
PHYSICAL REVIEW B 103, 144436 (2021)

Exploring instantons in nonlinear sigma models with spin-lattice systems
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Instanton processes are present in a variety of quantum field theories relevant to high energy as well as
condensed matter physics. While they have led to important theoretical insights and physical applications, their
underlying features often remain elusive due to the complicated computational treatment. Here, we address this
problem by studying topological as well as nontopological instantons using Monte Carlo methods on lattices
of interacting spins. As a proof of principle, we systematically construct instanton solutions in O(3) nonlinear
sigma models with a Dzyaloshinskii-Moriya interaction in (1 + 1) and (1 + 2) dimensions, thereby resembling
an example of a chiral magnet. We demonstrate that, due to their close correspondence, Monte Carlo techniques
in spin-lattice systems are well suited to describe topologically nontrivial field configurations in these theories.
In particular, by means of simulated annealing, we demonstrate how to obtain domain walls, merons, and critical
instanton solutions.
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I. INTRODUCTION

The study of topological objects has for long been a driving
force of advances in modern quantum field theory. Famous ex-
amples include instantons and sphalerons that are generically
present in particle physics models [1–6], topological defects
such as cosmic strings and domain wall networks affecting
the cosmological evolution of the Universe [7–9], or vortices
and skyrmions predicted in condensed matter systems [10,11].
The latter have gained particular attention recently due to their
experimental observation [12–14]. Currently, they are even
believed to be excellent candidates for information storage
[15]. Even more recently, skyrmions have been investigated
within the electroweak sector of the standard model [16].

In general, topological solitons can be characterized by
their topological charge; see, e.g., Ref. [17]. As the latter
is a topological invariant, solitonic field configurations that
correspond to different charges cannot be deformed into each
other continuously. Consequently, a nontrivial quantum field
theory can feature various topological sectors labeled by their
respective charges. The field configurations in these sec-
tors, associated to different extrema of the action, are either
topologically protected or continuously interpolate between
distinct vacua of the theory. A famous example of this, which
we will be concerned with in this work, are instantons. By
definition, they correspond to localized, finite-action solutions
of the classical equations of motion of a (Euclidean) quantum
field theory.

Only in very few cases instanton solutions of the classical
field equations can be found analytically, e.g., in Yang-Mills
theory [1]. However, due to the complicated nature of a
topologically nontrivial vacuum, it is computationally highly
challenging to find these solutions in general topological sec-

*sebastian.schenk@durham.ac.uk
†michael.spannowsky@durham.ac.uk

tors of a quantum field theory. The situation is even more dire,
as they are intrinsically nonperturbative and are not captured
by a perturbative approach. In this work, we aim to address
this problem by deploying Monte Carlo (MC) techniques
in nonlinear field theories. In particular, we make use of a
simulated annealing process utilizing a single Metropolis-
Hastings algorithm [18,19]. We show that, as an alternative to
other numerical techniques, such as gradient descent methods
(see, e.g., Ref. [20]), simulated annealing represents a robust
approach to sample the field configuration space in all topo-
logical sectors.

As a proof of principle, we focus on the study of instantons
in O(3) nonlinear sigma models that describe the continuum
limit of a chiral magnet. We demonstrate that, due to the
close connection between an O(3) nonlinear sigma model and
an interacting system of classical spins on a discrete space-
time lattice, MC simulations are well suited to study their
topological properties. For instance, similar techniques have
been applied to study instanton solutions in twisted CPn mod-
els [21] or also to identify skyrmionic spin textures in two-
and three-dimensional chiral magnets in thermal equilibrium
[22,23]. Let us remark that, while the mathematical descrip-
tion of the latter is, in principle, equivalent, their physical
interpretation however is drastically different. Naively, these
three-dimensional skyrmions are the lowest static solutions to
an energy eigenvalue problem, i.e., they are spin textures that
minimize an associated, time-independent Hamiltonian. More
precisely, in certain regions of phase space at finite temper-
ature, they constitute the global vacuum configuration with
a topological charge that originates from two-dimensional
spatial slices—similar to sigma model lumps [24]. As pointed
out earlier, instantons are solitons that are also localized in
time and can carry a topological charge well defined over the
entire space-time. However, they are typically not the global
minimum of the action of a (Euclidean) quantum field theory
rendering them elusive in any systematic study. Nevertheless,
at the same time, they are an integral part of any correlation
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function, but do not appear in perturbation theory as pointed
out earlier. Hence they need to be considered carefully when
physical observables are to be obtained from the theory; see,
e.g., Ref. [25].

With respect to our example of the O(3) nonlinear sigma
model of a chiral magnet, a set of instanton solutions have
already been derived for a spin chain in (1 + 1) dimensions
[26]. These will serve as a test bed to validate our approach
using MC simulations. We then go beyond that and determine
instanton processes in a chiral magnet in (1 + 2) dimensions.
Naturally, an additional spatial dimension leads to richer
topological structure of solitons. In principle, these can now
include ring- and knotlike objects [27–30], so-called Hop-
fions. Similar to skyrmions, the latter have also been proposed
to exist as the lowest energy eigenstates of realistic condensed
matter systems [31–34]. In our example, however, as we will
argue, these structures are not stabilized in a chiral magnet in
(1 + 2) dimensions. Nevertheless, we will identify nontopo-
logical instanton solutions in this theory.

This work is structured as follows. First, in Sec. II we
briefly review how a simulated annealing process can in gen-
eral be utilized in spin-lattice systems. In Sec. III, we apply
these techniques to the example of an O(3) nonlinear sigma
model that describes the continuum limit of a chiral magnet
in (1 + 1) dimensions. In particular, we systematically de-
termine topological instanton solutions in this theory, which
serves as a test bed for our approach. Later, in Sec. IV, we
study richer topological structures by moving to the (1 + 2)-
dimensional case of the chiral magnet. Finally, we briefly
summarize our results and conclude in Sec. V.

II. MONTE CARLO SIMULATIONS
OF SPIN-LATTICE SYSTEMS

Given a Lagrangian field theory, instantons are topolog-
ically nontrivial, finite solutions of its classical (Euclidean)
equations of motion. In other words, they represent local
extrema of the associated action, which are in turn classified
by their topological charge. Therefore, to determine instanton
field configurations in practice, we have to find these extremal
points. This poses a high-dimensional optimization problem
to which Monte Carlo (MC) techniques represent a very
robust approach.

To properly map out the space of possible field config-
urations we make use of a simulated annealing method. In
general, the strategy is to encode the solution of a difficult
problem into the minimum of a so-called loss function L,
which is then determined by means of the MC sampling. In
our example, naively, we could immediately identify L with
the action of the field theory, L = S. This is because, physi-
cally, from a path integral point of view, we aim to determine
the expectation value of the field content which corresponds
to the sum over all possible field configurations weighted
by exp (−S/h̄). Note that, here, we implicitly work within a
Euclidean field theory. Obviously, the field configurations that
correspond to local extrema of S contribute dominantly to the
expectation value.

In practice, in order to obtain the vacuum expectation value
of a field, we sample field configurations according to the dis-
tribution exp (−S/h̄). As this configuration space is formally

of infinite dimension, it is not feasible to randomly generate
single field configurations one by one and compute their as-
sociated action (and hence their exponential weight inside the
path integral). Instead, in order to efficiently map out the field
space, we use a simulated annealing process implemented by
a classic Metropolis-Hastings algorithm [18,19]. For this, we
discretize the fields and action by defining them on a finite
space-time lattice. As we will be interested in an O(3) nonlin-
ear sigma model, the field degrees of freedom at each lattice
point can be identified with a classical spin of unit norm. We
then begin by initializing an entirely arbitrary arrangement
of spins on a lattice. In the Metropolis-Hastings algorithm
each spin of this lattice is replaced randomly according to a
uniform distribution. After each replacement, the change in
action, �S, is measured and the new spin is accepted with
probability exp (−�S/h̄). Therefore, in the classical limit,
h̄ → 0, in a working case the system will slowly converge to
a field configuration of lower and lower action. Without loss
of generality, as we will see later, S can be easily replaced
with a more general loss function L that can also account
for certain constraints on the fields (e.g., boundary conditions
or topological charge). In this case, the outcome of the MC
algorithm will be a field configuration that minimizes L.

By the above procedure the simulated annealing algorithm
is able to explore the entire field configuration space very
efficiently as compared to a completely random sampling.
Remarkably, while the latter is formally infinite dimensional,
even in the case of a finite spin lattice it is extremely large.
For instance, for a lattice of n × m spins it is naively given by
(S2)⊗(nm), out of which the MC algorithm is able to draw the
desired field configurations.

Before we continue we remark that, while h̄ is usually
understood as a physical constant, here we treat it as a free
parameter to control the convergence rate of the optimization
process. That is, by slowly changing h̄ → 0, this makes sure
that the possible field configurations are properly sampled
from the field space and the algorithm does not settle in
the wrong local minimum of the loss function. For instance,
similar methods have been applied in chiral magnets featuring
static skyrmion spin textures at thermal equilibrium [22,23].
There the minimal energy configuration of a spin lattice is
found by cooling down to a finite temperature, which, at
least naively, controls the thermal fluctuations of the system.
Similarly, here h̄ controls the quantum fluctuations around the
instanton saddle points that we aim to find.

Let us close this discussion with a few words of caution. In
general, MC methods cannot fully capture all physical aspects
of a quantum field theory. Most importantly, the discretization
of the field content on a finite space-time lattice inherently
introduces errors, such that the results will slightly differ from
the physical expectation. For example, due to the intrinsic lack
of the notion of continuity, no discrete degree of freedom can
accurately represent its continuum limit. Instead, it has to be
understood as an approximation subject to inaccuracies. Nev-
ertheless, any well-defined quantum field theory on a lattice
should be independent of its exact discretization. That is, in
the continuum limit where the lattice spacing vanishes, two
different discretizations should yield similar results. There-
fore, naively, the errors introduced by these lattice effects
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should at least be proportional to the lattice spacing or the in-
verse lattice volume. Similarly, by construction, MC sampling
can only average over a finite number of field configurations,
thereby introducing additional statistical error sources. How-
ever, at least in our example, these limitations inherent to
MC simulations of spin lattices can be naively controlled by,
for instance, increasing the number of lattice points or field
samples. For a more thorough treatment of MC sampling in
quantum field theory, see, e.g., Ref. [35].

In the following we aim to demonstrate how to use a sim-
ulated annealing process in order to study topological sectors
of O(3) nonlinear sigma models in various dimensions.

III. ONE-DIMENSIONAL CHIRAL MAGNET

As a first example, let us consider solitonic field configura-
tions of a Lagrangian field theory that models the continuum
limit of a one-dimensional chiral magnet evolving in time.
This is given by the O(3) nonlinear sigma model in Euclidean
space-time (see also [26]),

S =
∫

dτ dx

[
1

2
(∂in

a)2 + κ (n1∂xn2 − n2∂xn1)

+ μ

2
(1 − (n3)2) + Bn3

]
. (1)

Here, κ denotes the Dzyaloshinskii-Moriya (DM) interaction
[36,37], μ is a quadratic anisotropy coupling, and B can be
interpreted as a magnetic field.

The field n is assumed to be subject to the constraint∑3
a=1 (na)2 = 1, i.e., it takes values on a sphere, n : R2 → S2.

In addition, in order to obtain a finite-action configuration,
we can impose constant boundary conditions at infinity, e.g.,
n = (0, 0, 1) as |x| → ∞. In this case, we can interpret the
domain of the field as a sphere, R2 ∪ {∞} � S2. Therefore,
from a topological point of view, the possible field config-
urations, n : S2 → S2, can be classified by maps between
spheres that are homotopically distinct, i.e., they cannot be
continuously deformed into each other. Mathematically, this
means that they are classified by elements of the homotopy
group π2(S2) = Z. Naively, these count how many times a
sphere winds around another sphere, i.e., how many times the
field winds around its target space if space-time is traversed
entirely. Each integer corresponds to a topological charge and
thus labels the different topological sectors of the theory. For
a more detailed introduction to these features of a quantum
field theory we refer the reader to [17].

In principle, the action (1) defines the microscopic de-
grees of freedom, for which we aim to find the (topologically
nontrivial) field configurations as its local extrema. However,
in fact, as the field takes values on a sphere, there exists a
mapping that transforms (1) into a much simpler theory. As
was pointed out in [26], the DM interaction can be completely
removed by a simple rotation in field space,

n1 = cos (κx)n̂1 + sin (κx)n̂2,

n2 = − sin (κx)n̂1 + cos (κx)n̂2,

n3 = n̂3. (2)

In terms of the rotated fields n̂a the theory can then be written
as [26]

S =
∫

d2x

[
1

2
(∂in̂

a)2 + μ − κ2

2
(1 − (n̂3)2) + Bn̂3

]
. (3)

In practice, the DM interaction has been absorbed into the
kinetic terms as well as the quadratic anisotropy coupling. We
therefore evolve our discussion of instanton processes around
this transformed action.

Let us now move to the explicit realization of instantons
in the field theory of a one-dimensional chiral magnet. As we
have pointed out in Sec. II, we aim to study the theory (3)
via MC techniques on a lattice of classical spins. Due to the
normalization of n, it can be directly identified with the latter.
The associated lattice action is given by

Slat = aτ ax

∑
xk

[
1

2
(�in̂

a)2 + Bn̂3 + μ − κ2

2
(1 − (n̂3)2)

]
,

(4)

where the sum runs over discrete points of the space-
time lattice, xk . Here, we denote the lattice spacing in x
and τ direction by ax and aτ , respectively. Furthermore,
we have defined the lattice (forward) derivative by �in̂a =
a−1

i [n̂a(x + aiei ) − n̂a(x)], where ei denotes the unit vector in
the ith direction. For simplicity, we will assume an isotropic
lattice in the following, i.e., aτ = ax = a.

In principle, we could feed (4) into the MC algorithm.
However, ultimately, we are interested in finding the extremal
points of Slat . Therefore, it can be more efficient to write the
theory as a close cousin of the Ising model,1

Slat = −
∑
〈i j〉

n̂a
i n̂a

j +
∑

i

a2

[
Bn̂3

i + μ − κ2

2

(
1 − (

n̂3
i

)2)]
. (5)

Here, we denote the field values at each lattice site by
n̂a

i = n̂a(xi ) and sum over all spins together with its nearest-
neighbor pairs, denoted by 〈i j〉.

Following our discussion of Sec. II, we could now naively
identify the lattice action with the loss function of the MC
algorithm, L = Slat , which would then be subsequently min-
imized by flipping spins at random. This way, the algorithm
would always be driven towards the global minimum of L.
While this is desirable from the MC point of view, so far,
the global minimum of L would also be the global minimum
of the action. The latter, however, does not correspond to an
instanton but to a trivial vacuum, from a topological point
of view. Therefore, we need to modify the global minimum
of L in a way, such that it corresponds to a topologically
nontrivial minimum of the action. For instance, this can be
done by explicitly taking the topological properties of a given
field configuration into account. The latter is characterized
by the topological charge (or instanton number), given by

1Note that this form is not exact. In fact, schematically, the kinetic
term would rather read Skin = ∑

〈i j〉 (1 − n̂a
i n̂a

j ). However, as constant
terms do not play a role in the optimization problem, we can drop
them for simplicity.
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Q = ∫
dτ dx ρQ (see, e.g., Ref. [38]), where ρQ denotes the

charge density,2

ρQ = 1

4π
(εabcn̂a∂xn̂b∂τ n̂c − κ∂τ n̂3). (6)

In practice, any two field configurations of different topo-
logical charge are distinct in the sense that they cannot
continuously be deformed into each other. Therefore, the
charge, which takes integer values, labels the different topo-
logical sectors of the theory. More intuitively, it counts the
number of topological instantons inside a given volume.
In order to utilize this additional information, we add the
topological charge as a penalty function to the overall loss
function,

L = S + λQ(Q − Q0)2. (7)

Now, for a certain value of the penalty coupling λQ, mini-
mizing the loss function amounts to finding extrema of the
action S that in addition satisfy the topologically nontrivial
constraint Q = Q0. Therefore, naively imposing Q0 
= 0 al-
lows us to select a specific topological sector of the theory
within the MC approach.

We note that, while the loss function (7) is, in principle,
sufficient to obtain any instanton configuration of the one-
dimensional spin chain, the specific form of L might still
require additional terms, such as boundary conditions im-
posed on the field. That is, the exact form of L will depend
on the topological sector within the particular region of phase
space. In the following, we exemplify this by illustrating var-
ious instanton sectors of the one-dimensional chiral magnet.

A. Instanton sectors

Before shedding light on the different topological sectors
of the theory that feature instantons, let us briefly review
the topologically trivial vacuum phases of the spin chain (3)
discussed in [26] and more recently in [39]. Obviously, these
vacua are completely characterized by the couplings μ, κ ,
and B.

As the field na takes values on a sphere, the different
ground states of the theory can be described by a collection of
points on the latter. For instance, if μ � κ2, the vacuum state
requires n̂a to point towards the north (n̂3 = 1) for B < 0 or
the south (n̂3 = −1) pole for B > 0, respectively. Contrarily,
if μ � κ2, the field favors the equator (n̂3 = 0) instead, such
that helical states constitute the vacuum. The latitude of the
latter, given by the n̂3 component, is again determined by the
magnetic field. In the critical point, where μ = κ2 and B = 0,
the vacuum is maximally degenerate, i.e., all helical states (at
any latitude) source the same action.

Having identified the global vacuum states of the theory,
we can now move on to determine the higher instanton saddles
associated to it. As these have already been treated analyti-
cally [26], we will use this as a test bed for our MC approach.
Note that, while the simulation is carried out in terms of

2Note that we use the rotated fields n̂a here. In terms of the original
degrees of freedom, the charge density takes the familiar form ρQ =
(4π )−1εabcna∂xnb∂τ nc.

FIG. 1. Domain wall instanton with Q = 1 interpolating between
spin up and spin down, at μ > κ2 and B = 0. Here, the field con-
figuration for na is illustrated, which corresponds to the physical
realization of the one-dimensional spin chain. The color denotes the
value of the n3 component of the field and ranges from red (n3 = 1)
to blue (n3 = −1).

the rotated fields n̂a, all figures illustrate the physical field
configuration na in the following.

1. Domain wall instantons

Let us first discuss the region of parameter space where
μ > κ2. According to our previous discussion, in this regime
the global vacuum will either be spin-up if B < 0 or spin-
down for B > 0. Therefore, if the magnetic field vanishes,
B = 0, the vacuum is degenerate and both spin-up and spin-
down configurations correspond to the same action. In this
case, we expect instantons to exist that interpolate between
these two degenerate vacua. By definition, this instanton pro-
cess is nontopological, as the domain of the field is not
compactified to a sphere in this scenario. Nevertheless, as we
will discuss momentarily, we can still associate a topological
charge Q, which now has a different physical interpretation.
The simplest instanton solutions with Q = 1 have been coined
domain wall instantons [26].

In order to obtain the minimal domain wall solution within
the MC approach, we minimize the loss function

L = S + λQ(Q − 1)2, (8)

while at the same time we fix the boundary conditions to
n̂3(τ → ±∞) = ∓1. We show the resulting field configura-
tion in Fig. 1.

It is clearly visible how the domain wall instanton is an
interpolating field configuration between the spin-up vacuum
in the asymptotic past and the spin-down vacuum in the
asymptotic future. This is in agreement with the domain wall
solution given in [26]. The instanton can be interpreted as a
tunneling process which is sharply localized around a certain
time slice—in our example, τ0 = 0 (hence the name instan-
ton). In fact, the localization scale is parametrically given by
the inverse anisotropy, d ∼ μ−1/2.

Let us again remark that this is not a topological instanton.
However, apparently, we can still assign a unit charge to
the tunneling process. Physically, the reason is that the spin
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FIG. 2. Meron field configuration with fractional charge Q = 1/2
at μ − κ2 = −1 and B = 1/2. Note that these values are taken in
appropriate units of the lattice volume, which we have normalized to
Lx = Lτ = 1.

still takes on any possible value on the sphere exactly once,
which in turn corresponds to the intuitive interpretation of
the topological charge Q = 1. This is possible because helical
states emerge from the vacuum in the vicinity of the domain
wall. From the one-dimensional perspective, i.e., at a given
time slice, the components (n1, n2) at a fixed latitude n3 of
the field wind around the circle exactly once, if the entire
spatial direction is traversed. As in the continuum limit of
the domain wall, this is true for any latitude of the spin, this
effectively generates the unit charge. For instance, for domain
wall solutions of higher charge Q, the helical states in the
vicinity of the wall would wind around the circle Q times.

2. Fractional instantons

In the regime where μ < κ2, the global vacuum of the
theory is populated by helical states, i.e., the vacuum manifold
is equivalent to a circle. The latitude of this circle on the target
sphere in turn depends on the magnetic field B and is given by
n3 =

√
(κ2 − μ + B)/(κ2 − μ − B) [26].

Similarly, it was shown in [26] that the topologically non-
trivial vacua in this regime are characterized by instanton
solutions with fractional charges. These are called merons and
can be interpreted as the fractional constituents of instantons.
That is, a single instanton of unit charge can be thought of to
be composed of two merons (see, e.g., Refs. [38,40–42]). In
this sense, merons carry half-fractional charges, Q = ±1/2.

In order to find these solutions in practice, our loss function
takes the form

L = S + λQ

(
Q − 1

2

)2

. (9)

In addition, we impose the boundary condition n3 =√
(κ2 − μ + B)/(κ2 − μ − B) as |x| → ∞. That is, the vac-

uum manifold is taken into account at the boundaries of the
field domain.

An example meron configuration with topological charge
Q = 1/2 found by our MC approach is illustrated in Fig. 2. In
this example, we choose μ − κ2 = −1 and B = 1/2 and find
good agreement with the fractional instanton solution derived

in [26]. The latter values are given in appropriate units of
the lattice volume, which, in our example, is normalized to
Lx = Lτ = 1. Intriguingly, the nature of the fractional charge
is evident by the visible phase slip in the (n1, n2) components
of the field that evolve from the asymptotic past to the asymp-
totic future (cf. [26]). This supports the idea that merons can
be interpreted as the constituents of instantons, as we will see
momentarily.

3. Instantons at the critical point

We expect the richest topological structure to arise in the
critical point of the theory, where μ = κ2 and B = 0. It is
easy to see that in the critical point the theory is conformally
invariant. The enhanced symmetry makes it possible to find
analytic solutions of the equations of motion. In particular,
one can show that in each topological sector of the theory,
i.e., for any charge Q, the action is bounded from below by
[38]

S �
∣∣∣∣4πQ + κ

∫
dτ dx ∂τ n̂3

∣∣∣∣. (10)

The right hand side is often identified as the so called
Bogomol’nyi-Prasad-Sommerfield (BPS) bound [43,44].
Field configurations that saturate this bound correspond to
BPS instantons. The BPS bound sometimes allows for a con-
struction of these solutions, even for complex actions such as
in, for instance, nonlinear sigma models with a finite chemical
potential [45].

In principle, in order to obtain the instanton solutions,
we could naively try to minimize the loss function L = S +
λQ(Q − Q0)2, similar to the previous examples. However,
when studying the theory on a spin lattice, there are some
subtleties that have to be treated carefully. Most importantly,
by construction, a spin lattice has finite volume V , thereby
breaking the scale invariance of the theory in the critical point.
At the same time, this means that the size of the BPS instanton
obtains a physical meaning and we must ensure that it can be
suitably localized inside V . In particular, we want to enforce
the instanton to be a localized field configuration in the center
of the spin lattice, provided the latter is chosen large enough
for the solution to be captured. For instance, this can again
be done by including the global vacuum of the theory at the
boundaries, e.g., by imposing n3 = 0 as |x| → ∞, thereby
localizing the instanton in the constant background. While
this, similar to the instantons we presented previously, is in
principle sufficient to reliably find the BPS solutions in our
MC approach, we note that in some cases additional boundary
conditions have to be imposed in order to guide the system to
the desired vacuum. For example, these can read

∂ n̂a

∂τ

∣∣∣∣
∂V

= ∂ n̂a

∂x

∣∣∣∣
∂V

= 0. (11)

Essentially, this means that the field is required not to source
any dynamics at the boundary of the spin lattice volume V in
order to obtain a finite action. Accordingly, the loss function
associated to the first nontrivial BPS instanton with Q = 1
can, e.g., be written as

L = S + λQ(Q − 1)2 + λBC

∫
∂V

dx

(
∂ n̂a

∂xi

)2

. (12)
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FIG. 3. Single instanton (Q = 1) field configuration in the crit-
ical point, μ = κ2 and B = 0, with the boundary condition n3 = 0.
The color denotes the value of the n3 component of the field and
ranges from red (n3 = 1) to blue (n3 = −1).

In addition, we require the field to be in the equatorial plane at
the boundaries, n3 = 0 as |x| → ∞. Note that, in contrast to
the penalty coupling λQ, λBC is by construction a dimensionful
parameter which is given in units of the lattice spacing a. We
also remark that, while λBC = 0 appears to give the desired
results in most cases, λBC 
= 0 is the more robust choice.

An example of a BPS instanton solution with Q = 1 found
by our MC approach is illustrated in Fig. 3. Since in the criti-
cal point, μ = κ2 and B = 0, the global vacuum is populated
by helical states at any latitude, we are free to impose the
boundary condition n3 = 0 as |x| → ∞. Therefore, in our
example, the spins at the boundary align in the equatorial
plane. The figure shows that the spins inside the volume pick
up a nonvanishing n3 component, such that they point up- or
downwards when the spin chain is evolving in time. In total,
similar to the domain wall case, the field winds around its
target space a single time, as any possible direction of the
spin is populated exactly once. Intriguingly, when compared
to Fig. 2, the field configuration indicates that these instanton
solutions consist of two merons of half-fractional charge.

In summary, we conclude that, by choosing appropriate
loss functions, the Metropolis-Hastings method outlined in
Sec. II is a very robust approach to explore topological as
well as nontopological instanton sectors of the O(3) nonlinear
sigma model resembling a chiral magnet. This turns out to
be the case in different regimes of the theory. In particular,
our results agree well with analytic results derived in [26].
We therefore want to move to a more complicated theory in
the following: the two-dimensional chiral magnet evolving in
time.

IV. TWO-DIMENSIONAL CHIRAL MAGNET

Let us now turn to the two-dimensional case and consider
an O(3) nonlinear sigma model that describes the continuum
limit of a chiral magnet in (1 + 2) dimensions. We effectively
extend the field theory discussed previously by adding another

space-time dimension,

S =
∫

d3x

[
1

2
(∂in

a)2 + μ
1 − (n3)2

2
+ Bn3

+ κ (n3∂xn2 − n2∂xn3 + n1∂yn3 − n3∂yn1)

]
. (13)

Again, the field satisfies the nonlinear constraint3
∑

a (na)2 =
1, such that it takes values on a sphere, n : R3 → S2. In
addition, if constant boundary conditions are imposed at in-
finity, |x| → ∞, the domain of the field is homeomorphic to
a 3-sphere, such that the field can be considered as a map
n : S3 → S2. Along the lines of our discussion in the previ-
ous section, the possible field configurations can therefore be
classified by elements of the homotopy group π3(S2) = Z.
Famously, the latter is an incarnation of the Hopf fibration
[46]. The associated topological invariant is known as the
Hopf charge or Hopf number H .

Conventionally, field configurations with nontrivial Hopf
charge, H 
= 0, are coined Hopfions. Stable Hopfion con-
figurations have first been proposed in the Skyrme-Faddeev
model [27,28] and were later discussed in two-condensate
superconducting systems [47,48]. Furthermore, they have also
been studied as static minimal-energy solutions in three-
dimensional chiral magnets [31–34]. In our example, a truly
topological instanton would therefore need to carry a nonva-
nishing Hopf charge. While from a topological point of view
such a field configuration can be realized in this theory, we
find that the two-dimensional chiral magnet does not host
instanton solutions of this kind. Fundamentally, this is because
topologically stable field configurations do not necessarily
correspond to local extrema of the action of a quantum field
theory.4 More explicitly, in our example, a stable Hopfion
would consist of closed twisted skyrmion strings (see, e.g.,
Ref. [49]). These strings, in turn, require the theory to host
skyrmions as well as antiskyrmions. In our setup, however,
both are not stabilized by the DM interaction simultaneously
(such that they coexist), thereby preventing the skyrmion
strings from forming closed loops. In contrast, long-ranged
dipolar interactions may achieve such stabilization5 [53].

While our method is, in principle, able to construct field
configurations with H 
= 0 in arbitrary theories,6 it fails to
reliably do so if the latter do not minimize the action and
are thus physically irrelevant in our scenario. Consequently,

3Note that, here, we have implicitly rescaled the field. That is, since
na is dimensionful in three dimensions, an appropriate redefinition
by a mass scale has to be carried out carefully, na → √

Mna, such
that the constraint equation is meaningful. This mass scale, however,
can either be factored out of the action or reabsorbed into the cou-
pling constants, such that we will keep it implicit in the following
discussion.

4Loosely speaking, topological stability does not imply energetic
stability, as topologically distinct vacua are always separated by finite
action barriers.

5For a recent discussion of stable soliton solutions of arbitrary
topological charge in chiral magnets, see [50–52].

6In principle, this would work similar to the previous section, by
adding the Hopf charge to the loss function, L = S + λH (H − H0)2.
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in the following, we will focus on nontopological instantons,
i.e., tunneling processes that do not carry a topological charge
associated to the homotopy group π3(S2). Instead, along the
lines of Haldane’s conjecture [54–56], these tunneling pro-
cesses can interpolate between states of different topology
from the two-dimensional perspective, similar to sigma-model
lumps [24]. The latter is again characterized by an integer
charge (see also previous section),

Qi j = 1

4π

∫
dxidx j εabcna∂in

b∂ jn
c. (14)

Note that, strictly speaking, in two dimensions this charge is
not a topological invariant, as we now consider an embedding
of a two-dimensional surface into a three-dimensional theory.
That is, naively, any field that is seemingly nontrivial from
the two-dimensional perspective (i.e., that carries a charge
Qxy 
= 0) can utilize the remaining dimension to unwind itself
into a trivial configuration, rendering it topologically unsta-
ble. Consequently, time-dependent processes can in principle
change the two-dimensional charge.

With this in mind, we now explore instanton processes
in a two-dimensional chiral magnet that interpolate between
different vacua of the theory. Similar to the previous section,
the lattice action associated to the theory (13) is given by

Slat = −a
∑
〈i j〉

na
i na

j + a3
∑

i

[
Bn3

i + μ

2

(
1 − (

n3
i

)2)]

+ a2κ
∑

i

(
n3

i n2
i+x̂ − n2

i n3
i+x̂ + n1

i n3
i+ŷ − n3

i n1
i+ŷ

)
. (15)

Here, x̂ and ŷ denote the unit vectors in x and y direction,
respectively, which are reminiscent of the linear derivative
terms of the DM interaction.

Let us first consider the situation where μ � κ2. In this
case, if the magnetic field vanishes, B = 0, the global vac-
uum of the theory is degenerate, n3 = ±1. Any nonvanishing
external field value, in turn, breaks this degeneracy. For sim-
plicity, let us consider the former case, B = 0, which, due to
the disconnected vacua, admits domain wall solutions. It is
well known that, from the two-dimensional perspective, the
DM interaction of a chiral magnet can support the formation
of skyrmions [57–59]. According to the previous discussion,
these two-dimensional skyrmions carry a topological charge
Qxy. However, we again remark that, in a three-dimensional
embedding, this charge does not need to be conserved. There-
fore, skyrmions can in principle be formed and destroyed
repeatedly. This process can happen due to instantons which
change the two-dimensional topological charge, as we will
demonstrate below.

In the first example, we want to illustrate the fact that the
global vacuum of the theory is degenerate, n3 = ±1. In this
background, we expect an exponentially suppressed instanton
process to contribute to the path integral of the quantum
theory that interpolates between the two vacuum states. In
order to obtain this solution within our MC approach, we
can simply identify the loss function with the action, L = S,
while we fix the boundaries of the spin lattice to n3 = −1
as τ → −∞ and n3 = 1 as τ → ∞. Doing so, we indeed
find an instanton that smoothly connects both vacua and is
sharply localized in time. The corresponding field configu-
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FIG. 4. Domain wall instanton at μ � κ2 and B = 0 interpo-
lating between the vacuum states n3 = −1 at τ → −∞ to n3 = 1
at τ → ∞. Two-dimensional skyrmions appear at the interface be-
tween the two vacuum domains. Here, we show different slices of
the three-dimensional spin lattice, i.e., the xy plane at τ � 0 (left)
and the xτ plane at y = 0 (right). The color denotes the direction of
the spin in the (n1, n2) plane and the brightness gradient illustrates
the n3 component, ranging from n3 = 1 (black) to n3 = −1 (white).

ration is shown in Fig. 4. Clearly, by construction as both
vacua are trivial, the instanton does not change the overall
topology of the two-dimensional state of the chiral magnet,
i.e., �Qxy = 0. However, we observe that at the interface be-
tween the two spin domains, a two-dimensional skyrmionlike
state with Qxy = 1 emerges from the vacuum. Naively, at this
interface, the skyrmion “grows” with time and disappears
again when the spin flips reach the boundary, such that its
charge vanishes in the asymptotic future. For example, it is
not stabilized due to the missing external field. This feature
is an explicit incarnation of the topological protection being
diminished by the additional space-time dimension, allowing
the skyrmion to unwind. In principle, this field configuration is
the higher-dimensional analog of the domain wall instanton in
the one-dimensional chiral magnet shown in Fig. 1, where he-
lical states emerge from the vacuum in the vicinity of the wall.
Similarly, we would expect domain wall instantons associated
to higher charges, Qxy > 1, to be part of the path integral. In
this case, an amount of Qxy two-dimensional skyrmions would
emerge from the background at the interface between the two
vacuum domains (see also our discussion in Sec. III).

Let us now move to an example where a tunneling pro-
cess indeed changes the topology of the field configuration
from the two-dimensional perspective of the chiral magnet.
In particular, we aim to illustrate the possibility of changing
the topological charge by one unit. This corresponds to an
instanton process interpolating between the trivial vacuum
and a state with Qxy = 1. For this, we break the degeneracy
of the vacuum by turning on a magnetic field, B ∼ −κ2, such
that the field favors the north pole of the target sphere, n3 = 1.
In order to obtain the desired configuration within our MC
approach, we can again add the two-dimensional charge as a
penalty to the loss function,

L = S + λQ( Qxy|τ→∞ − 1)2. (16)

Here, we solely select the time slice in the asymptotic future
as a seed to impose the nontrivial charge constraint in two di-
mensions. Note that this loss function is by no means unique,
as other different loss functions might work equally well. For
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FIG. 5. Instanton process at B ∼ −κ2 and μ = 0 changing the
two-dimensional topology of the spin lattice by one unit, �Qxy = 1.
Here, we show different slices of the three-dimensional spin lattice,
i.e., the xy plane at τ = 0 (left) and the xτ plane at y = 0 (right).
The color denotes the direction of the spin in the (n1, n2) plane and
the brightness gradient illustrates the n3 component, ranging from
n3 = 1 (black) to n3 = −1 (white).

instance, adding a topological charge at τ = 0 as an additional
seed sometimes turns out to be the more robust choice.

The resulting field configuration is illustrated in Fig. 5.
We again find an instanton process that smoothly connects
the trivial vacuum in the asymptotic past and a state with
Qxy = 1 in the asymptotic future. As pointed out earlier, the
latter can be identified with a two-dimensional skyrmion. The
instanton is localized in time as the skyrmion emerges from
the vacuum background at a fixed time slice, which can, at
least to some degree, be controlled by a corresponding seed
inside the loss function. Physically, from the two-dimensional
perspective, the skyrmion is protected by its charge in the
asymptotic future and, in this particular scenario, stabilized
by the magnetic field. However, naturally, it will eventually
disappear again to unwind into the trivial ground state.

Going beyond that, if we were to consider the emergent
gauge field7 F associated to na, that can be constructed by
Fi = 1

2εi jkεabcna∂ jnb∂knc, this instanton process would appear
as a monopole located at the origin. Along the same lines, in
principle, the skyrmion could also appear as an intermediate
state within a vacuum to vacuum transition. This in turn would
correspond to a pair of a monopole and an antimonopole,
as charge emerges from the vacuum and disappears again,
leaving no net charge in the three-dimensional space-time
volume.

In summary, we find that, in general, a two-dimensional
chiral magnet evolving in time features rich topological
structures. While, from a topological perspective, all field
configurations could be classified according to the homotopy
group π3(S2), as an incarnation of the Hopf fibration, these
are not supported by the DM interaction of the chiral magnet.
However, we find that nontopological instantons smoothly
interpolate between different vacua of the theory. At the corre-
sponding interfaces, two-dimensional skyrmions can emerge
from the vacuum as they are no longer protected by a topo-
logical charge, allowing them to unwind. Therefore, instanton

7This gauge field is, for instance, used to compute the Hopf invari-
ant associated to a spin texture [60,61].

processes can create or destroy topological charge from the
two-dimensional perspective.

V. CONCLUSION

Topological objects arise in a vast variety of theories, rang-
ing from high energy physics to condensed matter systems.
While the study of topologically nontrivial sectors of quantum
field theories have led to insights on their deeper structure and
also to interesting applications, their computational treatment
has become increasingly difficult. In this work, we argue that
Monte Carlo methods represent a robust approach to study
these topological sectors of nonlinear field theories. In particu-
lar, we use a simulated annealing process that utilizes a single
Metropolis-Hastings algorithm. With this we demonstrate
how to systematically determine instanton configurations us-
ing spin lattices. As a prototypical example, we consider an
O(3) nonlinear sigma model that describes the continuum
limit of a chiral magnet in (1 + 1) and (1 + 2) dimensions. In
principle, in terms of homotopy theory, topological (as well as
nontopological) instantons are present in these theories due to
nontrivial mappings between spheres, according to which all
possible field configurations can be classified.

Field configurations of different topological charge cannot
be continuously deformed into each other, such that all topo-
logical sectors of the theory are distinct. In our MC approach,
in practice, we can account for these sectors by including the
associated charge in the loss function. Doing so, we are able to
find local extrema of the action with any desired topological
charge. That is, we can systematically determine instanton
solutions associated to any topological sector. For instance, for
the one-dimensional chiral magnet, we are able to find domain
wall instantons, fractional instantons (merons), and instantons
in the critical point, in good agreement with their analytic
treatment [26]. In the two-dimensional case we find that topo-
logical instantons are not supported by the action. Instead, we
construct nontopological instantons that interpolate between
states of different topology from the two-dimensional per-
spective. Our results complement and extend previous studies
on solitonic objects and, in particular, instantons in nonlinear
field theories of chiral magnets.

As the MC approach we present here is quite versatile, it
is not limited to the study of quantum field theories describ-
ing chiral magnets. For instance, they have successfully been
applied to the three-dimensional Ising model at the critical
temperature complementing conformal bootstrap techniques
[62–65]. Therefore, we expect that it can also lead to insights
into other theories that feature topological sectors, such as
non-Abelian gauge theories, for example. In addition, it also
opens up interesting ways to study the dynamics of vortex and
skyrmion field configurations on spin lattices in various di-
mensions (for recent approaches, see, e.g., Refs. [51,66–69]).
We leave this for future work. More generally, there might
even be ways to encode arbitrary problems of quantum field
theory into the dynamics of spin lattices, which could poten-
tially even be efficiently solved within a quantum computing
approach [70,71].

Let us also remark that, although these MC methods are
very robust to explore nontrivial configurations in field space,
they are, by construction, computationally not very efficient.
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This is mainly due to the inherent trial-and-error nature of
the algorithm, which subsequently flips one spin after an-
other, thereby requiring a large amount of computing time.
Apart from a quantum computing approach mentioned above,
we expect great performance improvements, if several non-
interacting spins could be flipped simultaneously. This, for
example, could be achieved by dividing the spin lattice into
noninteracting domains, which, in turn, could be processed in
parallel on graphics processing units (see, e.g., Ref. [72]).

In summary, by utilizing suitable MC methods as a proof
of principle, we systematically study instantons in O(3) non-
linear sigma models that represent the continuum limit of a
chiral magnet in (1 + 1) and (1 + 2) dimensions. Due to its

versatile nature, this provides an interesting way to systemat-
ically study topological as well as nontopological instantons
beyond this example in a variety of quantum field theories that
certainly merit further investigations.
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