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Abstract

In this paper we study the regularity of the solutions for backward stochastic differ-
ential equations (BSDEs) with finite state Markov chains and establish its link with
associated partial differential equations (PDESs) in classical sense. Moreover, we study
the existence and uniqueness of solutions for such BSDEs under Lipschitz conditions
on f in the space L’Z,(Rd;Rk) ®L%(Rd;Rka) ®L12)(Rd x I;RK). In this way, we es-
tablish a new connection between L2 (RY; R*) @ L2 (RY; R?**) @ L2 (RY x I; R*) valued
solutions of BSDEs and the solutions of PDEs in a Sobolev space.

Keywords: Backward stochastic differential equations, Partial differential equations,

Markov chains, Sobolev weak solutions

1. Introduction

Backward stochastic differential equations (BSDEs) were first introduced by Par-
doux and Peng [1]. Since then many progresses have been made in fundamental re-
search, for example, Peng and Wu [2]], Feng, Wang and Zhao [3]] studied the fully cou-
pled forward and backward stochastic differential equations (FBSDEs). Furthermore,
BSDEs have deep connections with PDEs and much influence in stochastic controls

(e.g.:[4}15]) and mathematical finance (e.g.:[6]).
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It is remarkable that, BSDEs can give probabilistic interpretation for the quasi-
linear and semi-linear partial differential equations (PDEs). For PDEs with smooth co-
efficients, Peng [7] gave a probabilistic interpretation for systems of quasilinear PDEs
in classical sense and then Pardoux and Peng [8] studied both the classical and the
viscosity solutions of such PDEs. Barles et al. [9] studied the viscosity solution of a
kind of integral-partial differential equations by introducing BSDEs with jumps. After
that, Barles and Lesigne [10] proved that the same probabilistic interpretation holds
for variational formulation of the PDEs. Following the same line, Bally and Matoussi
[[L1]] studied the weak solution of Backward Doubly Stochastic Differential Equations
(BDSDESs) in Sobolev space, and gave the probability interpretation for the correspond-
ing PDEs in Sobolev space. Since then, there has been a lot of research on the weak
solution of PDEs in Sobolev space. Feng, Wang and Zhao [3]] studied the weak solu-
tions of coupled forward-backward stochastic differential equations and the associated
quasi-linear PDEs. For the first time, Wei, Wu and Zhao [5]] studied the Sobolev weak
solutions of Hamilton-Jacobi-Bellman equations corresponding to stochastic recursive
control problems.

However, Brownian motion alone can not provide a good description of random
phenomena in reality, such as the jump phenomenon in financial markets. In order
to satisfy the need of more realistic models, we introduce Markov chains in the study
of BSDEs, which can better reflect random environment and has a strong application
significance. For example, the applications of the regime-switching model in finance
have received significant attention in recent years. It modulates the system with a
continuous-time finite-state Markov chain with each state representing a regime of the
system or level of economic indicator, which depends on the market mode that switches
among finite number states. The market mode could reflect the state of the underlying
economy, the general mood of investors in the market, and other economic factors.

There are also a lot of research on the FBSDEs with Markov chains. Cohen [12,13]]
studied BSDEs driven only by Markov chains. Wu and Tao [14] studied BSDEs driven
by Markov chains and Brownian motion (the coefficient f does not depend on Z), and
the viscosity solution to the associated PDEs. This article mainly studies the backward

stochastic differential equations driven by Brownian motion and Markov chains (f de-



pend on Z), and the probabilistic interpretation of their corresponding PDEs. When
f depends on Z, due to the addition of the Markov chain, the traditional Malliavin
analysis is invalid to obtain the representation of Z. We approached this difficulty in-
novatively through an approximation method. As far as we know, it is the first time
to study the smoothness of solutions to the BSDEs with Markov chains, and give the
classical solutions of PDEs with smooth coefficients. In the studies of weak solutions
in Sobolev space, the main method is based on the stochastic flow theory established by
Kunita [15] where the flow is generated by SDEs with smooth coefficient. In our prob-
lem, the coefficients of SDEs contain Markov chains, so we generalize the stochastic
flow theory, and based on this, we study the BSDEs with Markov chains and the weak
solution of the associated PDEs in Sobolev space.

The paper is organized as follows. In Section 2, we discuss the smoothness of the
solution of SDE with Markov chains, and prove that the solution is a C! -diffeomorphism,
and give the general equivalent norm theorem. Moreover, we study the smoothness of
the solution of BSDEs with Markov chains. In Section 3, the classical solutions of
PDEs under the smooth coefficients are studied. In Section 4, we prove the existence
and uniqueness of Lf) (RY; R¥) ®Lf) (R4, R>K) @ L%(Rd x I;R¥) valued solutions of
BSDEs with Markov chains under a functional Lipschitz condition. In Section 5, we

study the weak solutions to the associated PDEs in Sobolev space.

2. Preliminaries

2.1. SDEs with finite-state Markov chains

Let (Q,.7,P) be a probability space, {B;,0 <t < T} be a d-dimensional Brow-
nian motion and {¢4,0 < < T} a finite-state Markov chain with the state space I =
{1,2,...,m}, for some positive integer m. The transition intensities are A;;(r) for i # j
with 4;; are nonnegative and bounded and A;; = — ¥ jep\ (i) Aij- Let F = (F),c(0,1) be
the filtration generated by {By, ;0 < s < T} and % contains all P-null elements of
Z.

Forany 0 <t <s<T, p>1,keN, wedenote by MP([t,s];RF)(resp. SP([¢,s]; RF))

the set of .Z,-progressively measurable (resp. predictable) process such that for any



@5 € MP([t,s]; R (resp. € SP([t,s];RK) ),

E[(/ts|(pr|2dr)p/2} < oo (resp. E sup |@p|P < 4oo).

t<r<s

By CK(RP;RY), Cl’f »(R7;RY), Cf,(RP ;IR?), we denote respectively the set of functions
C* from R into RY, the set of those functions of class C¥ whose partial derivatives
of order less than or equal to k are bounded (and hence the function itself growths at
most like a linear function of the variable x at infinity), and the set of those functions
of class C* which, together with all their partial derivatives of order less than or equal
to k, grow at most like a polynomial function of the variable x at infinity. Moreover, by
Cj(R”;R9) we denote the set of those functions in Cj ,(R”; R?) which are bounded.

Let %(j) denote the number of jumps of {a;,0 < s < T} from any state in [ to
state j between time 0 and ¢ and let ¥ denote the corresponding integer-valued ran-
dom measure on ([0,T] x I, B([0,T] ® %;)). The compensator of ¥;(j) is given by
Lo, +jha,jdt,ie.,

d¥i(j) £ dY(j) = oy 2jhe,_ jdi

is a martingale (compensated measure). We set A;(j) = l¢,_jAq,_,;. Then the canon-
ical special semimartingale representation for o (see [16[17]) is given by
doy =Y Ag, j(t)(j—ou)dt+ Y. (j— 0u)d ¥ (j).
jer jel
We will study the following SDEs and then give the well-known result of existence and

uniqueness of solution:

dXst%i = b(saXst’xyiv (Xst’i)ds + G(Sax_é%ia atﬁi)dBSa s€ [t7 T]7

s

. ) 2.D

X =y, o'=i, xeRY iel,
where b(s, -,i) € C}, (R4 R?) and o (s, -, i) € C}, (R R?*?) forany s € [1,T] and i € 1.
Moreover b(s,x,i) and o (s,x, i) are continuous with s € [t, T] for any x € R¢ and i € I.
We denote by {X§ ’x"i,t < s < T} the unique strong solution of the following SDE: From
[18] we know that the SDE (2.1) has a unique continuous solution in S?([t,7];R?).
Next, we will study the regularity of the random field defined by {X; ’x"i;O <t <s<

T,x € R?} in (t,s,x), forany i € I.



By virtue of the same procedure as in the proof of Theorem 2.1 in Chapter 2 of

Kunita [15]], we give the following lemma without proof.

Lemma 2.1. Forany p > 2 and q € R, there exists a constant ¢ such that for anyt € R,

xxXeR iel e>0,

E( sup |[XI™|P) < (14 |x]P), 2.2)
t<s<T

E(IXI5 = X55P) < e(1+ |xfP)[s — 5|2, 2.3)

E[(e+ X)) < c(e+ x]2)7, (2.4)

E[(e+|X; = X[ ))7) < e+ [x =)
Theorem 2.2. For any p > 2, there is a positive constant C such that
E|XP =X P < C|lr=2 P (L[l + [ P) (= £ + ol =) + s =o'

Proof. The proof is a combination of Theorem 2.1 in [15] and Lemma 3.3 in [18]],

which is easy to verify, so we omitted. O

We get the following corollary immediately from Kolmogorov’s continuous Lemma:

Corollary 2.3. The random field defined by {X, Hp<s<T,xe R4} is continuous in

(s,x), and the function @;(t,s,x) := E[X;"™'] is continuous in (t,s,x).
Lemma 2.4. For any p > 2, there is a positive constant ¢ such that

E( sup |A§1X§’x’i|p) <ec, (2.5)

t<s<T

and

. ! :
E|AL X5 — AL X

Y/

2.6)

< efle= 2P =P+ I+ P81 =] o= )],

where h € R — {0} and Al g(x) := h~[g(x+ he;) — g(x)], 1 <1 < d, e, denotes the I-th

vector of an arbitrary orthonormal basis of R%.



Proof. We first show the boundedness of E |A§,X§ ’x’i|p. By the mean value theorem, it

holds that
. s 1 i . . . .
AZXSfax,l =e +/ / b/(r,Xrt’x’l + V(X;,erhel,z _ X;’X’l), aﬁ”)AzXﬁ’x*’dvdr
A~ | S @7
- /t /0 o’ (r, X1 oy (X Thent _ xtedy ol AL XTI dvdB, .

where b’ and ¢’ are the first order partial derivatives in x of b and ¢ respectively. By

the boundedness of #’, 6’ and Burkholder’s inequality, we have

Pdr

) s 1 . . . . .
EISXE < CE[1+ 1] [0 X0H 4 v = 1), v
S 1 , , , . .
[ oo - i), v ]
X i
<C+C / E|AX | Pdr.
t
Therefore by Gronwall’s inequality, we see that E |A2Xf ’x’i|” is bounded. By a standard

argument of Burkholder’s inequality, we get (2:3).

To prove (2:6) we discuss firstly the case when s = s’. Without loss of generality,

we assume ¢ < t' < 5. Let g = b; 0, set
g/l (l’) _ g/(r,X;,x,i + V(X;.,)H»hel,i _Xrt,x,i), (X,t,’i),
8a(r) =g/ (X[ v (T X, ),
/ . Y T .
8/3(") — g/(l’,X; X —‘rV(Xrt X +h'epi —X,{ X ,1)’ Oli’l>.
Then we have
E|ARX = A x|
t 1 . t 1 )
<E| /[ /0 B, (dvAL X' dr+ /{ /0 ol (F)dvAL X! idB, [P
s 1 . 1 L
+E| /, | /0 b (r)dvAL X1 — /O b (r)dvAL XL | dr|P
s 1 . 1 )
L E| /, ( /0 &1 (r)dvAL X1 — /0 G} (r)dvAL X! ) dB, [P
=I1+11+111.

From the boundedness of »’ and ¢’ and E \AZXS[’X’i|P , it is easy to get

1<cle—r)k.



With the continuity and boundedness of ¥’ and ¢’, by Burkholder’s inequality,

2dr\p/2

i <ce [ [ ot~ [ ol(riavag x/
<l [ [ lof)lavia e —a x4
+/ [61(r) = &3(r) v, va“|]|Pdr|
veel [ / 04(r) — 03 (1) vl x| |
<CE [ 1M~ A xrar
€ [ BT = X PP A X P ar

_"_C\/SEHX?)CJrhel,i _X;’,x/+h’el,i|2p]%E[lAil,X;/,x’,i‘Zp]%dr
t/

S 1
2 1 I vt' Xi2p1t
+C [ B[ 1030+ 105001 oo FENS X! P

We define ® as the last term on the right hand side of the above inequality. Then by

the same discussion of (3.74) on page 107 in [18]]:

1
2 / 3 -/ 2 2
o<c ['E[[([ P+ PNy, ] e

1,11 3 1
gCE[E[I{aL‘,-#aﬁ/J}\a ]2 <Clt—1'|2 +o(lt—1|)2.

By Theorem[2.2] we have

1

I <Cllx =X |7 +|h— P + (14 [x|? + |¥|?)(jt —£'|> +o(|t —£'])?]

+C /t SE|A§,X£=X*" — AL X!
By the same discussion of /11, we have
H<Cllx=XP+|h—HP+ (14 |x[? + |X'|") (|t —]3 +o(|t —t’|)%]
+C /t CE|ALX!E  ALX P,
Combining 1,I1 and 111, by Gronwall’s inequality, we have

E|ALXTS — AL XTP

1

e[l — [P =B+ (1 e )P = [+ o —1)D)].



It remains to prove (2.6) in case s # s’. Assuming s < s, we have
. ’ . ;.
AZXSt,x,z _ AZ’X; Xl AélXSt,x,z _ AZ/X; X
s el 5 ; . 'l ’ ; .
_ / /0 B (r)dvAL X! idr — / /0 o' (r)dvAL X' dB,.
s t

Using (2.4) and standard arguments, together with the result we already proved when
s =s', we can easily see (2.6) holds. O

From Lemma [2:4] let 7 — 0 and using Kolmogorov’s Lemma, we obtain the next

theorem immediately.

Theorem 2.5. Foranyt €[0,T], x € R? and i € I the mapping x — Xf’x’i is a.s. differ-
entiable, and the matrix of partial derivatives VX! (VX" = (%)léi-jéd;t <s<T)

possesses a version which is a.s. continuous in (s,x). Moreover the process solves the

following SDE:
. s . . . 5 . . .
vxIw :I+/ b’(r,Xﬁ’x”,aﬁ”)vXﬁ”‘”dV—&—/ &' (X1 ) UXITAB, (2.8)
t t
where b’ and o’ are matrix valued function (%)Ki, j<d-
J -

Now we consider the solution of the SDEs (Z.1) as a stochastic flow from R? to R?.
According to Section 4, Chapter II in [15], Lemma [2.T]and Theorem 2.2} we have the

following theorem.

Theorem 2.6. The map X, : R? — R? is a homeomorphism a.s. This is to say that
the map X, is one-to-one and onto, so its inverse map exists. Moreover, the inverse

map, denoted by Yf 1 RY 5 RY ) is also continuous in s a.s.

Lemma 2.7. Let g(r,x,i) be a continuous function of (r,x), f(r,x,i) be a C' function

of x for any i € I. Then

S . . S N 1, .
/ g(r,Xrt’y”,(xﬁ”)dr|)v:)?;,x,i :/ g(rn X0 oldr, (2.9)
t s t

S . ) ) N i . N
/ X VB, | _grei = / Frn el otihyaB,
t t
S
t

L (2.10)
- [T ).



Proof. The equation (2.9) is obviously. Now let’s prove (Z.10). We first assume that
f(s,x,i) is a C' function of s and a C? function of x for any i € I. Define A" = {t =
1] <t} <--- <t =s} as asequence of partitions of [¢,s]. Then for any r € [tx_y, T),
we have by Corollary 7.8, Chapter I in [13]], there is a sequence of partitions {A, } with
|An| — 0 such that

r

Tk ¥ : . T ¥ :
/T | f(r X o )dB, = lim (X o g o dBy as.,

k n—r+oo Th_1
where
A n—1
= Zﬁ;’l[tz’,t,t‘“)'
k=1
Therefore
S . . n-l rg . . S . .
X0 o = nX M an »= lim " (r, X0 . a.s.
rX™ ol dB X' olYdB, = i A (r, X ol YdB
t =1 %1 n—r+oo Jt
Then it holds that

[ 10X, 0B

t,i
" x, 0,
A [ l,i

n—1
:ngij; f(t;-l7Xs J 7()57;]'{71)(36_:“ —B,r!)

J

n i
O

n—1 .
= lm Zl VAGTEI. 6 ol )(Bu, —Buw)
=

n—1 l;-’H,x,a:,',i .y .oy y
. > j+1 N O J N
—HE)I}-]OO.ZI I:f(t;l+lvxs I+ 7a‘L'k,l)_‘]“(t"],'la)(.S‘ ! ?afk,l)] (Bl_;l+l _Bl‘;l)
j=

(2.11)
The first limit on the right hand side exists and equals to the backward Itd integral

i
[P e(r X% ay")dB,. The second limit equals to

< f('?X.t’y7iaa~t’i)7B' —B; > |y

_ th.x.,i 5
where the symbol < -,- > is the joint quadratic variation. By It6’s formula, we have

. . S - .
f(S,XA{’y"l7OC§") :f(t,y,i)—st—i—/ (GTf/)(anl’y’l,OCﬁ’l)dBr
t

N s . . , -
F Y [ UOX ) = Fr X 0 )av (),
=1



where

Ny = / [ f( Xtyz tl) (bf')(r’Xrt’y’l,a£=’) + Z(GTf"G)(r Xz,yz tz)
t
# Y ol
is a process of bounded variation. Therefore, we have

< FCX ) B~ B > [ (TR X, 0
t

Ot X0

Substitute y = X;
right hand side of (2.11)) equals to

to the above and apply (2.9), we get that the second term of the

s ti .
— [T o

It remains to prove (2:10) for general f. For each i € I, choose a sequence of smooth
functions f,(r,x,i) such that f,,(r,x,i) — f(r,x,i) and f,(r,x,i) — f'(r,x,i) locally uni-
formly. Then Eq. (2:10) is valid to all f,. Let n — +oo, we get Eq. (2.10) for f by
virtue of Theorem 7.7 in Chapter I in [15]. ]

. ~ i . N
Remark 2.8. In the above proof, we use the backward Ito integral [’ g(r,X{™% ,a,")dB,
and it is well defined. If we set G, FB VEY

L

A t‘l i
then for any r € [t,s], g(r,Xsr‘x"arl, o) is

Gr-adapted and the following still holds for any G.-adapted square integrable process

g(t), Y
E[/‘g(r)dé,]zo, \/g VB, 2] /g \2dr].

Remark 2.9. By Lemma @ it’s easy to get the inverse of the flow {Xi™ 1 <s < T}
satisfying the following backward SDEs:

. s
X;’X’I:xf/ (rera, tl dB +‘/ GTO' (’,,er(x, “)dr
t

/brx”“r oy )dr.

Using the same procedure as in the proof of Lemma (2.4} we can prove that the inverse
flow X is differentiable, and the derivative VX is continuous in s. So Xi defines
a C'-diffeomorphism. We denote by J ( o ’l) the determinant of Jacobian matrix of
)?St , which is positive because it is a continuous function of s € [t,T], which does not

vanish and J(X""') = 1.

10



Lemma 2.10 (Generalized equivalence of norm principle). We take p(x) := e* ™) gs
the weight function, where F : R® — R is a continuous function. Moreover, we as-
sume that there exists a constant R > 0 such that for |x| > R, F € C},(R%;R) and

sup, cra [F'(x)x| < 4-oo. For instance, we can take p(x) = (1+ |x|)%, with g € R or

p(x) = e™H with o € R. If op~' € L' (R?). Then there exist two constants ¢ > 0 and

C > 0 such that

¢ [l war<E[ [ lo(x=lp wax] <C [ lpwlp! (ax. @.12)

Moreover if ¥ : Q x [t,T] x RY — R, ¥(s,-) is E* measurable for s € [t,T] and

Yol € L'(Q x [0,T] x RY), then there exist two constants ¢ > 0 and C > 0 such

cE//|‘Psx|p 1dx<E//|‘P X o (x) L dx
§CE/t /Rd P (5,3)[p (x) " dx.

The constants ¢ and C depend on T, p, the bounds of ¢ and the bounds of the first

that

(2.13)

(resp. first and second) derivatives of b (resp. of ©).

Proof. We only need to verify the following inequality:

J Xt,x,i )’Zé,x,i
c< E{—( e )|FS°‘] <C as. 2.14)
p(x)
In fact, using a change of variable y = X!™", we get

LR Dp@dx = [ E[E[W V& p (% F]|dy
JE&p (K™
= [ B[ 0B [FE B R fay

and if (2.14) holds, integrating with respect to s € [r,T], we get Z.13). Eq. @ 12) is a
special case of (2.13) so Lemma[2.10]is proved. Now we devote to the proof of (2.14).

We assume first that 7 —h <t < T for some small h > 0and F € Clz_h(]Rd). Applying
Lemma and It6’s formula, we get the inverse of the flow {)A(S' ’x’i,t <s < T} satisfies
the following backward SDE:s:

Xst’x” — x_/ (}" er a, [l dBr-i-/ (}” er ar Oﬂt’x”)dr
t

X at’i t,i
- b(r7X\" o 7ar’ )dl",
t

11



i S i . ~ doA S ~ i
F(R5") = F(x) - / o (n X% ol F (R4 )dB, + / LF (R ar,
t t

" ~ i 1 N i ) n i N . N
LF(Xr,x,aﬁ ) _ E(GTG)('.7X;7X7OC£ 7a}t’,x,z)F//()(Sr,x,ocﬁ ) _ b(r’Xsr,x,z’ OC:,’I)F/(X;’X’Z)
+(0V0) (X% ol )F! (XI).
It follows that

i
P (Xsrmar )

S = PP —F()

—exp (= [ o R g (Rab, + [ LF (%)
—exp(— [ o(n &, o) (R a,
+ % /t‘Y lo(n, X, ol F (X |2dr)
xexp( 3 [l & 0 (R Par+ [ LP ()
= M7 (x,i)N; (x,1).

Since the first and second order derivatives of F, ¢, and |F’(x)x| are bounded, we have

[6(r X, )P (XE)| < 1| (14 X DF/ (X)) < co.

So, there exists two constants 7 > 0 and R > 0 such that r < N7 (x,7) < R. On the other

hand, M} satisfies the following linear backward SDE

M (t,i)=1— / M/ (x,i)o (r, X ol YF (X)) dB, = 14T (x, i),
t

v

and therefore

S . . A . N
EM; (e PIE) < 201+ E) [ M7 (5,000 (r %5, o) P (%74)B, PIFE)).
Due to the independence of the Brownin Motion B; and the Markov chains ¢,

s . . N .
E[|M; (x,i)P|F*] < C(1+E [/l M (x, )0 (n X3, o) F (X Pdr| F2])

<cli+ [ EQM i) PIE).

12



By the Gronwall inequality, we have
E[|M; (x,i)P[F*] <C as.,
and by a similar method,
E[E (e )PIEY) < Cs—1) as.

By virtue of Remark [2.9] Proposition 5.1 in [11] and the same discussion as above,

we get the result. U

2.2. BSDEs with finite-state Markov chains

Let f:[0,T] x RY x RK x R¥*? » | — RK and & : RY — R, Moreover, we assume

(A.1) he C3(RYRY);

(A.2) forany s € [t,T], i € I, (x,,2) — f(s,x,y,x,i) is of class C3, f(s,-,0,0,i) €
Cg(Rd;Rk), forse[r,T]andi€ I,

(A.3) the first order partial derivatives in y and z of f are bounded on [¢,T] X RY x
R* x R¥*4 x I, as well as their derivatives of order one and two with respect to x, , z.

From now on, we will denote by N”([¢,T] x I; R¥), p > 1, the space consisting of

Z,-progressively measurable process, such that for any ¢ € N?([t,T] x I, R),
r : ) p/2
E[(L [ 10 PAtiar) "] < e
Jel

From conditions (A.1)-(A.3), we know that f(s,X:™ y,z,i) is .Z,-adapted, h(X}’”)
2 < +oo. So, under condition (A.1)-(A.3), from [17]

is .Fr-measure and E|g(Xy™)
we know that there exists a unique tripe (Y,Z,W) € S2([t, T];RK) x M?([t, T];R¥) x
N?([t,T] x I; R*) which solves:
AYPS = (5 XY, 209, 0t ds 4 2B+ Y W)
jet (2.15)
YPo = h(Xp), o =i

Proposition 2.11. Forany 0 <t < T, x € R% p > 1, we have

(Y ZE W) € SP([t, TIRY) x MP([t, T;RY) x NP([t,T] x I RY).

13



Proof. Let @, ,(x) = (x An)? + pnP~!(x—n)". Then ¢, , € C'(R,),

np(x) = plxAn)~!

is bounded and absolutely continuous in x and @y, ,(x) = p(p — 1)(x A n)P =21 ) (x).
Applying It6’s formula for semi-martingale (cf Theorem 5.1 in Chapter 11, [19]) to
Pnp([%5]%), we get

T
0oV 2 [ 01 (VI f (X0, 2, )
—up (1042 [ @l (a8 42 [ gl (P2 ar

s [z zDar s X[ [ont 40P - oup1,- )] a%50)

Jel

SX [ [onn 0+ WP~ 0up (1% )~ 200 (6T

Jjel

—up (1042 [ @l (a8 42 [ gl (P2 ar

+ [ o,z X [ [onpt - WP - 0np( P70

Jel

X [ o WGP~ g )

Jel

= @ (V) (Y + W ()P — (Ierlz))}lr(j)dr

L [ o P
jel
(2.16)
Since (Y, Zs, Wy(j)) € S2([t, T|; R¥) x M?([t, T]; R*) x N([t, T] x I; R¥) and the bound-
edness of (Pr/u p» it follows from the B-D-G inequality, that

sup I/ O ([V12)Y,Z,dB, || < Cpn?~(|Y[[s2]|Z]|y2-
0<5<T

Moreover, from the boundedness of ¢, ,, there exists a bounded and predictable

process ¢,(j) such that

Pnp (Y +Wo(DP) = @up (Y- ) = 0 (N VLW, () + W ()P)-
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By the B-D-G inequality, we have

E[ s ¥ [ 10us b+ WGP~ g1, )70

0<t<T jer

=& [ sw ¥ [ 0:) 0 W)+ W)

0<t<T Jel
<Cpn” H(|[Y [l [[Wy2 + [IW132)-
So, the dB integral and the d# integral are integrable with respect to the probability

measure P, hence they are martingales with zero expection.

From Taylor’s expansion of ¢, , and the positivity of ¢,/ _p» We conclude

Y[ [onn% W)~ 0yt
= (2.17)

- <P2,p(|Yr|2)(|Yr— +We ()P = @up (Y- ) | A (j)dr = 0.
Taking expection on and from Assumption (A.2), we get that there exists a

constant g > 0 such that

EQ,,(Y:*) +E/ o, ([VDNZ + Y W) P2 ()] dr
jel

T
<Equp(1h0Xr) )+ 2E [ 191, (VIS (XY, 2,0 dr
N

T
<E@u(Ih(Xr)[?) +2CE/ O p (Y2 (L4 X |T 4 Y, + 12, + [ £(r,0,0,0, ) )ar.
N

Let n — +oo, by monotone convergence theorem,

B4 pE [ (72124 X W) Pl
Jel

T
<E(|h(Xr)[*") +CE/S (2RSS D AR SRR ARRVA +Sl€1?|f(r7070,0,i)\)dr
]

T T
E(h(X)P)+CE [ (14 1 Pdr+ 2 [ (%2212, )
s N

We have used condition (A.3) that sup;.; f(¢,0,0,0,i) < +oo forz € [0,T] a.e. and
the result that E|X;|? < -oo.

It then follows from Gronwall’s inequality and Condition (A.1) that there exist

constants Cp, 7 and ¢ such that

5P E(|Y|*) < Cpr(T+E([h(Xr) ) < C(1+ x]*9), (2.18)
<s<T

15



and also

E/ (%2222 + Y W) PA()ldr < C(L+ ). (2.19)
jel

Taking expection on both sides of (2.16)) again, letting n — +oo, combining (2.18) and

(Z-19), we get that
Y [ [l myee-ir

Jel (2.20)
= p(I¥m 4 W= e P PD | s < €1+ ).

From (2:18), (2:19) and (2:20), we get

EY [ [0 WP - | atas < cO . ean
Jel

Now, again from Ito’s formula and (2.17)),

T
P2 <Y +2p [R5 Y Zr )

[Pz p Y [P WGP Gar

jel
—2p/ ¥, 2Py, 7,dB, — Z/ Yo AW ()P = Y PP d ).
Jjel
It follows from (2.18) and (2.19) that the above dB integral is uniformly integrable, and
from (2.21)) that the d ¥ integral is a uniformly integrable martingale. It is then easy to

conclude that

E( sup |Y;[*P) < C(1+ |x|9).

t<s<T
Finally, forany r <a <s<b<T,

S
/ 7.dB, + Z/ W,()d7(j) = Y, — Y, +/ P X\ Yo 2y, 0)dr.
jel a
Hence, from Burkholder-Davis-Gundy’s inequality, for any p > 2, there exists a con-
stant C,, such that
p/2
£[([[(zP+ TP aar)"]
Jel

gc,,E[ sup | Z,dB,+Z/ W,())d 7 |p}

a<s<b Ja Jel

< ¢ (140 PE[( [ (2P + L W)PA)a ] ).

JEI

16



Hence, provided b —a < C}, 4/p , then

E[(/ (1Z2+ Y Wi ()

Jel

and we finish the proof.

)22 (j )))p/zdr} <C(1+x9)

O

Proposition 2.12. For any p > 2, there exist reals C, and c), such that for any 0 <
1,/ <s<T,x, X cRY hh € R\{0}, 1 <i<d,

. y . r . '
el sup et ([ izt
Ay

s€[0,T]

+E[(Z /\t,|W( )’Xl Ws(j)tlx’ipls(j)ds)p/z}

jert

< Cp(L+ Il + WP (o= |P + |t =o' ot — 1

and

/ . I ’ . T i . l 1 12 p/2
E{ sup |ALY!i — ALy ’ﬂ +E[( / ALzt AL 7| ds) }
7

s€[0,T]

e[(X [ 1w

Jjel

Co(1+ x|+ WD (=X P+ |t = |V + |h—H|P +o(|t —1

o AL W (j )tx1|2)L() )”/2}

Proof. We first treat the case r = t'. For x,x’ € R%,

: . 1 . . .
R h%X?““+6(X?*“—X#”JDd9)LX

+/ xx thz X”Jl)}‘i‘lllr(

¢<'Dm7/72“fz”wa

/ Wl,xz

Jel

where

(6, x) /f re d91//,xx /f fg do, ¢,(x,x') /f

and

r,

— W G)AR),

Ex,g’ _ (r’ Xrt,x’,i_i_ G(Xﬁ’x’i —X,I’Xl’i),yrt’XI’i—F G(Yrt,x,i _Yrt,x’,i)7Z;,x’,i + e(zi,x,i _Zi,)c’,i)7 o

17
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Combining the arguments of Proposition[2.11|and Theorem 2.2} we obtain:

sup |v;! —KJ*"'*"I”] < Cp(1+ x|+ '[9 [x =[P (2.22)

0<s<T
In fact we should restrict the sup to + < s < T, but (2.22) follows easily from that

restricted results. We have moreover
T i ' Q2 r/2 / /
E[( [ lzei-zeiipas)"] < e+t Wk -XP 223)
N
and

7xz tx i 2d r/2 < (1 q 9 x — A |P
HW W ()l SC(+ [T+ ) e — X7
jel

We next have
R . , .
ALY = / B (X35 + 0hA X ) AL X7 d 6
+/ / [FUELSM AL + FLER ALY 4 (@0 AL dOdr

/A’z“”dB Z/ AL WIS()d (),

Jel
WhereElzhl:(nX'{J«,l'_’_GhAilX'{sxl txl+6hAl 7xl)
It is easy to deduce by (2.22)) and (2.23) that

[sup |Alytxt|p +E / ||A1tht” )P/st]
0<s<T

+ Y E[( / |ALZE5] 22 ()] < o,

JEI s
Using It6’s formula to |A2Yf ’x’i|p and the similar arguments in Proposition and
Lemma[2.4] we obtain that there exists C,, and ¢ such that

[sup |Ale,xz|p +E / ||A1thz|| )P/st]

0<s<T

vrE([ Inz

Jel

(2.24)
225 ()2 < Cp(1+|nl + X[+ |R]7)).

18



Finally,
il [ onl g o

- / P eh’Aé,X}’)"’")AirX?""id 0
N T
+/ / f} .-‘rxht )ALy fy(HIXh ’)Az,yj’x/-r"]dedr
+/ / HtxhtAthxl fz(gtr:gﬁ“")Ai’/z?"I’i]dBdr
_ / (AL Zb — AL 70 ]dB,

—Z/ (AL Wi () — ALWE (V).

Jel

where

As(x, ) 1) = /O 1 H (X7 4 0hA X AL X d 6
- / yY (X254 on/ ALXEE )AL X! g
+ / / [FUES )AL XEE — fL(ES )AL XY dBdr
4 / / [FL(ELEm) — pr(El 6| AL Y 0 dr
+/ / (ZE) — f(E Y ALz dedr,

and f](x,h;x' 1) = Io fx(HMh "). Again by the procedure of Proposition and
Lemma[2.4] using the properties of f and (2:22)), we deduce that

E[ sup |GV — ALyt P] <Cp(1 4+ 74+ 4+ B+ H]9)
0<s<T

X (le=7 4 =17,
r [ 7t ,x,i I txi)2 r/? / /
E[( [ 1842~ 84,2271 Pds) "] <Cp(1 4+l 9+ Inf -+ 1))
N

X (|x =[P+ |h—H'|P)
and

ZE / ||AhW”“ Ah W”x ’( )”27%(]')(15)]7/2}

Jjel

< Cp(L+ [+ W7+ [+ [1|7) x (= x'|P + [ = H|P).
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tx’z

Indeed, take Itd’s formula to |ALY,™ — ALY/ [P with p > l andt <a < b < T,

- - b - _ . _
VY12 — [V = —/ 2p[TVF 2PN (Fi(r) + Fi(r) + FL(r))dr
a
b _ - b _ _
+/ 2p\VY}|21”l|VZ£|dB,—|—/ p(2p — 1)[TVIPP2[TZ Pdr

+Z/ [9Y + TWE()P — (VY7 2] avi()
jel

VX [ PP T )P e

J€El

+Z/ ([9Y7 + VW) — (V77
jel

= p([VYI+ W) P = (VY)Y PP 2] A (f)ar,

where VY7 = ALy — Al Y/~ GZ = AL ZE — AL 70 GWE = AL W - AL W
and

/ f .—-txhz Alexl_f(.—.tx N4 I)Al Xt’Xl’ide
x X /A )
/ f-y .—-txhl Althz fy(u—txlh I)AI/Y:"XI7id6,

/ol ;.
/ f '-%Xhl Athxt fv(EiiJéJl;l)Azlzﬁx,tde'

It is easy to deduce that the last term on the right hand side of the last equation is
positive. Let us only show that how to deal with the “hardest” term comparing with the

proof of Theorem 2.9 in [8]:
b— R
£ [ TnmEtar
a
b ! —
= |E/ (/ [fz(—-txhl)A[Zt,xl fz('—tx M z)A Zi’x ’l]d6)|Yr1|2p71dr|
a
b 1 ! —
< CE [ 118707 — a0, 2| < (T2
+CE/ ||Athsz / |:tr)(;hz —.tx M l|d9>|Yt|2[) 1dr|

1 . /- P
< 5E( sup |ALy! i — ALyt ’|2P) +e(b—a)E / AL Z”X”—Azlzﬁ“”ﬂzdr) ]

a<r<b
+C\/E[</ 1}z 2dr) \/ //|:’;;;h' ”””’|2ded”
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We note that the first two terms on the right hand side are subtracted from the left
terms of the full inequality, with (b — a) small enough, and the last term is estimated
with the help of @ Note also that we choose firstb=T,a=T — o, thenb=T — &,
a=T—-2a, etc.

We now deal with the case that # < ¢'. Without loss of generality, we sett < t' and

[’(l tl

by the uniqueness of solution of the BSDE, we have ¥!™ = Yt X

£ s o]

5€[0,T]
/ tw.. ;. / t”.i th i
§E{sup |Y ’ YJ’X”|p}+E[sup |Y Ly "’\p]
s€[0,T] s€[0,T]
. . lXtXl . tXl ati
< CEQ+ 4+ X1 P +-CE [ sup (1 Vo]
s€[0,7]

< B AP (A ) B w]

Then by virtue of Theoremnand Markov property, and the same procedures to Z™ ‘
WS (), ALY ALZES and ALWE (), we get the result. O

Corollary 2.13. The function
(s,2,%) = E[Y{™]
belongs to C*%2([0,T] x [0,T] x RY;R¥), and in particular

(t,x) = E[Y/™] =¥/ € €92([0,T] x R R¥).

3. Related PDEs: classical sense

In this section, we will build the connection of our BSDEs with the following sys-

tem of PDEs:

%(r,xﬂ') = —ZLu(t,x,i)— f(t,x,u(t,x),(Vuo)(t,x,i),i)
Z Aij (1) (u(t,x, j) — u(t,x,i)), (3.1
VNS

u(T,x,i) =h(x), (t,x,i) €[0,T] xR" xI,
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where

N . 07 N e, .
Lo(t,x,i) = 3 Z (O'GT)pq(t,x,z)m(p(t,x,l) + Z bP(t,x,z)a—xp(p(t,x, ).
P,q=1 p=1

In [[14]], the viscosity solution of this kind of PDEs has been discussed but without
the dependence of f on z. In this section, we are going to study the classical solution

of the above PDEs.

Theorem 3.1. Letb € Cib, o< Cib, f and h satisfy the assumptions (A.1)-(A.3). Then
the function defined by

u(t,x,i) =Y (t,x,i) € ([0,T] x R x I
is the unique solution of the partial differential equation (3.1)) in C 12([0,T] x RY;R¥)

Before proceeding to the proof of Theorem [3.1] let us give the following two lem-

mas first.

Lemma 3.2. Under the assumptions in Theorem|3.1| for all (t,x,i) € [0,T] x R¢ x I,
we have a.s.

tx,0 tx,i b0
Yo _M(S’Xs ) Ot )7

) ) ) . 3.2)
‘/Vshx’l(j) = ”(S’Xst’)alvj) - M(S7XSI-,X717 Ot;i)

where the function u was defined in Theorem Moreover, for all (x,i) € R x I, for

a.e. s € [0,T], we have a.s.

ZyH = (Vuo) (s, Xi, o). (3.3)

s

Proof. The proof of equation (3.2) can be obtained from the uniqueness of the solution
of BSDE (2.13). For the details of the proof one can refer to Lemma 4.2 in [14]. Now

we prove the equation (3.3). By virtue of the general Itd’s formula [see Theorem 1.45
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in [18]]] and (3.2)), we have
u(t+h,x,i) —u(t,x,i)

=u(t +h,x,i) —u(t+hX 00l +u(t+h X5 o) — ult,x,0)

YNt +h ) P+h
t+h . . t+h .
= [ (vuo) e+ X B, ~ [ Lt b, X g
t t
t+h , Pt
X[ e X )~ ale X )2,
jer’t
t+h , S i -
Y [ e n X ) —uh X el )Y )
Jel
t+h

! JeLj#i’t

. . . . 1+h . 1+h . ~
- [ sex vz aar [z ¥ [ wesar,

(3.4)

Combining (2.2), (2.18) and (2.24), it is easy to deduce that the function f, Vuo and

Lu grow at most like a polynomial function of the variable x at infinity. Moreover,

the transition intensities A;;(f) are bounded and positive. As u(t+ h,x,i) —u(t,x,i) is

deterministic, we get by taking expectation in the preceding equality that
e+ o, ) — ule, D) < CO+ X, t14+he[0,7).
From (3:4) and (3:3), by virtue of Burkholder’s inequality, we have
t+h . . .
E / (Vuo)(t +h, X5 o) — 7205 Py
t

t+h X . .
+EY /t it 4+, X5 ) — ut+ X5 ol ) 22 (f)dr

t+h
<2E |0(r)|2dr+2|u(t + h,x,i) — u(t,x,i)|?

3

where

0(r) =—Lu(t + 1, X", 00") = Y (u(t + 1, X, j)
Jel

- Lt(t + h7X;€l'x’ia at"i ))Ar(.]) - f(r7X;7X7i7 Y;,x,i’zi,x,i, aﬁ,i).

r—
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Then by a simple calculus, we have
t+h .
S | 1o)Xt o) 22 P
<2E\/ (P)dr2 +20ut + hyx, i) — ult,x, i)
t+h . . . .
+8E [ (VuG) (i + b, X5, 6) — (7ua) (r, X5, o) P
C(1+ [x|9) |-

Consequently, considering a partition #;; =+ hk27",0 < k < 2", we have from the

preceding estimate applied to (¢!, | ) instead of (t,7 +h) and Holder’s inequality:

t+h - ‘ -
E/ |(AMG) (r,erw,z, (Xﬁ”) _ Zi’x’l|2dr
'

on_q tl’cl+l t’,’y i v.j
~ LY B[ o) ) 2 Zyl| e )
k=0 i o
2]
C(1+x7) ). (h27")? =0, as n— +oo.
k=0
Then (3.3) follows. O

Lemma 3.3. Let g € C,(RY). Then
((s,2,x) — E[g(XS’\ft’)]) € Cy([t, T % [0,T) xRY)  foranyicl.
Proof. Fix (s,t,x,i),t <s<T,andlet0 <t <s <T,x,x € R? with |x—x/| < 1. Then
Elg(Xi)] — Elg(X; ™)) < Ellg(Xi™) — g(X/" ’l)|]{\x§-*-"\SN,\x@xtx}'”"’"\sa}}
10y ' ) 10y ' S
Clearly, there exists a constant N(€,x) which is only dependent on € and x, such that
[7x7i _ I/,X/,i .
ElJg(X0) = (X5 I rwi )
X, TX iy y211/2 1/2
< E[(Jg(X™) — g (X)) 2P{IX] > NYY
J iy i1211/2
SCE(HIX?’”HIXQ" DI EIXT] /

C
N(l+|x|)q < § if N> N(g,x).
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Fixing N = N(¢,x), then there exists 6*(¢,N) > 0 such that

B0 =806 Mg pes_xt i)

E .
< sup o Jg(n)—g0)| < 30 18 <87 (e.N).
[Y[<N,[y—y'|<6*

Now we fix 6* = 6*(g,N). Then there exists 6(6*, €,x)

E[lg(X{™) — (X, yxl)|ﬂxﬁ”—X?”ﬂ>aﬂ
1
o
(U ) (s = | 4+ =1'|2 +olr =) + x—2)2

< C(1 4 x| E[IX15 — X112

IN

IN
WM % O

if [s— 8|+t — |2 +o(t —1')2 + |x—x'|> < 5(5*, ,x).
Hence, if |s— /| + |t — /|2 +o(t — ') + |x— X2 < §(8*, %),

|E[g(x!)] - E[g(X) )] <e.
O

Proof of TheoremB-1} From Lemma 3.2 we have ¥; ™' = u(s, X\™', ') and W)™ (j) =

u(s, X0 ) —u(s, X o) when j # o . From Corollary u( 1) € C%2([0,T] x
t+h, Xt X, ri

RY). Let h > 0 be such that # + & < T. Clearly, Yffh’ =Y., " %+h Hence by virtue

of Eq.(3.4) and Proposition we know that x — f(s,x,u(s,x,i),(Vuo)(s,x,i),i) and

x— ZLu(s,x,i) are in C,(R?) and continuous in 5. Then from Lemrna the functions

(5,1,%) = E[f (5, X0 u(s, X7, 00), (Vuo) (s, X0, 0), o))

S S

and

(s,t,t',x) = E[Lu(t',X!™")]

are continuous.
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Letnowt =<t <---<t,=T, we have
h(x) —u(t,x,i) = E[h(x) — u(t,x,i)]

—1
_ 7” et EIL th,x,i i ol th,x.i Ytk,)(?i d
= Z [ M(tk+17 r s Ol )+f(l", O X )} r

k=0"1k
_ tk“l ) Xl 5y X, ylisd
Z It ~E[u<tk+laXr aJ) u(tk+17Xr , O )]dr
jerjpiln

+E®,

where O} is the sum of all dB and d"f7r( J) integral. It is easy to see that the above
dB and d%( J) integrals are uniformly integrable. So ®f is a martingale with zero
expectation. It follows from Corollary 2.13] that, if we take a sequence of partitions
t =15 <t} <---ty =T such that lim,,, ;. sup; ., (| — ') = 0, we obtain in the limit
that
T
h(x) —u(t,x,i) = —/ [Lu(s,x,i) + f(ri,x,u(t,x,i),(Vuo)(t,x, i))]dr
A
T
- Z li’j(s)(u(s,x,j)—u(s,x,i))dr.
JeLj#i’!

So, we get that u(-,-,i) € C'([0,T] x RY) and solves equation (3.1).

It remains to prove the uniqueness of the solution. Let u(-,-,i) € C'([0,T] x

R4, R¥) be any solution of (3.1)) and put

{rtx,i tx,0 0
Ys - M(vas7 ' ’as )’

21 = (Vuo) (5, X o),

‘;Vsl’x’i(j) = M<S7Xst’x’i7j) - M(S>Xst"x’i7 a;i)

From the general Ito’s formula and equation (3.1)) we have

T T T .
f=g)+ [ fX T Zoads— [ 2B~ ¥ [ W(i)ari().
t t jel t
The uniqueness comes from the uniqueness of the solution of BSDE (2.15). ]

4. BSDE:s in integrable function space with Markov chains

In the previous discussion on the BSDEs with Markov chains, we have assumed

that the coefficient f must satisfy the traditional Lipschitz condition in variables y and
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z. However, in this section, we will introduce another type of Lipschitz condition on
f, called the functional Lipschitz condition and will study the solutions of the BSDEs
with Markov chains under such condition. Assume that.

(B.0) b(s,-,i) € Cﬁb(Rd;Rd), o(s,-,i) € C3(RY;RY*?) for s € [¢,T] and i € I. More-
over, b and o are continuous in s;

(B.1) h: RY — R* is Borel measurable and [pa [A(x)[>p ! (x)dx < +oo;

(B.2) f: Qx[0,T] x RY x RF x R¥k » | — R is progressively measurable and func-
tional Lipschitz, i.e. forallt € [0,T],i € I and any Yy, Y5 € LIZ, (RY;R¥), X € L,2, (R4;RY),

Z1,7Z € LFZ, (R4; R?*k), there exists a constant C, such that

/]Rd |£(2,X(x),Y1(x),Z1 (x),0) — £(1,X(x),Y2(x),Z2(x),0)|*p " (x)dx
= C/Rd(|Yl (x) = Y2 (x)]* +[Z1 (x) = Zo(x)|)p " (x)dx,

and

T
Z/ / |f(s7x70707i)|2p71 (X)dxds < oo,
t JRA

jel
where p is the weighted function defined in Lemma[2.10]
Definition 4.1. Ler S be a Banach space with norm || - ||s and Borel o-field 7.
We denote by M?([t,T);S) the set of By 1)@ F | measurable random processes
{9 (s) }r<s<r with values on S satisfying:
(i) ¢(s) : Q — S is Fs-adapted fort <s <T;
(i6) E[J" |9 (5)][3ds] < +oe.

We denote by N*([t,T] x I,S) the set of Bj;1) @ F | measurable random pro-
cesses for each j € I {§(s, j) }i<s<r,jer with values on S satisfying:
(i) ¢(s,j) : Q = S is Fs-adapted measurable fort <s<T, j€I;
(i) E[jer Ji 119(s()I13As()ds] < +oo.

We also denote by S*([t,T];S) the set of By, 1)@ F .9 measurable random pro-

cesses {Q(s) }r<s<r with values on S satisfying:

(i) ¢(s) : Q — S is Fs-adapted measurable fort <s <T;
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(ii) E[sup,< <7 ||§ (5)|[3ds] < +oe.

We denote by L%) (RP;R?) the p-weighted Hilbert space, with the normal

1012, = [ 1)Pp ()" a

Definition 4.2. A trlple of process (Y™ Zt W™ (/) is called a solution of BSDE
@3 i (v, 20, W) € 521, T 13 (R RA)) x M2 ([, TIs L (RASRA6)) x N2 ([, T] ¢
I;L’% (R4 RY)) and (Y™, Z W™ (})) satisfies BSDE [@13) for a.a. x with proba-
bility one. Due to the density of C°(R?;R¥) in L%(Rd;Rk), it is equivalent to that for

an arbitrary @ € CO(RY;R¥), (Y™ Z Wi (7))

. A T
/dYs”x”(p(x)dx:/dh(X}’x’l)(p(x)dx—l—/ / (r, X1yt Ztx ol o (x)dxdr
R R

_/ST</Rdziv“ ¥)dx,dB,) Z//W”” (x)dxd 7,(j)-

jel
“4.1)
First, we give a lemma, which is a straightforward extension of Lemma 3.3 in [20].

Lemma 4.3. Under conditions (B.0)-(B.2), if there exists (Y.(-),Z.(-),W.(-,-)) € M*([t, T);
le) (R4;R¥Y) XMZ([t,T];LIZ)(Rd;Rka)) x N2 ([t,T] xI;Lf, (R4, R¥)) satisfying the spa-
tial integral form of Eq. @.13), i.e. @) fort <s<T, thenY.(-) € S*([t, T];L,Z,(]Rd;Rk))
and therefore (Y.(-),Z.(-),W.(-,)) is a solution of Eq. 2.13).

Theorem 4.4. Under condition (B.1)-(B.2), BSDE [2.13) has a unique solution (Y. y Zh !
W) in S2([e, T L2 (REGRE)) M2 ([t T); L2 (R REK)) x N2([t, T x I; L3 (R RK)).

Proof. First, we consider the linear BSDE

o~ . T_ .
7ooi— [ hO et dx+/ [ Fxi et yp(dsds — [ Z*a,
X [ Wi,

Jjer’s

4.2)

where f € M2([t, T];Lf, (R4;R")) and & satisfy (B.1). We denote by

Aj)={oeQla)'=j,jelt<r<T}.
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Then for any ¢ € C?(RY;R¥), by virtue of the Holder’s inequality and Lemma [2.10]

we have

£[ [ noroeoax] <[ [ a0 p ][ [ otorpeas]
<CE[ [ (P! ()] <+

By similarly, we can get
_ o 2 . o
g[ [ Foexeopmax] <ce[ [ If(r,Xi’x”,06£7’)|2P“(X)d4
R
2
=CEY, / |f(r X! )(p(x)dx}

jel

<CZE/ Frx )2~ 1()dx}<+oo.

jel
Then according to Tao, Wu and Zhang [[14]], BSDE @ has a unique solution
(Y0 2o WP () € $2 ([, T RY) @ M2 ([, T); R @ N2 ([, T) x I; RY).
The solution of our problem will be (¥; Pl Z00d VT/f’(p’i( J)) defined by ¢ —
(Y;’(P”,Zé’q)" , WSZ’(P"l(j)) are linear functionals on LFZ, (RY;RK) x LFZ, (RY; RY*KY) x Lf, (RY;RK).

We use the explicit form of ¥,
?;v‘Pvf:E%[/Rdh(x;“ dx+/ / £ 0, X ()dxds}
<cen [ [ o W] [ [ ot Rpcodd
[T L Fa xe o wad | [ lowPewa] s
<c5fv{ [ oo dx%+/ [ [ 7o X P () a'a }
<[/, \<p<x>|2p<x>dx}

Then by Lemma[2.10] we get

vt ‘?st7¢’i|
sup E[|[Y/" |\L%(Rd;Rk)] = sup E  sup

selt,T) selt,T]  perd(reré) Pl (®reRY)

Moreover, we can choose a version of l?f %4 that is linear in ¢. So, we get that
Yy is a functional and by Riesz representation theorem ¥ € M?([¢, T]; L2 (R%; R¥)).

Next, we study Zb and Wf"’i( J) by the method of mollifiers.
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We take A" (resp. f’”) as smooth functions which approximate s (resp. f) in
Lf, (R9) (resp. Lf,([t,T] x R%)). Denote by (?;?7;Z’i,Z§jﬁi,W;?.;f1’i) the solution of the fol-
lowing BSDE:

Vo =)+ L P X1 ) ds / "ZiiaB, Y / Wi ()dTi()).
S S o 4.4
We define ?;‘,:,N 1= fpa Yo' @(x)dx, oo = Jpd Ziwio(x)dx and W' (j) == Jra Wi ()
@(x)dx. By a standard calculus for BSDE with Markov chains (see e.g., [14] Theorem
3.2)

B[ sup [T - Top [ 2 - 20 X W) - W )P
1<s<T jel

<CE[ [ Inxg) - hm<x$”>|<p<x>dx] ’
ver] [ [ X a7 <r,x;-*"',a;~">|<p<x>dx}
< e[ [ 1m0 =0 Pp W] [ [ op (]
FCEY [ [ 17X, ) = (et x| p*‘<x>dx} | [, 00rp (s

Jjel

<c [ @ -w P War+ X [ [ 1700~ 0P o

Jel

2

—0, as m— +oo.
4.5)

Let us define u(z,-,i) := ¥ and w™(t,-,i) := ?,tm’ By (@.3)), we have as m — +oo
| exiodr= [ Fiiowds— [ Flordr= [ ult.xip)dx
Rd Rd R4 R4
This implies that u™(t,-,i) — u(t,-,i{) weakly in the space le), | (RY). Moreover, using
a change of variable y = X! 1 we get
Vo= [ Xt e pds = [ syt gl(s)dy = b

where ®(x) = @/ (s,x) and @ (s,x) = @(X:™)J(XI™"). A similar discussion to (@3)
gives

. . T . .

~ ti ~ ti ~ ti ~ ti

E[ sup Y52 _ys e |2+/ |Z52:0s" _ 785:®:057 2
s<s<T s ’

+ Y W () — W )\2ds}—>0, as  m— too.
Jjel
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So that

TOd (i TG0 i sdal _ Fsdalt ti
Ys _mgrfrles,m _mEIEwYS’m : _Ys b= Rd u(s,x, OCS )q)(x)dx

We get YO = u(s, X", o). Furthermore, since Zg:fn’i = (Vu"o) (s, X" o), by
using a change of variable and integration by parts formula, we have

Zig' = | (7u0) (5. X0, o) ()

— [ (9u0)(s.x, )]s x)dx

R
= [ ulox o) [~ V(o (s, 0t (5.2))]

~ i
— ys. Yoy
- Ys m ’

where ¥(x) = — V(0 (s, x, o) i (s, x)). Passing the limit in the above we get

700 = ?;‘f*’vo‘;"i
= [ 55,0 [ (s, 0850
R

= [, (7u0)(5.X™ o) p(x)a.

That is Zy™ = (Vuo)(s, X", o). Here Vu is the weak derivative in Sobolev space.

Moreover, from the boundness of ¢ and ¢’, we have

E [ (vu0)(s.X" ) p(x)dx
R

—_E / s, XI5 07 (0 (s, X!, o) (x) )
R
1 1
, . 2 . . . 2
<[E [ utsxt o o] B [ [0/, oty o g oo

1
. . 2 . . 2
| [ utsx ot i [ [ ol e wRpas]
R R4

< [Sutsoxire ] [ [ otrpeia %

jel

This implies

e 2%
E[HZ: ' ||Lg(Rd;Rk)] =E sup < +oo

QL] (RYRF) ‘ |‘P | |L§ (RY;RK)
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So, Zt"is also a distribution and Z"*' € M([t, T]; L (R R?Y)). Furthermore,

W) = [, 7. X0 ) = (5, X0, ol )] @ ()

= [l x. ) — (5,508 g5, )

Passing the limit as above we get

ﬁ/sl,(p,i( ) Y\ D, j Ys 7‘1)70‘51

_/ u(s,x, j) —u(s,x, (x;f)]q)f(s,x)dx

_/ (5, X0, ) — u(s, X, o) @ (x) .

So, we get W' (j) = u(s, X0, j) — u(s, X', ') and it is clear that W{'(j) is a
linear functional as ¥{"" is a linear functional. From @3) we get W""'(-) € N([t,T] x
I;Lf) (RY;R¥)). So by Lemma Yo e $2([t, T];L%(Rd;Rk)).

Until now, we have proved that the linear BSDE (&.2)) has a unique solution. We
next discuss the nonlinear case by the Picard iteration.

Given (Y{ N1 ZEt N wtet Ny @ a2 T]RE) x M2 ([t, T); R%) x N2 ([, T %
LRK), define (Y, Zt5EN wiiNy g follows:

. . T . . . . T .
VSN () [ X YN 2N gpiyar— [z as,)
)

s
g . -
X [ wear)
JeI’s

(4.6)
Let (v; ™0, zt50 wi~i0) = (0,0,0). By condition (B.1) and (B.2) and Lemma
we know A(-) and f(r,X}™',0,0) satisfy the condition in Step 1. So equation (#.6) has a
unique solution (Y"1 Z+1 Wiy e p2([r, T];LI% (R4, R*)) x M?([t, T) ;le, (R9; Rk
)) x N*([t,T] x I, L3 (R%;R¥)). Moreover, by virtue of Condition (B.2) and Lemma

.10} we have
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T ) . : .
E [ ] FX e 2 o) 2 (x)dadr
T . . . : . .
— E/ /d |f(r,X;’x’l,Yrt’x’l"l ,Zi,x,z,l’ a}{,z) —f(r,Xrt’x’l,0,0, Ot,t,’l)
s JR
+ f(rX"0,0, 0 *p ! (x)dxdr

< ZZE/ / (nX.0,0, )2~ (x)dxdr

Jel

T .
+CE/ / (‘le,x,l,l 2
s JRd

< oo,

+ 125 ) p () dxdr

So both & and f(r, Xt ¥ Zt1) satisfy the condition in step 1. Following the
same procedure, we obtain a sequence of (Y; ™" ZiHN ylriN
from the iterated mapping (@.6) from M?([¢, T]; L} (Rd; R¥)) x M ([t, T]; Ly (R RTK) ) x

N*([t,T) x I; Ly (R%;RY)) to itself. Next we will prove that (@.6) is a contraction map-

JN=0,12,.. Which is

ping. For this, define

<t.x,0,N tx,i,N tx,i,N—1 =t.xi,N t.x,i,N tx,i,N—1 w7t.X,0,N t,x,0,N tx,i,N— 1
Ysﬂ —Y X0 Y)”’ ’Zi :st,t *ZS'XI ’Ws :le Wxt

P (5,%) = f(5,X00 YN Z0N Y p(g X6 yiN=L ZEGNT oy 03

t < s <T. Then, for a.e. x € R¢, we have

Y@”""’N:/ST?N*‘(r,x)dr—/s 7N 4B, Z/ W ari).

Jel

Applying Itd’s formula to X5[Y™ b N|2

T .
/ K‘|Y””N| pfldx—l—K/ / eKr|7t,’x"l’N|2p71(x)dxdr
RY

+/ /deK’\Ztr’x’i’NPp dxerr// K’Z|W””N p '(x)dxdr
K R

Jjel

by condition (B.2), we can deduce that

’ creing Lo L v
S‘/S /Rd gKr(2C|Y?X,t,N|2_|_§|Yi,x7l.,N 1|2+§|Z;,x,z,N l\z)pfl(x)dxdr 47
T . .
—/ / ZeKr|Y§’x’l’N||Z;’X’Z’N|p71(x)dder

/ / 26[(,-2|thtN||thzN|dxd4//~r(j).

JEI
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Then we have

(K —2C)E KT 7N 12p 1 dxdr +E Kr(ZN 2p Y (x)dxdr
R4 Rd
+E| // K Y W )dxdr}
jel
T .
/ / \Y’X’I’N 12 71 dxdr}—i— E[/ / |Z§’X’I’N71|2)p71(x)dxdr]

//\Y””N 1\2 ’1 dxdr}—FfE[/ Rd|Z§’x’i’N_1|2)p71(x)dxdr]
+* // K’Z|W”“Nl|2 1(x)dxdr}.

J€El

<

IN
I\JM—* l\)\'—‘
N = N =

(4.8)
Letting K = 2C + 1, from the contraction principle, the mapping (#.6) has a triple of
fixed point (Yt"’i,Z.'"’i, Wt"’i) that is the limit of the Cauchy sequence {(Y.”"i, z W""i)
Iy in M2 ([, T Ly (R RE)) s M ([t, T Ly (REGRDK)) s N2 ([8, T) x I Ly (RYRF)).
We then prove ¥ is also a limit of ¥ in §2([z, T); L5 (RY;RY)) as N — +eo. For
this, we only need to prove {¥"""¥}= a Cauchy sequence in S2([t, T);L3 (R4 RY)).
By virtue of the Burkholder-Davis-Gundy inequality, from (&.7)), we have

— 7 T — 7 — — / —
E[ sup / eKS|YfYax-,l-,N|2p—l(x)dx] < C1E [/ / eKr(|Yty-,x~,l7N 1 ‘2 + |Zf;x-,l-,N 12
t<s<T JR4 | s JRA ’ ’
PP Z NP W) (e,
4.9)

where C) is a constant which is independent of N. Without loss of any generality,
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assume that M > N. Combine {@8) and @.9), we have

E sup [ Ry —ys i 2o (2]

t<s<T
M

< Y E[swp [ TR0 w)ax]
I=N41 “t<s<TJR?

M T . . .
X=Xl mtxil2
< Y CE[[ [ F Tz
I=N+1

=t X002
s

+ [ R)p ! (x)dxdr|

< ¥ aE[ [ [ 2 P ]

I= N+l

Rl | T L L
< ¥ GrRaE] [ [ SRz P! (v

I=N+1

—0 as M,N — +oo.

5. Related PDEs: weak sense

In Section 4, we proved the existence and uniqueness of BSDE (2.13)) in integrable
space. In this section, we will discuss the related PDE in the Sobolev space.
We define 7 the set of functions u(s, x, 1) such that (u, Vuoc) € L*([0,T] x R:; RF) @

L2([0, T] x RY; Rk) for each i € I with the norm (fOT Jra(|@(s,x,0) > +|(Voo)(s,x,i)|?
1
+Xjerl(@(s,x, j) — @(s,x, i) \27L,-j(s)dxds)) * . Following a standard argument as in the

proof of the completeness of the Sobolev spaces, we can prove .7 is complete.

Definition 5.1. We say that u € ¢ is a weak solution of the PDE (3.1)) if u satisfies
T
/ / u(s,x,i)av(p(s,x)dxds—k/ u(t,x,i)(p(t,x)dx—/ h(x)o(T,x)dx
t R4 R4 R4
T
+1/ / (6T vu)(s,x,i) (07 (t,x,i)V@(s,x))dxds
2Jt Jre
T
—|—/ /du(s,x,i)div((b—A)(p(s,x)dxds (5.1)
t R
T
= [ [ 0.0 (s.2,u(s,). (7u0) (3,0, ) s
+Y / Aaj(5) (s, x, ) — (s,x,1)) p(5,x)dxdls

JEI
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forevery 9 € CET([0,T] x RY), where Aj=Y4 a%i(GO'T),'j(&x, i)and A= (A,Az,---
Ag)T.

Theorem 5.2. Under conditions (B.1)-(B.2), if we define u(t,x,i) = Y”” where Y{™

is the solution of BSDE ([2.13)), then u'(t,x) is the unique weak solution of Eq.(3-1) with
u(T,x,i) = h(x). Moreover, u(s,X:"™") = Y™ for a.e. s € [t,T], x € R and for all i € I

a.s.

Proof. Existence.  From Theorem we know that u™(z,x,i) defined in the proof

of Theorem [4.4]is the unique classical solution of the following PDE:

u"(t,x,i) = —l—/ ZLu™( sxtds+/ ™(s,x,i)d

(5.2)
+ ), Ay (tx, ) —u"(1,x,0)).
JELj#i
Then by the formula of integration by parts,

/dum(t,x,i)(p(t,x)dx—/dh(x) (T,x dx+/ / (8,x,1)059(s,x)dxds
R R

I .

ff/ / (aTvu™)(s,x,i)0T(s,x,0) V@' (s,x)dxds
2Jt Jrd 5.3)

—/R u(s,x, i)div((b—A)(p(s,x))dxds—i—/tT ./Rdf’"(s,x,i)(p(s,x)dxds

//]Rd 1 "(s,x, ) —u"(s,x,i))dxds.

But by standard estimates

2 St.x,012
/ / fxl YIXI| +|Z§;§1l Zéxl|

—|—Z|W’“ — WIS ()2 Aij(s))p ™ (x)dxds] — 0, asm — oo,
Jel

161 JF#i

And as my, my — oo,

/ /Rd ™ (5, X0, 1) — "> (s, XV D)™ (s, X0, 0) — ™ (5, X0 D)

+Z|~ml S, th, . ﬂml(SaX;.'xjvaéi)+ﬁmz(S7X9t’X7iaa§£) _ﬂmz(S’X;,X,i7j)|2
JeI

Aij(s)p~! (x)dxds] — 0
(5.4)
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Now by Lemma [2.10| and Eq. (5.4), we can see that @ is a Cauchy sequence in
. So there exists i € # such that (", Vi o) — (i, Viio) in L*([0,T] x R4 RF) @
L2([0,T] x R?; R9*k)). Moreover V(™ = ii(s, X!, "), Zi = (Viio) (s, X", ') and
Wi () = (s, X5, j) —ii(s, X2 o) for ae. s € [t,T], x € RY a.s.. Now it is easy to
pass the limit as m — 40 in (3.3)) to get & which solves Eq. (3.1).

For the nonlinear case, we set f(t,x, i) = f(t,x,u(t,x,i),(Vuo)(t,x,i),i). From
(A.2) we know that f satisfies the condition of f. Then v = Vuo and u solves the PDE
B2) with f(s,x,i) = f(s,x,u(s,x,i),(Vuc)(s,x,i),i). Moreover it’s easy to check that
Eq. coincides with the Eq. with f = f. So we have obtained a solution of
the PDE (5.1).

Uniqueness. Let u be a weak solution of (3.T). From the proof of Theorem .4 we
know, Y = u(-, X" o), 2 = (Vuo) (-, X", o) is the unique solution of the

following BSDE:
Yo :h(X’T’x’l)—i—/ Fr X u(n X5 o), (Vuo) (X5 alt))dr
N
T T ‘ ~
- [ ziar— g [ wisi(jar.
N

jerv’s
Then the uniqueness of the PDE (5.1) follows from the uniqueness of the solution of
the BSDE (2.13). O

6. Concluding remarks

In this paper, we studied the BSDEs with Markov chains in Sobolev space and
the associated PDEs both in classical and weak sense. The existence and uniqueness
results of the solutions to the BSDEs and associated PDEs were given. Our results
provide a powerful tool to solve models with Markov chains in practice by virtue of
the PDEs technique. For the studies of the BSDEs and PDEs in Sobolev space, we
generalized the stochastic flow theory associated with SDEs driven by both Brownian
motion and Markov chains, in which the coefficients b and o are smooth enough. If
b and o only satisfy the Lipschitz condition and the BSDEs driven by Markov chains
and doubly Brownian motions, it is difficult to prove the stochastic flow results and the

existence and uniqueness of the weak solution to the associated stochastic PDEs. We
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shall come back to this case in the future work.
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