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ABSTRACT

General relativity predicts that the rotational momentum flux of matter twists the space—time via a vector gravitomagnetic
(frame-dragging) field, which remains undetected in cosmology. This vector field induces an additional gravitational lensing
effect; at the same time, the momentum field sources the kinetic Sunyaev—Zel’dovich (kSZ) effect. The common origin of these
two effects allows us to probe the gravitomagnetic signal via their cross-correlations. In this paper, we explore the possibility
of detecting the gravitomagnetic field in A cold dark matter by cross-correlating the weak-lensing convergence field with the
cosmic microwave background (CMB) temperature map, which is imprinted with the kSZ signal. This approach allows us to
extract the gravitomagnetic effect because the cross-correlation between the standard Newtonian contribution to the weak-lensing
convergence field, k¢, and the kSZ effect is expected to vanish. We study the cross-correlations with a suite of large-volume
Newtonian N-body simulations and a small-volume, high-resolution, general-relativistic counterpart. We show that insufficient
simulation resolution can introduce significant spurious correlations between k¢ and kSZ. From the high-resolution simulation,
we find that the cumulative signal-to-noise ratio (SNR) of the kSZ-gravitomagnetic convergence field can reach almost 15
(30) at £ ~ 5000 (10*) for the lensing source redshift z; = 0.83, if only cosmic variance is considered. We make forecast for
next-generation lensing surveys such as EUCLID and LSST, and CMB experiments such as Simons Observatory and CMB-S4, and
find that, for z, = 1.4, the cumulative SNR can exceed 5 (9) at £ ~ 5000 (10%), indicating that the cosmological gravitomagnetic
effect can be detected, if several foreground contaminations can be removed.
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1 INTRODUCTION

In General relativity (GR), the propagation of light can be distorted
not only by the Newtonian (scalar) potential, but also by the vector
(spin-1) and tensor (spin-2) degrees of freedom of the gravitational
field. The leading-order post-Newtonian correction to Newtonian
gravity corresponds to the gravitomagnetic (frame-dragging) po-
tential — a vector-type perturbation of the gravitational field that
describes the twisting of the space—time due to rotational matter
flows. Its effects within the Solar system have been detected in the
last two decades by Gravity Probe B (Everitt et al. 2011), but its
faint cosmological signal is swamped by the Newtonian signal. With
the advent of various upcoming large-scale structure surveys such
as EUCLID (Laureijs et al. 2011), LSST (Abell et al. 2009), and SKA
(Dewdney et al. 2013), a renewed interest to understand in detail the
impact of the vector potential on observables has emerged in recent
years (e.g. Schifer & Bartelmann 2006; Andrianomena et al. 2014;
Saga, Yamauchi & Ichiki 2015; Thomas et al. 2015a; Cuesta-Lazaro
et al. 2018; Tang et al. 2021). There has also been growing interest
in the gravitomagnetic effects on smaller astronomical systems. For
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instance, it has been argued that the observed flat rotation curves
of galaxies potentially admits an alternative explanation — in the
absence of dark matter — by a GR velocity profile sourced by frame-
dragging (Crosta et al. 2020), although a realistic model for this is
still required. Furthermore, a mission specially designed to measure
the gravitomagnetic field of the Milky Way, and of its dark matter
halo, has been recently proposed in Tartaglia et al. (2021).
Although vector modes are not introduced by the standard infla-
tionary model (e.g. Bassett, Tsujikawa & Wands 2006), the late-
time gravitomagnetic potential of the A cold dark matter (ACDM)
cosmology is generated dynamically: before shell crossing, this is
sourced by the coupling of scalar perturbations of the matter fluid
— the overdensity and velocity divergence fields — and hence this
is typically referred to as the scalar-induced cosmological vector
mode (Matarrese, Pantano & Saez 1994; Lu, Ananda & Clarkson
2008; Lu et al. 2009). More generally, the gravitomagnetic field
is sourced and sustained over time by the rotational (divergence-
free) component of the momentum flux of matter, and the latter also
receives contributions from the vorticity field generated due to, e.g.
shell crossing of CDM. As shown in Lu et al. (2008, 2009), second-
order perturbation theory predicts that, on scales above the matter—
radiation equality scale (i.e. the horizon scale at the time of matter—
radiation equality), the power spectrum of the gravitomagnetic field
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is strongly suppressed with respect to the Newtonian potential, but on
sub-equality scales the relative amplitude can reach about 1 per cent,
which is also supported by N-body simulations (Thomas, Bruni &
Wands 2015b; Adamek et al. 2016; Barrera-Hinojosa et al. 2021).

Even though the effect of the gravitomagnetic force in cosmo-
logical structure formation is small due to the low velocities of
non-relativistic matter (Adamek et al. 2016; Barrera-Hinojosa et al.
2021), which is at most of order O(l per cent) of the speed of
light, it is not a priori obvious that the impact on observations is
negligible, since this requires to quantify the effect on the propagation
of photons. However, so far all investigations have found that the
gravitomagnetic effects in light propagation are subdominant with
respect to their Newtonian (scalar) counterparts. For instance, it has
been shown that the corrections to the observed galaxy number
counts induced by the vector modes are too small to be detected
by the upcoming surveys (Durrer & Tansella 2016). Similarly, the
second-order gravitomagnetic corrections to the lensing convergence
field have also been found to have an overall negligible impact
in most cases (Schifer & Bartelmann 2006; Thomas et al. 2015b;
Cuesta-Lazaro et al. 2018), although these can still dominate over
other relativistic effects in surveys with SKA-like source distributions
(Andrianomena et al. 2014).

In the context of lensing, B modes represent a characteristic
signal imprinted by vector perturbations that, in principle, might be
used to disentangle these from the effects of scalar perturbations
(although B modes are also induced by tensor perturbations, i.e.
gravitational waves, their contribution is subdominant). However,
as shown by Saga et al. (2015), a detection of the B modes is not
within the reach of upcoming galaxy surveys, although it has been
argued that the large volume covered by future 21cm observations
could improve the signal-to-noise ratio (SNR). In the same spirit,
Tang et al. (2021) have recently proposed an estimator to measure
the dipole feature in the lensing convergence field that is induced by
the stacked rotation of clusters, although they predict that this signal
is unlikely to be detected by LSST.

As originally suggested by Schifer & Bartelmann (2006), a poten-
tially promising and yet unexplored way to extract the gravitomag-
netic effects from lensing observations is via the cross-correlation
with a second observable, in particular with the kinetic Sunyaev—
Zel’dovich (kSZ) effect (Sunyaev & Zeldovich 1980; Ostriker &
Vishniac 1986). The kSZ effect is a secondary cosmic microwave
background (CMB) anisotropy induced by the scattering of CMB
photons off fast-moving free electrons in the intergalactic medium.
This particular signal is chosen because, just like the gravitomagnetic
field, it is sourced by the momentum field of matter. More precisely,
on small angular scales — where the kSZ effect dominates over the
primary CMB — only rotational modes of the momentum field of
matter will survive during the line-of-sight (LOS) integration and
contribute to this effect (e.g. Zhang, Pen & Trac 2004). Hence, the
cross-correlation between the kSZ effect and the gravitomagnetic
convergence field is roughly proportional to the autocorrelation of
either of the two effects. Furthermore, the kSZ effect is uncorrelated
with the Newtonian (scalar) weak-lensing signal at the two-point
level due to the statistical isotropy of the velocity field (Dore,
Hennawi & Spergel 2004), making it an ideal probe to extract the
gravitomagnetic (vector) contribution of the convergence field.

In this paper, we will explore, for the first time, the detectability
of the cosmological gravitomagnetic field via cross-correlation of
the weak-lensing convergence field — that contains both Newtonian
and gravitomagnetic contributions — and the kSZ effect. Because
in practice it is not always easy to separate the kSZ effect from the
primary CMB, we shall consider the cross-correlation between the
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total lensing convergence and a total CMB temperature map, the
latter including the kSZ effect integrated over lines of sight. We will
also discuss the impact of other secondary CMB anisotropies on
this cross-correlation.

The outline of the remainder of this paper is as follows. In Sec-
tion 2, we discuss the key theoretical aspects of the gravitomagnetic
contribution to the weak-lensing convergence field, its angular power
spectrum, and the convergence-kSZ cross angular power spectrum.
In Section 3, we present the details and specifications of the N-
body simulations used to model the observables. In Section 4.1, we
describe the methodology that we use to generate the sky maps for
the above observables, while we devote Section 4.2 to study in detail
the unphysical (i.e. beyond the effect of cosmic variance) non-zero
cross-correlation of kSZ and the scalar part of the convergence field
found from the maps. Then, in Section 5 we present the main results
of this paper, in which we quantify the SNR of the gravitomagnetic
signal based on a high-resolution simulation. In Section 5.2, we
discuss the detectability of this signal with current and upcoming
weak lensing surveys, such as EUCLID (Laureijs et al. 2011) and
Vera C. Rubin Observatory (LSST; Abell et al. 2009), and CMB
experiments including the Simons Observatory (Ade et al. 2019) and
CMB Stage IV (CMB-S4; Abazajian et al. 2016). Finally, in Section 6
we present our conclusions.

2 THEORY

In this paper, we consider a perturbed Friedmann-Lemaitre—
Robertson—Walker (FLRW) metric in the weak-field regime. In the
Poisson (or longitudinal) gauge including scalar and vector modes,
this is given by (Ma & Bertschinger 1995; Matarrese, Mollerach &
Bruni 1998)

() v
ds? = — (1 —I—Z—z) Ade? + a? (1 — 2—2> dx?
c c

B
+2azg - dxcdt. 6))

Here, 7 is cosmic time, X are comoving spatial Cartesian coordinates,
a is the scale factor, c is the speed of light, ® and W are the scalar
degrees of freedom corresponding to the Bardeen potentials, and B
= (B*, B’, B%) is the gauge-invariant vector gravitomagnetic (frame-
dragging) potential (Bardeen 1980), which satisfies the divergence-
free (transverse) condition V - B = 0, where V denotes the derivative
with respect to the comoving coordinates. Throughout this work, we
will neglect the gravitational slip and set ® = W, which is identified
as the Newtonian gravitational potential. On the other hand, in the
weak-field approximation the matter fields such as density, velocity,
and momentum are treated as non-perturbative fields.

The metric equation (1) can also be obtained in a post-Newtonian
(or more precisely, a Post-Friedmann) expansion up to leading order
in 1/¢® (Schneider, Ehlers & Falco 1992; Sereno 2002), which is valid
at all scales (Bruni, Thomas & Wands 2014; Milillo et al. 2015). In
this approach, the dynamics of CDM is not modified by the presence
of B at this order in the expansion, but observables are still affected
through its effect on the photon geodesics, which is one of the main
approximations assumed throughout this paper.

The Newtonian potential satisfies the Poisson equation

2
Vi = %3, 2
2a
where § is the gauge-invariant density contrast, Hy the Hubble
constant, and 2,,, the present-day matter density parameter. The grav-
itomagnetic potential satisfies an analogue elliptic-type equation, in
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which the source term is the rotational component of the momentum
density field. This is given by (Bruni et al. 2014)

1 ) 3HQm v

LV X VI = 2y (1 49)Y 3)
4 2a c

where q = (1 + 4)v is the momentum field of matter, v = dx/d¢
being the peculiar velocity. In equation (3), the curl operator has
been applied on both sides to remove the scalar component of the
momentum field, which does not contribute to B. Note that equation
(3) here has different a-factors compared to equation (3) of Bruni
et al. (2014) due to the different conventions on the definition of B,
which can have either an upper or lower index, and of the peculiar
velocity. The advantage of equation (3) is that, up to a factor of 1/4,
it has the identical form as equation (2) apart from the matter source
term, thus putting the two potentials on equal footing. Furthermore,
this also offers a clear and compact way to write down the total
lensing convergence field in the presence of gravitomagnetic effects,
as discussed in the next subsection.

2.1 The gravitomagnetic contributions to lensing convergence

In the post-Newtonian regime, the total deflection angle of photons
caused by a slowly moving perfect fluid can be obtained by replacing
the standard lensing potential by an effective lensing potential given
as (e.g. Schneider et al. 1992; Sereno 2003; Schifer & Bartelmann
2006)

1
d—> P+ —B- i, 4)
2c
where 1 is the unit vector of the LOS direction. Therefore, the total
lensing convergence field can be written as
kgr() = Ko + kB, (5)

where the standard (Newtonian) and gravitomagnetic contributions
to the convergence field are, respectively, given by

ke(h) = /dem,(x)S(xﬁ, 2), (6)

Kkp(fh) = /dXKKB(X)[qL (A, 2). @)

Here, x is the comoving distance, q, is the rotational (divergence-
free) component of the momentum field, and K, is the standard
weak-lensing kernel

3HQm [* ., x(x' = x)dy’
Ko (x) = > / dy'
ac 0 X Z

2
while the gravitomagnetic lensing kernel satisfies (Schifer & Bartel-
mann 2006)

2
KB — Ede)' (9)

p (z(0)) ®)

K

In these, p,(z) is the normalized source redshift distribution,
Jdzp.(z) = 1, and the LOS integration is carried out up to the farthest
source. For definiteness, in this work we use a single-source galaxy
redshift z; (corresponding to a comoving distance yx ;) with the source
distribution given by

P:(x(2) =8"(x — x5 (10)

in which 8P is the Dirac § function. In reality, p.(x) is a continuous
distribution that depends on the specific galaxy survey used. Notice
that in this post-Friedmann approximation, the gravitomagnetic
convergence field, equation (7), is written in terms of the rotational
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modes of the momentum field using (3), just as it is customary to
express k¢ in terms of the density field via (2).

Under the Limber approximation, the angular power spectrum of
the standard weak-lensing convergence, equation (6), is given by

9 HIQ2 % (% — x)* L
C;° =2 m/ dy = Py k=—, : 11
CEr A Yty 5( ; z(x)) (11)

where P; is the 3D matter power spectrum. On the other hand,
the angular power spectrum of the gravitomagnetic contribution,
equation (7), has a very similar mathematical structure to the kSZ
effect — since both effects are sourced by the rotational component
of the momentum field along the LOS — and hence we discuss these
two in the next subsection.

2.2 The convergence-kSZ cross angular power spectrum

The gravitomagnetic contribution to the lensing convergence power
spectrum is about five orders of magnitude smaller than the standard
Newtonian contribution (Andrianomena et al. 2014), and even with
future Stage-IV galaxy surveys such as EUCLID the former is still
expected to be dominated over by cosmic variance (e.g. Cuesta-
Lazaro et al. 2018). As a result, to detect the gravitomagnetic
lensing effect in real observations, the lensing probe has to be cross-
correlated with some other observable.

As suggested by Schifer & Bartelmann (2006) previously, the
secondary CMB anisotropy caused by the kSZ effect (see Ap-
pendix A for a brief summary) is a suitable observable to cross-
correlate with the gravitomagnetic lensing effect, since the former
is also sourced by the integrated momentum field of matter along
the LOS. Moreover, the kSZ effect has negligible correlation with
the standard Newtonian contribution to the total lensing convergence
field at the two-point level, due to the statistical isotropy of the
velocity field (Scannapieco 2000; Castro 2003; Dore et al. 2004),
which in combination with the previous point allows kSZ to single
out the gravitomagnetic contribution in the lensing signal. In other
words, denoting as b(fi) = —AT(f)/T the temperature change of
CMB photons along the LOS direction fi due to the kSZ effect, we
have that the angular cross-correlation between kSZ and the total
convergence field (which is what observations give) reduces to

(bkgr) = (bkg), (12)

where the angular brackets denote ensemble average.

The vanishing of the cross spectrum between k¢ and the kSZ
effect can also be understood as follows: while the overdensity field
can be correlated with a cluster that moves towards us, in an infinite
universe there are equal chances for this to be correlated with one
moving away from us, and thus the average over all possible lines of
sight vanishes. At a more general level, the isotropy of the velocity
field implies that, along the LOS, odd statistics of this field are
subdominant with respect to even statistics (Monin & Yaglom 1971;
Jaffe & Kamionkowski 1998; Scannapieco 2000; Castro 2003). This
feature makes kSZ an interesting candidate to potentially extract
the gravitomagnetic effect in weak-lensing, and equation (12) is the
signal to measure the gravitomagnetic field that we will study in
this paper. In particular, in this study we will restrict our attention
to the post-reionization contribution to the kSZ signal, hence we
assume that the electron density field closely follows the density
field of baryons. Moreover, for simplicity we assume a fully ionized
medium, i.e. we set x. = 1 in equation (A3).

The angular power spectra of the two sky observables appearing in
the right-hand side of equation (12), as well as their cross spectrum,
can be derived as follows. Neglecting the contribution from the
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longitudinal (curl-free) component of the momentum field to the
kSZ effect, from equations (7) and (AS) we can write the two effects
as a weighted LOS integral for a general sky observable X which
is sourced by the rotational component of the momentum field of
matter along the LOS, i.e.

X(h) = / dx Kx(OlaL - ] (XA, 2). (13)

where the kernels for the gravitomagnetic convergence field and the
kSZ effect are, respectively, given by equation (9), and

e,0

Ky00 = Z0a(0) % (14)

As usual, the cross angular power spectrum between two observables,
X and Y, where X, Y = b, kg (and X can be the same as Y) is
defined as

Cz(yaﬂ/(smm’ = <agnal}/’;kn/> : (]5)

After some standard derivations in the context of Limber integrals
(see Appendix A), it can be shown that the cross angular spectrum
of these two momentum-sourced observables is given by

1 V4
CY =< [ dxx 2 KxGOKy(OP, (k= —.2(x) ], (16)
2 X

where P, is the 3D power spectrum of the rotational component of
the momentum field of matter. In this case, for the power spectrum
of a rotational vector field V, such as B or  , we use the definition

Kk
k2

(VIBOVY(K)) = 8°(k — k')(2ﬂ)3% (5” - ) Py(k), (A7)
where 87 is the Kronecker delta. Equation (16) is the expression for
both the angular auto power spectrum of g and kSZ, and the cross
angular spectrum between them. We remark that in the above result,
the contribution from the longitudinal component of the momentum
field along the LOS to the kSZ effect has been neglected. As shown by
Park et al. (2016), the contribution from the longitudinal component
peaks on very large angular scales, where this can dominate over
the contribution from the rotational component, but it rapidly decays
and becomes subdominant above ¢ ~ 100. Since we are interested
in the latter regime, we expect equation (16) to hold up to a good
approximation. We also notice that, although the cross-correlation of
either of these two observables with k¢ is expected to identically
vanish due to the statistical isotropy of the velocity field (Dore
et al. 2004), an exact cancellation might not actually take place
in observations due to, e.g. cosmic variance, which can represent a
noise for the physical signal equation (12).

3 SIMULATIONS

In order to model the convergence field equation (5) and the kSZ
effect equation (A1), we ultimately require to characterize the density
and momentum field of matter, the latter being intrinsically non-
linear. While these can be, respectively, calculated from first- and
second-order perturbation theory, at low redshift the results are
expected to breakdown above £ ~ 100. Given that in this paper
we are interested in studying the lensing-kSZ cross-correlation on
smaller angular scales, and at the same time quantify the effect of
cosmic variance on this signal, we therefore resort to use a suite of 30
statistically independent N-body simulations with N = 1024 dark
matter particles in a comoving box size Lyox = 1 h~'Gpc, which
are run with the RAMSES code (Teyssier 2002), i.e. using Newtonian
gravity. The latter is sufficient take into account the gravitomagnetic
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effects at leading order in the Post-Friedmann expansion, since the
dynamics of CDM is not affected by B at this order, but there is
an effect in the propagation of light (Bruni et al. 2014). Hence,
to evaluate the gravitomagnetic convergence field in equation (7)
we can simply use the momentum field from these Newtonian
simulation. The initial conditions were generated at z = 49 with
the 2LPTic code (Crocce, Pueblas & Scoccimarro 2006), using as
input a matter power spectrum from CAMB (Lewis, Challinor &
Lasenby 2000), and the simulations are evolved from z = 49 to
z = 0. The cosmological parameters adopted for the simulation
are [Q2,, Qm, Qk, h] = [0.693, 0.307, 0, 0.68] and a primordial
spectrum with amplitude A, = 2.1 x 107, spectral index n, =
0.96, and a pivot scale kpiyor = 0.05 Mpc‘l. Here, 2, and Qg are,
respectively, the density parameters for the cosmological constant
A and curvature K, and /4 is the dimensionless Hubble constant,
h = Hy/(100 kms~' Mpc™).

In addition to the 30 Newtonian simulations described above, we
also use a single realization of a high-resolution, general-relativistic
N-body simulation run with GRAMSES (Barrera-Hinojosa & Li
2020a,b), which adopts the same cosmological parameters given
above, and it starts from the same seed as one of the 30 Newto-
nian simulations. This simulation tracks N = 10243 particles in a
simulation box of Ly, = 256 h*IMpc, and due to adaptive-mesh-
refinement (AMR) settings it has resolved scales down to 2 h~'kpc.
Given that this simulation is fully relativistic, the gravitomagnetic
field is solved and outputted by the code during the evolution, and
the gravitomagnetic force acting on CDM particles is included. This
simulation has been recently used to study the vector potential of
ACDM in Barrera-Hinojosa et al. (2021), where more details can be
found, and it complements the suite of Newtonian simulations in two
particular aspects: first, it serves as a fully relativistic counterpart
to the post-Friedmann approach used throughout this paper, and
secondly it provides a substantial increase in resolution which can be
used to test numerical resolution effects which, as we will show, can
play an important role in the noise estimation for the gravitomagnetic
signal from mock maps.

4 METHODOLOGY

4.1 Modelling the observables

To model the lensing convergence field and the kSZ effect, we
take two different approaches, both of which use the particle data
(positions and velocities) from the snapshots of the simulations
detailed in Section 3. In the first approach, we use these data to
interpolate the density and momentum fields on to a grid, and perform
LOS projections to generate mock sky maps using HEALPIX (GOrski
et al. 2005). In the second approach, we measure the 3D power
spectra of the density and momentum fields from the simulation
data, and use them to evaluate the theoretical Limber integrals
equations (11, 16). The 3D spectra of the density and momentum
fields, which are obtained using the DTFE code (Schaap & van de
Weygaert 2000; Cautun & van de Weygaert 2011) from particle
data, are measured using NBODYKIT (Hand et al. 2018). To single out
the rotational component of the momentum field to evaluate equation
(16), we take the curl of this field using a three-point finite-difference
approximation, and use the identity Py, (k) = Pyq(k)/ k. We carry
out this procedure with the 30 Newtonian N-body simulations.

In the case of the single GRAMSES simulation counterpart, the
situation is slightly different as the vector (as well as scalar) potential
values are calculated and stored by the code in the cells of the
hierarchical AMR meshes, and the 3D power spectrum of the
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gravitomagnetic field itself is therefore measured using a code that is
able to handle such mesh data directly and to write it on a regular grid
by interpolation (He, Li & Hawken 2015). In this way, the 3D power
spectrum measured from this high-resolution simulation is accurate
down to k = 15 hMpc~! (see appendix A of Barrera-Hinojosa et al.
2021), which allows us to extend our analysis up to smaller angular
scales than with the 1 h~'Gpc simulations. Comparing the two sets
of simulations not only allows us to assess the impact of simulation
resolution, but can also serve as a cross-check of the gravitomagnetic
field power spectra calculated in different ways.

The sky maps in the first approach are generated using an onion-
shell technique, in which an observer is placed in a random position
of the simulation box and the fields are projected along different
lines of sight in radial shells of fixed comoving distance, in our case
with thickness of 100 2~~'Mpc. Then, to generate the convergence
field and kSZ maps for the given observer, the HEALPIX maps of the
shells (pixels) are weighted by the appropriate integration kernels
corresponding to each observable, i.e. equations (8, 9, 14). In this
process, the simulation box is tiled multiple times to cover the volume
enclosed by a sphere up to the comoving distance of the source, ¥,
if needed. In order to avoid noticeable effects due to the tiling of
the 1 2~'Gpc box in the sky maps — which can introduce repeated
structures — we have chosen x, = 2000 & Mpc’1 (zy = 0.83) as the
maximum comoving distance in the LOS projections. Finally, the
angular power spectra of a resulting sky map, or the cross-correlation
between two different maps, is measured with ANAFAST subroutines
included in HEALPIX.

Fig. 1 is an example of the full-sky maps of projected density and
momentum along the LOS up to z;, = 0.83 for an observer located
at z = 0, without applying any kernel weights, using the data from
one of the 1 A~'Gpc-box simulations. A visual inspection of Fig. 1
shows a clear correlation between the density (top) and momentum
(bottom) field maps. Along the overdense lines of sight, the projected
momentum field can be in either of the two directions; in an infinite
universe one would expect this to be an exact symmetry, which makes
the cross-correlation between the projected density and momentum
fields vanish. However, due to the finite box size, this does not
happen exactly, as is evident from the fact that in this particular case
there are more lines of sight with positive values of the projected
momentum field (i.e. pointing away from the observer) than negative
values. This means that the kSZ-«x ¢ cross-correlation measured from
sky maps made from these simulations would not exactly vanish
on large scales, although it is expected to eventually vanish on
small scales, where the effect of cosmic variance is suppressed. It
is therefore important to accurately quantify the degree of cross-
correlation between these two effects, which can become a source
of noise for the physical signal in equation (12). A standard way to
measure the degree of correlation between two random fields is by
the cross-correlation coefficient, defined as

cxr
Verxerm

We will proceed to measure the auto- and cross-angular power
spectra from the maps and compare with the theoretical predictions
in Section 4.2. In particular, we will present the cross-correlation co-
efficient between ¢ and the kSZ effect measured from the sky maps,
and show that the measurement depends sensitively on simulation
resolution. However, provided that the simulation resolution is high
enough, our result suggests that the covariance of the kSZ-«¢ cross
angular power spectrum found in the map measurements agrees well
with the corresponding theoretical prediction of sample variance,
equation (19) below.

Corryy () = (18)
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4.2 Comparison of autopower and cross-power spectra from
mock maps and the Limber approximation

Given that the cross-correlation between k¢ and the kSZ effect van-
ishes theoretically, the resulting data when measuring this quantity
from the sky maps can be very noisy, with strong fluctuations around
0 from one ¢-mode to the next. Thus, for the subsequent analysis
we will bin the spectrum data in £-space, which will cancel out most
of the oscillations and reduce the noise, hence leading to smoother
measurements. In the remainder of this section, we bin the data into
11 ¢-bins spaced logarithmically between € i, = 40 and €,,,x = 2000.

The top panels in the two rows of Fig. 2 show the angular power
spectra of the two contributions to the lensing convergence field, i.e.
Ko (top curves) and kg (bottom curves) in equation (5), and of the kSZ
effect (b; middle curves), at different comoving distances of the lens-
ing source, x , (different panels). These spectra are measured from the
HEALPIX maps (circles) or calculated with the Limber-approximation
integrals (black solid line), and for the former we show the mean and
lo regions from the 30 1 2~ 'Gpc realizations. We find an overall
very good agreement between the two methods, especially for k5 and
kSZ, up to £ ~ 1000, where the pixel resolution effect in the HEALPIX
maps starts to appear. Notice that the ratio between the angular power
spectrum of kg and k¢ is about O(107>), which is of the same order
as the ratio between the 3D power spectra of the corresponding
potentials (see e.g. fig. 5 of Barrera-Hinojosa et al. 2021).

The bottom panels in the two rows of Fig. 2 show the cross-
correlation coefficient, equation (18), for kSZ-«¢ measured from the
mock maps. To study this cross-correlation in detail, we measure it in
two ways: first by picking both sky maps from the same realization'
(dubbed ‘same seed’ below), and then picking each map from a
different realization (dubbed ‘cross seed’). In the first case, we then
average over all 30 realizations as before, while in the second case we
average over all possible combinations. We find that these approaches
give very different results. First, we note that in the ‘cross seed’
case, the mean (green triangles) is consistent with zero, the standard
deviation (green shaded region) is symmetric around the horizontal
dashed line (0), and its magnitude consistently decreases towards
small angular scales. In contrast, in the same-seed case we find that
on large and intermediate scales the mean (blue circles) lies beyond
the 1o-region of the cross-seed case, and the standard deviation (blue
shaded region) is much larger than in the previous case and does not
consistently decrease with £.

In order to pinpoint the origin of the above discrepancy, we have
conducted a test of the numerical resolution. In addition to the ‘same
seed’ and ‘cross seed’ results, in the bottom panels of the two rows
in Fig. 2 we show the cross-correlation coefficients measured from
sky maps made from simulations that use a single, fixed, initial
condition random seed, with three different box sizes: 1h~! Gpc
(cyan symbols), 500 2~! Mpc (yellow), and 256 h~! Mpc (red). We
find that: (i) the cross-correlation coefficient consistently decreases
with increasing resolution, with the 256 h~! Mpc box giving cross-
correlation coefficient values that are very close to O; (i7) the deviation
of Corry,, (£) from 0 is strongest for lower lensing source reshift
(smaller x;), which is likely because these maps enclose a much
smaller volume. Then, since the LOS projection (in terms of the
Limber approximation) probes modes k = ¢/x, these sky maps
critically depend on contributions from small scales which may not
be well resolved by some of the simulations. Nevertheless, even for

'We always use a single simulation box, if necessary tiling it multiple times
as described above, to obtain a given sky map. In this sense, each realization
of map corresponds to a single realization of simulation.
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zs =0.83

line-of-sight overdensity

-4000

4000

Figure 1. (Colour online) Examples of full-sky maps for a redshift-zero observer generated by LOS projections using the particle data from a L = 1 A~ Gpc-box
simulation, up to the comoving distance y; =2 h~! Gpc (corresponding to z; = 0.83). Top: Projected density field. Bottom: Projected momentum field in units
of kms~!. To help visualization, the maps have been smoothed using a Gaussian beam with a full width at half-maximum of 1 deg and only display a limited
range of values (as indicated by the colour bars). No kernel weights have been used in these LOS projections. The cross-correlation between these example
maps will allow us to pick up the gravitomagnetic effect. Throughout this paper, all HEALPIX maps are built using NSIDE = 512.

Xs = 500 h~! Mpc, the 256 h~! Mpc box gives a Corry,,, that is very
close to 0. Hence, we conclude that this is a numerical resolution
effect due to unresolved scales close to the observer’s location as a
consequence of lack of resolution in the simulations.

MNRAS 510, 3589-3604 (2022)

We now compare the covariance of the kSZ-«¢ cross-correlation

measured from the sky maps with the theoretical expectation for the
effect of cosmic variance. In the latter case, the covariance of the
cross angular power spectrum between two Gaussian fields, A and B,
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Figure 2. (Colour online) Top subplots in panels (a)—(d): Angular power spectra of the Newtonian (k) and gravitomagnetic (kg) contributions to the
convergence field and the kSZ effect () for different comoving distances up to x; = 2000 h’lMpc (which corresponds to z; = 0.83) from a redshift-zero
observer. The black solid lines show the Limber-approximated integrals evaluated with the 3D power spectra measured from the 1 2~ Gpc-box simulations, the
blue circles show the mean of the 30 HEALPIX maps from the same simulations, and the shaded blue region shows the corresponding 1o standard deviation.
Bottom subplots in panels (a)—(d): Cross-correlation coefficient of kSZ-k4 (expected to be zero in theory). The blue circles and blue shaded area, respectively,
correspond to the mean and 1o scatter of the ‘same-seed’ case, while the green circles represent the analogue result for the ‘cross-seed’ case (see main text
for details). The cyan, yellow, and red circles correspond to the cross-correlation coefficient obtained from a single, same realization (seed), with box size L =
1 i~ " Gpe, L =500 h~' Mpc, and L = 256 h~! Mpc, respectively. The results use 11 £-bins spaced logarithmically between £, = 40 and £, = 2000. The
kSZ-kg cross-correlation is only fully consistent with zero for the simulation with the highest resolution (L = 256 A~'Mpc), indicating that it is necessary to
use this high-resolution simulation to make reliable predictions for the signal and noise of the gravitomagnetic effect.
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Figure 3. (Colour online) Comparison of the covariance of the kSZ (b)-
ke cross-angular power spectrum from HEALPIX maps and the theoretical
prediction, equation (19), at z; = 0.83. The results use 11 ¢-bins spaced
logarithmically between £min = 40 and €max = 2000. The ‘cross seed’ case
agrees with the theoretical prediction very well, indicating the robustness for
the estimate of cosmic variance.

is given by (e.g. Cabré et al. 2007)

Cov [(¢1*)] =

Al fay(2C + 1)
where fqy is the observed fraction of the sky, and A/ is the width of
the multipole bins, which is assumed to be independent of ¢, i.e. no
off-diagonal terms in the covariance matrix. For the particular case
of ke and kSZ, the theoretical cross angular power spectrum in the
right-hand side of equation (19) vanishes and only the second term
in the square bracket contributes.

Fig. 3 shows the covariance of the cross angular spectrum between
ke and the kSZ effect at z; = 0.83 measured from the same-seed
maps (blue circles) and cross-seed maps (green triangles) from the
1 h~! Gpc-box simulations, and the theoretical prediction equation
(19) (solid black line). We find that the latter is in very good agree-
ment with the results from the cross-seeds case maps across all scales,
while the covariance in the same-seed case maps, which is affected
by the resolution effects discussed above, can become over one order
of magnitude larger at around ¢ ~ 500 and thus strongly degrade the
SNR estimation of the gravitomagnetic signal equation (12). As in the
above discrepancy, this is not unexpected since the sky observables
take the form of LOS integrals, hence the numerical resolution errors
due to unresolved scales close to the observer’s location can propa-
gate up to higher redshifts (comoving distances) and contaminate the
final result. It is worthwhile to remark that, even though the lensing
kernel down-weights the radial shells that are closer to the observer,
and hence suppresses the relative contribution of these numerical
resolution effects when projecting up to a high redshift (e.g. z; =
0.83 as in our case), the result shows that the cross-correlation is still
considerably large compared to the effect of sample variance only.

[(ctzy+cict]. a9

5 RESULTS

In this section, we will more quantitatively assess the gravitomagnetic
lensing effect signal and its detectability. This will be done in
the context of cross-correlating two observables — a total lensing
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convergence field containing the gravitomagnetic effect, and a total
CMB temperature map that contains the (integrated) kSZ effect. We
quantify this using the usual SNR,
(8)2 - (20)
N/ Cov [(CZAB)Z] 7

where C'B is the cross angular spectrum between two generic
observables A and B, and Cov denotes the covariance matrix. In the
ideal scenario, the covariance matrix in equation (20) is dominated
by the effect of cosmic variance and equation (19) directly applies.
However, for a realistic estimation of the SNR, the covariance also
needs to include the following two contributions: (i) instrumental
noises in the sky maps of A and B; (ii) spurious signals caused by
other physical effects, such as the primary and other secondary CMB
anisotropies in the case of a CMB temperature map.

Our main objective is to forecast the detectability of the gravito-
magnetic effect for various future galaxy surveys and CMB exper-
iments (Section 5.2). However, before that, we will first calculate
a ‘theoretical SNR’ (Section 5.1), by applying equation (20) while
neglecting all instrumental noises and considering a pure kSZ map
with no other CMB primary or secondary effects. The latter is useful
for assessing, in an idealized situation, the potential of isolating the
gravitomagnetic contribution to the total lensing signal by cross-
correlating with kSZ — this can serve as an upper bound of the SNR
in real observations.

5.1 Theoretical SNR

Letus first investigate the SNR for the kSZ-«k g cross-correlation in the
most idealized case, i.e. accounting for only the variance contributed
by kgr and kSZ (b) themselves. We will include other source of noise
such as the primordial CMB and instrumental noise in Section 5.2.

Because of the good agreement in the noise predictions from theory
and maps shown in Fig. 3, to calculate the SNR we resort to using
the Limber prediction equation (16) to model the signal, taking as
input the 3D power spectrum measured from the high-resolution
simulation, and use equation (19) to quantify the noise, with the
two fields A, B being, respectively, the kSZ contribution to the
CMB temperature fluctuation, b, and the total lensing convergence,
KGR = ko + kp. The angular power spectra are binned into 23 ¢-bins
logarithmically spaced between £, = 40 and €y, = 10*. Then,
using the fact that, at the theory level, the kSZ-«¢ cross-correlation
vanishes and hence does not contribute to the first noise term in the
square bracket of equation (19), the SNR becomes

S
= - .
(N)z,cv VAL fyy (2L + 1)

bkp
C(’,

by 2 b (KGR
(ct=) +crey

ChKB
~ /AL fay 20+ 1) ——— 1)

Jeer

where in the second line we have approximated C;°* ~ C;* since,
as shown in Figs 2 and 4, C;® is suppressed by about five orders of
magnitude with respect to the Newtonian contribution, and we have

bkg

also used that ( C, )2 < ChCy® (as shown by the left-hand panel
of Fig. 4) to neglect the first term in the denominator. Notice that we
have used the subscript CV to highlight that, to obtain this theoretical
SNR, only the cosmic variances in kgg and kSZ (b) are included in
the noise.
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Figure 4. Left-hand panel: Angular power spectrum of the two contributions to the lensing convergence field and the kSZ effect (b), and the cross angular
power spectrum of kSZ-«g. These are obtained from Limber-approximated integrals evaluated with the 3D power spectra measured from the simulation with
box size L = 256 h~! Mpc. Top right panel: Theoretical SNR for the kSZ-« g cross-correlation, corresponding to the idealized case where the noise is dominated
by the cosmic variance of the kSZ-kgr signal itself. Bottom right panel: Cumulative SNR corresponding to the top plot. The results use 23 £-bins spaced

logarithmically between £pin = 40 and £pax = 104,

Given that the high-resolution simulation is fully relativistic,
instead of evaluating equation (16) using the 3D power spectrum of
the momentum field measured from the simulation, in this case we
directly use the 3D power spectrum of the gravitomagnetic field that
is calculated and outputted by GRAMSES during the simulation, Py (k),
and the integration kernel for the convergence field equation (7) is
modified according to equation (3).2 Conversely to the logic behind
the Post-Friedmann (or post-Newtonian) approach — in which the
gravitomagnetic effect is ultimately written in terms of the rotational
modes of the 3D momentum field — in this case we use equation
(3) to convert Pg(k) into Py, (k) to evaluate the kSZ effect using the
same spectrum data. At this point, it is worthwhile to remark that
the gravitomagnetic potential power spectrum measured from the
high-resolution simulation (and correspondingly the 3D momentum
power spectrum) suffers from a power suppression due to the small
box size (Zhang et al. 2004; Iliev et al. 2007). Indeed, it has been
found that this effect appears prominently if the matter—radiation
equality scale is not sampled (Adamek et al. 2016; Barrera-Hinojosa
et al. 2021). As discussed in the appendix B of Park et al. (2013),
in the context of the momentum power spectrum and the kSZ effect
(which formally involves the same calculation), the large-scale power
loss can be corrected for using perturbation theory. For this, we
calculate the ratio between the second-order perturbation theory
predictions of Pg(k), equation (A19), evaluated in two ways: one
which matches the simulation results on large scales (i.e. which is

2 Although, rigorously speaking, GRAMSES uses a different gauge than the N-
body gauge used by the Newtonian simulations (Fidler et al. 2016), both share
the same definition of spatial coordinates, and the gravitomagnetic potential
indeed corresponds to the gauge-invariant one defined in the Poisson gauge.

also suppressed by a large-scale cut-off scale®), and another which
does not include any cut-off and hence does not miss any power on
large scales. Then, to get the corrected power spectrum we multiply
this ratio to the Pg(k) measured from the simulation, and use this to
evaluate equation (16). Although we repeat this procedure for each
available snapshot, we have checked that this correction factor is
redshift-independent.

Another important aspect to take into account when evaluating the
Limber integrals is the time evolution of the 3D spectra. Given that
we can only measure these from a finite number of snapshots, to
parametrize the time evolution of Pg(k, z) and Pg(k, z) we measure
these from the available simulation snapshots (z = 0, 0.5, 1, 1.5) and
interpolate among them. For the x4 case we use the linear growth
rate D, given by (Linder 2005)

D.(a) = exp / dlna’Qu(a)®", (22)
1

with Qu(a) = Qua3/(H/Hp)?, as the ‘time’ variable for the interpo-
lation; more explicitly, the interpolation is linear in Di, Since Py(k,
z) is sourced by the rotational component of the momentum field
q = (1 + d)v, to interpolate this for the calculation of kSZ and «y
we also use the linear continuity equation,

Hf

v(k,a) = —iﬁkS(k, a), (23)

3This is achieved by restricting the k range (in particularly the lower end) for
the matter and velocity divergence power spectra used in the evaluation of
the perturbation-theory result, equation (A19), to the same as probed by the
high-resolution simulation.
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where f = dinD,/dIna is the linear growth rate; here (HfD,)? is
used as the ‘time’ variable for the interpolation to ensure that it gives
the correct time-evolution behaviour at large linear scales. Evidently,
these interpolations involve a certain degree of approximation at the
small non-linear scales, but we have checked that our result does not
change significantly if we use fixed simulation snapshots or different
time interpolation schemes.

Fig. 4 represents one of the main results of this paper. The left-
hand panel shows the angular power spectra of the different effects
based on the high-resolution simulation, which allows to resolve
scales down to £ = 10*. The top right panel of Fig. 4 shows the
theoretical SNR, in which the error is calculated using equation (21),
i.e. by only including the effects of sample variances in the kSZ-k gr
signal, with the angular power spectra therein corresponding to those
shown in the left-hand panel. We find that, with z; = 0.83, a SNR
of >~ 10 is achieved at £ >~ 5000, while this can reach >~ 20 at ¢
~ 10*. The bottom right panel of Fig. 4 shows the cumulative SNR
corresponding to the top panel of the same figure, which can reach
almost 15 (30) at £ ~ 5000 (10%). These estimates will, of course, be
downgraded once we have included realistic instrument noises and
other spurious effects, as discussed in the next subsection. The same
is expected to occur when baryonic effects are taken into account,
although the latter is beyond the scope of this paper.

5.2 Detectability with current and future observations

Let us now investigate the detectability of the gravitomagnetic signal
with current and future observations. In real observations, the kSZ
effect is imprinted in the measured CMB temperature map along with
anumber of primary and secondary anisotropies. Because the latter is
what will be used to cross-correlate with weak lensing, to assess the
detection of the kSZ-« g cross-correlation, we need to consider all the
relevant contributions contained in a full CMB map. In particular, it
is essential to include the cosmic variance effect from the primordial
CMB, as this signal dominates over kSZ on scales down to £ ~ 3000.
We will discuss these effects and how they are expected to affect the
sought-after physical signal below.

The SNR per individual mode of the lensing-kSZ cross-
correlation, equation (12), is given by equation (20), which can now
be written more explicitly as

(5 - GO s
N 27°
£ Cov {(C[TKGR) }

where C® = C’** is again the physical signal we are after, while
CT¥GR is the cross angular power spectrum between the total CMB
temperature map (T) and the total lensing convergence field, «gg.
Neglecting the correlations induced by the incomplete sky coverage,
the covariance matrix can be approximated as

Cov [(CZ“GR)Z}

2
~ ChKB) + CT +NT KGR + N<oR ’
[AL fuy(2€ + 1)]7l ( ¢ (C ) (C 7o)

(25)

where C} is the total angular power spectrum of the CMB tem-
perature, which includes the kSZ effect, the integrated Sachs—
Wolfe (ISW) effect, and the weak lensing of the CMB. Frequency-
dependent secondary effects on the CMB, such as bright radio
galaxies, the cosmic infrared background (CIB) and thermal SZ (tSZ)
effect are expected to dominate over the signal we are after at ¢ of
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a few thousands to ten thousands (e.g. Choi et al. 2020; Reichardt
et al. 2021). In principle, these can be removed with multifrequency
observations. However, due to the possible imperfect modelling for
their spectra and limited range of frequency coverage, residuals
contaminations are likely to remain in the foreground-reduced CMB
temperature maps. These can be dealt with further by modelling
their clustering with free parameters (e.g. Planck Collaboration XXX
2014; Choi et al. 2020; Reichardt et al. 2021). In addition, due to the
unique dipole feature of the gravitomagnetic effect imprinted on both
the kSZ and lensing signal, some matched filter techniques should
be effective for filtering out the signal from other contaminations (a
detailed investigation into this is beyond the scope of this paper).

For the lensed CMB angular-power spectrum we use the output
from CAMB, to which we add the kSZ contribution calculated
using the Limber approximation, equation (16). Since the available
simulation data only cover up to z = 1.5, kSZ is only integrated up
to this redshift (rather than up to z ~ 6, which corresponds to the end
of reionization). When cross-correlating a CMB map including other
secondary effects and a galaxy weak lensing map, we need to consider
if these secondary CMB signals can lead to spurious correlations
which contaminate the sought-after signal, C**®, particularly through
cross-correlations with k¢, because |ko| > |«kg|, so that any such
spurious signal can potentially be as strong as, if not stronger than,
CP jtself. At small angular scales, the CMB power spectrum is
dominated by lensing, with the lensed temperature at sky position 6
approximately given by

Tlensed(é') _ Tunlensed(é) + %T . §¢’ (26)

where ¢ is the CMB lensing potential. Because VT has no correlation
with the late-time large-scale structures in theory, we expect the
correction term in equation (26) to have zero theoretical cross-
correlation with weak lensing x¢: note this is different from the
cases of cross-correlating the CMB lensing deflection angle or
convergence field (in both cases VT has been removed through
de-lensing reconstruction (Planck Collaboration VIII 2020)), or the
squared CMB field (e.g. Dore et al. 2004), with weak lensing. On the
other hand, the ISW effect, along with its non-linear counterpart, the
Rees—Sciama (RS) effect, can have a non-zero cross-correlation with
weak lensing (Hu 2002); we have explicitly calculated this spurious
signal using the method described in Appendix B, and found it to be
subdominant compared to the kSZ-k g cross power spectrum C ?KB at
the small angular scales of interest to us, as will be discussed below.
Therefore, in equation (25) we have neglected the contribution from

2 2

C;>V*® | thus approximating (CgKGR) by (CZ"(B> .
In equation (25), N ex represents the contribution from the instru-
mental noise to the measured angular power spectrum of each effect.

For the lensing signal (cosmic shear), we assume that the dominant
error comes from the intrinsic ellipticity of galaxies, i.e.

0_2

N{o® = =<, @7
ngal

where o2 is the variance of the intrinsic ellipticity of galaxies, and
nga the number of source galaxies per arcmin®. For the CMB signal,
we consider the error due to instrumental noise and beam smearing,
given as (Knox 1995)

2
N} = (%) exp [€* 0w/ (81n2)], (28)

where A7 is the noise level, T is the mean temperature of the CMB,
and Orwpy 1s the full width at half-maximum of the beam. Table 1
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Table 1. Experimental specifications for the weak lensing surveys and CMB
experiments considered in this work.

Gravitomagnetic effects in cross-correlations

Survey ng (galaxies per arcmin?) O Ssky
EUCLID 30 0.22 0.36
LSST 40 0.22 0.5
Experiment OrwnM [arcmin] A7 [pK-arcmin] fsky
PLANCK 5 3.1 0.82
CMB-54 1.4 1 0.4
Simons Obs. 1.4 6 0.4

summarizes the main specifications of the lensing surveys and CMB
experiments considered in this section.

Fig. 5 shows various angular power spectra assuming different
lensing source redshifts (colour-coded; see the figure caption) and
the noise levels for different weak-lensing surveys and CMB ex-
periments. The latter include the 1/4/2¢ + 1 factor related to the
total number of modes at a given ¢ that contribute to the SNR
(cf. equation 25). The left-hand panel shows the two contributions
to the total convergence field and the expected shape noise level
of LSST, which shows that it will not be possible to detect the
gravitomagnetic convergence via lensing alone (Andrianomena et al.
2014; Cuesta-Lazaro et al. 2018). The middle panel shows the kSZ
signal along with the lensed CMB signal, which dominates over the
former down to £ ~ 3500, as well as the noise levels of PLANCK
(dashed), and of two next-generation CMB experiments; the Simons
Observatory (SO, dotted) and CMB-s4 (dot—dashed). We note that
the kSZ effect is above the expected noise levels of the latter two
CMB experiments. Finally, the right-hand panel shows the kSZ-«y
cross spectrum and the total noise. We find that, while for PLANCK the
signal is almost completely dominated by the instrumental resolution
on small angular scales, the situation improves considerably with
the Simons Observatory and CMB-S4, in which the signal is well
above the noise on scales ¢ = 3000, which suggests that a potential
future detection can be achieved on very small angular scales. In
the right-hand panel of Fig. 5 we have also included the signal due
to the spurious cross-correlation between the ISW effect and weak
lensing (colour-coded, dashed) mentioned above. This is calculated
from equation (B14) using the non-linear matter power spectra at
different redshifts predicted by CAMB with HALOFIT. We find that,
at £ = 3000, this spurious signal is over one order of magnitude
smaller than the gravitomagnetic signal at all redshifts, and two
orders of magnitude lower at ¢ 2 5000. Furthermore, the signal is
below the noise level expected for all experiments herein considered.
Hence, in the following SNR forecast we use equation (25) to
estimate the covariance, in which the ISW-«¢ cross-correlation is
neglected.

Fig. 6 shows the predicted SNR for different source redshifts
(colour-coded; see the figure caption). In the case of cross-correlating
LSST with PLANCK (left-hand panel), we find that the instrumental
resolution of PLANCK is the main limiting factor, which does not
allow to yield a significant detection. However, with the improved
resolution of the upcoming CMB experiments such as CMB-s4 and
the Simons Observatory (middle and right-hand panels), a significant
detection might be achieved on small angular scales. With a lensing
source redshift of z; = 1.4 in LSST (right-hand panel), in combination
with the Simons Observatory, we find that the cumulative SNR can
reach around 3 (4) at £ ~ 5000 (10*), while in the case of CMB-S4 this
can reach almost 5 (9) at £ & 5000 (10*). The results are similar in the
case of EUCLID in combination with the two aforementioned CMB
experiments (middle panel), although the SNR is slightly lower than
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for LSST due to the smaller sky coverage and mean number of galaxies
expected for this survey. The results show that the majority of the
cumulative SNR comes from £ 2 2000, and that the SNR is mainly
determined by the beam size of the CMB experiment, followed by
its noise level, Ar.

From Fig. 6 we can also observe that the detection SNR increases
with source redshift in general (for a given CMB experiment). This is
expected: as the redshift range for the LOS projection increases, the
cross-correlation between the gravitomagnetic lensing (k) and the
kSZ effect (b) also enhances; the covariance matrix also increases,
but not by as much given that CJ is not affected. This implies that it
is possible to improve the prospect of observationally detecting the
gravitomagnetic effect using deeper lensing surveys. Because our
high-resolution simulation does not have snapshots at even higher z,
in this work we only have considered a limited source redshift range,
and we plan to revisit this topic in the future using larger simulations.
Likewise, using a CMB lensing signal — whose kernel peaks at z ~
2 — instead of cosmic shear, may also enhance the overall lensing-
CMB cross-correlation signal, and it is likely to boost the SNR. This
may also have the benefit of using the lensing convergence map and
the temperature map from a single CMB experiment, without a weak
lensing survey. Existing data from ACT (Darwish et al. 2021) may
provide such a possibility.

6 CONCLUSIONS

In this paper, we have explored the possibility of detecting the
cosmological gravitomagnetic (frame-dragging) effect via cross-
correlation of weak-lensing convergence maps, which include the
gravitomagnetic contributions, with the kSZ effect that is imprinted
as a secondary anisotropy in the CMB temperature maps. The latter
is chosen because — apart from very large angular scales — it is
sourced by the rotational modes of the momentum field of matter
along the LOS, just like the former effect, and at the same time
is not correlated with the standard (Newtonian) component of the
convergence field at the two-point level (Dore et al. 2004). Thus, the
cross-correlation is able to extract the gravitomagnetic contribution
from a lensing convergence map. To model the cross-correlation
signal and its covariance we have used the data from 30 Newtonian
N-body simulations, as well as a single high-resolution, general
relativistic simulation. Performing LOS projections and generating
HEALPIX maps, we have found that small, unresolved scales close to
the observer’s location due to an insufficient simulation resolution
can induce significant spurious variance in the cross-correlation
between the Newtonian component of the convergence and the kSZ
effect. On the other hand, by cross-correlating HEALPIX maps of
fields taken from different realizations, such an artificial noise is not
present and the covariance agrees well with the theoretical prediction
of cosmic variance effects, equation (19). Then, to quantify the SNR
we resort to model the signal based on the single high-resolution
simulation and the Limber-approximated integral equation (16), and
we estimate the noise by either equation (19), which includes only
the effect of cosmic variance — and allows to calculate a theoretical
upper bound of the SNR — or equation (25), which also include all
the major relevant effects for observations. In the former case, we
find that at z; = 0.83, the cumulative SNR can reach ~15 already at
£ 2 5000, and about 30 at £ ~ 10*.

We then forecast the SNR for current CMB data from PLANCK,
in combination with future-weak lensing surveys such as EUCLID
and LSST, finding that the gravitomagnetic effect cannot be robustly
probed using this method as the angular resolution of PLANCK does
not allow to explore the small angular scales where the theoretical
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Figure 5. (Colour online) Comparison of the various angular power spectra and noise levels of weak-lensing surveys and CMB experiments. Left-hand panel:
Newtonian (upper solid lines) and gravitomagnetic (lower solid lines) contributions to the lensing convergence field, which indicate that the latter is around five
orders of magnitude smaller, and is well below the expected noise level of future weak lensing surveys such as LSST. Middle panel: kSZ effect and the lensed
CMB signals (as indicated by legends), and the noise levels for three CMB experiments: PLANCK (dashed), SO (dotted), and CMB-S4 (dot—dashed). The kSZ
effect dominates over the lensed CMB signal at £ 2 3500. Right-hand panel: the cross spectrum of kSZ-«g (solid lines), which is the signal we are after, and
the absolute value of the cross spectrum between the ISW effect and k¢ (dashed lines), which represents a potential source of contamination for the kSZ-kg
signal. The dashed, dotted, and dot—dashed black lines are, respectively, the expected noise level for the cross-correlation of weak lensing data from an LSST-like
survey and CMB data from PLANCK, SO, and CMB-$4. The kSZ-«y signal is well above the noise levels of future experiments on scales ¢ = 3000. In all panels,
the different colours correspond to lensing source redshifts between z; = 0.4 (purple, lowest amplitude) and z; = 1.4 (red, highest amplitude), with a separation
Az, equivalent to a comoving distance of x = 100 A~ Mpc.
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Figure 6. (Colour online) SNR (top panels) and cumulative SNR (bottom panels) predictions for the kSZ-kg signal via cross-correlation of different weak-
lensing surveys and CMB experiments for lensing source redshifts between z; = 0.4 (purple, lowest amplitude) and z; = 1.4 (red, highest amplitude), with
a separation Az, equivalent to a comoving distance of x = 100 A~ 'Mpc. Left-hand panels: forecast for LSST and PLANCK, which shows that a detection is
not possible due to the angular resolution of the latter experiment. Middle panels: forecast for EUCLID in combination with CMB-S4 (solid) and the Simons
Observatory (SO, dashed). Right-hand panels: forecast for LSST in combination with CMB-$4 (solid) and the Simons Observatory (dashed). The angular resolution
of next-generation CMB experiments may allow a significant detection of the gravitomagnetic effect. The results use 23 £-bins spaced logarithmically between
Lmin = 40 and £pex = 10%,

SNR rises most rapidly (Fig. 4). However, based on future CMB The result above is based on the assumption that several important
experiments such as the Simons Observatory and CMB-S4, our late-time secondary effects on the CMB, such as the thermal SZ
forecast shows that this effect can be detected decisively, especially effect and CIB, could be reliably disentangled from the primary
with lensing sources further afield. CMB signal, and the SNR can be degraded if such ‘cleaning’ is not
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fully complete. We also expect that at the small scales (£ 2 3000)
where the SNR of the effect is relatively significant, the impact of
baryons on both weak lensing and CMB observables can also be
significant and hence downgrade the SNR. Modelling the impact of
baryonic effects on the SNR above this regime is beyond the scope
of this paper and left as future work. On the other hand, given that
for the kSZ effect the longitudinal modes of the momentum field
are subdominant with respect to the rotational-modes contribution
above ¢ ~ 100 (Park et al. 2016), we do not expect them to affect
our predictions. In fact SPT-SZ plus SPTpol has recently reported
a ~30 measurement for kSZ, from among other dominant CMB
secondary components, on the similar ¢-range of our interests in
a 2540 deg2 area (Reichardt et al. 2021). This indicates that it is
promising to pick up the gravitomagnetic effect via kSZ-lensing
cross-correlations.

The realistic possibility of detecting the cosmological gravitomag-
netic effect with future weak-lensing surveys and CMB experiments
suggests that it is worthwhile to explore the lensing-kSZ cross-
correlation in the context of dark energy and modified gravity
theories, in which the amplitude of both the kSZ effect can be
significantly enhanced. For instance, in typical f{R) gravity models,
the magnitude of the kSZ effect can be enhanced by ~ 30 per cent at
£ Z 3000 relative to GR (e.g. Bianchini & Silvestri 2016; Mitchell
et al. 2021), while the magnitude of the gravitomagnetic potential
can be over 40 per cent larger than in GR at k > 2 4 Mpc~' (Thomas
et al. 2015a; Reverberi & Daverio 2019). Therefore, we expect to
find a larger signal in these models, which could potentially be used
as a new way to constrain deviations from ACDM, for example, a
non-detection can be used to place an upper bound of the strength
of modified gravity. On the other hand, it also worthwhile to study
the gravitomagnetic effects in CMB lensing and its cross-correlation
with CMB temperature maps. Given that the kernel of the former
effect peaks at z ~ 2, this would allow to include more signal from
higher redshifts than a weak-lensing survey, and it is likely to boost
the SNR.

Another possible future work motivated by this study is the cross-
correlation between the kSZ effect and gravitomagnetic lensing in
configuration space, where the effect is more localized (the analysis
here has been performed in Fourier space). The gravitomagnetic
effect leaves the unique dipole feature in the lensing convergence
field as well as in the CMB temperature map through kSZ. This
may allow us to develop matched filters to single out the signal
we are after. An attempt to detect the latter effects has been made
recently by Tang et al. (2021), where the focus is to look for a dipole
feature in the lensing convergence field produced by the rotation
of massive haloes. Similarly, the rotation of massive objects can
produce a rotational kSZ effect detectable in future observations (see
e.g. Baldi et al. 2018; Baxter, Sherwin & Raghunathan 2019). We
leave these investigations as future work.
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APPENDIX A: THE KINETIC
SUNYAEV-ZEL’DOVICH EFFECT

CMB photons can interact with fast-moving free electrons in the
intergalactic medium (IGM) via inverse Compton scattering, which
subsequently changes their energy and imprints a secondary CMB
anisotropy known as the kinetic Sunyaev—Zel’dovich (kSZ) effect
(Sunyaev & Zeldovich 1980). The temperature fluctuation along the
LOS vector i due to this effect can be described by the following
LOS integral,

AT (1 n - eUr
by =270 / dre Y g / are ™A

c

in which T is the mean temperature of the CMB, o1 and t are,
respectively, the Thomson scattering cross-section and optical depth,
c is the speed of light, n. is the number density of free electrons, and
v, = v - is the LOS component of the electron velocity field.

Since equation (A1) is an effect integrated from z = 0 to the
last scattering surface, z ~ 1100, the kSZ signal has two distinct
contributions, one coming from the post-reinoization epoch, in which
the IGM is nearly fully ionized and the electron density field closely
follows the density field of baryons; and the contribution from the
epoch of reionization, where n. suffers strong temporal and spatial
variations. As the goal of this paper is to study the cross-correlation
of the kSZ effect with a weak lensing survey such as LSST and
EUCLID, throughout the present analysis we restrict our attention to
the post-reionization kSZ signal.
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The specific ionized momentum field of the ionized medium can
be defined as

q= xe(1+38)v, (A2)

where § is the baryon density contrast, and

e

Xe = (A3)

A
ny + 2nHe

denotes the ionized fraction, with ny, ny. being the number densities
for hydrogen and helium, respectively. Also, defining

fle,0 = NH,0 + MHe,0 (A4

Equation (A1) can be rewritten as
1 1

p= M0 /dxje_’q ‘A, (AS5)
c a

where x is the comoving distance along the LOS. Using the Fourier
transform of equation (AS), we get

_ O'Tﬁe’() 1 _r d3k A —ixkh
b= . /dxaz(x)e /(2n)3 [h-qk, x)le . (A9

where k is the wavevector, 7 is the imaginary number unit, and q is
the momentum vector in Fourier space. One can decompose q into a
longitudinal (scalar) and a rotational (vector) part:

4=q +a. with § =@- bk, (A7)
where K is the unit vector in the direction of the wavevector.
Substituting this into equation (A6) gives (Park et al. 2013)

_ Orllep | I &’k
b= 20 o | G bt 0
— cos (¢ — ¢a) V1 =321 k. e, (A8)

where g = |q;l, x = k- n, ¢y and ¢; are, respectively, the angle be-
tween , fi and k. The exponential function in the integral represents a
fast oscillation along the LOS, which means that the integrand cancels
out, leading to negligible integral result. There are two exceptions to
this: (1) if k — 0, or (2) if x — 0. (1) represents a long-wave mode
which has a small amplitude and therefore contributes little to the
integral anyway. (2) represents a case where K is perpendicular to
the LOS, ii. In other words, only the k modes that are perpendicular
to the LOS contribute to the kSZ effect non-negligibly. But in this
case we can see from equation (AS8) that the first term in the brackets
vanishes since x — 0, and therefore only the rotational momentum
field g, remains, giving (e.g. Park et al. 2013)

O'Tr_le() 1 _
b~ — %/d)(ie H
a*(x)

c
d’k .
x / Gy <O (da — &) V1 — x2G.(k, )e ™. (A9)

With some lengthy derivation (see e.g. appendix A of Park et al.
2013), one gets the following expression for the kSZ (b) angular
power spectrum

1 [orfieo 2 1 _ 14
Cch=— : dy——e 2P, (k=— A10
¢ 2{ ¢ ] / X at (o t“< X’X>’ (A1

where P, is the 3D power spectrum of g , the rotational momentum
field. Assuming that the velocity field is completely longitudinal, as
it is the case for a pressureless perfect fluid, P,, appears only at
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second order through the following convolution:

d3k/
P‘/L(k’ 7) = / (2]_[)3(]

— u3)[Pis (k= K1) Ptk

P (k—K Puk’], All
ey P (k= K1) Ptk (AL1)
where = k - K'. If we define
w=k/k, u=|k—K|/k, (A12)
then
1 2 _ .2
g e (A13)
2w
and equation (A11) can be recast as
I4+w
Lk, 2) = " dw / dul'[ P55 (ku) P,,(kw)
I—w|
w
— = Py (k) Py (kw)] (Al4)
where
dw? — (1 2_ 2
ol G e 0 (A15)

4uw?

Given that the gravitomagnetic field is sourced by the rotational
modes of the momentum field through equation (3), equation (A14)
has a similar form to the gravitomagnetic potential power spectrum,

which in the case of a pressureless perfect fluid is given by, e.g. Lu
et al. (2008)

992 H()2 1+w
AB(k) = m /0 /; duH Aga(kM)AvU(klU)
w
= 2 Aski Ay (k)] (A16)
u
where the dimensionless power spectrum A, is defined as
k3
Agp = ﬁpabv (A7)
with a, b standing for two fields, and
1 4 2 _ 1 2 _ 2
M= w—dtw —uw) (A18)

u?w? 4w?

Indeed, substituting equation (A17) into equation (A16) gives

k 992 1+w
Palk) = 555 / dw /1 dutl’ ng(ku)Pw(kw)
w
- ;Psv(ku)Psu(kw)] . (A19)

which differs from (A14) only in the pre-factor (and the fact that here
the density and velocity power spectra are for all matter, rather than
free electrons only; the two are closely related) including a k>.
Following the appendix A of Park et al. (2013), we can derive a
Limber-integral expression (which has been used extensively in this
paper) for the cross angular power spectrum between «p and the
kSZ effect (b). Given the above mathematical similarity between the
two effects, the detailed steps will not be repeated here to be concise
as the calculation is similar to the derivation of the kSZ autopower
spectrum. For generality, consider two 2D fields X (i) and Y (1) which
are both related to the projection of the LOS momentum field q - fi:

&’k o
X, Y(h) = /dex.y(x)/ S [0 gk, z(0)] e, (A20)
(2m)

Gravitomagnetic effects in cross-correlations

3603

where Ky y(s) are, respectively, the LOS projection kernels for
observables X and Y, which are functions of the comoving distance x.
The cross angular power spectrum between X and Y, CX?, is defined
as

C 00 8mm = (ajyaliy) (A21)

where (---) denotes ensemble average, * denotes the complex conju-
gate, and a }m* are the spherical harmonic decomposition coefficients
for X and Y,

ay’ = / d*AX, Y ()Y (R), (A22)
with Y;" being the spherical harmonic function of degree ¢ and order
m. Hence, CX¥ can be expressed as a weighted LOS integration
of the 3D power spectrum of the rotational component of the LOS
momentum field q - @1, P,

(IJ.’

XY 1 -2 4
' = */dXX KxGOKy () Py, (k = ;,z(x)) . (A23)

2

APPENDIX B: THE ISW-WEAK LENSING
CROSS-CORRELATION

In this appendix, we derive an expression for the cross angular
power spectrum between the integrated Sachs—Wolfe effect and weak
lensing convergence. For simplicity, we assume again a single lensing
source redshift z,. The derivation follows the appendix of Cai et al.
(2009), see also (Seljak 1996; Smith, Herndndez-Monteagudo &
Seljak 2009; Nishizawa 2014). The CMB temperature fluctuation
induced by the ISW effect along the LOS direction fi is given by

AT @) 2 [0, .
O=—" 27/ ® (¢, x () dt, (B1)

2
T ¢ LSS

where T is the mean CMB temperature, ¢ is the cosmic time, x is the
comoving distance along the LOS, and & the time derivative of the
gravitational potential ®; 7y and 7, g5 are, respectively, the values of ¢
at the observer (today) and the last-scattering surface. The spherical
harmonic coefficients of ®, defined in the same way as in equation
(A22), can be expressed as

4 10
ad = — / dr / Pk, al)j k)Y (k) (B2)
Lss

w2c?

where i is the imaginary number unit, the scale factor a is written as a
function of the comoving LOS distance yx, x; = x(zs) the comoving
distance of the source, and ® (k) the Fourier transform of ®(x):

(k) = / &’ x d(x) exp(ik - x). (B3)

1
(2n)}
In deriving equation (B2), we have used the spherical harmonic
expansion of a plane wave:
exp(ik - x) =4m > i jetkx)Y/ (R)Y} (R), (B4)
tm

and the orthonormality of the spherical harmonics:
[ AT @Y G = 50idn (B5)
Q

where €2 denotes the solid angle, and &;, and §,,/,, are the Kronecker
deltas. The spherical harmonic expansion coefficient of the weak
lensing convergence field, «,

stzm . — b
i () = / ayFe = XX (B6)
0 Xs a
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can be similarly obtained, as

o = 3H; Qn .g/"‘d Ot = X0
o 4 xsa(x)

. / KK, a(x)) ol Y™ (K) (B7)

where 8(k, a) is the Fourier transform of the density contrast field
at scale factor a. Using the definition of the cross angular power
spectrum given in equation (A21), we get, after some lengthy but
straightforward derivation,

3HXQm [* . — ¢
=2 / Ay 2" pys (k= =,a(x)), (B8)
c’ 0 Xs X X

s

where we have used cdf = —a(#)dx, and the 3D cross power spectrum
between & and 8, Py, is given by

21)*8% (k — K') Pys(k, a) = (®*(k, a)5(K', a)), (B9)

where §®(k — k') is the 3D Dirac § function. To evaluate Py, we
use the Fourier-space Poisson equation,

S(k
—KD(k) = gH()zQ,nQ, (B10)
2 a
to get the derivative of ®(k), as
. 3/ Hy\? Sk)y H
b= > (H0) g, [°® - Hsp) (BI11)
2\ k a a
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with H = a/a being the Hubble expansion rate at a. Therefore,
we have

~ / 3 (Ho\*, /ék) H ,
(d*®)S(K)) = —= (*) Q2 <f—f8(k),8(k)>, (B12)
2\ k a a
and
3a (Hy\> . d
Pys = —Ia (70) Uy, (a7 Pys(k, a)) . (B13)

where Ps; is the matter power spectrum. Using the above relation,
equation (B8) can be simplified as

9HSQ2 / dz(xs - X)X
4c402 J, XAs

Ok __
Cr =

x < |:(1+Z)2P55 (k=£,z)], (B14)
dz X

where we have changed the integration variable and time derivatives
to z. The C2* cross angular power spectrum is shown in the right-
hand panel of Fig. 5, for which equation (B14) is evaluated using the
non-linear matter power spectra at different redshifts predicted by
CAMB with HALOFIT. We find qualitatively similar result to the cross
spectrum between the ISW effect and galaxies (e.g. fig. 5 of Cai et al.
2009).

This paper has been typeset from a TeX/I&TEX file prepared by the author.
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