;q)n := ﬁ(l—aqk), H 1—q" n>1,
(a; Q)oo = H(l - aqk>7 (ai; Q)oo = (CL; Q>oo<a71; Q)ooa
(0*5%;q)oo = (ab™"; @)oo (@b ¢)oos =] - (A1)

k=1

where a and ¢ are complex numbers with |¢| < 1.

A.2 General contributions to 2d anomalies

Here we summarise the general results presented in [43] to calculate the 2d boundary
anomaly polynomial.

The conventions are chosen so that a left-handed 2d complex fermion with charge
c under a U(1) symmetry with field strength f contributes +(cf)? to the anomaly
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polynomial. This is therefore the contribution from Fermi multiplet charged under
the U(1). A right-handed fermion, and hence a chiral multiplet, contribute with the
opposite sign, i.e. —(cf)?.

A key result is that 3d chiral multiplets with Dirichlet (Neumann) boundary con-
ditions will project out the right-handed (left-handed) fermion, leaving a boundary
left-handed (right-handed) fermion, but that the anomaly contribution will be half
that of a 2d fermion. Therefore a 3d chiral multiplet with charge ¢ under the U(1)
symmetry will contribute %(cf)? for Dirichlet and —31(cf)? for Neumann boundary
conditions. One slight subtlety is that for the U(1) R-symmetry the fermions have a
shifted R-charge so if a chiral multiplet has R-charge p there will be anomaly contri-
butions +3((p — 1)r)?.

If we have several U(1) factors we add up the contributions of the form cf before
squaring.

These results generalise to irreducible representations R of non-Abelian simple
compact groups G by setting ¢ = 1 and replacing f? with Trr(f?). The trace in
representation R is given by Trgr(f?) = Tr Tr(f?) = :g—‘;: Tragjoimt (f2) where Tg is the
quadratic index of R (proportional to the quadratic Casimir multiplied by the dimen-
sion of R) normalised so that T,4jeint = 2h where h is the dual Coxeter number. We
have the following values for SU(N)

Trundamental =1,
TAdjoint =2h = 2N7
Trank 2 symmetric =N + 27

TRank‘ 2 antisymmetric =N-2.

For SO(N) we have

TFundamental :2a (A6>
Tajoint =2h = 2(N — 2) (A7)
while for USp(2N)
TFundamental :17 <A8>
TAdjoint :2h - 2(N + 1) . (A9>

More precisely the results for SO(N) apply to N > 4 but we choose the same normal-
isation for SO(2) and SO(3).

In addition, a 3d Chern-Simons coupling at level k gives a contribution kfZ.
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A.3 General expressions for half-indices

Here we summarise the general results presented in [39] [41], 42} [43] (also see [93] [94], [95]
for 2d indices) to calculate the half-indices. For a 2d chiral multiplet with R-charge p
and other U(1) charges giving fugacity x the contribution to the half-index is

1

C(q"?x;q) = A.10
(@™39) (¢22; @)oo (q" 22715 @)oo (A-10)
while for a Fermi multiplet we have

F(q¢"22;q) =(¢"72; 0) oo (q" 27" @)oo (A.11)

A 3d chiral with these charges will give contributions

1

My =—+—— A12
Y (@) (4-12)
I =(¢" 27 @) (A.13)

for Neumann or Dirichlet boundary conditions.

If we have a representation R of a non-Abelian simple group G we take the product
of similar expressions over the weights of R. So for a 3d chiral with Neumann boundary
conditions we have

=[] . (A.14)

p/2 g0
acweights(R) (q s >Q)oo

For example, the s® could be labelled s1, s9, ..., sy with the constraint s1s9---sy =1
for the fundamental representation of SU(N) — for U(N) we simply drop the constraint
5189 ---sy = 1. These fugacities s; correspond to the fundamental weights pu;, with
the constraint ), p; = 0 for SU(N).

One point to note is that the weights of the adjoint representation include zero
weights and the vector multiplet fermions have opposite chirality to those from chiral
multiplets for the same boundary condition. So, for U(N), the contribution of the
vector multiplet with Neumann boundary conditions is given by the gauginos (with
R-charge 1) in the surviving 2d vector multiplet

M= JI @0 =[50 = @X [Jl@si55 5000 = @D [T (05" 00 -

acweights(R) ,J i#] a€roots(Q)

(A.15)

In the half-index the projection onto gauge invariant state is imposed by contour
integration over the gauge fugacities s; and this includes a Vandermonde determinant

which introduces factors (1 — s) in the product over roots, turning

IT (5% [T 0-s9@s%0e= [[ %) (A.16)

a€roots(QG) a€roots(Q) a€roots(G)
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Iy =

Instead, for Dirichlet boundary conditions the contribution is from the surviving

2d chiral multiplet (with R-charge 0) giving contribution

1 1 1
H . - H ( —1. - N H - rank(G) H
2¥)

acweights(R) (q8a7 Q)oo q5i5; 7(])00 qsz J ’q) (Q)OO

(A.17)

and now the gauge symmetry is broken so G is a global symmetry, and there is no
projection onto gauge invariant states.

However, as explained in [43] the complete non-perturbative half-index with Dirich-
let boundary conditions for the vector multiplet is given after including a sum over
monopole charges and including factors for the effective Chern-Simons levels. Specif-
ically, there is a sum over all magnetic charges m € cochar(G). Each term in this
sum is given by the same half-index but with the fugacities s; shifted by a factor
g™ reflecting the spin induced by magnetic charge m; and a factor for the monopole

contribution. This monopole factor is [43]

(_q1/2)keff[m,m]Skeff[mv_] (A.18)

where k.s¢ is a bilinear form defined by the anomaly polynomial. The interpretation
is that for U(1) at Chern-Simons level k& we would have contribution (—g'/2)%™* sk
reflecting the induced electric charge km of the monopole due to the Chern-Simons
level and consequently the induced spin km?/2. Note that our convention is that
the indices involve tracing (—1)¥, whereas in [43] the convention was (—1)%. These
conventions are simply related by ¢*/? <+ (—¢)'/? and can lead to some sign differences
when comparing explicit expressions for indices and half-indices. In particular, for
the Dirichlet half-indices in our convention we may get sign factors depending on the

Fm? as objects with spin km?2/2 are

magnetic charges in the sum, of the form (—1)
fermions for odd km?. Such terms indeed appear for the orthogonal half-indices, but
not for the symplectic case where in all cases (—1)kess[mml = 1.

The results above in terms of rank(G) and product over roots hold also for SU(N),
USp(2N) and SO(N,).

The details for the symplectic case are very similar to the unitary case. The
fundamental weights for USp(2N) are 41, £ps, . .., £un giving fugacities s;-', while
the roots are p; — p; Vi # j and £(p; + pj) Vi < j.

For SO(N,) we need to consider separately the cases of N, even or odd. For the
even case we write N, = 2N and we have fundamental weights £y, &po, ..., un
and the roots are £u; + p; Vi < j where all four sign combinations are taken.

For the case of odd N, we write N, = 2N + 1 and we have one additional funda-

mental weight py = 0 giving additional roots £pu; + po = -, V.
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The above results, along with details of the monopole sums and effective Chern-
Simons levels define the half-indices, although we found that the effective Chern-
Simons levels need a different normalisation factor for symplectic gauge groups. How-
ever, there is a further complication for the SO(N,) indices when the discrete fugacity
x for the Z§ global symmetries is included.

For the case of odd N, if we have x = 4+1 we can consider that we have a gauge
fugacity so = 1 arising from the fundamental weight 1o = 0. If instead we have y = —1
we set s = —1. So, in general we have sy = y meaning that the fugacities associated
to the roots £p; + o are xsiﬂ.

Note that these four different sectors for SO(IV,), labelled by ¢ and x arise in 3d
and so are inherited on the boundary since we have bulk gauge fields with boundary
conditions. In 2d theories on T2 there are additional sectors as there is a different
classification of flat connections on T2 as clearly explained in [88]. The point to note
here is that this means the half-index for orthogonal groups is quite different from the
2d elliptic genus.

For even N, = 2N if we have y = —1 we must replace the gauge fugacities corre-
sponding to fundamental weights py and —puy with sy — 1 and sy' — —1. In cases
of ambiguity, it is necessary to check whether the factor of sy originated from funda-
mental weight py or —py. One point to note in this case is that in the derivation of
the vector multiplet contribution to the index one of the factors of (¢)s (for Neumann
or Dirichlet boundary conditions) arose from the adjoint weight uy + (—uy) = 0
giving factor (¢snsy';@)ee = (¢)oo- In the case of y = —1 this is replaced, since
snysyt — 1 x (=1) = —1 by the factor (—¢;¢)eo. Le. in the half-index we replace
()29 with (q)r™ D™ (—q: ) for G = SO(2N) with x = —1.

Finally, our notation for fugacities is to label gauge fugacities s; as above for half-
indices with Neumann boundary conditions for the vector multiplet and instead w;
if we have Dirichlet boundary conditions. This applies to both theories A and B in
the proposed dualities and is unambiguous as all these dualities involve Neumann for
one theory and Dirichlet for the other. Of course, gauge invariance is imposed by
integrating over the s; so the results will depend on the u; only.

Our notation for other fugacities is a for U(1), and z, for global SU(Np) flavour
symmetries. In numerical checks we often set z, = 1 for simplicity. Note that [[, z, =
1 but we could also use fugacities z, which don’t obey such a constraint for the global
U(Ny) flavour symmetry by combining SU(Np) and U(1),. We comment on this when

discussing dualities for non-zero Chern-Simons levels.
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B Series expansions of indices

We show several terms in the expansions of indices obtained by using Mathematica.

B.1 USp(2N,) — [2V/]

We show the expansions of full-indices and the half-indices in powers of ¢ by defining

a fugacity y := qr’%. We find the matching at least up to ¢°.
B.1.1 USp(2N.) — [2Ny]

N, | N; | N, JUSPN)—[2Nf4 _ [USp(2N.)~[2N/)P

1+\/§<ﬁ+15a2y) 1q (105a4y2+ 136 —36)
1 21
+4%/2 (190a8y* + i —384a%y+ 31 )
1131 +q? (1764a8y4—2100a4y2+%+ﬁ+558>
5 5 : 71 1 384
+q°/2 (5292a10y"78064a6y37 6,3t 0,1 +3690a2y7%>

+¢° (13860a12y6 724696a8y4+14526a4y2+% + %er 73536) +ee

1+\/a(ﬁ+(45a2)y)
+q((1035a4)y2+£ﬁ+m7100)
+4%/2 ((16005a° )y + 525 — P+ A5+ b5 — (440002 ) y+ - )
+4* ((186285@8)?;4— (96480&4)1!24‘% - 2;291 + a1525y6 + afﬁz'zs - azgzm + a2§214 + a401y20 +7225) +

(B.1)

B.1.2 USp(2N,) — [2N;] with N, (N,N,N;N, N, N) + Fermis

\ USp(2N.)—[2N;]4 USp(2N.)— B
N, Nf N, ]I]IN,II\OT(JF{\Iﬁ [2Ny] _ HHD,]%),(N,DC) [2NV]
3/4(a(u? 5723 (022 1).3/2
1+15a2ﬂy—w+‘1(105a492+u2+ﬁ+1)—70q ( (u +1)y )
a2q3/2y<u2(490a4y2+51)+15u4+15) 12q7/4(a(u2+1)\/§<35a4y2+1))

1131 v .
9/4(_.3(.,2 3/2 4.2
+q? <u2(105“4y2+1)‘*‘%4—1764(182/44-525(143/2—&-2)_2q o Gl Gt Uil Gisatld )
u

u

a245/2y (u4 (490a4y2+51)+u2 (5292a8y4+3010a4y2+117) +490a4y2+51)

LA
um3/4 a\/y u12u2+u1u22+u1+u2
1+45a2\/§y— ( ( ulu2 >)

+q (1035a4y2+u12+ u% +ul (u2—l—u%2 ) +

u2

1
S SR LN )
ul u22
450q5/4(a3y3/2<u12u2+u1u22+u1+u2))

ulu?2
50243/2y (u12 (1122 (3201a4y2+67) +18u24+18) +18u14u224+29u13 (1123+u2) +29ul (u23+uz) +181122)

ul2u22
(B.2)
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B.1.3 USp(2N.) — [2N;] with D, (D,D,D;D,D,D)

USp(2N.)—[2N¢]B

N, Nf NC ]H[USp(QNc) [2N]4 _ HN,N,D,N
/1 At g/ %y3/2 a3 (w2
(10“ )\fy f(< )< Jr1>)—H;(((50a4)yQ-~-u2_|-1%2_4_1)_ ((42 )( H))
) () () ) () ) o))
1 3 1 ) u? ) N p 2
+q2< ((50a )y +1)+( u)Qy +1 (490a )y4+(250a4)y2+2>q9 4((56a )y +13)(13 ((10a3)(u +1)))
0/2( v) ((s5ut) (5e*)+1) + (u2)((588a8)y4+(525@4)y2+40)+35((5a4)y2+1))+
—
q3/4 u 2u ulu 2 u u
1+a10\/ay5710 ( 1u,u21t121/§2 i 2)
1
2152 +a -t gy bt (w24 ) 2 st 1)
10q5/4(u12u2+u1u22+u1+u2>
B 0.11u1u2yu/2 +e
(B.3)
B2 SO(N.) — [N/l

We show several terms in the expansions of full-indices and half-indices in powers of ¢

by defining a fugacity y := q’"_% ort:= q””_%. We find the agreement at least up to ¢°.
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B.2.1 SO(

=

Ne) — [Nf]-i-—l-

JSO(Ne)~[NgI4, _ [SO(Ne)—[NsI%,

3/4( 2 1)

L+a /g /y+a?ay+——,
7/4(a 4_1>
+q(a4y2—1)+a5q5/4y5/2+a6q3/2 34 e
+q2<a8y472)+q9/4(a\/@) (asy471)+q5/2 <a10y5+a y)
+a11q11/4y11/2+q3(a12y672)+q13/4(a\/*)(a}? 2)

+q7/2(a14y7 2y+%)+q15/4( 16, 8 )+q4<a16y8 2)
a?y

a'®y®+1
+q17/4(a\f)(a16 3)+q9/2 (algyg_( ) q19/4(a20y10,a4y2+3)

av/y
gy)-+ aVvy
1+(2a) 3/8/f— 2q 5/8 +(3a ) 3/4t—4q+(4a3)q9/8t3/2

+4 EQt +(74a) 11/8\[+(5a )q3/2t2+(74a2)q7/4t
+(6a5)q15/8t5/2_5q2+(_4a3>q17/st3/2+q9/4((7a28)t4+4)

a“t
+(—8a)q19/8\/f+(—4a4)q5/2t2+8q21/8a(:it4+1) +(—8a2)q11/4t— 2q23/8((2a8)t4+1)

a313/2
1+(3a)q3/8\/i—%+(6a2)q3/4t—9q+<10a3)q9/8t3/2
+3§52/t4+(—15a)q“/8x/%+(15a4)q3/2t2+%+(—21a2)q7/4t
+q15/8((21a8)t4—1>+( - ) 17/8t3/2+(19/4<(28a8)t4+6)

3t3/2 a“t
/ 3423/ 3a
+(_12a)q19/8\/£+(_33a ) 5/2t2 9q21 8(( - )t4+3> +( 944 ) 11/4t_3q23 8(agt;/z)t4+3>

(o g ) () )
+2q3/2(( 12) 56 ot (2e) 1)
+q2((25a8)y4—(24a4)y2+ﬁ+14)+q5/2((36(110)3; — (3248 )y +orhs — 22— (16a%)y )

T ((49a12)y —(40a%)y*~ (320" )y*+ 5+ 135 +64)+

1+ 3{/2+\[( 613+(6a2)y+£)
P 0t ) )

295972
+‘1<(21a ) 2Jr o8 4+ 12 6+1>

+q5/4((6a20)y10+(6a16)y +(2a )y +(30% )yt + (3 )y2+1)

a15y15/2
3/2( 12 6 24\, 12 20,10 8Y),4 4),2
q (a Yy +<56a )y (24a )y +<3a )y +(3a )y +1)+ﬂn

18,9

+
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JSON)~[NfJA, _ [SO(Ne)~[Nf]P_

3/4 2
14+a (‘/@ﬂ+a2ﬂy+%+q(a Yy —1)
7/4( ! 1)

$aBgB/4y5/2 4 g8 ¢3/243 4 —

+q2(as 4 2)+q9/4(a\f)( 4 1)+qs/2<m1oy5+ )+a11q11/4 11/2 ..
14+(2a)q3/8Vt— 2q 8+(3a ) 3/4t74q+(4a ) 9/843/2
_~_ant+(_4a) 11/8\[+(5a )q3/2t2+(—4a2)q7/4t
+(6a5)q15/8t5/275q2+(74a3)q17/8t3/2+q9/4((72 )t4+4)

a“t
+(—8a)g1/8 i+ (—4at ) g®/ 242+ 78421/85\it4+1)+(—8a2)q11/4t—42423/859(,t3‘/72)t +1)+--~

1+(3a) g3/ 8- 3q +(6a )q¥/1t-9q+(10a% )g?/5¢3/2
5/4 13/8
*3321 +(—15a)q “/8\/+(15a ) 3/2t2+%+(721a2>q7/4t

+%+( 27a3) 17/8t3/2+w

+(712a)q19/8\/E+(733a4)q5/2t2+9q21/8(( )t4+3) ( 24@2) 11/4t 3q23/8((13a8)t4+3) 4

1+\/§((4a2) %) (( a4)y2+ ) 233/2

22 ((se2)o0 (") H(et))

aby3
+q2<(25a8)y4,(z4a4)y2+ iy >+qo/2((36a10)y — (3243 5,(16(12)%&%)

+° ((49a12) 0~ (40a% )y~ (320" )y = g+ 35+32) +-

1= 23 3/2"‘\[((16 3 a§y+(6a2)y>
5/4( 12,6 ( ) (3(14)?!271)

+ 29,972

9 3 1
+q((21“4)y2+m—a8ﬁ4+m‘19>

. q5/4((6a20>y10_(246116)118;&?:;2)1/6_(9a8>y4+(3a4)y2_1)

2/ (56024 )12 - (66020 ) 10+ (36016 ) 35— (19012 ) 36+ (9° )y - (304 ) 241)
+ aI8,9 +
(B.5)

Y
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B.2.3 SO(N,) — [N/]
N, | N | N, TSO(N)~INJIA_ _ [SO(Ne)~INfIE_
3/4(1 a4y2)
1= yay/ita’ay+——; o +a(a'y’~1)
1 1 2 BB B/ 483 2B 7/4(1\;%4) +q ( _2)
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N.) — [Nf]4++ with N, (N,N,N; N, N, N) + Fermis
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B.2.6 SO(N.) — [Nf]-4+ with N, (N,N,N;N, N, N) + Fermis
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B.2.7 SO(N.) — [Nf]4+— with N, (N,N,N;N, N, N) + Fermis
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B.2.8 SO(N.) — [Nf]-— with N, (N,N,N;N, N, N) + Fermis
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B.2.10 SO(N,) — [N/]_; with D, (D,D,D;D,D,D)
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B.2.12 SO(N,) — [N]__ with D, (D,D,D;D,D,D)
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