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Self-Field Effects in a Josephson Junction Model
for J. in REBCO Tapes

Charles W. A. Gurnham and Damian P. Hampshire

Abstract—We have modeled the effects of self-field on the
critical current density J. in high temperature superconducting
REBCO tapes, by considering them as a collection of Josephson
junctions (JJs) in parallel. We have used a 2D JJ framework
for each junction and included their component self-field effects
using the well known expression for the magnetic field produced
by a thin strip. We provide computational and analytic expres-
sions for the spatial distribution of J., enabling us to calculate
the critical current of coated conductors over the whole field
range. We find that J. in self field for thin tapes is broadly
independent of the width but strongly dependent on the thickness
of the tape. For example, if a tape thickness is doubled, even if
J. is unchanged in high field, we expect the self-field J. to drop
by ~ 20 % because of the larger self-field produced. Our results
are compared to experimental results for technological coated
conductors from the literature and good agreement is found.

Index Terms—Critical current density, High-temperature su-
perconductors, Josephson junctions, Superconducting thin films

I. INTRODUCTION

HE current density in commercial high temperature

superconducting tapes is now so high that the self-field of
even single 4 mm wide tapes can be tens of mT at 77 K and an
order of magnitude larger at low temperatures. This means that
homogeneous tapes of different widths and thicknesses have
different values of current density in self-field, which can be
a concern when, for example, batch testing tapes of different
geometry from different suppliers for use in magnets. Recent
work in our group [1] has generalized the solutions found by
Fink [2] in zero applied field for a very narrow and thick
Josephson junction (JJ), to arbitrary applied field and shown
using time-dependent Ginzburg-Landau simulations that these
solutions have a wide range of validity [1]. In this paper we
extend these solutions for J. down to low magnetic fields,
where there is the additional complexity that the transport
current can produce a magnetic field that is comparable to, or
larger than, the applied field. In particular we address how the
width and thickness of the tape affects J. in this low applied
field regime.
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Fig. 1. Fit to Clem’s solution [3] for the critical current density through a JJ
as a function of magnetic field for superconducting electrodes with an aspect
ratio of 1 (see (7)). Fits are shown both through the peaks and through field
averaged data. Inset: JJ geometry, with square electrodes that have an aspect
ratio of 1.

II. 2D JOSEPHSON JUNCTIONS IN HIGH MAGNETIC
FIELDS

The expression derived [1] for narrow JJs of width ws, with
several fluxons in the junctions, in high magnetic fields up to
B, is of the form:

6o \
JC(B7T) - CO <B’LUS2> JDJ (BvT) ) (1)
where B is the magnetic field, 7" is the temperature, and
Co and Cy are constants. The first factor in (1) that includes
Cy and C; follows from the high field forms of J. that
include the sinc function for low aspect ratio superconducting
electrodes in the JJ, and the Bessel function for the high aspect
ratio electrodes, as derived by Clem [3]. The second factor
Jpr (B, T) is essentially the depairing current density were
the JJ to be very narrow. The terms in Jpy (B,T) are given
by

JDJ(B,T):%(lfb)% (17,/1f§f§>e_ﬁ%, )
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where we have used the constraint é,(0) = —|T¢,/T¢|. The

temperature dependence of the Ginzburg-Landau parameter is
taken from the Ginzburg-Landau ratio of the critical fields
[4] using the standard temperature dependence for the upper
critical field [5] and a two-fluid model for the critical field [6].
The temperature dependence of the coherence length is given
by the Ginzburg-Landau relation for B, (T') [4]. Jy is defined
by
o B
0= 5r -
Wok ss
Thereafter the temperature dependence of the superconducting
free parameters broadly follow text-book forms [4] and are
provided elsewhere [1].

The most straightforward approach to the normal state prop-
erties of the junction has been adopted, where o, has a linear
temperature dependence above T, and (3, is a temperature
independent constant. In our fits, we took the value of 7, to
be 90K and the values of B, at 77K and 4.2K to be 8 T and
115T respectively. The free parameters are listed in Table I
below - the form proposed enables us to describe both variable
field and variable temperature J. data [1]. We also note that
the conclusions in this paper about the role of self-field are

not sensitive to the precise details of the functional form used
for JD_](B, T)

(6)

III. JOSEPHSON JUNCTIONS IN LOW MAGNETIC FIELDS

Here we replace the first factor in (1) with a form that
ensures J. remains finite even in zero field given by:

B
@OtanhB—O
Bw?

c1
Jc(BvT) = Cp ( ) JDJ(BaT)7 (7)
and more closely approaches the envelope of the sinc function
and the Bessel function found in Clem’s work [3]. Again, cg
and ¢; are constants, and we have introduced the constraint

Dy L
By = w—szco1 )

so that in the low-field limit J, = Jp;(0,T). Capturing the
low-field behaviour with (7) eliminates the singularities that
occur at zero-field in (1) and avoids non-physical solutions.
The parameters ¢ and c¢; are calculated by fitting (7) to Clem’s
low field numerical solutions for J. through a JJ [3] as a
function of the aspect ratio of the superconducting electrodes
in the junction and shown in Fig. 1. We find ¢y = ¢; = 0.6
for an aspect ratio of 1.

As both ¢y and ¢; decrease monotonically with aspect ratio,
we can describe the relation between the two using

c1 = ag - In(cp) + a1, &)
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Fig. 2. The constants co & ¢ derived from fits using (7) to Clem’s expression
for the critical current density through a JJ [3], as shown in Fig. 1, for JJs
with electrodes of different aspect ratios L /ws.
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Fig. 3. The spatial distribution of the magnetic field in the z-direction and the
critical current density within the tape, where the width of the component JJs
ws = 200 nm, and the applied field Bap, = 1 mT. Note that the local magnetic
field in the tape is much larger than the applied field.

where ag and a; are constants given by ag = 0.357 and
a; = 0.656 when we fit to the peaks of the data in Fig. 1
and ag = 0.181 and a; = 0.759 when we fit to field-averaged
values. In both cases, aspect ratios 0.05 < L/ws < 5 are
used where L is the length of the superconducting electrodes.
Equation (9) can be used to reduce the number of free
parameters in (7).

IV. SELF FIELD CALCULATIONS

Self-field calculations for local spatially varying J.(B) have
been made by a number of authors for thin strips [7]-[10]
using for example the Kim model [11].

We have used the expression for the magnetic vector poten-
tial of a thin strip in terms of the current distribution [7], to
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find the magnetic field where

w2 J(Ba(u))
y—u

ot

Bz(y) = Bapp + o P

du, (10)

wy is the width of the tape, ¢ its thickness and By is
the applied field. This gives a width-independent solution for
B, (y) where the self-field is linear with thickness. Because
our relation for the field dependence of J.(B) is strongly
peaked around B = 0 (see (7)), unlike the Kim model,
we cannot assume that the gradient in the magnetic field is
small everywhere and have to include higher-order terms to
find accurate solutions. The second derivative terms are most
important where the local field is zero and the current density
at its peak value. We have made a Taylor expansion to second
order in the derivative of the current to evaluate the integral
at each grid point from y; — Ay/2 to y; + Ay/2:

Ay
™ Yit 5 —Yj
(B(y;) — Bup) = Y _In (Azyj> J(yi)
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When the grid spacing Ay < |y; — y;|, this reduces to the
expected > J/(y; — y;), but for the points j — 1, 5,5 + 1 the
additional contributions are not small. Including these gradient
terms from the point of interest and its nearest neighbours
gives:

mB(y;) J(y) dJ
= -2 +m@B)-1
HobAy ;y -y dyly, (In(3) 1)
dJ dJ
x|\ J(Yjv1) = J(Yj—1) — — - (12)
( dy Yi+1 dy Yj—1

_1dy
2 dy?

vy
2 dy?

yj—1>

Typically we used approximately 100 grid points across the
strip. Equation (12) is then used with (7), where B is taken to
be the local magnetic field, and they are solved iteratively to
find the spatial variation of the critical current density across
the strip and hence the total critical current of the tape. Similar
field distributions have been found experimentally [12]-[16].

Next we find an estimate of the cross-over field by con-
sidering a thin cylindrical shell carrying a uniform current
density flowing in the direction of the axis of the shell. From
symmetry, the magnetic field is entirely circumferential and
from Ampere’s law, the volumetrically averaged magnetic field
within the cylindrical shell itself By is given by Beyiwshen =
wol/2, where wgen is the circumference of the shell. We
can assume that at the cross-over field, the applied field is
sufficiently large to rotate the net field everywhere throughout
the shell into the direction of the applied field which gives the
condition By, = By = Beyl, and using J = [ Jwgpent leads
to an expression for the cross-over field given by
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Fig. 4. The effect of self-field on J.(B) for a range of junction widths,

ws. The other parameters have been rescaled for each width to match the
Fujikura in-field J.(B) data at 77K from [24]. Lines show the local J.(B)
relation from (7), points are the average of the J. distribution with self-field.
Also shown is the load line given by (13). At fields below the load line, the
average J. is not strongly dependent on the local J. relation.

B. — HOJC(Bapp < Bcr)t
cr — 2 N

13)

In Fig. 3, the spatially varying field and current density
are shown for the Fujikura fit-parameters with wy = 200 nm.
The average magnitude of the field and the average of the
current density are approximately related by (13) in Fig. 3
which demonstrates that the cross-over field can equally be
considered the condition for the applied field to equal the
average z-component of the self-field. In Fig. 4 we have varied
ws in (7) and calculated the equivalent current density as a
function of the applied field. As shown in the figure, the cross-
over field is broadly in agreement with (13) - only dependent
on J. and ¢ and independent of ws. Below the cross-over field,
J¢ is broadly constant.

Using the approximate power-law field dependence implicit
in either (1) or (7) for J. in magnetic fields above B, we can
find the thickness dependence of J;(0) in self-field. Consider
two tapes of thickness ¢; and ¢5 of identical quality so that in
high magnetic fields J. for the two tapes is the same. Using
(13) and the power law for J. gives the self-field values for
the two tapes as

(B, — H%
I (Bagp = 0) (tl) " (14)
T (Bagp = 0)

_t2

which given that ¢, is typically 0.6, shows a strong thickness
dependence. For example, if we double the thickness of a tape
and retain the same J,. in high fields, we can expect the self-
field J. to decrease by ~ 20%. A decrease in self-field J.
with thickness has been seen by many authors [17]-[22] (but
not all [23]) and is often attributed to defects.
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TABLE I
FIT PARAMETERS FOR EQUATION (7)

Parameter Fujikura SuNAM  THEVA
B 0 0 0
Ten (K) 1.27 1.27 1.27
7in/Ta(0) 4.56 4.56 4.56
d (nm) 3.28 2.96 3.72
ws (nm) 100 108 67
1 0.56 0.57 0.56
t (um) 2 1.5 35

V. COMPARISON TO EXPERIMENTAL RESULTS

In this paper, we have used the experimental data from
Tsuchiya et al. [24], who have measured a number of different
commercial REBCO tapes at 4.2K and 77 K, as well as data
on THEVA tapes from Gurnham et al. [25] at 77 K. First the
free parameters for (7) were found by fitting the .J, above 0.5 T
at both 4.2 K and 77 K. We imposed a minimum value of 0.56
on c;, see Fig. 2. Good fits were only obtained with small
Bn, so we have set this to 0. The values of the parameters
used are listed in Table 1. The fit values for the normal state
properties Tp, and 772, /Y, (0) from the Fujikura tape were fixed
for the SUNAM tape, with the junction geometry parameters,
d, ws and cy, kept free. For the THEVA data, we performed
a fit including a self-field correction to the B,,, = 0 point
to constrain the relation between d and ws in the absence
of temperature variation. Then using (7) to define J. as a
function of the local magnetic field, (12) was used to find
J. as a function of applied field with the self-field corrections
included. As shown in Fig. 5 from the J; at 4.2 K, the self-field
correction reduces the currents measured at the low fields and
increases the field at which there is a cross-over from the field
independent regime for J; to the power-law regime for .J.. We
note that the uncertainties in the free parameters are relatively
large because the crossover field is not precisely measured in
the data. We have also plotted (13) and good agreement with
the experimental cross-over field is demonstrated.

VI. CONCLUSION

We have completed an analysis of the critical current density
of REBCO tapes in low applied magnetic fields: i) We have
extended the high field expression for J. to low applied fields
and proposed a functional form that correctly crosses over to
the self-field regime at low field (see (7)). This has value for
computational parameterisation because it ensures that non-
physical very high values of .J; are avoided and is particularly
useful for characterisation of the properties of tapes for use in
magnet design. ii) We have completed numerical calculations
that provide the spatial variation of the current density and
z-component of the magnetic field in thin REBCO tapes that
are useful when the self-field is comparable to the applied
field. We have provided a method, by including higher order
terms, that can be used to self-consistently calculate the current
density of a wide tape with self-field corrections. iii) By
considering the properties of an infinitesimally thin cylindrical
shell, we have found an expression, (13), for the cross-over
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Fig. 5. J. data at 42K and 77K for a Fujikura and a SUNAM tape [24],
and at 77K for a THEVA tape [25]. Open symbols are experimental data at
77K and closed symbols are at 4.2K. Solid lines are fits to the experimental
data and dotted lines are the local J.(B) input data used. Also shown are
dashed lines for the cross-over fields given by (13).

field between low fields, where the self-field is larger than
the applied field and high fields where the opposite holds.
This cross-over field is important because the mechanism for
dissipation changes completely from fluxons and anti-fluxons
penetrating at opposite sides of the tape with fluxon-antifluxon
annihilation above J. at low fields, to fluxons entering one
side of the tape, traversing the tape and leaving through the
other side in high fields above the cross-over field. Different
dissipative processes, along with a commensurately different
mechanism for determining J. below and above the crossover
field provide a natural explanation for the well-know lack of
correlation between J. measured in zero applied field and
Je in high magnetic fields [26], [27]. This cross-over field
expression is sufficiently simple to provide a means to deter-
mine from a single measurement of J. in low fields whether
it is above or below the cross-over field. The magnitude of
the cross-over field also provides a useful minimum value for
the local field when optimising the performance of high field
superconducting systems using tapes. We also note that if a
film with good uniform pinning properties is made thicker,
(7) will lead to a significant reduction in .J. measured in
zero applied field because of self-field effects. iv) We have
fitted data in low fields at two different temperatures that
self-consistently included the spatial distribution of J. and
demonstrated that we can find relevant free parameters and
self-consistent solutions for the macroscopic J, that agree with
data from the literature.
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